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CHARACTERISTIC FUNCTIONS ON THE BOUNDARY OF A PLANAR DOMAIN
NEED NOT BE TRACES OF LEAST GRADIENT FUNCTIONS

MICKAEL DOSSANTOS

ABSTRACT. Given a smooth bounded planar domain, we construct a compact set on the boundary s.t. its

characteristic function is not the trace of a least gradient function. This generalize the construction of Spradlin
and Tamasan [ST14] on the disc.
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1. INTRODUCTION

We let © be a bounded C? domain of R%. For a function h € L'(99,R), the least gradient problem with
boundary datum A is the problem:

(1) min {/ |Dw| | w € BV (Q) and tragqw = h} .
Q

In the above minimization problem, BV (Q2) is the space of functions of bounded variation. It is the space of
functions w € L'(Q) having a distributional gradient Dw which is a bounded Radon measure.

If the minimization problem (1) admits solutions, such minimal functions are called functions of least gradient.

Sternberg, Williams and Ziemmer proved in [SWZ92| that if h : 9Q — R is a continuous map and if 9Q
satisfies some geometric properties then Problem (1) admits a unique solution.

On the other hand, Spradlin and Tamasan [ST14| proved that, for the disc Q = {z € R?||z| < 1} [the disc
satisfies the geometric hypotheses of [SWZ92||, we may find a function hg € L'(992) which is not continuous

2010 Mathematics Subject Classification. 26B30, 35J56 .



2 MICKAEL DOSSANTOS

s.t. Problem (1) has no solution. The function hg is the characteristic function of a Cantor set K C S* = {x €
R2|Jo| = 1}

The goal of this article is to extend the main result of [ST14] for a C? bounded open set Q C R?.

We prove the following theorem:

Theorem 1. Let Q C R? be a bounded C? open set. Then there is a measurable set KC C O s.t. the minimization
problem

(2) min {/ |Dw| | w € BV(Q) and tragqw = Z[;C}
Q

has no solution.

The above theorem has been proved when © = D is the unit disk in [ST14].
The calculations in [ST14] are specific to the case Q@ = D. The proof of Theorem 1 relies on new arguments
for the construction of the Cantor set K and in the strategy of the proof.

2. STRATEGY OF THE PROOF

2.1. The model problem. We present the strategy developed to prove Theorem 1 by proving its adaptation
for Q =]0,1[%2. Obviously this model case does not satisfy the hypothesis of regularity on Q but it allows to
make simple calculations.

We thus prove the following result:

- 1
Theorem 2. Let K be a fat Cantor set [e.g. a Smith-Volterra-Cantor set] supported in {Z’ Z}, then letting
K = K x {0}, Problem (2) does not admit a solution.

This section is devoted to the proof of Theorem 2. The proof is done arguing by contradiction. We assume
that there exists ug a solution of Problem (2). We obtain a contradiction in 3 Steps.

Step 1. Upper bound
Using a result in [Giu84] [Theorem 2.16 & Remark 2.17] we have

(3) min {/ |Dw| | w € BV(Q) and trgqw = h} = / | Duo| < || Tk | 1 a0y = IK|.
Q Q

Here |K] is the length of K.
Estimate (3) follows from Theorem 2.16 & Remark 2.17 in [Giu84|. By combining Theorem 2.16 & Remark
2.17 in [Giu84] we may prove that for all € > 0 there exists a map u. € BV () s.t.

/ |Duc| < (14 ¢)| Tkl £1(a0) and traqu. = k.
Q

The proof of this argument is presented in [Giu84] in a special context (1) | The adaptation for Q a C? set is
presented Appendix C. An easy adaptation of the argument may be done for Q =]0, 1[2.

Step 2. Saturation of (3) [see (6)]
We fix (up)n C C*(Q) N BV (Q) s.t. traqu, = Ix and u, — up in BV-norm, i.e.,

1
un 5 ug and / |Vun|%/|Du0|.
Q Q

The sequence is defined by convolution with ug and a Friedrichs mollifiers with compact support [see [Giu84]-
Theorem 1.17].
We let also By := {(x,y) €]0,1[*| 2 € K and y > 0}. The saturation of (3) consists in obtaining:

(@ R

oo

IThis result was initially proved by Gagliardo in [Gag57]. A short proof of "trW!! = L!" may be found in [Mirl5]. The
key-point is here the quantitative form of the upper bound on fQ |Dug| given by Remark 2.17 in [Giu84].
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As observed by Mironescu, the key tool in the proof of (4) is Fubini Theorem combined with the Fundamental
Theorem of calculus.

1 1
(5) / |O2un| = /dx/ |O2un|Ip, dy
Beo 0 0
1 1
/dx / O2unIp, dy
0 0
1
0

K| = IK].

Y

(6)

Step 3. A transverse argument
In order to obtain a contradiction we are going to prove that [for sufficiently large n]

(7) / [Vu,| — / |O2uy,| > § for some 6 > 0 independent of n.
Q Boo
From the BV-convergence we have
/ |Dup| = lm [ |Vuy|
Q moJa

Il
5
—
&

S
S
—+
/N
S
<
S
.
|
5
&
S
=
SN—

[(6)&(7)] = |K|+é.

