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SCHUR AND FOURIER MULTIPLIERS OF AN AMENABLE
GROUP ACTING ON NON-COMMUTATIVE LP-SPACES

MARTIJN CASPERS AND MIKAEL DE LA SALLE

ABSTRACT. Consider a completely bounded Fourier multiplier ¢ of a locally
compact group G, and take 1 < p < oco. One can associate to ¢ a Schur
multiplier on the Schatten classes Sp(L2G), as well as a Fourier multiplier on
LP(LG), the non-commutative LP-space of the group von Neumann algebra of
G. We prove that the completely bounded norm of the Schur multiplier is not
greater than the completely bounded norm of the LP-Fourier multiplier. When
G is amenable we show that equality holds, extending a result by Neuwirth
and Ricard to non-discrete groups.

For a discrete group G and in the special case when p # 2 is an even
integer, we show the following. If there exists a map between LP(LG) and
an ultraproduct of LP(M) ® Sp(L?G) that intertwines the Fourier multiplier
with the Schur multiplier, then G must be amenable. This is an obstruction
to extend the Neuwirth-Ricard result to non-amenable groups.

1. INTRODUCTION

This paper studies the close connection between Schur and Fourier multipliers of
locally compact groups G. In particular, we are interested in the relation between
the completely bounded norms of such multipliers.

Given a bounded function ¢ : G — C, the associated Fourier multiplier 7, when
it exists, is the unique weak-* continuous map on the von Neumann algebra LG of
G extending Ay — ¢(g)Ag. The associated Schur multiplier My, when it exists, is
the unique weak-* continuous map on B(L?G) extending (as)s.teq € S2(L2G)
(¢(st™V)ast)s teq. Bozejko and Fendler proved [2] that M, indeed determines a
bounded map if and only if T}, defines a completely bounded map, and in this case
the completely bounded norms coincide. The function ¢ is then called a completely
bounded Fourier multiplier and the space of such ¢ is denoted Mc¢gA(G). Note
that T} is the restriction of M, to LG C B(L*G).

In this paper we investigate the Bozejko-Fendler result for LP-multipliers. When
G is discrete and ¢ € McpA(G), there is no technical difficulty for defining the
Fourier multiplier T : LP(LG) — LP(LG) and the Schur multiplier M} : S, (*G) —
S,(?G) (they are just the extension of T/ restriction of My). When G is not dis-
crete, the definition of the Schur multiplier M} : S,(L*G) — S,(L2G) is known
(see Subsection 3.3), and we define in Subsection 3.7 the LP-Fourier multiplier
T} : LP(LG) — LP(LG) spatially [5], [6].
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We are interested in the following question.
Question 1.1. Let G be a locally compact group. Is it true that,

1T esrcayy = 1M lless,2a))-

for all completely bounded Fourier multipliers ¢ of G?

There are several motivations to study this problem. One is that a positive an-
swer would imply that for a discrete group G, the property APE_E}Z“T considered
in [10], see also [9], is an invariant of the group von Neumann algebra of G. Fur-
thermore, one is often interested in strict estimates of the norm of the transfered

Fourier multiplier, see for example [4, Section 7).

In [11], Neuwirth and Ricard studied Question 1.1 for discrete groups. They
noted that the inequality > always holds, and they proved the other inequality
in the case G is amenable. This is an LP-version of the Bozejko-Fendler result.
Their proof relies on the fact that the amenability of G allows them to construct
a completely isometric embedding of LP(LG) into an ultrapower of S,(¢*G) that
intertwines Fourier and Schur multipliers.

Marius Junge (personal communication) pointed out to the second-named author
that a positive answer to Question 1.1 would also follow from the existence of a com-
pletely isometric embedding of LP(£G) into an ultraproduct of LP(M,,) @ S,(L*G)
for some net of von Neumann algebras M,,, that intertwines Fourier and Schur
multipliers. He suggested that some weaker approximation property (as exactness)
might provide such an embedding. Our first result (Theorem 2.1) partially answers
his suggestion negatively: if p # 2 is an even integer, G is a discrete group, and
such an embedding exists, then G is amenable. This bad news was the motivation
to study Question 1.1 for general locally compact groups.

The main part of the present paper is to extend the Neuwirth-Ricard result to
arbitrary locally compact groups: we first prove in Theorem 4.2 by a transference
technique that the inequality > always holds. We then prove the inequality < for
G amenable in Theorem 5.2 and its Corollary 5.3. Our proof is close to the proof
given in [11, Section 3], but we encounter several technical issues that we have to
overcome, mainly in the case of non-unimodular groups.

Let us explain a bit more in details the technical complications that we meet.
Recall [13] that to a von Neumann algebra M one can associate non-commutative
LP spaces LP(M) for 1 < p < co. There are several different ways to define L? (M),
but they all yield (completely) isometric spaces. When M = B(H), L?(M) is most
naturally realized as the Schatten class S,(#) (which is contained in B(#)). When
M carries a normal faithful finite trace 7 (for example M = LG for a discrete
group G), the natural choice is to see L?(M) as the completion of M for the norm
lzll, = 7(|z|P)/P (LP(M) contains M). When G is a locally compact group,
there is a natural weight on LG, the Plancherel weight, which is a trace if and
only if G is unimodular. Although LG is often semi-finite, it is more natural to
view the LP-spaces of LG as contructed from this weight. As is well-known, the
non-commutative LP-spaces then have the property that LP and LY do not nat-
urally intersect for p # ¢. It turns out that the most convenient way to define
the LP-Fourier multiplier is by realizing LP(LG) in the Connes-Hilsum construc-
tion (Subsection 3.5) associated to the Plancherel weight on LG’ = RG (the von
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Neumann algebra of L2G associated to the right translations). Indeed, this realizes
LP(LG) as a space of unbounded operators on B(L?@), and the naive definition of
T} would just be the restriction of Tj to LP(LG). Since in general (i.e. unless G
is unimodular) LP(LG) N B(L*(G)) = {0} this is a bit to naive, and the precise
definition along these lines is given in the Definition-Proposition 3.5.

