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ON NUMERICAL LANDAU DAMPING FOR SPLITTING METHODS APPLIED TO
THE VLASOV-HMF MODEL

ERWAN FAOU, ROMAIN HORSIN, AND FREDERIC ROUSSET

ABSTRACT. We consider time discretizations of the Vlasov-HMF (Hamiltonian Mean-Field) equa-
tion based on splitting methods between the linear and non-linear parts. We consider solutions
starting in a small Sobolev neighborhood of a spatially homogeneous state satisfying a linearized
stability criterion (Penrose criterion). We prove that the numerical solutions exhibit a scattering be-
havior to a modified state, which implies a nonlinear Landau damping effect with polynomial rate
of damping. Moreover, we prove that the modified state is close to the continuous one and provide
error estimates with respect to the time stepsize.

1. INTRODUCTION

In this paper we consider time discretizations of the Vlasov-HMF model. This model has re-
ceived much interest in the physics and mathematics litterature for many reasons: It is a simple
ideal toy model that keeps several features of the long range interactions, it is a simplification of
physical systems like charged or gravitational sheet models and it is rather easy to make numerical
simulations on it. We refer for example to [1], [27], [2], [10], [11] for more details. This model
also has strong analogy with the Kuramoto model of coupled oscillators in its continuous limit
[18], [6], [12]. A long time analysis of the Vlasov-HMF model around homogenous stationary
states has been recently performed in [17] where a Landau damping result is proved in Sobolev
regularity. The purpose of the present paper is in essence to show that this result persists through
time discretization by splitting methods.

The Vlasov-HMF model reads

(1.1) 8tf(t,m,v)+vamf(t,x,v):8x</

RxT

Pz —vy)f(t,y, u)dudy)&,f(t, x,v),

where (z,v) € T x R and the kernel P(x) is given by P(z) = cos(z). We consider initial data
under the form fy(x,v) = n(v) + ery(z,v) where ¢ is a small parameter and r is of size one (in
a suitable functional space). This means that we study small perturbations of a stationary solution
n(v). Writing the exact solution as

flt,x,v) =n(v) +er(t,z,v),
and setting

(1.2) g(t,z,v) =r(t,z + tv,v),
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the main result given in [17] is that if € is small enough, g(¢, z, v) converges towards some g°°(x, v)
when ¢ goes to oo in Sobolev regularity. This results implies a Landau damping phenomenon for
the solution.

In this paper, we consider the time discretization of (1.1) by splitting methods based on the
decomposition of the equation between the free part

(1.3) Ouf(t,,0) + 00 f(t,x,0) =0, f(0,2,0) = fz,v),
whose solution is given explicitely by % (f°)(z,v) := f°(x — tv,v), and the potential part

14 ofta =0 [ Pl g)ftywdidy)o (b0, f0.5.0)= o),
RxT
whose solution is explicitely given by

Pp(f) = [z, v +E(f°, 7)),

where E(f, z) ( Jasr Pz —y) f(y, u)dudy) is indeed kept constant during the evolution of
(1.4).

The Lie splittings we consider are given by the formulas
(1.5) =g o g (f"), or fT = ghogh(f),

where h > 0 is the time step. The functions f™(x, v) defined above are a priori order one approxi-
mations of f(t,z,v) at time t = nh.
We also consider the Strang splitting
n h/2 h/2/ rn
(1.6) = ep o ol o P (M)

that should provide an order two approximation f™(z,v) of f(t,z,v) at time t = nh (the same
being expected for the symmetric splitting where the roles of 7" and P are swapped).

We can then define the sequence of function 7" (x, v) by the formula

(1.7) (@, v) = n(v) +er™(z,v),
and the functions
(1.8) g"(z,v) = r"(z 4+ nhv,v)

which have to be thought as approximations of ¢(t, x, v) at time t = nh.

The main result of our paper is that if € and h are small enough, ¢"(z, v) converges towards a
limit function g;°(z,v) when the n goes to co. Moreover, this solution is close to the exact limit
function ¢°(x,v) with an error estimate that scales in A for the Lie splitting, and in h? for the
Strang splitting. Note that our results also imply convergence results in time which are uniform
for positive times for ¢"(x, v) and give explicit convergence bounds for f(x,v) in H* (Sobolev
space, see (2.1) below) that depend on the final time 7" in a polynomial way.

The main idea of our proof can be compared with the classical backward error analysis methods
widely used in Geometric Numerical Integration, see for instance [19], [25]: we express the numer-
ical solution as the exact solution of a continuous Vlasov type equation with time dependent kernel
(with a poor regularity in time). Usually for Hamiltonian systems, the analysis has to be refined
to make this equation independent of the time, implying the existence of a modified energy that is
preserved by the numerical scheme. This “time averaging” introduces in general a remaining error

term which is exponentially small (with respect to the time step) for finite dimensional systems
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(see [8], [19], [25], [26]) or requires the use of a CFL (Courant-Friedrichs-Lewy) condition for
semilinear Hamiltonian equations to be controlled (see [16],[15]).

Here the situation is completely different. The long time behavior of the solution is essentially
controlled by a time convergent integral, which is a consequence of the dispersive effect of the free
flow and ensures the existence of the continuous limit function ¢°°(z,v) (The Landau damping
effect, see [24], [5], [17]). As we will observe in the next section, the effect of the splitting
approximation is essentially to discretize this convergent integral. As the integrand converges
algebraically when the time goes to infinity, the numerical solution also yields a convergent time
integral, even if the time appears in a discontinuous way in the evolution equation.

The proof of the uniform convergence estimates is based on a similar argument, but requires
slightly more regularity for the functions than for the continuous case.

2. LANDAU DAMPING FOR THE VLASOV-HMF MODEL, MAIN RESULT

Before stating our main result, we first recall the scattering result derived in [17] (see also [24],
[5] for similar result with analytic or Gevrey regularity that are valid for much more singular
interaction potentials).

We work in the following weighted Sobolev spaces: for a given v > 1/2, we set

2y / (1 + [oP)"|020n f P dad,
v TxR

Ipl+lal<s

2.0 /]

and we shall denote by #; the corresponding function space. We shall denote by - or F the Fourier
transform on T x R given by

(2.2) fiu(€) = L f(z,v)e * v dzdy.

27 Jrxr
We shall need a stability property of the reference state 7 in order to control the linear part of the
Vlasov equation (3.1). Let us denote by 7 = n(v) the spatially homogeneous stationary state and
let us define the functions

(2.3) K(n,t) = —np, ntny(nt), Ki(n,t) = —np,ntiy(nt)li>y, teR, neZ,

where (py)rez are the Fourier coefficients of the kernel P(z). We shall denote by K;(n,7) =
Jg € T K1 (n, t) dt the Fourier transform of K (n, -). We shall assume that  satisfies the following
condition

(H) n(v)€H) and Tk >0, Iinf<0\1—f(1(n,7')\2/<a, n=+l.

Note that thanks to the localization property of 7 in the first part of the assumption, the Fourier
transform of K can be indeed continued in the half plane Im7 < 0. Here, the assumption is
particularly simple due to the fact that for our kernel, there are only two non-zero Fourier modes.
This assumption is very similar to the one used in [24], [5] and can be related to the standard
statement of the Penrose criterion. In particular it is verified for the states n(v) = p(|v|) with p
non-increasing which are also known to be Lyapounov stable for the nonlinear equation (see [23]).
We also use the notation (z) = (1 + |z|?)!/2 for x € R. In [17], the following result is proved:

Theorem 2.1. Let us fix s > 7, v > 1/2 and assume that n € H™ satisfies the assumption (H).