The last estimate yields a contradiction with (3).
Thus it suffices to prove (7).
We make the following dichotomy: wg Z 0 in Q \ Bo or ug =0 in Q\ B.
If up #Z 0 in Q \ By, since trpo\xuo = 0, then ug can not be a constant in Q\ B,. Thus

6:= —/ |DUO| > 0.
2 Jo\B.,

Therefore, for sufficiently large n,

/ [V, —/ | G2t | > / [Vuy,| > 6.
Q Boo Q\Beo

1 3
We now assume that ug =0 in Q \ Be. It is clear that we may fix 1 <a<b< 1 and 0 < c<d<1s.t.

This prove Estimate (7).

1

5 ;:_/ luo| > 0 and ({a, b} x]0, 1[) A Buo = 0.
2 JJab[x]e.d]

Noting that ug = 0 in Q\ By, and that the sequence (uy, ), is obtained by the convolution of v with a C*°-mollifier
with compact support, it follows that for sufficiently large n we have u, =0 in {a, b} x [c, d].
Consequently, from Lemma 3.2 in [ST14], we get [for sufficiently large n|

2
/ |Or1un| > / [tn| > &'
Ja,b[x]e.d] b—a Jjap[x]e,d]

Since f]a bixled] |O1up| > 0, f]a bx]e.d] |O2un| < 2|K], by Lemma 3.3 in [ST14] we obtained:

6/2
Ve z/ O] + —2 .
/]a,b[x]c,d[ Ja,b[x]e,d[ 4|K] + ¢

5/2

We thus get (7) with ¢ := m
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2.2. Comments. To prove Theorem 1, we plan to follow the strategy presented above. The first main step

in

this strategy is the construction of a suitable Cantor set K C 9. Once K is constructed we define By, by

bending lines orthogonal to ).

for
int

The construction of K is done Section 4 and B is defined Section 5.

A second main step is to implementing the appropriate substitute of Fubini Theorem. This involves Coarea
mula. The estimate we will device [the analog of (6) is done by Lemma 8] is obtained asymptotically by
egration [via Coarea formula| along level sets of an appropriate function. The appropriate function is, roughly

speaking, the projection on K "along" connected components of B.

(®)
k)

The plan of this article is the following;:

e In Section 3 we specify some notations and defintions.

e In Section 4 we present the construction of the set K C 9.

e In Section 5 we construct the fundamental tool in the proof of Theorem 1. The Cantor set K is obtained
by a standard iterative process. It is defined as the intersection of set Ky C 0Q: K = Ny>1Kn. In
Section 5, for N > 1, we construct a Lipschitz map ¥y defined in a subset of €2 with value in £py. The
main difficulty in this construction is to get a map with a sharp control of its Lipschitz semi-norm (see
Lemma 6).

e In Section 6 we state some properties on By, and ¥ : the topological interior of B, is empty and we
give an upper bound for the Lipschitz semi-norm of ¥y (see Lemma 6).

e Section 7 is dedicated to the proof of Theorem 1.

e For the convenience of the reader, the proof of some results are postponed to appendices.

In Appendix A we prove that the measure of the Cantor set /C is positive.
Appendix B is dedicated to some technical results about the set By.
In Appendix C we sketch the proof of Giusti to get the analog of (3).

3. NOTATIONS, DEFINITIONS

The ambient space is the euclidean plan R2. We let Bc., be the canonical basis of its direction space.

The open ball centered at A € R? with radius r > 0 is denoted by B(A,r).

A vector may be denoted by an arrow when it is defined with its extremities (e.g. 1@), it may be also
denoted by a letter in bold font (e.g. u) or more simply by a grec letter in normal font (e.g. v).

We let also |u| be the usual euclidean norm of the vector u.

For a vector u we let ut be the direct orthogonal vector to u, i.e., if the coordinates of u are (1, z2), then
those of ut are (—xo, 7).

For A, B € R? the segment of extremities A and B is denoted by [AB] = {A + tﬁﬁ € [0,1]} and
dist(A, B) = |ﬁ | is the usual euclidean distance.

For a set U C R2, the topological interior of U is denoted by (} and its topological closure is U.
For k > 1, a C*-curve is the range of a C* injective map from ]0,1[ to R?. Note that, in this article,
CF-curves are not closed sets of R2.
For I' a Cl-curve, 5#1(T") is the 1-dimensional Hausdorff measure of I.
For k > 1, a C*-Jordan curve is the range of a C* injective map from the unit circle S! to R2.
For I a C'-curve or a C''-Jordan curve, ¢ = [AB] is a chord of T' when A, B € T with A # B.
If I is a C'-Jordan curve then, for A,B € T'& A # B, the set I'\ {A, B} admits exactly two connected
components: I'1&T5. These connected components are C'-curves.

By smoothness of T, it is clear that there is nr > 0 s.t. for 0 < dist(A4, B) < nr there exists THE smallest
connected components: we have 71 (T') < #(T3) or 1 (Ta) < H#H(T1).

