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Abstract. This paper is devoted to the computation of capillary-gravity solitary waves
of the irrotational incompressible Euler equations with free surface. The numerical study
is a continuation of a previous work in several points: an alternative formulation of the
Babenko-type equation for the wave profiles, a detailed description of both the numerical
resolution and the analysis of the internal flow structure under a solitary wave. The
numerical code used in this study is provided in open source for interested readers.
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1. Introduction

The formation and dynamics of capillary-gravity waves on the surface of incompressible
fluids constitute a research topic of permanent interest from experimental, theoretical and
computational point of view [15, 30, 35]. This paper deals with the computation of different
traveling capillary-gravity waves for the irrotational Euler equations with a free surface and
it is a continuation of a previous work by the authors [14]. The highlights can be assembled
in three points.

The first one concerns the mathematical formulation of the equations for the wave profiles.
Different from other approaches used in the literature to reformulate the Euler system on
the free surface, [19, 32, 35], the one employed in [14] is based on the conformal mapping
technique [31], in order to transform the system into an integro-differential equation of
Babenko type [3]. (This was previously developed for gravity solitary waves in [12, 13, 16].)
As mentioned in [14], one of the advantages of this formulation is the preservation of the
type of nonlinearity by the transformation [26]. As in [14], the numerical results on traveling
capillary-gravity waves presented here are obtained with a pseudo-spectral discretisation of
the corresponding periodic problem and the application of the Levenberg–Marquardt (LM)
algorithm, [20, 22, 24], to the resulting discrete systems for the Fourier components of the
approximation.

A second highlight of the present paper is then a detailed description of the numerical pro-
cedure and its implementation to the model formulation. The performance of the method
is shown through several numerical experiments computing different traveling waves.

Finally, the emergence of generalised solitary waves shown in [14], under gradually in-
creasing values of the Bond number is used in a third highlighted point of the present study,
where some properties of various physical fields under these waves are emphasised.

The manuscript is organised as follows. In Section 2, we summarise the application of
the conformal mapping technique to the original Euler equations, explained in [14] in more
detail. Section 3 is devoted to a detailed description of the numerical method while the
main numerical experiments are presented in Section 4. Finally, the main conclusions and
perspectives are outlined in Section 5. With the aim of involving a wider audience, the
numerical code used in computations below is available to download as open source [17].
Thus, the claims made in this study can be easily verified by interested readers.

2. Mathematical model

Our starting point is the mathematical model for a potential flow induced by a solitary
wave described in [14], which is summarised here. The physical assumptions involve an
inviscid, homogeneous fluid in a horizontal channel of constant depth; the channel is mod-
elled, above, by an impermeable free surface, where the pressure is equal to the surface
tension, and bounded below by a fixed, impermeable horizontal seabed. Finally, gravity
and capillary forces are not negligible constants.



Computation of capillary-gravity waves 5 / 25

x

y

0

g
d

y = −d

y = 0 y = η(x)

Figure 1. Definition sketch of the physical domain.

The mathematical description in Cartesian coordinates moving with the wave (with x as
the horizontal coordinate and y the upward vertical one) is sketched in Figure 1: d stands
for the depth of the channel, the bottom is posed at y = −d while y = η(x) denotes the free
surface elevation from the mean water level at y = 0. The zero mean level condition of the
free surface is redefined in order to cover the computations of generalised solitary waves
(see [14] for details).

Let φ and ψ be the velocity potential and the stream function, respectively, and consider
the complex potential f ≡ φ + iψ. They define a conformal mapping

z ↦ ζ ≡ (iψs − f)/c, (2.1)

where ψs and ψb are the constant traces of ψ at the upper and lower boundaries, respectively,
with −c standing for the mean flow velocity and satisfying

c ≡ −⟨ 1
d
∫ η

−d
u(x, y) dy ⟩ = ψb − ψs

d
. (2.2)

The conformal mapping (2.1) transforms the fluid domain into the strip −∞ ⩽ α ⩽ ∞,−d ⩽
β ⩽ 0, where α ≡ Re(ζ) and β ≡ Im(ζ). On this domain, the free surface η can be modelled
by a nonlocal Babenko-type equation of the form [14]

C

⎧⎪⎪⎨⎪⎪⎩B η −
g η2

2
+ τ − τ (1 +C {η})√(1 +C {η})2 + η 2

α

⎫⎪⎪⎬⎪⎪⎭ =

g η (1 +C {η}) − d

dα

⎧⎪⎪⎨⎪⎪⎩
τ ηα√(1 +C {η})2 + η 2

α

⎫⎪⎪⎬⎪⎪⎭ + K. (2.3)

In (2.3), B is the Bernoulli constant, τ is a surface tension parameter, K is an integration
constant and C is a pseudodifferential operator with Fourier symbol

Ĉ (k) = { k coth(kd) (k ≠ 0),
1 /d (k = 0). (2.4)

The constant K is determined from the mean level condition on η and it can be assumed
zero under suitable reformulation of (2.3) [14]. (In particular, K is always zero when η
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is a classical solitary wave.) In the limit τ → 0 the Babenko formulation for pure gravity
solitary waves derived in [13, 16] is recovered.

