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EXTENSION PROPERTY OF SEMIPOSITIVE INVERTIBLE SHEAVES
OVER A NON-ARCHIMEDEAN FIELD

HUAYI CHEN AND ATSUSHI MORIWAKI

ABSTRACT. In this article, we prove an extension property of semipositively
metrized ample invertible sheaves on a projective scheme over a complete non-
archimedean valued field.

INTRODUCTION

Let k be a field and X be a projective scheme over Speck, equipped with an
ample invertible Ox-module L. If Y is a closed subscheme of X, then for suffi-
ciently positive integer 7, any section £ of L|" on Y extends to a global section
of L¥" on X. In other words, the restriction map H°(X,L®") — HO(Y,LH@/)”)
is surjective. A simple proof of this result relies on Serre’s vanishing theorem,
which ensures that H' (X, Zy ® L®") = 0 for sufficiently positive integer 1, where
Ty is the ideal sheaf of Y.

The metrized version (with k = C) of this result has been widely studied in
the literature and has divers applications in complex analytic geometry and in
arithmetic geometry. We assume that the ample invertible sheaf L is equipped
with a continuous (with respect to the analytic topology) metric |-|;, which in-
duces a continuous metric |-|;» on each tensor power sheaf L®", where n € N,

n > 1. The metric |-|;» leads to a supremum norm ||-||;» on the global section
space H(X, L) such that

Vs € HOX,L), |s|w = sup |s|(x).
xeX(C)

Similarly, it induces a supremum norm |||y ;» on the space HO(Y,L|}") with
[Is[lym = sup,ey(c) Islun (y). Note that for any section s € H°(X,L®") one has
Isly|lynn < ||s]|p». The metric extension problem consists of studying the exten-
sion of global sections of L|y to those of L with an estimation on the supremum
norms. Note that a positivity condition on the metric / is in general necessary to
obtain interesting upper bounds. This problem has been studied by using Hor-
mander’s L? estimates (see [3] for example), under smoothness conditions on the
metric. More recently, it has proved (without any regularity condition) that, if
the metric |-|;, is semi-positive, then for any € > 0 and any section | € H(Y, L|y)
there exists an integer n > 1 and s € H%(X, L®") such that s|y = [“" and that
l|s||mn < e"||s|y ||y . We refer the readers to [10, 9] for more details.
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The purpose of this article is to study the non-archimedean counterpart of
the above problem. We will establish the following result (see Theorem 4.2 and
Corollary 1.2).

Theorem 0.1. Let k be a field equipped with a complete and non-archimedean absolute
value |-| (which could be trivial). Let X be a projective scheme over Speck and L be an
ample invertible sheaf on X, equipped with a continuous and semi-positive metric |-|.
Let Y be a closed subscheme of X and I € H°(Y, L|y). For any € > 0 there exists an
integer ng > 1 such that, for any integer n > ng, the section 1°" extends to a section
s € HY(X, L®") verifying ||s|l < e |[1][% -

The semi-positivity condition of the metric means that the metric |-|;, can be
written as a uniform limit of Fubini-Study metrics. We will show that, if the
absolute value |-| is non-trivial, then this condition is equivalent to the classical
semi-positivity condition (namely uniform limit of nef model metrics, see Propo-
sition 3.17) of Zhang [12], see also [4, 8], and compare with the complex analytic
case [11]. The advantage of the new definition is that it also works in the trivial
valuation case, where the model metrics are too restrictive. We use an argument
of extension of scalars to the ring of formal Laurent series to obtain the result of
the above theorem in the trivial valuation case.

The article is organized as follows. In the first section we introduce the no-
tation of the article and prove some preliminary results, most of which concern
finite dimensional normed vector spaces over a non-archimedean field. In the
second section, we discuss some property of model metrics. In the third section,
we study various properties of continuous metrics on an invertible sheaf, where
an emphasis is made on the positivity of such metrics. Finally, in the fourth
section, we prove the extension theorem.

1. NOTATION AND PRELIMINARIES
1.1. Notation. Throughout this paper, we fix the following notation.

1.1.1. Fix a field k with a complete and non-archimedean absolute value |-|. The
valuation ring of k and the maximal ideal of the valuation ring are denoted by
ox and my, respectively, that is,

op:={ack|lal <1} and m;:={xek]||x| <1}

In the case where |-| is discrete, we fix a uniformizing parameter @ of my, that
is, my = 00k.

1.1.2. A norm ||-|| of a finite-dimensional vector space V over k is always as-
sumed to be ultrametric, that is, ||x + y|| < max{||x|, |ly||}. A pair (V,]-]]) is
called a normed finite-dimensional vector space over k.

1.1.3. Fix an algebraic scheme X over Speck, that is, X is a scheme of finite type
over Spec(k). Let X" be the analytification of X in the sense of Berkovich [1].
For x € X", the residue field of the associated scheme point of x is denoted by
«(x). Note that the seminorm ||, at x yields an absolute value of x(x). By abuse
of notation, it is denoted by ||,. Let #(x) be the completion of «(x) with respect
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to |-|x. The extension of |-|; to #(x) is also denoted by the same symbol |-|,. The
valuation ring of £(x) and the maximal ideal of the valuation ring are denoted
by oy and m,, respectively. Let L be an invertible sheaf on X. For x € X",
L ® 4, k(x) is denoted by L(x).

1.1.4. By continuous metric on L, we refer to a family h = {|-|;;(x) } yexan, where
-|n(x) is @ norm on L ®g¢, k(x) over &(x) for each x € X", such that for any
local basis w of L over a Zariski open subset U, |w|;(+) is a continuous function
on U™. We assume that X is projective. Given a continuous metric & on L, we
define a norm ||-||;, on H°(X, L) such that
Vse HY(X,L), |s]ls:= sup |s|u(x).
xeXxan

Similarly, if Y is a closed subscheme of X, we define a norm ||-||y; on H°(Y, L)
such that

Vi€ H(Y,L), [y = sup [Iu(y).
yeyan

Clearly one has

1) Islln = llsly

for any s € H(X, L).

Y,h

e In the following 1.1.5, 1.1.6 and 1.1.7, X is always assumed to be projective.

1.1.5. Given a continuous metric & on L, the metric induces for each integer
n > 1 a continuous metric on L®" which we denote by h": for any point x € X"
and any local basis w of L over a Zariski open neighborhood of x one has

@™ (x) = w|n(x)".

Note that for any section s € H%(X, L) one has |[s®"||;» = ||s||. By convention,
h° denotes the trivial metric on L¥" = &, namely [1],0(x) = 1 for any x € X",
where 1 denotes the section of unity of Ox.

Conversely, given a continuous metric § = {|-|¢(x)}xexan on L¥", there is a
unique continuous metric # on L such that k" = g. We denote by ¢!/" this
metric. This observation allows to define continuous metrics on an element
in Pic(X) ® Q as follows. Given M € Pic(X) ® Q, we denote by I'(M) the
subsemigroup of N of all positive integers n such that M“" € Pic(X). We call
continuous metric on M any family ¢ = (gn)uer(m) With g being a continuous
metric on M®", such that ¢ = ¢, for any n € T'(M) and any m € IN>;. Note

that the family ¢ = (gu),er(m) is uniquely determined by any of its elements.

In fact, given an element n € I'(M), one has g, = g = (¢")¥" for any

m € T(M). In particular, for any positive rational number p/g, the family g#/7 =

(gzl\]/n]\;q)ner(M@(p/q)) is a continuous metric on M®(/1), where N is a positive

integer such that M®N € Pic(X), and the metric ¢?/7 does not depend on the
choice of the positive integer N.
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Let M be an element in Pic(X) ® Q equipped with a continuous metric § =
(8n)ner(m)- By abuse of notation, for n € I'(M) we also use the expression g" to
denote the continuous metric g, on M®".

1.1.6. We call model of X any projective and flat oy-scheme 2~ — Spec(oy) such
that the generic fiber of 2° — Spec(oy) is X. We denote by 25 := 2" ®,, (0x/my)
the central fiber of 2~ — Spec(ox). By the valuative criterion of properness, for
any point x € X", the canonical k-morphism Spec#(x) — X extends in a unique
way to an og-morphism of schemes Zy : Speco, — 2. We denote by r 4 (x) the
image of my € Speco, by the map &;. Thus we obtain a map rz from X" to
s, called the reduction map of 2 .

Let .Z be an element of Pic(2") ® Q such that .Z|y = L in Pic(X) ® Q. The
Q-invertible sheaf . yields a continuous metric |-| & as follows.

First we assume that .Z € Pic(2") and .Z|y = L in Pic(X). For any x € X",
let wy be a local basis of . around 74 (x) and @, the class of wy in L(x) :=
L ®g, k(x). Forl € L ®g, k(x), if we set | = a,@y (ax € &(x)), then |I| (x) :=
|ax|x. Here we set h := {|-| #(x)}yexan. Note that & is continuous because, for a
local basis w of .Z over an open set Z of 2, |w|y(x) =1 for all x € r;(%o).
Moreover,

2) [l (x) = [-|.2n(x)

for all n > 0 and x € X®. Indeed, if we set | = ay@y for | € L(x), then
191 = g"@P". Thus

|15 o (x) = (21 (x))" = lax| = [I¥"] on ().