If 0 < dist(A, B) < nr we may define AB by:

XE is the closure of the smallest curve between I'y and I's.

In this article Q@ C R? is a C2? bounded open set. By C? we mean that 0 is of class C?:
e There exists a covering {Uy, ..., U, } of 9§ by open sets, 0Q C U, U;,

e For all i € {1,...,n} there is a C? diffeomorphism ¢; : U; — D s.t.

0i(UiNQ) = {(z1,22) € D]z >0}
(pz(Uz ﬂ@Q) = {(561,562) c ]D|ZL'2 = 0} ’
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4. CONSTRUCTION OF THE CANTOR SET KC

It is clear that, up to consider a connected component of €2, in order to prove Theorem 1 we may assume
that €2 is a connected set.

We fix Q C R? be a bounded C? open connected set. The set K C 9 of Theorem 1 is a Cantor set. It is
constructed by a recursive way.

4.1. First step: main hypotheses. From the regularity of €, there are £ + 1 C2-open sets, wo, ..., we, s.t.
Q= wo\wr U U,
Moreover we may assume that:
e w; is simply connected for : =0, ..., ¢,
o W, Cwyfori=1,..7¢,
e iNw;=0forl1<i<j<dl
We let I' = OQwg. The Cantor set I is constructed in I'. Note that I' is a Jordan-curve. From the Gauss-
Bonnet Theorem we get the existence of My € I and 7y €]0, 1] s.t. for A, B € B(Mp,r0) NI, the chord [AB] C Q
and [AB] N 9Q = {A, B}. Note that we may assume 2rg < nr [nr is defined in Section 3-j]

We fix A, B € B(Mg,ro) NT s.t. A# B. We have:

e By the definition of My and rg, the chord %, := [AB] is included in Q.

e We let AB be the closure of the smallest part of T’ which is delimited by A, B (see (8)). Up to replace
ro by a smaller value we may assume that AB is the graph of f € C?([0,7n],RT) in the orthonormal
frame Ry = (A, e1, e2) where e; = ﬁ/|ﬁ|

e The function f is strictly concave and f(z) > 0 for « €]0,n].

Key Claim. Note that the length of the chord [AB] is n and that for intervals I, J C [0, 7], if I C J then
9) Lty < {5l
where f|; is the restriction of f to I.

Thus, up to replace the chord €, = [AB] by a smaller chord of AB parallel to 6(, and up to restrict the function
f (and up to add a suitable constant to f) we may assume that

(10) << {1 : }
n<mm-sg5 e [
27 160 f" 117 o (0.0

We may also assume that

o Letting Dar be the bounded open set s.t. GDS' = [ABJU AB we have II5q, the orthogonal projection
on 09, which is well defined and of class C? in Dar .
e Once again by (9) we have

16
(11) 1+ 4| f"||? = diam(Dg) < 5

where diam(Dg") = sup{dist(M, N)| M, N € D }.

4.2. Step 2: Iterative construction. We are now in position to construct the Cantor set K as a subset of

AB. The construction is iterative.
The goal of the construction is to get at Step N > 0 a collection of 2V pairwise disjoint curves included in

AB [denoted by {K7Y,..., K)\ }] and their chords |denoted by {¢7",..., €N }|.

The idea is standard: at the step NV > 0 we replace a curve I'y included in AB by two curves included in T’y
(see Figure 1).

Initialization. We initialize the procedure by letting K? :=AB and €Y = ¢y = [AB].

At step N > 0 we have:
e A set of 2V curves included in AB, {K{,...,K}. The curves K}'’s are mutually disjoints. We let
Ky = U%ZlKéV.
o A set of 2V chords, {%7}", ...,%2%} st. fork=1,.., 2", %,CN is the chord of K,iv
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Remark 1. (1) Note that since the €’s are chords of AB and since in the frame Ry = (A, e1,e2), AB is
the graph of a function, none of the chords ‘K,CN are vertical, i.e., directed by es.
Since the chords €} are not vertical, for k € {1,...,2"}, we may define VgN as the unit vector
orthogonal to €} s.t. vgN = o€l + Bes with g > 0.
(2) Since the function f € C2([0,7],RT) is strictly concave, considering a chord ¢} and a straight line D
perpendicular to %,CN , the straight line D intersect K chv at exactly one points.
This fact may be easily checked by letting I'* be the range of AB with respect to the symmetry of
axe [AB] and by noting that the compact set delimited by AB UT™* is a strictly convex domain.

Heredity rules. From Step N > 0 to Step N + 1 we follow the following rules:
(1) For each k € {1,...,2"}, we let 5} be the length of ¢}". Inside the chord €}¥ we center a segment I}Y
of length (n}Y)2.
(2) With the help of Remark 1.2, we may define two distinct points of K7¥ as the intersection of K} with
straight lines perpendicular to ‘KkN which pass by the extremities of I ,ﬁv .
(3) These intersection points are the extremities of a curve K} included in K}Y. We let Ké\]fctll and Ké\]fjl
the connected components of K7 \ K N. We let also
° ‘K;Zf% and ‘62%“ their chords;
o Kny1 = UiiJ{lKév—H.
Notation 2. A natural terminology consists in defining the father and the sons of a chord or a curve:
o F(E) ) = F(EHT") = €Y is the father of the chords %} *] and €} ™.
F(Kpth) = F(KN ™) = K} is the father of the curves K™} and Kj, '
o S(GN) = {1, 6T} is the set of sons of the chord €, i.e., F(5 1) = F(65 ) =€N.
S(K}) = {KNT1, KN} is the set of sons of the curve K}Y, i.e., F(K)TY) = F(KN™) = K}Y.
The heredity step is represented in Figure 1.

