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CLUSTER ANALYSIS OF LOCAL CONVERGENT SEQUENCES

OF STRUCTURES

JAROSLAV NESETRIL AND PATRICE OSSONA DE MENDEZ

ABSTRACT. The cluster analysis of very large objects is an important problem,
which spans several theoretical as well as applied branches of mathematics and
computer science. Here we suggest a novel approach: under assumption of
local convergence of a sequence of finite structures we derive an asymptotic
clustering. This is achieved by a blend of analytic and geometric techniques,
and particularly by a new interpretation of the authors’ representation theorem
for limits of local convergent sequences, which serves as a guidance for the
whole process. Our study may be seen as an effort to describe connectivity
structure at the limit (without having a defined explicit limit structure) and
to pull this connectivity structure back to the finite structures in the sequence
in a continuous way.
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1. INTRODUCTION

Cluster analysis (being established part of statistics, computer science and math-
ematics) is a core method for database mining. It initiated in the thirties in social
sciences, particularly in anthropology and psychology. While the abstract notion of
a cluster is somehow vague, some canonical types of cluster models have been con-
sidered, which allow to construct meaningful partitions of large data sets. Among
these models, let us mention two principal extreme models: density models — where
clusters correspond to connected dense regions, and distribution models — where
clusters are defined by means of statistical distributions. For a comprehensive re-
view of cluster analysis, we refer the reader to [g].

In this paper — which extends and precise some ideas introduced by the authors
in [T4] to study structural limits of trees — we propose a novel approach based on an
interplay of these two models: knowing a limit statistical distribution associated to
structures in a convergent sequence, we compute the parameters driving a density
clustering of each of the structures in the sequence, in a seemingly “continuous”
way. We believe that the cluster analysis presented here has a broader impact than
the analysis of structural limits (which was our original motivation), and that it
highlights a duality of the density and distribution models. Our analysis found
immediate applications to the study of structural limits and we hope that more
will come.

The convergence notion we use is the convergence of the distribution of the local
properties of random vectors of elements. The limit distribution is used to drive
a segmentation process, which can be seen as a marking of the elements of each
structure in the sequence. The consistency of these markings is ensured by the
requirement that the sequence of marked structures is still local convergent (see
Fig [l| for a schematic visualization of this segmentation method).

FIGURE 1. Segmentation of structures in a convergent sequence
based on cluster analysis

Our approach is a natural one: if instead of considering a single snapshot of an
evolving system we consider a significant part of the full movie, then clusters appear
in a more obvious way, and meaningful parameters are much more easily defined
and estimated. However the details are involved and lead to a new taxonomy.

Note that the notion of convergence considered here is a generalization of the
notion of local convergence introduced by Benjamini and Schramm for graphs with
bounded degrees [3]. In the general structural setting, introduced by the authors
in [13], there is no restriction on the degrees of the considered graphs or structures.
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Informally, a sequence A = (A, )nen of structures is local convergent if the probabil-
ity (¢, A,) (the Stone pairing of ¢ and A,,) of satisfaction of every local first-order
formula ¢ in structure A,, (for a random assignment of the free variables) converges
as n grows to infinity. (Recall that a local formula is a formula whose satisfaction
only depends on a bounded neighborhood of its free variables.) The limit of a
local convergent sequence can thus be described by the (infinite) vectors of limit
satisfaction probabilities lim,, (¢, A,) indexed by all local first-order formulas
¢. This can also be represented as a probability measure, as stated in the general
representation theorem (Theorem , in a way extending Aldous-Hoover represen-
tation of left limits of dense graphs by infinite exchangeable graphs [Il [1I] and
Benjamini-Schramm representation of local limits of graphs with bounded degree
by an unimodular distribution on rooted connected countable graphs [3].

Our cluster analysis allows to meaningfully partition the structures in a local con-
vergent sequence into dense connected clusters (plus an additional residual sparse
cluster). It also show how this clustering is related to an imaginary connectivity
structure of the limit (although no bona fide limit structure is generally available).
More: our cluster analysis will be a central tool to construct limit structures for
sequences of graphs with locally few cycles (meaning that the number of cycles in
the d-neighborhood of every vertex in every graph in the sequence is bounded by
some fixed function of d). This will be the subject of a forthcoming paper [14].

FIGURE 2. Typical shape of a structure continuously segmented by
a clustering: dense spots correspond to globular clusters, and the
background to the residual cluster. Biggest globular clusters ap-
pear first and then move apart from each other, while new (smaller)
globular clusters appear and residual cluster becomes sparser and

sparser.

Let us take time for a more detailed description both of our main result (Theo-
rem [1) and of the main difficulties that we have to overcome to prove it. The first
(surprising, at least at first glance) aspect, which already appears when considering
Benjamini-Schramm limit of connected graphs with bounded degrees, is that the
limit of a sequence of connected graphs needs not to be connected: if G = (G,,)ien
is a local convergent sequence of finite connected graphs with degree at most D
and with orders growing to infinity, then for every integers k, r the probability that
a random subset of k vertices contains two vertices at distance at most r tends
to 0, which ultimately shows that the limit cannot have finitely many connected
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FIGURE 3. Semantic connections of new notions considered in this paper.

components. Actually every limit graphing will have uncountably many connected
components.

When considering general local convergent sequences of finite structures, even if
we don’t have a limit structure, it makes sense to talk about the limit connected
components and some of their properties. For instance, we prove that it is possi-
ble to determine the measure of all the limit connected components and, for those
with non-zero measures, their associated statistics. This is basically done by using
Fourier analysis. Using this information, we prove that it is possible to track the
limit connected components back to the structures of a local convergent sequence,
by marking consistently the elements of all the structures in the sequence (see also
schematic Fig. . The component structure of the limit is very complex and it
has been repeatedly asked as a problem (by Lovdsz and others) how sequences of
connected structures disconnect at the limit. Here we solve this problem at a gen-
eral level, by showing that we can trace limit connected components with positive
measure back in the sequence and how they gradually disconnect themselves from
the remaining of the structures.

This analysis leads to interesting new notions (see Fig : globular cluster (cor-
responding to a limit non-zero measure connected component), residual cluster
(corresponding to all the zero-measure connected components taken as a whole),
and negligible cluster (corresponding to the stretched part connecting the other
clusters, which eventually disappears at the limit). The marking of each of all
these types of clusters will be explained in the second part of the paper. But let us
mention that the main issue here is that we require that the marking of all these
(countably many) clusters should preserve local convergence. This means that even
if we consider local formulas using these marks, the satisfaction probabilities will
still converge.

The main result of this paper reads as follows:
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Theorem 1. Let A be a local convergent sequence of o-structures. Then there
exists a signature o+ obtained from o by the addition of countably many unary
symbols Mr and M, ; (i € N, 1< j < N;) and a clustering AT of A with the
following properties:
o For every i € N, (Ujvzl M; ; (AI))HEN is a universal cluster;
e For every i € N and every 1 < j < N;, (M;;(A}))
cluster;
o Two clusters (M; ;(A})), . and (M j(A})), _ are interweaving if
and only if 1 = 1';
o (Mgr(A))) is a residual cluster.

neN
(all undefined notions are explained below.)

neN is a globular

The paper is organized in three parts, each subdivided into sections:

In the first part of the paper we introduce (in Section [2) the main definitions
and notations used in this paper, and present (in Section a reduction argument
showing that considering strongly local formulas (that is local formulas whose sat-
isfaction requires that all the free variables are assigned to vertices which are close)
is sufficient to compute (exact) statistics component-wise, possibly after deletion
of some set with negligible impact. For this purpose, a “weak algebra” of strongly
formulas is developed.

The second part of the paper is devoted to the theoretical study of an abstract
notion of “cluster”. Section [4] is devoted to the study of sets with negligible im-
pact, called negligible sets and to sequence of more and more negligible sets, called
negligible sequences. Deletion of subsets forming a negligible sequence does not
change the limit statistics of a local convergent sequence. Ultimately, our goal is
thus to consider a negligible sequence, whose deletion will disconnect the graphs in
the sequence into clusters. The formal notion of a cluster is discussed in Section
For us, a cluster will be a “continuous” sequence of subsets that correspond to a
“stable entity” and that is “well separated” from the rest of the structure. This is
expressed by the property that marking a cluster (formalized by considering a lift)
preserves the local convergence, and that the frontier of a cluster forms a negligible
sequence. Several types of clusters are defined and discussed in this section, in
particular universal clusters and strongly atomic clusters. These last clusters corre-
sponding to expanding parts of the structures in a local convergent sequence, and
their properties are close to those of expander graphs. It follows from the definition
of a cluster that iteratively marking finitely many clusters preserves local conver-
gence. However, if we want to mark countably many clusters then the situation
becomes more tricky. The conditions under which countably many clusters can be
marked, sometimes modulo a limited modification, is discussed in Section [0} and is
the purpose of the Cluster Comb Lemma (Lemma [26)).

Particular clusters are intrinsically defined by the local convergence, which allow
to mark dense spots in the structures of a local convergent sequence. These clus-
ters, called globular clusters, ultimately represent the non-zero measure imaginary
connected components of the limit. To the opposite, a residual cluster represents a
group of zero-measure imaginary connected components.

The third part of the paper is devoted to effective density clustering into count-
ably many clusters and a residual cluster. In Section [§] we review the general
representation theorem for limits of convergent sequences, and prove a general ran-
dom rooting theorem using Fourier analysis. This result allows us to compute the
spectrum of the sequence, from which we derive the asymptotic measures of the
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globular clusters. Using these informations, the actual computation of the cluster-
ing is done, and we deduce a complete characterization of all the globular clusters
of the sequence, the computed globular clusters serving as a “globular basis”. in
Section

Part 1. Preliminaries
2. BASIC DEFINITIONS AND NOTATIONS

. The theory of graph (and structure) convergence gained recently a substan-
tial attention. Various notions of convergence were proposed, adapted to different
contexts. Let us mention:

e the theory of dense graph limits [0, [[2] based on the notion of left conver-
gence,

e the theory of bounded degree graph limits [3] based on the notion of local
convergence.

These approaches have been (partly) unified by the authors in the setting of struc-
tural limits [13]. This last approach relies on a balance of model theoretic and
functional analysis aspects. For a signature ¢ and a fragment X of the set of first-
order formulas over the language generated by o, we define for a finite o-structure
A and a formula ¢ € X with free variables z1,...,x, the Stone pairing of ¢ and A
as

[¢(A)]
<¢a A> - |A‘p 9

where ¢(A) = {(v1,...,vp) € AP : A = ¢(v1,...,v,)}. In other words, (¢, A)
is the probability that ¢ is satisfied in A for a random (uniform independent)
assignment of the free variables z1,...,z, to elements of A.

The above setting naturally extends to the case where a structure A is equipped
with a probability measure va on its domain. In this case, we define the Stone
pairing as

(¢, A) = VP (A),

where ufp stands for the product measure on AP. In this paper we deal with finite
structures endowed with a probability measure (which we briefly call structures for
the sake of simplicity); when not defined, the probability measure considered on
a finite structure is meant to be the uniform measure. The class of all the finite
structures with signature o will be denoted by Rel(o).

In the following, we shall use the following convention (see Table :

e Structures are denoted by boldface capital letters A;

e Sets are denoted by plain roman capital letters X,Y;

e Sequences of structures are denoted by boldface capital sans serif letter
A= (An)nEN;

e Sequence of sets are denoted by plain capital sans serif letter X = (X}, )nen.

Let A be a o-structure and let X be a subset of the domain A of A. If va (X) >0
we define A[X] as the substructure of A induced by X endowed with probability
measure defined by vo;x)(Y) = va(Y)/va(X) (for every Y C X). If va(X) < 1
we define A — X = A[A\ X]. We denote by Gaif(A) the Gaifman graph of A. The
distance between two elements of a structure will always refer to the graph distance
in the Gaifman graph of the structure.

For a subset X C A, the closed neighborhood of X in A is Na (X). Consequently
the set of all elements of A at distance at most d from an element of X is N (X).
The outer vertex boundary (or simply the outer boundary) of X in A is the set of
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Symbol Signification
Rel(o) Set of all finite o-structures (endowed with probability measure)
A A structure
A The domain of structure A
VA Probability measure on the domain A of A
X, Y Subsets of A
XNY,XUY, X \Y | Set operations
XCY Set inclusion
»(A) Set of tuples satisfying ¢ in A
(g, A) Stone pairing of ¢ and A
A[X] Substructure of A induced by X
A-X Substructure of A induced by A\ X
N4 (X) Closed d-neighborhood of subset X in A
Oa(X) Outer boundary of X in A: da(X) =Na(X)\ X
A Sequence (A, )nen of structures
A Sequence (A, )nen of the domains of structures in A
X Sequence (X, )nen of subsets, cluster
0 Sequence of empty sets: sequence X, where X, = ()
Ay Subsequence (A ¢(,))nen of A
Xy Subsequence (X¢(,))nen of X
va(X) Sequence (va, (X;))nen of measures of subsets
XN Ya XU Ya X \ Y Sequences (Xn N Yn)neNa (Xn U Y;L)neNa and (Xn \ Y;z)nEN
XCY Pointwise sequence inclusion: X CY <= (Vn) X,, CY,
A[X] Sequence (A, [X,])nen of induced substructures
A-X Sequence (A, [An \ Xn])nen of induced substructures
N4 (X) Sequence (N4 (X,))nen of closed d-neighborhoods
OaAX Sequence (0a, (Xn))nen of outer boundaries
o(A) Sequence (¢(A,,))nen of satisfaction sets of ¢
Lx(A) Lifted sequence obtained by marking X in A
lim A Limit of A (as an abstract object)
(¢p,lim A) Limit Stone pairing: (¢, imA) = lim,,_, o (¢, Ay)
Introduced in Section
Se Stone space associated to o-structures
P(S) Space of probability measures on space S
M, Closure of the space of representation measures of finite
o-structures in P(S,)
HA Representation measure of structure A
Hlim A Representation measure of the limit of sequence A
k(o) Function representing ¢, s.t. (¢, A) = [ k(¢) dua
Introduced in Section
PDY addition: ¢ V v, defined if p A1) =0
XS] subtraction: ¢ A =), defined if ¢ —
O RY free product of ¢ and v
Introduced in Section
X=Y ‘ Equivalent sequences (XAY negligible)
Introduced in Section
XQY ‘ Interweaving clusters (lim Ly (A) = lim Ly (A))

TABLE 1. Main symbols and notations of this paper
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vertices in A\ X with at least one neighbor in X []:
0AX =Na(X)\ X.