In general, there are .# € Pic(2") and a positive integer m such that £“" =
A in Pic(2) ® Q and A |y = L®" in Pic(X). Then

[ (x) = (L e)t™.
Note that the above definition does not depend on the choice of .# and m.
Indeed, let .’ and m' be another choice. As .Z®" = #'™ in Pic(2") ® Q,
there is a positive integer N such that .Z*N"" = _z/“N"™ in Pic(2"), so that, by
using (2),

(- O™ = | (1) = 1o (x) = (-4 (2))N™,

as desired.

1.1.7. Let 2" be a model of X. As 2" is flat over o, the natural homomorphism
U4 — Ox is injective. Let Y be a closed subscheme of X and Iy C Ox the
defining ideal sheaf of Y. Let .#5 be the kernel of 04 — Ox /Iy, thatis, Yy =
Fy N Og. Obviously Iy R, k = Iy, so that if we set & = Spec(Cy /Iy),
then % Xgpec(o,) Spec(k) = Y. Moreover, ¢ is flat over o, because 0y — Oy is
injective. Therefore, % is a model of Y. We say that % is the Zariski closure of Y
in 2.
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1.2. Extension obstruction index. In this subsection, we introduce an invari-
ant to describe the obstruction to the extension property. Let X be a projective
scheme over Speck, L be an invertible sheaf on X equipped with a continuous
metric i, and Y be a closed subscheme of X. For any non-zero element [ of
HO(Y,L|y), we denote by A, (I) the following number (if there does not exist
any section s € H%(X, L®") extending [®", then the infimum in the formula is
defined to be +oco by convention)

1 n
3) Ap(l) =limsup  inf (M — log ||l||y,h) € [0, +oo0].
n—+oo sEHY(X,LEM) n
S|Y:l®”

This invariant allows to describe in a numerically way the obstruction to the
metric extendability of the section [. In fact, the following assertions are equiva-
lent:

@) Ap(l) =0,

(b) for any € > 0, there exists ngp € IN>; such that, for any integer n > ny, the

element [“" extends to a section s € H(X, L") such that [|s|; < e"[|I[|} .

The following proposition shows that, if " extends to a global section of L®"
for sufficiently positive # (it is the case notably when the line bundle L is ample),
then the limsup defining Ay (1) is actually a limit.

Proposition 1.1. For any integer n > 1, let

ai= inf (logllsll —nlog llly).
s€HO(X,L®™)
S‘Y:l®n
Then the sequence (ay),>1 is sub-additive, namely one has a4y < ay + a, for any
(m,n) € N>1. In particular, if for sufficiently positive integer n, the section I" lies in
the image of the restriction map H°(X, L®") — HO(Y,L|™), then “limsup” in (3) is
actually “lim”.

Proof. By (1), one has a, > 0 for any integer n > 1. Moreover, a, < 4o0 if and
only if /" lies in the image of the restriction map H%(X, L®") — HO(Y,L|3"). To
verify the inequality a,,4, < a, + ay, it suffices to consider the case where both
an and a, are finite. Let s,; and s, be respectively sections in H(X, L®™) and
HO(X, L®") such that s, |y = [®™ and s,|, = [“", then the section s = s, ® s, €
HO(X, L2(m+1)) verifies the relation s|, = [Z(*+") Moreover, one has
Islln = sup [s|n(x) = sup |sm|n(x) - [snln(x) < [lsmln - Isnl]n-
xexan xexan

Since s, and s, are arbitrary, one has a,,+, < a,, +a,. Finally, by Fekete’s lemma,
if a, < +oo for sufficiently positive integer n, then the sequence (a,/n),>1 actu-
ally converges in R.. The proposition is thus proved. O]

Corollary 1.2. Assume that the invertible sheaf L is ample, then the following conditions
are equivalent.

(a) )\h(l) =0,
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(b) for any € > 0, there exists n € Nxq and a section s € HO(X,L®") such that
sly = 1" and that [sl}, < e |1]y,1.

Proof. We keep the notation of the previous proposition. By definition the second
condition is equivalent to

4) liminf 2" = 0.

n——+oco Mn
Since L is ample, Proposition 1.1 leads to the convergence of the sequence
(an/n)y>1 in Ry. Hence the condition (4) is equivalent to A, (I) = 0. O

1.3. Normed vector space over a non-archimedean field. In this subsection,
we recall several facts on (ultrametric) norms over a non-archimedean field.
Throughout this paper, a norm is always assumed to be ultrametric. Let V be a
finite-dimensional vector space over k and ||-|| a norm of V over (k, |-|).

1.3.1. Orthogonality of norms. For a € (0,1], a basis (ey,...,e;) of V is called an
wn-orthogonal basis of V with respect to ||-|| if

amax{|ai||ler]],..., |ar||les||} < ||larer+---+arer]| (Vay,...,ar € k).

If « =1 (resp. « = 1and |le1]| = --- = |les|| = 1), then the above basis is
called an orthogonal basis of V (resp. an orthonormal basis of V). Let (e},...,e;)
be another basis of V. We say that (ey,...,e;) is compatible with (ef,...,e,) if

key +---+ke; =kej +---+ kel fori=1,...,r.

Proposition 1.3. Fix a basis (¢}, ...,e,) of V. For any « € (0,1), there exists an a-
orthogonal basis (ey, . ..,ey) of V with respect to ||-|| such that (eq, ..., e,) is compatible

with (e},...,e,). Moreover, if the absolute value || is discrete, then there exists an

orthogonal basis (eq,...,e;) of V compatible with (e}, ..., e;).

Proof. We prove it by induction on dimy V. If dim; V = 1, then the assertion
is obvious. By the hypothesis of induction, there is a /a-orthogonal basis
(e1,...,e,-1) of V' :=kej + - - - + ke, with respect to |-|| such that

key + - -+ ke; = kej + - - + ke|
fori=1,...,r—1. Choose v € V\ V. As
dist(v, V') := inf{|jo — x| : x € V'} >0,

there is y € V' such that ||v — y|| < (v/a) !dist(v, V'). We set e, = v — y. Clearly
(e1,...,e,_1,¢e) forms a basis of V. It is sufficient to see that

laver + - -~ +ar1e, 1 +ef| = amax{|arlesl], ..., lar—1lller—all, fle-]|}

forall ay,...,a, 1 € k. Indeed, as ||e/|| < (v&) | ate1 + - +a,_1e,_1 + e, we
have

alles) < Valled| < larer+ - +a,1e,-1 + ¢y
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later 4+ +aqe, 1 +erl| > Valle || > Vallarey + - 4-a,qe ]

> va (vVamax{laleill .., a1 les-1]1})

— amax{|a[les]] ., a1 [les1 ] -
Otherwise,

larer + - - - +ar_1e,_1 + e = ||larer + - -+ a,_1e,_1||

> Vamax{|a||ledll,.. ., [a|ller—1 ]|}
> amax{|a|flerl], ..., |ar-1lller-1ll},

as required.
For the second assertion, it is sufficient to show the following lemma because
it implies that the set {||v — x|| | x € V'} has the minimal value. O

Lemma 1.4. If |-| is discrete, then the set {||v]| | v € V' \ {0}} is discrete in R~y.
Proof. Let us consider amap f: V\ {0} — R~/ |k*| given by
B(v) = the class of ||v|| in R~q/|k™|.

It is sufficient to see that f(V \ {0}) is finite. Let B, ..., B; be distinct elements
of B(V '\ {0}). We choose vy, ...,v; € V\ {0} with B(v;) = i fori=1,...,1. If
i # j, then |la;v;]| # ||lajo;|| for all a;,a; € k*. Therefore, we obtain

la101 + - + ajo|| = max{||ao1][, ..., laro |}
for all ay,...,a; € k. In particular, vy, ...,v; are linearly independent. Therefore,

we have #(B(V \ {0})) < dim; V. O

1.3.2. Scalar extension of norms. Let V' be a vector space over k and |[-||" a norm
of V'.

[[o]]

Lemma 1.5. For ¢ € Homy(V, V'), the set {M ’ veV\ {O}} is bounded from
above.

Proof. Fix « € (0,1). Let (eq,...,er) be an a-orthogonal basis of V' (cf. Proposi-
tion 1.3). We set

Cy = max{[l¢(e)[l’, .., I¢(e) [} and  Cp =min{]fes],..., [ler]|}.
Then, for v = aje; + - - - +a,e, € V\ {0},
@)1 _ max{lasl ool -, larl eI’}
loll = amax{fa|flerl], ..., [ar[lle-|[}

max{|a|Cy, ..., |, |G} G
— amax{|ai|Cy, ..., |ar|Co} &Gy’

as desired. O]
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By the above lemma, we define [|¢||tiom,(v,v7) to be

10 tomy(v,v) = Sup { le@I ;& vy, {0}} |

o]

Note that ||'||H0mk(v,vl) yields a norm on Homy(V,V’). We denote ||.||H0mk V)
by |||V (i-e. the case where V/ =k and ||| = |-]).