In this paper, equation (2.3) withK = 0 is reformulated as follows. Applying the operator
C −1 to both sides of (2.3) and, with T = C −1

d

dα
, we can write

F{η} ≡ L {η} − N {η} = 0, (2.5)

L {η} ≡ B η − gC
−1{η} + τ T {ηα}, (2.6)

N {η} ≡ gC
−1{ηC {η}} + 1

2
g η2 + τ (1 +C {η})√(1 +C {η})2 + η 2

α

− τ − τ T

⎧⎪⎪⎨⎪⎪⎩
ηα√(1 +C {η})2 + η 2

α

− ηα
⎫⎪⎪⎬⎪⎪⎭ , (2.7)

The Fourier symbol of the linear operator (2.6) is

L̂ (k) = { B − (g k−1 + τ k ) tanh(kd) (k ≠ 0),
B − gd (k = 0), (2.8)

In (2.8) the dispersion relation for capillary-gravity waves can be recovered [15, 35].

3. The numerical method

Here, we describe a numerical procedure for discretising and solving the generalised
Babenko equation (2.3).

3.1. Pseudospectral discretisation

For Λ > 0 sufficiently large, the periodic problem associated to (2.5) on (−Λ,Λ) is dis-
cretised with Fourier collocation techniques. For N > 1 and on an uniform grid αj =−Λ + jh,h = 2Λ/N, j = 1, . . . ,N , the values η(αj) of the solution of (2.5) are approximated
by ηh = (ηh,1, . . . , ηh,N)T satisfying

Fh{ηh} ≡ Lh{ηh} − Nh{ηh} = 0, (3.1)

Lh{ηh} ≡ c2 ηh − gC
−1
h {ηh} + τ T {Dαηh}, (3.2)

Nh{η} ≡ gC
−1
h { ηh Ch{ηh}} + 1

2
g (ηh)2 + τ (1 +Ch{ηh})√(1 +Ch{ηh})2 + (Dαηh)2

− τ − τTh

⎧⎪⎪⎨⎪⎪⎩
Dαηh√(1 +Ch{ηh})2 + (Dαηh)2 − Dαηh

⎫⎪⎪⎬⎪⎪⎭ . (3.3)

In (3.1)–(3.3), Dα stands for the pseudo-spectral differentiation matrix [6, 8, 9, 34], while Ch

and Th are discrete versions of the operators C and T , respectively. They are constructed
as Dα by using the discrete Fourier transform FN on CN . (For example, Ch = F −1N WNFN ,
where WN is the N × N diagonal matrix with diagonal entries given by the coefficients
displayed in (2.4). The operator Th is defined in the same way.) Thus, the discrete system
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(3.1)–(3.3) is implemented in the Fourier space. Finally, the nonlinear terms are computed
by using the Hadamard product of vectors in CN . For these steady computations the use
of the anti-aliasing rule was not necessary.

3.2. The Levenberg–Maquardt algorithm

The system (3.1)–(3.3) was tentatively treated with several techniques. When τ = 0

(pure gravity waves) this was successfully solved using the Petviashvili scheme [13, 16].
Note that when τ = 0, the nonlinear term (2.7) is homogeneous with degree two, while
the Fourier symbol (2.8) associated to (2.6) is positive for all k when B > gd. These two
properties are key arguments to explain this success [33] (see also [1, 2]). However, they are
not retained when τ ≠ 0 and the various theories about the behaviour of the Petviashvili
scheme cannot be applied here.

For the general case τ ≠ 0, several variants of the Newton method can emerge as alter-
natives. The reasons for the failure of the classical implementations of this method [7]
were taken into account. Otherwise, the system (3.1)–(3.3) was solved in a nonlinear, least-
squares sense, with some standard techniques for this kind of problems presented in the
literature, (see, e.g. , [29] and references therein). The most robust results were obtained
by employing the so-called Levenberg–Marquardt (LM) algorithm [20, 24]. This is one
of the most widely used methods for data-fitting nonlinear problems [22]. For the reader
interest, a brief description of it in this context is given now.