.,
\/:|:
S

I 7’]?\]
FIGURE 1. Heredity
In Figure 2&3 the two first iterations of the process are represented.
FIGURE 2. First iteration of the process FIGURE 3. Second iteration of the process

We now define the Cantor set
(12) K=()Kx.
N>0
The Cantor set K is fat:
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Proposition 3. We have 571 (K) > 0.

This proposition is proved in Appendix A.

5. CONSTRUCTION OF A SEQUENCE OF FUNCTIONS USED IN CONJUCTION WITH COAREA FORMULA

A key argument in the proof of Theorem 1 is the use of the coarea formula to calculate a lower bound for
(2). The coarea formula is applied to a function adapted to the set .
For N =0 we let

e D{ be the compact set delimited by Ko —AB and ¢, := [AB] the chord of Kj.
e We recall that we fixed a frame Ry = (A, e, e2) where e; = A /|ﬁ| For o = (01,0) € 67, we define:

(13) I, is the connected component of {(o1,t) € 2|t < 0} which contains o.

[I, is a vertical segment included in Q.
[ DO_ = UUE%{)IG"
e We now define the maps

\ifo : DO_ — %10
z = Ilgo(z)

and

Uo: Dy UDf — 0

. {HBQ (z) if x € DF

Mpa[Po(x)] ifx e Dy

where Ilyq is the orthogonal projection on 02 and Ho is the orthogonal projection on %, . Note that,
in the frame Ry, for x = (z1,22) € Dy, we have lyo(z) = (21,0).

For N =1 and k € {1, 2} we let:

e D} be the compact set delimited by K} and 4} ;

e T} be the compact right-angled triangle (with its interior) having ¢ as side adjacent to the right angle
and whose hypothenuse is included in €7;

e H} be the hypothenuse of T}}.

We now define Dy = W' (H{ U H}), Ty = T} UTy and Dy = DI U Dj.
We first consider the map

\ifl : T1 U D; — (611 @] 6521
Il if T}
. . %} (iﬁ) tredy
Hcgg [‘I’Q(w)] ifee DT

In Appendix B [Proposition 12[, it is proved that the triangles T} and T3 are disjoint. Thus the map Uy is well
defined
By projecting €t U %3 on 92 we get
v,: ThU D; U D;r — Ky

IIs0 (a:) ifx e Df—
x H =4 . —
II50 [\Ill(:c)] ifze Ty U Dl
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DiuT U (HY)

do ' (H3)

FIGURE 4. The sets defined at Step N =1 and the level line [in dash| of ¥; associated to o

For N > 1, we first construct \iJNH and then Wy, is obtained from \iJNH and Ilgq.
For k € {1,...,2N*1} we let

. D,ng *1 be the compact set delimited by K ,iv 1 and %kfv +1 [recall that ‘KkN *1 is the chord associated to
N
Kk +1] :
) T,ﬁv *1 be the right-angled triangle (with its interior) having ‘@CN 1 as side adjacent to the right angle
and whose hypothenuse is included in F (%, ). Here F (%N ') is the father of €' (see Notation

2);
N+1 N+1 N+1
e H'" C F(€, ") be the hypothenuse of 7}," .
oN+1 oN+1 oN+1
_ N+l p— _ -1 N+1 + N+1
We denote Ty 41 = ) TV, Dy =93 | U H) and DY, = | J DY
k=1 k=1 k=1
N+1 N+1
Dywta Kolh TN+ HNTL DY KN*!

FI1GURE 5. Heredity. The bold lines correspond to the new iteration

Remark 4. It is easy to check that for NV > 0:
(1) TN-‘rl C D}\FN
(2) if # €Ty then x ¢ T+ for N’ > N + 1 |here Ty = 0].
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We now define

Uni1: Tn41UDy,, — U
N . Mgt () if 2 € TV _
~ ~ N+1
My [Un(e)] ifee Oy UL HYTY)

In Appendix B [Proposition 12|, it is proved that for N > 1, the triangles T,iv for k = 1,...,2"V are mutually
disjoint. Thus the map ¥y is well defined is ¥ makes sense.
And, as in the Initialization Step, we get Wy 41 from ¥y by projecting Uii?‘ﬁkN‘H on 0f):

Unir: Ty UD;[Jrl UDX}Jrl — } ICN+1
- . Moo[Vnyi(z)] if €Ty UDy,, .
aoa(x) if v € D,

It is easy to see that U1 (Tvy1 U Dy U D}H) =Kni1-

6. BASIC PROPERTIES FOR B,, AND Yy

We first state some fundamental claims on the sets By = Ty U DJ"{, U Dy It is easy to check that for N > 0
we have By11 C By and K C dBpy. Therefore we may define

Bso = Nn>0BN
which is compact and it satisfies K C 0Bxo.
We are going to prove:
Lemma 5. The interior of B is empty.
Proof of Lemma 5. From Proposition 12 in Appendix B combined with Hypothesis (10), we get two fundamental
facts:

(1) The triangles 77V, ... ,TQZ\](,+1 are mutually disjoint.
(2) We have:

1 N
(14) AN ENY) < w.
For a non empty set A C R? we let

rad(A) =sup{r > 0|3z € A s.t. B(z,r) C A}.