Lemma 1.6. Let W be a subspace of V and ¢ € WY := Homy(W, k). For any
w € (0,1), thereis ¢ € VY := Homy(V, k) such that ¢|,, = i and
gl < lloll" < a™Hyll".

Proof. Let (eq, ..., e;) be an a-orthogonal basis of V such that W = kej + - - - + ke,
(cf. Proposition 1.3). We define ¢ € V" to be

plarer + - -~ +arey) == p(mer + - +ajep)
foray,...,a, € k. Then go|w = 1. Moreover, note that

allarer + - - -+ ae|| < amax{|ar|ller]], ..., |ar|lle;]|}
< amax{|ar|ller]], ..., |ar[ller||} < [larer +- - +arer],
so that
[p(arer + - +aer)| - qlp(aer+- - +ae)
latey + -~ +arer|| — later + - - - + e
forallay,...,a, € k with (a1,...,a;) # (0,...,0). Thus the assertion follows. [J

<oyl

Corollary 1.7. The natural homomorphism V- — (VV)V is an isometry.
Proof. We denote the norm of (V)" by ||-||/, that is,

P 17 Co R
ol = p{w pev \{0}}.

Note that |¢(v)| < ||o||||¢||¥ for allv € V and ¢ € VY. In particular, ||v||" < ||o||.
For v € V \ {0}, we set W := kv and choose { € WV with ¥(v) = 1. Then
lpl]V = 1/]||v|. For any « € (0,1), by Lemma 1.6, there is ¢ € V" such that
ol = ¢ and [lg]|" < a7 [g]V. As |p(v)|/[loll" < [[o]", we have afv]| < ||v]".
Thus we obtain ||v]| < ||v]|’ by taking « — 1. O

Definition 1.8. Let k' be an extension field of k, and let |-|" be a complete absolute
value of k' which is an extension of |-|. We set Vi := V @, k. Identifying Vj
with

Homy (Homy(V, k), k'),
we can give a norm ||-|| of V}, that is,
1 IAYY
||7Jl||k/ =sup{—|(¢ (ﬁ(P“)\EUN (])G VV}
The norm ||-|| is called the scalar extension of ||-||. Note that ||v ® 1| = ||v]| for

v € V. Indeed, by Corollary 1.7,

Jow 1l =sup { H o € v} = oL
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Proposition 1.9. For « € (0,1], let (eq,...,er) be an a-orthogonal basis of V with
respect to ||-||. Then (e1®1,...,e, ® 1) also yields an a-orthogonal basis of Vi with
respect to ||-||x-

Proof. Let (¢f,...,¢/) be the dual basis of (ey,...,e;). For ay,...,a, € k with
ai 7é 0,
(e} ) (arer + - - - +arer)| < |a;] |a;] 1
larer + -+ arer|| T amax{[a|[ler]l,. .., |ar[lle-[|} “|ﬂz|\|€z\| o]

and hence [le)' ||V < (alle;||) 7. Therefore, for a},...,a, € K/,

(ef ®@1)(ajer + - +aey)|

7

|aier + -+ aye, || >

e[|V
;' ;' "
= > = wla;| |le;||.
[TV = Gyt~ *il e
Thus we have the assertion. U

Lemma 1.10. Let k" be an extension field of k', and let |-|"" be a complete absolute value
of k" as an extension of |-|". We set Vi := V ® k". Note that Vin = Viy Qp k”. Let
||| (resp. |||k k) be a norm of Vi obtained by the scalar extension of ||-|| on V (resp.
the scalar extension of ||-||x on Viu). Then ||| = K

Proof. For € > 0, let (eq,...,er) be an e~ ¢-orthogonal basis of V with respect to

||I-||. Then, by Proposition 1.9, (e, ..., e,) forms an e~ “-orthogonal basis of Vj» and

Vir with respect to ||-|| and ||-||x», respectively, so that (e, ..., er) is also an e~ ¢-

orthogonal basis of V}» with respect to ||-||x . Note that ||e;|| = ||e;||x» = K
foralli=1,...,r. Thus, foraf,...,a/ € k’,
laYer + ...+ a/er|l g < max{|ay|"[lesl],. .., |a/]"[ler]I}
<€€Hﬂ €1 4. —|—a eer//
and
laYer + ...+ a/er |l < max{lay|"[lex], ..., a7 |"ller||}
< ellafer + ...+ a)e||p g
Thus, we have the assertion by taking € — 0. O

Lemma 1.11. Let f : V — W be a surjective homomorphism of finite-dimensional
vector spaces over k. Let ||-||y and ||-||w be norms of V and W, respectively. We assume
that dimy W = 1 and ||-||w is the quotient norm of |||y in terms of the surjection
f:V—=W. Weset Vi :=V @ k' and Wy := W @i K. Let ||-||y g and ||-||w y be the
norms of Vi and Wy obtained by the scalar extensions of ||-||y and ||-||w, respectively.
Then ||-||w y is the quotient norm of ||-||y y in terms of the surjection fi := f ®idy :
Vi — W

Proof. Let ||||{,\,k/ be the quotient norm of ||-||y  with respect to the surjection
f : Vo — Wy Let e be an non-zero element of W. As |le|lwr = |le|lw, it is
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sufficient to show that ||e||{,\,k/ = |le|]|w. Note that

{oeV]|flo)=e C{/ €V fu(¥)=e},
so that we have |le||w > He||§Nk,. Let us consider an inequality [le|lw < ||e\|§/vk/.

For € > 0, let (ey,...,e;) be an e~ “-orthogonal basis of V such that (e, ...,er)
forms a basis of Ker(f). Clearly we may assume that f(e;) = e. Then

lelity, = inf{lles +ases +- - +aesllvp | @ a € K}
> inf{e~ max{[les], o llezllv, . e}l lerIv} | ah, .. a € K'}
> ¢ <Jler]| = e leflw-

Therefore, we have ||e||{,\,k/ > |le||w by taking € — 0. O

Lemma 1.12. We assume that the absolute value |-| of k is trivial. Let (V,||||) be a
finite-dimensional normed vector space over (k, |-|). Then we have the following:
(1) The set {||v|| | v € V'} is a finite set.
(2) Let k' be a field and |-|" a complete and non-trivial absolute value of k' such that
k C k' and |-|" is an extension of |-|. Let oy be the valuation ring of (K, |-|") and
mys the maximal ideal of op. We assume the following:
(i) The natural map k — o induces an isomorphism k — oy /my.
(ii) If an equation |a'|' = |v||/||v'|| holds for some a’ € K™ and v,v' €
V\ {0}, then [|o]| =[]
Let ||-||" be a norm of Vo := V @ k' over (K, |-|") such that ||v|| = |[v® 1]
forallv € V. If (eq,...,er) is an orthogonal basis of (V, ||-||), then (eq, ..., e;)
forms an orthogonal basis of (Vis, ||-||). In particular, ||-||" = |||

Proof. (1) Let (eq, ..., e,) be an orthogonal basis of (V, ||-||) (cf. Proposition 1.3).
Then

larer + - - -+ aver|| = max{]ay|[le], .. ., |ar|[le[|}

forall ai,...,a, € k, so that

larer + - - - +arer[| € {0, [leal], -, llerl}-

(2) First we assume that

lerl| =+ =lles] = ¢
Then, for any v € V,
c ifv#0,
[o]| = .
0 ifo=0

Let us see that
larer + - - + aer||" = emax{lay ', |a; |}
foraj,...,a, € k'. Clearly we may assume that

(ay,...,a) #(0,...,0).
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We set y := max{|a}|’,..., |a;|'}. We fix w € k" with |w|" = 7. By the assumption
(i), foreachj=1,...,r, we can find aj € k and b} € k' such that

ﬂ;- :a]w—i—b; and |b;|/ < .
Note that
aier + - +ae, =w (Z]r':1 aje]') +bley + -+ bler.

Moreover, as 2;21 ajej # 0, we have

| (2100

/
=7 Eme =

and
|bler + - - -+ ble,||” < cmax{|by|’,..., |6y} < cv.
Therefore,
|ajer + - -+ aje ]| = ¢y = cmax{|a}],..., |a}|'}.
In general, we take positive numbers ¢; < --- < ¢, and non-empty subsets

L,..., I, of {1,...,r} such that {||¢|| | | € I} = {cs} fors = 1,...,b and
LU---Ul,={1,...,r}. Note that ;N [, = @ for s # s’. Let us consider

b
x=aje1+---+ae, =Y x €V (ay,...a, k),
s=1

where x5 = Y aj¢;. Note that (¢;);c;, forms an orthogonal basis of ;¢ ke,
and ||¢;|| = ¢s for all I € I;. Therefore, by the above observation,

[ xs]|" = cs max{|a;|"} = max{||aje;|'},
ZGIS Is
so that it is sufficient to see that
x| = x|l V.
xl" = max {llx]'}

Clearly we may assume that x # 0. We set
Y:={se{l,...,b} | xs #0}.

