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ON THE BOUND STATES OF SCHRODINGER OPERATORS WITH §-INTERACTIONS ON
CONICAL SURFACES

VLADIMIR LOTOREICHIK AND THOMAS OURMIERES-BONAFOS

ABSTRACT. In dimension greater than or equal to three, we investigate the spectrum of a Schrodinger operator with a
d-interaction supported on a cone whose cross section is the sphere of co-dimension two. After decomposing into fibers,
we prove that there is discrete spectrum only in dimension three and that it is generated by the axisymmetric fiber. We
get that these eigenvalues are non-decreasing functions of the aperture of the cone and we exhibit the precise logarithmic
accumulation of the discrete spectrum below the threshold of the essential spectrum.

1. INTRODUCTION

1.1. Motivation. Some physical systems are efficiently described by Schrodinger operators with singular §-type
interactions supported on various sets of zero Lebesgue measure (points, curves, surfaces or hypersurfaces). For
instance, these operators are used to approximate atomic Hamiltonians in strong homogeneous magnetic fields [§]
or photonic crystals with high-contrast [20]. The spectra of such Schrodinger operators are related to admissible
values of the energy in quantum mechanics or, to admissible propagation frequencies of electromagnetic waves in
optics.

A natural issue is to understand how the geometry of the support of the J-interaction influences the spectrum of
these Schrodinger operators. This question is important, not only because of prospective applications in physics, but
because it is also mathematically relevant in spectral geometry. For references on this topic, we refer to the review
paper [13], the monograph [17] and the references therein.

In dimension two, for J-interactions supported on curves, the question of finding a connection between the spectrum
and the geometry was first addressed in [14]. In that paper, the authors consider two-dimensional Schrédinger
operators with attractive d-interactions supported on asymptotically straight curves. Provided that the curve is not a
straight line, they prove that there exists at least one bound state below the threshold of the essential spectrum. In the
same spirit, we mention the special case of J-interactions supported on broken lines, investigated in [7, 12, 16, 18].

In dimension three the state of the art is not as complete as in dimension two. Instead of dealing with asymptoti-
cally straight curves, one is interested in attractive d-interactions supported on asymptotically flat surfaces and such
Schrodinger operators were first studied in [15]. Provided the cross section is smooth, infinite conical surfaces give
rise to a family of asymptotically flat surfaces. The special case of a circular cross section is investigated in [3]
where the main result is the existence of infinitely many bound states below the threshold of the essential spectrum.
Moreover, the authors bound from above the sequence of eigenvalues by a sequence which converges to the thresh-
old of the essential spectrum at a known rate. Nevertheless, sharp spectral asymptotics on the number of eigenvalues
remained unknown so far. We tackle this question in the present paper and give the precise rate of accumulation. It
is reminiscent of [11], where the authors exhibit a similar result for a Dirichlet Laplacian in a conical layer. In this
last paper, the authors also study the behaviour of the eigenvalues with respect to the aperture of the cone. Here, we
restrain ourselves to show that the eigenvalues depend monotonously on the aperture of the cone.

In dimension greater than or equal to four very little is known so far. In the special case of an attractive J-interaction
supported on a hyperconical surface we prove that there is no discrete spectrum. Because a hyperconical surface
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splits the Euclidean space into a convex domain and a non-convex conical domain, it is worth mentioning that
this result strengthens the difference with Robin Laplacians in convex circular conical domains. Indeed, according
to [25], these Robin Laplacians have infinite discrete spectrum for any dimension greater than or equal to three.

Finally, we emphasise that, for attractive d-interactions supported on conical surfaces, the structure of the essen-
tial spectrum strongly depends on the smoothness of the cross section. For attractive -interactions supported on
general non-smooth conical surfaces this structure is expected to be more involved and we refer to [5] for similar
considerations about magnetic Laplacians on non-smooth conical domains.

1.2. Hamiltonians with J-interactions on conical surfaces. For d > 3, let (z1, 2,23, ...,24) be the Cartesian
coordinates on R?. (L2(R%); (-,-)ga) and (L2(R?; C?),(-,-)ga) denote the usual L2-space and the L2-space of
vector-valued functions over RY, respectively. The first order L2-based Sobolev space over R? is denoted by H' (R%).
We define the function R? 5 x — p(z) € Ry as

d—1
(1.1) p(x) ==/ > 7}
and introduce the conical hypersurface Cq 9 C RY, as
(1.2) Cap = {z = (x1,22,...,24) € R%: 24 = (cot O)p(z)}, 0 € (0,7/2).

The parameter 6 is the half-opening angle (aperture) of the cone (cf: Figure 1.1). Since there is no possible confusion,
we denote the conical hypersurface by C instead of C,4 9. We also denote by (L?(C); (+,-)¢)) the L2-space over C.

FIGURE 1.1. The cone Cq, in dimension d = 3.

For o > 0, we introduce the symmetric, densely defined sesquilinear form
(13) Qa,C[uvv] = (Vuvvv)Rd - a(u|CaU|C)Ca dom QQ,C = Hl(Rd)
This form is closed and semibounded in LQ(Rd) (cf-, e.g., [6, Sec. 2] and [2, Prop. 3.1]).

Definition 1.1. By the first representation theorem ([22, Ch. VI, Thm. 2.1]), the form Q. ¢ is associated with a
self-adjoint operator H,, ¢ acting on L? (RY). This operator is called Schridinger operator with §-interaction of
strength o > 0 supported on C.

The operator H,, ¢ can be understood as the Laplacian on R? with a §-type coupling boundary condition on the
conical surface C. Formally, one can write Hy, ¢ = —A — ad¢ or Hy e = —A — ad(x — C). We refer to [2], for a
rigorous description of the action of H, ¢ and of its domain.

1.3. Notations and main results. We introduce a few notation before stating the main results of this paper. The set
of positive integers is denoted by N := {1,2, ...} and the set of natural integers is denoted by Ny := N U {0}. Let
T be a semi-bounded self-adjoint operator associated with the quadratic form t. We denote by oess(T) and cqis(T)
the essential and the discrete spectrum of T, respectively. By o(T), we denote the spectrum of T (i.e.o(T) =
Oess (T) U 0dis (T))
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We set Foss(T) := inf 0ess(T) and, for k € N, E}(T) denotes the k-th eigenvalue of T in the interval (—00, Eess(T)).
They are ordered non-decreasingly with multiplicities taken into account. We define the counting function of T as

Ne(T) = #{keN: By(T) < E},  E < Eo(T).

When working with the quadratic form t, we use the notations ess(t), dais(t), o(t), Fess(t), Ex(t) and Ng(t)
instead.

The first result is about the characterisation of the essential spectrum and the qualitative description of the discrete
spectrum for H, ¢.

Theorem 1.2. Let § € (0,7/2) and o > 0. The following statements hold:

(i) for any dimension d > 3, 0ess(Hac) = [—042/47 +00);
(i) for d = 3, #04is(Ha,c) = 00;
(iii) for d > 4, #04is(Hac) = 0.

Note that Theorem 1.2 was already known in dimension d = 3 (cf. [3]). As the proof of the structure of the essential
spectrum in dimension d > 4 follows exactly the same lines as the one exposed in [3, §2] (in dimension d = 3),
we omit it here for the sake of brevity. The absence of discrete spectrum in item (iii) differs from the results in
[14, 15] where, in dimension d = 2 or d = 3, it is shown that geometric deformations always induce bound states
(at least for o > 0 sufficiently large). To prove item (iii), we show that the operator H, ¢ is unitarily equivalent to
an infinite orthogonal sum of self-adjoint fiber operators and that the spectrum of each fiber operator is included in
[—a2/4,+00).

Then, relying on Theorem 1.2, we focus on properties of the discrete spectrum of H,, ¢ in dimension d = 3.

Proposition 1.3. Let « > 0. In dimension d = 3, for all k € N the functions, 0 — Ej(Hq c) are non-decreasing
on (0,7/2).