Assume that g(0,x,v) is in H:. Then there exists ¢o > 0 and a constant C' > 0 such that for every
3



e € (0,&¢] there exists g°(x,v) € HE™* such that forallr < s — 4 andr > 1,

C
: > — g™ <
(2.4) vt=0, gt z,v)—g> (), < Ty

In this paper, we prove the following semi-discrete version of the previous result:

Theorem 2.2. Let us fix s > 7, v > 1/2 and assume that ) € H:™ satisfies the assumption (H).
Assume that g(0,x,v) is in H;. For a time step h, let g"(x,v), n > 0, be the sequence of functions
defined by the formula (1.8) from iterations of the splitting methods (1.5) (Lie), or (1.6) (Strang),
with ¢°(z,v) = g(0,z,v). Then there exists g > 0, hg > 0 and a constant C' > 0 such that for
every ¢ € (0,e¢] and every h € (0, ho), there exists gi°(z,v) € H5™ such that forall r < s — 4
andr > 1,

n o0 C
(2.5) Vn >0, |g"(z,v)—gp (93»11)”7{C < k)3
If moreover v > 3/2 and s > 8, we have for the Lie splitting methods (1.5) the estimate
(2.6) 19" (z,v) — g(nh,z,v)||,.-c <Ch Vn €N,
v—1

where g(t, x,v) is the solution (1.2) associated with the continuous equation with the same initial
value.

In the case of the Strang splitting method (1.6), we have if v > 5/2 and s > 9 the second order
estimate

2.7) 9" (x,v) — g(nh, z,v)] < Ch? Vn €N.

;]
Let us make the following comments:

a) The estimates (2.6) and (2.7) exhibit a convergence rates in time of order 1 and 2 respectively
for the numerical solutions. These estimates hold uniformly in time. Note however that these
results do not imply convergence results uniform in time for the functions f"(x,v) to f(nh,x,v)
given by the splitting methods (1.5) and (1.6). It is easy to check, using the formula f"(z,v) =
n(v) + €g™(z — nhv,v) that we have an estimate of the form

V>0, |[f"(z,0) = f(nh,2,0)||,.-6 < Ce(nh)*°h.
for the Lie splitting methods (1.5). In the case of the Strang splitting (1.6), we have from the same
arguments:

vn > O’ ||fn(x7v) - f(nha ZIZ','U)| < 05<nh>s_7h2.

;]
Hence we obtain convergence results which are global in time only if we measure the error in L2, If
we measure the error in H7, o > 0, then for a fixed time horizon nh < T', the error grows like 7.
This is however better than the rough e’ estimate that is usually obtained through Gronwall type
arguments (Note that convergence results can be found in [13] for the case of compactly supported
data, and in [7] for the Vlasov-Poisson case).

Let us also mention as an easy consequence of (2.4), (2.5), (2.6) and (2.7), that the following
estimates hold for the limit state of the equation: For the Lie splitting

w8 S Ch,

9% (z,v) — gi°(z,v)]
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and for the Strang splitting

9% (2, v) = g (2, )llpz-7 < Ch.

b) The long time behavior of the exact solution (1.2) is essentially controlled by a time conver-
gent integral (see [17]). We shall see (Proposition 3.1 below) that the splitting method provides a
discretization of this integral, but essentially without changing the decay in time of the integrand.
Thus the numerical solution also yields a convergent time integral, even if the time appears in a
discontinous way, giving us the long time behavior.

Moreover, this discretization is performed by rectangle methods in the case of Lie splittings, and
by the midpoint rule in the case of Strang splitting. Estimates (2.6) and (2.7) reflect the respective
accuracies of these two methods. The second order estimate requires a more refined analysis than
the first order, for it is obtained by tracking the cancellations provided by the midpoint rules. We
mention that this result remains true for Strang splitting of the form (1.6) where the role of 7" and
P are exchanged but the complete proof is given for (1.6) only (the time integration rule being the
trapezoidal rule and the arguments identical for both cases).

Finally, let us mention that the proofs of the convergence results (for Lie or Strang) widely use
the long time behavior of both the exact and discrete solutions, in particular uniform bounds on
their regularity. This can be understood as stability results for the numerical schemes. The con-
vergence results are essentially the combination of these stability results, and the accuracy of the
discretization of the integral.

¢) Our results hold only for time discretization of the equation. Fully discrete scheme including
for example an interpolation procedure at each step (semi-Lagrangian methods) traditionally ex-
hibit recurrence phenomena due the discretization in the v variable. Indeed, the Landau damping
effect reflects essentially the fact that the solution of the free Vlasov equation is a superposition of
travelling wave in the Fourier variable £. At the discrete level, the £ variable is only discretized by
a finite number of points which causes numerical interactions of these travelling waves preventing
the mixing effect to occur for very long time. Typically, the previous result is hence valid a priori
for a time of order O(1/0v) only, if dv is the size of the mesh variable in v. Solutions exist to
remedy these difficulties, for examples by putting absorbers in the Fourier spaces, see for instance
[14]. The analysis of these space discretization effects will be the subject of further studies.

Let us finally explain how the previous scattering results imply Landau damping effects for the
solution f(¢,z,v). Let us recall the following elementary Lemma:

Lemma 2.3. Forevery o, 3, v, s € Nwitha+ [ = s, and vy < v — % we have the following
inequality:

(2.8) VkeZ, VEER, |07fu(&)] <22Cw) (k)€ |If|

Mg’
where C(v) depends only on v > 1/2.
Proof. We have by using the Cauchy—Schwarz inequality that

}kagﬁﬁgfk = 9205 (v f(x,v))e”* e ™ dzdv

TxR

y (/(1 + |v|2)v—'fdv)l/2.
v R
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The previous inequality with « = § = 0 yields the result when k£ = 0 or || < 1 and we conclude
by using (z) < 2%/2|x|? for || > 1 and the fact that v — v > 1/2. O

As a consequence of Theorem 2.2, we have the nonlinear Landau damping effect for the semi-
discrete solution: The functions ¢"(z, v) being bounded in H:™4, f*(z,v) = n(v) + er™(z,v) =
n(v) +eg"(x — nhv,v) satisfy

Ce

(€ + knh)y(k)B’
the last estimate being a consequence of the embedding Lemma 2.3. This yields that for every
k # 0, f,?(& ) tends to zero when nh — oo with a polynomial rate, but with a speed depending on

VEeZ', YEeR, VYa+fB=s—4, |fiE)]=¢elgi(é+knh)| <

Moreover, by setting
o0 8 o0
W) = 0(0) + o [ gieleo)ds,
™ JT
we have by the previous Lemma 2.3 that forr < s — 4,
C

Vf € R» |f(?(§) _7720(5” < W

In other words, f"(z,v) converges weakly towards 7;°(v). Moreover, this weak limit 7;°(v) is
O(h) for Lie splittings (or O(h?) for Strang splitting) close to the exact limit

(0 =)+ 5= [ (o),
which exists by Theorem 2.1.

3. BACKWARD ERROR ANALYSIS

The unknown ¢(t, x, v) defined in (1.2) is solution of the equation

G.1) Bug = {(t, ().} + ({2, 9(1)). g}
where
(3.2) o(t, 9)(x.v) = / (cos(a =+ t0 = W)y, uducy

and {f, g} = 0. f0,g9 — O, fO.g is the usual microcanonical Poisson bracket. In Fourier space, we

have the expression:
- Z eikxeiktvgk(kt> .

ke{x1}
In the evolution of the solution g(¢, z, v) of (3.1), an important role is played by the quantity
(3.3) Gelt) = gu(t kt), k€ {£1},

such that |
o(t, g(1)) = 3 Z "M (t).
ke{x1}
Note that for k& # 0, (x(t) is the Fourier coefficient in x of the density p(t, z) fR f(t,z,v)dv.

The following result shows that semi-discrete solution ¢"(z, v) also satisfies an equation of the

form (3.1), but with a discontinuous dependence with respect to the time:
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Proposition 3.1. For h > 0, the solution g"(x,v) given by the splitting method (1.5) (Lie) or (1.6)
(Strang), and formula (1.8) coincides at times t = nh with the solution §(t, x,v) of the equation

(3.4) 0ig = {Pu(t, 9(t)), n} +e{Pult, 0(t)), 8(t)},

where ©,(t,9(t)) = o(su(t), g(t)) with the definition of ¢ given in (3.2).
In the case of Lie splittings (1.5) , s, (t) are given by the formulas

t t
(35) Sh(t) = \‘%J h + h, and Sh(t) = \‘%J h,
respectively. In the case of the Strang splitting method (1.6), s (t) is given by the formula
t h
3.6 t)y=|-|h+=.
(3.6) su(t) { hJ Ty

Proof. We prove the result in the case of Strang splitting (1.6)-(1.8), the proof being analogous for
Lie splittings.