Let r ∶ RN → RN be the residual vector r(ηh) = (r0(ηh), . . . , rN−1(ηh))T ≡Fh{ηh}, where
rj(ηh) is the residual for the j-th component of (3.1), j = 1, . . . ,N at any ηh ∈ RN . The
associated least-squares problem consists of minimising f(ηh) = (1/2)∥r(ηh)∥2, where ∥ ⋅ ∥
stands for the Euclidean norm in RN . As established in [27], the LM algorithm can be
formulated as a damped Gauß–Newton method but combined with a trust region strategy.
The Gauß–Newton method is a variant of the Newton method with line search, where the
search direction p(ν) = pGN(ν), at each Newton step ν, is obtained by solving

(J(ν))T J(ν) p(ν)
GN
= −(J(ν))T r(ν), ν = 0,1,2, . . . , (3.4)

where r(ν), J(ν) stand for the residual vector and its Jacobian at the ν-th iteration η
(ν)
h ,

respectively. (In our case, the Jacobian was approximated with finite differences, leading in

fact to a quasi-Newton method.) Instead of (3.4), the LM algorithm computes p(ν) = p(ν)
LM

as a minimiser of the model function

m(ν)(p) = 1

2
∥r(ηh)∥2 + pT (J(ν))T r(ν) + 1

2
pT (J(ν))T J(ν) p, (3.5)

subject to the condition ∥p∥ ⩽ ∆(ν), where ∆(ν) > 0 denotes the corresponding radius of
the trust region where the problem is constrained to ensure convergence of the algorithm
(see [23, 27, 29] for details). Any solution p(ν) is characterised by the existence of a scalar
λ(ν) ⩾ 0 (the damping parameter) satisfying

[ (J(ν))T J(k) + λ(ν) IN ]p(ν) = −(J(ν))T r(ν), (3.6)

λ(ν) (∆(ν) − ∥p(ν)∥) = 0, (3.7)



D. Dutykh, D. Clamond & A. Durán 8 / 25

Parameter Value

Initial water depth, d [m] 1.0

Gravity acceleration, g [ms−2] 1.0

Number of Fourier modes, N 1024

Initial Levenberg–Marquardt parameter, λ 0.05

Half of the computational domain, ℓ, [−ℓ, ℓ] 20

Tolerance parameter on the increment norm, δ 10−14

Table 1. Physical and numerical parameters used for the computation of

generalised solitary waves by continuation in the Bond number Bo. The tolerance
δ is the stopping criterium in the nonlinear solver.

where IN is the N×N identity matrix. Condition (3.7) simply states that at least one of the
nonnegative quantities, λ(ν) or ∆(ν) − ∥p(ν)∥, must vanish.) The literature contains several
strategies for the computation of the damping parameter [24, 28, 29]; the one proposed in
the second reference was considered here. The local convergence of the resulting method is
linear [29], but close to quadratic [23], when the damping parameter is sufficiently small.

4. Numerical results

In numerical computations herein below, the parameters given in Table 1 will be used.
The first two concern the model and the rest is associated to the numerical procedure
described above. The definition of Froude (Fr) and Bond (Bo) numbers is the one given in
[14]. In most of the cases, our implementation of the method will make use of the natural
numerical continuation in the Bond number Bo, as a way to improve the performance and
to accelerate the convergence. The numerical study is focused on classical, generalised and
multi-pulse solitary waves, in several physical regimes.

4.1. Classical solitary wave of depression

The first group of numerical experiments concerns the generation of classical solitary
waves of depression. With this name, we mean aperiodic solutions of (2.5) decaying to
zero at infinity (in contrast with the generalised solitary waves, which will be considered
later on) and with negative amplitude.

For supercritical Bond numbers Bo > 1/3 and suitable values of the Froude number Fr < 1,
the existence of isolated solitary waves of depression is known, analytically and numerically
(see [11] and references therein). A first check of the code is the computation of one of these
waves. This is shown in Figure 2, corresponding to the values Bo = 0.45 and Fr = 0.6. The
initial iteration of the procedure was chosen simply as a negative localised bump. There is
no need to perform any post-processing, since the solution decays exponentially to zero, i.e.,
η(x) → 0 as ∣x∣ → ∞. So, the initial values of Fr and Bo parameters correspond perfectly
to the fully converged solution.
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Figure 2. Solitary wave of depression for Bo = 0.45 and Fr = 0.6. Left: surface
elevation; Right: phase portrait.
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Figure 3. Exponential fit of decay of solitary waves. Left: Bo = 0.46 and

Fr = 0.6; Right: Bo = 0.46 and Fr = 0.9.

