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Vincent Beck

Molien formula for generic matrices

Let k be a (commutative) field whose characteristic is not 2. We set S = k[a,b,¢,d, e, f, g, h] a polynomial
algebra in eight indeterminates and consider

X:[Z Z] and Y:E ﬂ

We consider the following algebras by R = (X, Y )i_ale. C Ma(S), C' = (coeff of the char. pol. of u € R)k_a1s. C S
and R = (R, C)g_alg. C M2(S). The algebra R is said to be the algebra of generic matrices on two generators, C
is said to be the coefficient ring of R and R is the characteristic ring of R.

In this context, we get the following results.

Proposition 1 — [FHL]—[FS].
e The bilinear Cayley-Hamilton identity:

XY +YX —tr(X)Y —tr (V)X +tr (X)tr (Y) — tr (XY) =0.

We have [R, R] = (XY -YX)R = R(XY -Y X) and R/[R, R] is a polynomial algebra in two indeterminates
generated by the image of X and Y.

C = k[tr (X),tr (Y),det(X),det(Y), tr (XY)] = k[tr (X), tr (YV), tr (X?),tr (Y?),tr (XY)] is a polynomial
algebra in five indeterminates

R is a free module of rang four over C' with basis 1, X,Y, XY.

Let G C GLy(k) a finite subgroup. Then G acts on R. Moreover if cark { |G| and G' C SLy(k) then RY is
a k algebra of finite type.

Molien formula for R.

In the first part of this note, we compute a Molien formula for the invariant of R and R under a finite
subgroup of GLy(k). In a second part we study the case of finite subgroup of SLa(k). They are parametrized by
the Coxeter diagram of type A, D and E. We determine the Poincaré series of the invariants under groups of
the A and E.

Let us first describe the action of GLa(k) on R, C and R. The group GLg (k) acts on the right homogeneouly

on the k-algebra R in the following way : let g = [Z} ﬂ € GLy(k), we set

gX =uX +0Y and gy =wX +zY

It is well defined since, g acts on k[a, e], k[b, f], k[c, g] and k[d, h] via a — ua + ve et e — wa + xe... Moreover
the action of GLa(k) on R extends to C' and R.

Our first aim is to show the following relations on graded traces. The algebras R and R are graded subalgebra
of My(S) (whose graduation is given via the identification with S*). The algebra C' is a graded subalgebra of S.

Proposition 2 — Graded traces. For g € GLy(k), we have the following formulas.
1

tr(g,C) =
Bt 9 C) = Gt = g7y det(1 — ggrn 79
(0T det(1 + gT)
= o1~ gT) det(1 — gz ) 79)
. 1 L dae) det(g) T  det(1 — gg2(v)T?) 4 det(1 4 gT') det(g)T?
axtr (g, R) — dot(1 —gT) " det(1 = g7 det(l — ggav)T?) det(1 — gT') det(1 — gg2(v)T?)

Proof. Let us start by computing the graded trace of an element g € GLo(k) acting on C. To do this, we remark
1
that since chark # 2, we have det(X) = §(tr (X)? —tr (X?)). So

C = k[tr (X), tr (YV), tr (X?),tr (XY), tr (Y?)] = k[tr (X), tr (V)] ® k[tr (X?), tr (XY), tr (Y?)].

where GLy (k) acts diagonaly on the tensor product. So if we set V = (X, Y ), _y .5, then the GLy(k)-module C'is
isomorphic to S(V) ® S(S%(V)). So the usually Molien formula gives the graded trace of g € GLa(k) acting on C
- 1

B det(l — gT) det(l — gSQ(V)TQ) '

Using the relation R =C & CX & CY & CXY, we get

grtr (g,C)



grtr (g, R) = grtr (g, O) (1 + tr (g)T + det(g)T?).

Indeed, if we choose (¢;); a k-basis of C, then (¢;X) is a basis of CX and the component of g(c¢; X) is uot where
« is the component of gc¢; in the basis ¢;. With the same argument for CY', we get the term tr (¢)7. Let now
study CXY, we have g XY = (uX 4+ vY)(wX + zY). Using the Cayley-Hamilton bilinear formula, we get that
the component of gXY on XY is (uz — vw) = det g. Moreover (1 + tr (g)T + det(g)T?) = det(1 + ¢T). Finally,
we have

— det(1 + ¢T)

grtr (.g?R) = grtr (970) det(l + gT) = det(]. _ gT) det(l _ gSZ(V)TZ) .