By definition, the function f"(z,v) satisfies the recurrence relation (1.6). Hence, we have (using
the linearity of % and the fact that ©%.(n) = n for all t € R)

n+eg” = o"(f")

n h/2 h/2, pn—
= oo o b oy (1)
—nh+h/2 h/24+(n—1)h —(n—1)h/ pn—
= $r +/OSOFJLDO<PT/+( )SOT( )(f 1)
—nh+h/2 nh—h/2 n—
= "M o gl ol (4 g ).
. . . —nh+h/2 t nh—h/2 n—1\ :
Now we verify that for ¢t € [0, k], the application ¢ — ¢ o ¢ o pr (n+eg™ ') is the

solution of the equation

atg - {¢(Sh(t)a g)a g}
with inital data g(0) = 7 + £¢g"~'. Using the fact that 7 is a stationary state of the equation, we
easily get the result. U

For notational convenience, we will often write in the following s(¢) instead of s (). Asin (3.3),
we define

(3.7) 3e(t) = or(t, ks(t)), ke {1},
such that
(1, 0(1)) = 6(s(1), 0(1)) = 5 3 0 (1)
ke{x1}

Of course, we expect the 3, () to be approximations of the terms ((¢) defined in (3.3).

Lemma 3.2. Let hg > 0 be given. There exist two constants ¢ and C' > 0 such that for all
h € (0, ho| and all t > 0,

cft) < (sn(t)) < C(F)
and for all t and o,

c(t o) < (sp(t) £sp(o)) < C{t+ o).
7



Proof. For t € R, we can write t = nh + p with g € [0,h). In the case of Strang splitting
(3.6), we thus have s(t) = nh + h/2 =t + h/2 — p. Hence we have t — s(t) € [—h/2,h/2)
which clearly implies the first inequality. The second is proved using the fact that with similar
calculations ¢ + 0 = s(t) = s(o) + O(h). The proof is analogous for Lie splittings (3.5). O

As in [17] we introduce the weighted norms:

t s
(3.8) Newo(g) = sup 190N pp oy up sup (19713:(0)
tefo,r] (1) te[0,T] ke{£1}
and
(3.9) Qriesls) = Npaolg) + Vs (3)+ 510 (0
0,7

We shall prove the following result:

Theorem 3.3. Let us fix s > 7, v > 1/2 and Ry > 0 such that Qy s, (g) < Ry, and assume that
n € H3™ satisfies the assumption (H). Then there exist R > 0, hg > 0 and £y > 0 such that for
every € € (0,e0], h € (0, ho] and for every T > 0, the solution of (3.4) satisfies the estimate

QT,S,V(Q) S R.

This result is a semi-discrete version of the main Theorem in [17] where the same norms are
used to control the solution g(¢) of the equation (3.1). Let us also mention that it holds for any
of the three formulas (3.6)-(3.5) defining s(t), the only property being used is the fact that s(t)
satisfies Lemma 3.2.

4. ESTIMATES

We fix now s > 7 and Ry as in the previous Theorem. In the following a priori estimates, C'
stands for a number which may change from line to line and which is independent of Ry, R, h, €
and 7.

4.1. Estimate of My ,_1(3). Towards the proof of Theorem 3.3, we shall first estimate 34(t),
k= =£1.

Proposition 4.1. Assuming that n € H52 verifies the assumption (H), then there exist C > 0 and
ho > 0 such that for every T' > 0 and h € (0, hy|, every solution of (3.4) such that Qr,(g) < R
enjoys the estimate

4.1 Mr-1(3) < C(Ro +cR?).

Proof. The main ingredient of the proof of the previous result is to write the equation (3.4) in
Fourier:

42 8..9=8.0.9+ [ ' pudn(o)in( — ns(0))(ns(0) - n€)do

+e i /0 31(0)Gn_1(0,& — ks(a))(nks(a) — k€)do,
8



for all (n,&) € Z x R, with p, = 5 for k € {£1} and p;, = 0 for k # +1, and where the 3 (t) are
defined by (3.7). Setting & = ns(t) in (4.2), the equation satisfied by (3,,(¢)),—+1 can be written
under the almost closed form

4.3) 3n(t) = gn(0,7s(t)) —/0 Pa3n(0)ito(n(s(t) — s(0)))n*(s(t) — s(o))do
—¢ Z Dk /Otf')k(a)@n_k(o, ns(t) — ks(o))kn(s(t) — s(o))do.

ke{x1}

Remark 4.2. Note that, for every m € N, we have fort € [mh, (m + 1)h] the formula
3n(t) = Gn(mh, ns(t)) = —/ Pa3n(0)i0(n(s(t) — s(0)))n*(s(t) — s(o))do

mh
—¢ Z D th 3k(0)gn_r(o,ns(t) — ks(o))kn(s(t) — s(o))do.

ke{£1}

As s(t) — s(o) = 0 for almost every o € [mh,t], we notice that the function t — g, (t,ns(t)) =
3,(t) is constant on the small intervalls [mh, (m + 1)h|. This is due to the fact that the electric
field is constant during the evolution of (1.4).

To study the equation (4.3), we shall first consider the corresponding linear equation, that is to
say that we shall first see

4.4)  F,(t) == 98.(0,ns(t)) — ¢ Z pk/o 3k(0)gn—r(o,ns(t) — ks(o))kn(s(t) — s(o))do

ke{x1}

as a given source term and we shall study the linear integral equation

4.5) 3.(t) = /0 K, s(t) — s(0))3n(0) do + Fu(t) = £1,
where the kernel K (n,t) has been introduced in (2.3). We rewrite this equation as
.6) 3,(t) = / K(nt— 0)3u(o)do + Fu(t) + Gu(t) n = +1,
where 0

@.7) Go(t) = /0 t (K(n, s(t) — s(0)) — K (n,t — U))Bn(a) do

is an error term due to the time discretization. To study the linear equation (4.5)-(4.6), we use
the result given by the following Lemma. The proof of this Lemma can be found in [17]. For
completeness, we recall it in Appendix of the present paper.

Lemma 4.3. Let v > 0, and assume that n € H) ™3 satisfies (H). Then, there exists C > 0 such
foreveryT' > 0, we have

Mr,,(3) < CMr,(F + G).
9



From this Lemma and (2.8), we first get that
(4.8) Mr,s-1(3) < C(lg(0)]l3gg + Mrs—1(G) + eMp 1 (F') + My 1 (F?))

where

/ 3-n(0)g2n(0,n(s(t) +5(0)))(s(t) —s(0))do, n==+l1,
F2(t) = —n?p, /O 3,(0)do (0, n(s(t) — s(0)))(s(t) — s(0)) do, n = £1.

Let us estimate F)'. By using again (2.8) and the definition (3.8) of N, , ,,, we get using Proposition
3.1 that

SMy s 1(3)Nos R? T ] R?
|t \<0/ ) Mot O)Naws8) 4 5_1/ o < Cre
< (t) +s(0)) &) =1Jo (o) (t)
provided s > 6. This ylelds that for all 7" > 0
My, 1 (F') < CR®.
To estimate F2, we split the integral into two parts: we write

Fr(t) = I(t) + I (1)

with
I,(t) = —n’p, /02 3n(0)80(0, n(s(t) —s(0)))(s(t) —s(o))do,  n ==+l

I2(t) = —n2pn/£ 3n(0)go(o,n(s(t) —s(0)))(s(t) —s(o))do, n=+£1.

