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AN INEQUALITY FOR THE ZETA FUNCTION OF A PLANAR
DOMAIN

ALEXANDRE JOLLIVET AND VLADIMIR SHARAFUTDINOV

ABSTRACT. We consider the zeta function (g for the Dirichlet-to-Neumann operator of
a simply connected planar domain 2 bounded by a smooth closed curve. We prove non-
negativeness and growth properties for (q(s) — 2(L(267FQ))S§R(S) (s < —1), where L(99) is
the length of the boundary curve and (g stands for the classical Riemann zeta function.

Two analogs of these results are also provided.

1. INTRODUCTION

Let € be a simply connected (probably multisheet) planar domain bounded by a C°-
smooth closed curve ). See [8, Section 4] for the discussion of simply connected multi-
sheet planar domains. The Dirichlet-to-Neumann operator of the domain

Ag 1 C(09) = C=(99)

is defined by Aqf = % laq, where v is the outward unit normal to 92 and w is the solution
to the Dirichlet problem
Au =0 in Q, u|ag = f

The Dirichlet-to-Neumann operator is a first order pseudodifferential operator. Moreover,
it is a non-negative self-adjoint operator with respect to the L?-product

(u,v) 2(00) = /uvds,
90

where ds is the Euclidean arc length of the curve 0€2. In particular, the operator A has
a non-negative discrete eigenvalue spectrum

Sp(2) = {0 = A(©) < M (Q) < Aa(Q) < ...},

where each eigenvalue is repeated according to its multiplicity. The spectrum is called the
Steklov spectrum of the domain 2. In particular, for the unit disc D = {(z,y) | 2? +y* <

1},
SpM) ={0=XN <X <A <...}={0,1,1,2,2,... }. (1.1)
Steklov eigenvalues depend on the size of € in the obvious manner: A, (c§2) = ¢\, (Q)

for ¢ > 0. The dependence of Steklov eigenvalues on the shape of €) is probably the most
interesting problem of the subject. Nevertheless, only a few of results are known in this
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2 ALEXANDRE JOLLIVET AND VLADIMIR SHARAFUTDINOV

direction for simply connected smooth domains. The earliest of such results is Weinstock’s
inequality [14]:
M) < 2T (1.2)
Y= Le0) '
where L(0€) is the length of the boundary curve. The equality in (1.2) holds if and only if
Q2 is a round disc. The first idea for generalizing Weinstock’s inequality to higher Steklov

eigenvalues is just to write

2m
k() < A
where A} are defined by (1.1). However, inequality (1.3) is wrong for & > 2. The right
version of such an estimate obtained by Hersch, Payne and Schiffer [6] (see also the recent
work of Girouard and Polterovich [4]) looks as follows:

2
Ak(€2) < )

The estimate is asymptotically sharp. Observe that, roughly speaking, inequality (1.4) is
twice weaker than (1.3) since A\ ~ k/2 for large k. Actually Hersch, Payne and Schiffer
obtained the more general result

(k=0,1,...), (1.3)

ko(k=0,1,...). (1.4)

2
(s 2 . ]
Troqy) 0% if &+ ¢ is even,
Ae(Q)A(Q) < <L(8Q)>2
(ﬁ) (k+¢—1)2, if k+(is odd

that can be considered as a geometric inequality for pairs of Steklov eigenvalues.

Our main result, presented by Theorems 1.1 and 1.2 below, can be also considered as
a geometric inequality for the whole collection of Steklov eigenvalues.

Steklov eigenvalues are also defined in more general settings: for domains with non-
smooth boundaries, for multiply connected domains, for multidimensional domains, and
for compact Riemannian manifolds with boundaries. There are much more geometric
inequalities obtained in such settings, see [5, Section 4] and references there. In the
present paper, we do not consider any of this settings because of the following specifics of
the asymptotics of the Steklov spectrum which plays the crucial role in our approach.

In the case of a simply connected (probably multisheet) planar domain 2 bounded
by a C*-smooth closed curve, the asymptotics of the Steklov spectrum is completely
determined by the length L(09) of the boundary curve. More precisely,

2m
M= Ta0)

fore any N > 0. To our knowledge, this fact was first proved by Rozenblum [10]. Es-
sentially the same proof was independently presented by Edward [1] with the reference
to some preprint by Guillemin and Melrose. In the most general setting, the proof is
reproduced in [3, Lemma 2.1].