An important observation we make is that although LP(LG) might not contain
nonzero bounded operators, its corners in fact lie in the Schatten class S,. More
precisely, for F' C G relatively compact we can (carefully) define the corner PraPp
of any element z € LP(LG), and we prove in Theorem 5.1 that PpzPr € S,(L*F)
with norm at most |F|'/?||z||tszc). When G is amenable, one then chooses a
Folner net F,, C G and consider the maps z ~ |F,,|~Y/? Pp, P, .

In all the definitions and statements we give, L (LG) will be the Connes-Hilsum
space, but the theory of interpolation [17], [7] of non-commutative LP-spaces asso-
ciated to a weight plays an important role in our proofs. This is a bit technical.
Therefore, to make the paper readable we collect (and prove when necessary) all
the results we need from interpolation in Theorem 6.2, and in the proofs we use
this theorem as an abstract black box.

The structure of the paper is as follows. Section 2, which is independent from the
rest of the paper, gives a sufficient (and necessary) condition for a discrete group
to be amenable in terms of intertwiners of Schur and Fourier multipliers. Section 3
recalls the necessary results and fixes the notation. In Section 4, we prove that the
inequality > in Question 1.1 holds for any locally compact group. Section 5 gives
the affirmative answer to Question 1.1 for amenable groups. The last Section 6 on
interpolation states and then proves all the results needed in the first sections on
interpolation of non-commutative LP-spaces.

2. CHARACTERIZING AMENABILITY BY INTERTWINING SCHUR AND FOURIER
MULTIPLIERS

In this section we prove the following characterization of the amenability of a
discrete group. It takes away our hope to give a direct positive answer to Question
1.1 for non-amenable discrete groups.

Recall that the Schur multiplier M} and the Fourier multiplier T} were defined
in the introduction for discrete groups. We define them more generally in Section
3.

Theorem 2.1. Let I' be a discrete group, let H be a Hilbert space and let p > 4 be
an even integer. Let U be a non-trivial ultrafilter on some set. Assume that there
erists an isometric embedding

(1) Jp s LP(LT) = [[ S, (T @ H)
u

such that for every ¢ : T' — C of finite support, jy o qu = (I, Mq’; ®id) o j,. Then,
I' is amenable.
Conversely, if I' is amenable such an embedding exists for all 1 < p < oo and we

can take H = C.

Remark 2.2. In fact the proof below shows more generally that the same conclusion
holds if there is such an embedding of L?(£(I")) into [[,, LP(B(¢*T) ® M,) with a
net (Mg, 7o) of semi-finite von Neumann algebras.
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Proof. To keep the notation simple, we consider the case p = 4 and write j for jy.
The same proof works for every p € 2N.

Fix v € I, and let (Z,) be a representative of j(A(7y)). Express that j o T;; =
(Il M} ®id) o j for ¢ = &, a Dirac mass point. This implies that j(A(y)) =
((Mg*W ® id)(Eqa))a, so that we can assume that (Ms,K ® id)(E,) = E, for all a.
In other words, if we see Z, as an infinite matrix with values in S,(#), its (s,t)
entry is zero unless st~! = ~. Equivalently, there is an element £ € ¢P(I'; S,(H)) C

S,(£2T ® H) such that Z, = (A7) ® id)¢. Let us denote this & by &*. Using
that 1 = |IA()|lzaz(@)) = limay H§§a)||44(p;54(7.[)), we can as well assume that

H{Sf‘) llea(risi(2)) = 1. Since v € T' was arbitrary, we can choose such a representative
for all ~.

Let 77»(, ) be the unit vector in T defined by 77 (||§7 (8)|lsy(2))ser. We
claim that,

(2) 77,5 € Dolim [As(nS)? = ()%l ear = 0.

In particular, A has almost invariant vectors in ¢2T", which implies that I is amenable.
To prove the claim, take x = 3 2\, arbitrary in the group algebra C[I'] with
2y > 0. Then, we find z*z = > (D T52ys)As, so that

H‘T||%4(5G) Z 3:73:753:~3;~
57,7

To compute ||j(z)|3 and to simplify the notation, we shall denote, for

”Hu S4(2T®H)
s €l and £ € P(1;S,(H)), s-& = (&(s7't))ter. We shall also use the relation
s-&= (s ®id)E(NE ®id). Hence,

j@fﬁ@)=(§:Os®mM§:EWw@L&ﬁ%%o :

s ¥
so that
. 4 _ — (a)* ,—1 () ((@)xy ¢()
@I sueren = hmZx,Y:E»ysx o= T (g sl )5%).
57,7

Here, Tr is the natural (semi-finite) trace on ¢>°(I'; B(H)). By x5 > 0 and Hélder’s
inequality, we have

. 4 o . ) #(a)xy (@) £(a)*
”.7(515)”1_[“ Si(2T@H) ZNZC’Y(E’YS«/L";:L";S EIZI/{I Re Tr ( (5( 5 )5’;5 6’(75) )
5,775

< Z Ty @ystzaz 1= [|2]| 72y
517

Hence if v,7,vs,7s belong to the support of x,
. -1 () ia)* La) (a)*) _
lim Re Tr (s71.(60)60 )6 el ) = 1,
so that by the uniform convexity Lemma 2.3 below

®) i 145 (0))? = () sy = 0.
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Since z was arbitrary, (3) holds for all s,~,% € I". This proves (2), and hence that
T" is amenable.
The converse was proved in [11]. O

Lemma 2.3. Let T be a discrete group and let H be a Hilbert space. For all € > 0,
there exists 6 > 0 such that the following holds: Let s € T and &; € (4(T'; S4(H)),
i =1...4 be unit vectors, and denote by 1; the unit vector (||&(t)||s,3))ter in £*T.

If
Re Tr (871-(5152)5354) >1-9,

then | Asn3 —nilleer < e.

Proof. In the proof we write o(1) for a quantity that goes to 0 as d goes to 0. By
Holder’s inequality in Sq(H),

1—6<Re Tr(s™".(&162)888) (As=1(mm2), m3m4)

lmnzlleer |m3m4lle2r < 1.