For s,s' € ¥ with s # s/, we have ||x;]|" # ||xs||’. Indeed, we choose 5 € I; and
ly € Iy with ||xs||" = [laj e, ||" and |[xg || = lla] e, [I". If [ls])" = [|xo ], then

/
= llew, 1/ 1es ],

ai,/aj,
so that, by the assumption (ii), [le;, || = |ley, ||, which is a contradiction. Therefore,

2l = |[Ces

as required. O]

!
= max{||x||'} = max {||x]'},
se

=1,...,
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Remark 1.13. We assume that |-|’ is discrete and
ld'|" = exp(—a ord,,, (a")) (a' € k)

for o € R-. If
«g U Qogllvl| —logllo'),

v,0'eV\{0}
then the assumption (ii) holds. Indeed, we suppose that |a’'|" = ||v||/||¢'| for
some a’ € k'™ and v,0’ € V\ {0}. Then

—aordy, (a') = log o] —log [|v]],
so that ord,, (@) = 0, and hence |[v|| = o], as required.

1.3.3. Lattices and norms. From now on and until the end of the subsection , we
assume that |-| is non-trivial. Let 7" be an oj-submodule of V. We say that 7" is
a lattice of V if ¥ ®,, k = V and

sup{||vflo [0 € ¥} < oo

for some norm ||-||p of V. Note that the condition sup{||v|jo | v € ¥} < co does
not depend on the choice of the norm ||-||o since all norms on V are equivalent.
For a lattice ¥ of V, we define |-|| to be

|o|ly :=inf{|a| ™' | a € k* and av € ¥'}.
Note that ||-||» forms a norm of V. Moreover, for a norm ||-|| of V,
VD<= AH{v eV []ol <1}
is a lattice of V.

Proposition 1.14. Let ¥ be a lattice of V. We assume that, as an oy-module, V" admits
a free basis (eq,...,e;). Then (eq,...,e.) is an orthonormal basis of V with respect to

[RIFZ
Proof. For v = ajeq +--- +are, € Vand a € k%,
av € ¥V <= aa; € o foralli=1,...,r
< |aj| < |a| M foralli=1,...,r
— max{|ay|,...,|a;|} < l|a|7},
so that ||v]|y = max{|ai|,...,|ar|}. O
Let us consider the following lemmas.

Lemma 1.15. A subgroup G of (R, +) is either discrete or dense in R.

Proof. Clearly we may assume that G # {0}, so that GN R # @. We set
0 =inf(GNR-p). If 6 € GNR-, then G = Z¢. Indeed, for g € G, let n be an
integer such that n < ¢/6 < n+1. Thus 0 < g —nd < 6, and hence g = né.
Therefore, G is discrete.

Next we assume that § ¢ GNRs(. Then there is a sequence {4,}7° ; in
GNR~gsuch thatd,, > 6,11 for all n and lim,, o 0, = 4. f we seta, = 6, — 6,11,
then a, € GNR+g and lim,_,c 2, = 0. For an open interval (a, ) of R (« < p),
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we choose 4, and an integer m such thata, < p—a and m < B/a, < m+ 1.
Then we have ma, <  and

< B—a, < (m+1)a, —a, = may,
so that ma, € («, ) N G. Thus G is dense. O

Lemma 1.16. Let ||| be a norm of V and ¥ := (V, ||-||)<1. Then
[olly = inf{[b] | b € K and [|o]| < [b]}.
Moreover, ||| < |||y and ||-||» < ||| for all « € k* with |a| > 1.
Proof. The first assertion is obvious because, for a € k*, av € ¥ if and only if
o] < la] ™.

Forv € V, leta € k* with av € #. Then |lav|| < 1, that is, ||v|| < |a|~!, and
hence ||v[| < [[o]|y.

Finally we consider the second inequality, that is, ||v||y < |a|||v|| for v € V.
Clearly we may assume that v # 0. As |a|~! < 1, there is € > 0 with |a|1e€ < 1.
By the first assertion, we can choose b € k* such that ||v|| < |b] < e€||v]|y. If
|o]| < |ba~!|, then

lolly < [bllal™ < ellofl v |a] =
Thus 1 < ¢€|a|~!. This is a contradiction, so that ||v|| > |ba~!|. Therefore,
[0l < [b] < afllv],
as required. O

Proposition 1.17. We assume that |-| is discrete. Then we have the following:

(1) Every lattice v of V is a finitely generated oy-module.

(2) Ifweset V' := (V,||)) <1 for a norm of ||| of V., then ||-|| < |-}y < [@| 7]
Proof. (1) Let (e},...,e,) be an orthogonal basis of V with respect to ||| (cf.
Proposition 1.3). As |-| is discrete, there is A; € k* with |A;| = ||e}||. If we set
e; = Ai_lelf fori=1,...,r, then (eq,...,e) forms an orthonormal basis of V with
respect to ||-||». Therefore,

VS (V. [lly)<1 = oker + - - 4 oger.
Thus we have (1) because o is noetherian.
(2) follows from Lemma 1.16. O]

Proposition 1.18. We assume that |-| is not discrete. If we set ¥ := (V,||||) <1 for a
norm of |[-|| of V, then |[-|| = [|-[-

Proof. By Lemma 1.15, we can find a sequence {B,}%_; such that [8,| > 1 and
lim,_y0 |Bn| = 1. On the other hand, by Lemma 1.16,

- < -l < |Balll-|I-
Therefore the assertion follows. O

Proposition 1.19. We assume that the absolute value || is not discrete. Let ||-|| be a
norm of Vand v := (V,||-||)<1. For any € > 0, there is a sub-lattice V' of ¥ such
that V' is finitely generated over o and ||-|| < |||y < €¢||-]|-
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Proof. Let (eq,...,e;) be an e~¢/2-orthogonal basis of V with respect to ||-|| (cf.
Proposition 1.3). As ||| = ||-||» by Proposition 1.18, we can find A; € k* such
that |le;|| < |Ai| < e¥/2|e;|| for each i. We set w; := A;'e; (i = 1,...,7) and
V' = opwy + - - - + opw,. Note that w; € ¥ for all i, that is, ¥ is a sub-lattice of
¥ and ¥ is finitely generated over oy. For ¢y, ..., ¢, € k, by Proposition 1.14,
llcrer + - - - + crer||yr = ey + - - + Ay ||y = max{|c1A1], ..., |crAr] }
< e{lallleall,- - lerlllerl} < ellerer +-- -+ crel,

so that we have |||y < €°||-]|. O

2. SEMINORM AND INTEGRAL EXTENSION

Let <7 be a finitely generated oj-algebra, which contains oy as a subring. We
set A := o/ ®,, k. Note that A coincides with the localization of ./ with respect
to S := o \ {0}. Let Spec(A)® be the analytification of Spec(A), that is, the set
of all seminorms of A over the absolute value of k. For x € Spec(A)?", let 0, and
m, be the valuation ring of (&(x), |-|x) and the maximal ideal of oy, respectively
(see §1.1.3 for the definition of #(x)). We denote the natural homomorphism
A — ®(x) by @y. Itis easy to see that the following are equivalent:

(1) Spec(®(x)) — Spec(A) extends to Spec(oy) — Spec(<), that is, there is
a ring homomorphism @, : & — o, such that the following diagram is
commutative:

4 L Oy
A - #(x)
(2) |aj]x <1foralla € «.

Moreover, under the above conditions, the image of m, of Spec(oy) is given by
P (my) = (, |"|x) <1, and (#, ||x) <1 € Spec(«),, where

{(%, )<t :={a € | |a]x <1},
Spec(/)o := {P € Spec(«/) | PN oy = my}.

Let Spec(A)22 be the set of all x € Spec(A)®" such that the above condition (2)
is satisfied. The map r,, : Spec(A)2) — Spec(«/ ). given by

x = (A, ||x)<1

is called the reduction map (cf. §1.1.6). Note that the reduction map is surjective
(cf. [1, Proposition 2.4.4] or [5, 4.13 and Proposition 4.14]).

Theorem 2.1. If we set B := {a € A | w is integral over </ }, then
#Z= 1 (Al

x€Spec(A)%D

where (A, |'|x)<1:={a € A |a|x < 1}
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Proof. First let us see that  C (A, |-|x)<1 for all x € Spec(A)30. If a € %, then
there are aq,...,a, € < such that a" +aya" ' +--- +a, = 0. We assume that
|a|y > 1. Then

ali = [ = a4l < max {JailJaly )

< max {|aly™} = |ai™,
i=1,...n
so that |a|y < 1, which is a contradiction.

Let a € A such that a is not integral over .«Z. We show that there exists a
prime ideal q of <7 such that the canonical image of a in A/S™!q is not integral
over .2/ /q. In fact, since A is a k-algebra of finite type, it is a noetherian ring. In
particular, it admits only finitely many minimal prime ideals S~1py,..., 57 1p,,
where py,...,p, are prime ideals of &/ which do not intersect S = o, \ {0}.
Assume that, for any i € {1,...,n}, f; is a monic polynomial in (< /p;)[T] such
that f;(A;) = 0, where A; is the class of a in A/S~!(p;). Let F; be a monic
polynomial in «7[T] whose reduction modulo p;[T] identifies with f;. One has
Fi(a) € S7!p; forany i € {1,...,n}. Let F be the product of the polynomials
Fi,...,Fy,. Then F(a) belongs to the intersection N_; S~!p;, hence is nilpotent,
which implies that a is integral over 7. To show that there exists x € Spec(A)2)
such that |a|y > 1 we may replace </ (resp. A) by «//q (resp. A/S 'q) and
hence assume that <7 is an integral domain without loss of generality.

