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Abstract

In this paper, we consider the NP-hard problem of solving absolute
value equation (AVE). We transform (AVE) as an horizontal linear com-
plementarity problem, then we reformulate it in a sequence of concave
optimization problems. We show convergence to the original problem, er-
ror estimate, remarks about the algorithm and numerical results.
Keywords : smoothing function ; concave minimization ; complementar-
ity ; absolute value equation
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1 Introduction
In this document we consider the absolute value equation
(AVE) Az — |x| = b, (1)

where A € RV*N  p € RY and unknown 2 € RY. A more general form is the
general absolute value equation

(GAVE) Az + Blz| =b (2)

where A,B € RM*N p ¢ RM and unknown z € RY. We are here focus
on (AVE) which has received more interest in the literature. First, in [1] a
reformulation of (AVE) to a linear complementarity problem (LCP) has been
shown, which imply that (AVE) is NP-hard. In [2] it has been said that checking
if (AVE) has one or an infinite number of solution is NP-complete. Finally, [1]
and [3] give a series of existence conditions for the solutions of (AVE). Several
methods has been investigated to solve (AVE), such as a reformulation to a
concave minimization problem in [4], a smoothing Newton method in [5] or a
particle swarm optimization technique [6]. We propose in this paper an iterative
method which at each step solve a concave minimization problem.



We use a decomposition of the absolute value to reformulate (AVE) as an
horizontal linear complementarity problem, then we reformulate this new prob-
lem as an optimization problem. Set z = 2+ — 2=, where T > 0 and = > 0,
then || = 2 + 2~ with the complementarity constraint z* L z~. (AVE)
becomes

AlzT —z7)—(zt +27)=b
x>0, 27 >0 ) (3)
at La~

We reformulate this problem as a sequence of concave optimization problems
using a smoothing technique. This technique has already been studied in |7, §]
and uses a family of non-decreasing continuous smooth concave functions 6 :
R —] — o0, 1], such that

O(t) < 0ift <0, 6(0) =0 and lim 6(t) = 1. (4)

t——+o0

One possible way to build 8 functions is to consider non-increasing probabil-
ity density functions f : R, — R, and then take the corresponding cumulative
distribution function

o(t) = / f(@)dz (5)

By definition of f we can verify that

+o0 0
lim 0(t) = /0 f(z)dz =1 and 6(0) = /0 flz)dr =0. (6)

t—+oo

The non-decreasing hypothesis gives the concavity of 6.

Examples of this family are 0'(¢) = ¢/(t + 1) if t > 0 and 6'(t) =t if t <0,
6%2(t) =1 — et with t € R.

We introduce 6,(t) := 6 (L) for r > 0. This definition is similar to the
perspective functions in convex analysis. This functions satisfy

0-(0) =0 ¥r > 0 and lim 0, (t) = 1 ¥t > 0. (7)

Examples of this family are 0%(t) = t/(t +r) if t > 0 and 01(¢t) = tif t <0,
02(t) = 1 — e */" t € R. The function 6}(t) is quite useful as it can sometimes
be used as a "minimum" of this family.

Next lemma will show the link between this functions and the complemen-
tarity in one dimension.

Lemma 1.1. Given s,t € Ry and the parameter r > 0, then

slt <« li\r‘r(l)er(s) +6,(t) <1. (8)

Proof. We show by contradiction that

l%@r(s)+ﬁr(t) <l=s1t. (9)



Suppose s,t > 0, then

}1{‘% (97«(5) + or(t)) = 11{‘% 01”(5) + }1{‘% ar(t) =2 (10)

Contradiction, so s | t. Conversely it is clear that s L t = s=0o0rt=0. O

In the case of the functions 6!(z) we even have the equality in (8) and by
definition of this function we have

0L (s) + 0L(t) = 1 <= st =% (11)

Now, we will use the previous lemma to replace the complementarity constraint
by a minimization of the functions 6. We get the sequence of concave optimiza-
tion problems for r > 0
[ ming X 0@ + (@) — 1
(P) JA(@t —a~)— (2t +27)=b ' (12)
x>0, 27 >0

This paper is organised as follow. In section 2 we show convergence results,
then in section 3 we look at convergence rates, to continue in section 4 we present
the algorithm and finally in section 5 we give numerical results.