For I, we proceed as previously,

t

OISO [ s

and hence since s > 6, we have

@) ~slo) . _ CR [ 1
o< s [ e

Mr, 1 (I') < CR?.
To estimate /2, we shall rather use the last factor in the definition of Qr, in (3.9). By using again
(2.8), we write

2 Mgs 1 3 ||g( ) |l CR* [+ 1 CR’
ionsc [ e o < o [ e < e

and hence since s > 7, we find again
Mr, 1 (I*) < CR?.

s(t)—s(o)
/ 10,5 (., 0)|d0
t

—0

Finally, we have

G0 < M) [ 5

s(t)—s(o) s—1
[ 0
t_

o

do

do,




where we used the fact that n € ’Hf,” and Lemma 2.3. Now, since

s(t)—s(o) d6 Ch
/t_a (0)s+2

— <t _ O->8+2’
Mrs1(G) < ChMT,s—l(B)/O = ;;Z:<0>S_1d0-

we get

As the integral

/t W < (J/t/2 ¥da+0/t !
o (t—o) o)t T Sy (H)o)! t/2 (t —0)**?
is uniformly bounded in time, we conclude that
4.9) Mz 1(G) < ChMrs1(3).
By combining the last estimates and (4.8), we thus obtain (4.1).
Mr_1(3) < C(Ro + hMrs—1(3) + eR?).
By taking h < hy small enough, this ends the proof of Proposition 4.1. U

4.2. Estimate of Nz ,(g).

Proposition 4.4. Assuming that n € H: 2 verifies the assumption (H), then there exists C > 0 and
ho > 0 such that for every T' > 0 and h € (0, hy|, every solution of (3.4) such that Qr,(g) < R
enjoys the estimate

NT,s,z/(g) < C(R(] + 5R2)<1 + ER)eceR.
Proof. To prove Proposition 4.4, we shall use energy estimates. We set £,;[g] the operator

Lilglf = {o(t,0), /}
such that g solves the equation
g = Lsw[9(0)](n + €9).
For any linear operator D, we thus have by standard manipulations that

%HDQ(OH; = 2(Dg(t), D(Lsn[9(t)]a(t))) 2 + 2(Dg(t), D(Lsw[a(t)](n))) 12

= 2e(Dg(t), Lsw[a(t)|Dg(t)) L2 + 2e(Dg(t), [D, Lswy[a(t)]]a(t)) L2
+2(Dg(t), D(Lsw[a(t)](0))) 22,
where [D, Es(t)] denotes the commutator between the two operators DD and L ;). The first term in

the previous equality vanishes since L) [g] is the transport operator associated with a divergence
free Hamiltonian vector field. Consequently, we get that

d
(4.10) EHDQ@)H; < 2¢ [|Dg(O)] 1, 1D, Lo [8(®)]1a(@)] .

+2[[Da@)| . [1D(Lsyla(@) ()]l . -
To get the estimates of Proposition 4.4, we shall use the previous estimates with the operator
D = D™P4 defined as the Fourier multiplier by kP§?0;" for (m, p,q) € N3¢ such that p + ¢ < s,
m < v and the definition (2.1) of the H; norm. To evaluate the right hand-side of (4.10), we shall

use the following Lemma, whose proof is given in Appendix (see also [17]).
11



Lemma 4.5. Forp + q < v and r < v, and functions h(x,v) and g(z,v), we have the estimates
(4.11) 1[0, Logl] hllz2 < C(moaa (Ol +me2(Q)llAll).

(4.12) 1D (Lolg])hllz < C (M1 (OBl + Moz (OllAllg),

for all o, where the sequence (. is defined by (;, = g.(ko), k € {£1}, and where

Mo (€)= (o) sup [Gi]).

ke{£1}

with a constant C' depending only on vy, and in particular, not depending on o.

Let us finish the proof of Proposition 4.4. By using the previous lemma with v = s, 0 = s(t),
g = g(t) and h = g(t) or h = n, we obtain from (4.10) that

%Hg(t)l wy < O a1 (30) (Il + ellg® ) o @)l
C C )
+ Wmt,s_l(S(t))Hnl wer 19(8)[l2s + Wf_gmt,s_l(t’)(t))llg(t)l Hy

This yields, using the fact that M; (3) = sup,¢(o,4 Mo (3(7))s

lg(®)]

for t € [0, 7. From the Gronwall inequality, we thus obtain
la(®) s < (I18(O)lles + C{8Y*Mys1(3) (I

By using Proposition 4.1, this yields
N,ou(8) < (Ro+ C(Ro + eR?)(1 + 2R) )R,

wy + O M1 (3) (In]

t
1
i, < ls(0) o +F) + CoR | —ola(o) g do
0

CeR [ —do_
HeHL + ER))Q fo (a)s72

This ends the proof of Proposition 4.4. U

4.3. Estimate of ||gl|,;s-1. To close the argument, it only remains to estimate ||g|

s—4.
Hy

Proposition 4.6. Assuming that n € H: verifies the assumption (H), then there exists C > 0 and
ho > 0 such that for every T' > 0 and h € (0, hy|, every solution of (3.4) such that Qr,(g) < R
enjoys the estimate

lg(t)[| 35—+ < C(Ro +eR*)e“ ™, Vvt €[0,T].

Proof. We use again (4.10) with D = D" P4 but now with p + ¢ < s — 4. By using Lemma 4.5,
we find

d
(4.13) () < Comes (3O (g ol (®) s+ + =90 ).
This yields
a(t)|l2-1 < [|g(0)]|35-4
t 1 + 1
+ CHUHHzSMt,s—1(3)/O <U—>2d0' + Cth,s—l(B)/O WHQ(U)HHf; do.

12



By using Proposition 4.1, we thus get

lg(?)]

From the Gronwall inequality, we finally find
lg(t)[|35-+ < C(Ro + eR?*)e“".
This ends the proof of Proposition 4.6.

t
1
g1 < C(Ro +eR?) + CaR/ (o)
: o (o)

H374 dU

O

4.4. Proof of Theorem 3.3 and estimate (2.5). The proof of Theorem 3.3 follows from the a
priori estimates in Propositions 4.1, 4.4 and 4.6 and a continuation argument. Indeed, by combining
the estimates of these three propositions, we get that

Qr.s.(9) < C(Ry+ eR*)(1 4 eR)e“"

assuming that Qr,(g) < R. Consequently, let us choose R such that R > CR,, then for ¢
sufficiently small we have R > C(Ry + eR?)(1 + eR)e““" and hence by usual continuation
argument, we obtain that the estimate Q7 ,(g) < R is valid for all times.
To prove (2.5), let us define ¢;°(z,v) by
“+00

g (x,v) = g(0,z,v) + Lyo[a(o)](n + eg(o))do,
0
To justify the convergence of the integral, we note that thanks to (4.12), we have for all o

L0 [8(0)] (1 + €g(0)) [ 54 < C(mg,s_s(B(U)) 17+ €8(a) I3y +m0.2(3(0)) I + eg(o)]
where 3(t) = gx(t, ks(t)), k = £1, and

o (3(0) = (o) (s 13:(0)).

k==+1

Hy P )v

By interpolation, we have

wg-s < Clln + ea(0)]

3 1
10+ eg(o)| sz-alln + a0l
and thus, using the bound provided by Theorem 3.3, we have
3
17 + €g(0)[l35-3 < C(R) (o).
Using again Theorem 3.3, we thus find that

(4.14) | Lo [8(0)](n + €a(0))|

1 1
Hy? < C(R) <<0.>2 + <U>S_3_Z> ’

and gi°(x, v) is then well defined, and belongs to H3 ™.

Since we have for all ¢
+o00

g(t) = gp (z,v) = Ly [8(0)](n + eg(0))do,

we find by using again (4.14) that

lot) sl < O [ o+ ot
13




In a similar way, by using again (4.12), we have forr < s —4andr > 1,

la(t) =l < CRN( [ 1o g 40) < O s+ gims) < o

which gives the result using the fact that g(nh) = ¢" the solution given by the numerical scheme.

5. PROOF OF THE CONVERGENCE ESTIMATE (2.6)

We shall now prove the convergence estimate (2.6). Note that in view of the previous result and
of the analysis in [17], the functions g(¢, z,v) and ¢(¢, x,v) satisfy the same estimates. In par-
ticular, we can assume that Qr,(g), Qrs.,-1(8), Qrs.(9) and Qrs,—1(g) are both uniformly
bounded by the same constant R, provided that v > 3/2.

