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Abstract The equations governing the conditions of mechanical equilibrium
in fluid membranes subject to bending are revisited thanks to the principle of
virtual work. The note proposes systematic tools to obtain the shape equation
and the line condition instead of Christoffel symbols and the complex calcu-
lations they entail. The method seems adequate to investigate all problems
involving surface energies.
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1 Introduction

Lipid molecules dissolved in water spontaneously form bilayer membranes,
with properties very similar to those of biological membranes and vesicles [1].
The knowledge of the mechanics of vesicles started more than thirty years ago
when both experimental and theoretical studies of amphiphilic bilayers en-
gaged the attention of physicists and the interest of mathematicians [2]. In a
viscous fluid, vesicles are drops a few tens of micrometers wide, bounded by im-
permeable lipid membranes a few nanometers thick. The membranes are homo-
geneous down to molecular dimensions; consequently, it is possible to represent
the vesicle as a two-dimensional smooth surface in three-dimensional Euclidean
space. Depending on the cases, the bilayers may be considered as liquid or solid.
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2 Henri Gouin

When liquid, the lipid molecules form a two-dimensional lattice and the mem-
branes are described with an effective energy that does not penalize tangential
displacements. Their mechanical properties permit a continuous mechanical
description; such a deformable object is characterized by a flexion-governed
membrane rigidity resulting from the curvature energy. The general theory ac-
counts for surface strain, director extension, and director tilt associated with
the misalignment of the surface normal. Galilean invariance is tantamount
to the invariance of the energy under arbitrary two-dimensional orthogonal
transformations and regarded as a function of a symmetric two-dimensional
tensor. In this respect, the Helfrich Hamiltonian, which is quadratic in the
curvature eigenvalues, provides a good description of lipid membranes and as-
sociates bending with an energy penalty [3-5]. Equilibrium configurations of
the membrane satisfy a single normal ’shape’ equation corresponding to the
extrema of the Hamiltonian.

Fournier used a variational method to study fluid membranes [6]. Contrary
wise, in this note, we revisit the mechanical behaviour of vesicle membranes
by using the principle of virtual work [7-9] together with lemmas from the
intrinsic differential geometry of surfaces; consequently, we do not need to use
coordinate lines and Christoffel symbols associated with the membrane metric
are useless here. For the Helfrich model, we established the equilibrium equa-
tion and the boundary conditions - which even apply to compressible media
and extensible membranes on cell surfaces - as well as the condition on a sur-
face/vesicle contact line [10-14]. For example, in the case of bending energy,
we obtain the equilibrium equation of the vesicle, the conditions on surfaces
and line when the vesicle is in contact with a solid boundary; the condition on
the vesicle membrane yields the ’shape’ equation and a modified Young-Dupré
equation on the line.

The note is organized as follows:

In Section 2, we recall the principle of virtual work. Section 3 introduces uni-
versal geometrical tools associated with the notion of virtual displacements
introduced in Section 2.1 and the Stokes formula for volumes, surfaces and
lines. The variations of tensorial quantities and differential forms on surfaces
and lines are proposed in an intrinsic form, with no representation in coordi-
nate lines. Section 4 describes the vesicles’ main background and the conse-
quence it has on the variation of the vesicle’s energy. A conclusion focusing on
the advantage of the intrinsic geometrical method ends the note.

2 The principle of virtual work applied to continuous media

In continuum mechanics, the equilibrium of a medium can be studied with
either the Newton model of forces or the Lagrange model of work of forces.
At equilibrium, a minimization of the energy associated with a one-parameter
family corresponds with the zero value of a linear functional of virtual displace-
ments. The linear functional expressing the forces’ work is related to the theory
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of distributions; a decomposition, associated with displacements considered as
test functions whose supports are compact manifolds, uniquely determines a
separated form respecting both the test functions and their transverse deriva-
tives [15]. Then, the equilibrium equation and the boundary conditions are
straightforwardly deduced from the principle of virtual work.