This proposition is reminiscent of a similar result in [18] for §-interactions supported on broken lines. Nevertheless,
our proof is somewhat simpler since we do not use the Birman-Schwinger principle. The idea of the proof is to show
that the discrete spectrum of H,, ¢, below the point —a? /4, coincides with the discrete spectrum of the lowest fiber
operator below the same point. Then, one can show that the lowest fiber operator is unitarily equivalent to another
operator, whose form domain is independent of 8 and whose Rayleigh quotient is a monotone function of 6.

Finally, we state our main result on the spectral asymptotics of H, ¢ for d = 3.

Theorem 1.4. Let 6 € (0,7/2) and > 0. In dimension d = 3, we have

cot 6

-Nla2/4—E(Ha,C) ~ - |1n(E)|, E—0+.

The proof of Theorem 1.4 is inspired by a similar strategy developed in [11] for Dirichlet conical layers. Loosely
speaking, we reduce the spectral asymptotics of H, ¢ to the known spectral asymptotics of the one-dimensional
Schrodinger operator

d? 1 1

dz?  4sin? g 22’
with Dirichlet or Neumann boundary condition at x = 1. To this end, we use Dirichlet and Neumann bracketing
combined with an IMS formula (cf. [9]). We emphasise that the geometry of the bracketings depends on the spectral
parameter in a more sophisticated way than in [11]. Moreover, to estimate the operators involved in the Dirichlet
and Neumann bracketings, we need spectral properties of two specific one-dimensional Schrodinger operators with
a §-point interaction.

on (1, +00),
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1.4. Organisation of the paper. In Section 2, we reduce the study of H,, ¢ to a family of two-dimensional operators
(fibers). This reduction allows to understand the structure of the discrete spectrum mentioned in Theorem 1.2 and
to prove Proposition 1.3. After introducing one-dimensional model operators, Theorem 1.4 is proven in Section 3.
Finally, we conclude the paper with Appendix A about some properties of fiber decompositions.

2. FIBER DECOMPOSITION AND ITS FIRST APPLICATIONS

In this section we prove Theorem 1.2 and Proposition 1.3. To take advantage of the symmetry of the problem, we
work with a description of H,, ¢ in cylindrical coordinates. Then, we reduce the study to a family of two-dimensional
operators (fibers). For d = 3, the fiber decomposition is also used in the proof of the spectral asymptotics in
Section 3.

2.1. Hyper-cylindrical coordinates. Since the conical surface C is axisymmetric, the problem is better described
in (hyper-)cylindrical coordinates with x4 as the reference axis. Let us denote these coordinates by (r, z, ¢) €
Ry xR x S92, where S¥=2 2 [0, 7]?~3 x [0, 27) is the unit sphere of dimension d — 2 and m4_ its natural surface
measure. We can write ¢ € ST"2 as ¢ = (¢1,...,Pa—2) € [0,7]?3 x [0,27) and, forall k € {1,...,d — 2}, we
have

k—1 d—2
(2.1) T = r< H sinqﬁp) COS P, Tg—1 =T H sin ¢p, 4= z.
p=1 p=1

For further use, we introduce the meridian domain Ri = Ry x R, the meridian ray
(2.2) Ty := {(r,z)ERi: z:rcotH},
Now, we introduce some notations related to the cylindrical coordinates.

Notation 2.1. L2, (R9) denotes the Hilbert space

L2,(RY) = L2(R2 x §72, 1% 2drdzdmy_»(g)).

cyl

Similarly, we define the Sobolev cylindrical space H, c1y| (R9) by
HL(RY) := {u € L2,(RY) : 0,u, Du, v~ | Vgaou| € L (RY)},

cyl cyl cyl
endowed with the norm
HuHiIclyl(Rd) = ”uH%?yl(Rd) + HaTuH%?w(Rd) + ||azu||%?yl(Rd) + ||’r‘_1|v§d—2u|||%?yl(Rd)7
where Vga—» is the surface gradient on S*2.

Cy° (@) denotes the space of infinitely differentiable functions with compact support in @ and we introduce the
space C3% (R ) defined by
C35T) = {u € C(F) - uleco = 0}

The change of variables (2.1) maps the whole space R? onto Ri x S92 and H, ¢ becomes the unbounded self-

adjoint operator L, ¢ acting on Lfy, (R%). By the first representation theorem, L, ¢ can be seen as the operator

associated with the quadratic form Q;yjc, defined by the expression of () ¢ in cylindrical coordinates:
cyl —
Qa}:c[u] = H&«uHigyl(Rd) + HazuHiczw(Rd) + ||'r 1|VSd72’UJ|H%?YI(Rd)
- a/ lu(ssin @, s cos ), ¢)|*dsdmg_2(¢).
]R+ xS§d—2

dom Q¥ := HY,(R?).

cyl
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2.2. Spherical harmonics. First, we recall some known results on the spherical harmonics that can be found, e.g. ,
in [28, Chap. IV §2]. —Aga» denotes the Laplace-Beltrami on the sphere S?~2 and its eigenvalues are given by
I(l+d — 3), with ] € Ny and the associated eigenspaces, denoted by gl‘H, are of dimension

d+1-2 d+1—14 n T
d,l) = - h — ) F@m—m Z R,
b0 ( d—2 > ( d—2 ), where </€> { 0 otherwise.

Moreover, for all k € {1,...,¢(d,1)}, we denote by Ylfl,; ? the usual spherical harmonics. For all | € Ny and
ke {l,...,c(d,1)}, they satisfy
DY =10 +d=3)Y5 % G = span  {Vi7?)
’ ’ ke{l,...,c(d,)}

Finally, the family of all the spherical harmonics forms an orthonormal basis of L?(S?2); i.e.,

spanGj? = L2(S*72).

leNp
Now, decomposing into spherical harmonics and according to the terminology of [26, §XIII.16], we have the con-
stant fiber sum

L*(R2 x S472 ri=2drdzdma_o(¢)) = L*RZ,r?2drdz) @ L*(S*7?)
c(d,l)

P P L3, r*2drdz).

1eNg k=1

Secondly, for any function u € L?yl (R9), we define

(rp)(r,2) = (w YS?) | = /S a2 0¥ (@)dmas (6).

§d—2

We consider the family (I1; & );eng,kef1,....c(d,1)} Of orthogonal projectors on Lfyl (R?), defined as

(2.3) (I k) (r, 2, @) = (mpu)(r, 2)Y, 5 2(6).

(R9), we know that IT; j, (H}

cyl (Rd)) C Hl

ol (R%). We introduce

By definition of the spherical harmonics and H clyl
the quadratic forms

2.4) QMY ) == QY L, dom QLY = m(HL(RY).

By straightforward computations we first notice that the forms Q[olf,]f‘]g do not depend on k and to simplify, we drop
the index k. Thirdly, we get

! I(l+d—3) B
QU= [ (1l + 100 + =D )iz
R+
(2.5) - a/ lu(ssin @, s cos 0)[>s?~2 sin?~2 0ds,
Ry

doQO ~f {u:u,0u,0.u € LA(RZ, ri2drdz)}, =0,
ale = {u:u,du,0u,r~tue L*(R%,ri"2drdz)}, 1+#0.

We refer to [4, §11.3.a] for a full description of the domains of the above forms when d = 3.

Using (2.4), one can show that the quadratic forms Qz]_’n} are symmetric, closed, densely defined and semibounded

2
on 7,k (Lcyl

associated with a self-adjoint operator L[ci],re acting on L?(R%, r¢=2drdz).