2 Convergence

We denote S,y ) the set of solution of (AVE). From now on we suppose that
SE* ‘Av ) 18 non-empty and bounded, which means that there exists a constant
M such that
M > max ||z]|e- (13)
TEST Ay )

We use a relaxed version of (P,) to generate strictly feasible iterate, avoid local
minima of the objective function and compensation phenomenon.

oming S5 0() + 0r(a) — 1
() Jb—g()lAle — g(r)e < At —27) = (¥ +27) b+ gr)|Ale + glr)e

xt 4+ 27 >g(r)e

0<zt <M, 0< 2= <M

(14)

where e is the unit vector, |A| denotes the matrix where each element is the
absolute value of the elements of A and g : R} — R is a function which goes

to 0 slower than r, that is
r
lim —— =0, 15
™0 g(r) (15)

for instance g(r) = r* with 0 < a < 1.

We show in a first step that (P,) has solutions.



Theorem 2.1. We denote SZFPT) the set of solutions of (P,) for a given r > 0.
If Stave) # () the problem (P.) has at least one solution.

Proof. Suppose that S’E‘AVE) # () then there exists a point y, = ZT+g(r) with z €
S{av gy Which is a feasible point of (P). Moreover, we minimize a continuous
function over a non-empty compact set so the objective function attains its
minimum. U

We present now two lemmas, which we will need for the convergence theo-
rems.

Lemma 2.2. Given the functions 6 and g define above and x € RN, r R%
such that x+ + 2~ > g(r)e, then

0-(z7) +0.(x;) —1>6,(g9(r)) — 1, Vie {1,...,N}. (16)

Proof. Thanks to 2™ + 2~ > g(r)e and that the functions 6 are non-decreasing
and subadditive (concave and 6,.(0) = 0), for all 7 € {1, ..., N} we have

On(z) +0r(z7) =1 = On(af +a7) -1, (17)
> 0:(g9(r)) — 1. (18)
O

Lemma 2.3. Given functions 6 and g define above, then
lim, 6, (g(r)) = 1. (19)
Proof. Using the definition of functions

lim 6,.(g(r)) = lim 6_-

N0 tm O35 (1) = 1. (20)

O

We now proceed to the convergence proof of the sequence of {z,},~¢ to an
element of S,y y, where 2, is one solution of problem (P;). We never claim
that for a given r the set of solution SE‘PT) is a singleton.

We will split this proof in two part : first, if there exists a solution of (AVE)
with no zero component, theorem (2.4), and then if every solution of (AVE)
contains at least one zero component, theorem (2.6).

Theorem 2.4. Suppose that there exists a solution of (AVE) such that this
solution has no zero component, then every limit point of the sequence {z"},~¢
of solution of (P,) is a solution of (AVE).

Proof. We note z = (2%, 27) a solution of (AVE) with no zero component such
that 2™ L 2~ and for r sufficiently small 2T +2~ > g(r)e. So z is a feasible point



of (P.). Set z" = (2"*,2") with {z,},>0 the sequence of optimal solution of
(P), then

N N
DO 0 (a7T) 1) <Y (O:(57) +0.(27) —1) <0, (21)
i=1 1=1
N
O (2] T) 4+ 0n(x] ) = 1< = D (On(afh) +0,:(2f7) — 1). (22)
J=1j#1
We remind that lemma (2.2) gives
O (x]) +0,(x;) =12 0,(9(r)) — 1, Vj € {1,...,N}. (23)
So, in (22) we get
Op(277) + 0p(2;7) <1+ (N = 1)(1 = O (9(r)))- (24)

By lemma (2.3) we have lim,_,o1 — 0,(g(r) = 0, then we consider the limit
point z = (zT,z7) of the sequence {z"},, where z+ = lim, ,o2"" and 7~ =
lim, o z"~. We obtain

h\% 0.(z7) + 0.(z;) < 1. (25)
Thanks to the equation (25) and the lemma (1.1) we have z+ 1 z~.

We now check that the limit point of the sequence of {"},~¢ is a solution
of (AVE). Let 2" be a solution of (P,) for » > 0, we have

b—g(r)|Ale —g(rje < A(@™" —a"") = (@"" +2"7) < b+g(r)|Ale+g(r)e. (26)
Going throw the limit r \, 0 we have

At —z7)— (2" +27) =0 (27)

So, Z is a solution of (AVE). O

Now we consider the second part of our convergence proof, where every
solution of (AVE) contain at least one zero component. This proof is similar to
the previous one to the difference that there exists some difficulties to satisfy
the constraints ™" + 2"~ > g(r)e. We will first show a useful lemma, which
defines a relaxed (AVE).