Note that the topological interior of A is empty if and only if rad(A) = 0.
On the one hand, it is not difficult to check that

(15) rad(Byn) =rad(By N Dy).
On the other hand, using (14) and the Incidence Theorem applied in a recursive way, we get that for N > 1:
rad(By N Dy)

(16) rad(By41 N Dy, ) < 5

Consequently, by combining (15)&(16) we get the existence of Cpy > 1 s.t.
Co

(17) rad(By) < oV

Since B = Ny>0Bn, from (17) we get that rad(Bs) = 0. The last estimate implies the expected result.
(]

We now prove the key estimate for W :
Lemma 6. The function ¥y is (1 + on(1))-Lipschitz.

Proof. The functions ¥ are obtained as compositions of orthogonal projections on straight lines and thus are
1-Lipschitz.

The projection Py := IIyq defined in D_]J\r, is (1 + on(1))-Lipschitz. The functions ¥y are either the compo-
sition of ¥y with Py or U = Py. Consequently ¥y is (1 4+ on(1))-Lipschitz. O
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7. PROOF OF THEOREM 1

We are now in position to prove Theorem 1. It is clear that we may assume that () is a connected set.
The proof of Theorem 1 is done arguing by contradiction. We assume that there exists a map uy € BV (Q)
which is a solution of (2).

7.1. Upper bound. The first step in the demonstration is

(18) | 1Dual < el an, = I
Estimate (18) is obtained by proving that for all € > 0 there is u. € W(Q) s.t. troqu. = I and
(19) ||VU5||L1(Q) S (1 + E)Htrag’u,gHLl(Q) = (1 + €)|IC|

The last estimate is obtained by Theorem 2.16 & Remark 2.17 in [Giu84]. The proof of this result is done for
special domains ). We sketch its adaptation for a C? domain in Appendix C.
With the help of (19), it suffices to use the minimality of ug to get (18).

7.2. Saturation of the upper bound. In order to have a contradiction we follow the strategy of Spradlin
and Tamasan in [ST14]. We fix a sequence (uy,), C C*®(Q) defined by the convolution of ug and a Friedrichs
mollifiers [with compact support]. This sequence of functions is defined in [Giu84]-Theorem 1.17. It satisfies

BV
Un, — ug and tragu, = trauo.
1
Here u, 25 uo means u, 2 ug and Jo IVun| = [, |Dug|.
For x € By we let
oy ifxeDF
(20) Vo () = {”“dﬂ< porene
(0,1) ifzxe Dy
and for N >0, z € By41:

Vn(z) if z € By\ 701N+1

21) VN 1\r) = o
( - ( ) V‘/v”N+1 lf S TiVJrl
k

)

where v, is the normal outward of 2 in o € 9 and Vgn+1 is defined in Remark 1.1.
k
We now prove the following lemma.

Lemma 7. When N — oo we may define

Veo: Bsw — R?

(22) x = limye Vi(z)

Moreover, from the Dominated Convergence Theorem, we have:
(23) VNIIBN — VOOZIBOO m Ll(Q)
Proof. Let © € By. Then & € By for all N > 1. In order to prove that Vo (x) is well defined it suffices to

[e]
note that, from Remark 4.2, if x €Ty, for some Ny > 1, then = ¢ T for N > Nj. Consequently, there is a
dichotomy:

e r € By \UN21 Ty,
e JINg > 1s.t. x€ly,.
If © € B \ Un>1 T, then we have Vi (z) = Vo(z) for all N > 1. Thus limy_ e Vi (z) = Vo(x). Otherwise

there exists a unique Ny > 1 s.t. « € Ti,. Therefore for all N > Ny we have Vi (z) = Vi, (z). Consequently
th—>00 VN(.’L') = VYNU (,CC) O

This section is dedicated for the proof of the lemma:

Lemma 8. For allw € C*° N BV(Q) s.t. traqw = fx we have

/ Voo V| = K]
BoonQ

where Vo is the vectorial field defined in (22).



NON EXISTENCE OF LEAST GRADIENT FUNCTION FOR SOME CHARACTERISTIC FUNCTIONS IN A C? DOMAIN 11

Remark 9. Since |V ()| =1 for & € By, it is clear that Lemma 8 implies that for all n we have

/ Vun| > K.
Boo N

Therefore, from the BV-convergence of u,, to uy we get

/ Duol > K.
Boo N

Section 7.3 is dedicated to a sharper argument than above to get

/ |Vun|2/ V- Vo + 8
Boo N BooNQ

oo

with § > 0 is independent of n. The last estimate will imply [, ., |Duol > |K| + & which will be the
contradiction in the argumentation.