Note, in particular, that if X is the domain of a union of connected components of
A, then 0o X = 0.

Furthermore, we extend all operations defined on structures and subsets to se-
quences coordinate-wise: The sequence A has domain A (meaning A,, has domain
Ay); for X C A (meaning X,, C A,,) we denote by A[X] the sequence (A, [X,])nen,
by OaX the sequence (Oa, Xn)nen, by X C Y the inclusions X,, C Y, by ¢(A) the
sequence of the sets ¢(A,,), by va(X) the sequence of the measures va  (X,,), etc.
Also, for increasing f : N — N we denote by Ay the subsequence (A f(,))nen of A
and by Xy the subsequence (X ) )nen of X. For instance, A denotes a sequence of
structures whose nth term is A,,, and A denotes the sequence of the domains A,
of the structures A,,.

Definition 1. For o-structures Aj, Ao, ... and not negative reals Ai, Ao, ... with
sum 1 we define ), \;A; as the o-structure A obtained by endowing the disjoint
union of the o-structures A1, Ao, ... with the probability measure vp = Zz AiVA, -

Note that although this allows us to define (¢,>, \;A;), in general we have
(0,2, MiAy) # > Xi(é, A;). However, equality holds in the very particular case
where ¢ is a local formula with a single free variable. When ¢ is a general local
formula with p free variables, it is possible to express (¢,> . A;A;) as a polynomial
of degree at most p in terms of the form (¢;, A;), for some strongly local formulas
¢; depending on ¢ (see Corollary .

To deal marking we introduce the following notion of lift:

Definition 2. Let ¢ C o7 be countable signatures, let A be a sequence of o-
structures, and let B be a sequence of ot-structures.

The sequence A is the shadow of the sequence B if, for each n € N, the structure
A, is the structure obtained from B,, by “forgetting” about all relations not in o.
Conversely, the sequence B is a lift of the sequence A if A is the shadow of B. The
sequence B is a conservative lift of the sequence A if, for each n € N, the structures
A,, and B,, have the same Gaifman graph.

In this paper, a lift of a sequence A will usually be denoted by L(A), with
possibly adding some subscripts to differentiate different lifts of a same sequence.
In particular, if X is a sequence of subsets of A (i.e. X, C A,) and o" is the
signature obtained from ¢ by adding a single unary symbol M, we shall denote by
Lx(A) the lift of A such that M (Lx(A)) = X.

For the benefit of the reader we included in Table [I] a list of the main symbols
and notations used throughout this paper.

3. REDUCTION FROM LOCAL FORMULAS TO STRONGLY LOCAL FORMULAS

Recall that a first-order formula ¢ is local if there is some integer r such that the
satisfaction of ¢ only depends on the distance r neighborhood of its free variables.
Let FO'*® (o) be the fragment of local first-order formulas (for given signature ).
The following is the key definition.

Definition 3. A sequence A = (A,,),en of o-structure is local-convergent if ((¢, Ay))nen
convergences for every local formula ¢.

Note that for bounded degree graphs our notion of local convergence is equivalent
to the notion of local convergence introduced in [3] (see [I3]). For general graphs
(or regular hypergraphs), local convergence is stronger than the left convergence
considered by [12 [7].
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Before discussing the notion of local convergence in greater detail, we take time
for few definitions.

Fact 1. Let X,Y be subsets of the domain A of a structure A, let d be an integer
and let Z beany of X NY, XUY, X\Y, Y\ X, XAY, and their complements
in A. Then it holds

N4 (0aZ) C N4 (94 X) UNGT(9AY).

A first-order formula ¢ with free variables x1, ..., x, is r-local if, for every struc-
ture A and elements v1,...,v, € A it holds

AEo(vr,...,vp) <<=  ANA{vi,...,0})] Eé(vi,...,vp).
A formula is called local if it is r-local for some r. The set of all local first-order
formulas (in the language of the considered signature) is denoted by FO'*® and
we simply use the term of local convergence for FO'°“*_convergence. Note that this
notion of convergence extends Benjamini-Schramm’s notion of local convergence:

Fact 2 ([13]). A sequence (G )nen of graphs with maximum degree at most D
is local-convergent (in the sense of Benjamini-Schramm) if and only if it is local-
convergent (in the sense of FO'*““_convergence).

Indeed, by Gaifman locality theorem [9], for every local formula ¢ with p free

variables there exist p formulas v1,...,, with single free variable, such that for
every graph GG with bounded degrees it holds
P
(6.G) = [ (w1, G) +o(1).
i=1

The main interest of our definition of local-convergence is that it does not need
any restriction on the degrees.

The notion of local formula can be strengthened by requiring that all the free
variables are at bounded distance from each other. Precisely, a first-order formula
¢ with free variables x1,...,x, is strongly r-local if it is r-local and the following
entailment holds:

P
s /\(dist(xl-,xj) <r).
i=1

A formula is called strongly local if it is strongly r-local for some 7.

We now introduce a notion of "weak algebra” of formulas. In the following
definition, a formula ¢ is packed if its free variables are x1, ..., z, (for some p € N).
For a formula ¢ with free variables z; ,...,z; and an injection ¢ : N = N, ¢(¢)
denotes the formula ¢ where all the occurrences of z; are replaced by x,(;. We
denote by 7 be the injection ¢ — ¢ + 1.

Definition 4. A weak algebra of formula is a set S of (logical equivalence class of)
formulas which is closed under the following (partially defined) operations:
(1) If ¢, € Sand ¢ A = 0 then ¢ Y := ¢ V ¢ belongs to S;
(2) if ¢, € S and ¢ — ¢ then ¢ © 1 := ¢ A =) belongs to S;
(3) if ¢t : N — N is an injection and ¢ € S then «(¢) € S;
(4) if ¢,9 € S are packed and ¢ has p free variables, then ¢ ® ¢ := ¢ A 7P (1))
belongs to S.

Note that for every ¢, 1, we have:
o If ¢ @ 1) is defined then for every structure A it holds

(@@ Y)(A) =o(A)UY(A)
(P, A) = (0, A) + (¢, A)
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o If ¢ © 1) is defined then for every structure A it holds

(0o ¢)(A) =o(A)\¥(A)
o If ¢ ® 1) is defined then for every structure A it holds

(P @V)(A) =(A) x ¥(A)
(@1, A) = (), A).(,A)
Here, the equivalence X = Y (with respect to domain A) means, for X C AP
and Y C A? that there exist a permutation ¢ of [p + ¢] such that
(X x AT) =Y x AP.
Also, note that if ¢ @ 1 is defined then ¢ = (¢ B ) © 1.

Theorem 2. The smallest weak algebra containing all strongly local formulas
is the weak algebra of all local formulas.

Proof. One direction is obvious (as local formulas form a weak algebra). For the
other direction, consider an r-local formula ¢ with free variables z; for i € I. Let
&1 be the set of all graphs with vertex set I. Obviously it holds

o= @ /\ (dist(z, ;) < 2r) A /\ (dist(z;, ;) > 2r) A @
FeFr \ijeE(F) i€ B(F)
It follows that we can restrict our attention to formulas of the form used in the
above sum for some F. Moreover, we can assume that I = [p] and that the vertex
sets I, ..., Iy of the connected components Fi,. .., Fj of F are intervals of [p]. By
locality property, we further assume that ¢ has the following form:

k
o= /\ (dist(zi, xj) < 2r) A /\ (dist(zi, &) > 2r) A /\ Pz
z=1

ijEE(F) ij¢ E(F)

where p, is r-local with set of free variables {x; : i € I, }.

We proceed by induction on k. If £ = 1 then the formula is 2pr-strongly local
so the lemma holds. Assume that & > 1 and that the statement holds for less than
k connected components. For 1 < z < k define

¢ = /\ (dist(zs, ;) < 2r) A p..
ijEB(F,)
Then it holds

=

k
®¢z = EB /\ (dist(z, zj) < 2r) A /\ (dist(zi, xj) > 2r) A P,

HeF \ijeEB(H) ij¢ E(H) z=1

where § is the set of all graphs H with vertex set [p] such that H[I,] = F, for every
1 < z < k. Note that § contains exactly one graph with k connected components,
namely F', all the other ones containing strictly less than k& connected components.
Thus, if we denote

k
ES @ /\ (dist(ai, xj) <2r) A /\ (dist(zi, ;) > 2r) A /\ o,

HeF'\{F} \ijeE(H) ij¢ E(H)
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it holds
k
6= ¢- ¢
z=1
By induction, 1 belongs to the weak algebra generated by strongly local formulas,
hence so does ¢. O

We now take time for three important corollaries.

Corollary 1. For every r-local formula ¢ with p free variables, there exist finitely
many (2pr)-strongly local formulas ¢; (1 < i < N) and a polynomial P € Z[ X1, ..., Xn]
of degree at most p such that for every structure A it holds

(¢,A) = P((¢1,A),.... (¢n, A)).

Note also the following corollary, which allows to check that first-order definable
subsets of (the power of) a measurable structure are measurable (with respect to
product measure) by reduction to sets definable by strongly local formulas.

Corollary 2. Assume A is an infinite structure, whose domain is a measurable
space. If, for every strongly local formula ¢ the set ¢(A) is measurable (with respect
to product measure) then for every first-order formula v the set ¥(A) is measurable
(with respect to product measure).

Proof. This is a direct consequence of Theorem [2] and Gaifman locality theorem
[@. O

Corollary 3. A sequence A is local-convergent if and only if it is strong-local-
convergent.

Part 2. Clustering Local Convergent Sequences

The notion of clustering we develop in this part is based on the stability of
the convergence of a sequence when marking certain subsets of the domains of the
structures in the sequence. This justifies to relate it to the notion of lift introduced
in Section [21

4. NEGLIGIBLE SETS AND SEQUENCES

The following notion of negligible set corresponds intuitively to parts of the graph
one can remove, without a great modification of the statistics of the graph.

Definition 5. Let A be a structure, let d € N and let € > 0. A subset X C A of
elements of A is (d, €)-negligible in A if
va(N4 (X)) < e

The main property of (d, €)-negligible sets is the following:

Lemma 1. Let ¢ € FO]lDOcal be r-local with v < d, and let X be a (d,¢)-
negligible set of a structure A. Then
(¢, A) = (¢, A — X)| < 2pe.
Moreover, suppose B is a structure with same domain as A such that A—X =
B — X then
(¢, A) — (¢, B)| < pe.
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Proof. We first prove the second inequality.

Consider the lift L(A) (resp. L(B)) of A (resp. B) where all elements in N (X)
(resp. N4 (X)) are marked with new unary relation M. Let ¥(z1,...,7,) =
\/ M(x;). Then it holds

0< (¢, L(A)) = (oA =9, L(A)) < (¢, L(A)) <1—(1—€)” <pe
0< (¢, L(B)) — (¢ A=, L(B)) < (4, L(B)) < pe
Thﬁlslhas p(L(A)) = ¢(A), ¢(L(B)) = ¢(B) and (¢ A —p)(L(A)) = (¢ A=) (L(B))
it holds
|<¢a A> - <¢7B>| < pe
For the second inequality, we have likewise

0< (6, L(A) = X) — (6 A =), L(A) — X) < (), L(A) — X) < ——~

va(A\ X)P
Moreover, as ¢ is r-local, it holds (¢ A =¢))(L(A)) = (¢ A =9)(L(A) — X) hence
(0 A=, L(A)) = va(A\ X)P(p A =4, L(A) — X).
Thus
(¢, L(A)) = va(A\ X)P(, L(A) = X)| < pe
Hence
(¢, L(A)) — (¢, L(A) = X)| < [{¢,L(A)) —va(A\ X)"($, L(A) = X)| +1—va(A\ X)”
<pe+1—(1—¢)?
< 2pe.
hence the result, as (¢, L(A)) = (¢, A) and (¢, L(A) — X) = (¢, A — X). O
Definition 6. A (d,€)-fragmentation of a structure A is a (at most) countable

partition (S, X1, X, ...) of A such that no element in X; has a neighbor in X; for
1 # 7 and S is (d, €)-negligible in A.

Lemma 2. Assume (S, X1, Xo,...) is a (d,€)-fragmentation of A and let ¢

be a strongly r-local formula (r < d) with free variables x1,...,x,. Then
(6, 8) = " va(Xo)7 (o, ALXD)| < 2pe.
i>1

Proof. This follows from Lemma and the fact that ¢(A — ) is the disjoint union
of the structures ¢(A[X;]). O

We now consider how the notion of (d, €)-negligible subset of a structure allows
to define negligible sequences of subsets and equivalence of sequences.

Definition 7. Let A be a local-convergent sequence of structures. A sequence
X C A is negligible in A if

Vd e N: limsupwva, (NdAn (X,)) =0,

n—oo

what we simply formulate as
Vde N: limsupva(N4(X)) = 0.

Two sequences X and Y of subsets are equivalent in A (and we note X ~ Y if the
sequence XAY = (X,, AY, )nen is negligible in A.
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We denote by 0 the sequence of empty subsets. Hence X & 0 is equivalent to the
property that X is negligible.

We further define a partial order on sequences of subsets by X <Y if the sequence
X\Y = (X, \ Y, )nen is negligible in A. Hence < has 0 for its minimum.