Lemma 2.5. Given T a solution of (AVE) andr > 0 such that g(r) < ro = ming, o | T4,
then y, = T + g(r) is a solution of (AVE),, that is the equation

(AVE), Ax —|z| =b+ g(r)Ae — g(r)é(z). (28)

Lifz;>0

5(x) € RN with 6;(x) = { Lif 25 <0
—111) X;



Proof. Since T is a solution of (AVE)
Az — |Z| = b, (29)

= Az + g(r)Ae — 7| — g(r)é(x) = b+ g(r)Ae — g(r)d(z), (30)
=  A@+g(r)e) — |z +g(r)e] =b+ g(r)Ae — g(r)o(x), (31)

then y, = Z + g(r) is a solution of (AVE), O

In the next theorem we prove the convergence in the case where every solu-
tion have at least one zero component.

Theorem 2.6. Suppose that S,y ) # 0 and that every solution of (AVE) has

at least one zero component, then every limit point of the sequence {x"},~o of
solution of (P,) is a solution of (AVE).

Proof. By hypothesis there exists at least one solution of (AVE). Using lemma
(2.5) we can build a sequence {y"},~¢ where y" is solution of (AVE), . For r
sufficiently small y, is a feasible pomt of (P,.). We can always choose the unique
decomposition of y" = y"* — y"~ such that y™* L y"~. Set 2" = (2", 2"")
with {z,},>0 the sequence of optimal solution of (P,), then

N
Y (On(xh) +0,(@7) — 1) SZ Or(y; ) —1) <0, (32)
i=1 i=1

N
O () 4 Op(af ) =1 <= D (On(afh) +0n(2]T) - 1). (33)
J=Lj#i
Again lemma (2.2) yields to
O, (7 )+ 0p(277) <1+ (N = 1)(1 —0,(g(r)))- (34)
By lemma (2.3) we have lim, o1 — 0,.(g(r) = 0, then we consider the limit

point Z = (Z7,Z7) of the sequence {z"},, where Z7 = lim, 02" and z= =
lim,_,o z"~. We obtain

li (zF (z7) < 1.

7"1{% 07 (xz ) + 97 (‘rz ) — (35)
Thanks to the equation (35) and the lemma (1.1) we have z+ 1 z~.

Finally we verify that Z is a solution of (AVE). Let 2" be a solution of (P,)
for r > 0, we have

— gl Ale—g(r)e < A@@™ —a") = (@7 +277) < b+ g(r)|Ale+g(r)e. (36)
Going throw the limit » \, 0 we have

Azt —z7)— (@t +z27) =0 (37)

So, Z is a solution of (AVE). O



3 Error estimate

In this section we study the behaviour of the sequence of {2"},~¢ optimal solu-
tion of (P,.) when r becomes small.

We remind the definition of the Landau notation O often used in the context
of asymptotic comparison. Given a real a and two functions f and h. We have

f(@) = Opsa(h(2)) it Vo, [z —a] <d = |f(z)| < Clh(z)]. (38)

We denote O(h(x)) when the real a is 0.
We first show a useful lemma, which doesn’t need the hypothesis of the
existence of a solution without zero component.

Lemma 3.1. Let SE‘AVE) # () and choose functions 0 such that 6 > 0, with
0,(t) =t/(t +7) fort > 0. We have for a” € S{y, , that

ital” < O(g(r)r) Vi€ {1,..., N}, (39)
with 2~ is the componentwise product.

Proof. Set i € {1,...,N}. We have thanks to the convergence proof of the
theorem (2.4) that for r sufficiently small the following holds

O, (7 ") + 0p(277) =1 < (N = 1)(1 = 0,(g(r)))- (40)

By using ' function

O (i) + 0, (a]7) =1 < Op(af") 4+ 0,(2]7) — 1, (41
< (N =11 =0:(g(r))), (42)
< (N =11 =0(9(r)), (43)

zlt z]~ g(r)

i T <(N—1)(1 - < (N = 1)g(r), 44
Sty SV AR S (Vo) )
20T T bl T bl — 2l T2l — vl T — T — 2

3 3 ? 3 ? 3 ? 3 < N _ 1 5

Tt (N = 1)g(r5)

r+,. 17— 2

S T o(N-1 46
e < OV ) (46)
B =17 < (N = Dg(r) (a2 + e}t el +17), (47)

_ 1+ (N -1) (N = 1) (2]t +277)
T <2 —_— t L 48
SO TR e T T e @
and the results. 0

We first show an error estimate for the part of the iterate which is going to
ZET0.