By using the equations (3.1) and (3.4), we get that ) = g — g solves the equation
(5.1) 8i0(t) = {o(t, 0(2), n} +e{o(t, 0(1)), g(t)} +e{b(t,9(1)),6(t)} —e{o(£,6(¢)),5(t)} + R
with
(5.2) R(t,z,v) = {o(t, 9(t)) — ¢(s(t), 8(t)), n} + e{o(t, 9(t)) — ¢(s(t), 8(t)), 9(£)}

and with zero initial data. It will be useful to use the expression of R in Fourier which reads

(53) Ralt,€) = np, (ﬂn(t, nt)io(§ — nt)(nt — &) — 8n(t, 1ns(t))70(§ — ns(t))(ns(t) — f))
+e Y kp (ﬂk(@ kt)@n—k(t, € — kt)(nt — &) — g (t, ks(t))@n-k(t, € — ks(t))(ns(t) — f))-
s

Let T" be a positive real number. By using the weighted norms defined in (3.8), we now consider
for s > 8 and v > 3/2, the quantity

Qrs—2,-1(0) = My s_3(d) + Nps_9,_1(6) + sup [|6(¢)]

t€[0,T

HETS
with Nz, and My, defined in (3.8), and where we set

di(t) = gr(t, kt) — gi(t, kt).
We shall prove the following result:

Proposition 5.1. For s > 8, v > 3/2, assume that n € H:™ satisfies the assumption (H). Then
there exists Ry > 0, hg > 0 and ¢y > 0 such that for every h € (0, hyl, every € € (0, go| and every
T > 0, the solution of (5.1) satisfies the estimate

QT,S—2,V—1 (5) S th

Proposition 5.1 clearly implies the convergence estimate (2.6). It actually proves that the inter-
polation g(¢) of the sequence of functions ¢"(x, v) given by the splitting methods (Strang or Lie)
is always at least an approximation of order one of the exact solution g(t) at all times. The proof
will use the same steps as in the proof of Theorem 3.3.

14



Remark 5.2. We mentioned that 3 (t) is expected to be an approximation of (i (t). By Taylor
expanding in £, it is indeed clear that Proposition 5.1, together with the uniform bound on Qr s ,,(9)
and Qr5,(g), implies that

sup |Cx(t) — 3x(t)] = O(h).

teR

k=+1
In fact, we could have proved without any major difference Proposition 5.1 using the quantity
di(t) = Ck(t) — 3x(t) instead of di.(t). The use of dx(t) will however be crucial to prove the second

order estimate, since it is clear that the quantity dy,(0) does not scale in h?.
Let us now begin the proof of Proposition 5.1.
5.1. Estimate of M _3(d). We shall first estimate d (), k = £1.

Proposition 5.3. Assuming that n € H:™ satisfies the assumption (H), there exists C' > 0, g9 > 0
and hy > 0 such that for every h € (0, ho|, every ¢ € (0,¢0] and every T > 0, every solution of
(5.1) such that Qr.s—2,-1(6) < Ryh enjoys the estimate

My —5(d) < C(R)h(1 + (¢ + ch)RY),
where C'(R) is a number that depends only on R (one can take C'(R) = (1 + R+ R?*)C).

Proof. From (5.1), we obtain by taking the Fourier transform, integrating in time and setting §£ = nt
that

5.4) d,(t) = /t K(n,t —o)d,(0)do + G,(t) + H,(t)
where .
H,(t) = / Ro(o,nt) do
and ’
Gn(t) =« Z /0 kpy (dk(a)gn_k(a, nt — ko) + Ck(a)gn_k(a, nt — ko)

k==+1

~

— d(0)0p—r (o, nt — ka))n(a —t)do.

The kernel K (k,t) is still defined by (2.3).
By using Lemma 4.3, we find the estimate

(5.5) Mrps—3(d) < C(Mrs—3(G) + Mrs_3(H)).
To estimate My, 3(G), we proceed as in the proof of Theorem 3.3. We first split G = G' + G?
where G! corresponds to the term k = —n in the sum and G2 corresponds to k = n. For G, we
obtain
621 Ce [0 )y g Mo sVt
— 0 0,8— 0,8,V
SR ()3 (o) o e
1 o)?
+ < > 2Ma,s—1(C)Na,s—2,l/—l(5)

(o)1 (t+ o)~

1 (0)?
(0)s=3(t+0)
15
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and hence that

1
|G| < Ce(RRih + h°RY) e

since s > 8. To estimate Gi, we can again write

G:=J,+ J;

L t
J;:/2jndo—, J,%:/jnda
0

Jn = ENPp (dn(a)go(a, nt —no) + Cu(0)do(o, nt — no) — dy(o)do(o, nt — na))n(a —1).

with

with

As in the proof of Proposition 4.1, we can prove by using the same estimates as above that

1
7| < Ce(RRyh + R2h?) a2

To estimate .J2, we also proceed as in the proof of Proposition 4.1 and write

! 1 1 1 1
’| < t— My —3(d - My s—1(C)[|0]|5—s
i1 < € || =)y g Moo s+t i g Moo O
1 1
s )

This yields, since s > 8§,
1

6=

2| < Ce(RRyh + R2h?)

We have thus proven that
Mr 3(G) < Ce(RRih + RIR?).
It remains to estimate My ;_3(H ). We shall prove that
Mys_3(H) < C(R)h.
At first, we can write
(5.6) H,=HF+eHP
with

HE = /0 npn (@n(a, n0)io(nt — 1) (no — nt) — Gu(o, ns(a) )i (nt — ns(o))(ns(c) — nt)) do

t
HP = / Z kpy, (gk(a, ko)gn_k(o,nt — ko)(no — nt)
0 k=+1

— (0, kS(0))Gnr(0, 1t — ks(0))(ns(c) — nt))da.
16



We shall focus on the estimate of H, the estimate of H ! is easier to obtain since 7 can be assumed
as smooth as we need (here n € ’H,ﬁ“‘ suffices).
By Taylor expanding up to the first order, we have

HP}<thk/ sup sup

j— a+pB<1 ¢€ks(o);ko]

02810, )0, Bn-r(0, nt — &)| [no — nt| do.

As previously, we distinguish the cases £ = n and k = —n.
When k£ = —n, we have by Lemma 2.3

t
/ sup sup
0 a+B<L1¢g[—ns(o);—no]

2800, )0 Gon (0,1t — )| o — ] do

t/\6 2
S C/ <U> NT,SJ/(g)NT,SJ/(g) dU S CR ,
o (o)(t+s) ()=
since s > 8.
When k = n, we split as previously the integral into

t
/ sup sup
0 a+pB<1¢glns(o);no]

t/2
= / sup sup
0 a+B<1 £€ns(o);no]

t
+ / sup  sup  |0¢@n(o, 5)8?@0(0, nt — 5)‘ |no — nt|do.
t/2 a+B<1 £€ns(o);no]

0% 80 (0, )0 80(0, nt — &) In — nt| dor

02 (0, )0 80(0, 0t — &) Inr — nt] do

Using the same estimates as above, we have for the first term

t/2
/ sup sup
0 a+B<1 g€[ns(o);no]

For the second term, we rather use the quantity || g|

A ) CR’
%800 080l it = )| In —nt| do| < 755

45—+ instead of N7 ,(g). We obtain the estimate

t
/ sup  sup  |9¢gn(o, 5)8?@0(0, nt — 5)’ |no — nt| do

t/2 a+pB<1 £€[ns(o)ino]

0 Nronle) lo(@) g, O

R T I

since s > 8.
Hence

My, 3(H") < ChR?,
and by the same arguments

My, 3(H") < ChR?.
Therefore

My, 3(H) < ChR?,
which concludes the proof of proposition 5.3.
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5.2. Estimate of ||4|

Hy S
Proposition 5.4. Assuming that n € H*** satisfies the assumption (H), there exists C > 0, gy > 0
and hy > 0 such that for every h € (0, ho|, every ¢ € (0,e0] and every T > 0, every solution of
(5.1) such that Qr.s—2,-1(6) < Ryh enjoys the estimate
sup [[6(t)] =6 < C(R)h(1 + (e +eh)R3)(1 + hRy)

| o

t€[0,T

where C(R) is a number that depends only on R.

Proof. By using the notation L;[g]h = {¢(t, g), h}, we can rewrite (5.1) as
(5.7) 010(t) = Li[0(1)](n — €0) + eL4[0(t)]g + eLi[g ()]0 + R.

Let D be the linear operator defined as the Fourier multiplier by AP§?0;" for (m, p,q) € N** such
that p + ¢ < s — 6, and m < v — 1. From an energy estimate as in proof of Proposition 4.4, we
obtain that

(5.8) [Dd(1)]7 = /0 (— e([D, Lo[6(0)]]0(0), Dé(0)) 2 + £([D, Lo[g(0)]]0(0), D5 (0)) 12

4 (D (L,[6(0)](n + £9(0))) , DS(0)) 12 + (DR, D3(0)) 2 )do—.