Two sequences A and B of structures are equivalent if there exists a negligible
sequence X of A and a negligible sequence Y of B such that A, — X, is isomorphic
to B, — Y, for every n € N.

The following lemma is a straightforward consequence of Lemma [T but we think
it nevertheless deserves to be explicitly stated.

Lemma 3. Let A and B be equivalent sequences of structures.
Then A is local-convergent if and only if B is local-convergent. In this case, they
have the same limit.

5. CLUSTERS AND PRE-CLUSTERS

The notion of cluster of a local-convergent sequence we introduce now is a weak
analog of the notion of union of connected components, or more precisely of the
topological notion of “clopen subset”.

5.1. Clusters. In our setting, where clustering is performed on a local convergent
sequence A, the term of “cluster”, which we will now define, will be used to qualify
a sequence X of sets, with X,, C A4,,.

Definition 8. Let A be a local-convergent sequence of structures.

A sequence X C A is a cluster of A if the following conditions hold:

(1) the lifted sequence Lx(A) obtained by marking set X,, in A, by a new
unary relation My is local-convergent;
(2) the sequence JaX is negligible in A.

Condition (1) can be seen as a continuity requirement for the subset selection.
Condition (2) is stronger than the usual requirement that there are not too many
connections leaving the cluster. We intuitively require that the (asymptotically
arbitrarily large) ring around a cluster is very sparse zone. Note that no minimality
nor connectivity assumption is made at this point.

We start our “cluster analysis” by means of the following notions (more will
follow, see Fig. : A cluster X is atomic if, for every cluster Y of A such that Y < X
either Y =~ 0 or Y = X; the cluster X is strongly atomic if Xy is an atomic cluster
of Ay for every increasing function f : N — N. To the opposite, the cluster X is a
nebula if, for every increasing function f : N — N, every atomic cluster Yy of Ay
with Yy C Xy is trivial. Finally, a cluster X is universal for A if X is a cluster of
every conservative lift of A.

Lemma 4. Let X be a cluster of A and let Y be a sequence of subsets. Then X =Y
in A if and only if Y is a cluster of A and

limsupva(XAY) =0.

Proof. Assume Y is a cluster and limsupwva(XAY) = 0. For every integer d it
holds

N4, (X, AY,) C (X, AY,) UNL (9a, (X, AY,))
C (X, AY,)UN% (9a,X,) UN% (0a,Yy)

Thus X AY is negligible in A, that is X = Y.
Conversely, assume X =~ Y. Then obviously limsupva(XAY) =0. As 0a,Y,, C
OA, XnUNA (X, AY,), and as XAY is negligible since X ~ Y, the sequence daY
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is negligible. Moreover, as Lx(A) ~ Ly (A) (considering we use the same symbol for
both lifts), we deduce that Y is a cluster of A. O

In particular, if X is a cluster and Y ~ X then Y is a cluster.
We have the following alternative characterization of clusters:

Lemma 5. Let A be a local-convergent sequence of structures.
A sequence X C A is a cluster of A if either X = 0 or the following conditions
hold:
(1) the sequence A[X] is local-convergent;
(2) the limit lim va(X) and is strictly positive;
(3) the sequence OaX is negligible in A.

Proof. Assume X is a cluster of A, and let o = (M, lim Lx(A)). If & = 0 then X is
negligible in A as for every d,n € N it holds N§ (X,) = X,, U NdAj}(aAan) and
thus

lim sup va (Na (X)) < lim va(X) + lim sup VA(N;l_l(GAX) =a=0.
Otherwise, @ > 0. To every local formula ¢ we associate the local formula ¢|Mx
conditioning every variables with Myx. Then it holds

(0, An[Xn]) = <¢|Mx7Lx(A )[Xn])
(0| Mx, Lx(An) = 9a, (Xn)) + o(1)
P Mx, Lx(An)) + o(1)
It follows that the sequence A[X] is local-convergent.
Conversely, let X be a sequence satisfying the conditions of the lemma. Then
either X ~ 0 and X is a cluster (according to Lemma ), or A[X] is local convergent,
lim va (X) > 0, and 9aX & 0. Then, denoting a = lim 4 (X) it holds for every local

formula ¢ (with respect to the language of Lx(A)), denoting ¢ (resp. ¢~) the
formula where My is replaced by true (resp. false) it holds:

(¢, Lx(An)) = (¢, Lx(An) — 0a, Xn) + o(1)
= (¢, Lx(An) [Xn]) + (1 — @)"(d, Lx (An)[An \ X5 \ 04, Xn]) 4 0(1)
= O‘p<¢+ Lx(Ay)[Xn]) + (1 = ) (¢, Lx(An)[An \ X \ 94, Xn]) +0(1)
= aP(¢7, Ap[Xo]) + (1 — )P (67, Ap[An \ X, \ 9, X,]) +0(1)
= (", An[Xu]) + (67, An) — P (07, An[Xy]) +o(1)
Hence Lx(A) is local convergent. O

Definition 9. Two clusters X and Y of a local-convergent sequence A are inter-

weaving, and we note X () Y if every sequence Z with Z,, € {X,,,Y,} is a cluster of
A

Interweaving clusters allow to build many new clusters by weaving (hence the
name “interweaving”). Interweaving clusters have the following handy characteri-
zation:

Lemma 6. Let X and Y be two clusters of a local-convergent sequence A. The
following are equivalent:
(1) X and Y are interweaving;
(2) limLyx(A) = limLy(A);
(3) either X =Y =~ 0 or the following two conditions hold:
(a) imA[X] = limA[Y];
(b) lim va(X) = limva(Y).

Proof. Let us prove (1)=(2)=(3)=(1).
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(1)=(2): Let Z,, be X,, if n is odd and Y}, if n is even. As X (j Y, the sequence Z is a
cluster and (by considering the common subsequences) it holds lim Ly (A) =
lim LZ (A) = lim Ly (A)

(2)=-(3): Let @ = lim(M(z1),Lx, (A,)). Then either « = 0 and X = Y =~ 0 or
limva(X) = limva(Y)a > 0. In the later case, for any local formula ¢, let
¢ be the formula where all the variables (free or bound) are constrained to
belong to relation M. For sufficiently large n (so that (M (z1),Lx, (A,)) >
0 and (M (x1),Ly, (Ay)) > 0) it holds

<¢7 LX'n, (An)>
Thus lim A[X] = lim A[Y].

(3)=(1): If X = Y & 0 then obviously X §§ Y. Otherwise, consider arbitrary Z with
Zn € {X,,Y,}. Assume for contradiction that A[Z does not converge.
Then we can extract two subsequences Z; and Z, such that imA;[Z; #
limA4[Z,]. By taking further subsequences if necessary we can assume that
Z; and Z, are each either a subsequence of X or Y. As lim A[X] = lim A[Y]
we get a contradiction, so A[Z converges. Similarly, va(Z) converges. As
O, (Zn) C Oa,(X,) Uda, (Ys) and OaX =~ OAY = 0 we get OaZ ~ 0.
Altogether, this means that Z is a cluster of A.

<5» LYn (An)>
(M(21), Ly, (An))

and (¢, An[Vy]) =

O

Obviously, interweaving is a limit for the possibility to track clusters in a local-
convergent sequence. In some sense, interweaving clusters cannot be distinguished.

We now prove that the families of all clusters of a local convergent sequence is
closed under complementation.

Lemma 7. Let A be a local-convergent sequence, and let X be a cluster of A.
Then Y = A\ X is a cluster of A.

Proof. First notice that for every integer d it holds
NA(Oa(Y)) € Ng™(9a (X))

thus lim va(N4 (9aY)) = 0, that is Y ~ 0. As Ly(A) can be obtained from Lx(A)
by taking for My the negation of My it is clear that Ly (A) is local convergent. O

To the opposite, if X and Y are clusters, none of XNY, X\ Y, Y\ X, XAY, XUY
and their complements needs to be a cluster. For that consider the following:

Example 1. Consider a local-convergent sequence E of connected expanders, where
|E,| = en(1 4 o(1)). Define the sequence A as follows:

A E5n @] E6n U Egn if n is odd
" Es, UE3, UEy, UE, if nis even

Then it is easily checked that A is local convergent, and that the only clusters of A
are (up to equivalence) 0,X;Y,A\ X;A\'Y, and A, where
FEs,, if n is odd
X, =
FEs, UEs3, ifniseven
Fs, if n is odd
Y, =

FEs, U Ey, ifniseven
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Also notice that the graphs A, could be made connected by linking connected
components using paths of lengths y/n without changing the conclusion.

Nevertheless, a simple necessary and sufficient condition for a family of clusters
to generate a Boolean algebra of clusters can be given.

Lemma 8. Let A be a local convergent sequence, and let C, ..., C* ... be

countably many clusters of A. Then the following conditions are equivalent:

(1) The lifted sequence L(A) defined by marking elements in C* by mark M;
1s local convergent;

(2) The clusters C' generate a Boolean algebra of clusters, that is: every
finite Boolean combination of C'’s is a cluster;

(3) Every finite intersection of C'’s is a cluster.

Proof. We proceed by proving that and are both equivalent to .

That : is obvious as every finite Boolean combination of C¥’s is the set
of solutions of the corresponding Boolean combination of M;’s. Let us now prove
:>. According to Corollary |3} in order to prove it is sufficient to prove
that for every strongly local formula ¢ (with some p free variables) the sequence
(¢, L(A)) converges. Let N be the maximum index of a mark symbol used in ¢.
For I C [N] denote by ¢! the formula where every term M;(z) is replaced by true
if i € I and false if i ¢ . Define 0; as the formula A\;c; M;(z1) A N\;¢; ~Mi(21).
Let S = U;cin Oa01(A). As each 6;(A) defines a cluster, S is negligible. Thus
Then it holds

S va, (0r(A))? (8, Aulfr(AL)]) + o(1)

IC[N]

thus (¢, L(A,,)) converges as n — oco. As this holds for every strongly local formula,
we deduce that L(A) is local convergent.

That :> is trivial. Let us now prove :>. By following an easy induc-
tion and using the fact that the complement of a cluster is a cluster (Lemma [7]) we
reduce easily the implication to the following statement to be proved: if X,Y, and
XNY are all clusters of A then so is X\ Y. To prove this, let S = IaX U da(XNY).
Then S is negligible and thus for every strongly local formula ¢ (with p free vari-
ables) it holds

<¢’a LX\Y(An)> = <¢07 A,> + VA, (Xn)p (<¢1a An[XTLD - <¢07AH[XH]>)
+ A, (Xn NYR)P ((6°, An[X, NYL]) — (01, An[X, NYL])) +o(1),

where ¢° (resp. ¢!) stands for the formula obtained from ¢ by replacing each term
of the form M (x) by false (resp. true). Hence Lx\y (A,) is local convergent, and
as OA(X\'Y) C S is negligible, it follows that X\ Y is a cluster. O

Corollary 4. Let A be a local convergent sequence, and let Ct,... C ... be count-
ably many weakly disjoint clusters of A.

Then the lifted sequence L(A) defined by marking elements in C* by mark M; is
local convergent.

The ultimate goal would be to extend Lemma [§| to the o-algebra generated by
the C"’s. However, we do not expect this will be always the case, and we expect
that some further conditions will be required.
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For instance, in order to guarantee that countable unions will be clusters, it
is natural to require that there is a negligible sequence including all the possible
frontiers of countable Boolean combinations. Also, we shall need some “continu-
ity” property for countable Boolean combinations. The simplest form for these
conditions can be given when we further assume that the clusters C*’s are pairwise
weakly disjoint, namely:

(1) The sequence |J; OoC’ is negligible;
(2) The clusters C* form a stable partition of A in the sense that Y, lim va(C') =
1.

Lemma 9. Let A be a local convergent sequence, and let C*, ..., C%, ... be countably
many weakly disjoint clusters of A. Assume|J, OnC" is negligible and _, lim vz (C*) =
L. Then for every I C N, the sequence | J;c; C' is a cluster. In other words, the
collection of all unions of clusters among the C*’s forms a o-algebra of clusters.

Proof. Let S = |J; OoC". Let ¢ be an r-local strongly local formula with p free
variables. Then for every positive real € > 0 there exists ng € N such that for every
n > ng it holds va(N)T'(S)) < €/8p. Let I C N and let L;(A) be the sequence
obtained from A by marking elements of  J,.; C’ by a new mark M. Let ¢ be an
r-local strongly local formula in the extended signature, and let ¥° (resp. ') be
the formula obtained from 1 by replacing each term of the form M(z) by false
(resp. true). According to Lemma we deduce that for every n > ng it holds

[0 Lr(An) = D va, (CL" (00, AnlCh)) = Y va, (CRP(W! AW[CA)| < /4.
il i€l

As > 7,5, lim va(C?) = 1 there exists ig € N such that Y. . limwa(C?) < €/8 thus

i>io
Z (lim va(CY))” lim(y°, A[CT]) + Z (limva(CH))” lim(y', A[CT]) < ¢/8.
i¢1,i>ig i€l i>ig
Moreover, the exists n; > ngy such that for every n > nq, every 1 < i < 4y and
every k € {0,1} it holds
VA, (CL)P (WF, AnlCa]) — (timva(C))” lim(w, AICT)| < ¢/4io
and
|1/An(C’fL) - limuA(Ci)| < €/4ip.
We deduce that
i

> va, (Ch) =1=) va,(C}) < kilim va(C)+e/d =) limua(C)+e/4 < 3¢/8.

i>io i=1 i=1 i>ig
From this follows that

‘(w, L;(An))—Y_ (limva(CH))” lim(y°, A[C)=> " (limva(C*))” lim(yp!, A[C])| < .

i¢I iel

It follows that L;(A) is local convergent. As Op (Uiel Ci) C U, 0aC’ is negligible

by assumption, we deduce that J,.; C’ is a cluster. O

Note that when we consider the complete Boolean algebra generated by non
weakly-disjoint clusters C* the situation is less clear.
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5.2. Universal Clusters. The next lemma states that the cluster of a sequence
remain the same when marking a universal cluster.