Let J = [R, R]. Now we use the fact that we have the following exact sequence of graded GLy(k)-modules

0 J R R/J = S(V)—=0
So that grtr (g, R) = grtr (g, R/J) + grtr (g, J). But grtr (g, R/J) = 1/det(1 — ¢T) and J = (XY — Y X)R (see
proposition [1). Thus we get grtr (g, .J) = det(g)T?grtr (g, R). Finally we obtain the following expression :
e (g, R) = 1 det(1 + ¢T') det(g)T? ~ det(1 — gg2(v)T?) 4 det(1 4 gT') det(g)T?
gririg, &) = det(1—gT) = det(l — gT)det(l — gg2v)T?) det(1 — ¢gT') det(1 — gg2(v)T?)
For g = id, we get back the Poincaré series for R, C' and R. O

Let us now suppose that cark = 0. The action of any finite subgroup G of GLy(k) is semisimple and the
Reynold operator |G|~! S gec 9 1s the projection on the invariants. So we get the following formula for the
Poincaré series of invariants

Proposition 3 — Poincaré series for invariants.
1 1

Poo = —
¢ |G|g€ZGdet(1 — gT) det(l — gsz(cz)TQ)

P 1 det(1 + ¢T)
Lo = —
R |G|g€Gdet(1 — gT) det(l — gsz(cz)TQ)

1 1 det(1 + ¢gT') det(g)T?

Pre = — +
e |G|g§Gdet(l - gT) gezgdet(l - gT) det(l - 952(((32)7—@)

Type A, case: the cyclic group U,.
Let G = (diag (¢, (1), ¢ € Uy,) be the cyclic group of order n where U, is the group of n*® roots of unity in

. =G
C. We compute the Poincaré series of R~ and R.
We have to compute

Po=21(% (1+¢D)(A+¢'T) _1 1 ]
R cen, 1 =CT)(1 = ¢ 1T)(1 = ¢2T%)(1 - T2)(1 — (~271?) nl—-T2.g5 (1-¢T)*(1—-¢71T)?

and
1 1 op 1 1 ™ 1 1
Pro = nCGZUn (1—CT)(1—C¢1T) T Ppe = nCeZU" (1—C¢T)(1—C¢1T) T ncg[;n (1—CT)2(1— ¢ 1T)2

For this, we will need the few computations shown in the following lemmas

Lemma 4 For ¢ € Z, we have

T s T—4+1 B {4+ 1T+
STk = and S kTF = + = +(0+1)
k>—¢ 1—T k>—4 1—T (1—T)2 (1—T)2
Proof. The first equality is just obtain by factorizing 7—¢. Moreover, let f = > T* then we have
k>—£
S kTF =Tf".
k>—¢
It now suffices to derive the first equality to get the second one.
Lemma 5 We have
1 T T+1T?
Tk = —— | ETF = ———— and k2TF = ——
& T & Taory & Ty

Proof. The first two equalities are special cases of the preceding lemma. For the third one, let f = > kT*.
k>0
Then



SRR =T
k>0

It now suffices to derive the second equality to get the third one.

From now on, our main aim is to compute

1 1
M= & o ara - o
1 1
But we have O(T) = m‘xqu 1- y)z‘y:C*lT

and 1/(1 —u)? = (1/(1 —u)) = (> u')". So

1 . )
JE R — Z Z‘szflyjfl
(1=22(1-y)? )

(1 o
and ®T)= Y (i+)G+DTH [~ 5 ¢ .
(i,j)EN2 N¢eu,
1 .
But — S (¢i=1
N¢eu,

whenever ¢ — j = kn for some k € Z and 0 otherwise. So

®(T) = > (j+ kn+1)(j + 1)T%+hkn
(k,3),0€ENk=—j5/n

which can also be written as
In+n—1 ) In+n—1 )
T)=> | > (G+1)°T% YT+ X G+H)TH > knT*n
LeN \ j=tn k>—¢ (eN \ j=in k>—t
Before going on the computation, we need the following lemma.

Lemma 6 — Some computation. For ¢ € N, we have

In+n n+1 _ qén+n+1
T T
> Ti=
1=fn+1 1-T
Y/ —1 Y/ n n+n in+1 In+n—+1
T e S i (bn+1)T" — (bn+n+1)T Tt
> ()T = 5 I = T g2
i={n i=In+1 - ( - )
en+2n71(i 2 - lwgn 2pio1_ 127" — (4n + n + 1)27En+7 N (2en + 3)T+1 _ (20n + 2n + 3)TIn 0+ N 2Tf"+2 — r(+)n+2
i=ln i=ln+1 1-7 (1-1)2
In+n .
Proof. Let u = ), T". The second expression is just v’ and the third is (Tv') = Tu"” + u’.
i=fn+1

Using the preceding lemma and lemma @] we obtain

14374+ 20— )T 2+ T (20— 1) 4 (20— 3)T? + -+ - + T?"2)