Asymptotics (1.5) holds also for simply connected compact Riemannian surfaces with
smooth boundary with the obvious change: L(0f2) is the Riemannian length of the bound-
ary. Studying such Riemannian surfaces is equivalent to studying Riemannian metrics on
the unit disc D. In this setting, our main result is expressed by Theorems 1.5 and 1.6
below. The only circumstance should be taken into account: conformally equivalent Rie-
mannian metrics have coincident Steklov spectra. The circumstance arises due to the
conformal invariance of the Laplace — Beltrami operator in the two-dimensional case.

N 4+0m™) as n— oo (1.5)
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Asymptotics (1.5) can be generalized to the case of multiply connected smooth planar
domains as well as to the case of multiply connected compact Riemannian surfaces with
boundary [3]. If the boundary has m components with lengths L(0:Q),..., L(9,,Q2), then
every boundary component 0;,Q (i = 1,...,m) gives the contribution (1.5), with L(0%2)
replaced by L(9;2), and the whole asymptotics is just the union of the contributions.
Moreover, a solution to the boundary value problem

ou
Au=0 in €, 8—:)\iu on 9;Q0 (1<i<m)
v
is concentrated near the boundary and solutions coming from different boundary compo-
nents do not interfere for large frequencies (A, ..., An) [7, 3]. Probably, main results of
the present paper can be generalized to the multiply connected case, but this is not done
yet.

We emphasize that the C'*°-smoothness of the boundary curve is essential for the validity
of (1.5). For example, the asymptotics is much more complicated for polygons [5, Section
3].

We return to considering a simply connected (probably multisheet) planar domain
bounded by a C*°-smooth closed curve. Asymptotics (1.5) allows us to introduce the zeta
function of the domain €2

Cals) = Tr[AG"] = ) (M) .
n=1
The series converges for s € C, Re(s) > 1. In particular, {(p = 2(gr, where (g(s) =
Y o2 n~® is the classical Riemann zeta function. Then (o extends to a meromorphic
function on C with the unique simple pole at s = 1. Moreover, the difference

cals) =2 (E22) )

is an entire function [1].
Our main result is presented by the following two statements.

Theorem 1.1. Let Q) be a simply connected (probably multisheet) planar domain bounded
by a C*-smooth closed curve 02 and let L(0)) be the length of the curve 0. The zeta
function of the domain satisfies

L(09)

Cals) >2 < o ) Cr(s) for s< -1,
where (g is the classical Riemann zeta function.

Theorem 1.2. Let €2 be as in Theorem 1.1. If Q is not a round disk, then

TIHEY os) — 2al—)] 2 Cla)e™ for 521

and
(@)Sgﬂ(s) — 2(r(—s) > Ci(a)e®® for s>1

for any positive o with some positive constants C'(a), Ci(a).

Each of Theorems 1.1 and 1.2 has two other equivalent forms that are also of some
interest.

Let S = 0D = {¢?} C C be the unit circle. To simplify further formulas, the Dirichlet-
to-Neumann operator of the unit disc will be denoted by A : C*(S) — C*(S), i.e., A = Ap
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(this operator was denoted by A. in [8] and [9]). Given a positive function a € C*(S),
the first order pseudodifferential operator

Ay = a'?Aa'? = a7 V2 (aN)a"? : C(S) — C>=(S)

1/2

is non-negative and self-adjoint with respect to the L?-product (-, -) r2(s)- Here a/* stands

for the operator of multiplication by the function a'/?

Sp(a) = {0 = Xo(a) < M(a) < X(a) < ...}

is called the Steklov spectrum of the function a (or of the operator A,). The spectrum
Sp(a) has the same asymptotics

. The eigenvalue spectrum of A,

2
An(a) = %)\SL +0(mn™) as n—oo forany N >0, (1.6)
a
where L(a) = [;a'(0)df. The zeta function of a is defined by
Ca(s) = Tr[A)°] = Z (An(a))™ for Res> 1. (1.7)
n=1

Two kinds of the Steklov spectrum are related as follows. Given a smooth simply con-
nected planar domain (2, choose a biholomorphism ¢ : D —  and define the function
0<aeC®S)byalz) =|?(:2)]" (2 €8S). Let ¢ : S — 9N be the restriction of ® to
S. Then aA = ¢*Aq ¢*~! and Sp(a) = Sp(Q2). See [8, Section 3] for details. In particular,
(o, = (o is a meromorphic function on C. Theorems 1.1 and 1.2 are equivalent to the
following statements.