By using Lemma 4.5, we thus obtain that

Hﬁj‘i)

e / (cmons(d@N 15y, +m(d0))[5(0)
T a6 s, + maa (@IS 5e-0)
s 5010+ 290y, +72(d0)) 1+ £9(0)llprs + [ DRI|z2) do

sup [|5(t)]
0,71

Next, we can use the fact that (), 5 ,(¢) < R and Proposition 5.3 to obtain that

sup [|6(¢)]

te[0,7

s—6 dU
Hufl

s < CURA(L+ (= + )R (1 + th)/O <O_—1>2da+6’/0 IR(0)]

< C(R)h(1+ (e +eh)R3)(1 + hRy) + C/OT IR (0)]

s—6 dU
Hufl

It remains to estimate the last integral to conclude. By using the expression (5.3), we get as in the
proof of Lemma 4.5 that

IR(@) -5 < Ch(mE-5(8(@)) (Il + 18()lls) +mE2 (@) (Il o + () gs-2) )
where we have set

m{(h) = (o) sup  sup  (|hn(&)] + |9chn(€)]).

n=x1¢€[no,ns(0)]
Note that thanks to lemma 2.3, we have that

<O.>s—5+3 C

I8l < o

(5.9) my_s(g(0)) < C BE
18
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since @t 5.,(g) < R. This yields

t
(5.10) / IR(0)]
0
Consequently, we get that

sup [|6(?)]
te[0,T

t
1
e < C’Rh/ ——do < CRA.
o 0 (0)?

se-e < C(R)M(L+ (e + eh)R)(1 + hRy).

This ends the proof of Proposition 5.4. U

5.3. Estimate of Ny, 5, _1(9).

Proposition 5.5. Assuming that n € H*™* satisfies the assumption (H), there exists C > 0, g9 > 0
and ho > 0 such that for every h € (0, ho|, every e € (0,e0] and every T > 0, every solution of
(5.1) such that Qr.s—2,-1(6) < hR; enjoys the estimate

Nrs2,-1(8) < C(R)A(1 + (e + ch)R})(1 + hRy)
where C(R) is a number that depends only on R.

Proof. We proceed as in the previous proof. Let D be the linear operator defined as the Fourier
multiplier by £P£70;" for (m,p,q) € N*? such that p+ ¢ < s — 2, and m < v — 1. Using (5.8)
with this operator D, and Lemma 4.5, we obtain that

s (e @D 15y, 1503 + M) [5(0) )
+ (e (G610 ez + moa(C(0))]I5(0)]

+ a(d(0)) 0+ 29(0) s, [15(0)

it 15(0)]

Using now @ s, (¢) < R and Proposition 5.3, we obtain that

15(2)]

16()]

3{5:3)

s—2
Hufl

o2 + [DR12]15(0)]

+ mga(d(0))|n + 2g(o)] -2 do

32 < CUOPHPC(R*(1+ (e + ch) R (1 + hRi)*+

(#)3hC(R)(1+ (¢ + eh) R2) /0 t [R() 32 dor

It remains to estimate the last integral to conclude. By using the expression (5.3), we get as in the
proof of Lemma 4.5 that
Hy ))

IR (o)

-2 < Ch(mL L (8(0)) (Il +118(0) ) +mSh(8(@)) (Il + l1a(o)]

with A A
m{) (k) = ()" sup  sup  (|hn(&)] + |0ehn(€)]).

n=%x1¢€[no,ns(o)]
As in the previous proof we have that
s—1+3

5.11) m®_ (g(0)) < c%ng(an

19
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since @t 5.,(g) < R. This yields

t
(5.12) / R (o)
0
Collecting all the above estimates, we obtain

sup () 7 [|0(t)[lys-2 < C(R)M(L+ (e +eh)R)(1 + hRRy).

te[0,7

w2 < C(R)M(1)®.

This ends the proof of Proposition 5.5. U

5.4. Proof of Proposition 5.1. From Propositions 5.3, 5.4 and 5.5, we have the estimate
Qr.s2,-1(8) < C(R)A(1 + (e + eh)R3)(1 + hRy),
under the assumption Qrs—2,-1(d) < hR;. Choosing R; > C(R), we have
C(R)h(1 + (e +eh)R})(1 + hR,) < Rih,

if ¢ and h are small enough. Hence, by an usual continuation argument, the estimate Q7.s—2,1(d) <
Ry R is valid for all T' > 0, thus proving Proposition 5.1 and with it the convergence estimate 2.6.

6. PROOF OF THE CONVERGENCE ESTIMATE (2.7) FOR STRANG SPLITTING

From now on, we only consider the case of Strang splitting (1.6), and thus s(¢) is given by
formula (3.6). Proposition 5.1 implies that, up to the loss of two derivatives, g(¢, x,v) is an ap-
proximation of order one (with respect to h) of the exact solution of the Vlasov-HMF equation
g(t,z,v).

Getting the rate of order 2 brings technical complications in order to take advantage of the cancel-
lations provided by the midpoint rule.

In view of theorem 3.3 and the main result of [17], we can assume that for all « € {0, 1,2},
Qrs50-0(g) and Qr,_n(g) are bounded by the same constant R > 0, provided that v > 5/2.
To prove the result, we proceed as before and start from the equation (5.1) on the error term §(t).
From now on, using the weighted norms defined in (3.8), we consider the quantity:

QT,S—3,U—2(5) = MT,S—4(d> + NT,s—3,v—2(5) + sup ||5(t)|
te[0,7)

Hy L
The convergence result (2.7) will be a consequence of the following proposition:

Proposition 6.1. Let us fix s > 9 and v > 5/2. Assuming that n € H™ satisfies the assumption
(H), there exists Ry > 0, hg > 0 and 9 > 0 such that for every h € (0, hy), every ¢ € (0,¢0| and
every T' > 0, the solution of (5.1) satisfies the estimate

QT,S—3,V—2 (5) < R2h2 .

The crucial point of the proof of proposition 6.1 is the cancellation provided by the midpoint
rule. We can summarize it by the following easy lemma:

Lemma 6.2. Fort € R and a fixed h > 0, let s(t) = s;,(t) be given by formula (3.6). Then, for all

n €N,
(n+1)h
/ (0 —s(o))do = 0.

h
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6.1. Estimate of My ;_4(d).

Proposition 6.3. Assuming that n € H:™ satisfies the assumption (H), there exists C > 0, g9 > 0
and hq such that for every h € (0, ho|, every ¢ € (0,&0] and every T' > 0, every solution of (5.1)
such that Q. s_3,,—2(8) < Roh?* enjoys the estimate

Mr o 4(d) < C(R)W*(1 + (e + eh?®)R3)
Proof. From Equation (5.4) and Lemma 4.3, we still get that
My s4(d) < C (Mr—a(G) + My s 3(H)).
By using the same arguments as in the proof of Proposition 5.3, we can easily obtain that
My, 4(G) < Ce(RRyh* + h'R3).

It thus remains the estimate of My ,_4(H) that requires a refined analysis of the cancellations in
the integral. By using again the decomposition (5.6), we shall focus on the term H* that is more
difficult. By Taylor expanding up to second order, we find that

1= [ 3 Binlo —s(0)) (0cdu(s(0). hs(0)ga-(s(0). nt  ks(o)

0 p=t1
+ 91(s(0), ks(0))Oegn—r(s(o), nt — k:s(a))) (ns(o) — nt)do + K,

where

t
K <0 > / sup sup (9000 g, €)/1080% (7.0t — )| Ino — nt] dor
S o athiszars rcelbos(o)

o 254,

To estimate the remainder, K, we can again distinguish the cases k = n and £ = —n. Since
Qr1,s.(9) < R, by using the equation (3.4) and Lemma 4.5, we also have that

108(#) [l < C(R)(E)*.