The classical character of this computed wave is confirmed by Figure 2 (right), which
shows that the associated orbit in the phase portrait (computed via the spectral approxi-
mation) is homoclinic at infinity to the origin.

The exponential decay has also been numerically checked. To this end and for several
profiles, the rightest part of the computed wave was fitted by an exponential function of the
form a ebx. By way of illustration, the fit corresponding to the solitary waves for Bo = 0.46,
Fr = 0.6 and Bo = 0.46, Fr = 0.9 (computed on a longer interval) is shown in Figure 3.
For the first case, the fitting coefficients with %95 confidence bound (computed with the
MATLAB toolbox) are a = −0.9186, b = −1.414. The goodness of the fit was ensured by
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a SSE (sum of squares due to error) parameter of 2.024E−24 a R-squared parameter of 1
and a RMSE (root mean squared error) parameter of 9.526E−14.

The convergence of the method is illustrated by the following experiments. Figure 4 (left)
displays the residual error as function of the iterations for the solitary wave of depression

shown in Figure 2. This residual error is measured, at the n−th iteration η
(n)
h , as

resn = ∥Fh {η(n)h }∥
2

, (4.1)

where the Euclidean norm is considered and Fh{⋅} is given by (3.1). The vertical scale is
logarithmic and the results confirm the convergence. On the other hand, Figure 4 (right)
shows, in log-log scale, the relation between two consecutive residual errors. This serves as
an estimate of the order of convergence. By fitting the logarithmic data to a straight line,
the corresponding slope (with 95% confidence bound) is 1.179. When only errors up to 10−7

are considered, the corresponding fitting line has a slope of approximately 2.156. Then, up
to this level of errors, Figure 4 (right) suggests a quadratic order of convergence, becoming
linear below this error tolerance. Moreover, the residual magnitude is known to be a rather
pessimistic estimation of the accuracy in pseudo-spectral methods [6]. Consequently, the
convergence of the residual (4.1) is a robust diagnostics of the algorithm convergence.

As the Froude and Bond numbers approach the limiting values, the maximum negative
excursion of the profiles of depression decreases and the code becomes less accurate. This
was observed, for example, in the goodness of fit with an exponential when estimating the
decay.

It should be noted that one may also study, by numerical means, the dependence of the
asymptotic decay on the Froude and Bond numbers. This is illustrated in Figure 5. On
the left, Fr = 0.7 is fixed, the exponent b of the fitting curve for Bo = 0.36, 0.4, 0.46 is
computed and shown as function of Bo. With profiles for more values of Bo, this might
give informations about the behaviour of the decay with respect to Bo for Fr fixed (and
not very close to one). Figure 5, right, displays the behaviour of b as function of Fr by
computing the corresponding values for Fr = 0.6, 0.7, 0.8, 0.9 and Bo = 0.46 fixed (and not
too close to 1/3).

This subsection ends by visualising the internal hydrodynamics under classical solitary
waves. This is illustrated by considering the computed wave of Figure 2. Thus, the
velocity potential and the stream function are depicted in Figure 7, the total and dynamic
pressures are represented in Figures 8, while horizontal and vertical speed and acceleration
distribution are displayed in Figures 9 and 10, respectively. All are implemented by using
the Cauchy integral formula, which allows to compute all physical fields of interest in the
bulk of the fluid, [16]. The traces of the velocity potential, stream function, horizontal and
vertical velocities are depicted in Figure 6.
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Figure 5. Behaviour of the decay as function of Bo (left) and Fr (right).

Multi-modal classical solitary waves

Another type of solutions, which can be computed by our code, consists of multi-modal
solitary waves. The existence of these solutions in the KdV5 equation was shown analyti-
cally and numerically in [10]. We refer to [14] for more details on these solutions in case
of the full Euler equations.
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Figure 6. Velocity potential (a), stream function (b), horizontal (c) and vertical
(d) velocities at the free surface for the solitary wave of depression represented on
Figure 2.

4.2. Generalised solitary waves

The question of existence of classical solitary waves of elevation is not solved, to our
knowledge, although some references suggest a negative answer [11]. For Bo < 1/3 and
Fr > 1, what is known is the existence of generalised solitary waves, i.e. solitary waves
that are homoclinic to exponentially small amplitude oscillatory waves. Furthermore, the
amplitude of the corresponding asymptotic oscillations are of order less than

exp
⎛
⎝−ω s

¿ÁÁÀ 1/3 − Bo

∣Fr−2 − 1 ∣
⎞
⎠ , (4.2)
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Figure 8. Total (left) and dynamic (right) pressures in the fluid domain under

a solitary wave of depression which is represented on Figure 2.

for some s ∈ (0, π) and where ω ≠ 0 satisfies the equation ω cosh(ω) = (1 + ω2Bo) sinh(ω)
[21].