Lemma 10. Let C be a universal cluster of a local convergent sequence A, and let
Lc(A) be the lift of A obtained by marking C by a new unary symbol Mc.
Then, a sequence X is a cluster of A if and only if it is a cluster of Lc(A).

Proof. Of course, every cluster of Lc(A) is a cluster of A.

Assume X is a cluster of A. Then, by definition, the sequence Lx(A) is a local
convergent lift of A. As C is universal, it is a cluster of Lx(A) hence the sequence
Lc(Lx(A)) is local convergent. As Le(Lx(A)) = Lx(Lc(A)) we deduce that X is a
cluster of L¢(A). O

Also, marking a universal cluster preserves universal clusters (but new universal
cluster may appear).

Remark 1. Let C be a universal cluster of a local convergent sequence A, and let
Lc(A) be the lift of A obtained by marking C by a new unary symbol Mc.

Then, as every conservative lift of Lc(A) is a conservative lift of A, it follows that
every universal cluster of A is a universal cluster of Lc(A).

The universal clusters of A are of a particular interest, as they form (as we
shall prove in the next two lemmas) a Boolean algebra of clusters preserved by
conservative lifts, which includes all definable clusters of A.

Lemma 11. Let A be a local convergent sequence and let ¢ be a local formula with
single free variable x1.
Then the following conditions are equivalent:

(1) Ond(A) ~
(2) o(A) is a cluster of A;

(3) ¢(A) is a universal cluster of A.
Proof. If ¢(A) is a (universal) cluster of A then da¢(A) ~ 0 (by definition of a

cluster).
Conversely, if Oa¢(A) ~ 0 then either ¢(A) is negligible (thus ¢(A) is a cluster) or
A[#(A)] is local convergent: for every local formula ¢ with free variables z1, ..., x,,

denoting ¢ the formula obtained by replacing terms (3y)0 by (Fy)(p(y) A 0) and
terms (Vy)0 by (Vy)(4(y) — 0) and denoting 1 the formula ¢ A N ¢(z;) we get

(A Oad(A)) = (A[$(A)]) hence
<¢7A7L[¢(An)]> = <QZ7 An> + 0(1).

It follows that ¢(A) is a cluster of A. As condition (1) holds as well in every
conservative lift of A, it follows that ¢(A) is a universal cluster of A as well. O

Lemma 12. Let A be a local convergent sequence. Then the equivalence
classes of universal clusters of A form a Boolean algebra.

Proof. Let X,Y be universal clusters of A, and let L(A) be a local convergent con-
servative lift of A. Then the sequence L(Lx(Ly(A))) is local convergent. If follows,
by considering formulas =My, Mx V My, and Mx A My that A\ X, XUY and XNY
are clusters of L(Lx(Ly(A))) hence of L(A). It follows that A\ X, XUY and XNY
are universal clusters of A. (]
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5.3. Pre-Clusters.

Definition 10. A sequence X % 0 is a pre-cluster of A if X =~ 0 or if it holds

(1) the sequence A[X] is local-convergent;
(2) the limit lim va (X) and is strictly positive;
(3) for every integer d it holds

lim sup va (Na (X) \ X) = 0.

The definition of pre-clusters of A is consistent with the notion of equivalence of
sequence of subsets:

Lemma 13. Let X be a pre-cluster of A and letY =~ X in A. ThenY is a pre-cluster
of A.

Proof. That A[Y] is local-convergent follows from Lemma (3| Also, it is immediate
that lim va(Y) exists and that lim va(Y) = lim v (X).

Let Z=XAY. By assumption, Z is negligible in A.

Assume X is a pre-cluster. Let d € N. Then

(X)UNA(2))\ (X\2)
(X)\ X) UNA(2Z)

NA(Y)\Y C (N
C (N

> D>

It follows that limsup va(N4(Y) \ Y) = 0 hence Y is a pre-cluster. d

Lemma 14. FEvery cluster is a pre-cluster.

Proof. This follows from the fact that N§(X) \ X C N4 (9a,X). O

We now define a standard construction of a cluster from a pre-cluster.

Definition 11. Let X be a pre-cluster of a local-convergent sequence A.

The wrapping of X in A is the sequence W obtained as follows:

For every n € N, let D(n) € NU {co} be the supremum of integers d such
that for every n’ > n it holds va , (Niﬁl(Xn/) \ Xpv) < 1/d. Then we define

D
W, = Na™(X,,).
Note that D(n) is non-decreasing and unbounded.

Lemma 15. For every pre-cluster X of A, the wrapping W of X in A is (up to
equivalence) the unique cluster such that X CW and

lim sup va (W \ X) = 0.

Proof. For every d € N there exists T(d) such that for every n > T(d) it holds
I/An(NQAdi(Xn) \ X,) < 1/d. For T(d) < n < T(d+1) we have W,, = N§ (X,,).
Thus, for every d € N and every T'(d') <n < T(d' + 1) (with d’ > d) it holds

va,(N&, (O, Wn)) < va, N TH(X,)\ X,,) < 1/d.

Thus 0aW is negligible in A hence W is a cluster of A.
Moreover, for every n > N(d) it holds va, (W, \ X,,) < 1/d.
Assume that a cluster Y of A as the same properties. Then

limsup va(WAY) < limsup va(W \ X) + limsup va(Y \ X) = 0.

Hence, according to Lemma @ W and Y are equivalent in A. O
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5.4. Expanding Clusters. Here we introduce a sequential version of expansion

property.

Definition 12. A structure A is (d, €, 0)-expanding if, for every X C A it holds
e<va(X)<l—€e = va(NA(X))>(1+0)ra(X),

fra(NQ[X]\ X)
fQ———=a -7 X)<1- J.
m{ VA (X) e<va(X) < € >
Note that the left hand size of the above inequality is similar to the magnification
introduced in [2], which is the isoperimetric constant heyt defined by
o INAX] X RY }
hou :mf{: 0< =l <12y,
' | X |A]

Lemma 16. Let 0 < € < 1/6 and let A be a (d,¢€,0)-expanding structure. Then
there exists a subset Y C A of measure va(Y') < € such that, denoting A’ = A-Y,
it holds

that is

VX CA  wa(X)<1/2 = va (N (X)\ X) > dvar(X).

Proof. Let Y C A be maximal (for inclusion) with the property that va(Y) <
1 —2¢ and vaA(N4(Y)\Y) < §va(Y). First note that va(Y) < € as A is (d, ¢, 6)-
expanding. Let A’ = A - Y.

Assume for contradiction that there exists Z C A’ is such that va/(Z) < 1/2
and va/(N4,(Z) \ Z) < 6va/(Z). (Note that va(Z) < nua/(Z) < 1/2.) As vas is
proportional to v4 it also holds va (NQ,(Z) \ Z) < dva(Z). Moreover it obviously
holds N4 (Y U Z) € N4 (V) UN4,(Z) thus

va(NA(Y U 2Z)) < va(NA(Y)) +va(NA/(2))
<1 +9)waY)+va(2)) = (1 +5)(wa(Y UZ))

Hence va(N4 (Y U Z)\ (YU Z)) < dva(Y U Z). However va(Y U Z) = va(Y) +
va(Z) <e+1/2 < 1— 2¢, what contradicts the maximality of Y. O

This lemma brings us even closer to the definition of the magnification. The
main difference now stands in the existence of the parameter d. For graphs and
d = 2, the sequence of stars shows that the concepts differ. Actually, for graphs,
(d, €, 6)-expansion means that the dth power of the graph (after deletion of a subset
of vertices of measure at most €) has magnification at least §. In the very special
(but standard) case of graphs with maximum degree at most A we recover the
standard definition of expansion:

Lemma 17. Let 0 < € < 1/6 and let G be a (d, €, d)-expanding graph with degree at
most A. Then there G has a subsetY of size at most €|G| such that how(G—Y) >
§/(A—1)4

Proof. We consider the uniform probability measure on G. Then the lemma follows
from Lemma and the simple fact that if G has maximum degree at most A
then for every subset X of vertices and for every integer k > 1 it holds [N&F(X)\
NE(X)] < (A—1)|NE(X)\NE (X)), where we define N, (X) = X. Hence |[N%(X)\
X[ <4+ (A-1D4HNg(X) \ X|. O

Definition 13. A local-convergent sequence A is expanding if, for every € > 0 there
exist d,t € N and § > 0 such that every A,, with n >t is (d, ¢, §)-expanding.

We have the following equivalent formulations of this concept:

Lemma 18. Let X # 0 be a cluster of a local convergent sequence A. The following
conditions are equivalent:
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(1) the sequence A[X] is expanding;
(2) for every ¢ > 0 there exists d,t € N such that for every Z C X with
va, (Zn) > eva, (X)) and every n >t it holds

va, (N4, (Zn)) > (1 = e)va, (Xn):

(3) the sequence X is a strongly atomic cluster of A;
(4) for every e > 0 there exists no Y C X such that OoY ~ 0 and

e < liminf va(Y) < limva(X) — €.

Proof. First assume that A[X] is expanding, and assume for contradiction that X
is not a strongly atomic cluster of A. Then there exists some increasing function
f N = N such that Yy is a non-trivial cluster of Ay, Yy C Xy and Yy % X;. Then
a = limva,(Ys)/va,(Xy) is bounded away from 0 and 1. Thus there exists § > 0
and d € N such that
v, (NK, 1,1 (Y1)
va, (Yr)

what contradicts the property that Y is a cluster.

Now assume that X is a strongly atomic cluster of A and assume for contradiction
that A[X] is not expanding. Then there exists € > 0 such that for every d € N it

holds J

lim inf inf va. (N4, [X,] (%))

n—oo Y, VA, (Yn)
where infimum is on subsets Y,, C X,, with € < va, (Ya)/va,(Xn) <1 —€. We
inductively construct an increasing function f: N — N and subsets Y,y C Xy,
as follows: f(1) is the minimum integer n such that there exists Y,, C X, with
e <va,(Yn)/va,(Xn) <1—e€and va, (Na,[x,(Yn)) < 2va,(Yn) and (for d > 1)
f(d+ 1) is the minimum integer n > f(d) such that there exists Y,, C X,, with
e <va,(Yn)/va,(X,) <1—cand va, (NdAtl[Xn](Yn)) < %VAH(Yn). It is easily
checked that (Y(,)) is such that for every integer d it holds

lim sup VA, (Nﬁf (Yf) \ Yf) = 0.

lim inf

> 149,

=1

)

We can further consider a subsequence Yo, of Yy such that Agpo,[Yfog] is local
convergent and va,, (Yyog) converges. It follows that Yo, is a pre-cluster. Let
(?fog be the wrapping of Yjo4 in Afog). Then ?fog is a cluster, \?fog = Xfog
and Qfog % Xyog, what contradicts the assumption that X is a strongly atomic
cluster. g

A stronger form of expanding property is the non-dispersive property.

Definition 14. A local-convergent sequence A is non-dispersive if, for every ¢ > 0
there exists d € N such that
liminf sup va, (N4 (v,)) >1—e
n—oo v EAL "
In other words, a sequence A is non-dispersive if, for every € > 0, e-almost all
elements of A,, are included in some ball of radius at most d, for some fixed d.

Definition 15. A non-trivial cluster X of A is a globular cluster of A if A[X] is
non-dispersive.

Every globular cluster is clearly strongly atomic, but the converse does not hold
as witnessed, for instance, by sequence of expanders. The strongly atomic clusters
that are not globular are called open clusters.

Opposite to globular clusters are residual clusters:
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Definition 16. A cluster X of A is residual if for every d € N it holds

limsup sup va, (N4 (v,)) =0.
n—oo UV €EAR "
The case of bounded degree graphs is particularly interesting. Recall that a
sequence G of graphs is a verter expander if there exists o > 0 such that

liminf hout (Gr) > a.

Lemma 19. Let G be a sequence of graphs with maximum degree at most A and
let C %0 be a cluster of G. The following are equivalent:

e C is a strongly atomic cluster;
o for every € > 0 there exists X C C such that for every n € N it holds
| Xn| < €|Cr| and G[C\ X] is a vertex expander.

Proof. This is a direct consequence of Lemma O

Lemma 20. Let X be an expanding cluster of A, and let Y be any cluster of A.
VA(XﬂY)

Then any convergent subsequence of (W) has limit either O or 1.
Proof. Let Z =XNY. Assume there exists an increasing function f : N — N and
a positive real a € (0, 1) such that limva,(Zy)/va,(Xs) = a.

According to Fact [1} for every integer d € N it holds

d d+1 d+1
N o (Zim) S Na' L (Xpe)) UNRTL (Vi)

It follows that Oa,Zy is negligible in Ay.

By compactness, there exists an increasing function ¢ : N — N such that
(A[Z])g0s is local convergent. It follows that Z,os is a cluster of Aoy which is
neither equivalent to 0 nor to Ay ¢, thus X is not strongly atomic, what contradicts
the hypothesis, according to Lemma O

Lemma 21. Let X and Y be expanding clusters of A.
Then

o cither XNY &0 (i.e. X and Y are essentially disjoint );

o or X (Y and then every Z with Z,, € {X,,,Y,} is an expanding cluster of
A.

Proof. If va,, (X, NY,) = o(1) then X and Y are essentially disjoint (as da(XNY)
is negligible in A (see proof of Lemma .