Proposition 3.2. Let S{AVE) # (. Given T an accumulation point of the
sequence {z"}, solution of (P.). We split * = ¥ + = with one at least is
always zero and v7 = "7 + x"~. The convergence of the variable z™T or z™~
to the possibly zero part of the accumulation point is done in O(r).

Proof. Set i € {1,...,N}. We will work with one component. Suppose that
;Ej = 0. The opposite case is completely similar. Lemma (3.1) and using that

x" is feasible (z" T + 2"~ > g(r)) gives

zita]™ < O(rg(r)), (49)
a;t < M, (50)
oS g(r) (&1)

it — ()i <o) (52)
O

In the next theorem we are interested in the error estimate of the possibly
non-zero part of the solution in the couple (z*,z7).

We will present the Hoffman’s lemma, which we need in the proof of the next
theorem. This lemma gives an error bound in the case of a convex polyhedron
depending on the matrix A and the residual vector (Az — b)* = I+ (Az — b).

Lemma 3.3 (Hoffman’s lemma). [9] Given a convex polyhedron P such that
P ={z | Az <b}. (53)

We set dp(x) the distance between x and P, by choosing a norm ||.||, where
dp(z) =infyep ||y — x||. There exists a constant K which only depends on A,
such that

Vb, Vr € R" : dp(x) < K||(Az — b)T||. (54)

Remark that if the constraints are given by Ax = b with A a full-rank
matrix instead of Ax < b then the polyhedron contains only one point and we
can estimate the constant as K = ||A~}|.

Theorem 3.4. Let SE*AVE) £ 0. Given T an accumulation point of the sequence
{2"}r>0 solutions of (P.). For r sufficiently small

ds-(2") = O(g(r)) (55)

where S* denote the intersection of SE“AVE) and a neighbourhood V of T, such
that any point in V has the same sign than .

Proof. We split the proof in two cases, either min;ery . ny [Zi] # 0, either Ji €
{1,..,N}, z; =0.



) First, suppose there is no zero component in . We set a = mlnle{l _____ N} |:Tcz|/2
and a nelghbourhood V of Z defined as

V = Boo(Z,a) = {x | nax |z — T < a}. (56)

So Vx € V, Z and z have the same sign. We set D = diag(6(Z)), where
lifx; >0
—1lif ;<0

By taking S* = {x € R" | Az— Dz = b} NV we obtain a convex polyhedron.
This set is non-empty because £ € S*. In the neighbourhood V' the resolution
of Ax — Dx = b gives a solution of (AVE). Now we can use Hoffman lemma.

For r sufficiently small z,, € V and then

§(z) € RN with §;(z) =

(A-D)a" — b
ds- (") < K| (2" —Ol—l“ﬁ < K(|(A=D)a" =b| + [[(=" — o — 2(p7)
(—2" —a+1x)*T
+ (=" —a+2)"), (58)
K|[(A = D)z" —bl, (59)
= K[JAz" —|2"[ = b]|. (60)
As z" is feasible for (P,), we have
[Az" — [z = bl = |lg(r)Ae — g(r)d(z")]l, (61)
= [[(Ae =a(z"))g(r)]], (62)
< [Ae = a2 lg(r)l; (63)
= |[Ae—d(z")lg(r) = O(g(r)). (64)
We add this in (57)
ds- (") < Kl[Ae = 6(z")||g(r) = O(g(r))- (65)

b) Now we move to the case where 3i € {1,..., N}, Z; = 0. We denote
o(t) = {ilt; # 0}. We set a = min;eq(z) |7:]/2 and a neighbourhood V of Z
defined as

V = Bo(Z,0) = {z | Ienz%x) |z — 7| < a}. (66)

V' is non-empty because z € V. For all z € V,  and = have the same sign only
for the components z,; with ¢ € o(Z ) For r sufficiently small we have 2" € V.