(R?)) = L*(R%, r*~2drdz). Hence, by the first representation theorem, each quadratic form Qg]re is

Using the precise description of dom L, ¢ givenin [2, Thm. 3.3 (a)] and the symmetry of C, one can show that

M ;(dom L, c) € domblayc, Lac(Ix(domlyc)) C g (L2,(R)).

cyl
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]

a.To and

The first representation theorem implies that the operator 7 j La,C|Hl’ w(dom L, ¢) can be identified with L
that they have the same spectrum. By [27, §1.4], the operator L, ¢ decomposes as

c(d,l)

(2.6) Loc =@ P LY,

leNg k=1
(1]

The self-adjoint operators L, .,

are the fibers of L ¢ and this decomposition yields

2.7 7(Hac) = 0(Lac) = Uien, Uy o (LY ) = Urerpo (L),

For further use, for all d > 3 and [ > 0, we define CO(Q[” ) as

a,l'y

0 )::{CB}?@(@), when (d, 1) = (3,0), 1>0,

Co
(QQTQ Ce°(R%), otherwise.

With this definition, CO(QMFQ) is a form core of QE].,FQ (¢f- Proposition A.1).

@,

2.3. Flat metric. In this subsection, after reformulating the problem in flat metric, we study the quadratic forms
QZ{FB with the help of a unitarily equivalent form. First, we formulate the following proposition.

Proposition 2.2. Let H and G be two Hilbert spaces and let U: H — G be a unitary operator. Let s be a closed,
densely defined, symmetric and semibounded quadratic form on the Hilbert space H. Define the quadratic form t by

t[u] := s[U" 0], domt := U(domss).
With this definition, the following statements hold.
(1) The form tis closed, densely defined, symmetric, and semibounded on the Hilbert space G; and we say that s
and t are unitarily equivalent.

(ii) The respective self-adjoint operators T and S (associated with these forms) are unitarily equivalent and the

relation S = U~ TU holds.
(iil) If Co(s) is a form core of s, then U(Co(s)) is a form core of .

Proposition 2.2 is a direct consequence of the definition of t and the definition of the unitary transform.
Secondly, we introduce the following unitary transform
(2.8) U: L*(R2,r%2drdz) — L*(R?), (Uu)(r, z) := =D 2y (r 2) = U(r, 2).

Proposition 2.3. Let d > 3 and | € Ny be such that (d,l) # (3,0). Then QEQF@ is unitarily equivalent to the
quadratic form

~ d,1
QY ;:/ (|ara|2 102 + LZ;)WP)deZ - a/ |ii(s sin 0, s cos 0)[2ds,
' R2 r Ry
dom QY = U(dom QY ),

a,ly a,l'y

where (d,l) = I(l +d — 3) + £(d — 2)(d — 4) > 0. Moreover, U(CO(QE},FQ)) is a form core of @Eﬂre and any
Sfunctionw € U(CO(Qg],FQ)) satisfies U)o = 0.

Proof. Let (d,1) # (3,0). First, we define the quadratic form @le],l“e as

@g],re [u] := QZ]7F9[U711~1,], dom @g],re := U(dom Q([)i],l—‘g)7
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with U as in (2.8). By Proposition 2.2 (i) we know that @Eﬁre is a closed, densely defined, symmetric, and semi-
bounded quadratic form on L2 (R%r) To get the expression of Q[ci],re stated in Proposition 2.3, it is sufficient to check

it on a form core of Q[i]r . Consequently, let us choose u € CO(Q[O{{FQ) and set & := Uu. Then, we have
~ _ ~ I+ d 3
Qll, 1) = @il b0 = [ 0 [ (0 + T2 ) dra
+
- a/ |u(ssin 6, s cos 0)|?ds.
Ry

A simple computation yields

~ (d—2)% _ d— 2

af? + Sl - S o).
Integrating over » € R the last term in (2.9), and integrating by parts, we end up with

1 1 1
(2.10) / ﬁar(|a|2)rd*20|r:/ —0,(|[u)*)dr = lim (r*1|a|2)—1im(r*1|a|2)+/ — [ul*dr.
R, T R, T r—0 Ry T

r——4o00

(2.9) Orul® = |0, (r~“4=2/27) 2 =

The two limits in (2.10) make sense and both are equal to zero. Indeed, we have r~1|i|? = |u|?793, and u is
compactly supported, so |u|? = |u|?r?=2 — 0 as r — +oo and the first limit in (2.10) is zero. Now, when d = 3,
u € C5y(R3) so, rHal? = [ul> - 0asr — 0. Whend > 4, u € C°(R3) and r~*u]? = |ul>r?™3 — 0 as

r — 0. Hence, (2.10) rewrites as

1 _ 1
(2.11) / dilar(|u|2)rd_2dr:/ — [ul*dr.
Ry T Ry T

Using (2.9) and (2.11) we get the desired expression for Q

OLF@

Now, we are ready to prove the following statement.
Proposition 2.4. Let d > 3 and | € Ny be such that (d, 1) # (3,0). Then we have
inU(L[l] ) > —a?/4.

a, 'y

Proof. Instead of working with the operator L([i] r, and its associated form Qg] r, We work with the unitarily equiva-

lent quadratic form in the flat metric @Z{FB . We want to apply the min-max principle to the quadratic form @Z{FB . To

do so, it is sufficient to apply it with test functions in U(CO(Q[OZAFQ )), where U is as in (2.8). Let & € U(CO(Q[OZAFQ ))s
we have

QYL [ >/ (|18,* + |0.1] )drdz—a/R |[u(ssind, s cos 0)|ds.

+

Thanks to Proposition 2.3 we know that u € H} (Ri)  can be extended by zero to the whole plane R?, defining a
function iy € H'(IR?). We obtain

OL,F@

(2.12) QY [a]z/ (|8Tﬂo|2+|8zﬂo|2)drdz—a/|ﬂo(ssin9,scost9)|2ds.
R2 R

The quadratic form on the right-hand side is the one of a Schrodinger operator with an attractive d-interaction of
strength o > 0 supported on a straight line in R2. Its spectrum can be computed via separation of variables and is
[~a?/4,+00). The min-max principle applied to the form on the right hand side of (2.12) yields

QU [ > —(a?/4)|[Tol|Z: = —(a?/4) T2

Finally, we get the inequality applying the min-max principle to Qa Ty
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Combining the structure of the essential spectrum, stated in Theorem 1.2, with Proposition 2.4 we obtain the follow-
ing corollary.

Corollary 2.5. Let the self-adjoint operator H,, ¢ be as in Definition 1.1 and the self-adjoint operator LES}FG be as
in (2.6).

(1) Ford =3, 0qis(Hac) = Udis('-([flpe) holds and the multiplicities of the corresponding eigenvalues coincide.

(ii) Ford > 4, 04is(Ha,c) = @ holds.

In dimension d > 4, it proves Theorem 1.2 (iii) about the emptiness of o4is(Ha,¢). In dimension d = 3, it reduces

the study of the eigenvalues of L, ¢ to its axisymmetric fiber L([S}FS. In the remainder of this paper, except if stated
explicitly, d = 3 and to simplify the notations, we drop the index 0 and define

(2.13) Lar, := LL?,]ng QO‘:F(? = QL?}FS'

2.4. Monotonicity of the eigenvalues. We prove Proposition 1.3 about the monotonicity of the eigenvalues of H, ¢
with respect to the half-opening angle of the underlying cone C. Thanks to Corollary 2.5, we know that we only
have to focus on the axisymmetric fiber L, r,. We describe the transition from the fiber form Q) r, (in (2.13)) on
the meridian domain to a unitarily equivalent form on the inclined half-plane. This transition will be useful in the
proof of Proposition 1.3 as well as in further considerations.

To this end, first, we define the rotation

2.14) s=zcosf+rsinf, t= —zsinf + rcosb,
that transforms the meridian domain Ri into the inclined half-plane (cf. Figure 2.1)
(2.15) Qg := {(s,t) € R? : s5inf + t cos§ > 0}.
The meridian ray I'g, defined in (2.2), becomes the ray

(2.16) I':={(s,0) € Qg: s > 0}.

ssinf +tcosf =0

FIGURE 2.1. The inclined half-plane 9. The dashed line is the support of the J-interaction.