2.1 The notion of virtual displacement

The position of a continuous medium is classically represented by a transfor-
mation ¢ of a three-dimensional reference domain Dy into the physical set
D. In order to describe ¢ analytically, the variables X = (X!, X2, X3) which
single out individual particles in Dgy correspond to Lagrange’s variables; the
variables £ = (z!, 22, 2®) in D correspond to Euler’s variables. Transformation

¢ thus represents the position of a continuous medium,
r=p(X) or z'=¢ (X', X?X%), ie{1,2,3},

and possesses inverse and continuous derivatives up to the second order ex-
cept on singular surfaces, curves or points. To formulate the principle of virtual
work in continuum mechanics, we recall the notion of virtual displacements
[16]: A one-parameter family of varied positions possessing continuous partial
derivatives up to the second order and analytically expressed by the transfor-
mation

m:Sp(Xvn)

with 7 € O, where O is an open real set containing 0, and is such that
@ (X,0) = ¢ (X). The derivative, with respect to n at n = 0, is noted §
and is named variation [16]. In the physical space, the virtual displacement ¢
of a particle at x is such that ¢ = dx when we assume 6 X = 0 and én =1 at
1 = 0; the virtual displacement ¢ belongs to T, (D), a tangent vector bundle

to D at x,

od
reD —(=9y(x)= o ln=0 € Tx(D).

2.2 The background underlying the principle of virtual work

The virtual work of forces d7 is a linear functional value of the virtual dis-
placement d¢ determined by the variation of each particle and defined by

0T =< B, 00 > (1)

where <, > denotes an inner product. In Relation (1), d¢ is submitted to
covector & denoting all forces and stresses. Let us simply note that in case
of motion, we must add the inertial forces, corresponding to the accelerations
of masses, to the volume forces, and eventually add the viscous stresses to
the conservative stress tensor. The virtual displacements are naturally sub-
mitted to the constraints resulting from constitutive equations such as mass
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conservation for compressible media. In this case, the constraints are not nec-
essarily expressed by Lagrange multipliers but are directly taken into account
by virtual displacements submitted to the variations of the constitutive equa-
tions. Conversely, when geometrical assumptions are assumed, the Lagrange
multipliers associated with geometrical conditions constrain the virtual dis-
placements, which in all cases are named virtual displacements compatible
with the constraints.

The principle of virtual work is expressed in the form : For all virtual displace-
ments compatible with the constraints, the virtual work of forces is null.

If the distribution (1) is in a separated form [15], the principle of virtual work
yields the equilibrium (or motion) equation and the boundary conditions [9].

3 Intrinsic geometrical tools for the energy of surfaces and lines

We assume that D has a differential boundary S, except on its edge C. We
respectively note Sy and Cj the images of S and C' in Dg; D and Dy are
Euclidian sets. The unit vector n and its image ng are the oriented normal
vectors to S and Sp; ¢ = (Ry) ! is the mean curvature of S; the vector ¢
is the oriented unit vector to C' and n’ = t X n is the unit binormal vector
[17,18]. The tensor F' = dx/0X denotes the Jacobian transformation of ¢;
symbols div, rot, tr and superscript © refer to the divergence, rotational, trace
operators and the transposition, respectively; 1 denotes the identity tensor.

Lemma 1 : we have the following relations

ddet F = det Fdiv(, (2)

§(F'n)=-F"! g—i

n + F'on. (3)
Proof of Rel. (2):

The Jacobi identity written in the form §(det F') = det F'tr (F~'0F) and

B oz _ﬁ
5F_5(8—X)_3X’

imply,
_ 0X 9O¢ ¢ 0X o¢ .
1 _ oA 06 ) _ 5 9 =) =
tr(F 5F)tr<am 8X> tr<6X 8:1;) tr(@w div ¢.
For an incompressible medium, det F' = 1 and ¢ verifies
div¢ = 0. (4)
Proof of Rel. (3):

1) (F_ln) =9 (F_l) n+ F 'n
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and
F'F=1= §(F)F+F '6F=0,
imply
_ 1 0¢ ~10¢
1y _ 175 1_ 1Y%
S(F)=-F'-2F P2 (5)

Lemma 2 : The variation of E = ffs ods is giwen by the relation

6E://3 [60— (;—;‘nnT—i—gradTa (1—nnT)) C] dS-i-/CUn,TC dl. (6)

where o is a scalar field defined on S and ds, dl are the surface and the line
measures.