Here, we focus on the numerical generation of this kind of waves. Our first experiments
concern the range Bo < 1/3 and Fr > 1, illustrating thus the influence of the capillarity
(smaller or larger values of Bo) on the computations. Taking as initial guess a third-order
asymptotic solution for solitary-gravity waves [18] (for Fr > 1 and 0 < Bo ≪ 1/3), the
method has been run in the case of strong capillarity (Fr = 1.15 and Bo = 0.22). The
resulting numerical profiles are shown in Figure 11. Once the solution is computed, the
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Figure 9. Horizontal (left) and vertical (right) velocities distribution in the fluid

domain under a solitary wave of depression which is represented on Figure 2.
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Figure 10. Horizontal (left) and vertical (right) accelerations distribution in the
fluid domain under a solitary wave of depression which is represented on
Figure 2.

Froude and Bond numbers have to be actualised to take eventually into account for the
periodic tail. The methodology of post-processing is explained in [14] and the effective
values of the Froude Fr∞ and Bond Bo∞ numbers are provided in the corresponding captions
in Figure 11. The corresponding phase plots are displayed in Figure 14. They show the
characteristic behaviour of the orbit of a generalised solitary wave profile, homoclinic at
infinity to a periodic wave.
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Figure 11. Emergence of a generalised solitary wave for Fr = 1.15 by natural
continuation in the Bond number Bo from 0 to 0.22.
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Coefficients g.o.f. Coefficients g.o.f.

ω = 7.938 SSE= 1.075 × 10−6 α1 = 0.02517 SSE= 4.885 × 10−6
a0 = 0.006348 R-squared= 1 β1 = 7.938 R-squared= 0.9999
a1 = −0.01396 RMSE= 7.005 × 10−5 γ1 = −0.5795 RMSE= 0.0001536
b1 = 0.02097 α2 = 0.01307
a2 = 0.0005767 β2 = 0.2713
b2 = 0.001378 γ2 = 3.506

α3 = 0.0067
β3 = 0.3922
γ3 = 4.712

α4 = 4.093 × 10−5
β4 = 8.565
γ4 = 1.909

α5 = 2.585 × 10−7
β5 = 7.117
γ5 = 3.197

α6 = 0.001485
β6 = 15.88
γ6 = 0.3004

Table 2. Coefficients and goodness of fit for the fitting curves of Figure 13:
f(x) = a0 + a1 cos(ωx) + b1 sin(ωx) + a2 cos(2ωx) + b2 sin(2ωx);

f(x) = ∑6

j=1αj sin(βjx + γj).

From the computed profiles, some additional information concerning the oscillatory tails
can be obtained. For instance, part of the profile can be taken and fitted to a sinusoidal
wave in order to estimate the corresponding amplitude and wavelength. This fit is illus-
trated in Figure 13 which shows the data of part of the tail of Figure 11 (d) and two
different sinusoidal curves. In Figure 13(a) the data are fitted by a Fourier sum (with
two terms) while in Figure 13(b) this is made by a sum of sinusoidal functions with six
different wavelengths. The corresponding coefficients and goodness of fit parameters are
displayed in Table 2. In the first case, the best choice among different Fourier sums corre-
sponds to taking two Fourier modes and leads to an approximate fundamental frequency of
f = w/(2π) = 1.2634. On the other hand, in the second fitting curve we have β1 = ω, β6 = 2ω
and the influence of the rest of the frequencies is limited by the amplitudes of the corre-
sponding sinusoidal terms. Thus the two fits give the same essential information about the
oscillatory tail: an approximate amplitude of 0.02517 and wavelength of λ = 1/f = 0.7915.

The convergence process is illustrated as in the previous Section. Figure 12 displays the
logarithm of the residual error (4.1) as function of the number of iterations. Note that
the method performs better in the case of the nonlinear wave with weaker capillary effects,
when the oscillations at infinity of the wave is of smaller amplitude, see (4.2). The order of
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Figure 12. Convergence of the LM algorithm. Generation of generalised

solitary waves. Solid line: Fr = 1.1, Bo = 0.02; dashed-dotted line: Fr = 1.15,
Bo = 0.22. Left: Residual error (4.1) as function of the number of iterations
(semi-logarithmic scale). Right: Relation between two consecutive residual errors

(4.1) (log-log scale).

convergence is suggested by the Figure 12 (right) (where the ratio between two consecutive
errors is shown in log-log scale) in the same sense as in Figure 4 (right): for errors above
10−7, the slopes of the corresponding fitting lines suggest quadratic convergence, being
linear from this error tolerance.