We associate the unitary operator
(2.17) U: L*(R%) — L*(Q), (Uu)(s,t) :==1u(s,t) = u(ssinf + tcosh, scosf — tsinh)
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with Rotation (2.14). A straightforward computation yields that the quadratic form Q). r, defined in (2.13), is
unitarily equivalent to (., defined by

Qarlu] := / (|10s|* + 0:1|*)(ssin @ + t cos )dsdt — a/ [u(s, 0)|?s sin 6ds,
Qo r

dom Q1 :=U(dom Q4 1y )-

To avoid the dependence on 6 of the domain dom @, r, we perform the change of variables (s,t) — (3,) =
(stan®,t) that transforms the domain €y into Q := Q. /4. Setting (3, 1) = U(s, ), for u € dom Qq,r, wWe get, for
the Rayleigh quotient

Qarylu]  Jo(tan® 0|9sal? + [9;ul*)(5 + 1) cos 0 cot Od3di — o [ |a

”u”%ﬁ B Jo [0|?(3 + £) cos 6 cot Odsdi

(2.18)

(5,0)]?5sin 6 cot? 6d3

Jo(tan? 0|85a|? + [9;u[?)(5 + 1)d3di — « [, |@(3,0)[?5d3
Jo la|?(3 + £)dsdi '
The right hand side of the last equation is the Rayleigh quotient of a quadratic form acting on L?(§; (3 + £)d&df).

Because this form is unitarily equivalent to (), r, and because its Rayleigh quotients are nondecreasing functions
of 6, the claim of Proposition 1.3 follows from the min-max formulae for the eigenvalues.

3. SPECTRAL ASYMPTOTICS OF Hmc IN THE THREE-DIMENSIONAL CASE

In this section we prove Theorem 1.4. The idea is to exhibit a lower and an upper bound for the counting function
of the operator L, 1,. We recall that all along this section d = 3.

3.1. Proof of Theorem 1.4. The proof of Theorem 1.4 relies on the following two propositions, whose proofs are
postponed to Subsections 3.3 and 3.4, respectively.

Proposition 3.1. Ler o > 0 and 6 € (0,7/2). We have

N_o2/s-p(Hac) _ cotd
lim inf L > .
B0t I E| = dn

Proposition 3.2. Ler o > 0 and 6 € (0,7/2). We have

lim su Naz/a-p(Hac) < cot 6
B0t |In E| =4

Propositions 3.1 and 3.2 imply
. N_a2ja—g(Hae) coth
lim = ,
E—0+ [In E| 4

which proves Theorem 1.4.

3.2. Auxiliary one-dimensional operators. In this subsection we discuss some spectral properties of one-dimensional
model Schrodinger operators, which are used in the proofs of Propositions 3.1 and 3.2.

Let us start by studying two Schrddinger operators with a point d-interaction. For the spectral theory of one-
dimensional Schrodinger operators with point d-interactions we refer to [1, Chs. 1.3, I1.2, II1.2], the review paper
[24] and the references therein.

For L > 0, we define the interval I := (—L, L) and introduce the Hilbert space (L?(I), (-,-);). Let us fix a > 0
and consider the following two symmetric sesquilinear forms

an Lle.v] = (@', 91 — ap(0)1(0),  domql , = Hy(I),
an Lo, v] = (@', 91 — ap(0)1(0),  domgqh , = H'(I),
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one can verify that both forms are closed, densely defined, and semibounded in L2(I). For ¢ € H?(I \ {0}) set
©r = ¢lo,L)> - = @l(~1,0) and [¢'](0) := ¢’(04) — ¢©’'(0—). Thanks to the first representation theorem ([22,
Ch. VI, Thm. 2.1]), each of these quadratic forms is associated with a unique self-adjoint operator acting on L?(I).
The respective operators are given by

he Lo =—(¢ @¢”), domhg = {pe€ HI\{0}): p(£L) =0, [¢'](0) = —ap(0+)},
hyre=—(¢f ®¢”), domh} = {pe H*(I\{0}): ¢'(£L) =0, [¢'](0) = —ap(0%)}.
As H}(I) and H(I) are compactly embedded into L?(I) both operators h? . and hN have compact resolvent and

their spectra consist of non-decreasing sequences of eigenvalues. The understandlng of the first two eigenvalues of
hD 1 and ha 1., as functions of L, is important for our purposes. The next proposition is essentially proven in the

paper [19].

3.1

Proposition 3.3. [19, Prop. 2.4, Prop. 2.5] The following statements hold:

() there exist Lp = Lp(a) > 0 and Cp = Cp(a), Cly = Ch(e) > 0 such that for all L > Lp
o2 o2 oL
J— < - Cpl.
1 < Ei(hg ) L HOpe TP
(ii) there exist Ly = Ln(a) > 0 and Cx = Cn(«), C = CL (@) > 0 such that for all L > Ly
2 2
—% > El(hg_,[‘) > —% — CNG_CNL;

(i) forall L > 0, Eg(hE)L), Eg(th/) > 0.
Further, we recall a result about another family of one-dimensional Schrodinger operators. Let us introduce the
interval J := (1, +00) and the Hilbert space (L?(J), (,-)). Letc > 0 be a positive constant and V' be the following

potential V' (z) := 22 on J. We consider the following closed, densely defined, symmetric, and semibounded
sesquilinear forms

(32) QE[SDW] = (@, ¥ —c(Ve, ), domqg := Hg(J),

wlp ] = (¢4 —e(Ve,9)y,  domqy := H'(J),
in the Hilbert space L?(.J).

By a compact perturbation argument one can show that gess (q2) = 0ess(qY ) = [0, +-00). Below we provide a result
on spectral asymptotics of qY and q2, essentially proven in [23] (cf. also [21] for further generalisations).

Theorem 3.4. [23, Thm. 1] Let ¢ > . Then it holds that

1
N_p@D) ~N_p(q)) ~ —

1
5 C—Z|1DE|, E—0+.

In particular, we have #04is(q2) = #04is(qY) =

3.3. A lower bound on the counting function of H, ¢. In this subsection we prove Proposition 3.1.

Proof of Proposition 3.1. Thanks to Corollary 2.5 (i) and unitary equivalence of the forms Q,r, (in (2.13)) and
Qo,r (in (2.18)) it is sufficient to prove

N_o2/4-5(Qar) _ cotd
lim inf = > .
B0t |In E| T Ar

We split the proof of this inequality into three steps.
Step 1. Let R > 0, we define the intervals I; := ((sin ) ! 4+ R, +0), I := (—Rtan 6, Rtan ), and the half-strip
IT:={(s,t) €Q: s> (sinf) ' + R, || < Rtanb} = I, x I, C Qy;
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where the (s, t)-variables and {2y are related to the physical domain through the change of variables (2.14) (¢f. Figure 3.1).
We introduce the quadratic form QEI, defined as

o) = / (|0sul? + |0ul?*)(ssin @ + t cos )dsdt — a/ |u(s,0)|?s sin 6ds,
’ o (sin@)~14+R
domQByF = {u € domQqar:u=00n0Q\II}.
II
(sinf)"'+ R
ssinf +tcosf =0 ssinf +tcosf =1

FIGURE 3.1. The inclined half-plane €2 and the half-strip II. The dashed line is the support of J-interaction.

Any u € dom Qy - can be extended by zero, defining ug € dom Q,r such that Qf p[u] = Qa,rluo]. Then, the
min-max principle yields

(3.3) Na2/a-p@Qnr) < N_g2/4-5(Qar).
Step 2. Let us define the unitary transform

U: L(IT; (s sin @ + t cos #)dsdt) — L*(IT), (Uu)(s,t) :== Vssind + ¢ cos Ou(s, t).