(1) (1—1Tm)3(1 — 12)

which can also be written as
(1 -=T"(1+3T?+ -+ 2n— )T 2) + 20T (1 +T? +--- + T?"72)

d(T) = -
() (1-Tm)3(1-17?)
o o(T) — (1+3T2+ -+ (2n — )T2=2)(1 — T2) 4 2nT™(1 + T")
(1—-T7)2(1 —1T2)2
14 2nT" + T?" + 272 4 2T4 4 .. 27?2
and also (T) = rend + + o

(1=Tm)2(1—1T2)2
Finally we get the following result
Proposition 7 We have

14 20T 4 T2 4+ 2T2 + 2T + - + 27272
B (1—Tm)2(1—-1T2)3

1_T2+T4+2nTn+2 —T2n+3T2n+2—T2n+4+2T4—|—2T6—|—-~'+2T2n
(1—Tm)2(1—12)3

and Pre =



Proof. The expression
1 1
neda, 1Ty~ ¢ D)
is the Poincaré series of the fixed points of the action of G on S(C?) which is described as

S(C?)% = k[u™, v"] ® wok[u™, v"] & --- & (uv)* L k[u™, v"]

which gives the Poincaré series
141"
1-T2)1-1Tn)"

The Exceptional Group Cases.

Sage computations give the following properties
Proposition 8 — The E6 case. We have the following formulas
T16 — 712 4 2710 4 878 4276 — T4 + 1
(1-T%)3(1—19%)2

Poe =

P T 4714 12 L AT10 L 4TS 4476 — T4 72 + 1
e (1= TH2(1 - TO2(1 - T2)
—720 4 o718 4 316 _ o4 4 12 4 4710 L 78 T4 4]

Prc = (1— T4)2(1 —T6)2(1 -T2)

Proposition 9 — The E7 case. = We have the following formulas

T24 4720 _ o718 L 4716 4 o714 4 12712 4 o710 1 478 — 276 4+ T4 4+ 1
(1 TO2(1— T5)2(1 - 1%

Poe =

B T24 + T22 + T20 _ T18 + 6T16 + 6T14 + 20T12 + 6T10 + 6T8 _ T6 + T4 + T2 + 1
B (1—T6)2(1 —T8)2(1 - T2)

PEG

—T28 42726 1 724 4 3722 — 2720 4 578 4 4716 1 20714 4 8712 4 7710 —T6 4 T4 11
(1 - TO)2(1 - T9)2(1 - 1?)

Prec =

Proposition 10 — The E8 case. = We have the following formulas

P 1324273042728 o724 _ 47224 9720 416718 106710 416714 o112 4710 o780t yor2y
o< A-TO2A-T10)2(1-T5) (1+72)?

P = T3243730 4472842726 2724 67224 4720 430718 448710 L3074 LaT!2 6710 2784270 4 aTd 45724y
RBET A—T6)2(1-T10)2(1—T%)(1+7T2)

Py =T36447324 7730 44728 2720 8724426720 148718 43471045714 471227104 76407l o724
RG A-TO2(-TT0)2(A-TH(A+T?)

# This function computes the matrix of m acting on S~2(V)

# where m acts on the two dimensionnal space V

def S2(m):

A=m.base_ring()

MS=MatrixSpace(4A,3)

T=MS([i for i in range(9)])

T[0]=[m[0] [0]~2, 2*m[0][0]*m[0][1], m[0][1]"2]

T[1]=[m[0] [0]*m[1] [0] ,m[1] [0]*m[0] [1]+ m[0] [0J*m[1] [1],m[0] [1]*m[1] [1]]
T[2]=[m[1][0]~2, 2*m[1] [0]*m[1][1], m[1][1]"2]

return T

# This function computes the graded trace of m (a 2 by 2 invertible matrix)
# acting on C as a power series

def trgrC(m):

A=m.base_ring()

SF.<T>=PowerSeriesRing(A)

MS=MatrixSpace(SF,2)

sor=1/(det (1-m*T)*det (1-S2(m)*T~2))

return sor



# This function computes the graded trace of m (a 2 by 2 invertible matrix)
# acting on Rbarre as a power series

def trgrRbarre(m):

A=m.base_ring()

SF.<T>=PowerSeriesRing(A)

MS=MatrixSpace (SF,2)

sor=det (1+m*T) *trgrC (m)

return sor

# This function computes the graded trace of m (a 2 by 2 invertible matrix)
# acting on R as a power series

def trgrGEN(m):

A=m.base_ring()

SF.<T>=PowerSeriesRing(A)

MS=MatrixSpace (SF,2)

sor=1/det (1-m*T) + det (m)*T~2xtrgrRbarre (m)

return sor

# This function computes the graded trace of m (a 2 by 2 invertible matrix)
# acting on C as a rational function of T

def trgrfrC(m):