Proof of Rel. (6):
The normal vector field is locally extended in the vicinity of S by the relation

n(x) = grad d(x), where d is the distance of point « to S; for any vector field
w7

rot(n x w) = ndivw —wdivn + a—nw - 6—wn
B oz ox
From nTa—n =0 and divn = _2 , we deduce on S,
oz R,
2
nTrot(n x w) = divw + — nfw — nTg—w n. (7)
m x

Dueto E = // o det (n,dix,dex) where dix and dyx are two coordinate
S

lines of S, we get,
E = //S o det F det(F'n,d; X,dy X),
0
with dyx = Fd1 X, dox = F d2 X . Then,
§F = //S do det F det (F~'n,d; X,ds X)
0

+/ o5(det F det (F~'n,d1 X, d2 X)).
So

0
Due to Lemma 1, nTa—n =0 and to nTén =0,
T

// o5(det F det (F~'n,d1 X,d> X)) =
So

[o div ¢ det(n,dix,dox) + o det (0n, dix, dox)
S

— odet (8_{ n,dlm,dgmﬂ ds =
ox

/ <div(o ¢) — (grad’o) ¢ — on? 28 n> ds.

S oz
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Relation (7) yields

div (o ¢) + 2—JnTC —nTM

o o " nT rot (on x ¢). Then,

o5(det Fdet (F~'n,d1 X,d2 X)) =

So
//S (—;—ZnT+gradTa(nnT—1))Cds—l—//SnT rot (cn x €) ds,

Ty = gradfg o belongs to the cotangent plane to S and

//SnT rot(anXC)dSZ/C(t’Un’C)dZZ/CUn'TC dl.

Then, we obtain relation (6).

where grad” o (1 — nn

Lemma 3 : The variation of the internal energy is

5///Dpadv///D(gradp)TCdv//SpnTCds. (8)

0]
where p is the mass density, a(p) is the fluid specific energy, p = p26—a is the
I

thermodynamical pressure [19] and dv is the measure of volume.

Proof of Rel. (8):

6 [[[ppadv= [[[,pdadv where §a = (da/Dp) dp. Due to mass conserva-
tion,

PdetF:PO(X)v (9)
where pg is defined on Dy. The differentiation of Eq. (9) yields

opdet F + pd(det F) =0, and from Lemma 1, we get

dp=—pdiv(.
Consequently, div (p ¢) =p div({ + (gradp)? ¢ and we deduce relation (8).

In the same way,

Lemma 4 : For any scalar field p defined on D,

5///Dp dideU:—///D(gradp)TCdv—i—//SpnTCds. (10)

Lemma 5 : The variation of the external unit vector normal to S is

sn = (nn" — 1) <g—i)Tn. (11)
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Proof of Rel. (11):

The property {an:B =0= nTFdX = 0} implies that vector FTn is
normal to Sp and consequently, ni ng = 1 yields

FT'I’L F_lT’I’LO
ngy= —F/—7m——, n =

(nTFFTn) \/(ngF_lF_lTno)

Then, dng = 0 on the reference surface Sy implies,
SF Ty, 1., 9 (ngFleflTno)
— 5 - Un) 3 -
/nOTFleflTno (nquF—lTnO) 2

o¢\" poir
9z F and consequently,
T

T T
6n:—(§—i) n—I—%n nT(g—i)n—i—nT(g—i) n}

T
Then, n” <§_C) n=n’ <g_€> n implies relation (11).
x

on =

From Eq. (5), 0F 7 = — (

T
Lemma 6 : The variation of the mean curvature of S is
ocm, 1
¢+ = Agg(n” 12
ox C+ ) tg(n C)v ( )
where Ayg is the tangential Beltrami-Laplace operator on surface S.