Otherwise, there exists, according to Lemma an increasing function f: N —
N such that X; =~ Y;. It follows that Ay[X;] and Af[Y;] (thus A[X] and A[Y])
have the same local limit. Let Z be such that Z,, € {X,,Y,}. Then A[Z] is local-
convergent, JaZ is negligible in A, and lim va (Z) exists (and lim va(Z) = limva (X) =
limva(Y)). It follows that Z is a non-trivial cluster. Thus X and Y are interweav-
ing (i.e. X Y). That Z is strongly atomic (hence expanding) follows from the
hypothesis that both X and Y are expanding (hence strongly atomic): any cluster
included in a subsequence of Z has a subsequence which is a cluster included in a
subsequence of X or in a subsequence of Y. Il

It is possible that a local-convergent sequence A has arbitrarily many pairwise
intersecting non equivalent expanding clusters but not two essentially disjoint ones:

Example 2. Consider a local-convergent sequence E of connected d-regular high-
girth expanders with |E,| = cn(1 + o(1)) (and uniform probability measure), for
some constant ¢ > 1. Let A,, be defined as three copies of E,, if n is odd, and the
union of E,, and Es, if n is even. Selecting a copy of E,, into each A,, leads to un-
countably many pairwise intersecting non-equivalent expanding clusters. However,
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no two essentially disjoint expanding clusters exist in A. Note that we could have
made A,, connected by adding paths of length /n linking the connected compo-
nents without changing the conclusion.

6. CLUSTERING AND THE CLUSTER COMB LEMMA

The notion of clustering intuitively covers the idea of partitioning the structures
in a local convergent sequence as well as the limit into disjoint clusters.

Definition 17. Let A be a local-convergent sequence of o-structures. A lifted se-
quence L(A) of A obtained by extending the signature ¢ into ot by adding count-
ably many unary relations My, Mo, ... is a clustering of A if, denoting

s— A\ Mi(A)
the following conditions hold:

(1) The sequence L(A) is local convergent;

(2) The sequence S is negligible and | J; OAM;(A) C S ;

(3) For every n € N, the non empty sets among S,,, M1(A,,), M2(A,,),... form
a partition of A,,;

(4) The partition induced by the M;’s is stable in the sense that

> lim(M;, A) =lim Y “(M;,A) = 1.

Definition 18. We say that two clusters C; and C, are
o weakly disjoint if C;AC, =~ 0;
o disjoint if CtAC, = 0;
e strongly disjoint if (NaA(C1) N Cy) U (C1 N NA(Cy)) = 0.

Remark 2. Conditions and imply that each sequence M;(A) is a cluster of A
hence a clustering of A induce a “partition” into countably many disjoint clusters,
and that the clusters defined by the marks M; are pairwise strongly disjoint.

A simple idea to construct a clustering of a local convergent sequence A is as
follows: assume A has a cluster X; % 0. Then let A; be the lift of A with X; marked
M. Then look for a cluster X, % 0 of A; disjoint from M; and mark it My, thus
obtaining As. Repeat the process until no cluster can be found. There are two
main problems with this process:

e In general we do not obtain a clustering, as the obtained partition needs
not to be stable and the global outer boundary |J; 9aM;(A) needs not to
be negligible;

e The partition is essentially not unique (and it is not clear which clusters of
A may appear simultaneously in the partition).

The first point is exemplified by the fact that we do not have the converse of
Remark 2] does not holds in general: partitioning into disjoint clusters do not define
a clustering in general.

For instance, consider the following sequence of star forests.

Example 3. Consider the sequence G where Gy, is the union of 2" stars H,, 1, ..., H; an,
where the i-th star H,,; has order 22" (277 4-27")/2. Let C' be the sequence such
that C? is the vertex set H, ; of the ith biggest connected component of G,, (or

the empty subset if i > 2™). It is easily checked that each C is a cluster and that

for each n the (non-empty) subsets C? form a partition of G,,. Assume that we
mark each C! by mark M;. Then, asymptotically, only one half of the vertices will

be marked.
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Nevertheless, we shall prove that the converse of Remark [2] is almost true. In
order to do so, we consider countably many disjoint clusters C!,...,C/ ... of a
local convergent sequence A. For each i € N we define

A = lim vp (CY)

AozleAi.

i>1

and

The next lemma shows how powerful the stability assumption can be:

Lemma 22. Assume that there exists negligible S D |J, OoC’ and that it holds
(1) D limua(Ch) =1lim Y va(C).

Then R = A\S\U, C' is a cluster, and the lifted sequence L(A) obtained by marking
R,CY,C2 ... by (say) marks My, My, My, ... is a clustering of A.

Proof. First note that easily implies that va(C?) converges to (\;);en in P-norm
for p > 1. Let ¢1,¢2,... be strongly r-local formulas with p free variables in the
language of o. Then for any fixed N € N it holds

<Z VA, (Cfl)pW,An[CfLD) - <Z AP hm((;si,A[ciD) <

i>1 i>1

> va, (CLP = NJ+ ) A [lim(¢F, A[CT]) — (67, An[CL])]

i>1 i>1

N
[vA(CY) = (M)ienllp + > [lim(e", A[CT]) — (¢, AL[CL)| + > AL

i=1 i>N

It follows that
T 7 p
(2) nl;m ;I/An (CP (9", A ;)\ lim(¢*, A[C']).

Let ¢ be a strongly r-local formula with p free variables in the language of
ot = o U{My, My, Ms,...}. For ¢ non negative integer, let ¢¢ be the formula
obtained from 1 by replacing each term M;(t) by true if i = ¢ and false otherwise.
According to Lemma [2] it holds

(¥, L(A,)) = va, (Rn)? (0" +ZVA,L (CP (', A [CL)),
W, An) = va, (Rn)P(¥°, Ap[Ry]) + Z va, (CLP (40, A, [CL)).

Thus, according to it holds
lim > va, (G0 AG[CL]) = D AT lim{y°, A[CT]).
i>1 i>1

Hence lim,, o0 va,, (R,)P (%0, A, [R,]) exists and

lim va, (Rn)? (4", Ap[Rp]) = lim(e%, A) = > AP lim (3", A[C']).

n—oo
i>1
It follows that lim(y, L(A)) exists and
lim(¢, L(A)) = lim(¢°, A) = >~ AP lim (%, A[C']) + > AP lim (", A[C7].

i>1 i>1
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Hence L(A) is a clustering of A. O
To handle cases where does not hold, we need to introduce the notion of clip:

Definition 19. A clip us a non-decreasing function F : N — Z™ such that F > 1
(i.e. lim, o F(n) = 00) and such that for every integers n < n’ it holds

(3) Z va,. ( -\ < Z i
i=1 i>F(n)

First, a few remarks are in order. The function F : N — Z* defined by

F(n) = m1n<n max{t <n:Vn >n Z|I/A , DI })

1>t
is a clip, as for t = 0 the inequality holds and as for every k € N there exists n € N
such that F(n) > min(n, k) (as the left-hand side of the inequality tends to 0 as
n' — 00). Thus clips always exist.
Secondly, remark that if 1 < G < F and F is a clip then G is a clip as well, as
G(n)
) TWCTRVED SIS CEERYIED DRYED ot
i>F(n) i>G(n)
Lemma 23. Let F be a clip. Then
F(n) .
nh_}ngo ; va, (C)) =1=X.

Proof. Tt follows directly from the definition of a clip that for every integer n it
holds

F(n) F(n) F(n)
IS DR SRS SR St
i>F(n) i>F(n)
A lim,_ o ZiZF(n) A =0, we deduce that
S n-¥
lim VA, (C:L) = )\i =1- )\0.
nTee i i>1

Given a clip F, we define R by
F(n)

R, =A,\ | Ci.
i=1

As for every integers i and d it holds
lim va (N4 (9aC')) = 0

there exists a function 7' : NxN — N such that for every integers i, d and n > T'(4,d)
it holds ]
2—1

T

va, (N}, (0a,C)) <
Define

M) = oo, 123, TG 0)

Define also G : N — Z* by
G(n) = min(F(n),max{i € N: M(i) < n}).
Obviously, 1 < G < F thus G is a clip. This clip has the following property:
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Lemma 24. The sequence S defined by

G(n) ‘
Sn=|J 0a.Ci
i=1
is megligible.
Proof. Let d € N. For sufficiently large n it holds

va, (N4 (Sn)) < va, (N™(S,))

< %Tf) va, (NS (0C1)
&;) » )
= 22 G0 " G
Hence
lim va(Na(S)) = 0,
that is: S is negligible. O

Define the subset sequences D’ by
‘ {C,g if n > G(3)
D! =

" ()  otherwise

and let R be defined by R, = Ap \ U;>1 D}y
Lemma 25. FEither \g =0 and R is negligible, or A\g > 0 and R is a cluster.

Proof. Note that
s=Jop 20R.
i>1
In particular, OR is negligible. According to Lemma 23] we have
G(n)

A 2 v (D =1

thus lim va(R) = Ag. Consider a strongly r-local formula ¢ with p free variable. For
every € > 0 there exists ng such that for every n > ng it holds va, (N} (Sn)) <e.
It follows that

(&, An) = va, (Ra)P (¢, An[Ryl) = Y va, (D))" (¢, An[D}])

i>1

< Jpe.

Thus, if Ag > 0 we have

tim(s, AIR]) = 15 1im ({6, An) — 37 N6, Au[D}])

o Moo =1
_ )\%(hm(qﬁ, A) = 3 M lim{p, AD') ).

i>1

(Note that we can safely exchange limit and sum here because the partition into R
and the D¥’s is stable, see Lemma ) It follows that either Ay and R is negligible,
or A\g > 0 and R is a cluster. O
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Lemma 26 (Cluster Comb Lemma). Let A be a local convergent sequence
of o-structures, and let C*,... C' ... be countably many strongly disjoint
clusters of A.

Let o be the signature o augmented by unary relations M; (i €
{0,1,2,...}). Then there exist a clustering AT of A with the property that
fori=1,..., the marks M; comb the clusters C' in the sense that there exists

a non decreasing function G : N — N with g > 1 with
Ci ifn>G(>)

1] otherwise

(4) M;(An) = {

(In particular M;(A) ~ C?).

Proof. Denote S = A\ |J, M;(A), D' = M;(A) and R = My(A).

Remark that we have the property that A &~ A —S, which is the disjoint union of
A[R] and all the A[D?]. Mark vertices of R by My, vertices of D* by M;, and further
mark vertices in N,, by mark Mg. It is easily checked that the proportion of A,
marked by some mark M; for 0 < ¢ < k tends to Zf:o A; as n — oo, and that this
value tends to 1 as k — oco. Consider the signature o+ extended by these marks,
and let AT be the sequence of marked structures. Let ¢ be an r-local strongly local
formula with p free variables. Then

(6, AT) = A5 (0, AL[Ru]) + Y AT(0, ATDL)).

i>1

Denote by ¢; the formula derived from ¢ by replacing each M; with true and every
M; with j # i with false. Notice that ¢; is an r-local strongly local formula in
the language of the original signature o, that ¢(A;S[R,]) = ¢o(A,[R,]) and that
d(AF[DL]) = ¢i(AL[D:]) (for i € N). Hence

(6, AT) = A (b0, Au[Rul) + Y N (0i, AulDy]).

i>1
Thus AT is a local convergent sequence. O

Remark: if one only assumes that the clusters C’ are almost disjoint (meaning
C!ACJ negligible if i # j) then we get the same conclusion, except that the second
item is weakened to D’ ~ C’. The idea is to define the clusters Z* = C'\{J; _, Na(C?)
that are strongly disjoints and equivalent to the original clusters.

7. THE CLUSTERING PROBLEM

It is not clear which clusters of A can be “captured” in general from the only
information available from local convergence, and whether it is possible to mark
these clusters in a constructive way.

The answer to this question is that we can always capture all the (countably
many) globular clusters and that we can explicitly define the marking based on
the knowledge of some of the limit Stone pairing and basic Fourier analysis, and a
subtle cut method to handle the non-commutativity of countable sums and limits.
This will be the motivation of the final part of this paper. This part demonstrates
pleasing mathematical paradox: in order to achieve a more concrete result we first
have to generalize.
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Part 3. Effective Construction of the Globular Clusters
8. THE REPRESENTATION THEOREM AND SOME CONSEQUENCES

Let B be the Lindenbaum-Tarski algebra defined by FO'*“*(5) and let S, be
the Stone dual of B, which is a Polish space, whose topology is generated by its
clopen subsets. Recall that the duality of B and S, is expressed by the existence
of a mapping K from FO'°“®(g) to the family of all the clopen subsets of S such
that K(6V ) = K(¢) UK (1), K(6A ) = K(6) N K (1), K(~¢) = S\ K(@), and
K(¢) = K(¢) if and only if ¢ and 1 are logically equivalent. For a local formula
¢, we further denote by k(¢) the indicator function of K(¢), which is obviously
continuous on S. Note that the o-algebra of Borel subsets of S, turns S, into a
standard Borel space.

The following representation theorem has been proved in [I3] (in the case where
finite structures are only considered with uniform measures). The extension to the
general case (finite structures endowed with a probability measure) is easy, and we
do not prove it here.

Theorem 3. For every finite structure A there is a unique probability measure pa
on S, such that for every finite o-structure A and every local formula ¢ it holds

@A) = [ K@) dpa.

Moreover, for every two finite structures A and B, it holds pa = pp if and only
if the structures obtained from A and B by removing connected components without
non-zero weight elements are isomorphic as weighted structures.

Denote by M, the closure of the space of all the probability measures pa for
finite A (with respect to weak topology).

Then, a sequence A = (A,)nen of finite o-structure is local-convergent if and
only if the sequence (ua, )nen of probability measures converges weakly, and then
the limit probability measure is the unique probability measure pima such that for
every local formula ¢ it holds

/s k(o) dpmima = (¢, limA).