We set b = a~ L. Let us see that

b/ [b]Nop # {0} and 1 ¢ b/ D).

We set a = a’/s for some 4’ € o and s € S. Then s = ba’ € ba/[b] N oy, so that
ba/[b] Moy # {0}. Next we assume that 1 € b.e/[b]. Then

1=d\b+ayb?>+ - +d b

for some aj,...,a], € </, so that gl = a’la”/_l + -+ +a},, which is a contradic-
tion.

Let p be the maximal ideal of <7 [b] such that b7 [b] C p. AspNog # {0} and
p Nox € my, we have p N o = my, and hence p € Spec(#7[b]).. Note that <7 [b] is
finitely generated over oy and <7 [b] ®,, k = A[b]. Thus, since the reduction map

PIE Spec(A[b])z;‘[b} — Spec([b])o

is surjective, there is x € Spec(A[b]);r;[b] such that 7 (x) = p. Clearly x €

Spec(A)2). As b € p, we have |b|, < 1, so that [a|, > 1 because ab = 1.

Therefore,
ag () (A<

x€Spec(A)%)
as required. O

We assume that X is projective. Let 2~ — Spec(ox) be a flat and projective
scheme over Spec oy such that the generic fiber of 2~ — Spec(oy) is X. Let .Z be
an invertible sheaf on 2" such that .|y = L. We set h := {|-| #(x) } xexan. For
the definition of the metric |-| & (x) at x, see §1.1.6.
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Corollary 2.2. Fix | € HY(X,L). If |l|¢(x) < 1 for all x € X, then there is
s € ox \ {0} such that sI®" € HY(2, . £%") for all n > 0.

Proof. Let 2~ = \UY., Spec(.<#) be an affine open covering of .2” with the follow-
ing properties:

(1) & is a finitely generated over oy for every i.

(2) Spec(«)o # @ for all i.

(3) There is a basis w; of .Z over Spec(.«) for every i.
We set | = a;w; for some a; € A; := 4 ®,, k. By our assumption, |a;|, < 1 for all
x € Spec(A;)3;. Therefore, by Theorem 2.1, 4; is integral over .7, so that, by the
following Lemma 2.3, we can find s; € S such that s;a}! € <7 for alln > 0. We
sets = s1---sy. Then, as sai € & foralln > 0andi =1,...,N, we have the
assertion. ]

Lemma 2.3. Let A be a commutative ring and S a multiplicatively closed subset of A,
which consists of reqular elements of A. If t € S™LA and t is integral over A, then there
is s € S such that st" € A forall n > 0.

Proof. As t is integral over A, there are ay,...,a,_1 € A such that
F=at 1+ ta,_qt+a,.

We choose s € S such that stt € A fori =0,...,r— 1. By induction on n, we
prove that st € A for all n > 0. Note that

M= altn—l 4. +ar_1tn—r+1 + artn—r'
Thus, if st € Afori=0,...,n—1, then st" € A because
st = ap(st" N+ b, (st g, (7).

3. CONTINUOUS METRICS OF INVERTIBLE SHEAVES

In this section, we consider several properties of continuous metrics of in-
vertible sheaves. Let h = {|-|;(x)}xexan and B = {|-|;s(x) }xexan be continuous
metrics of L (cf. §1.1.4). As L(x) := L ®g, k(x) is a 1-dimensional vector
space over ®(x), h+h" = {|-|p(x) + || (%) } xexan forms a continuous metric
of L?". Indeed, we can find a continuous positive function ¢ on X" such that
[ (x) = @(x)]-|p(x) for any x € X*". Thus

h+h' = {1+ ¢(x))]-]n(x)} rexan
is a continuous metric of L20,

Lemma 3.1. There is a continuous metric of L*".

Proof. Let us choose an affine open covering X = [JY , U; together with a local
basis w; of L on each U;. Let h; be a metric of L over U™ given by |w;|;, (x) =
1 for x € U™. As X* is paracompact (locally compact and o-compact), we
can find a partition of unity {p;};—1 N of continuous functions on X*" such
that supp(p;) C U for all i. If we set |-|,(x) = LN, p:i(x)|-[n(x), then h =
{]|n(x) }xexan yields a continuous metric of L. O
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3.1. Extension theorem for a metric arising from a model. We assume that X
is projective. Let 2~ — Spec o) be a model of X. We let .Z be an invertible sheaf
on 2 such that Z|y = L. We have seen in §1.1.6 that .# induces a continuous
metric h = {|| #(x) }xexan of L.

Theorem 3.2. We assume that |-| is non-trivial and £ is an ample invertible sheaf. Fix
a closed subscheme Y of X, | € H°(Y, L|y) and a positive number €. Then there are a
positive integer n and s € H°(X, L") such that s|y, = 1" and

Isllyr < €™ C12]lyp)" -

Proof. Clearly, we may assume that | # 0. Let % be the Zariski closure of Y in
2 (cf. §1.1.7).

Claim 3.2.1. There are a positive integer a and « € k™ such that
e /2 < ||al®|y po < 1.

Proof. First we assume that |-| is discrete. We take a positive integer a such that
e~€/2 < |@|. We also choose & € k* such that

o™ = min{[y| [ v € K and 1%y e < [7]}.
Then, as [[I%%||y o < |a™t < [@|71||I®?||y s, we have

e 1% < @| < [|lad® |y < 1.

Next we assume that |-| is not discrete. In this case, |k*| is dense in R by
Lemma 1.15, so that we can choose 8 € k* such that

e /2 < U/ 1B < 1.
Thus if we set &« = B! and a = 1, we have the assertion. O]
By Corollary 2.2, there is § € o \ {0} such that
B(al®)®™ € H(%, 2% )

for all m > 0. We choose a positive integer m such that |8|~! < ¢""¢/2 and

HY(2, 2% — H( )
is surjective, so that we can find I,, € H°(.%, $®”m) (a]®a)em
Note that ||y ||en < 1. Thus, if we set s = B~'a="1,, then s| Z®”m and

Il = 18I~ ot =" L < 2]~

geame/ZI“’—m (e ’ >m ume(‘

as required. O]

)"
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3.2. Quotient metric. Let V be a finite-dimensional vector space over k. We
assume that there is a surjective homomorphism

ﬂ:V@kﬁx—)L.

For eache € V, (e ® 1) yields a global section of L, thatis, (e ® 1) € H*(X, L).
We denote it by &. Let ||| be a norm of V and V := (V,|-[|). Let ||-||z) be a
norm of V ® &(x) obtained by the scalar extension of ||| (cf. Definition 1.8). Let
|-|%mt(x) be the quotient norm of L(x) := L ® &(x) induced by |-
surjective homomorphism V ®j &(x) — L(x).

#(x) and the

Lemma 3.3. Let h be a continuous metric of L*" (cf. Lemma 3.1). Let (e, ..., ;) be an
orthogonal basis of V with respect to ||-||. Then, for s € H(X, L),

|S|%10t(x) _ ’S’h(x)

max { |ei’h(x)}
i=0,...r lle: |l

Proof. We set [ := {i | &; #0in H(X,L)} and U; := {p € X | & # O at p} for
i€l

on X,

Claim 3.3.1. For a fixed j € I, if we set & = a;;¢; on U; (a;; € Ou), then

~ |quot 1
el (x) =
iy () {|aij|x}
max
i=0,..,r | |e;ll
on U}’?‘n.
Proof. We set ¢; = ||¢;|| fori =0, ...,r. Without loss of generality, we may assume
that j = 0, that is, we need to show that
1

2ol (x) = :
14 max{l/C0/|a10|x/C1/---/’aroyx/cr}

Since
ker(rmy : V @ k(x) = L®g, k(x)) = (e1 — a10(x)eo, . .., e, — arp(x)ep)
for x € U3", we have
|éo|%1°t(x) =inf {f(A1,..., Ar) | (M, ..., Ar) €R(x)},

where f(A1,...,Ar) := |leo + Ti_q Aie; — aip(x)eo) Hk(x)' Note that

fa,oAr) = max{co )1 — Y7 Aiaio(x) x,cll/\1|x,...,cr|)xr]x} .

max{«ag, ..., &} max{Bo,...,Br} > max{aoBo, ..., &Br}
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for wo, ..., ar, Bo, ..., Br € R>p, we have
f(A1, ..o, Ay) -max{1/co, |aro(x)|x/c1, ..., laro(x)|x/cr}
> max { )1 =Y M) S IMano(®)l -, Araro ()] }

> ‘1 =Y aig(x) + ), /\iﬂio(x)‘x =1

Therefore, we obtain

inf {f(Ar, ..., A) | (A,..o Ar) € R(x)")