Theorem 1.3. Given a positive function a € C*(S), the inequality

w22 (H2) (19)

holds for all s < —1, where L(a) = ["_a~'(e")df.

Theorem 1.4. For a positive function a € C™(S), the following alternative is valid.
Either 5
(1) (4(s) is identically equal to 2 (M) Cr(s)

2w
or

(2) the difference (%)ﬂg(s) — 2Cr(s) satisfies

TN )~ 2ga-9)] 2 Cl@)e for 521 (19)
and
(MY e (9) — 269 2 Cul)e™ for s >1 (1.10)

for any positive o with some positive constants C(a), Cy(«).

Theorem 1.3 is actually a corollary of Theorem 1.4. Nevertheless, we will first present
the proof of Theorem 1.3 and then we will show how Theorem 1.4 can be proved by some
specification of the same arguments.

Given a Riemannian metric g on the unit disc D, let A, be the Laplace — Beltrami
operator of the metric. The Dirichlet-to-Neumann operator of the metric

Ay : C®(S) = C=(S)
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is defined by Ay f = %, where v is the unit outer normal to S with respect to the metric
g and wu is the solution to the Dirichlet problem

Agu=0 in D, uls=Ff.
The Steklov spectrum of the metric g is again non-negative and discrete

Sp(Ay) ={0=20(g) < Milg) < Xalg) < ...}
and the zeta function of the metric

(e o]

Cy(s) = TT[A;S] = Z (An(g)) * for Res>1

n=1
again extends to a meromorphic function on C. See [8, Section 2] for details. Theorems
1.1 and 1.3 are equivalent to the following

Theorem 1.5. Given a Riemannian metric g on the unit disc D, the inequality

622 (52) s

holds for all s < —1, where L(S) is the length of S in the metric g.

Theorems 1.2 and 1.4 are equivalent to the following

Theorem 1.6. For a Riemannian metric g on the unit disc D, the following alternative
1s valid. Fither

(1) g is conformally equivalent to the standard FEuclidean metric e, i.e., there exist a
diffeomorphism ® : D — D and positive function p € C®(D) such that p|s = 1 and
g — p®*e;
or

(2) the difference (LQ—E) Cy(s) — 2C¢R(s) satisfies

da KL_S))ng(_S) — 2r(—s)| > Cla)e™ for s>1
and
(L<S))SCg(—5) = 2r(=s) 2 Ci(a)e™ for s>1

2w
for any positive o with some positive constants C'(a), Ci(«).

We are grateful to G. Rozenblum for a discussion of some questions related to the paper.

2. PROOF OF THEOREMS 1.3 AND 1.4

For a function u on the unit circle S = {e¢?}, we will write u(0) instead of wu(e®).
Introduce the operators

D=—il o) 5 0xE), A=A —(—d—2
BT A 7

Both D and A are self-adjoint operators with respect to the standard L?-product

)1/2 . C(S) = C™(S).

s

(u,v)p2 = /u(@)v(@) do

and satisfy
(Au,u)r2 > [(Du, u)e| (2.1)
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for every u € C*(S). This follows from equalities De™ = n e and Ae™ = |n|e™ for
n € Z.
It suffices to prove Theorem 1.3 for a function 0 < a € C*°(S) normalized by the

condition
iy

1
2T

—T

a1 (0)do = 1. (2.2)
This condition is always assumed in the current section. Given such a function, we define
the operators D, A, : C®(S) — C*°(S) by

D, = a1/2Da1/2, A, = a'*Aa'/?.

Lemma 2.1. For every integer n, the function

0
1
on(0) = ———=exp (in/al(s) ds) (2.3)
2ma(0)
0
15 the eigenfunction of the operator D, associated to the eigenvalue n, i.e.
Dyon, = np,. (2.4)
The inequality
(Aans )2 = Inf (2.5)

holds for every integer n. The family {©n tnez i an orthonormal basis of L*(S).

Proof. First of all, being defined by (2.3), ¢, (0) is a 27-periodic function as is seen from
(2.2), i.e., v, € C(S). Equality (2.4) is proved by a straightforward calculation on the
base of definition (2.3). It implies (¢, ©m)r2 = 0 for n # m. On using (2.2), we also
check ||, |32 = 1. Thus, {¢n}nez is an orthonormal system in L*(S). Assume a function
u € L*(S) to be orthogonal to all ¢,, i.e.,

0
(u, o)L \/%/ a %6 )exp(—m/a_l(s)ds>d6’:0 (n €Z).