IA A

In particular, (n7,73) = |[mn2|%p > (1 — )%, which clearly implies that ||n7 —

n3|le2r = o(1). The elementary inequality ||a — b||gar < +/]|a? — b2||2r valid for all
a,b: T — Ry in turn implies || — n2|/ear = o(1). Similarly, |73 — n4llgar = o(1).
By the first line of the series of inequalities above, we get (A\,-19?,1m3) = 1+ o(1),
which indeed implies [|[Asn3 — 1% ;2r = o(1). O

3. PRELIMINARIES

We collect the necessary results and fix the notation. In particular, we introduce
LP-Fourier multipliers for any locally compact group.

3.1. General notation. For a Hilbert space #, S,(#) denotes the Schatten class,
i.e. the non-commutative LP-space associated with B(H). We use brackets [] to
denote the closure of an operator and - for the strong product of (unbounded)
operators. Recall that a - b, when it exists, is the closure of the operator defined on
{z € dom(b),b(x) € dom(a)} by z +— a(b(z)). For ¢ a normal, semi-finite, faithful
weight on a von Neumann algebra M, we set n, = {x € M | p(z*z) < oo} and
my, = ngng.

3.2. Integral operators. Let (X, dz) be a measure space. A (bounded) integral
operator A on L?(X,dx) is a bounded operator for which there is a measurable
function (s,t) — As; (called the kernel of A) on X x X such that, for all £ €
L*(X,dx),

o t— A &(t) € LY(X, dx) for almost every s € X.

o AL(s) = [y As4&(t) for almost every s € X.

By Fubini the kernel is only defined up to an almost everywhere zero function. The
set of integral operators is a self-adjoint subspace of B(L?*(X)), and the kernel of
the adjoint is given by (A*)s; = A; . The Schatten S-class consists of all integral
operators with kernel belonging to L?(X x X), and for such operator,

1/2
| Allsyzox) = < / / |A57t|2dsdt) .
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More generally if A, B € S?(L?X),
(4) Te(AB) = / / Ay By ydtds.

3.3. Schur multipliers. Let (X, u) be a measure space and let ¢ : X x X — C
be an essentially bounded measurable function. We identify Sy(L?X) linearly with
L?(X x X) by the previous paragraph. Then, we obtain a bounded map

LH(X x X) = L*(X x X) : (any)eyex = (0(2,9)00.y)eyex,

which canonically determines a bounded map on Sp(L?X). If it maps So(L?X) N
Sp(L*X) to Sp(L*X) and it extends boundedly to S,(L*X), it will be called a
(Schur) multiplier of S,(L*X).

We will use the following result, which is a minor modification of [10, Theorem
1.19].

Theorem 3.1. Let p be a Radon measure on a locally compact space X, and
Y X x X — C a continuous function. Let 1 < p < oo and K > 0. The following
are equivalent:

(i) ¢ defines a bounded multiplier on S,(L*(X, p)) with norm less than K.
(ii) For every o-finite measurable subset Xo in X, 1 restricts to a bounded mul-
tiplier on S,(L*(Xo, 1)) with norm less than K.
(iii) For any finite subset F = {x1,...,xn} in X belonging to the support of u,
the multiplier (1(x;,z;)) is bounded on S,((*F) with norm less than K.

Proof. The equivalence of (i) and (iii) of Theorem 3.1 was proved in [10, Theorem
1.19] under the additional assumption that u is o-finite. In the current theorem,
this implies the equivalence of (ii) and (iii). The implication (i) implies (ii) is trivial.
Assume (ii). Let x € S,(L*(X, it)). The supports of z and z* are o-finite projections
in B(L?X). So, let Xo C X be o-finite such that the support projections of z and
x* project onto spaces contained in L?(Xo, ). Then, the multiplier ¢ applied to =
is equal to the restriction of ¥ to Xy x X applied to x. Hence, (i) follows. 0

Let G be a locally compact group. Let ¢ € MegA(G) and set ¢ € L(G x G)
by é(s,t) = ¢(st™1). Then, ¢ is a Schur multiplier acting on S,(L%G), see [10] for
details. We will denote this map by M.

3.4. The von Neumann algebra of G. Let G be a locally compact group
equipped with a left Haar measure, and denote by A : G — (0,00) the modu-
lar function. Recall (see [15, p. 65]) that A is the group morphism satisfying the
following equations for all compactly supported continuous function f : G — C :

(5) /ﬂ@ﬁ:A@*/f@@

(6) /ﬂfﬂm:/}mA@*ﬁ

Denote by X and p the left and right regular representations of G : for s € G, A
and ps are unitaries on L?(G) given by As&(t) = £(s71t) and ps&(t) = /A(s)E(Ls).
The (left) von Neumann algebra of G is defined by LG = A\(G)”. Its commutant is
p(G)", the right von Neumann algebra of G. If f € L'(G), the formulas (A(f)¢,n) =
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J F(s){(As&,m)ds and ( = [ f(s)(ps&, n)ds define operators A(f) € LG and
o(f) E p(G) that are 1ntegra1 operators on L?(G) with kernel

(7) A))se = ALt (p(F))sr = VA1) f(s71).
As a consequence, A(f)* = A(f*) and p(f)* = p(f*) where f* € Ll(G) is given by

(®) Fr(s) = f(s~HA(T.

When G is discrete, LG is finite and carries a natural trace. More generally
when G is unimodular LG carries a natural semifinite trace. In general, although
LG might be semifinite, it is not equipped with a natural trace, but rather with its
natural weight, given by ¢(z*x) = || f||3 . if there is f € L?G such that 2§ = f ¢
for all ¢ € L?G and ¢(z*x) = oo otherwise. (it is an easy exercice to check that
¢ is a trace if and only if G is unimodular). It is convenient to work with this
weight. A natural weight on the commutant p(G)” of LG in B(L*G) is given by
Y(a*z) = || fll520 if © = p(f) with f € L?G and ¢(z*z) = oo otherwise.