For the case Fr = 1.15 and Bo = 0.22 corresponding to the Figure 11 (f), the internal
hydrodynamics under a generalised solitary wave is illustrated in Figures 15–18 for the
same profile, with the velocity potential (Fig. 15 left) and stream function (Fig. 15 right),
total (Fig. 16 left) and dynamic (Fig. 16 right) pressures, horizontal (Fig. 17 left) and
vertical (Fig. 17 right) velocities and accelerations (Fig. 18). The traces of the velocity
potential, stream function, horizontal and vertical velocities on the free surface are depicted
in Figure 19.

The dependence of the amplitude of the computed oscillatory tail on the Bond number
can be observed in Figure 20. This shows the amplitude of the fitting sinusoidal wave as
function of the Bond number for the profiles of Figure 11.

Multi-hump generalised solitary waves

As shown in [14], multi-hump generalised solitary waves (that is, homoclinic orbits with
several loops near a resonance) can be computed using separated bumps as initial iteration.
They are illustrated in Figure 21. We refer to [14] for other interesting examples.
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Figure 13. Fit of the oscillatory tail for the generalised wolitary wave with

Fr = 1.15, Bo = 0.15. Left: Fourier sum with two terms. Right: Sum of six
sinusoidal functions. The coefficients are in Table 2.

5. Conclusions and perspectives

This study is a continuation of a previous work [14]. The goal here was to explain in
details the numerical techniques used in [14] and to provide some additional insights.

The Babenko equation was discretised with a Fourier-type pseudo-spectral method [6].
The resulting discrete nonlinear and nonlocal system was solved using the Levenberg–
Marquardt (LM) method. The reason to use this technology is to overcome the drawbacks
of the direct application of Newton’s (and quasi-Newton’s) methods in this and related
problems [7]. Using this formulation, we succeeded to compute, by natural continuation in
the Bond number Bo, the generalised solitary waves of elevation for Bo < 1/3 [11]. Above
the critical Bond number Bo = 1/3, we found the classical localised solitary waves of de-
pression which propagate with subcritical speeds Fr < 1, in agreement with the predictions
of the KdV5 model. Here, we completed the numerical results with additional information
provided by the computations: (i) on the asymptotic decay of the classical solitary waves;
(ii) on the oscillatory tails of the computed generalised solitary wave profiles and (iii) on
the internal hydrodynamics structure. In the latter case, we unveil what happens with var-
ious physical fields (velocities, pressure, accelerations) under a generalised solitary wave.
This was made using Cauchy-type integral representations, available when we take the full
advantage of the conformal mapping technique, [16].

The present work opens several research directions. First of all, the variability of solu-
tions arising in several directions is a subject to be explored further. Then, the dynamics
and stability of these solutions have to be studied. This requires the corresponding unsteady
formulation along with an efficient discretisation procedure. The generalised solitary waves
are homoclinic to Stokes waves. We conjecture that most of the solutions computed in this
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Figure 14. Phase plots of generalised solitary waves of Figure 11.
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Figure 15. The velocity potential (left) and the stream function (right)

iso-pressures in the fluid domain under the generalised solitary wave displayed on
Figure 11f.
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Figure 16. Total (left) and dynamic (right) iso-pressures in the fluid domain

under the generalised solitary wave displayed on Figure 11f.

study might be unstable, since the periodic (gravity) Stokes wave is unstable [25], mainly
because of the Bespalov–Talanov–Benjamin–Feir instability [4, 5].

The role of the surface tension has to be studied properly. Can it suppress some instabil-
ities? Finally, the corresponding Babenko-type formulation for periodic capillary-gravity
waves has to be developed as well with the same questions about their dynamics and sta-
bility. It will be slightly different from the Babenko equation derived in [14] due to some
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Figure 17. Horizontal (left) and vertical (right) velocities in the fluid domain

under the generalised solitary wave which displayed on Figure 11f.
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Figure 18. Horizontal (left) and vertical (right) accelerations in the fluid
domain under the generalised solitary wave displayed on Figure 11f.

extra parameters, which characterise periodic waves. The numerical procedure for the
computation should also change in some suitable way.

The code employed to obtain all the numerical results presented in this manuscript (but
also the results of our previous work [14]) is freely available to download at the following
URL address [17]:

● https://github.com/dutykh/BabenkoCG/

We invite the readers to use this code to compute and to study generalised solitary waves.

https://github.com/dutykh/BabenkoCG/
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Figure 19. The traces of the velocity potential (a), stream function (b),

horizontal (c) and vertical (d) velocities at the free surface for a generalised
solitary wave (Fr = 1.15, Bo = 0.22). The free surface profile is represented on
Figure 11f.