0

Change the integration variable in this equality by a = a(f) = [ a- 1(s) ds and introduce

the functions b € C*(S) and v € L*(S) by b(a(f)) = a() and v(a(f)) = u(f). The
previous formula takes the form

b2 (a e da=0 (n€Z).
\/271’/

This means that all Fourier coefficients of the function b/?v are equal to zero. Hence
b2y = 0 and u = 0. We have thus proved {¢,}nez is an orthonormal basis of L?(S).
On using (2.1) and (2.4), we derive

(Acﬁpna ‘Pn)L2 = <a1/2Aa1/290n7 Son)L2 = (A( I/Q‘Pn) /2‘:0n)L2
> }(D(al/ngn),al/ngn)m’ = } aSOn#Pn)B} = |n|.
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Both D, and A, are self-adjoint operators. Observe also that D, = a~*/2(aD)a'/? and
Ay = aY?(aM)a*?. In particular, the operators D, and aD have coincident spectra as
well as the operators A, and aA have coincident spectra. One easily compute

1 1
D? = a*D?* + 2a(Da)D + §a(D2a) + Z(Da)z. (2.6)

If £ is the Fourier dual variable for 8, then the full symbol of A is expressed in coordinates
(0,€) by the formula o, (0,£) = |£|. Let us recall the classical formula for the full symbol
of the product of two pseudodifferential operators

UABNZ 80'ADO'B

On using the formula, we compute

1
71, = ale] + £ (Da) sn(€)
and | |
op2 = a’€* + 2a(Da)€ + éa(DZQ) + Z(Da)Q.

Comparing the last formula with (2.6), we see that the operators D? and A% have coinci-
dent full symbols, i.e., the difference A2 — D? is a smoothing operator.
The operator D? is a non-negative elliptic self-adjoint second order differential operator
with the same eigenvalue spectrum as A2, i.e.,
Sp(D7) = {0,1,1,4,4,9,9,...}.
We will denote |D,| = (D?)/2. Observe that
Sp(|D,|) = Sp(A) ={0,1,1,2,2,3,3,...}. (2.7)

We will need complex powers of operators |D,| and A,. There is a small difficulty in
defining the powers since these operators are not invertible. As follows from Lemma 2.1,
null-spaces of | D, | and A, coincide and are equal to the one-dimensional space spanned by
the function ¢g. Let Py be the orthogonal projection of L*(S) onto that one-dimensional
space. Then |D,|+ Py and A, + Py are invertible elliptic first order differential operators.
Therefore the powers (|D,| + Fy)® and (A, + Fp)® are well defined for every complex s,
see [11] and [12, Chapter 2]. (|D,| + Fy)*® and (A, + Py)*® are pseudodifferential operator
of order Re s. With some ambiguity, we will write

‘DG‘S:QDG‘—'—P(])S—P(), AZ: (Aa+P0)s—P0.

This actually coincides with Edward’s definition [1, Section 3]. Observe that |D,|* =
(D?)*/2. Equality (2.4) implies

[ Dal*on = [nl*¢n (s € C). (2.8)
Lemma 2.2. For every complex s,
R(s) = Ag — [Dal®

is a smoothing operator with finite trace and

Tr[R(s)] = Ca(—5) = 2Cr(=5) (s € C). (2.9)
If {xn}52, is an orthonormal basis in L*(S) and x, € C=(S) (n =0,1,...), then
Y (Boxns )z = Ca(—8) = 2¢r(=s) (s € C). (2.10)

n=0
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Proof. For Re s < —1, equality (2.9) follows from (1.7) and (2.7):

[e o]

THR()] = TlA =T Daf) = 3 O —2Zn — Cu(—5)—=2a(=s) (Res < —1).

(2.11)

Let us recall some general facts. Let A be an elliptic first order pseudodifferential
operator on a manifold M. Moreover, assume A to be self-adjoint and positive with
respect to the L?-product defined with the help of a smooth volume form on M. The
positiveness means (Au, u)zz > d|jul|%, for every u € C§°(M) with some § > 0 independent
of u. Then the power A?® is a well defined pseudodifferential operator for every s € C. Let
Ky(z,y) (x,y € M) be the Schwartz kernel of A*. By statement (iii) of [11, Theorem 4],
K(z,x) is a meromorphic function of the argument s € C whose poles and residues are
uniquely determined by the full symbols of A.