Recall that a bounded sequence of positive finite measures pu,, on a metric space
S converges weakly to the finite positive measure p if for any bounded continuous
function f: S — R it holds [ fdu, — [ fdp. This is denoted by p, = p,

Thus for every continuous function f : S, — R, and for every local convergent
sequence A it holds pa, = pma and thus

(5) / f dpttima = lim /deAn~
s, n—oo [g

(Note, however that does not hold for general Borel functions f : S — R.)
When considering random variables, one equally uses the terms convergence in dis-
tribution, weak convergence, or convergence in law. In our setting, we will use the
term “weak convergence” when referring to convergence of probability measures on
a Stone space, and we then use the notation u, = p; we will use the term “con-
vergence in distribution” (or “convergence in law”) when referring to convergence

random variables with values in R*, and then we use the notation X, P, X. In this
latter case, we use the term distribution (or law) of X for the related probability
function on R¥. In the case of a (scalar) random variable X, the distribution can be
alternatively described by means of its cumulative distribution function Fx defined
by Fx(z) =[X < z].
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One of the important aspects of the study of local convergence is to determine (or
even characterize) those parameters F' that are local-continuous in the sense that
if a sequence A = (A, )nen of finite structures is local convergent then so is the
sequence (F(A,))nen of the associated parameters. Of course, every continuous
real function f € C(S,) defines a local continuous parameter A +— | s fdua. But
we shall explicit some local continuous parameters that are not of this form. As we
shall see such parameters will be of prime importance for clustering structures in a
local convergent sequence.

Definition 20. Let A be a o-structure and let ¢ be a first order formula with free
variables z1,...,x, (with p > 1). Denote by ¢”(A) the set

o' (A) = {(ul, cup) EAPTHD A (v,ul,...,up,l)}.
The local Stone pairing of ¢ and A at v is
(W, A)y =Pr(A = ¢(v,Xo,...,Xp))

-1 v
va® V(g°(A))
Hence if va ({v}) # 0 we get that the local Stone pairing of ¢ and A at v is nothing
but the conditional probability Pr(A = ¢(X1, Xa,...,X,)| X1 = v).

In our setting, every finite structure is considered as a probability space and
thus the local Stone pairing of a formula ¢ and finite structure A defines a random
variable

<¢a A>' tU = <¢7A>v

The (admittedly technical) Lemma [27| will be the key tool for our estimation of
clustering parameters. As it proceeds by means of Fourier analysis, we take time
to recall some basics.

Given a random variable X with values in R* and law P, the characteristic
function of X or P is

y(t) = B[’ ¥] = /eit'x dP(x)  for every t € R¥,

where t - x denotes the usual inner product of two vectors x and t in R¥.
A standard Taylor expansion of E[e’*X] gives the following expression of the
characteristic function as an infinite series:

ittty
= B w1 we1ZZL "tk
t)= Y - Y EX{".. X} ]wll__.wk!.

w120 wg >0
A main property of characteristic functions is that they fully characterise distri-
bution laws, and that they relate convergence in law of distributions to pointwise
convergence of characteristic functions. Precisely, we have:

Theorem 4 (Lévy’s continuity theorem). If P, are random laws on R* whose
characteristic functions v,(t) converge for all t to some (t), where f is contin-
wous at 0 along each coordinate axis, then P, converges in law to a law P with
characteristic function f.

Note that there is a one-to-one correspondence between cumulative distribution
functions and characteristic functions. If X is a (scalar) random variable we have

Theorem 5 (Lévy). If v is the characteristic function of a scalar random variable
with cumulative distribution function F, then for two points a < b such that F' is
continuous at a and b it holds

—zta _ —ztb
F(b) — F(a) = o Tl_r)noo/ —~(t) dt.
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Moreover, if a is an atom of X (that is a discontinuity point of F) then

Note that this inversion theorem extends to the case of random vectors.

Lemma 27 (Continuity of joint distribution of local Stone pairing). Let ¢1, ..., ¢4
be local formulas (with p1,...,pq free variables).
For € M, and t € RY define

W

UCCED DD D § TNER f[l“jz),

w120 wq >0

where Po,....0) is true statement, and for w # (0,...,0) we define
d  w;
Yy = /\ /\ Gi(T1, Ty 415 Ty jtpi—1)
i=1 =1
with

i—1
Nij = (Z wéPé) + (- pi+ 1.
=1

Then, the following properties hold:
(1) for every p € M,, the mapping t — ~y(u,t) is the characteristic function
of a d-dimensional random variable D(p);
(2) the mapping p — D(u) is continuous in the sense that if w, converges
weakly to p then D(u,) converges in distribution to D(u), that is:
D
L = L — D(pn) — D(p);

(3) for every finite structure A (with associated probability measure ua € M, )
the d-dimensional random variable

DA = (<¢1; A>07 R <¢d7A>o)
has the same distribution as D(pa).

Proof. We shall prove the three items in reverse order.
Let us prove (3). For any finite structure A and any vector w = (wy,...,wq) €
N¢ let N = Nd.w, +Pda — 1. Then it holds

Gw(A) = {x € AN (Vi € [d] V) € [wi]) (21, Tn,, 415+ s ey p1) € Gi(A) ]

= U {o} x {x e AN (Vie[d V)€ [wi]) (Tn,,, - Tni,+pi—2) € BY(A)}

vEA
w1 times wq times
= (J{v} x 07(A) 5 x G (A) x - x §(A) x -+ x B(A).
veEA

Thus
(Vw, A) = VN (Y (A))
=" val{v}) (e V(@3 (A))" L (P (05 (A))) "

vEA
= B [(61, AV {60, A)V)



CLUSTER ANALYSIS OF LOCAL CONVERGENT SEQUENCES OF STRUCTURES 31

If follows that the characteristic function ya of D4 is equal to:

Ya(t) =E[ePA] = 3" o 3" (s A) H(i?!j=7(/m,t)-

w1 >0 wq>0 j=1

(Note that as all the moments (1), A) are bounded by 1 the above series converges
for every (complex) vector t.) As they have the same characteristic functions, the
random variables D and D(pa ) have the same distribution.

Let us now prove (1) and (2). It is sufficient to consider the case where p, = pia,,
for some local convergent sequence A. As p,, = u, the fonctions v(u,,t) converge
pointwise to the function ~y(u,t). Moreover, v(u,t) is clearly continuous at t = 0
hence, according to Lévy’s continuity theorem, the random variables D o, converge
in distribution to a random variable D with characteristic function ~y(u,t). (]

Remark 3 (for an interested reader). The formula defining 1)y, and the equality of
(Yw, A) and E,[(¢1, A)21 ... (¢a, A)Y] are generalization of the following simple
fact: For a graph G and a vertex v of G, (x1 ~ x9, G), (where ~ denotes adjacency)
is the probability that a random vertex x5 is adjacent to z; = v, that is deg(v) /|G|,
and (z1 ~ x9, G) is the average of (x1 ~ x2,G), over all vertices of G, that is (x1 ~
x2,G) = E[{x1 ~ 3, G),]. Similarly, ((z1 ~ x2) A (21 ~ x3), G), is the probability
that random x5 is adjacent to v and random x3 is adjacent to v. As xs and z3 are
independent random vertices, this is nothing but the square of deg(v)/|G|. Hence
((x1 ~ x2) A (71 ~ 23),G) = ((x1 ~ T2, G),)?]. The same way, for every integer k,
it holds

(1~ @) Ao A (21 ~ Tig1), G) = (w1 ~ 22, G)y)"].

In this paper, we shall be interested in random variables that are a bit more
complicated, but definable as a limit of local Stone pairing. In this context we will
need the following complement to Lemma

Lemma 28. Let p € M, and let (¢o,1)een, ---, (Gr.4)een be sequences of local
formulas (with p1,...,pq free variables, respectively) such that for every integer
1 <i<d it holds
1 = P20 = = Pri =

(where — stands for logical implication).

Let Dy(p) be a d-dimensional random variable with characteristic function ve(p,t),
which is the function associated to ¢g1,...,¢eq as in Lemma .

Then, as £ — oo, the random wvariables Dy(u) converge in distribution to a
random variable Do, (1), whose characteristic function vy (u,t) is the pointwise
limit of the functions ve(p,t).

Proof. Let

d wi;

w[,w = /\ /\ ¢£,i(xla xn,;,j—o—la s 7xn71,_7'+pi—1)

i=1j=1
(as in Lemma [27).

For each vector w € N the sequence (fs k(vew) du)eEN is non-decreasing and
bounded by 1 hence converging. It follows that the functions ~,(u,t) converge
pointwise as £ — 0o to
d oo Yw,

=3 3 (i [renan) IT¢

w120 wq >0

which is continuous at t = 0. Thus the theorem follows from Lévy’s continuity
theorem. 0
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Note that if A is a local convergent sequence of finite structures, it holds
D
Dy(pa,) = De(pima) as n — oo

Dy (tima) — Doo (tima) as { — 0o

However, although Dy(pa,, ) 2, Do (ua,) as £ — oo, it is not true in general that
Do (pa,) converges in distribution to Do (f1ima) as n — oo.

Definition 21. Assume A be a o-structures. The 1-point random lift distribution of
A is the probability distribution over (isomorphism classes of) o®-structures (where
o® is the signature obtained from ¢ by adding a unary symbol M), corresponding
to the marking a random elements X; of A, drawn from A according to probability
distribution va. We denote by II the map from the space Rel(o) of isomorphism
classes of finite o-structures (with domain endowed with a probability measure)
to the space P(Rel(0)) of probability distributions over Rel(o), which maps a o-
structure A to its 1-point random lift distribution IT(A).

Recall that in the context of structures with a domain endowed with a probability
measure, the notion of isomorphism is more involved than standard isomorphism
of structures with no associated probability measure.

Let A and B be o-structures, and let N4 (resp. Npg) be the union of all the
connected components of A (resp. B) without any element of positive measure.
Then A and B are isomorphic if there exists a bijective mapping f : AA\N4 — B\Np
preserving the measure (i.e. such that vo = vgo f) and all the relations both ways
(ie. A E R(vy,...,u,) <= BE R(f(v1),...,f(vn))).

Remark 4. The 1-point random lift corresponds to marking a vertex by M;. Thus
the obtained structure is a “rooted” structure. We choose this terminology in view
of generalization to multiple and iterated random rooting.

The space Rel(o), endowed with topology defined by local convergence, can
be identified (via the continuous injection ¢t : A +— pua of the representation
theorem) to an open subspace of the Polish space P(S, ), the space of all probability
measures on S, (with weak-* topology). We denote by 91, the closure of t” (Rel(0)).
Similarly, the space Rel(¢®) can be identified via injection %" to an open subspace
of P(Sye) with closure 9M,e. The pushfoward (7" : P(Rel(c)) — P(M,) of 17",
defined by

() =¢o ()
is a continuous injection from P(Rel(o)) to P(M,).
The following result makes possible to transfer results about unrooted structures

to 1-point random lifts (i.e. randomly rooted structures). It is a non-trivial refining
of Representation Theorem [3| and it is the main result of this section.

Theorem 6 (1-point random lift theorem). There exists a (unique) continu-
ous function IL : M, — P(Mye) such that the following diagram commutes:

Rel(0) — > P(Rel(c*))
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Proof. Consider an enumeration ¢q,...,¢q,... of local formulas with respect to
signature ¢®. To each formula ¢; with p > 0 free variables we associate the local
formula 1; (with respect to signature o) with p+ 1 free variables by replacing each
free variable z; by x;41, and then each term M;(¢t) by the term ¢ = 7. Consider
o®-structures A* obtained by marking a single element v € A in a o-structure A.
Then it holds

<¢i7A+> = <7r/)ia A‘>U

In order to prove Theorem @ it is sufficient to prove that if (A, ),en is a local
convergent sequence, then the measures p?° o II(A,) converge weakly. This is
sufficient as for every € 9M, we can then define II(x) as the weak limit of the
measures p? o II(A,), where (A, )nen is any sequence of finite o-structures such
that s, = . This proves Theorem [6]

Thus let (A,,)nen be a local convergent sequence and let ¢, = pf*" o II(A,,). The
topology of 91, can be metrized by means of the following metric: for pq,us €
Mo, we define the distance d(uq, u2) by

< e} .

Let F : Mye — [0,1] be continuous, and let € > 0. As M, is compact there is
a > 0 such that for every pq, po € My it holds

d(p,pe) <a = |F(um) — F(u2)| < e
Let d = [1/a]. Consider the continuous map p : My« — [0, 1]¢ defined by

pl) = (/S o) dp [

Consider a partition By, ..., By of [0,1]? into d? boxes of side 1/d (“Rubik cube

type partition”). Let C; = p~'(Bj), and let t; = F(u;) for an arbitrary (fixed)

choice of p; € C;. According to Lemma the sequence of tuples ({(¢1, Ap e, -« -5 (Wa, Ande)
converges in distribution. Thus for every box C; the value

d(p1, o) :inf{e>0: Vi<i<l1/e

/S k) din — [ k(6:) dus

o® SUO

k(¢a) dM) :

o®

/C Aal) = Prfu € €] (1 dist. wrt G,)
=Pr[({(¢1,A)), ..., (¢a,A})) € By] (A} dist. wrt TI(A,,))
= Pf[(<¢1,An>v> EERE) <'(/)da An>v) S Bj] (v dist. wrt VAn)

converges as n — oo. For every 1 < j < d? and for every ui,us € Cj it holds
d(u1, p2) < 1/d hence for every p € C; it holds |F(u1) — ;] < e. Thus it holds

/C‘ < 6/0.]_ A ().

J
As the sets C; form a partition of See and as (,, is a probability measure, we get

| Pacn =30t [ acw)| <

o® J=1 J

P46 = [ dculo)

Hence for sufficiently large n, [q , F(u)d¢,(u) concentrates in an interval of size
at most 2e. By letting € — 0 we conclude that [  F(u)d¢,(p) converges, hence
(as this holds for every continuous function F') that ¢, is weakly convergent. O
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Remark 5. Actually, along the same lines we could prove more: for the linear
operator II : P(Rel(0)) — P(Rel(c®)) defined by

fi(¢) = /R RICVIEEY

there exists a (unique) continuous linear map II such that the following diagram
commutes:

Rel(c) & P(Rel(0)) P(Rel(c*®))

o,

m, ——=P(M,) P(M,)

=n

9. SPECTRUM DRIVEN CLUSTERING

We shall now make use of the abstract results of Section [§] to compute the
globular clusters of a local convergent sequence.