By straightforward computation, the form QE r is unitarily equivalent, via U, to the form

- 1 o0
I 2 2 2 2
— [ (10, Byl — )d dt — ,0)[2ds,
(3.4) Qarle] /H(| ul” 19 4(SSin9+f0059)2|U| ’ a/(sin9)1+R|U(S JIds
dom QN - := H{(II).
Next, we bound (s sin § 4 t cos #)? from above by sin® §(s + R)?, obtaining
~ 1 o0
3.5 u u</(65u2+ 8u2——u2)dsdt—a/ u(s,0)]%ds.
65 Qs [ (0l 100 - s

The right hand side of (3.5) has two blocks with separated variables. Since the Hilbert space L?(IT) decomposes as
L?(I1) ® L?(I3), the form on the right hand side of (3.5) admits the respective representation

(3.6) q1,R Q2 + i1 @ qo,R,
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where i, k = 1, 2, is the form of the identity operator on L? (I1); the forms qx g, k = 1, 2, are defined in the Hilbert
spaces L%(I), k = 1,2, as

ql,R[(pv U)] = (<P/a 1//)11 - (VR<P5 1/})117 dom qi,Rr = Hol (Il)v

d2,rle, Y] = (', ¢")1, — ap(0)¥(0), dom gy, i := Hg (I2);

where the potential Vg is given by Vg(s) := Using the unitary operator

1
4sin? 0(s+R)2"

Vi 1 4o0) 5 (), (Ve)(s) = o (il ).

one finds that the forms q; z and (2R+(sin §) ~')~2q2 with ¢ = 1/(4 sin” 6) are unitarily equivalent (cf. Subsection 3.2).
Thanks to (3.3), (3.5), (3.6), and the min-max principle, we obtain

Noaz/a-p(Qar) > #{(k.j) € N?: Ey(q1,r) + Ej(42,r) < —a?/4 — E}
> #{k €N: Ey(q1,r) < —0*/4— E — Ej(a2,r)}

j=1

#{k € N: Ex(q1,r) < —o?/4—E — El(q2,R)}'

Y

This inequality yields
(3.8) N_a2/4-5(Qar) > N_o2 /4 B— B, (qs.) (d1,R)-

Step 3. Now, we choose R depending on the spectral parameter £ > 0 as follows
R =R(FE):=M|InE|, M >0,

in particular, we have R(E) — 400 as E — 0+. Let the constants Cp, Cf) and Lp be as in Proposition 3.3 (i).
Next, we choose M > 0 sufficiently large such that C[; M tan® > 1. Then for E > 0 sufficiently small such that
InFE < 0and M|In E|tané > Lp, by Proposition 3.3 (i) we have

|a2/4 + E1(4a,r(p))| < Cp exp(CHM tanfln E) = CpECPM a0 — o(B), E —0+.
Hence,
(3.9) f(E) = (a®/4+E+FE\(92,r(r))) (2R(E) + (sme)*l)2 =4M?E|n E* +o(E|In E[?), E—0+.
Using (3.8), unitary equivalence of q; g and (2R + (sin #)~1)~2q> and Theorem 3.4 we get
N_a2/4-5(Qa,r)

N—a2/4—E—E1(q2,R(E)) (ql,R(E))

> lim inf

E—0+ |In(E)] E—0+ |In(E)|
Ny (@)  cotd |Inf(E)| cotd
Eoor  |In(E)| ir B0y [InE| Ar
where we used that % — las E — 0+ (c¢f (3.9)). It ends the proof of Proposition 3.1. ]

3.4. An upper bound on the counting function of H, ¢c. The aim of this subsection is to prove Proposition 3.2.
First, we provide an auxiliary lemma, whose proof is postponed to the end of the subsection. To formulate this
lemma, for K > 0, we define the domain

QF = {(s,t) € R?: ssinf + tcos > 2K } C Qy,

and introduce the following symmetric quadratic form on the Hilbert space L?(QX)

2 oo
= [ |0sul® + |0pul® - [ dsdt — / 0)|%d
Quaglil = [ W0l 100 ~ e ygmdsat—a [ ju(s,0)Pds

(3.10)
dom Qa,szg = Hl(Qg)-

One can check that the form @, QK is closed, densely defined and semibounded in L?(QL).
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Lemma 3.5. Let « > 0 and 0 € (0,7/2). For all K > 0 sufficiently large, the counting functions of H,, ¢ and
Qo i satisfy

. N—a2/4—E(Ha,C) X N7a2/47E(Qa,Q§<)
lim sup < lim sup .
E—0+ | In E| E—0+ | In E|

Now we have all the tools to prove Proposition 3.2.

Proof of Proposition 3.2. According to Lemma 3.5 it is sufficient to prove that for a fixed K > 0 sufficiently large,
we have the bound

I N7a2/47E(QOz,Q§<) < cot 6
1m su
E_)0+p |1I1 E| ~ Ar

As in the proof of Proposition 3.1, we split the proof of this inequality into three steps.

Step 1. Let us introduce the parameters: R > 0, m := [VR|, r := 2K (sinf)~' and the sequences 7 :=
3r+ kR/m, dy := (rptan6)/2 (for k = 0,1,2,...,m). For the sake of convenience we set r,,,11 = +00. We
introduce the domains

Ay = {(s,t) €ER?: s € (1, Tpy1),t € (—dk,dk)}, k=0,1,...,m.
The inclusions Ay, C QF hold forall £ = 0,1,...,m. Indeed, for any (s,t) € Ay we have

sin 0 in 6 K
ssin@—l—tcos@>rksin9—dkcos9:Tkzm 237’52111 :67:3K>2K.

We also define the domains A, 41, Ayypo C ng (cf. Figure 3.2) as

A1 = {(s,t) € QF s <6K(sinf) ', |t| < K(cos) '}, Ao o= QF \ U A

. Am+2
ssinf +tcosf = 2K
A
Amfl "
A
Ay
b - - —— - - - b . ¢ --——-————- S
T1 T2 T3 Tm—1 Tm
t
Am+2 s

FIGURE 3.2. Sketch of the different subdomains Ay, of QF (k € {0,...,m + 2}). The dashed
line is the support of the J-interaction.
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We introduce the notation ux, = u|s, (k = 0,1, ..., (m+2)) and we consider the following closed, densely defined,
symmetric and semibounded quadratic form @), QK in L2(Qf), defined as

m+2 2 00
|u / 2
\Y dsdt — 0)|°d
O‘QK ZH el = /5 A(ssinf + tcos)2 2K (sin 0) 1 fu(s, 0)"ds,
N m+2
domQa,Q{ﬁ( = @ Hl(Ak)
k=0

This form admits a natural decomposition into parts corresponding to the sub-domains Ay,

m—+2

OtQK ZQO&A;C uk

where, for k = 0,1,..., (m + 2), the quadratic forms Q,.a, have domains dom Q, A, := H'(Ax) and are given
by

Tk+1 9
2dsdt—a/ |u(s,0)]°ds, k=0,...m,

Tk

o 2 |ul?
Qo fu] = HVUHA" /Ak 4(ssind + tcosb)

|u[? /T0 2
o = ||Vu|? - dsdt — ,0)|*ds,
Qo ] = | UHAMH /Am+1 4(ssinf 4 tcos)? s @ 2K (sin 0) -1 [u(s, 0)[°ds
Qunalil = 1V}, - [ L
A2 : Ao At 4(8 sin @ + t cos 9)2 '
As domQ, ox C dom @a,szgﬂ for any u € dom @, qx we have Q, qx [u] = @a751§< [u] and we get the form

ordering Qvomg =< Qa)%c. The min-max principle yields, for all £ > 0, the bound

m—+2

3.11) N oa2/a-8Qanx) < D N az/a-5(Qan,)-

k=0

Step 2. In this step we obtain bounds on the functions £ +— N_,2 /4 g(Qa,a,) (k= 0,1,2,...,(m + 2)). First,
we bound from above the functions

E'_>-N;a2/4—E(Qa,Am+1) and EHN,Q2/4,E(QQ)AM+Q).