3.5. The non-commutative LP-space of LG. We recall the Connes-Hilsum con-
struction [5], [6] of LP(LG) in the particular case when LG is the von Neumann
algebra of G. The space D(L?G,) of 1-bounded elements of L2G is the set of
functions ¢ € L2G such that f — & * f is bounded on L?G. We will also denote
this operator by A(£). Given a weight w on LG, the spatial derivative dw/d is the
unique positive self-adjoint operator such that w(A()A(E)*) = |[(dw/dv)?¢||2.4
for all »-bounded £. For example, (8) gives that dp/diy = A. The spatial derivative
of an element w of the predual is defined by dw/dy = ud|w|/dy where w = u|w|
is the polar decomposition of w. The set L'(LG) defined as {dw/di,w € LG}
is then a linear space (the sum being the closure of the sum), and we denote
J(dw/dyp)dip = w(1). For an arbitrary 1 < p < co, LP(LG) is defined as the set
of closed densily defined operators T with polar decomposition T' = u|T| satis-
fying u € LG, |T|P € L*(LG), and one denotes | T roce) = ([ |T|Pd)!/P. In
general the non-zero elements of L?(LG) are not bounded operators. Hilsum [6]
proved that the sum of two elements of LP(LG) is densely defined, closable, that
its closure belongs to LP(LG), and that for this linear structure if p > 1, LP(LG)
is a Banach space for the norm || - ||z»(zg). Moreover, for 0 < p,q,7 < oo with
1/r=1/p+1/q and a € LP(LG) and b € LY(LG), ab is closable and its closure
(still denoted by ab) belongs to L"(LG) and this product is associative. Lastly, if
r =1, [abdy = [badip, and if p # oo the pairing (a,b) = [ abdy realizes L1(LG)
isometrically as the dual of LP(LG).

Apart from what we just recalled, we will use some facts from [6, Proposition
11] that we collect in the following proposition.

Proposition 3.2. We have the following properties.

(1) We have uD(L?G, ) C D(L*G,%) for every u € LG.

(2) If z € LP(LG) with 2 < p < oo, then D(L?G, ) C dom(x).

(3) Let 1 < p < oo. For any &,m € D(L?*G, %) there is a bounded linear map
wgn : LP(LG) — C satisfying wg)n(:zr) = (|z|/2¢, |2 2un) if @ = ulx| is
the polar decomposition of v € LP(LG).

As a direct consequence, using the inclusion L?F C D(L?G, ) and the closed
graph theorem we get the following.
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Proposition 3.3. Let F C G be a relatively compact Borel subset with positive
measure, and Pr : LG — L?F the orthogonal projection.
(1) If p>2, L?F C dom(x) for every x € LP(LG), and x € LP(LG) — xPr €
B(L?Q) is a linear bounded map.
(2) If 1 < p < oo there is a bounded linear map LP(LG) — B(L?F), that maps
an element © = ulz| € LP(LG) to (|x|"/?*u*Pp)*|x|'/? Pr. We abusively
denote this map by x — PpxPp.

3.6. Completely bounded maps between von Neumann algebras. Let M C
B(H) a von Neumann algebra, ¢ a weight on M’ and LP(M, 1)) the spatial non-
commutative LP-space. The commutant of M, @ M in M,, ® B(H) is 1® M’, and is
therefore equipped with the weight 1® ). This naturally identifies S} @ LP(M, 1))
with LP(M, ® M,1 ® ¢¥). We use this identification to define a Banach space
structure on Sy @ LP(M,1)).

If M C B(H),N C B(H') are von Neumann algebras and 1,1’ are weights on
M, N, a bounded map u : LP(M, 1) — LP(N,1’) between the non-commutative
LP-spaces (Connes-Hilsum construction) is called completely bounded if ||ul|p :=
sup,, |lun|| < co. Here u, = id®@u : S ® LP(M,v) — S} @ LP(N,4'). When
M and N are semifinte, one can check that this definition agrees with the natural
operator space structure on non-commutative LP-spaces given in [12].

3.7. Definition of L? Fourier multipliers. Recall that the Fourier algebra A(G) =
{cp: s (As&,m), &€ L2G} coincides with the predual of LG through the pair-
ing (p,A(f)) = [¢(s)f(s)ds for every f € L'(G). We record here the explicit
isomorphism between the Fourier algebra A(G) and L'(LG).

Lemma 3.4. An element ¢ € A(G) corresponds (isometrically) to x, € L*(LG)
that satisfies Ppx,Pr = (p(ts™!))s er-

Proof. Start by considering the case when ¢ is positive definite, so that the corre-
sponding element of LG, is positive. By the definition of L!(£G) and the spatial
derivative, z, is the positive self-adjoint operator characterized by Hxi,/ ¢ 1?2 =
(. MEA(&)*) for all £ € L2G that are ¢-bounded. By definition of Ppz,Pp, and
the fact that L?F C LG, we get

(P Pré,€) = / /F (s e s,

and by polarization

(Ppx,Pré,n) = / /F Fcp(tsfl)g(t)@dsdt.

This proves the lemma when ¢ is positive definite. The general case follows by the
linearity of ¢ — Prx,Pp. O

3.8. Fourier multipliers. Given a function ¢ € M¢gA(G), we would like to define
the Fourier multiplier on LP(LG) as the restriction to LP(LG) of My. This is
possible when G is unimodular because LP(LG)NB(L?G) is dense in LP(LG). When
G is not unimodular (and p # o0o) this is more problematic: LP(LG) N B(L*G) =
{0}, whereas M, is only defined on B(L?G). The definition is therefore done with
the help of Proposition 3.3.
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Definition-Proposition 3.5. Let ¢ € McgA(G). There is a unique completely
bounded linear map T, : LP(LG) — LP(LG) that satisfies PrT} (v) Pp = My(PraPr).
It has completely bounded norm less than ||@||ryesac)- This map is called the
Fourier multiplier with symbol ¢.

Proof. Let us first prove that Tg exists and is bounded. For p = oo this is obvious.