Proof. We first get that for w € C°° N BV (Q) s.t. trgow = Ix we have

(24) / Vw - V| 2 o=
BnNQ |lI/N|

where

v .

[HEET NN
lz -yl

is the Lipischitz semi-norm of ¥y and Vi is the vectorial field defined in (20)&(21).

Once we get this estimate, we claim that for a fixed map w € C* N BV (Q) s.t. trggw = I, from (23) and
the Dominated Convergence Theorem, we have Vw - VyIgyna = Vw - Voo I, na in Ll(Q).

Thus, with the help of Lemma 6 ||V n|ippy) = 1+ on(1)] we have

/ V- Vil > [K].
Boo N

We thus prove (24). We fix w € C° N BV (Q) s.t. trgqw = Tx. Using the Coarea Formula we have

Ui / Vo V| > / jac v ||V - V|
BnNQ BnNQ

//_\da/ [Vw - V.
AB T ({op)ne

|V N|Lip(By) = SUD {

Here U ({o}) is a polygonal chain:
Uy ({o}) =L Uly,U-- UIgE
where
G isst [AB| N UG ({o}) = {5},
I is defined in (13),
for | =1,..,N we have I\ , = U '({c}) N Tvs1-1,
IV =vy ({o}) N DY

From the Fundamental Theorem of calculus and from the definition of Vi, denoting

o I; = [ap, 1] (where ap € 90 and a1 = &),
o Iy, =l ara], 1=1,..,N+1and ayiz =0,

we have for a.e. o EXE:

[ v 2 e - wlan)
[Oélqal+1]

Here we used a little abuse of notation writing for I = 0&N + 2 w(«;) instead of tragw(oy).
Therefore for a.e o € Kn we have

/ [Vw - V| > [traqw(o) — traqw(ap)| = Ik (o).
T ({ohHne
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We may thus deduce that
Ui [ Vol = [ de= Kl
BnNQ AB

The last estimate clearly implies (24) and it ends the proof of Lemma 8. [l

7.3. Transverse argument. We assumed that there exists a map vy which solves Problem (2).
We make the following dichotomy:

e uy #0in Q\ By;
e up=01in Q\ Beo.

We are going to prove that both cases give a contradiction.

7.3.1. The case ug Z 0 in Q\ Bs. We assume that / |ug| > 0. In this case, since (tranuo)sn\oB.
O\ Boo

0 ::/ |DUO| > 0.
Q\Boo

Recall that we fixed a sequence (uy,), C C* N BV (Q) s.t. uy, By ug & trogqu, = tragquo.
Therefore, for sufficiently large n, we have

)
/ [V, > =.
O\Bo 2

Thus, from Lemma 8 we get [we use also |Voo(x)| =1 for all x € By

5
/ |Vun|2/ |Vun-Voo|+/ [Vu,| > K]+ <.
Q Buo O\B 2

oo

1l
o

we have

This implies

5
/|Du0|:1im/ Vun| > K]+ 2
Q noJa 2

which is in contradiction with (18).

7.3.2. The case ug = 0 in Q\ Bs. We first note that, since try,+ug # 0, there exists a triangle T,iv" s.t.
0
fTNO |ug] > 0. We fix such a triangle T,ivo and we let « be its right-angle.
k

We let R = (v, €1,82) be the direct orthonormal frame centered in a where é; = VegNo [V%N0 is defined
k k

Remark 1.1],i.e., the directions of the new frame are given by the side of the right-angle of T,ﬁv °].

It is clear that for N > Ny we have Vy = &5 in TéV“.

By construction of By, T,iV“ N Boo is a union of segments directed by és, i.e. Tp__ .~ (s,t) depends only on

T
the first variable "s" in the frame R.
Since fTNO |ug| > 0, in the frame R, we may find a, b, ¢,d € R s.t., considering the rectangle (whose sides are
k

parallel to the direction of R)

P = {a+ s +té&|(s,t) € [a,b] x [e,d]} C T°

/ |’LLO| > 0.
P

Since from Lemma 5 the set B, has an empty interior [and that Tp_

we have

7o (s,t) depends only on the first variable
k

in the frame R|, we may find a’, b’ s.t.
e [a/,b] X [¢,d] C [a,b] X [c,d],
e SN By =0 with S :={a+ sé; +tés](s,t) € {d,b'} x [¢c,d]}

o 0:= [ |ug| >0 with P’ :={a+sé +tes|(s,t) €[a,V] x [c,d]}.
73/
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Moreover, since B, is a compact set, we may find an open neighborhood of § which do not intersect B,

Noting that v = 0 in Q \ By and that the sequence (u,), is obtained by the convolution of uy with a

C*°-mollifier with compact support, it follows that for sufficiently large n we have
e u,=0in S,
unl >
u .
p T2
Consequently, from Lemma 3.2 in [ST14|, we get [for sufficiently large n]

2 )
/P |08, un| 2 37— ’/79' lun| > 57— =: &

Therefore [, |0s,un| > ', [}, |0s,un| < 2|K| and then by Lemma 3.3 in [ST14] we obtain:

5/2
> & —_—.
// |V’un| = /7;./ |ae2’an| + 4|IC| +6/

Thus, from Lemma 8, for sufficiently large n:

12
/ [Vug| > |K] + 4|IC5| 5 —op(1).
From the convergence in BV -norm of u,, to ug we have
572
[ 1Pl = 1K1+

Clearly this last assertion contradicts (18) and ends the proof of Theorem 1.