>

1
max{1/co, |a10(x)|x/c1,---, |aro(x)|x/cr}

We need to see that
1
max{1/co, [a10(x)[x/c1, ..., |ar0(x)]x/cr}

flmy ) =

for some 771, ...,1, € &(x). As f(0,...,0) = co, the assertion holds if
max{1/co, |a10(x)|x/c1,--., |aro(x)|x/cr} = 1/co.
Next we assume that
max{1/co, [a10(x)[x/c1, ..., |ay0(x)]x/cr} = |aio(x)|x/ci
for some i. Clearly a;o(x) # 0. If we set
0 if j £ i,
= {1/ai0(x) ifj=i,
then f(#1,...,1n) = ¢i/|aio(x)|x, as required. O

If we set s = fj on U; (f € Oy, then |s|%u0t(x) = |f|x|éj|%u0t(x) on U;‘n, SO
that, by Claim 3.3.1,

512 ) = — Ll

{ i }
max
X Tel

On the other hand, [s|;(x) = |f]x|&j|n(x) and [&],(x) = |a;j|x|&j]n(x) for i =
0,...,7. Thus

5] (x)
S| (x) = -
o {10
i=0,...,n ||€1||
on U]".m. Therefore, the assertion follows because X = Uje I Uj. O]
Corollary 3.4. { E ]%1 Ot(x)} « yields a continuous metric of L*".
xeXan
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Proof. If V has an orthogonal basis with respect to ||-||, then the assertion follows
from Lemma 3.3.
In general, by Proposition 1.3, for each n € Z-,y, we choose a basis

(en,Oz en,ll ey el’l,?‘)
of V such that
(1= 1/n) max{[colllenoll, . lerllews 1} < llcoeno + - -+ + crens|

for all cg,...,c, € k. If we set

lcoeno+ - +cr

for co,...,¢cr € k. Then (1 —1/n)||-|ln < |||l < ||||n, so that

(1 =1/m) 8 @) < I &) < HE, ()

for all x € X®. Let w be a local basis of L over an open set U. Then the above
inequalities imply that

log(1—1/n) < log (|w[T}, () —log (lwl{y). ), (x)) <0

for all x € U?", which shows that the sequence {log (|w|q‘1;0Ht ) (x)) }oo | con-
n—=

quot

v, H)(x)) uniformly on U?". Thus, by the previous observa-

verges to log <|w|

tion, lo w is continuous on U2, O
g (|l H ¥

From now on and until the end of the subsection, we assume that X is projec-
tive and L is generated by global sections. Let i = {||;,(x) } vexan be a continuous
metric of L. As H%(X,L) ® Ox — L is surjective, by Corollary 3.4,

Jquot { quot X }
i (HO(X,L),[I- Hh)( ) xeXxan
yields a continuous metric of L*". For simplicity, we denote |- | quet (x) by

(HO(X,L), [l
(x). Moreover, the supreme norm of H(X, L) arising from h94°t is denoted

by ||, that is, |- := |- [yauer.

| | quot

Lemma 3.5. (1) |-[5(x) < |-|gu°t(x)for all x € X,

@) |l = 17"
(3) Let (L', 1 ) be a pair of an invertible sheaf L' on X and a continuous metric

W = {|-|j(x) }xexan of L' such that L' is generated by global sections. Then

110 () < I (o) 1[5 (x)

forl e L(x)andl € L' (x).

Proof. (1) FixI € L(x) \ {0}. For € > 0, let (e1,...,e,) be an e~ ¢-orthogonal basis
of H(X, L) with respect to ||-||,. Thereiss € H(X, L) ®&(x) such that s(x) = I
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and |||, z(x) < e€|l|qu0t( ). Wesets = aje; + - - - +aue, (a1,...,a, € £(x)). Then,
by Propositlon 1.9,

&0 = ¢ “max{|a|xllerlln, .., |an|xlen|ln}
> e “max{|ay|xler|p(x), ..., |anlxlenln(x)} > e |l]n(x),

so that |I|,(x) < eze|l|qu°t( ), and hence the assertion follows because € is an
arbitrary positive number.

(2) By (1), we have |||, < || ||qu0t On the other hand, as |s quot( ) < ||s|| for
s € H(X, L), we have |s ngo < Is||p-
(3) For € > 0, there are s € H(X,L) ®; &(x) and s’ € H*(X, L) ®; #(x) such
that
s(x) =1, '(x) =1, sllnece) < N (x) < e[ (x).
Here let us see that ||s - s'[[ygme(x) < € #(x)- Let (s1,...,5m) and

(s},...,s" ) be e~¢-orthogonal bases of H'(X, L) and H(X,L’), respectively. If
we Set S = t]_Sl + A +tm5m and S/ = t&Sll + ctt +t;’fl/S:’l’ll (t]_,...,tm,ta,...,t:ﬂ/ E

®(x)), then
s-s = Ztit;‘Si : s;-.
i

Thus,

Is - lneiw,zce) < max {1lltilellsi - fle § < max{ el lsillnllsf o }
1,] L]

SnmxﬂMAwmun?xﬁqummw}

<e

K

Therefore, we have (s - )( ) = l 1" and
11 (%) < lls - 8/ lsom ) < € () < SNl [ (%),

as required. O

Proposition 3.6. If there are a normed finite-dimensional vector space (V, ||-||) and a
quot ( )

surjective homomorphism V @y Ox — L such that h is given by {| | VI o’
xexan

then |-y (x) = || (x) for all n > 1.
Proof. First we consider the case n = 1. Fix I € L(x) \ {0}. For € > 0, there is
s € V @ f(x) such that 5(x) =l and [[s||¢(x) < €°[l](x).

Note that ||é]|;, < |le|| for all e € V. Let (ey,...,e,) be an e~ “-orthogonal basis
of V with respect to [|-||. If we set s = aje; + -+ + ae, (ay,...,a, € ®(x)), then,
by Proposition 1.9,

||§||h,1%(x) < max{|a|x /|1 |ln, - -, ar|x &[]}
< max{|ar[x|lerl], ..., |ar|x/[er[|}
< ef|Isllg(x)
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so that
11 (x) < ||

and hence ]l]qmt(x) < |l|p(x) by taking € — 0. Thus the assertion for n = 1
follows from (1) in Lemma 3.5.
In general, by using (3) in Lemma 3.5,

1l () = ()" = (1) = e ),

and hence we have the assertion by (1) in Lemma 3.5. (]

0 < Elsllei < (),

Lemma 3.7. We assume that there are a normed finite-dimensional vector space (V, ||||)

and a surjective homomorphism V ®y Ox — L such that h is given by { |- |q‘l;oﬁ 0 (x )} o
xexan

Let k" be an extension field of k, and let |-|" be a complete absolute value of k' as an ex-
tension of |-|. We set

X' =X X Spec(k) Spec(k’), L=1L® K and V' := V ®p K.

Let ||-||" be a norm of V' obtained by the scalar extension of ||-||. Moreover, let h' be
a continuous metric of L'™" given by the scalar extension of h. Then h' coincides with

quot
{80 @D}

Proof. Let f : X’ — X be the projection. For x’ € X'*", we set x = fa(x). Then
R(x) CR(x') and (L @k k(x)) () R(x) = L' @p &(x"), that is, L(x) () R(x') =
L’( ). Moreover, V' ®k’ 1%( ’) (V @ #(x)) @g(x) k(x'), and by Lemma 1.10,
. Thus the assertion follows from Lemma 1.11.

L]

x’ = H HK x')

Proposition 3.8. We assume that there is a subspace H of H°(X, L) such that H @y
Ox — L is surjective and the morphism ¢y : X — IP(H) induced by H is a closed

embedding. We identify X with ¢p(X), so that L = Op (1) ’X Let ||-|| be a norm of

H such that H has an orthonormal basis (e, ..., e,;) with respect to ||-||. We set
quot L o
= (B0} a1 1= oo o = (H, )<

Let 2 be the Zariski closure of X in P() (cf. §1.1.7) and £ := ﬁ’]l)(%)(l) = Then
[|p(x) = |-|.2(x) forall x € X,

Proof. First let us see that |s|,(x) < [s|#(x) for s € H. Let wg be a local basis of
Z at ¢ =rg(x). If we set s = szwg, then

|s|2(x) = [s¢]x-
As sg_ls € £z and ' ®,, O9 ¢ — ZLf is surjective, there are Iy,...,I, € 7 and
ai,...,ar € Og ¢ such that sg_ls =al; + - -+ a,l,. Therefore,

)sgls)h (x) < max {|ah|(x), ..., |asl|p(x)}
— max {Jay [« (%), -, s 1o ()} < 1,
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so that [s|,(x) < |sg|x = |s|#(x), as required

Next let us see that |/| »(x) < y foralll € H ® &(x). By Proposition 1.9,
(e1,...,er) is an orthonormal basis of H ® R(x) ¢(x)- Thus, if
we setl = aje1 + - +arer (a1,...,a, € R(x)), then

l] 2 (x) < max{|ai|x|e1]|2(x),..., |ar|x]er| 2(x)}
< max{lat]x, .-, |ar[x} = [z (x)

Finally let us see that |s|#(x) < |s|,(x) for s € H. For € > 0, we choose
I € H® &(x) such that I(x) = s(x) e(x) < €°[s|n(x). Then, by the previous

observation,

5|2 (x) = [l[2(x) < ) < €s]n(x).
Thus the assertion follows. ]
Remark 3.9. We assume that |-| is non-trivial and ||-|| = ||-||# for some finitely
generated lattice .7# of H. Then a free basis (e,...,e;) of % yields an or-
thonormal basis of H with respect to ||-| (cf. Proposition 1.14). Moreover,
A = (H, || <1-

3.3. Semipositive metric. We assume that L is semiample, namely certain tensor
power of L is generated by global sections. We say that a continuous metric
h = {|-|n(x) } xexan is semipositive if there are a sequence {e, } of positive integers
and a sequence {(Vy, ||-|ln)} of normed finite-dimensional vector spaces over k
such that there is a surjective homomorphism V,, ®y &x — L% for every n, and
that the sequence

quot 0
1 yog 010 )
e [+[en ()
n=1

converges to 0 uniformly on X".