Proof of Rel. (12):

0Cm =

The variation of a derivative is given by

on dm  0On 0¢
(a—x) "9 Owoa as)
. on
From 2¢,, = —divn = —tr 2 and Eq. (13) we get,
x
B oon onog\ . . (On d(divn)
20cy, = —tr (a—m) + tr (8_m8_m) = —divin + div (8_m C) -2 QTC
But, O(divn) = 7286—m and by using Eq. (11) we get,
ox ox

. T
—divén + div (g—: C) = div (1 — nnT) (%) = divgradig(n™¢),

and from div gradeg(n?¢) = Ay (n?¢) (1), we deduce relation (12).

1 For all vector fields & € D — v(x), divigv = divo—n"T (dv/8z) n. Then, divigv = divo—
tr (nnT(Bv/am)> . But div (nnT'v> = div (nnT> v+ tr (nnT (81}/83:)) and div (nnT> =
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4 Description of a vesicle membrane in contact with a solid surface
4.1 Membranes’ bending enerqgy

Vesicles consist in a three-dimensional domain bounded by a liquid bilayer.
Vesicle interfaces are represented by material surfaces endowed with a bend-
ing surface energy. In our representation, a vesicle fills set D and lies on the
surface of a solid; the vesicle is also surrounded by a fluid (see Fig. 1). All the
interfaces between vesicle, solid and liquid are assumed to be regular. We note

Fig. 1 A drop-shaped vesicle lies on a solid surface. The vesicle is bordered by a fluid
(liquid) and a solid; S is the boundary between liquid/solid; S2 is the interface between
vesicle/fluid (membrane of the vesicle); S3 is the boundary between fluid/solid; n1 and no
are the unit normal vectors to S7 and Ss, external to the domain of the vesicle; contact line
C is shared by S; and Sz and t is the unit tangent vector to C relative to n1; n'1 = n; x t
and n’y =t X ng are the binormals to C relative to S1 and S2, respectively.

01, 09 and o3 the values of the surface energies of Sy, So and S3, respectively
(). The vesicle is submitted to a volume force p f; S = S;US5 is the boundary
of D; the external surface force on D is modelized with two vector fields T
on the solid surface S; and T3 on the free vesicle surface Ss5. In our calculus,
the line tension on C' is assumed to be null. Vector n stands for the normal to
S external to D.

To obtain the equilibrium equation and the boundary conditions, it is neces-

div (n) n™ + nT (8n/0z)" . From (9n/dx)n = 0 and divn = —2/R,,, we get divigo =
div ((1 —nnT) v) —2nTv/R,,. From divigvig = divog where vig = (1 — nnT)
div gradeg (n?¢) = divig gradeg (nT¢) = A¢g(nT().

2 Qur aim is not to consider the thermodynamics of interfaces. Consequently o;, i €
{1,2,3} are not taken into account as a function of variables like temperature or entropy.

v, we get
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sary to propose a constitutive behaviour for the membrane’s energy density
02. As proved in the literature, the surface energy density on Sy must be a
function of the curvature tensor along the surface. To be intrinsic, oo must be
a function of the two curvature tensor invariants. If we note ¢; = 1/R; and
ca = 1/Ry the eigenvalues of the curvature tensor, the mean curvature and
the Gauss curvature of Sy are respectively noted,

c1+ co 1 1
H=9"%2_ "~ K iey=——
2 Ry TR R,
The external normal ny to Sy can be locally extended in the vicinity of Se by
the relation ng(x) = grad da(x), where dy is the distance of point  to S,
(see Section 3, Lemma 2). Then,