Assume p = 1. Consider ¢(s) = ¢(s~1). Then ||$HMCBA(G) = ||¢llmesacq)- Take
¢ € A(G) — x, € L*(LG) the isometry described in Lemma 3.4. Define T by

T)(xy,) = z3, It is a map of norm at most ||¢||as.54(c), and by Lemma 3.4 it

satisfies PFTé (:Z?)PF = M¢ (PFxPF).

The general case follows by interpolation. We claim that the maps T(; and T7°
are compatible with respect to the pair (Ag, A1) given by Theorem 6.2. Indeed, let
a € Ag N A;. We have to show that j; ' (T} (j1(a)) = j (T5°(jeo (a)). By (iv) it
suffices to have that up (j; ' (T} (j1(a))) = ur (i (T5° (joo (a))) for every relatively
compact F' C G. But by (ii), this equality is equivalent to jljll;(qu(jLF(uF(a))) =
Joorp (Mg (joo,p(up(a))), which holds by ().

By interpolation, there is therefore a map T : LP(LG) — LP(LG) of norm at
most [|p]|aresa(c)- It satisfies PRT)(z)Pr = My(PrxPr) by (ii) and (i) again.

The fact that T£ is completely bounded follows from the argument in [3, Theorem

1.6] (see the proof of Theorem 5.2 for details): apply the preceding to the function
@(s,k) = ¢(s) on G x SU(2) and use that LSU(2) ~ Bp>1 M, O

4. TRANSFERENCE

This section is devoted to the equality > of Question 1.1. The proof relies on
transference techniques [11, Lemma 2.4], which we adapt to non-discrete groups.

Lemma 4.1. Let G be a locally compact group and let 1 < p < oo be such that
the conjugate exponent q satisfies p/q € Q. Then there is a net x, € LP(LG) and
Yo € LULG) such that ||zallp = [|yallq = 1 and for all ¢ € McegA(G),

hén<T¢xm Yo) = o(e).

Proof. The proof relies on Theorem 6.2. Since p/q € Q there exists 7 < co and
k, k' €N such that £ = £ and 1 = &£

Take a net of R+-Valued fuctions h, € A.(G) such that the support S, of hy
converge to {e}. This means that every neighbourhood of e in G contains S, for
all n large enough. By (iii) in Theorem 6.2, j.'(A(ha)) belongs to Ag N A1, we can
therefore define an = jor(j' (AM(ha)))) € Loy (LG). Normalise hy so that ||asl2, =
1. Consider the unit vectors z, € L,(LG) and y, € Ly(LG) defined by x4 = |aa|?*
and Yo = |as|?*. By (v) in Theorem 6.2, we can write 2o = j,(j (A(fa))) for a
non-negative function f, € A.(G) with support contained in (S;1S,)*. Similarly
Ja ' (ya) belongs to AgN Ay, and (j1(j; ' (va)))* € L1(LG) corresponds to go € A(G)
satsifying g, (s) > 0 for every s € S.

For every ¢ € McgA(G), since the maps Tg are compatible with respect to the
interpolation given by Theorem 6.2, we can write by (10),

(Tfwa.ya)re,o = (T3 (M(fa))s (1 (g (¥a))) ) Lo, = /GQS(S)fa(S)ga(S)dS-
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Taking ¢ = 1 we get [ fo(s)ga(s)ds = (Za,Ya) = ||aa|3r = 1. Hence,

(Tgra,ys) — d(e)] = I/(sb(S) — ¢(€))fa(5)ga(s)ds|
sup |¢(s) — (e)|.

sesupport(fa)

IN

But ¢ is continuous and the support of f, converges to {e}. This proves the
lemma. O

Theorem 4.2. Let G be a locally compact group and let 1 < p < oco. Let ¢ €
MCBA(G). Then,
1M Nleses,2ay) < Ty leswrca))-

Proof. Let ¢ be the conjugate exponent of p. The values of p for which p/q € Q
form a dense subset of [1, 00]. It suffices to prove the theorem for such a p. Indeed,
since M g is defined by means of interpolation, it follows from [1, Theorem 4.1.2 and
Section 2.4 (6)] and the re-iteration theorem that the logarithm of || M} |lcs(s, (z2a))
is a convex, hence continuous function in p. Similarly, || T} ||cs(s, (r2c)) is continuous
in p.

Let F = {s1,...,8k} € G be a finite subset, and consider two matrices a,b €
M (C). We claim that

1> b(sisy aibiil < 1T llesrcay lallstIbllst-
'

By Theorem 3.1 this implies that [|M{||p(s,2c)) < 1T} lleswr(ccy)- The in-
equality HM£||CB(SP(L2G)) < ||T£||CB(LP(LG)) follows similarly, by taking a; ; € Sg,
bi; € S instead of C.

Take 74, Yo given by Lemma 4.1, and consider the element A, € S;j ® LP(LG)
and B, € Sk @ L(LG) defined by

An = (@i jA(s)2a (57 1))ij<k, Ba = (bijA(si)yaA(s] 1))ij<k-

A, is obtained from a ® x, by conjugating by the unitary >, e;; ® A(s;), so that
[Aally = lla ® zallp = llallss. Similarly [[Ba|lq = [[b]|ss. Notice now that

Asi DT (A(si)zaX(s5)"A(s;) = T, (wa)

where ¢; ;(s) = qﬁ(siss;l). In particular ¢; ; € McgA(G) and ¢; j(e) = d(sis;t).
Lemma 4.1 gives

Z¢(5i5;1)ai,jbj,i = hgtnzai,jbj,ngiJ (Ta), Ya)
.5 ,J
= lim{(id ® T?)(Aa), Ba)-

The claim follows from the inequality

{(id® T§)(Aa), Ba)l < TG llenLrcenllAallplBallg
= T leswrcayllallstblsk,

valid for every n. O
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5. AMENABLE GROUPS

We prove that the answer to Question 1.1 is affirmative for amenable locally
compact groups. This generalizes beyond (amenable) discrete groups the result by
Neuwirth and Ricard [11].

Theorem 5.1. Let F C G be a relatively compact Borel subset with positive mea-
sure, and Pp : Lo(G) — Lo(F) the orthogonal projection. Let 1 < p < co. For any
x € LP(LG), PpaPr € Sp(L2G) and | PraPp|s,2ry < |F|VP| 2] o (cc)-

Proof. When p = oo this is obvious.