Acknowledgments

D. Clamond & D. Dutykh would like to acknowledge the support of CNRS under
the PEPS InPhyNiTi 2015 project FARA. A. Durán has been supported by project
MTM2014-54710-P. D. Dutykh & A. Durán acknowledge the hospitality of Laboratoire
J.A. Dieudonné UMR 7351 as well as of the University of Nice Sophia Antipolis where
important parts of this work have been performed. All the authors would like to thank
Professor Taras Lakoba (University of Vermont, USA) for very stimulating discussions
on the numerical methods for nonlinear travelling waves.



Computation of capillary-gravity waves 23 / 25

0.08 0.1 0.12 0.14 0.16 0.18 0.2 0.22
0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

Bo

A
m

pl
itu

de

Figure 20. Amplitude of the fitting sinusoidal wave as function of the Bond
number for the profiles of Figure 11.

x / d
-30 -20 -10 0 10 20 30

η
/
d

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

(a)

η(x) / d
-0.05 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

η
′ (
x
)

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

(b)

Figure 21. Left: a three-pulsed generalised solitary wave solution for Fr = 1.17

and Bo = 0.12. Right: Phase space plot. The effective parameters are:

d∞ = 1.0042, Fr∞ = 1.1995, Bo∞ = 0.118995.

References

[1] J. Álvarez and A. Durán. Petviashvili type methods for traveling wave computations: I.
Analysis of convergence. Journal of Computational and Applied Mathematics, 266:39–51,
Aug. 2014. 7

[2] J. Álvarez and A. Durán. Corrigendum to "Petviashvili type methods for traveling wave
computations: I. Analysis of convergence [J. Comput. Appl. Math. 266 (2014) 39-51]". J.
Comp. Appl. Math., 277(03):215–216, 2015. 7



D. Dutykh, D. Clamond & A. Durán 24 / 25

[3] K. I. Babenko. Some remarks on the theory of surface waves of finite amplitude. Sov. Math.

Dokl., 35:599–603, 1987. 4
[4] T. B. Benjamin and J. E. Feir. The disintegration of wavetrains in deep water. Part 1. J.

Fluid Mech., 27(417), 1967. 20
[5] V. I. Bespalov and V. I. Talanov. Filamentary Structure of Light Beams in Nonlinear Liquids.

JETP Lett., 3:307, 1966. 20
[6] J. P. Boyd. Chebyshev and Fourier Spectral Methods. 2nd edition, 2000. 6, 10, 18
[7] J. P. Boyd. Why Newton’s method is hard for travelling waves: Small denominators, KAM

theory, Arnold’s linear Fourier problem, non-uniqueness, constraints and erratic failure. Math.
Comp. Simul., 74(2-3):72–81, Mar. 2007. 7, 18

[8] C. Canuto, M. Y. Hussaini, A. Quarteroni, and T. A. Zang. Spectral Methods in Fluid

Dynamics. Springer, New York, 1988. 6
[9] C. Canuto, M. Y. Hussaini, A. Quarteroni, and T. A. Zang. Spectral Methods Fundamentals

in Single Domains. Scientific Computation. Springer-Verlag Berlin Heidelberg, 2006. 6
[10] A. R. Champneys and M. D. Groves. A global investigation of solitary-wave solutions to a

two-parameter model for water waves. J. Fluid Mech., 342:199–229, July 1997. 11
[11] A. R. Champneys, J.-M. Vanden-Broeck, and G. J. Lord. Do true elevation gravity-capillary

solitary waves exist? A numerical investigation. J. Fluid Mech., 454:403–417, Mar. 2002. 8,
12, 18

[12] D. Clamond and D. Dutykh. http://www.mathworks.com/matlabcentral/fileexchange/39189-
solitary-water-wave, 2012. 4

[13] D. Clamond and D. Dutykh. Fast accurate computation of the fully nonlinear solitary surface
gravity waves. Comput. & Fluids, 84:35–38, June 2013. 4, 6, 7

[14] D. Clamond, D. Dutykh, and A. Durán. A plethora of generalised solitary gravity-capillary
water waves. Accepted to J. Fluid Mech., pages 1–16, 2015. 4, 5, 8, 11, 14, 17, 18, 20, 21

[15] F. Dias and C. Kharif. Nonlinear gravity and capillary-gravity waves. Ann. Rev. Fluid Mech.,
31:301–346, 1999. 4, 6

[16] D. Dutykh and D. Clamond. Efficient computation of steady solitary gravity waves. Wave
Motion, 51(1):86–99, Jan. 2014. 4, 6, 7, 10, 18