Returning to our case, the operators A, + Py and |D,| + Py have the same full symbol.
Therefore the Schwartz kernel K(6,0) of R(s) = (Ay + Py)® — (|Da| + Py)*® is an entire
function and Tr[R(s)] = [, K(0,0)d0 is also an entire function. Together with (2.11),
this proves the ﬁrst statement of the lemma. The second statement is just the standard
property of compact finite trace self-adjoint operators on a Hilbert space [13, Chapter
3]. O

Lemma 2.3. Let a function ¢ € C*(S) satisfy |||z = 1. Then, for every s > 1,

(Mg, @)z = (A, 9)]2. (2.12)

Proof. There exists an orthonormal basis {1, }°°, in L?(S) consisting of eigenfunctions of
Ag, ie., Agtb, = Ay(a)th,. Expand the function ¢ in the basis

oo 0
@ZZ%%, Z|an|2 =
n=0 n=0

Then
Aatp, )12 = Z [t A

Since x +— x* is the convex function on [0, 00) for s > 1, by the Young inequality,

(Aap, )72 < Y P (Mnl@))” = (A, ) 0. (2.13)

Proof of Theorem 1.3. By Lemmas 2.2 and 2.1,

e}

Ca(=9) = 2Ca(=s) = Tr[R] = D ((As@n; on)rz — (IDal*¢n, 0n)12)-

n=—oo

Each term of the latter series is non-negative. Indeed, by Lemma 2.3, (2.5), and (2.8), for
s>1,

(Asgpnv ©n)r2 = (|Dal@n, on)r2 > (Aatn, ‘Pn)EQ —(IDal*@ns on)r2 > In|*—|n]* = 0. (2.14)
This proves (1.8). O
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In the rest of the section, we study the question: When can we get the strong inequality
in (1.8)7 To this end we recall the following definition from [8, 9].
Two functions a,b € C*°(S) are said to be conformally equivalent if there exists a

conformal or anticonformal transformation U of the disc D such that
-1

b=ao1 4y ,  where ¢ =Vls.

9
(U is anticonformal if ¥ is conformal.)

If two positive functions a,b € C*°(S) are conformally equivalent, then Sp(a) = Sp(b)
and (, = (p. In particular, if 0 < a € C*(S) is conformally equivalent to 1 (the function
identically equal to 1), then ¢, = 2(g.

Lemma 2.4. Let a positive function a € C®(S) be normalized by condition (2.2). For
the function ¢, defined by (2.3), the equality

(Aatpr, o1)r2 = 1 (2.15)
holds if and only if a is conformally equivalent to 1.

Proof. We prove the “if” statement. Let U be a conformal or anticonformal transformation
of the disk I and let a real function b(f) be such that

() = O, (2.16)
Assume a to be conformally equivalent to 1 via ¥, i.e.,
db(0)|-!
= |—Z 2.17
(o) = | = (2.17)

The derivative db/d6 is positive in the case of a conformal ¥ and db/df is negative in the
case of an anticonformal V.

In the case of a conformal ¥, the function ¥(e%) is the restriction to S of the holomor-
phic on D function ¥(z). Therefore

AV () = DU (") = a1 (9) V(). (2.18)

From definition (2.3), we derive with the help of (2.16)—(2.17)
ei@()
V2T

with some 6y € R. This gives together with (2.18)

1 . .
(Nagr 91)i2 = (M@ 1), 1) = — (AU(e?), W(e7))

21

_ 1 -1 _
=5-|a (0)df = 1.
0

a'?p1(0) = —=0(c")

1
o

(@™ (0)T(e”), T(e™))

We proceed similarly in the case of an anticonformal W.
We now prove the “only if” statement. Assume (2.15) to be valid. Set

0
b(f) = / a”l(s)ds and 1 =e® =2ra?p. (2.19)
0
Observe that ¢ : S — S is an orientation preserving diffeomorphism. Since

(A¢a TP)L2 = QW(al/zAal/Q%a 901)L2 = 27T<Aa9017 901)L2 =27
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and
(D, )12 = 2m(a" /2 Da*py, 1) 12 = 27 (Dapr, 1) 12 = 2,
we have

(A, ¥) 2 = (DY, ) Lo (2.20)

Both sides of (2.20) are expressed in terms of Fourier coefficients ’(Z}k of the function v as
follows:

(A, 1) e = Z ] [el*, (D, 42 = Z ki
k=—0oc0 k=—o00
Equality (2.20) holds only when ¢, = 0 for all k < 0.
We define the holomorphic function on D by

k=0

The map ¥|s =1 : S — S is an orientation preserving diffeomorphism. By the argument
principle, ¥ is a conformal transformation of the disk . Our definitions of b and ¥
imply the validity of equalities (2.16)—(2.17) that mean the conformal equivalence of the
functions a and 1. U

Lemma 2.5. For a positive function a € C*(S) satisfying (2.2) and for functions ¢,
defined by (2.3), the following three statements are equivalent:

(i) (Aapr, 1)z = 1;

(il) (Aapn, ©n)rz =n and (Aa@nit, Pns1)rz = n+ 1 for some 2 <n € N;

(iii) (Aa@n, @n)r2 = |n| for every n € Z.

Proof. The fact that (i) implies (iii) follows from Lemma 2.4. Obviously (iii) implies (ii).
It remains to prove that (ii) implies (i).

Define the diffeomorphism ¢ : S — S by (2.19). Assuming statement (ii) to be valid
and repeating our arguments from the proof of Lemma 2.4, we see that, for some 2 <
n € N, the maps 1" and ¢"*! extend to some holomorphic maps ¥ : D — D and
U+ - D — D respectively.

Then ¥ = U+ /¥(™ is a meromorphic function with the boundary trace ¥|s = v. Let
us demonstrate that actually W is a holomorphic function. Indeed, U™ is a meromorphic
function with the boundary trace ¥"|g = 1" = W™ |s. Therefore the difference ™ — ¥
is a meromorphic function with the zero boundary trace. The difference has finitely many
poles that belong to the interior of the disk D). Therefore there exists a polynomial P(z)
not identically equal to zero such that the product P(¥" — W) is a holomorphic function
on the disc. Since the product has the zero boundary trace, it must be identically equal
to zero, i.e., U = U™ Thus, ¥" is a holomorphic function and ¥ is also a holomorphic
function with the boundary trace W|s = 1. Again, by the argument principle, ¥ is a
conformal transformation of the disc and we finish the proof as in the proof of Lemma
2.4. O

Proof of Theorem 1.4. Let a € C*(S) be a positive function satisfying (2.2). Let 1 <t <
s. On using the convexity of the function z + 2*/* on [0, 00), we obtain similarly to (2.12)

(Ao, 00) 3y < (Moo, o) 2

for every n € Z. On the other hand, (2.8) and (2.14) with ¢ in place of s imply

(A oy 00) 55 = (Abon, @) (Moo n) 12 > [0 H(AL P,y ) 12
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From two last inequalities

(A2, on)2 > " H(ALpn, on)re (1<t <s, neN). (2.21)
We recall that (2.5) and (2.12) already give
(AL on, on)2 > |n|® (t>1, n€N). (2.22)
On using (2.21)-(2.22) and the equality Ao = 0, we derive for 1 <t <'s
Cal=8) = 2r(=5) = Y (A o)z — ") = Y [l (Aln, pa)rz — |n[')
> Y ((Apnsn)rz = [nl') = Ca(=1) = 2Ca(—1).

(2.23)
Remark. Actually our arguments give the stronger version of (2.23)

Ca(=8) = 2Cr(=s) = Tr[| Dol ™(AG = |Dal)] = Cu(~t) = 2Cr(=t) (1<t <)

If a is conformally equivalent to 1, then (, = 2(x.

Now, assume a is not conformally equivalent to 1. By Lemma 2.5, for every N > 0, there
exists 2 < ng € N such that ng > N and (Ay@ng, ©ng )12 > no- Then (ALw,,, ©ne)rz > |0l
for every t > 1 as follows from (2.21). All terms of the first sum in (2.23) are non-negative
and at least one term is positive.

Moreover, we can prove the positiveness of the derivative. To simplify our formulas, let
us introduce the notation ¥(t) = (,(—t) — 2¢r(—t) and set s = ¢ + At with At > 0. We
rewrite (2.23) in more detail as follows:

Dt + AL) > gt (Moiong, Png)r2 — 1) + D 10| (Mpn, 0n) 2 — [nl")

n#ng
> 0" ((AlPno» Pno)rz = 16) + Y ((Abon, n)r2 — ')
n#ng
= (n§" = D) ((Abpngs ono)rz —10) + Y (Mg, on)z2 — Inl)