Assume p = 1, and take x € L1(LG). Let ¢ € A(G) corresponding to x, and
wiite 6(s) = (A(s)&,n) for &1 € L2(G) with [€]n] = 2llz1cq). By Lemma
3.4, PpaPr = ((A(s™)& At )m)seer = AB* where A = (£(st))scprec and
B = (n(st))sertec. But HAH?&(NG) = ff |€(st)|? 1sepdtds = |F|[|€]|?, and simi-
larly || Bllsyz2c) = [FllInll*, so that || PraPr||s, (z26) < [ Allsy2e) | Bllsureay =
|F|||z||L1(ze)- This proves the case p = 1.

The general case follows by the interpolation Theorem 6.2: the cases p = 1 and
p = 00 above say that up maps Ay — Ao, r with norm 1 and A; — A, r with norm
|F'|. Hence it maps Ay, — Aj/p p with norm less than |F|*/P. By (ii) this is exactly
saying that PraxPr € Sp(LQF) and ||PFIPFHSP(L2F) < |F|1/pHx||LP(LG)- O

Theorem 5.2. Let G be an amenable locally compact group and 1 < p < oo.
Then there is an ultrafilter U on some set and a completely isometric embedding
i: LP(LG) = 1, Sp(L*G) that intertwines Fourier and Schur multipliers.

Proof. By amenability there exists a Folner net (Fy,), : F, are compact sub-
sets with positive measure such that lim, |Fy N gF|/|Fo|l = 1 for all g € G.
Choose an ultrafilter U refining the net «, denote by P, the orthogonal projec-
tion on L?*(F,) and consider the map i, : LP(LG) — [, Sp(L*F,) defined by
ip(2) = (PaxPy/|Fal'P)o. By Theorem 5.1, 4, is a well defined contraction, and it
intertwines Fourier and Schur multipliers by definition of Fourier multipliers. We
use a duality argument to prove that it is isometric. To do this take ¢ the conjugate
exponent of p and consider x € LP(LG) and y € LY(LG). We claim that

(9) (ip(2),iq(y)") = (2,y7)-

where on the left-side, the pairing is given by (4 )a, (Ya)) = limy Tr(z4y.) and
on the right-side the pairing is given by (z,y) = [ zydiy. Since LY is isometrically
the dual of L? for this pairing, this clearly implies that 4, (and i,) are isometries.

Let us first prove (9) in the particular case that p = oco,q¢ = 1, x = A(f) with
f € LY(G) and y* corresponds to ¢ € A(G). We compute (i (x),i1(y)*), using
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Lemma 3.4, (7) and then (4),
(ico(®),1(y)")
=lim LTr (P A(f)Poy™ Py)

U |Fy |
=l T (st~ )AW ager (olt™)ssere)
—Er{}m A ) f(st™ (st 1) dsdt
=l / f(u / X, (™2 5)ds)du
_hm/f |F |;“|F Fo Oubal

/f w)du = (z,7).

On the fifth line we made the change of variable v = st~!, and the last line is
justified by the dominated convergence theorem.

We now use the interpolation Theorem 6.2 and its notation. We claim that
(ip(Jp(a)),iq(jq(b))*) = (Jp(a),jq(b)*) holds for all p,q with 1/p+1/¢ =1 and all
a,b € AgN A;. This will conclude the proof of (9) since by general interpolation
theory, j,(Ap N A;p) is dense in LP(LG) for every 1 < p < oo. By the inter-
polation equation (10) and (ii) in Theorem 6.2 neither (i,(jp(a)),iq(jq(b))*) nor
(4p(a), jq(b)*) depend on p, and we know (case p = oo) that they are equal when
a € E. These quantities are therefore also (case p = 1) equal when b € E| and by
the norm density of j1(E) in L*(LG), they are equal for every b. This proves (9).

To prove that ¢, is completely isometric, the same proof can be applied. Oth-
erwise we can use a classical argument [3, Theorem 1.6] and consider K = SU(2).
This is very convenient because as is well-known LK = @®,>1M,, but all we need
is that K is a compact group with irreducible unitary representations of arbitrarily
large dimension. Remark that G x K is amenable and that Fi, x K is a Fglner net.
By what we just proved, i, ®id : LP(L(G x K)) — [];, Sp(L*(G x K)) is isometric.
But since L(G x K) = LG ® LK ~ &, M, (LG), this means that

id @iy, : (P{S) @ LP(LG),n > 1} — [ [ {S) ® S,(L*G),n > 1}
u

is isometric, which implies that i, was completely isometric. 0
As a straightforward consequence.

Corollary 5.3. Let G be an amenable group and let 1 < p < co. Let ¢ € McgA(G).
Then,

173 Br(cayy < I1MElB(s, L))
1T esrcay < I1MSlless,2a))-

6. INTERPOLATION

In this section, we collect the necessary results from [17] and [6] in order to inter-
pret non-commutative LP-spaces as interpolation spaces. This is done in Theorem
6.2. Using this theorem, we are able to prove our results in a self-contained way.
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The theorem is technical in nature and its conceptual consequences are stated in
the earlier sections.

Let M be a von Neumann algebra, and consider L, (M) (1 < p < o) the associ-
ated non-commutative L,-spaces together with a bilinear duality bracket (-, )r, L,
for 1/p+ 1/q¢ = 1. For simplicity we will only use this notion in two particular
explicit cases: the first is when M = B(H) for a Hilbert space H, and in this
case L,(M) is Sp(H) and the duality (A, B)rr,« = Tr(AB). The second case is
when M’ is equipped with a normal faithful weight ¢, LP(M) is the associated
Connes-Hilsum space, and the duality is (a,b) = [abdy) = [badip. The special
case M = LG is recalled in Section 3.5. The special case M = B(H) and ¢ is the
canonical trace on B(H)' ~ C will then yield L?(M) = S,(H).