Since v > 5/2, we can use Lemma 2.3 to obtain, by similar arguments to the ones used in the
proof of Proposition 5.3, that

|K,| < th(R)(/Ot <U>18_4 <t+10>8_3 (t—o) da+/t:2 <U>18_4 i _2>S_3(t —0) do—>

and hence that

L
(0

To estimate the main term in H,f , assuming that Nh < T < (N + 1)k for some N, we can split

the time integral into
t  N-1 .(G+Dh t
L=+
0 =0 Jin Nh

and we observe that all the integrals fj(}zﬂ)h vanish due to the symmetry of o — s(o) (see Lemma
6.2). We thus obtain that

1
OR

K| < C(R)h.

|H| <

C(R) /Nh|t—s(a)|da+
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From the same argument (slightly easier since 1 does not depend on time and is smoother), we
can also prove that

1
HEY < ——
| n | — <t>8_4
Consequently, by collecting the previous estimates, we find that
Mrs—4(G) < C(R)R*(1 + (e + h®) Ry).
This ends the proof. U

6.2. Estimate of ||4|

C(R)h2.

H"
Proposition 6.4. Assuming n € H:™ satisfies the assumption (H), there exists C' > 0, g9 and hy

such that for every h € (0, hyl, every ¢ € (0, g9] and every T > 0, every solution of (5.1) such that
Qr.s_3.,-2(0) < h?Ry enjoys the estimate

ge-m < C(R)WP(1+ (e + eh®) RE) (1 + h* Ry).

sup [|]
0.7]

Proof. We can start as in the proof of Proposition 5.4. By using the energy identity (5.8) with D
the Fourier multiplier by A7£?0;" for (m,p,q) € N* such thatp + ¢ < s—7,and m < v — 2 and
Lemma 4.5, we first obtain that

IDS ()12 < C / 1D6(8) 122 (<m0,ss( AN g, + 02 ()50 1)
+ e(Mams(CON(@ s, + s (C@NISG) s-)
oA+ €9(Dls_, +a(d0)) 10+ £9(0) 375 ) do

t
+ / (DR, D5(0)>Lz>da .
0
This yields
2 2 2\ 2 2 "1D3()] 2 !
|1 Do(t)||7. < C(R)R*(1 + (e +eh*)R5)(1 + h Rg)/ T do + / (DR, Dé(0)) 2 do
0 0
6.1)
t
< C(R)R*(1+ (e +eh®)R3)(1 + B*Ry) sup [|6(c) |51 + / (DR(c), Dé(0)) 2 da|.
o€l0,] vz 0

The main difficulty is now to use the cancellation in the midpoint quadrature rule in order to
estimate the last integral. Let us define

I(t) = /O(DR(U),D5(0)>L2 do

By Taylor expanding, integrating by parts once and using the estimate (5.10), we first write that

t t
I(t) < /(DR(U),D(S(S(U)))LQ do|+h sup ||0:(0)5s—2 sup/ R 52-0 do
0 o€[0,7) vz 0 vz
t
< /(DR(U),D(S(S(U)))LQ do| + h*C(R) sup [|0;0(0)]|4—s.
0 o€[0,7) vz
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By using the equation (5.7) and Lemma 4.5, we have that
10:6 () ll3gz-s < Cms—z(d(t)[Inllz-1 + & (ms—r(d(t)) (6]
and thus by using Proposition 6.3 we find

10:0(t)[l34s-s < C(R)R*(1+ (e +eh®)R3) + h*R5.

st 19llge=) + 17 (O 167

This yields

I(t) < / t(DR(U),Dé(s(a)))Lz do| + C(R)W(1 + (e + eh?) RY).

Next, by using the definition of R provided in (5.3), we observe that by Taylor expanding in time
and in the £ variable, we can write

(6.2) R(t,z,v) = R (t,x,v) + R*(t,z,v)

where R! is given in Fourier by

R (t,€) = (t—S(t))(npn (0egn(s(t), ns(t))n(E—ns(t))+8n(s(t), ns(t)) enn(E—ns(t))) (ns(t) =€)
+e > kpr(Oedi(s(t), ns(t))gn-r(t, E—ks(t ))+9k(5(t)7nS(t))ﬁsﬁln—k(S(t),£—k5(t)))(n5(t)—£)>
and the remainder R? is such that

IR*(t)]

2
iy < OB (miE (@) (e + llglla) + mi2 @) (I« + llg

HE™ 6))
with
mZ () =) sup  sup Y |00l ha(6)].

n==+1 §E[nt7n5(t)} ()4+B§27 a;é2

Since v > 5/2, we have that

w%@<<>mwwwﬂmw4

and hence thanks to the equation (3.4) and Theorem 3.3, we obtain that

2ate) < Gt
This yields
IR0, < S
and hence
(6.3) I(t) < /0 t(DRl,Dé(s(a)))Lz do|+C(R)h*(1+(e+eh?)R3)+C(R)R? Sel[lg)t] 16(0) 1345~

Thanks to the definition of R!, assuming that Nh <t < (N + 1)h, we obtain that

/ (DR (o), DS(s(0))) 1 do

0

= /Nh<D’R1(U),D5(S(U)))Lz do| < C(R)R* sup ’\5(0)’\szg-

o€(0,t]
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Here we have also used the cancellation argument of Lemma 6.2. Consequently, from (6.1), (6.3)
and the above estimate, we obtain that

2r < C(R)RY(1 4+ (e +eh®)R3)(1 + h*Ry)

s—7
’HV72

sup ||0(c)]|
€[0T

+O(RR(1+ (= + eh)R2)(1 + h2Rs) sup |6(o)|

c€[0,T]

s—T7.
HV*Q

By using the Young inequality this yields

sup [|6(c)]
c€[0,T]

ge-m < C(R)RP(1+ (e + eh®)R3) (1 + h*Ry).

This ends the proof.

6.3. Estimate of N7, 5, o(9).

Proposition 6.5. Assuming n € H*™ satisfies the assumption (H), there exists C > 0, gy > 0,
and hq such that for every h € (0, h|, every € € (0,e0] and every T' > 0, every solution of (5.1)
such that Q. s_3,,—2(8) < h* Ry enjoys the estimate

Nrg 3,-2(0) < C(R)W*(1 + (e + eh®)R3) (1 + h*Ry).

Proof. We can start once more as in the proof of Proposition 5.4. By using the energy identity
(5.8) with D the Fourier multiplier by k£?9;" for (m, p,q) € N3 such that p + ¢ < s — 3, and
m < v — 2 and Lemma 4.5, we first obtain that

IDSOIE: < € [ 180 (2(mas-a oD 60 g, + ol dlDF(@) )
+ elmas2C @D 10 e, + moa(C()10()3)
+ Masa(d(0)) 1+ 29(0) s, + Mo (d(@)) 1+ 29(0) | ) do

+

/0 (DR, DS(0) 12 )do

This yields

IDS(1)]172 < C(R)*W*(1+ (e + h®) R3)(1 + h2R2)/O (0)?[1Dd(0)]|12 do + '/O (DR, Dé(0)) > do
(6.4)

< C(RP(BSHY(1 + (¢ + eh?)R2)(1 + h2Ry)* + .

/0 (DR(0),Dd(0))r2do

As in the previous proof we consider

I(t) =

)

/ (DR(0),Dé(0)) 12 do
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and obtain as previously

1(t) < / (DR(0), D3(s(0))) 12 do

¢
+h sup [|0,6(0)]l5s- sup/ IR |l3:=2 do
o€[0,T] v 0 v

< +R2C(R)(t)* sup [0,0(0)|

c€[0,T]

s—4.
HU72

/0 (DR(0), D(s(0))) 2 do

Here we have used estimate (5.12). By using the equation (5.7) and Lemma 4.5, we have that
10:8()lys-5 < Crma—a(d(E)Illys-5 + € (moa(d(1)) (118 os) +mes()]1]
and thus by using Proposition 6.3 we find

10:8() 321 < CRYO W31 + (¢ + eh®) R) + (t)*<h* R,

w:=3 + [lg] Hijg)
This yields

I(t) < / t(DR(U), DS(s(0))) 2 do| + (H)SC(R)2HA(1 + (¢ + eh?)R2)?.