Because H'(A;,41) is compactly embedded into L?(A,, 1) the quadratic form Qg 4, , is associated with an
operator with compact resolvent. Therefore, since the domain A,, 1 does not depend on R, there exists a constant
cg = cp(a, K) > 0, which depends on 6, « and K (but not on R), such that, for any £ > 0

(3‘12) Nfa2/4fE(QOZ,A7n+1) S Nfa2/4(Qa,Am+1) = 50'

Further, for any v € dom QA we have

m+2°

Qa7Am+2 [u] Z ||vu|‘?\m+2 - W”u”?\m+2'

Consequently, for a fixed K > 0 such that ﬁ < a?/4, the min-max principle yields N_,2 /a(QaApys) = 0.
Hence, for any ¥ > 0, the following equation holds

3.13) N7a2/47E(QOz,A7n+2) < Nfa2/4(QOt,Am+2) =0.

Next, we obtain upper bounds for the functions

m—1

E Z N_o2/1-5(Qan,) and E—=N_q2/4 g(Qan,,)-

k=0
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To this end we define the non-increasing sequence
1 1

3.14 €k 1= sup = , k=0,1,...,m.
(3.14) k (st)EAk 4(ssinf +tcos)?  r?sin? 0

We observe that for any v € dom Qg a,
Tk+1
Qo [u] > [[Vull}, —erllull}, - a/ u(s,0)|*ds,  k=0,1,...,m.
Tk
Then, we define the intervals IF = (74, 7%41), I§ = (—dp,dy), the potential V;,(s) =
following symmetric sesquilinear forms

1
4sin2? 0(s—1.,, /2)2 and the

qllc.,R[g%w] = (90/71#/)““ —Ek(%?/})]{va domqllc,R = Hl(I{C)u k:0717"'7(m_1)7
A rle, Y] = (@ ) — (Vi ) 1pe,s dom q7'g := H*(I{"),
qg,R[(pv "/J] = (Splvwl)lg - agD(O)’t/J(O), dom qg,R = Hl(I§)7 k=0,1,...,m

One can check that all the forms are closed, densely defined and semibounded in L2-spaces over their respective
intervals. As L2(Ay) = L?(I¥) ® L?(1}), we introduce the quadratic forms

Qo =af p@ib+if@ab . k=0,1,...,m,

and the form orderings @a,Ak < Qa,a, hold forallk = 0,1,...,m. Here, forj = 1,2and k = 0,2,...,m, ié?
denote the forms of the identity operators in L?(I ]’“) Hence, we arrive at the bound

Noazja-p(Qan,) S Nopzja-p(Qan,) = #{(1.j) € N*: Ey(qf ) + E;(a5 ) < —a?/4— E}
= Z#{l EN: E(qf ) < —a?/4— E — E;(d5 )}

Now, we choose K > 0 sufficiently large such that 1 < o /4. Thanks to Proposition 3.3 (iii), we know that all the
summands, for 7 > 1, in the above sum equal to zero. Thus, we get the same bound in a simplified form

(3.15) Noazjap(Qan,) < #{1€N: Ei(q} ) < —a?/4— E — E1(a5 )}
For k = 0,1,...,(m — 1) we deduce from (3.15) using (3.14) and Proposition 3.3 (ii) that for R > 0 sufficiently
large

Nazja-5(Qan,) < #{1 € No: m*m*I’R™> < —a®/A+e, — Ei(q5 )}

(3.16) OST
§1+Cl\/ﬁ e—C2T‘k +’f‘]:2§1+3—\/_,

Tk
where the positive constants C', Cy and C5 do not depend on R. Summing the estimates (3.16) over k, we end up
with

m—1

Z —a?/4— EQaAk)<m+C3\/_Z_
(3.17) k=0

R
— d —
Sm—FCg R—+03/ :E §C4 R
o 0 Sr+x

for all R > 0O sufficiently large and a positive constant Cy which does not depend on R.
Further, for kK = m we obtain from (3.15)

(3.18) Na2/1-5(Qan,,) < #{l € N: B(q7'p) < —o?/4 — E — Ei(a3'p) }
< N7a2/47E7E1(q§'}R) (QTR)-

Using the unitary operator

U: L3(1, +o0) — LA(IT"), \/7¢<——1>
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one finds by direct computations that the forms q7"5 and T%ch with ¢ = 1/(4 sin? ) are unitarily equivalent; where
the form qCN is defined in (3.2).

Combining the bound (3.11) and the estimates (3.12), (3.13), (3.17), (3.18) we obtain
(3.19) N a2/a-8(Qax) < o+ CoVR+N o245 5, (qp,) (7'R)-

Step 3. Now, we choose R depending on the spectral parameter £ > 0 as follows
R =R(E):=M|InE|, M >0,

in particular, we have R(E) — +o0o0 as E — 0+. Let the constants Cy, C{ and Ly be as in Proposition 3.3 (ii).
Next, we choose M > 0 sufficiently large such that C{ M tan 6 > 2. Then, for E > 0 sufficiently small such that
InE < 0and M|In E|tanf/2 > Ly, by Proposition 3.3 (ii) we have

0?4+ Er(0' 5 ))] < On exp((C tan0/2)(3r + M| In E|)) = OxECMn0/2 — o) E — 0+,

where C‘N > (. Hence,
(320)  f(E):= (rm(E)*/4)(¢®/4+ E + E1(42,r(p))) = M?E|InE|*/4 + o(E|In E|?), E—=0+.

Using (3.8), unitary equivalence of q7"5 and T%qCN and Theorem 3.4 we get
lim s N—a2/4—E(Qa,Q§<) < limsu ( % Cyv M . N_O‘Z/‘l_E_El(qg?R(E))(qTIT,LR(E)))
G B0t T B = oy \ImEl " /I [ ]
. N_ypy (@) cotf . |In f(E)] cot®
< lim sup = lim su = .
E—0+ | In E| 47 E—0+ | In E| 47
where we used that % — las E — 0+ (¢f (3.20)). This ends the proof of Proposition 3.2. ]

Now we provide the proof of Lemma 3.5.

Proof of Lemma 3.5. Thanks to Corollary 2.5 (i) it is sufficient to prove that

. N_oz/a-5(Qar,) _ . Naz/a-(Qq 0x)
lim sup < limsup ,
E—0+ | In E| E—0+ |In E|

where the forms Q,,r, and Q%Qg are defined as in (2.13) and in (3.10), respectively.

Step 1. Using an IMS formula we split the quadratic form of .., into two forms, one acting on a strip-shaped
geometrical domain attached to the boundary 8Ri of Ri, the other one acting away from it. For this purpose, let
us introduce a C*°-smooth cut-off function xo: Ry — [0, 1] such that

L r=<1,

m@%={0 r>o.

We also introduce the function x1: Ry — [0,1] such that x3 + x? = 1. Now, for K > 0, we define XJK(’I’) =
x; (K _1r), 7 = 0,1, and introduce the following bounded function

W) = [(xg ) ()2 + (1) (PP = K2 (Ixo(BE )P + a (K 1))
We set W := W (for K = 1) and observe that [|[WX | = K~2||W|/s. Moreover, for any u € dom Qa.r,, a
simple computation (cf. [9, Sec. 3.1]) yields
Qe 1] = Qo )+ Qur, () = [ WH()futr ) Prards.
R+

Next we introduce the sub-domains

Qo= {(r,z) e R3: r < 2K}, Q1 ={(r,2) eR%:r > K},
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of the meridian domain Ri (note that supp WX C Q). For j = 0,1, we set I'; = I'g N €); and define Iy :=
(0,2K (sinf)™1), I := (K(sin )™, +00), g = {2K} x R,and 1 = {K} x R. Then we consider the quadratic
forms @), 7 = 0, 1, defined as

Qjlul == / (|6Tu|2 + |0ul* — WK(T)|U|2)rdrdz —a | |u(ssinf, s cos6)|?ssin fds,
(3.22) o, ;
dom Q; := {ulg, : u € dom Qu.r,.uls, = 0}.

Thanks to (3.22), we get that, for j = 0,1 any u € dom Qq,1,, X]Ku € dom (); and we have the relation

Qa.ro[u] = Qolxg u] + Q1[x1 ul.
Using [10, Lem. 5.2] we find
(3.23) N_a2/1-5(Qa,ry) S N_a2/4-5(Qo) + N_gz2/4-5(Q1).