L B ony ony  (0ny T rOny
2Hd1vn2tr(a—x), 8—m(8—m) , M2 8—a:70’ (14)

o Gng 2 Gng 2

The surface’s energy density og is assumed to be a regular function of H
and K, but in the Helfrich model, the vesicle’s surface energy is linear in K.
The Gauss-Bonnet theorem ensures that the integration term corresponding
to K is constant for closed surfaces, otherwise, the geodesic curvature of the
boundary plays a role; this means, as established in [6], that the Gaussian
curvature affects the boundary line actions. Nonetheless, experimental and
theoretical studies have shown that the energy mainly stems from the bending
[2]; consequently, in the Helfrich model, the surface energy density on Sy is
taken as a form without term in K:

Oy = 0y + g [2H — ¢,)?, (15)

where k is the bending rigidity, ¢, is the spontaneous curvature and o, is
the superficial energy of capillarity. The main interest being the membrane’s
bending energy and its behaviour, we assume that the values of o,, 01 and o3
are constant. This special case can be easily extended, as done in [20] for an
other problem of capillarity.

Lemma 7 : The variation of the bending energy Eo = ff52 o2 ds of a mem-
brane is 0F, =

d0’2 1 60-2 T pe
//S2 [dn2 2H02+2Atg(aH):| nQCds—i-/CnQ (o2 ¢ +w)dl, (16)

(90’2 80'2 d 8

1
wherew = 5 {6— gradig(nj ¢) — nj ¢ gradig <—H)] and dne = <%> ny

18 the normal derivative in the direction ns.
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Proof of Rel. (16):

From Eq. (6), 02 = 02(H) and Eq. (12), we obtain,

60’2 OH 1 80'2
//S2 [aH e 2 H div gradig(nj ¢)

—209HnY¢ — grad o, (1 ngnQ)C}ds—l—/agnQ ¢dl

But, gradoy =

1 do do
0Fy = //52 [2 81; div gradeg(nj ¢) + (d—z - 2H02) C] ds+/ oony Cdl,

and from
1 0oy
2 OH

80'2

8—H) nd¢ + divw,

1
div gradig(n; ¢) = Atg (

we deduce relation (16).

4.2 Expression of the virtual work of forces

For the Helfrich model, the total energy of the vesicle writes

== [[[ paty s [[ ovass [[ o as

The virtual work of volume force p f defined on D writes [[[, p fT¢ dv. The
virtual work of surface force T' exerted on S'is [/ TT¢ ds. Due to Eq. (6),

— fc o3 n’lTC dl corresponds to the action of S3 on edge C. Finally, the virtual
work of forces writes

T:fam/// pF7¢ dv+/ T7¢ ds/cosn'fc a. (7

From Egs. (6), (8), (16) and (17), we obtain

/R
+//S KN ml)nﬁT?]Cds
//52” _@+2H02 ;Atg<%)]ng+Tg}Cd5

+/C [((01 - Us)nllT — 02 nlg) ¢— n/’2T w} di, (18)

where 2/R,,, is the mean curvature of Sy, and T and T's correspond to the
surface forces exerted on S; and So, respectively.




Vesicles with bending energy 11

5 Equations governing equilibrium and boundary conditions

The fundamental lemma of variational calculus applied to each integral of Eq.
(18) yields the equilibrium equation associated with domain D, the conditions
on surfaces 57 and Sy and the condition on contact line C.

Equilibrium equation in D

gradp =p f.

This is the classical condition for equilibrium.

Condition on surface S;

20‘1
T,=0.
(p—i—R )n1—|— 1

mi
Then T7 = —p; nq is a normal stress vector to surface S; and we obtain the
classical Laplace condition,
2 01
P1—p= .
Ry,
Condition on membrane surface S
dO’Q 1 80'2
——+4+2Hoy— Ay | == )| n2 + T2 =0. 19
p dns 2 5 tg < OH 2 2 ( )
Then, the stress vector must be normal to Ss. In fact Ty = —ps no corresponds

to the action of the external fluid on the membrane. From oo = 02(H), and
taking Eq. (14) into account,

dO’Q (90’2 dH . oOH . 8n2
2 PPz B h 2922 — _
dno OH dno wit ox d1v< )

oz

and
dH _ _OH . [0on . (0on ons
2d—m52%n2:—dlv (a—;>n2dlv (a—;ng)thr(a—;) .