By taking S* = {z € R" | Ar—Dx =b, Dx > 0}NV with D = diag(é(a"))

we obtain a convex polyhedron. The choice of D depending on z,. is not restric-

tive as we can always take a subsequence of the sequence {x,},~0, which con-

verge to T, with constant signs near Z. This set is non-empty because Z € S*.

In the neighbourhood V' the resolution of Az — Dx = b with the constraints



Dz > 0 gives a solution of (AVE). We can use Hoffman lemma

(A—=D)a" —b

A e e R (G

(—=Dz)*
+ l(=2" —a+2)"[| + (=Dx)"), (68)
= K[(A=D)2" = bl, (69)
K| Az" — |z"| — b]|. (70)
As z" is feasible for (P,), we have
[Az" — |z"| = bl < [lg(r)Ae —g(r)d(z")]], (71)
= [|(Ae—=d(z"))g(r)]], (72)
< |[Ae =@l lg(r)l, (73)
= [lAe—=d(z")llg(r) = O(g(r)). (74)
We add this in (67)
ds- (") < Kl[Ae = 6(z")||g(r) = O(g(r)), (75)
O

Remark 1. We can be a bit more specific in the case where (A — D) is invertible.
In this case S* = {Z}, so (55) becomes

[la" = || < [|(A = D)~] [[Ae — 8(x)[lg(r) = O(g(r)). (76)

This case correspond to the special cases where (AVE) has some isolated solu-
tions.

4 Algorithm

In the two previous sections we have seen theoretical results about convergence
and error estimate of an algorithm to find a solution of (AVE). In this section
we focus on the algorithm and we make some remarks about the parameters

and the implementation. We have the generic algorithm with C the feasible set
of (Prk).

{Tk}kENa TO >0 and lim ’/‘k =0
k—+o00 . (77)

Theta-AVE
| ] find 2% : 2% € arg Irélél S Ok (@) 4 Opr (z) — 1
xT

Remark 2 (About the optimization problem in practice). When implementing
our algorithms one should probably more likely use the initial problem (PT) with
infeasible iterates, which will have improved numerical behaviour and also may
add the constraint ™ + 2~ > g(r)e otherwise the sequence will possibly go to

a local minimum with a zero component.

10



Remark 3 (About the use of functions ). In this study we put the variables in
a compact set. One should note that the functions 6 are more efficient when
their arguments lives in [0, 1]. Also, we use one way to express complementarity
with lemma (1.1) another way, which we will use in the numerical study, is to

use the following
0.(s) + 0,.(t) — 0,.(s +1t) =0. (78)

Remark 4. [Acceleration and precision heuristic] At each step in r we solve the
concave optimization problem to get the current iterate. The following heuristic
can be rather useful to accelerate convergence when we are close to the solution
and ensure a good precision. After finding the current iterate z* we solve if
invertible the linear system

(A — diag(d(2"%)))z = b. (79)

We then check if z solves (AVE). If it does, then the algorithm is finished and we
solved (AVE) with the same precision as we solve the linear system. Otherwise
we just continue the iteration in 7 with z*.

Remark 5 (About the parameters). More than the choice of objective expression
and the choice of # functions stay some parameters : «, rg and the update in r.
All this parameters are used in the constraint % + 2~ > g(r)e with g(r) = r®
and 0 < a < 1. It has been shown in the error estimate theorem that the
convergence to zero part of the solution is in g(r) so we have all interest to take
a as big as possible, for instance o = 0.99. Also we understand that there is a
link between the value of o and update of r. About this one we choose to select a
constant sequence of value with an update constant 7, so that r*+1 = % When
you decrease this update constant you are allowed to increase «. Finally about
the rp we can use the relation in one dimension mentioned in the introduction
of functions §!

01 (s) +0L(t) = 1 <= st =12 (80)

5 Numerical Simulations

Thanks to the previous sections we have keys for an algorithm, we will show
now some numerical results. These simulations have been done using MATLAB,
[10], with the free software package for convex optimization CVX, [11]. We
will use SLA algorithm (successive linearisation algorithm) to solve our concave
minimization problem at each iteration in r. This algorithm is a finitely timestep
Franck & Wolf algorithm, [12].