Step 2. In this step we prove that for any K > 0 sufficiently large, there exists a constant ¢y = ¢g(a, K) > 0 such
that

(3.24) N_2/4-5(Qo) <o
for all E > 0. First, we introduce the quadratic form Q{,, defined as
Qolu] == / (|0rul® + |0zul*)rdrdz — o | |u(ssind,scosf)|*ssin fds, dom Q) := dom Q.
Q() IO

One can check that the above form is closed, symmetric, densely defined and semibounded in LQ(QO; rdrdz). Now,
for any v € dom g we have

(3.25) Qolu] > Qplu] — K 2[Wl|oo|ullZ2(q rdrds)-
Consequently, we get that
(3.26) N_o2/a-5(Qo) S N_a2/a-prr—2wi.. (Qo)-

Next, we choose K > 0 sufficiently large such that —a?/4 + K ~2||W ||, < —a?/8. Combining (3.25) and (3.26)
we obtain

(3.27) N_o2/4-5(Qo) < N_q2/5(Qp).
Secondly, let us split the domain €2 into two disjoint sub-domains (cf. Figure 3.3)
Qoo :={(r,2) € Qo: 2z € (0,2K cot 0)}, Qo1 :={(r,2) € Qo: z ¢ [0,2K cot 0]}.

For j = 0,1, we define X; := Xy N 98, and we consider the quadratic forms Q(, and Q) defined as

Quolu] == /Q (|0rul® + |0.ul?) rdrdz — a/l |u(ssin @, s cos 0)|%s sin fds,

Qo [u] = / (|0ru|? + |0,ul*)rdrdz,
Qo1
dom QE)J = {U’: u, 87““7 8zu S L2(QOj,TdeZ),’LL|EDJ. = O}7 ] = O7 1.

One can check that the above forms are closed, symmetric, densely defined and semibounded in L?(Qqo; rdrdz)
and in L?(Q1; rdrdz), respectively. For u € dom Q( and j = 0, 1, we define u; = ulq,, and get

Qolu] = Qooluo] + Qo: [ual.
The above equality and the min-max principle yield

(3.28) N—az/S(Q{)) < N—a2/8(Q/OO) +N—a2/8(Q61)'

Note that for all v € dom @, we have Q¢ [u] > 0. Consequently, we get
(3.29) N_a2/8(Qp1) = 0.
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r

2K DI

-
-

Qo1 00, -~ Qo1

\9

0 z

FIGURE 3.3. The domain €2y and the sub-domains €y and €2g;. The dashed line is the support
of the d-interaction.

Moreover, the quadratic form @, is associated with the lowest fiber operator of a three-dimensional Schrédinger
operator with a surface d-interaction acting on a bounded domain with mixed boundary conditions (Neumann and
Dirichlet). This operator has compact resolvent and its sequence of eigenvalues goes to infinity. Hence, we obtain

(3.30) -NLOP/S(Qé)o) Z/C\g < 00,
with some constant ¢y = ¢y(c, K) > 0. Combining (3.27), (3.28), (3.29) and (3.30) we obtain (3.24).

Step 3. We remark that the domain Q; = {(s,t) € R2: ssinf + tcosf > K} C Qp is the image of ©; under
Rotation (2.14) and we consider the unitary transform

U: L3(Qq;rdrdz) — L2 (1), (Uu)(s,t) :== u(ssinf + tcosh, ssinf — t cosf)vssinf + ¢ cos 6.

A straightforward computation yields that the quadratic form ()4 is unitarily equivalent, via U, to the form

Juf? =

O1[u] == || Vul3 — WK'9t92ddt—/ 0))d
Q1]u] == | u||Ql /ﬁl 4(ssin9+tC059)2+ (ssin b + t cos 0)|u|ds «@ o |u(s,0)|“ds

dom @1 = H&(ﬁl)
We introduce the sub-domains of (~21
Quo = {(s,t) e R?: K < ssinf + tcosf < 2K}, Qi1 = {(s,t) € R?: ssinf + tcos > 2K},

and the forms

2K (sin )1
+ WHE (ssin @ + t cos 0) |ul|*dsdt — a/ lu(s, 0)[*ds,
K(sing)—1

2
0 = [|[Vu|z - [
Bl =1V, ~ | g ey

TR 2 Juf® e 2
Q11[u] == ||Vu|\§~211 — )2dsdt -« lu(s,0)|“ds,
2

&, 4(ssinf 4 tcosb K(sin)—1
dom Q19 := {u € H'(Qo): ulpg, =0}, dom Q11 := H'(1).

The above forms are closed, symmetric, densely defined and semibounded in L2(£~)10) and in LQ(()H), respectively.
Once again, we get by the min-max principle

(3.31) N2y p(Q1) =N azys 5(Q1) SN _az/s 5(Q10) + N a2 /s 5(Qu).

Step 4. In this step we prove that for any K > 0 sufficiently large, there exists a constant ¢y = ¢p(c, K) > 0 such
that

(3.32) N—a2/4—E(©10) < 'cp,

for all £ > 0. To do so, we introduce the quadratic form @’10 defined as

2K (sin )~ !

(333) Qrolul = [Vul}, —a / o T DR, dom @iy = dom G
K(sinf)—
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One can check that the above form is closed, symmetric, densely defined and semibounded in LQ(SN) 10)- Now, for
any v € dom Q)19 we have

(3.34) Quolt] > Qlofu] — K 2(|W e + 1/4) ], .
Consequently, we get

Nooz)a-5(Q10) SN _azja prr—2(wmt1/2 (@)

Next, we choose K > 0 sufficiently large such that —a?/4 + K ~2(||W||s + 1/4) < —a?/8. Combining (3.33)
and (3.34) we have

(3.35) N-az/1-5(Q10) < Naz/s(Q1o).
Then, let us split the domain 510 into two disjoint sub-domains
5100 = {(S,t) S ?210 : |t| < 1}, ?2101 = {(S,t) S 510 : |t| > 1}

We denote by io the image of X under Rotation (2.14) and, for j = 0, 1, let us define ioj = io N, (5 =0,1).
Then, we consider the quadratic forms Q' , and Q’,; defined as
2K (sin @) !

Qhoolu] = ||Vul - / ,0)[%ds,
Q'o0lu] | U’Hﬂloo « K(ein )~ lu(s,0)["ds

Qo1 [u] = ||VU|%1017

dom@'loj ={ue Hl(ﬁloj) : u|§0j =0}, j=0,1.

The above forms are closed, symmetric, densely defined and semibounded in L2((~2100) and in LQ(ﬁlol), respec-
tively. For v € dom @}, we define u; = u|§mj (j =0,1) and get

@/10[“] = C5/100 [uo] + @301[“1]-

The above equality and the min-max principle yield

(3.36) N—oﬂ/S(@/w) < N—oﬂ/S(@/wo) + N—a2/8(©/101)-
For all 4 € dom 65’101, @’101[u] > 0 and we get
(3.37) N2 5(Q101) = 0.

The quadratic form 65’100 is the quadratic form of a Schrodinger operator with a d-interaction supported on a line
segment. It acts on a bounded domain with mixed boundary conditions (Neumann and Dirichlet) thus, this operator
has compact resolvent and its sequence of eigenvalues goes to infinity. Hence, we have

(3.38) N_a2/8(Qfg0) =T < o0,
where ¢y = ¢p(a, K) > 0. Combining (3.35), (3.36), (3.37) and (3.38) we obtain (3.32).
Step 5. To conclude, inserting (3.24), (3.31) and (3.32) into (3.23) we get

Jim sup N_a2/4-g(Qar,) < limsup <N—a2/4—E(Qo) N—a2/4_E(Q1)>
E—0+ |lnE| T E—0+ |lnE| |lnE|
Nfa2/4fE(Qvll) o o ) N7a2/47E(Qv11)
< limsu + =limsup —————=.
P ( I E| mE| " TmE])” maoy  |IE|

Finally, it remains to note that the form @ 11 is the form Qa,szg in (3.10). This ends the proof of Lemma 3.5. O
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APPENDIX A. QUADRATIC FORMS QZ]PB

The aiﬂ of this appendix is to prove the following proposition about the forms Qg])re in (2.5) and the spaces C§° (Ri),
C5%(R?%) defined in Notation 2.1.