= (nOAt - 1) ((Atagonm SOTLO)L2 - né) + w(t)
The result can be written as

U(t + At) —p(t) > Cy(ng* — 1)

with
Cy = (A4Pnos Pno) 12 — - (2.24)
This implies
diy(t
% > Cylnng > 0. (2.25)

The coefficient Cy in (2.25) grows exponentially with ¢. Indeed, on using (2.5) and
(2.12), we obtain from (2.24) for t > 1

Cy = (Afﬁpm)a Qpno)LQ - né > (Aagpnm 90710)22 - TLB = (Aa(pmn ()ONO)tl,El(Aa(pma QDTLO)L2 - né

> néﬁl(Aa(‘O”O’ SO"O)LQ - ng = nf)il ((Aagonou ()On())LQ - n0>7
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ie.,

Cy >njt ((Aagono, Ono) L2 — n0> = (Inng) ' Ce™, (2.26)

where @ = Inng > 0 and C = nal(lnno)((/\acpm,cpno)p — n0> > 0. From (2.25) and
(2.26),

dy(t

% > Ce™ for t>0.
This proves (1.9) since ng can be chosen such that a = Inng > ag for every ag > 0.
Estimate (1.10) is obtained from (1.9) by integration with the inequality (1) > 0 taken

into account. ]

3. SOME OPEN QUESTIONS

Besides statements of Theorems 1.3 and 1.4, some other properties of the function (,(s)
can be studied. In particular, the behavior of the function on the interval s € (—1,0) is
of a great interest. Observe that (,(0) = 2(g(0) = —1 by Lemma 2.2. The best way to
discover interesting properties of the zeta functions is just to give a look at graphs of (,(s)
for several examples of the function a. Unfortunately, besides the trivial case of a = 1,
no example is known with an explicit expression for (,(s). Nevertheless, as mentioned in
[5, Section 3.2], there exists an algorithm for computing Steklov eigenvalues of a planar
domain. We hope the algorithm will allow us to compute the zeta function with a good
precision. This work is not started yet.

The values

Zi(a) = Cu(—2k) (k=1,2,...)
are of a specific interest. These values are called zeta-invariants of the function a. Let us
recall that (r(—2k) =0 (k =1,2,...). Therefore Theorem 1.3 implies the inequality

Zi(a) >0 (k=1,2,...) (3.1)

for a positive function a € C*°(S) (condition (2.2) is not assumed now).
Zeta-invariants can be explicitly expressed through Fourier coefficients of the function
a. Given a € C*°(S), we denote its Fourier coefficients by a,, i.e.,

a(f) = i an ™.

Then
Ze(a) = Y Njjy G50, -, (3:2)
J1+-+j2=0
where, for j; + -+ + jor = 0,
Niv g = ) [\n(n ) (At g+ g2) o (g )]
e (3.3)

—nn+p)n+j+7d2). ..+ 4+ k1)l

There is only a finite number of nonzero summands on the right-hand side of (3.3) since
the expression

fn)=n(n+j)(n+ji+75). .. (n+j+- -+ jou1)
is a polynomial of degree 2k in n which takes positive values for sufficiently large |n|. Series
(3.2) converges absolutely since Fourier coefficients a, decay rapidly while coefficients
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Nj,..jn. are of a polynomial growth in [j| = [ji| + --- + |jox|. In particular, for a real
function a € C*(S),
2 — )
Zi(a) = £ 30 = m) [a (3.4)
n=2

This formula belongs to Edward [1]. He also proved (3.2) in the case of k = 2 (without
using the notation Zy(a)) [2]. In the general case, zeta-invariants were introduced in [9,
Section 2].

We emphasize that formulas (3.2)—(3.3) make sense for an arbitrary (complex-valued)
function a € C*°(S). These formulas can be taken as the definition of zeta-invariants for
an arbitrary a € C*(S) although the zeta function (, is not defined in the general case.
Moreover, one can easily see that zeta invariants are real for a real function a.

Conjecture 3.1. Inequalities (3.1) hold for every real function a € C*(S).

The conjecture is true in the case of £ = 1 by Edward’s formula (3.4). For k > 2,
the conjecture remains open although it is confirmed by a lot of numerical experiments.
Unlike the problem of computing Steklov eigenvalues, formulas (3.2)—(3.3) are very easy
for computerization.