Proposition 5.1 (SLA algorithm for concave minimization). Given ¢ suffi-
ciently small and r*. Denote C the feasible set of (P.x). We know z¥F =
zFt — 25~ and we find 2T as a solution of the linear problem

min  yTIVO,x () 4y TVO, (27F), (81)
yty-eC

11



0—

with y° = y°* — 4%~ a random point. We stop when

2" e O and (2FH — 2%)IV0,k (2F) < e (82)

This algorithm generates a finite sequence with strictly decreasing objective func-
tion values.

Proof. see [[12], Theorem 4.2]. O

Also in the linearization we add a supplementary stopping criterion if we
find a solution of (AVE).

In (table 1) we initialize our data the same way as in [6], which means that
we consider some randomly generated (AVE) problem with singular values of A
exceeding 1 where the data (A, b) are generated by the Matlab scripts:

n=input(’dimension of matrix A =’);
rand(’state’,0);

R=rand(n,n);

b=rand(n,1);

A=R’>*R+nxeye(n) ;

for n = 4 to 1024 in power of two.

The required precision for solving (AVE) is 1076 and thanks to the heuristic
from remark (4) we get in the worst case 10710, We use for r update the constant
T = 1.8, as an initial r value rg = \/ﬁ, the functions #', a = 0.99. For every
n we solve 10 instances of the problem, results are sum up in (table 1). In every
cases our method solves the problem, also we notice that the time required to
solve problem is increasing significantly when the dimension grows.

Now we are interested in another example, initializing the data like in [4]
for several n and for several values of the parameters, in each situation we solve
one hundred instances of the problem.

"Choose a random A from a uniform distribution on [—10, 10], then choose
a random z from a uniform distribution on [—1,1] and set b = Az — |z]."

For each situation we compare our methods with the method presented in
[4]. We give "nnztot" the number of violated expression for all problems, "nnzx"
the maximum violated expression for one problem, the number of iteration in
r "out-iter", the number of linear program solve for all the problems "in-iter".
Finally we give the time needed in seconds, the minimum value of r "r;,;,"
where we manage to solve an instance, the number of problem where we didn’t
manage to solve (AVE), "Theta-AVE", which we will compare with the number
of failure of SLA based method [4], "MM". We run large number of simulations
with different configurations of the parameters and show here the best results.

In (table 2) and (table 3) we use the objective function as presented in this
paper with different 6 functions, in the former with 6!(t) = ¢/(t +r) and in the
latter with #2(t) = 1 — e~*/". We can see that our methods slightly improves
the number of failure compare to MM algorithm, except from the case n = 256
in (table 3).

12



In (table 4) and (table 5) we only use function ' but with the different
objective function proposed in last section, equation (78). In this case we don’t
necessarily need to put the constraint z+ 4+ x~ > r®. We can see that we
improved the number of failure from the two previous methods and we get
improved results compare to the SLA based method. This can be explained as
we noticed that for very low values of r we still manage to find new iterates, see
value of 7r,,;,, and also explains the fact that we need more iterations and more
time.

In order to confirm the validity of our method we consider two concrete
examples. The first one is a second order ordinary differential equation with
initial conditions and the second example is an obstacle problem.

We consider the ordinary differential equation

E(t) — |z() = 0, #(0) = o, #(0) = . (83)

We get an (AVE) by using a finite difference scheme to linearize this equa-
tion. We use the following second-order backward difference to approximate the

derivative
Ti_g — 2T 1 +

2h
Equation (84) was derived with equispace gridpoints x; = i¢h, i = 1,...N. In
order to approximate the Neumann boundary conditions we use a center differ-
ence

x| =0. (84)

U_1 — U
2h

In (figure 1) we compare the resolution of equation (83) using MATLAB, [10],
ode45 function with the resolution using finite difference scheme and ThetaAVE.
The domain is ¢ € [0, 4], initial conditions zyp = —1, v = 1 and N = 100.

We see that our method gives coherent results.

The second example is an obstacle problem. We try to find a trajectory
joining the bounds of the domain with obstacle, g, and a minimal curvature, f.
This can be formulated as the following equation

=. (85)

(i(x) = f(2))" (u(z) — g(2)) = 0, i(z) - f(z) 20, u(z) —g(z) 20. (86)

We approximate the second order derivative with a second-order central dif-
ference, then the problem (86) is similar to the discrete version on an equispace
gridpoints z; = ih, i =1,...N.