Proposition A.1. Let d > 3, | > 0 and the quadratic forms Q[ollm be defined as in (2.5). Then the following
statements hold:

() ford =3 andanyl >0, C55 (@) is a form core for QU]

a,I'g’

(i) ford=3andl =00rd>4andl > 0, C§° (@) is a form core for Q[l]

a,I'g*

Before proving Proposition A.1, we need to introduce a few notation. For any function u € wa (R9) we denote by

u € L?(R?) the function @(x1, ..., 14) = u(r, z, ¢) in the physical coordinates (cf. the change of variables (2.1)).
Let us fix the dimension d > 3 and [ > 0. We choose M > 0 large enough such that for any u € dom @, ¢ and any

u € dom Q[ollm we have
~ ~ l A~ ~
Qucli) > ~MlilZe,  QUr 3] = ~ M2 g o sgrar

We introduce the following norms associated with the quadratic forms Q¢ and QZ{FB defined, for w € dom Q¢
and u € dom Q[l] by

a,I'g?

~ ~ ~ l ~
[@ll3,, o = Qacli] + (M +Dlalzs,  lllgn = QUr, [u] + (M + DAl g2 ra-2ara
a,ly

Now, we state three lemmas that are proven in the end of the appendix.

Lemma A.2. Let d > 3 andl > 0. Then the following set inclusions hold:

() ford=3andanyl > 0, Cg)oo(ﬁ) c dom Q"

Ot,].—‘g"
(i) ford=3andl=00rd>4andl >0, Cg®(RZ) C dom QU . .
Lemma A.3. Let d = 3 and | > 0. Then the following set inclusion C3° (ﬁ) N dom QZ{FB C (5% (@) holds.
Lemma Ad4. Letrd > 3,1 > 0and k € {1,...,¢(d,l)}. Forany u(r,z,¢) = ﬂ(r,z)YlTiEQ(qﬁ) € Hclyl(Rd) with
u € L*(R%;r?~2drdz), there exists U, € C§° (@) N dom Qz]r such that
IR

Han — ﬂHQ[z] — 0, n — oQ.
a,I'g

Now, we have all the tools to prove Proposition A.1.

Proof of Proposition A.1. Let d > 3, fix | € Noand k € {1,...,¢(d,1)}. Letu € dong],re’ we define
u(r, z, ¢) = u(r, z)Yl‘fk_ 2(¢) € L2, (R%). One can show by direct computations that
HaruH%gyl(Rd) + ”azU”%fyI(Rd) + ||T71VSd*2U||%fyl(Rd) = Harm‘%?(uai;rdf?drdz) + ||8za||%2(u{2+;rd72drdz)
+Ii(l+d— 3)Hr—laH%Q(Ri;rd,zdrdz).

As u € dom QZ{FB the right hand side is finite and hence u € HclyI (R?). Now, thanks to Lemma A.4 we know that

there exists a sequence u, € C5° (@) N dom QEJFQ such that ||, — ﬂHQm — 0 as n — oco. Because U, €
’ a,Ty
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Cs° (@) and thanks to Lemma A.2 (ii) we obtain item (ii) in Proposition A.1. To get item (i) in Proposition A.1, we
use Lemma A.3, which yields u,, € C§%(R? ). We conclude using Lemma A 2 (i). O

Proof of Lemma A.2. By definition of the form domains in (2.5), it is only necessary to check that ford = 3,1 > 0
and any @ € C§%(R?%) we have r 14 € L*(R3 ; rdrdz). Letus fix & € C5%(R?% ), using a Taylor expansion in the

r-variable, we can write u(r, z) = rg(r, z) with g € C§° (@) Consequently, we get

||r_la||L2(]R2+;rdrdz) = Hg”Lz(Ri;rdrdz) < o0,

which concludes the proof. 0

Proof of Lemma A.3. Letd = 3 and [ > 0. We take u € C§° (@) N dogQ([i{Fe and, using a Taylor expansion in

the r-variable, we can write (r, z) = (0, z) + rg(r, z) with g € C§°(R2). Because ' € L?(R%; rdrdz), we
obtain that 7 ~'4(0, z) = r~a(r, z) — g(r, z) € L*(R%;rdrdz). Hence, we get

~ 2
/ Mdrdz < 0.
R T

2
2
Finiteness of the last integral necesserily implies %(0,z) = 0 for any z € R. Hence, u(r,z) = rg(r, z) and
u € C§YH(R3). O

Proof of Lemma A.4. Letd > 3,1 € Ngand k € {1,...,c(d,l)}. Let the orthogonal projector II; ;. in L2, (R%) be

cyl
defined as in (2.3). Since u € H'(R?), there exists a sequence v, € C§°(RY) such that ||o,, — Ul| g1 (ray — 0 as
n — oo.

Further, define the modified sequence

Uy =10 1 (v,) € L2,(RY),  neN.

cyl

We remark that

Up(r,2) := <un(r, 2,7, Yllfk—Q(')>Sd72 c Cgc(ﬁ)
Thus, we can write u, (r, z, ¢) = Uy (r, Z)ylflkﬁ(d)) € HL,(RY).
Next, we prove that
(A.D [un = ull 1, may =0, 1 — o0

By orthogonality, we have
[lon — uH%?y,(Rd) = |lun — UH%gy,(Rd) +I(I - Hk,l)UnH%gy,(Rd)v
where the left hand side tends to zero as n — co. Hence, we get
(A2) [leer, — UHLCQyI(Rd) — 0, n — 0.
Because v,, is smooth and compactly supported, we have the following useful commutation relations
Ortty, =11} ,(Orvy) and  Oyuy = I (0,vy),
which yield

(A3) [0 (un — u)”Lfyl(]Rd) = [|TL1,% (9 (vn — U))HLEYI(W) < ||0r(vn — u)”Lfyl(]Rd) -0, n — oo,
. 102 (un — u)”Lfyl(]Rd) = HHl,k(az(vn - u))HLfyl(]Rd) < 0= (v — u)HLfyl(]Rd) — 0, n — 0.
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Using that spherical harmonics are eigenfunctions of the self-adjoint Laplace-Beltrami operator —Aga—2 associated
with the quadratic form H'(S%72) 5 ¢+ ||Vga-29||2,_> on L*(S?~2), we have for any fixed (r, z) € R3

<de72 (Un - u), defz(’Un - un)>§d—2 = <(ﬂn — ﬂ)(—A§d72Yﬁ]€72), (I — H[)k)’l)n>
=1l +d—=3)(up —u, (I =T x)vn)ga—
= l(l +d— 3) <H17k(vn — un), (I — Hl,k)vn>§d72 =0.

gd—2

The above relation gives
15 (0 = w)l13-s = Vg (1t — ) [3a2 + | Vg (v — ) [0s.
Multiplying the latter equality by 7~ 2 and integrating in (r, 2) we get

A4 |Ir ' Va2 (u, — u)||2L?y|(Rd) < |lr ' Vsa-2 (v, — u)||2L?y|(Rd) < |lvm — quﬁw(Rd) — 0, n — 0.
Finally, combining (A.2), (A.3), (A.4) and the fact that u € H, cly, (Rd) we get (A.1).

According to [2, Prop. 3.1 and its proof] and Notation 2.1, the H, clyl (R?)-norm is equivalent to the norm || - ||q., .
after suitable identification of functions. Hence, (A.1) yields

lin —tll@ee =0, n— oco.

By direct computation, we get
i =l @,c = lfitn =Tl gm

which concludes the proof of Lemma A .4. 0
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