In some sense globular clusters corresponds to the non-zero measure connected
components at the limit. Although we do not have, in general, a nice limit structure
for a local-convergent sequence of structures, we shall see that nevertheless we can
track globular clusters and give an explicit formula for their limit size.

To achieve this, we shall first show that the moments of the distribution of the
limit sizes of the globular clusters may be computed from Stone pairing, and then we
shall deduce the distribution of the limit sizes of the globular clusters by standard
Fourier analysis.

9.1. Spectrum. We start our analysis by the study of the limit sizes of the globular
clusters.

Let ¢4 be the formula dist(z,z2) < d. Let A be a local convergent sequence of
o-structures, and let Dg ,, : A, — [0, 1] be the random variable

Dn(v) = (¢a, An)o = va, (N4, (v)).
As obviously ¢4 implies ¢g441 it follows from Lemma @ that there exists random

variables Dy and D such that Dg, o, D4 and Dy 2. b (which are limits in
distribution, for n — oo and d — oo, respectively).

Remark 6. The random variables Dy ,, have here a concrete meaning, as the measure
of the radius d ball centered at a random vertex. However, there is no particular
meaning for the sample space of random variables Dy and D (as the existence of
these were simply derived from convergence of characteristic functions).

Even if we intuitively interpret the random variables Dy and D as if they were
built on a similar limit sample space, we have to take care in our argumentation
that this interpretation is not a priori justified.

We denote respectively by Fy ,, Fq and F' the cumulative distribution functions
of Dy, Dy and D. According to Froda’s theorem, each F; (and F) has at most

countably many discontinuities. As Dy Ny )) (as d — 00) the functions Fy converge

pointwise to F' at every continuity point of F'. Similarly, for each d € N, as D), 4 KN
Dy (as n — oo) the functions F,, 4 converge pointwise to Fy at every continuity
point of F;. We define Ag (resp. A) as the (at most countable) set of discontinuities
of Fy (resp. F), and let R = [0,1] \ (A U UgenAa). In other words, R is the
(cocountable) set of points where all the considered limit cumulative functions (F
and Fy for d € N) are continuous.
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Remark 7. If d; < ds then for every integer n and ever real ¢ it holds
Fi,n(t) =Pr(Dg, n <t) > Pr(Dgyn <t) = Fg, n(t)
and thus also Fy, > Fy, > F.
We now take time for a useful simple lemma.

Lemma 29. Let t; <ty be in R, and let n and di < do be integers.
Then

ng,n(t2) - Fdl,n(tl) S Pr(tl < Ddl,n S Ddg,n S t2) S Fdl,n(t2) - Fdl,n(tl)-
Hence if |F(t;) — Fa, (t;)| < € and |Fg, (t;) — Fy4, n(t;)| < € hold fori,j € {1,2} then
‘PI‘(tl < Ddl,n < Ddg,n < tg) — (F(tz) — F(tl))| < 4e.

Proof. The right inequality is obvious as Pr(t; < Dg, ,, < Dg,, < t2) < Pr(t; <
Dy, n < t2). For the left inequality, note that

Pr(t1 < Ddl,n < Ddz,n < tg) = Pr(t1 < Ddl,n < tg) — Pr(t1 < Ddl,n <ty < Ddz,n)
< Pr(t1 < Ddl,n < tg) — (Pr(Ddl,n < tQ) — Pr(Ddhn < tz))
= (Fayn(t2) = Fayn(t1)) = (Fayn(t2) — Fayn(t2))
O

We are now approaching the final steps of our cluster analysis. This is admittedly
technical and we shall need further several lemmas in order to prove Theorem

However the intuition for our proof is easy and can be outlined as follows: if we
would have a proper explicit limit structure, the random variable D would intu-
itively correspond to the measure of the connected component of a random element.
Thus we expect D to be a discrete random variable, and that the probability that
D = ) is the measure of the union of all connected components of measure A hence
an integral multiple of \. The aim of this part is to show that this intuitive no-
tion of limit connected components is captured by the concept of globular clusters.
This setting will not only ground the above intuition, but will also allow to track
the formation of the limit connected components down to the structures in the
sequence.

Hence our first step is to prove that D is a purely discrete random variable, that
is that its cumulative distribution function F' is constant except at its (at most
countably many) discontinuity points. This we shall do now.

Lemma 30. The spectrum distribution of a local-convergent sequence of finite
structures is discrete and its associated mass probability function p : [0,1] — [0, 1]
defined by

p(z) = F(x) — lin(1)F(a: —€).
€E—>
is such that that for every x € [0,1], either p(z) =0 or p(x) > x.

Proof. We shall prove that for ¢; < t2 in R, either F(t1) = F(t2) or F(ta)— F(t1) >
t;. It will follow, by cutting the interval [t1,ts] recursively, that F' is constant
except at its discontinuity points, and that the mass probability function p satisfies
p(z) > z at every point x where p(z) # 0.

So let t; < t2 be in R and such that F'(t1) < F(t2), and let 0 < € < (F(t2) —

F(t1))/4. As Dy Ny (as d — 00) there exists d such that |Fy(t1) — F(¢1)| < € and

|Fa(te) — F(t2)] < €. Moreover, as Dy, q 2 Dy (for fixed d and n — oo) there exists
n such that |Fd’n(t1) — Fd(t1)| < €, |Fd’n(t2) — Fd(t2)| < €, |F2d’n(t1) — ng(t1)| <€
and |Fagn(te) — Faq(t2)| < e.
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According to Lemma [29|it holds
Pr(t1 < de < DQd,n < tg) — (F(tg) — F(tl)) < 4de

thus Pr(t;y < Dg, < Dagpn < t2) > 0. Hence there exists v € A, such that
t1 < Dgn(v) < Dagn(v) < ta. For every z € N} (v) it holds N§ (z) C
N2 (v) hence Dy (2) < Dagn(v) < ta2. Also, N3 (z) D N4 (v) thus Dagn(z)
Dgn(v) > t1. As this holds for every # € N} (v), we get N} (v) C {z : 1
Dygpn(z) and Dy () < t2}. Thus we have

>
<

VA, (NdAn (U)) — Pr(t1 < D2d,n < tg) < Pr(t1 < D2d,n and Dd,n < tz) — Pr(t1 < D2d,n < tg)
< PI‘(Dd,n < tg) — Pr(ng’n < tz)

= Fyn(t2) — Foqn(te)
< 4e.

Hence Pr(t1 < Dagn < t2) > va, (NdAn (v))—4e > t; —4e. Hence F(t2)—F(t1) >
t1 — 8e. By letting € — 0, we get F(t2) — F'(t1) > t; as claimed. O

Recall that A is the set of discontinuities of F, that is the set of x € [0, 1] such
that p(z) # 0. Note that it follows from Lemma [30| that for every integer z there
exists at most z values A € A with A > 1/z.

The next lemma will ground our intuition that p(A) should be an integral multiple
of X\. Indeed, we will prove later that p(\)/A is the number of disjoint globular
clusters with limit measure .

Lemma 31. Let A € A. Then p(A\)/A € N.

Proof. Let 0 < € < A2/11. Fix t1,to € R with 0 < t; < A < tg, to—t; < ¢, and such
that A is the only discontinuity point of F on [t1,ts] (hence p(A\) = F(t2) — F(t1)).
Then there exist 6 = §(e, t1,t2) such that for every d > § it holds |F (t1) — Frati| <
e for every 1 < k < 4 and every i € {1,2}, and there exists n = n(e, t1,t2,d) such
that for every n > n it holds |Fyq,(t;) — Fra(t:)| < € for every 1 < k < 4 and every
i€ {1,2}.
We prove by contradiction that no two vertices v, ve € A,, exist such that
t1 < Dgpn(v1) < Dygn(v1) < g,
t1 < Dgyn(v2) < Dygn(v2) < ta,
2d < dist(vy,v2) < 3d.

Assume the contrary. Then N4Adn (v1) contains the disjoint union of NdAn (v1) and
N4 (v2) thus
VA, (Nidn (’Ul)) >2t1 >t +A—€= (tl + 6) + ()\ — 26) > o9,

contradicting Dag n(v1) < t2.
Let S = Sy, 1,.4(n) be a maximal set of vertices v € A,, pairwise at distance
greater than 3d, and such that

t1 < Dgpn(v) < Dygn(v) <to.

First note that for v,v" € S the balls N§ (v) and N§ (v') do not intersect hence

12 va, (N4, (0)) = 3 Danl®) > 1]8] > (A = €)IS].

veS veS

Thus |S| < 1/(A —¢).
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Also every vertex w such that t1 < Dgp(w) < Dygn(w) < to belongs to
Upes N& (v) = N3¢ (S). It follows that Pr(t; < Dgyn < Dign < t2) < to|S].
Also,

Pr(t1 < D2d,n < tz) > VAn(NdAn (S)) = Zde”(S) > t1|S| > )\|S‘ — 6/()\ — 6).
seS
As
PI‘(tl < D2d7" < tg) < Pr(t1 < de < D4d,n < tg) < t2‘S| < )\|S| + 6/(/\ — 6),
we get
\Pr(tl < ngm < tg) — A|S|| < 6/()\ — E).
As
|PI‘(t1 < D2d7n S tz) — p(>\)| < 4e
we deduce
IP(A) = AIS|[ < (4+1/(A = €))e.
As € < A\?/11, it holds |p(A\) — |S|A| < A/2, thus |S| = |St, t,,a(n)| is constant
for all the values t1,ts,d,n consistent with 0 < ¢ < A\2/11. Denoting m()) this

common value of |Sy, +,.4(n)|, and by letting ¢ — 0, we get p(A) = m(A)A thus
p(A)/A e N. O

We now define several functions, which will be of key importance in our precise
definition and analysis of the globular clusters.
Let us fix A € A.

Definition of ¢,. For z € N, we define

(6) €, =277
Definition of zo(\). We define
(7) 20(A) =[5 — 2logy Al.

(Thus €20(N) < A2/32.)
Definition of a,(\) and §,(\). We define
a1(A) <ag(A) < <A< < Ba(N) < BL(N),
such that A N [a1(A), B1(A)] = {A}, every a,(A) and S,(A) belong to R, and such
that for every z € N it holds
(8) 182(A) — (V)] < ez
Definition of §,()\). As Dy Ly D (as d — 00) we can define integers (A <
d2(A) < ... such that for every z € N and every d > §,()) it holds
(9) [Fa(a=(A) — Fla:(V))] <e.
(10) [Fa(B-(N) = F(B-(W)| < ez
Definition of n.(\). As D, 4 2 Dy (for fixed d and as n — oo) we can define

integers n1(A) < m2(A) < ... such that for every z € N, every n > 1,(\) and every
integer k € {1,...8} it holds

(11) [Frs. (0),n (@2 (X)) = Fis, (1) (= (A))] < ez
(12) | Frs. (), (B2(A) = Fro. (0 (B2(A))| < e
We now define some sequences of sets. The sets Z)'* will anticipate our con-

struction of globular clusters, by giving a rough approximate of them. Then the
set S will collect a “center” for each of the “component” of size \.

Definition of Z)»*. For n,z € N we define subset Z,* as follows:
o If n <1, then Z}* = {J;
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e Otherwise, Z* is the set of all elements of A,, such that
(13) Dss. n(v) < B:(N)
(14) Déz/,n(v) > a(N) (VZ/ € {20(A), ..., 2})

Definition of S}}. We define S as a maximal set of vertices v € Z,»'*, pairwise at
distance at least 70,, where z is (implicitly) defined by 7, < n < 1,41.

We take time for few remarks:
Remark 8. Note that implies Dgs_, n(v) < B./(A) for every 1 < 2/ < z. Also

becomes clearly more and more restrictive as z grows. Hence for every z >
z0(A) and every n € N such that n, <n < 1,41 it holds

(15) ZyAL,zn()\) ) ZyAL’ZO()\)Jrl D...D Zﬁ,z 2 Zy)L\,erl — ZQ’Z+2 - ...

I
=

Remark 9. According to the definitions of §, and 7., it holds
[Fss.(0),n(B2(A) = F(B=(M)] < 2
Remark 10. If 2’ < 2” then, according to Lemma [29] it holds
[Pr(a.(A) < Ds_xym < Ds_iym < ()] < de
Thus

4 4
Pr(Ds.(x)n > 0z(N) = Pr( N\ Ds_ > ax(V) <4 ) e =227,

z'=z¢ z'=z¢9
It follows that
va,(Z27) 2 p(N) — de, — 227,

We now prove that, as wanted, the number of elements of S; is (for sufficiently
large A) the anticipated number of globular clusters of size .

Lemma 32. For every A € R and every n > nry-17 it holds |Sy| = p(A)/A.

Proof. Note that obviously, as va,, (NKS;O\)(S)) < A+ €. holds for every s € S, we
get
533 [ZT L PN =P B 0y 2 A B e gy
Ate; A+272 A A—272 A
hence [Sy| > p(A)/A. On the other hand, for every s € S; it holds Dy, (). (s) >
o (A) and Dss_(x),n(s) < B2(A) thus for every v € Nf{i’\) (S}) it holds a,(\) <
Dss,(2),n(8) < Bz(A) thus
(A= e)I82] < va, (N Y (S2)

< Pr(az(A) < Das. (x)n(s) < B:(X))

< p(A) + 4e,
hence

|52 < p(Y) + 1.
A

Altogether, it follows that |S)| = p(\)/\. O

We are now ready to define sets gathering all the “components” with limit mea-
sure \. We will prove that they define universal clusters.