Proposition 3.10. If X is projective, L is generated by global sections, and h is semi-
positive, then the sequence
{11%1 e (x >}
m 8 Tl [

converges to 0 uniformly on X",

Proof. We set
e (x)
a, = max { log ———= 5.
x{ () }

Thena,, v < am + a,, by (3) in Lemma 3.5, and hence lim, e a4y, /m = inf{a,, /m}
by Fekete’s lemma. For € > 0, there is e, such that

€™ fpen (x) < |-|h,, (x) < €€ fpen (x)

for all x € X, where h, = {|- |q‘1j:t“ 1) (¥)} e xan- Thus

™Y Mlnen < M-l < €€l llneans
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so that e~en€|.| 1% (x) < |. |qu°t( ) < er€|.| 1% (). Thus, by Proposition 3.6,

hen hen
_ t t
e el () < [, (x) < ef€l [l (x).
Therefore,
uot uot
L M) () ) e
[hen () [-pen () ||, (%) —
that is, 0 < a,, /e, < 2¢, and hence 0 < limy; 00 a1, /m < 2€, as required. O]

Corollary 3.11. A continuous metric h is semipositive if and only if, for any € > 0, there
is a positive integer n such that, for all x € X, we can find s € H°(X, L% ey \ {0}
with |[s]lpn g (x) < €"€s[p (x)-

Proof. First we assume that / is semipositive. By using Proposition 3.10, we can
find a positive integer n such that L®" is generated by global sections and

[ (%) < [ (%) < "] (x)
for all x € X". On the other hand, there is s € H(X, L®")z(,) \ {0} such that

113 2 ) < €"€72[s[;5*" (x). Thus,
t
I8l 2y < €72 [ (x) < € ().

Next we consider the converse. For a positive integer m, there is a positive
integer e;, such that, for any x € X, we can find s € H(X,L¥")z(,y \ {0}

with ||s{[en z() < e/ M s| e (x). Clearly L¥n is generated by global sectlons.
Moreover,

t
|S|h€m( ) < |S|q11_llg XL®€TH) H Hhe )(X) S eem/m|5|h€m (X),
that is,
quot
0< Liog [ oo o) )\ _ 1
~ em |+ ems (%) —m
Thus h is semipositive. O

Corollary 3.12. Let h be a continuous metric of L*". If there are a sequence {e,} of
positive integers and a sequence {hy } of metrics such that h,, is a semipositive metric of
(L®n)a™ for each n and

_1 [, (%)

en 7 | fpen (%)
converges to 0 uniformly as n — oo, then h is semipositive.

Proof. For a positive number € > 0, choose a positive integer n such that
e—een/3hen < hn < eeen/3hen'

As hy, is semipositive, by Corollary 3.11, there is a positive integer m such
that, for all x € X", we can find s € HO(X, L9 )¢ () \ {0} with [s][jm ¢(x) <

e"en€/3(s|um (x), so that

Islmen gy < €73 Is gy < €26l (x) < €] jgmen ().
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Therefore, the assertion follows from Corollary 3.11. O

3.4. The functions ¢ and y on X?". Throughout this subsection, we assume that

X is projective. Let Igi\CCo(X) denote the group of isomorphism classes of pairs
(L, h) consisting of an invertible sheaf L on X and a continuous metric & of L".

Fix L = (L, h) € Igi\CCo(X). We assume that L is generated by global sections. We

define o (x) to be
_|quot
or(x) := log (%) .

Lemma 3.13. For Land L' € Isi\cco (X)) such that both L and L' are generated by global
sections, we have the following:

(1) o = 0 on X2,
(2) oy p(x) < op(x) + op(x) for x € X,
(3) If L ~ T’ then op = ogron X,
Proof. (1) and (3) are obvious. (2) follows from (3) in Lemma 3.5. ]
We assume that L is semiample. We set
IN(L) := {n € Z>1 | L¥" is generated by global sections } .

Note that N(L) # @ and IN(L) forms a subsemigroup of Z-; with respect to
the addition of Z~4. For x € X*", we define p1(x) to be

0—an (X)

pr(x) := inf{ L

n

n EIN(L)}.

Note that 7 is upper-semicontinuous on X*" because ;< is continuous for all
n € N(L). We set

Ijl\(:zo(X) := {(L,h) € Picco(X) | L is semiample}.
Note that Isl\cz;ro(X) forms a semigroup with respect to ®.

Lemma 3.14. Let L = (L, h) and L = (L, ) be elements of Isl\cz;ro(X) Then we have
the following:

(1) yz = 0on X",

. open(x)
(2) pp(x) = lim. for x € X",
neN()

(3) Hpop (%) < pp(x) + pup(x) for x € X
(4) IfL ~ T, then py = ppr on XA,
(5) Forn >0, pyen = nug on X,
Proof. (1) follows from (1) in Lemma 3.13.
(2) Since o - (x) < open(x) + O ent (x) forn,n" € N(L) by (2) in Lemma 3.13,
the assertion follows from Fekete’s lemma.
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(3) and (4) follow from (2) and (3) in Lemma 3.13 together with (2), respec-
tively.

() If n = 0, then the assertion is obvious, so that we may assume that n > 1.
We fix ny € IN(L). Then ny € IN(L®"). Thus, by (2),

= nuz(x).

(0
pron(x) = lim T2 E) _ iy Cromen ()
m—o0 mny H—00 mnon

We set Isi\cco(X)Q := Picco(X) ®z Q and
Igi\cgo(X)Q := {(L,h) € Picco(X)q | L is semiample}.

Let ¢ : Picco(X) — Picco(X)g be the canonical homomorphism. For L € Iji\cz;ro(X)Q,
we choose a positive integer n and L, € ﬁcéo(x) with (L) = L”". Then

ut, (x)/n does not depend on the choice of n and Ly. Indeed, let us choose an-

other ’ € Z>1and L,y € ﬁcéo(x) with «(L,/) = . As l(f®nl) = (L") =

n n

L™, there is a positive integer m such that L, ™" = L,,"". By (5) in Lemma 3.14,
mn'pg, (%) = poom (x) = pgepn (x) = mnpg (x),

that is, ur (x)/n = ug (x)/n’, as required. By abuse of notation, it is also

denoted by pp(x).

Lemma 3.15. For L, I’ € Picgo (X)q, we have the following:

(1) pp o (x) < pp(x) + pp(x) for x € X0,
(2) Fora € Q>q, ppes = apg on X

(3) Let Ly, ..., L, beelements of Isi\cc0 (X)q. We assume that there are open intervals
L, ..., Ir of R such that

T®t &t

LoL"® oL e Picto(X)o

forall (t1,...,t) € (I1 x --- x I,) NQ". Then, for a fixed x € X", there is a
continuous function f : I x - - - X I, — R such that

flh,... t) = VZ@)Z?I@...@Z?” (x)

forall (t1,...,t) € (I} x---xL,)NQ".

Proof. (1) and (2) are consequences of (3) and (5) in Lemma 3.14, respectively.
(3) We set

folty, oo tr) = VZ@Z?”@.@Z?”(X)
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for (t1,...,t) € (I x---xL)NQ" By (1) and (2), for A € [0,1] N Q and
(t1,...,t), (F,..., 1) € (1 x--- x ;) NQ", we have

fo(A(tr, - tr) + (1= A)(t1, -, 1))

a
— X
y( [ Mgl ") ere (Lol Ig.. QL¥my® <1—A>( )
R C RS \E)
= Aoty ..., )+ (1 —=A)fo(ty, ..., 1)),
that is, fp is concave on (I} X --- x I,) N Q". Therefore, the assertion (3) follows
from [7, Corollary 1.3.2]. ]

Let (L, 1) be an element of Isl\cz;ro (X)q. We say that & is semipositive if there is a
positive integer n such that L“" € Pic(X) and h" is semipositive. The following
characterization of the semipositivity of & is a consequence of Proposition 3.10.

Proposition 3.16. For L = (L, h) € Isi\cz;ro(X)Q, h is semipositive if and only if yp = 0
on X,

We assume that |-| is non-trivial. Let 2" be a model of X over Spec(oy). Let

L € Pic(X) ® Q and .Z € Pic(2") ® Q with .Z|y = L. Let m be a positive integer
such that L®" € Pic(X). Then we define L = (L, h) to be

®1/
(L 1) = (L7 {] ] gom(x) byexen) -
Proposition 3.17. If L is ample and £ is nef, then h is semipositive.