Conjecture 3.1 can be strengthened by some estimate from below. For example, as
follows from (3.4),

Zy(a) > e Y n’lan)? (3.5)
n=2

for every real a € C*°(S) with some universal constant ¢; > 0. Observe that the Fourier
coefficients ag and a; do not participate on the right-hand side of the estimate. This
relates to the conformal invariance of zeta-invariants [9, Section 4]. In particular, Zy(a) =
0 (k=1,2,...) for all functions belonging to the three-dimensional space

{a € C™(S) | a(f) = ag + are” + a_,e "},

The natural generalization of (3.5) looks as follows:

Zi(a) > cp Y 0 a, ™ (k=1,2,...) (3.6)
n=2
for every real a € C*°(S) with some constant ¢, > 0 depending only on k. This estimate
is conjectured in [9, Problem 6.1], it is not proved yet. In our opinion, the best possible
version of such estimates should look as follows:

Zp(a) > e Zn2k+1\l;n|2, where b = a”. (3.7)
n=2

In [2], Edward proved the pre-compactness of a Steklov isospectral family of planar
domains in the H*®-topology for s < 5/2. The proof is based on the usage of first two
zeta-invariants Z;(a), Zs(a), and of (,(—1), (,(—3). The same approach would work for
proving the corresponding compactness theorem in the C*°-topology if estimate (3.7) was
proven. But estimate (3.6) is not sufficient for such a proof.

REFERENCES

[1] J. EDWARD, An inverse spectral result for the Neumann operator on planar domains, J. Funct. Anal.
111:2 (1993), 312-322.

[2] J. EDWARD, Pre-compactness of isospectral sets for the Neumann operator on planar domains, Com-
mun. in PDE’s; 18 no. 7-8 (1993), 1249-1270.



14

(3

ALEXANDRE JOLLIVET AND VLADIMIR SHARAFUTDINOV

] A. GIROUARD, L. PArRNOVSKI, I. POLTEROVICH, D. SHER, The Steklov spectrum of surfaces:
asymptotics and invariants, Math. Proc. Cambridge Philos. Soc. 157 no. 3 (2014), 379-389.

[4] A. GIROUARD AND I. POLTEROVICH, Upper bounds for Steklov eigenvalues on sufaces, Electron.

Res. Announc. Math. Sci., 19 (2012), 77-85.

[5] A. GIROUARD AND I. POLTEROVICH, Spectral geometry of the Steklov problem, J. Spectral Theory,

to appear.

[6] J. HErRscH, L. E. PAYNE, M. M. SCHIFFER, Some inequalities for Stekloff eigenvalues, Arch.

Rational Mech. Anal. 57 (1975), 99-114.

[7] P. HisLorP AND C. LUTZER, Spectral asymptotics of the Dirichlet-to-Neumann map on multiply

connected domains in R¢, Inverse Problems, 17 (2001), 1717-1741.

[8] A. JOLLIVET AND V. SHARAFUTDINOV, On an inverse problem for the Steklov spectrum of a Rie-

mannian surface, Contemporary Mathematics, 615 (2014), 165-191.
E. MALKOVICH AND V. SHARAFUTDINOV, Zeta-invariants of the Steklov spectrum for a planar
domain, Siberian Math. J., 56:4 (2015), 678-698.

[10] G. ROZENBLUM, Asymptotic behavior of the eigenvalues for some two-dimensional spectral problems,

Selecta Math. Soviet., 5:3 (1986), 233—244.

[11] R. SEELEY, Complex powers of an elliptic operator, Proc. Symp. Pure Math. 10 (1967). Singular

Integrals, 288-307.

[12] M. SHUBIN, Pseudodifferential Operators and Spectral Thaeory. Second Edition, (2011), Springer.
[13] B. SIMON, Trace ideals and their applications. Second edition. Mathematical Surveys and Mono-

graphs, 120. American Mathematical Society, Providence, RI (2005). viii+150 pp.

[14] R. WEINSTOCK, Inequalities for a classical eigenvalue problem, J. Rational Mech. Anal. 3, (1954).

745-753.

LABORATOIRE DE MATHEMATIQUES PAUL PAINLEVE, CNRS UMR 8524 /UNIVERSITE LILLE 1

SCIENCES ET TECHNOLOGIES, 59655 VILLENEUVE D’AscQ CEDEX, FRANCE

E-mail address: alexandre.jollivetOmath.univ-1illel.fr

SOBOLEV INSTITUTE OF MATHEMATICS AND NOVOSIBIRSK STATE UNIVERSITY, RUSSIA
FE-mail address: sharaf@math.nsc.ru