APPENDICES
APPENDIX A. RESULTS RELATED WITH THE CANTOR SET K

A.1. Two preliminary results. We first prove a standard result which states that the length of a small chords
is a good approximation for the length of a curve.

Lemma 10. Let 0 < n < 1 and let f € C?([0,n],RT). We fiz an orthonormal frame and we denote Cy the
graph of f in the orthonormal frame. Let A = (a, f(a)),B = (b, f(b)) € Cy (with 0 < a < b < n) and let

% = [AB] be the chord of Cy joining A and B. We denote AB the arc of Cy with extremities A and B.
We have

A (€) < A AB) < AN E) {1+ (b= a)llf" 1= 201f Il + 1]l (b — a)]}

Proof. The estimate J1(€) < # 1(@ ) is standard, we thus prove the second inequality.
On the one hand

On the other hand
b
AV (AB) = / N
With the help of the Mean Value Theorem, there is ¢ €]a, b[ s.t.

fla) — f(b)
a—>b

Applying once again the Mean Value Theorem [to f'], for « € [a, b] there is ¢, between ¢ and x s.t.
f@) = fe) + f"(ca)(@ = c).

= f'(e).
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Consequently for « € [a, b] we have:

L+ fl(@)? = 1+ 1)+ f(ca) (@ — o)]2
L 2/OF ()@ —0) + [ (en)*a — o)?
1+ f'(c)?

\/1 (IO 2 e = )+ 1 (- 7]

= y1+f'(c)* 1

IN

Thus we have
b
H(AB) = /\/1+f’(:c)2dx

< “’“M/”(M) (L 20 o £ (0 — @)+ [ e (b 0)?

b
= ANE) {1+ 0= a)llf el e + 1" (b= a)l} -
O

We now state another technical lemma which give an upper bound for the height of the curve w.r.t. its chord.

Lemma 11. Let 0 < a < b <, f € C*([0,n],RT) be a strictly concave function and let Cy be the graph of f
in an orthonormal frame. Let A = (a, f(a)) and B = (b, f(b)) be two points of Cy.

For C € [AB] we denote by C the intersection point of Cy with the line orthogonal to [AB] passing by C
[from Remark 1.2, C is well defined].

We have

ANCC)) < (b= a)?|[ "z

Proof. We first note that if we let Z be the abscissa of C and if we let P be the point of [AB] having & for
abscissa, then 1 ([PC]) > 51 ([CC]) since the triangle CPC is right-angled in C.
From the Mean Value Theorem, there exist

o cr doifst. flles) - LD =S
e c€la,b[st. f(c) = W

e ¢ between ¢ and ¢, s.t. f"(¢) =

Moreover @
AN(PC) = 'f(gz)_ (;z_a)wﬁ(a)”
= | —ad f(i)*f(a)if(b)ff(a)
r—a b—a

= [&—al[f'(cx) = ['(c)]

= |z - alles — o] (@)

< (b= a)?|[ "z

which gives the result. -

A.2. Proof of Proposition 12. We prove that
(25) liminf 2 (Kx) > 0.
N —oc0

o\ N
Step 1. Wi that A (G < <_)
ep e prove tha k:Iir,l?.),gN (6;") < 3

For N > 1 we let {K} |k = 1,...,2V} be the set of the connected components of Kn. We let ¥ be the
chord of K} and we define iy = maxy_; o~ #1(¢})). Note that by (10) we have po < 1.
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We first prove that for N > 0 we have

2

(26) KN41 S HN-

With the help of a standard recursive argument, we may prove that (26) implies [because pg < 1]
o\ N

(27) N < g .

In order to get (26), we prove that for N > 1 and K ,iv a connected component of Ky and ((oﬂkN its chord, we
have

(28) H[E) < for ¢ € S(¢)

21 (ECN)
3

[see Notations 2 for S(+), the set of sons of a chord].
Let N > 1, for k € {1,...,2"} we let K}¥ be a connected component of Ky . We let Kg:ll,Ké\,iH € S(KY)
be the curve obtained from K} in the heredity step.
For k € {2k — 1,2k}, we let ‘gévﬂ be the chord of Kévﬂ.
In the frame R, we may define four points of ', (a1, f(a1)), (b1, f(b1)), (a2, f(a2)), (ba, f(b2)), with 0 < a1 <
b1 < as < by <nms.t.:
e the extremities of Kj, ] are (a1, f(a1))&(b1, f(b1));
o the extremities of Koy "' are (az, f(a2))& (b2, f(b2));
e the extremities of K}¥ are (a1, f(a1))&(ba, f(b2)).
In the frame Ry we let also (a1, (1), (a2, 2) be the coordinates of the points of €~ s.t. for I € {1,2}, the
triangles whose vertices are {(a;, f(a1)); (b1, f(b1)); (cu, B1)} are right angled in (ay, ﬁl)
We denote

® I the segment [(by, f(b1)); (a1, B1)];
e 7, the segment [(az, f(az2)); (az, 52)].