A=m.base_ring()

Pol.<T>=PolynomialRing(A)

Fr=FractionField(Pol)

MS=MatrixSpace(Fr,2)

sor=1/(det (1-m*T)*det (1-S2(m)*T~2))

return sor

# This function computes the graded trace of m (a 2 by 2 invertible matrix)
# acting on Rbarre as a rational function of T

def trgrfrRbarre(m):

A=m.base_ring()

Pol.<T>=PolynomialRing(A)

Fr=FractionField(Pol)

MS=MatrixSpace(Fr,2)

sor=det (1+m*T) *trgrfrC(m)

return sor

# This function computes the graded trace of m (a 2 by 2 invertible matrix)
# acting on R as a rational function of T

def trgrfrGEN(m):

A=m.base_ring()

Pol.<T>=PolynomialRing(A)

Fr=FractionField(Pol)

MS=MatrixSpace (Fr,2)

sor=1/det (1-m*T) + det(m)*T~2xtrgrfrRbarre(m)

return sor

#E6 binary tetrahedral group of order 24

kE6.<zE6>=CyclotomicField(4)

MSE6=MatrixSpace (kE6,2)

glE6=MSE6([2zE6,0,0,zE6~(-1)]1)

g2E6=MSE6([0,zE6,2zE6,0])

g3E6=MSE6([(1-2zE6)~(-1), zE6%(1-zE6)~(-1), (1-zE6)~(-1), -zE6%(1-zE6)~(-1)]1)
gens=[glE6,g2E6,g3E6]

E6=MatrixGroup(gens) ;

SE6=1ist (Set (E6))

PoincareE6C=1/E6.order () *sum([trgrfrC(MSE6(m)) for m in SE6])

print ("Poincaré series of the invariant of C is")

print (PoincareE6C)

PoincareE6Rbarre=1/E6.order () *sum([trgrfrRbarre(MSE6(m)) for m in SE6])
print("Poincaré series of the invariant of Rbarre is")

print (PoincareE6Rbarre)

PoincareE6GEN=1/E6.order () *sum([trgrfrGEN(MSE6(m)) for m in SE6])

print ("Poincaré series of the invariant of Rbarre is")



print (PoincareE6GEN)

#E7 binary tetrahedral group of order 48

kE7.<zE7>=CyclotomicField(8)

MSE7=MatrixSpace (kE7,2)

glE7=MSE7([zE7,0,0,2E7~(-1)])

g2E7=MSE7 ([0,zE7~2,zE7~2,0])

g3E7=MSE7 ([(1-zE7~2)"~(-1), zE7~2%(1-zE7"2)"(-1), (1-zE7"2)"(-1), -zE7~2%(1-zE7~2)"(-1)1)
gens=[glE7,g2E7,g3E7]

E7=MatrixGroup (gens)

SE7=1ist(Set(E7))

PoincareE7C=1/E7.order () *sum([trgrfrC(MSE7(m)) for m in SE7])

print ("Poincaré series of the invariant of C is")

print (PoincareE7C)

PoincareE7Rbarre=1/E7.order () *sum([trgrfrRbarre(MSE7(m)) for m in SET7])
print ("Poincaré series of the invariant of Rbarre is")

print (PoincareE7Rbarre)

PoincareE7GEN=1/E7.order () *sum([trgrfrGEN(MSE7(m)) for m in SE7])

print ("Poincaré series of the invariant of R is")

print (PoincareE7GEN)

#E8 binary tetrahedral group of order 120

kE8.<zE8>=CyclotomicField(20)

MSE8=MatrixSpace (kE8,2)

glE8=MSE8([zE8~2,0,0,2E8~(-2)])

a=2*(zE8~4+zE8~(-4)) + 1

g2E8=MSE8 ([ (zE8~4-zE8~(16))/a, (zE8"8-zE8~(12))/a, (zE8°8-zE8~(12))/a, (-zE8"4 +zE8~(16))/al)
gens=[glE8, g2E8]

E8=MatrixGroup (gens)

SE8=1ist (Set (E8))

PoincareE8C=1/E8.order () *sum([trgrfrC(MSE8(m)) for m in SE8])

print ("Poincaré series of the invariant of C is")

print (PoincareE8C)

PoincareE8Rbarre=1/E8.order () *sum([trgrfrRbarre(MSE8(m)) for m in SE8])
print ("Poincaré series of the invariant of Rbarre is")

print (PoincareE8Rbarre)

PoincareE8GEN=1/E8.order () *sum([trgrfrGEN(MSE8(m)) for m in SE8])

print ("Poincaré series of the invariant of R is")

print (PoincareE8GEN)
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