Definition of C). For A € A and n € N we define

0, ifn<
(16) Ccr={ Tz ()
Nx: (S)), otherwise, if z is such that n, < n < .41
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FIGURE 4. General aspects of the sets Z%, S, and C))

The sets C will be the building block for the construction of our clusters.
Lemmas to will be used to prove that the sequences C* define a clustering
of A into countably many universal clusters plus a residual cluster. The general
aspects of the sets Z* S}, and C)) we tried to visualize by Fig.

Similarly to Lemma [31] we prove

Lemma 33. Let A € A, let z > z(N\), and let n, <n < nyy1.
Then Z)* C Ca.

Proof. Assume for contradiction that there exists an element v € Z) \ Cp. By
the maximality of S;, we get that v is at distance at most 75, from some element
u € 5. Moreover, dist(u,v) > 20, as v ¢ N%;(Sfl‘). Then Ni‘f; (v) contains the
disjoint union of N‘;Azn (v) and NSAZTL (u) thus

VA, (N?j (0)) > 20, (A) > a;(A) + A —ea = (a(N) +€) + (A —2¢e,) > B.(N),
contradicting Dgs, »(v) < B,(A). O
We now prove that our sets C;) are pairwise disjoint.

Lemma 34. Let A < X be two elements of A, let z > max(zo(A), [1—logy (N —A)1),
and let n, <n <n,41.
Then CX N C) = 0.

Proof. Assume for contradiction that there exists an element v € C> N C;\'. Then
there exists u € S and v/ € S’ such that v € Ni‘sj (u)ﬂNif: (u') hence dist(u, u') <
45.. Tt follows that N (u') C N¥* (u) hence a(X) < B.(A) thus [A — X| < 2.27%,
contradicting our choice of z. O

We now prove that the measure of C; is concentrated around the limit measure
p(A)-

Lemma 35. Let A€ A, let z > z(N\), and let n, < n < nyy1.
Then |va, (Cp) — p(AN)] < 272p(A)/A.
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Proof. Note that

va,(Cn) = Y va,(NR:(s)).

seSH
Hence, as |S})| = p(A\)/A) it holds |va, (C) — p(A\)| < 272p(\) /. O
The next lemma not only shows that the outer boundary of C* is negligible
(what is required in order for C* to be a cluster) but also that the neighborhood of

these outer boundaries are so small that their sum will also be small (what we will
make use of in lemma .

Lemma 36. Let A € A, let n > nry-17, and let z € N be such that n, <n <1n.41.
Then it holds

va, (N, (0a,C0) < 2177p(N) /.
In particular, OpaC* ~ 0.
Proof. As elements of S are pairwise at distance at least 74, it holds
NX, (0a,C0) = B (N3 () \ N, (0)
ves)
(where ¥ denotes a disjoint union). As v € S, it holds
va,(N%, (v)) = D5 n(v) > az(A)
va, (NY=(v)) < Dss. n(v) < B-(N)
Hence
va, (N2 () \ N, (0)) < e
Thus
va, (N, (0,.C2)) < [Sples < 26:p(V)/A
O

Lemma 37. Let n € N, let A € A be minimum such that n > 1., ). Let z be
defined by n, < n < n,y1, and let

Wy ={v: D5, n(v) > az(M}\ | C2.
a€cA
Then
va, (N% (W) < 277(1+3/)).
In particular, W D Oa (U/\GA C’\) and W ~ 0.

Proof. Let F,, = {v : Ds_n(v) > a,(\)}. Then N‘;Azn(Fn) C {v : Dsypn(v) >
a,(\)}. Hence va (NéAzn (Fn)) < 1= Fas, n(az(N)). It follows that

va, (N% (Wo) <va,(N% (Fn) = > va, (C))+ > va, (N% (9a,C)))
N> A'>A
- N 92—2 N 217z
€. .
- A A

O

We now are ready for our last lemma needed to prove that the sequences C* define
a clustering of A into countably many universal clusters plus a residual cluster.

Lemma 38. For each A € A the sequence C* = (C)nen is a cluster.
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Proof. Let ¢ be an r-local strongly local formula with free variables z1,...,z,. For
d € N let ¥, be the following formula with ¢ + 1 free variables

q+1
Ui @(zo,...,Tq41) A /\ dist(z1,z;) < d.
i=2

Note that if d; < dy and v € A,, then
0 S <\I/d27An>v - <\Ild1aAn>'u S q(DdQ,n(U) - Ddl,n(v))-

For A € A we consider an integer z; such that d,, > r and z; > 2¢()), an integer

z >z and 1, < n < n,4+1. Then the following holds: for every s € Sﬁ and every

x € Ni‘zi (s), it holds N (z) C NdA—:ézl (s) and N§ (s) C N‘i:szl (x) we get

<\Ild75217An>s é <\Ild7An>m and <\I/d7An>:v S <\de+521;An>s'
It follows that
<\I/25z1 3 An>z - <\II2621 ) An>9 < <\IJS(52l ) An>9 - <\I/2<5Zl 5 An>9
< qPr(20,, <dist(z,s) <3d,,)
< q(Dss. n(s) — Dézl,n<s>)

< q(B=(N) — az, (A))
< q(e, +e2)

and
<\II2621 ) An>s - <\112521 ) An>w S <\IJ2621 ) An>s - <\I]§ZI ) An)s
< qPr(d,, <dist(z,s) < 24,,)
< g€y +€z).
Thus
|<\IJ2521 ) An>w - <\II2621 5 An>s| < q(6z1 + 62)-
Also,
(Was., Ap)s — <\Ij2621 s An)sl < q(Ds. n(s) — DSzl,n(s))
< q(Dss. n(s) = Ds., n(s))
< q(B(N) —az, (V)
< qle, +€)
Moreover,
|<\:[12523An>s - <\:[125zaAn - aAan){>S‘ < 4q€zp()‘)/>\
and
(60 AL[CA]) = Dsesy(Was., A — 04, Cp)s
e va, (CR)P
Thus, as

v, (C) = Al < e2p(V)/A,
it holds
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Zvezﬁ’zl VA, (V) <\I’25Zl JAL)
Va, (Zé"zl )

~ % Z <\I]25Z7An>v

veCH
~ Z (Pas,, An)s
s€SH
A6, An[CR))
Let H,, ,, be the (multivariate) cumulative distribution function of

(Ws.,.An)e.l — Dy (\veees 1= D5, Dys.).

E[(¥2s.,, An)o 1y (v)] =

According to its definition we have v € Z*! if and only if

(1=Ds_ (nys---:1=Ds. s Dss., ) € [0, 1=z (A)]x - x[0, 1—az, (A)]x[0, Bz, (A)].

Thus

Pr[<\II5Z1 JARYy <z and v € ZQ’Zl] =Hp o (2,1 =azy0(A), .- T—az, (N), B2, (V).
It follows that

1
E[(Vas., , An)w 1, (v)] = /0 Pr[(Ws, ,An)y <z andv e ZM ) dx

1
= / 1- Hle (‘T7 1- azo(k)(A)a N Oy (/\)a ﬂz1 ()‘)) dz.
0
According to Lemma there exists a (vector) random variable V,, such that
D
(<\I’521 s An>., 1-— D5z0()\)’ R D5z1 s Dggzl) — VZI.
Let H be the cumulative distribution function of V. Then, as n — oo it holds

1
lim E[(Ws5.,, Au)s 1y (0)] = / 1= H(2, 1=y (Vs - o 1z, (A), By (V) dlz.
0

n—oo

As [E[(Was,,, An)v 1 a0 (v)] = AP(g, A, [C)])] goes to 0 when z; goes to infinity

(and n grows in consequence), we get that (¢, A, [C;]) converges hence C* is a
cluster. g

We are now ready to prove our first clustering result:

Lemma 39. Let A be a local convergent sequence of o-structures. Let o be the
signature obtained from o by the addition of countably many unary symbols Mg
and M; (i € N). Then marking by M; the cluster C)¢ (where A\y > Xy > ... are
the elements of A order in decreasing order) and by My the sequence of sets

R=A\W\
AEA
we obtain clustering L(A) of A with the following properties:
o For every i € N, (Mi(L(A")))neN is a universal globular cluster, and
M;(L(A,,)) asymptotically consists in a set inducing p(A\;)/N\; disjoint con-
nected substructures, each of measure A; + o(1) in A,,.
. (MR(ATJ{))neN is a residual cluster.

Proof. That L(A) is clustering follows from Lemma That C* is a universal
cluster is trivial as the constructions and proofs can be achieved the same way (with
same result) in any conservative lift of A. The sequence R is obviously residual. [J
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We are now ready to prove Theorem [l which we state now in the following more
precise form.

Theorem 7. Let A be a local convergent sequence of o-structures. Then there
erists a signature o (obtained from o by the addition of countably many
unary symbols M; ;1 (1 € N, 1 < j <a;, 1 <k <b;,;), of a unary symbol
Mg and of unary symbol Mg), a sequence A\ > Ay > ... a positive reals and
a clustering L(A) of A with the following properties:
e Foreveryi €N, 1<j<a; and1 <k <b;;, Gk =M, ;(L(A)) is a
globular cluster of A such that lim va(G*3F) = \;, that is a cluster such
that for every positive real € there is an integer d which satisfies

Ai —e < liminf max wva, (N¢ ) < lim va, (GH9F) = A,
n—00 4 cqhik " n—00

R = Mgr(L(A)) is a residual cluster of A, that is a cluster such that for
every integer d it holds

limsup max wva, (Nf)ln) =0.
n—o00 wv,EGR”

o The sequence S is negligible, that is such that for every integer d it holds
limsupva, (Ngn) = 0.

n—oo

e The marks partition the sets A, is a stable way, that is

lim va(R) + Zlim va(GHIk) = 1.
i>1
o Clusters Gv* and G'7"*" are interweaving (i.e. GH* §j GI3"* ) if and
only ifi =1 and j = j'.
e The clusters Uz:Jl G"’jv’k (grouping interweaving clusters) are universal.
o The number N; = Z?;l bi; of clusters with limit measure \; is

N«—il' 1 +TZ li k(ta.0)d (is)™ —iXis 4
PN TR 2T J_p [ A \dBee fg, ) Tt | *

where g4, 1s the formula

Vaw(T1, .o Twt1) = /\ dist(x1,z;) < d.
i=1

Proof. By construction, the number of connected components of A,,[C}] is asymp-
totically p(A)/A and each of these connected components has asymptotically mea-
sure \. Let By, 1,..., B, x, be the connected components of A, [C2]. If there is a
local formula ¢ such that

lim min(¢, B;) # lim min{¢, B;)

n—oo 1 n—oo (3
we can break C* into smaller universal clusters. At the end of the day, we get a clus-
tering of A into countably many clusters, such that each cluster C* has asymptoti-
cally k; connected components with same asymptotic measure and same asymptotic
profile. It follows that C’ it the disjoint union of k; interweaving clusters.

The statement giving the number N; of clusters with measure )\; is due to the

equality V; = p(A\;)A; and the application of Lévy’s theorem (Theorem [5)) for the
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computation of p(A;) from the characteristic function v (u,t) associated to the
formulas dist(z1,z2) < d by Lemma O

A direct consequence of Theorem [7] stands in the following complete characteri-
zation of the globular clusters of a local convergent sequence.

Theorem 8. We have the following complete characterization of the globular
clusters of a local convergent sequence A: For a sequence X of subsets of A the
following are equivalent
(1) X is a globular cluster of A;
(2) there exists a negligible sequence N and integers i,j (with 1 < j < a;)
such that for every integer n it holds

X AN, € {G5P1, Gu2, ... Ghibis},

Proof. If X is obtained by interweaving clusters from {G&71 Gii2 .. .,G:{]’b"'j},
then X is a cluster, which is obviously globular. Hence (2)=-(1). Conversely, let
X be a globular cluster. As the partition is stable there exists, for every € > 0,
integers ip and ng such that for every n > ng it holds

a;
SN va(Zi) <e
i>ig j=1
Then notice that XN R ~ 0 as R is residual and X is not. According to Lemma [21]
for each i, j, k it either holds X N G"9* ~ 0 or X (§ G*'*. Let n; > ng be such that
for every n > ng and every integers i, j with i < ip and X N Z%/ ~ 0 it holds
_°
2:021 a;
Then, letting ¢ < limwa(X)/4 we get that there exists integers i,7,k such that
X () Gi3F It follows that X § G¥¥"*" if and only if i = i’ and j = j/. Thus for every
(#',5") # (i,5) it holds XN Z*/ ~ 0, and thus it holds liminf va(X N Z"7) > 1 — 3e.
Letting € — 0 we get that Z%7 \ X is negligible. As X is globular and as Z* consists
in connected components with same positive limit measure as X selecting from Z%J

a connected component with maximal intersection with X,, we get a globular cluster
Y such that Y = X. (]

va, (R,NX,) <eand va,(R,NZY) <

10. CONCLUSION AND FUTURE WORK

In this paper we have shown that a the local convergence of a sequence of finite
structures is enough to obtain properties that cannot be expressed directly by means
of a first-order formula: one can cluster the sequence into countably many globular
clusters and a residual cluster. It is perhaps surprising that one can do so just from
local convergence. The obtained clustering is natural and continuous. We believe
that this analysis may be of interest in cluster analysis itself if only by the concepts
that naturally arose in this study.

On the other hand, we feel that this is only the beginning of the story. Particu-
larly because of their connection to expanders, we would like to further refine our
clustering and find further expanding (non globular) clusters. However this will re-
quire to consider a stronger notion of convergence, such as generalized local-global
convergence. Our generalization of local-global convergence extends the notion of
local-global convergence based on the colored neighborhood metric of Bollobds and
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Riordan [5], which was introduced by Hatami, Lovdsz, and Szegedy [10]. This will

be

JENED)

(10]
(11]
(12]
(13]

14]

ITI

the subject of a forthcoming paper.
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