Definition 6.1. Let M, LP(M) be as above. An interpolation scale for {(L,(M),1 <
p < oo} is a compatible pair A = (Ag, A1) and a family of isometric isomorphisms
Jp + A1y = Lyp(M) such that for every a,b € AgN Ay and every 1 < p,q < o0
satisfying 1/p+1/q =1,

(10) (Jp(a); 3q(0) ) 1,0, = (F1(a), Joo (D)) 11, L ee -

In this definition A9 C Ay + A; stands for the complex interpolation space

between Ay and A; with parameter 6. We write ¥(A) = Ay + A;.

Theorem 6.2. Let F' C G be a relatively compact Borel subset. There exist interpo-
lation scales {A = (Ao, A1), Jp : Avryp — Lp(LG)}, and {Ap = (Ao, ry A1), Jip.F -
Avjpp = Sp(LA(F))} with A1 g C Ao,r and a bounded map up : ©(A) — L(Ap) =
Ao, r such that

(1) for all 1 < p < oo, j, r extends to a continuous isomorphism j, r : Ao p —
B(L?*F), and j, F o j;}? commutes with Schur multipliers for every p,q.
(ii) The following diagram commutes.

(11) Ly(LG) < Arp

J
\Lm!—)PFxPF l/uF

B(L?F) = Ao r

(i) The space E = span{j- t(A(f)*A(9)), f,g € C.(G)} is contained in Ay N A;.
Furthermore, {j1(a),a € E} is norm dense in L'(LG).

(iv) Let a € 2(A). If up(a) =0 for every F C G relatively compact, then a = 0.

(v) For every a = jt(M(fa)),b = jo (AN (fp)) € E, every 1 < p,q,r < oo such
that 1/p + 1/q = 1/r, there exist ¢ = j L(N(fe)),d = jt(Nfa)) € E
such that jp(a)* = j,(c) and jp(a)jq(b) = jr(d). Moreover, support(f.) =
support(fo)~t, support(fq) C support(f.)support(fy), and if f, and f, are
non-negative so are f. and fq. If f, is non-negative, j1(a) € L*(LG) corre-
sponds to a non-negative (i.e. point-wise non-negative) element in A(G).

The proof will use Terp’s construction [17] of non-commutative LP-spaces as
interpolation spaces, that we now recall.

The construction starts from a triple (M, ¢, ¥). Here, M is a von Neumann alge-
bra. ¢ is a normal, semi-finite, faithful weight on M and 1 is a normal, semi-finite,
faithful weight on the commutant M’. Associated with ¢, we have a GNS-triple
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(H,7,A), a modular conjugation J, modular operator A and modular automor-
phism group o (see [15, p 92]). We identify M with (M) and omit 7 in the
notation.

We turn (M, M,) into a compatible couple of Banach spaces as follows. Let
M N M, be the set of z € M, for which there exists a ¢, € M, such that

Yy, z € ng i {pr, 27y) = (J2"JA(y), A(2)).

For x € M N M., we set the norm |[z|| mam, = max{||z||m, [[¢zllrm, }, in which it
becomes a Banach space. Naturally, we find two embeddings i, : M N M, — M :
z+— x and i : M N M, : x+— p,;. Dualizing the embeddings (and restricting to
M.,) we obtain a commutative diagram:

2N
RN

which turns (M, M,) into a compatible couple of Banach spaces. Moreover,
it i1(M N M,) is the intersection of i% (M.,) and ij(M), so that our notation
is justified. We have m, € M N M,

We write LP (M) for the Connes-Hilsum LP-space [6]. We let d = dy/di be the
spatial derivative. For any x € n,, we have

(12)

[wd%] € L*?(M) and d%a* € L?*(M)

c.f. [17, Theorem 26]. The main result of [17] states that for 1 < p < oo, there
exists a unique isometry j, : (M, M.)y, — LP(M) such that for z,y € n,, we
have

(13) jp(2*y) = d¥a* - [yd?) € L*(M) - L*(M) C LP(M).

Moreover, for 1 < p < 00, jp is an isomorphism (j is just the identity map from
M to M). The following proposition is exactly [17, Eqn. (56)].

Proposition 6.3. Let (M, @,v) be a triple as above. {(M, M.),jp : (M, M)y —

LP(M)} is an interpolation scale.

Remark 6.4. In [8, 7] it is shown that depending on a complex interpolation pa-
rameter z € C, the triple (M, p, 1)) gives a compatible couple (M, M,) by taking
different embeddings of (subsets of) M into M... These all give rise to an interpo-
lation scale, the special case treated here being z = 0. Since the Schur and Fourier
multipliers in this paper commute with o, there is in fact no preference for the
choice of the interpolation parameter.

Remark 6.5. In the next proof we use the following standard fact [15, Chapter
VIL.3] on the Plancherel weight ¢ on LG. For £ € L'G N L?>G we have A(§) € ny,
and the mapping \(L'G N L2G) — L?G : \(€) — £ is a o-weak/norm core for the
GNS-map of .
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Proof of Theorem 6.2. Consider the triple (LG, ¢, 1), see Sections 3.4 and 3.5 for
notation. We will describe precisely the GNS-triple and and modular conjugation
J in the proof of (iv). Terp’s construction gives a compatible couple A = (Ag, A1)
and an interpolation scale {4, j, : Ay, — LP(LG)} satisfying (13).

Consider also (B(L?*F), Tra, Tr"). Here,

Tra(z) = Te(AZeA2),  z € B(LF)*,

where A is the bounded operator given by A restricted to L?F. Furthermore, Tr’
is unique state on B(L?F)" = C. In this case, LP(B(L*F)) = S,(L*F) and we have
spatial derivative dTra /dTr’ = Ap. We define the map,

L L
Jp.r : B(L*F) — B(L*F) 1z — AP a A}

Then, the restriction of j, r to A/, p is an isometric isomorphism onto S,(L*F)
(by Terp’s construction). In particular, we find an interpolation scale {Ap =
(Ao.r, A1 F), Jp.F ¢ Aippr — SP(LQ(F))}. The map jp.r o j;}?, being a Schur
multiplier, commutes with Schur multipliers. In all, we conclude (i).