Proof. First we assume that .Z is ample. We choose a positive integer n such
that Z®" € Pic(2') and £®" is very ample. Then we have an embedding
12 2 — P(HY (2, Z%) and L = (Op(po( g, 22ny)(1)). Let (e, ..., e;) be a
free basis of H(2", . Z%"). We define a norm ||-|| of H(X, L®") to be

llarer + - - - + arer|| := max{|m|,. .., |a,|}.
Note that (HO(X,L®"),||-|)<1 = H°(Z", £%"), so that, by Proposition 3.8, we
have |- |q1130ﬁ H)(x) = || gen(x) for x € X?". Thus h is semipositive.

In general, let &/ be an ample invertible sheaf on 2" and A := &/|y. Wi
choose § € Q- such that L ® A®? is ample for all a € (—4,5) N Q. Note that
L® (A, ||l0)% = (L® A®,|-| ggyec), s that Hiw(a)|,)> = 0fore € (0,6)NQ
by the previous observation together with Proposition 3.16. On the other hand,
by (3) in Lemma 3.15,

pur(x) = leiﬂ} Vf@(A,H%)@G(x)'
0]
Therefore, u; = 0, and hence & is semipositive by Proposition 3.16. O]
Remark 3.18. Assume that the absolute value || is non-trivial. Let L be an ample

invertible sheaf on X, equipped with a semipositive continuous metric h. Then
there exists a sequence { (2%, %) }n>1, where 2, is a model of X and .%, is a nef
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invertible sheaf on 2, such that .%,|x = L®" and that h, = (|-|.2, (x)1/")sexam
converges uniformly to h. This follows from Proposition 3.10 and the com-
parison between quotient metrics and model metrics (via the embedding into
the projective spaces of lattices). Combining with Proposition 3.17 and Corol-
lary 3.11, we obtain that, in the non-trivial valuation case, our semipositivity
coincides with that of Zhang [12] and Moriwaki [8]. We refer the readers to
[6, §6] and to [2, §6.8] for the descriptions of the semipositivity in terms of
plurisubharmonic currents. Note that their semipositivity is also equivalent to
our semipositivity.

4. EXTENSION THEOREM

Throughout this section, we assume that X is projective. Let us begin with
a special case of the extension theorem. The general extension theorem is a
consequence of the special case.

Theorem 4.1. We assume that L is very ample. Let ||-|| be a norm of H*(X, L) and

h a continuous metric of L2 given by {|- |q;3tXL) I H)( )}xexan' Let Y be a closed

subschme of X and | € HO(Y, L|y). Then, for any € > 0, there are a positive integer n
and s € HO(X, L®") such that s|y = 19" and ||s||pen < e™(||1]|yn)".

Proof. First we assume that |-| is non-trivial. Let us begin with the following:

Claim 4.1.1. There are a positive integer a and a finitely generated lattice # of H°(X, L®?)
such that
Illna < -l < €721l

Proof. First we assume that || is discrete. We choose a positive integer a such
that |@| =1 < /2. We set 2 := {s € HO(X,L®%) | ||s|l« < 1}. Note that .77 is a
finitely generated lattice of H?(X, L®?) by Proposition 1.17. As ||| < ||-]|# <
|@|~1||-||s= by Proposition 1.17, we have the assertion.

Next we assume that |-| is not discrete. By Proposition 1.18, there is a lattice

7 of HY(X,L) such that ||-||, = ||]|». By Proposition 1.19, there is a finitely
generated lattice .# of H(X, L) such that 2 C ¥ and |||l < |-l < e¢”2|-|In,
as desired. 0

Let 2" be the Zariski closure of X in IP() (cf. §1.1.7) and £ = Op( (1) ”
Moreover, let i’ be a continuous metric of (L%?)®" given by (

quot
LT 1) () eon

Then, by Proposition 3.8 and Remark 3.9, |-|;; = |-|#. Therefore, by virtue

of Theorem 3.2, there are a positive integer m and s € H%(X, L¥") such that
s|ly = 199" and

(5) Il < €™ /(2% |y )™
As || [[pe < [-]|r < €a€/2||'||ha we have

() < Ll (x) < /21 (x)
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for all x € X®". Therefore, by Proposition 3.6,

6) [l () < [l () < €72 ()
for all x € X" In particular, |-|pam (x) < |-|,ym(x). Therefore,

(7) I[[gam < {lslm-
On the other hand, by using (6),
(8) 5 e < /2 sup{|I% | (y) | y € Y™} < "2 (|1l )"

Thus the assertion follows from (5), (7) and (8).

Next we assume that |-| is trivial. Clearly we may assume that [ # 0. Let k’ be
the field k((T)) of formal Laurent power series over k, that is, the quotient field
of the ring k[T] of formal power series over k. We set

( U Q(logs|hilog|s'hz-)).

5,8’ € HO(X,L®H)\ {0}

Y=

‘e

=0

As {||s]l; | s € H(X,L®")\ {0}} is a finite set by (1) in Lemma 1.12, we have
#(X) < Ny. Therefore, we can find « € R-o \ . Here we consider an absolute
value |-| of k' given by
@(T)|" := exp(—aord(¢(T))) (¢(T) € K').
We set
X' := X Xgpec(k) SPEC(K'), Y :=Y Xgpec(r) Spec(k') and L' = L&k.

Note that HO(X’,L) = H°(X,L) ®;k’. Let i’ be a continuous metric of L'*"
given by the scalar extension of h. Then, by Lemma 3.7, I/’ is given by

quot
kg, ) ) e

where ||-||¢ is the scalar extension of ||-||. Moreover, for s € H(X, L), |s|;y(x") =
Is[p(p™(x")) for x' € X'*", where p : X’ — X is the projection. Note that
pa : X'™ — X is surjective. Therefore, ||s||;; = ||s||, for all s € HY(X, L).

By the previous observation, there are a positive integer n and s’ € HO(X', L'“")
such that

=177 and |[|s"|[m < €"([|I]lyr)" = €"(]

)"

/
s'ly
Note that, for a positive integer d,

®d c HO(X/, L/®dn), S/®d _ l®dn

y Y,h)dn

Thus we may assume that HO(X, L®") — HO(Y, L|{") is surjective. Let (ey, ..., e;)
be an orthogonal basis of H’(X, L®") with respect to ||-||;» such that (e; 41, ., /)
forms a basis of Ker(H®(X, L®") — HO(Y, L|3")) (cf. Proposition 1.3). We set

s'=a1(T)er+ -+ ar(T)er + ary1(T)epy1 + - - +ar(T)er

H 1®d < edne(

and [ n




30 HUAYI CHEN AND ATSUSHI MORIWAKI

for some a;(T),...,a,(T) € k¥ = k((T)). As s'|y, = 1" € HO(Y, L|{") and
(e1ly,.--, et]y) forms a basis of HO(Y, L|$"), we have a;(T),...,a:(T) € k. Note
that

¢ U Q (log |Isln —log [Is"[lin) .

5,5'€HO(X, L)\ {0}
so that, by (2) in Lemma 1.12 and Remark 1.13, (ey, ..., e,) forms an orthogonal
basis of HO(X/, L'*") with respect to ||-||;yn. Therefore, if we set s = aje; + - - - +
ater, then s € HY(X, L®"), s|, = 19" and
[s][pn = max{|ar|[lex||pn, . .., |ae||lex]nn }
< max {|a1|llex[lpr, - -, larllellwn, |area (T)| leesallnn, - - - lar (T ller |l }
= [Is"lwm < e"(llLllyn)",

as required. O

Theorem 4.2. We assume that L is ample and h is a semipositive continuous metric of
L3, Fix a closed subscheme Y, 1 € H°(Y, L|y) and € € R~. Then there is a positive
integer ng such that, for all n > ng, we can find s € HO(X, L®") with

sly =19" and sl < " (||

Proof. Clearly we may assume that | # 0. Let us begin with the following claim:

)"

Claim 4.2.1. For any €’ > 0, there are a positive integer N and sy € H°(X, L*N) such
that ,
snly =19% and lsn v < e (12",

Proof. By using Proposition 3.10, we can find a positive integer a such that L®”
is very ample and

e (x) < F (x) < /2 fpa(2)
for all x € X™. We set ' = {||}}} °(x)}. Then, the above inequalities means that
©) e (x) < i (x) < €72 -fpa(2)

for all x € X®". Further, by Theorem 4.1, there are a positive integer b and
sap € HY(X, L) such that s,|y = ¥ and

/!
Sap |0 < €€/ 2(119% |y )"
By (9), ’ /
119 |y g < €212 |y o = €2 (11 )"
Moreovet, as ||, (x) < [-],5(x) by (9), we have |[sg][ja < [ISa |0, s0 that
/
ISapllpat < llsanll,0 < €™ 212y )"
/ / /
< ™22 (v )™ < ey )™
Therefore, if we set N = ab, then we have the assertion of the claim. O]

Since L is ample, by Corollary 1.2, the above claim is actually equivalent to the
assertion of the theorem. Thus the theorem is proved. O]
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