[17] D. Dutykh, D. Clamond, and A. Durán. https://github.com/dutykh/BabenkoCG/, 2015. 4,
21

[18] R. Grimshaw. The solitary wave in water of variable depth. Part 2. J. Fluid Mech, 46:611–622,
1971. 13

[19] J. K. Hunter and J.-M. Vanden-Broeck. Solitary and periodic gravity-capillary waves of finite
amplitude. J. Fluid Mech., 134:205–219, Apr. 1983. 4

[20] K. Levenberg. A method for the solution of certain problems in least squares. Quart. Appl.
Math., 2:164–168, 1944. 4, 7

[21] E. Lombardi. Oscillatory integrals and phenomena beyond all algebraic orders with applica-

tions to homoclinic orbits in reversible systems. Springer, 2000. 13
[22] M. Lourakis and A. Argyros. Is Levenberg-Marquardt the most efficient optimization algo-

rithm for implementing bundle adjustment? In Tenth IEEE International Conference on

Computer Vision (ICCV’05) Volume 1, pages 1526–1531, Beijing, 2005. IEEE. 4, 7
[23] K. Madsen, H. Nielsen, and O. Tingleff. Methods for Non-Linear Least Squares Problems.

Technical report, Technical University of Denmark, 2004. 7, 8
[24] D. W. Marquardt. An Algorithm for Least-Squares Estimation of Nonlinear Parameters.

Journal of the Society for Industrial and Applied Mathematics, 11(2):431–441, June 1963. 4,



Computation of capillary-gravity waves 25 / 25

7, 8
[25] J. W. McLean. Instabilities of finite-amplitude water waves. J. Fluid Mech., 114:315–330,

Apr. 1982. 20
[26] P. Milewski, J.-M. Vanden-Broeck, and Z. Wang. Dynamics of steep two-dimensional gravity-

capillary solitary waves. J. Fluid Mech., 664:466–477, 2010. 4
[27] J. J. Moré. The Levenberg-Marquardt algorithm: Implementation and theory. In G. A.

Watson, editor, Proceedings of the Biennial Conference Held at Dundee, June 28-July 1,
1977, pages 105–116. Springer Berlin Heidelberg, 1978. 7

[28] H. Nielsen. Damping Parameter in Marquardt’s Method. Technical report, Technical Uni-
versity of Denmark, 1999. 8

[29] J. Nocedal and S. J. Wright. Numerical Optimization. Springer, New York, 1999. 7, 8
[30] H. Okamoto and M. Shoji. The Mathematical Theory of Permanent Progressive Water Waves.

World Scientific, Singapore, 2001. 4
[31] L. V. Ovsyannikov. To the shallow water theory foundation. Arch. Mech., 26:407–422, 1974.

4
[32] E. I. Parau, J. M. Vanden-Broeck, and M. J. Cooker. Three-dimensional gravity-capillary

solitary waves in water of finite depth and related problems. Phys. Fluids, 17:122101, 2005.
4

[33] D. E. Pelinovsky and Y. A. Stepanyants. Convergence of Petviashvili’s iteration method for
numerical approximation of stationary solutions of nonlinear wave equations. SIAM J. Num.

Anal., 42:1110–1127, 2004. 7
[34] L. N. Trefethen. Spectral methods in MatLab. Society for Industrial and Applied Mathematics,

Philadelphia, PA, USA, 2000. 6
[35] J.-M. Vanden-Broeck. Gravity-Capillary Free-Surface Flows. Cambridge University Press,

Cambridge, 2010. 4, 6

Université Savoie Mont Blanc, LAMA, UMR 5127 CNRS, Campus Scientifique, 73376 Le

Bourget-du-Lac Cedex, France

E-mail address : Denys.Dutykh@univ-savoie.fr
URL: http://www.denys-dutykh.com/

Université de Nice – Sophia Antipolis, Laboratoire J. A. Dieudonné, Parc Valrose, 06108

Nice cedex 2, France

E-mail address : diderc@unice.fr
URL: http://math.unice.fr/~didierc/

Departamento de Matemática Aplicada, E.T.S.I. Telecomunicación, Campus Miguel De-

libes, Universidad de Valladolid, Paseo de Belen 15, 47011 Valladolid, Spain

E-mail address : angel@mac.uva.es


	Introduction
	Mathematical model
	The numerical method
	Pseudospectral discretisation
	The Levenberg–Maquardt algorithm

	Numerical results
	Classical solitary wave of depression
	Generalised solitary waves

	Conclusions and perspectives
	Acknowledgments

	References