(i) Take x,y € n,. Then, for all 1 < p < co we have from (13)

(14) G, p(Prip(is (a*y))Pr) = Ap™ (PrA% ™ - [yAF |Pp)Ap™ = Ppa*yPp.

In the case p = 1, [17, Theorem 8| implies that the equation ji}p(PFjl (2)Pr) =
Prjo(2)Pp holds for all z € Ag N A;. We can therefore define a bounded map
Up A0+A1 — A()yF = B(L2F) by uF(xO—I—:z:l) = PFjOO(Io)PF-F];%;(PFjl(IEl)PF)
ifzg € Ag,x1 € Ay. By the definition of up, (i) then commutes for p = 1 or p = 0.

For 1 < p < oo, (14) proves that j;},(PFjp(z)PF) = up(z) for all z € jt(my).
Recall that j,(j'(my)) is dense in LP(LG) (by [17, Theorem 26], Eqn. (13) and
Holder’s inequality). This concludes (ii).

(iii) For £ € L'G N L2G we have A\(€) € n,. Hence A(§)*A(n) € my, € Ag N Ay
for &,n € C.(G). Let z € LG be such that (j; o jHA(E)A(n)),z) = 0 for all
&,n € C.(G). Then, using the notation (8) and [17, Eqn. (38)] in the fourth
equality,

0 =(j1 0 j (MEAM)), ) = (AZA(E) - [\()AF], )
- / IEADAY . A A(GA) - zdy = p(AmA~)zAEAl))
=(@A2E, A%y7)

This implies that z = 0, since C.(G) is dense in L?G . Hence j;(F) is dense in
LY(LG).

(iv) Let a = ag + a1 € Ao + Ay be such that up(a) = 0 for all F' C G relatively
compact. Write joo(ag) = x € LG and ji(a1) = wy € LG, corresponding to ¢ €
A(G) and x4 € LY(LG). Firstly, let y = \(€), 2 = A(n), with &, € C.(G). We will
use the notation (8). We have A(A(€)) = ¢ € L2G and JA(X(E)) = £* Az € L2G.
Furthermore, y*z € m, C joo(A9gNA1). By Terp’s construction, X(A) C (AgNA;)*.
We first claim that

<a7 .]o_o1 (y*z)>(A0ﬂA1)*,A0ﬂAl =0.
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Indeed, taking F' that contains the supports of n*,£* and £* * 1),

a jo_ol(y*z)>(AoﬂA1) LAONAL
=(Jz"TA(2), Ay)) + (b, ¥"2) a(6),ca

(15 @A) IAE) + [ e+ n)(s)ds
N TN /¢ EEDAGE (s ) A(s)ds.

We continue the equation using Lemma 3.4,
(@, o (¥*2)) (00 A1) 400,
=(A* PraPpATE" ") + (Ppag Pre*,n")
=((PpaPr + A7% Ppay PrA™3)AZE* Ay
=(ur(a)A%€", Asp") = 0.
We claim that it follows that in fact

(a,w)(a0nA,)*, 4004, =0,

for every w € AgN A;. By [17, Theorem 8] it is enough to show this when w € m,,.
By linearity we may assume that w = y*z with y, 2 € n,. We thus need to show
that

(16) (Jz* JA(2), AMy)) + (¢, ¥"2) acc).cc = 0,

c.f. the first three lines of (15). Since A(L'G N L2G) is a o-weak/norm core for

A, there are nets &,n; in L'G N L?>G such that \(§;) — y o-weakly and ||§; —

AW)|lr2¢ — 0 and similarly, A(n;) — z o-weakly and ||n; — A(2)||L2¢ — 0. In fact,

we may take &;,n; € C.(G). Then, clearly (16) follows from what we have proved.
(v) We claim that the required functions are given by:

Fols) = Fals DA™Y, fals) = (faA720) (A7),

so that ¢ = a* and d = o i (a)o i (b). For notational convenience, suppose that
q P

a = u*v, with u,v € n,. In the general case one considers a linear combination of
such a decomposition. Recall that for any two unbounded operators z and y we
have (zy)* 2 z*y*. Then, using (13) and [6, Theorem 4.(1)] in the third equation,

3n(©) = pla”) = A7 A %] = (A% [pA%]) = jy(a)"

Furthermore, write still a = v*v and also b = x*y with u,v,z,y € n,. We claim
that we have the following equalities,
1
(a) - [0 (b)A=r]

Jr(d) :jr(a2_¢q (a)a; (b)) = Ao 0L n
L ATu - [vAF] - ATig* - [yATi] = jiy(a)jy(b).
Only £ needs justification, the other equalities are immediate from (13). Firstly,
using [17, Lemma 22],
A%, (a) D A%aA¥ = A%y vA%.
q
Using that the left hand side is closed and taking the closure on the right hand
1 1
side, A2_1?"02L' (a) 2 A% u* - [vA24]. Since (use (13) for the right-hand side) both
q
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sides are in L?"(LG) we in fact have equality by [6, Theorem 4.(1)]. Also, using
the same argument in the second equality,

[gﬁ(b)A%]* — AZ_IT‘O'#(b) = A2_1qy* . [;EA%] = (A%x* . [yATIQ])*

So, [0 (b)Az] = A%z - [yA?Lq] Furthermore,

2p
[UA%] ATzt Du- AZgt C [UATIQ] AT gt

Since each instance of this line is in L?(£G), the inclusions are equalities by [6,
Theorem 4.(1)]. In all, we have proved that

1 1 1

A% o (a) o (B)AF] =A% " - [pAT] - A% a” - [yA]
=AZy* . [vAﬁ] S A" [yAzd],
so that f. and fg have the right properties.

The claims about the supports now follow automatically. For the non-negativity,
write a = A(f)A(g), f, g € C.(G). Let F C G be compact. We have Ppji(a)Pr =
(A(f)* A2 Pp)*(Mg)A2 Pr) = (¢(t~'s))sser for some ¢ € A(G), see Lemma 3.4.
But (A(f)*AzPp)*(A(9)AZ Pp)sy, = AZ(st™1) fo(st™!) is nonnegative. 0
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