(Du—f)(u—g)=0, Du~f>0, u=g>0, (87)
where g; = g(x;), fi = f(x;). This can be reformulated as a linear comple-
mentarity problem with by setting z = w — g, M = D and ¢ = Dg — f, that

is
(Mz+q¢)T2=0, Mz4+¢>0, 2>0. (88)
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which if 1 is not an eigenvalue of M is equivalent to (AVE), ([1], Prop. 2),
(M—1)""(M+ Dz —|z| = (M -1)"'q. (89)

We give results for our method and MM method from [4], with g(z) = max(0.8—
20(x — 0.2)%, max(1 — 20(z — 0.75)2,1.2 — 30(x — 0.41)?)), f(z) =1, N = 50 in
(figure 2).

Both methods gives 17 points on g and none under g over 50 points. Once
again our ThetaAVE method gives coherent results.

Conclusion and Perspectives

In this paper, we have proposed a class of heuristics schemes to solve the NP-
hard problem of solving (AVE). We compared our methods with some existing
methods, [6] and [4]. In each case our Theta-AVE algorithms manage to improve
the number of failure, which was our principle aim.

Further studies can improve the choices of parameters in order to reduce
the time needed to solve the problems, especially when the dimension grows.
Also the last results involving another way to express the complementarity show
promising results, so we can wonder if it is possible to improve our algorithms in
this case and if there exists other similar reformulation of the complementarity
which can give even better results.
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Table 1: Theta-algorithm for (AVE) in the case with singular values of A exceed-
ing 1. Parameter : r = /1.8, a = 0,99, 79 = VsTt, rmaz = 10~*. Function :
6'. Objective function : 6 + 60 — 1.

n nb of instances nbr nb LP time

4 10 21 42 2.9

8 10 69 138 9.986
16 10 10 20 1.3614
32 10 31 62 4.7856
64 10 40 80 8.5690
128 10 30 60 11.4376
256 10 60 120 93.5494
512 10 70 140 702.1368
1024 10 70 140 4880.7

Table 2: Theta-algorithm on one hundred random cases of (AVE). Parameter
cr=1r/18, a = 0,99, ro = VsTt, 74, = 1074 Function : #'. Objective
function : 46 — 1.

n  nnztot nnzx  out-iter in-iter  time Timin Theta-AVE MM

32 9 1 407 963 107 0.0144 9 11
64 7 1 452 1297 159  0.0048 7 15
128 11 1 964 1890 427 0.0048 11 11
256 15 1 690 2381 2585 0.0014 15 16

Table 3: Theta-algorithm on one hundred random cases of (AVE). Parameter
cr=1r/2, a =0,9999, ro = VsTt, rpip = 10~%. Function : #2. Objective
function : § +60 — 1.

n nnztot nnzx  out-iter  in-iter  time Tmin Theta-AVE MM
32 6 1 340 841 94 0.0081 6 11
64 10 1 432 1193 196 0.002 10 15
128 10 2 480 1461 481  0.0041 9 11
256 20 2 642 2130 2337 0.0018 19 16

Table 4: Theta-algorithm on one hundred random cases of (AVE). Parameter

tr=1/2, 1o = \/max(s;t;), rfin = 1078, Function : #'. Objective function :
0(s)+6(t) —0(s+1t).
n nnztot nnzx  out-iter in-iter time Timin Theta-AVE MM
32 4 2 293 7378 602  3.36e-6 3 11
64 4 2 336 9495 1039 3e-6 3 15
128 8 2 338 9557 2004  3.6e-6 5 11

16



Table 5: Theta-algorithm on one hundred random cases of (AVE). Parameter

cr =1/2, g = VsTt, 74, = 1078, Function : 6. Objective function :
O(s)+6(t) — 0(s +1t).
n nnztot nnzx  out-iter in-iter  time Tmin Theta-AVE MM
32 5 2 312 8062 647 3.4e-6 3 11
64 7 2 354 10038 1118 3.8e-6 5 15
128 4 2 356 10400 2156  3.9e-6 2 11
=
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Figure 1: Numerical solution of equation (83) with edo45 and ThetaAVE.
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Figure 2: A solution of the obstacle problem (86) with ThetaAVE and method
from [4]
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