As in the previous proof, we write
R(t,z,v) = R'(t,x,v) + R*(t,z,v)
where R! is given in Fourier by
Ry (t.€) = (t=s(1)) (npn (Oc8n(s(t), ns(t))(E—ns())+an(s(t), ns(t)) denn(§—ns(t))) (ns(t) —€)
e Y kp(Dedi(s(t), ns(8)) i (8, E—ks(t))+8r(s(t), nS(£))Den—r(s(t), € —k‘S(t)))(nS(t)—f)>
k

and the remainder R? is such that

2 2
IRl < CR(miZo(@) (Il + =lalla) +mi2 (@) (Inllys= + llg

)

Hi*))
with
m(h) = () sup  sup S joralha(g)l.

n==+1¢e[nt,ns(t)] a+B<2, a2

Since v > 5/2, we have that

2
mi () < O gllyg-s + () 110ugllys-+-
and hence thanks to the equation (3.4) and Theorem 3.3, we obtain that

mi)_,(g)C(R)(t)?

This yields
IR*()]

iy < C(R)(B)?

and hence
(6.5)

I(t) <

/0t<DR1, Dé(s(0))) 12 do| 4+ C(R)*(t)°h* (1 + (e +eh®)R3)* + C(R)(t)*h? S 1611453
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Thanks to the definition of R!, assuming that Nh < t < (N + 1)h, we obtain that

/0 (DR (0), DS(s(0))) 2 do

[, (DR @), Dats(@)) = o] < R sp .

Once more we have used the cancellation argument (see lemma 6.2). Consequently, from (6.4),
(6.5) and the above estimate, we obtain that

sup 815,y < CURP AL+ (e + <l R

0,7
+ C(R)()*h* (1 + (e + eh®) R (1 + h* Ry) sup [[0]| o3
[0,7] -
By using the Young inequality this yields
sup () (10]lpz-3 < C(R)*(1+ (e + eh®) R3) (1 + h*Ry).
te[0,7) vz
This ends the proof.
O

6.4. Proof of proposition 6.1. Using Propositions 6.3, 6.4 and 6.5, we have proven that
QT78_371,_2(5) S C(R)h2(1 + (8 + €h2)R§)(1 + h2R2)

if Qrs—3,-2(0) < h? Ry. We can thus obtain Proposition 6.1 with the same bootstrap argument as
before by choosing Ry > C'(R) and then by taking ¢ and h sufficiently small.

APPENDIX

Proof of Lemma 4.3. Let us first note that the equation (4.6) only involves K (n, t) for positive ¢,
hence K (n,t) can be replaced here by K(n,t) (see (2.3)). Let us take 7" > 0, and let us set for
the purpose of the proof K (t) = Ky(n,t), F(t) = (F,.(t) + Gy(t))Lo<i<r. Since we only consider
the cases n = %1, we do not write down anymore explicitly the dependence in n. We consider the
equation

(6.6) y(t) = K xy(t)+ F(t), teR

setting y(¢) = 0 for t < 0. Note that the solution of this equation coincides with (,(¢) on [0, 7]
since the modification of the source term for ¢ > T" does not affect the past. By taking the Fourier
transform in ¢ (that we still denote by * ), we obtain

6.7) §(r) = K(n)j(r)+ F(r), 7€eR,

with K (1) = K(n, 7). Under the assumption (H), the solution of (6.7) is given explicitely by the
formula

_ F(r)
1—K(r)

Let us observe that since (1 + v?)ny € H°, we have by (2.8) that for o < 2 and for ¢ > (

(6.8) 9(7)

C
(6.9) |WKUM§GF6LW&)
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Note that by definition of K (t), the function K (t) is continuous in ¢ = 0, but not C'. Using an
integration by parts on the definition of the Fourier transform, we then get that

o C
(6.10) 0K (1)] < e a < 2.
To get this, we have used that the function ¢ 7jy(¢) vanishes at zero.

By using this estimate on K, (H) and that F’ () € H! (the Sobolev space in 7) since F is
compactly supported in time, we easily get that y defined via its Fourier transform by (6.8) belongs
to H!. This implies that (t)y € L? and thus that y € L!. These remarks justify the use of
the Fourier transform and that the function y defined through its Fourier transform via (6.8) is
a solution of (6.6). Moreover, thanks to (6.8) and (H), we get that ¢ can be continued as an
holomorphic function in Im 7 < 0 and thanks to a Paley Wiener type argument, that y vanishes
for t < 0. We have thus obtained an L' solution of (6.6) that vanishes for ¢ < 0. By a Gronwall
type argument, we easily get that there is a unique solution in this class of (6.6) and thus we have
obtained the expression of the unique solution.

We can thus now focus on the proof of the estimate stated in Lemma 4.3. Note that a L?-based
version of this estimate would be very easily obtained. The difficulty here is to get the uniform L>°
in time estimate we want to prove.

We shall first prove the estimate for v+ = 0. Let us take x(7) € [0, 1] a smooth compactly
supported function that vanishes for |7| > 1 and which is equal to one for |7| < 1/2. We de-
fine xg(7) = x(7/R) and xr(0;) the corresponding operator in ¢ variable corresponding to the
convolution with the inverse Fourier transform of x (7). Thanks to (6.10), we have that for R
large

(1 — (1 = xr(T) K ()| 1 1 ¢
0711 = xr(@)K@)| < CQZQ 107 (1 = xr(T)E (7))l < C/TZR/Q SR
and hence
©11) 10 = Xa@DK W < 5 < 5

for R sufficiently large. This choice fixes R.
To estimate the solution y of (6.6), we shall write that

y=x2r(B)y + (1 — x2r(8))y = y' +y".
By applying (1 — x2r(0;)) to (6.6), we get that
Y'=Kxy"+ (1= x2r(0))F = (1 = xr(8)K) xy" + (1 — x2r(0:))F

since (1 — xg) = 1 on the support of 1 — 5. Therefore, we obtain thanks to (6.11) and the fact
that xoz(0;) is a convolution operator with a L' function, that

1
1y |z < Sly"llze + CIF |2

and hence
ly" |z < 20| F| .
For the low frequencies, we can use directly the form (6.6) of the equation: We can write that
A X2Rr\T 2
() = 228 i),

11— K(7)
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Since the denominator does not vanish thanks to (H), we obtain again that y' can be written as the
convolution of an L' function - which is the inverse Fourier transform of x2z(7)/(1 — K (7)) - by
the function x z(9;) F' which is a convolution of F' by a smooth function. Thus we obtain by using
again the Young inequality that

Iyl < ClIF| L.

Since [|y|lz= < ||yl + ||y"] 2, we get the desired estimate for v = 0. To get the estimate for
arbitrary v, we can proceed by induction. We observe that

ty(t) = K * (ty) + F*

with F! = (tK) %y + tF. Using the result v = 0, we obtain that ||ty||p~ < C||F!||z~. Now since
no € H*3, for v = 1, we obtain that tK € L' and thus

[ e < C(IEF o + yllze) < ClI(L+ ) F | oo

The higher order estimates follow easily in the same way.

Proof of Lemma 4.5. We give the proof of (4.11), the proof of the second estimate being slightly
easier. In the Fourier side, we have for £,[g ](h) the expression

(FL,[g Z kpr3i(0)hn—i(0, & — ks(o))(ns(o) — &).
ke{£1}

Consequently, we obtain that

(F([D™4, Logllh)))n(8) =
> kpi3u(o) (70 (haa(0. € — k(o)) (ns() — €)) -
ke{x1}
((n = k)P(€ = 5(0)) " hn-(0, € — ks(0)) (ns(o) — 5)))-
For k = 41, we can thus expand the above expression into a finite sum of terms under the form
IN(0,€) = kpi3i(s(0)) R (n = k)PP (ks(0)) "7 (€ = k()™ 00; (0, € — ks(9))
where
0<p<p,0<q<qg m-1<r<m, at+f=rn-m+1,a >0

Moreover, if r; = r, then we have p; + q1 > 0.
We have to estimate Y [ el D ke I¥(0, €)|? d€ by isometry of the Fourier transform.

We note that for a fixed & € {#1} then for [n — k| + |£ — ks(0)| < |k|s(o), we have
|13(0,€)] < Cs(a)" 34 (s(0)) I = k[0 hn—k(0,€ = ks(0))|
whereas for |[n — k| + |€ — ks(o)| > |k|s(o), we have
|15(0,€)] < C0)?|34(s(0))|(In — K| + [€ — ks(0)])[05* hn—k(0, € — ks(0))].
Consequently by taking the L? norm, we find that
I kz: (0,82 < C (M1 (3)1(0)llsr + moa(3) () |3
e+1

This ends the proof of the Lemma.
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