0 dH
Due to the fact that % ny =0, from Eq. (14) we get . =92H? - K and
x T2

doz
d?’LQ

60’2
=(2H? - K)—.
( )8H
Finally, Eq. (19) yields,
60’2

1 15]
p—pz—(QHQ—K)a—H+2H02—§Atg (8;;;):0' (20)

In the case of the Helfrich model (15), we obtain from Eq. (20) the ’shape’
equation (3):
p—p2+k(2H —c,) (2K —2H® —c,H) +2H o, — 26A;yH = 0. (21)

3 Let us note that Helfrich et al [3-5] consider the vesicle as incompressible and the virtual
displacement verifies div{ = 0 (see Eq. (4)). They assume that the lipid bilayer S has a
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Condition on line C .

To get the line condition, we must consider a virtual displacement tangent
to the fixed surface S7 and consequently ¢ = at + 8t X ny, where o and f3
are two scalar fields defined on C. From the last integral of Eq. (18), we get
immediately: For any scalar field x € C — 8 (z) € R,

[ (o= o) n'T = aanT)¢ — T =0,
C

Due to the fact that nl ¢ = fnl (t x ny) = BtT (n; x ny) = Bsind, where
6 = (n1,n9) is the Young angle, and the term Ssin6 is uniquely function of
arc length [, we get n’ggradtg(ﬁ sin ) = 0. Consequently, from Lemma 7,

902
oH

dH
dn’2 ’

T

1 1
nw=—3 (ngﬁ) n'QTgradtg< ) :—§ﬂsineo;’(H)

where is the value of the derivative of H along the line orthogonal to C

"2
on Ss. Consequently, V{l — B(I) € R},

ol (H) dH
2 dn’2

/5{(01ag)n'f(txnl)azn'f(tme sme} dl = 0.
c

Then,

"(H) dH
/ —ﬁ{(al —03) 4+ oaning — oz (H) sin@} dl =0,
c 2 dnlg

and we obtain the line condition

ol (H) dH
2 d?’LIQ

(01 —03) + 02 co80 — sinf = 0. (22)
In the Helfrich model (15) the condition (22) yields

H .
' sinf = 0. (23)

(01 —03) + 02c080 — 2K

Condition (23) replaces the classical Young-Dupré condition by taking additive

H .
term —2 kK ———sin 0 into account.
n'o

total constant area Sy and introduce the constraint ffs ds = Sp. Then, the virtual work is
expressed as

67:///DprCdv+//S TTcds—5//Sads+A05//Sds+5///Dpdivgdv,

where the scalar Ag is a constant Lagrange multiplier and p is a distributed Lagrange
multiplier. Due to Eq. (10), the ’shape’ equation that they deduced is identical to Eq. (21).
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6 Conclusion and remarks

In this note, we propose simple systematic tools coming from surface geome-
try and from the principle of virtual work to obtain the boundary conditions
on surfaces and lines for three-dimensional domains where the surfaces are
endowed with surface energy densities. The tools are based on the Helfrich
model with bending energy which is usually proposed to study the mechanics
of biological membranes. The model does not take line energy into account,
but the calculations will be similar to obtain the conditions at the boundaries
of three-dimensional domains. Relation (6) is the key point of the model and
highlights the extreme importance of knowing the variation of do and conse-
quently the behaviour of the surface energy o. For example, in [20] we obtained
a case where the capillary surface energy depended on the composition of the
surface layer. The obtained results do not need to assume vesicle incompress-
ibility and constant area of the membrane. We notice that the calculations
proposed in the literature use the Christoffel symbols associated with coordi-
nate curves on the surfaces, but the Christoffel symbols do not appear in the
resulting expressions of the boundary conditions. This is an important reason
for the straightforwardness of our method.
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