From the construction of Kg:ll&l(gfl and from Pythagore theorem we have for | = 1,2

AV ENTL ) = N (T)? +

2k—2+1

(%1%5)%1(%5)2)2

2
Using Lemma 11 we get that
HHT) < (b2 — ar)? || f" ]| e
On the other hand we have obviously by — a; < 1 (%). Consequently we get

L ENY _ ot %N)Q 2

NG < AN+ (O
1 N2
< ANEV I+ O

Therefore

AN EN
AN Cop 54) < %\/1 FA| 72 A NEN )2,

thus using (11) we get
R P el
The last estimate gives (28) and thus (27) holds.
N
Step 2. We prove that 1}\1}1;1;15 ; HNEN) >0
For N > 1, we let

2N

CN = Z%l((gé\])

k=1
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The main ingredient in this step consists in noting that, a son of cgkN is an hypothenuse of a right angled
AN G ) — (G )”
5 .

triangle which admits a side with length

Consequently we have
A (Cop21) + A (Cy ) 2 ANEGY) — A EY).

Thus, summing the previous inequality for k =1, ..., 2" we get
2N
ever = Y ANGH) + NG
k=1
2N
> Y ANE - AN G
k=1

> en(1—pnN)

-]

By a standard recursive argument we obtain for N > 2
N-1 9\ k
v oz oall 1(5”
k=1
N-1 9\ k
= (1 X exp [;hl {1(5) H

It is clear that lim inf n Efi}l In [1 — (%)k] > —o0, thus liminf y cy > 0.

Step 3. We prove (25).
Since for K}V, a connected component of Ky, and 6} its chord, we have s (KN) > 1 (€Y ), from Step
2 we get (25).

APPENDIX B. RESULTS RELATED WITH THE SET B

In this section we use the notations of Section 4.

Proposition 12. Let v CAB be a curve and let € be its chord. We let Y1,7v2 be the curves included in ~
obtained by the heredity construction represented Figure 1 [section 4.2]. For l = 1,2, we denote also by €, the
chord of v, and by T the right-angled triangle having 6; as side of the right-angle and having its hypothenuse
included in €.

If 1(E) < (4] f"|2) 72, then the hypothenuses of the triangles Ty and Ty have their length strictly lower
than H(&)

. And in particular the triangles Ty and T are disjoint.

Proof. We model the statement by denoting M and @ the extremities of v and N and P are points s.t.:

e M, N are the extremities of v,
e P () are the extremities of ~s.

We denote § = 1 ([MQ)).
We fix an orthonormal frame R with the origin in M, with the z-axe (M @) and s.t. N, P, Q have respectively
for coordinates (x1,y1), (x2,y2) and (z3,0) where 0 < 21 < 2 < x3 and y1,y2 > 0.

By construction we have
_0—0° 0467

and z3 = 4.

Moreover, from Lemma 11 we have [recall that AB is the graph of a function f in an other orthonormal
frame]:

0<y1,y2 < 8| f" |-
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(z1,y1 = az1)

(z2,y2 = aza + B)

(0,0) (w3,0)

(z4,0) (z5,0)

FIGURE 6. Modelisation of the situation

From these points, in Section 4.2, we defined two right-angled triangles having their hypothenuses included
in the z-axes.

The first triangle admits for vertices the origin (0,0), (x1,y1) and a point of the z-axis (z4,0). This triangle
is right angled in (x1,y1). In the frame R, one of the side of the right-angle is included in the line parametrized
by the cartesian equation y = azx. Since § < 1/2

| 202

ol = o

The second triangle admits for vertices (z2,y2), (3,0) and a point of the z-axes (x5,0). This triangle is
right-angled in (x2,y2). In the frame R, one of the side of the right-angle is included in the line parametrized
by the cartesian equation y = ax + 8 where

< A" lzeed.

Y2
To — T3

2 "
= 2020
- 0062

The proof of the proposition consists in obtaining

o = < 4[5,

T T
$4<§andx3—x5<?3.

We get the first estimate. With the help of Pythagore Theorem we have
ol + i + (21 —xa)® +yf = 2l
By noting that y; = ax; we have
ry = (1 +a?)z;.

Thus:
3 0 0—08% 6
= = (1 =
TS (1+a5)— 2
= (1+16]f"|7~0*)(1—-6) <1
1
2
IS TV P
= i< !
16]1 117
1
Following the same strategy we get that if 6 < W then x3 — x5 < m_23 O
LOO

APPENDIX C. ADAPTATION OF A RESULT OF GIUSTI IN [Giu84|

In this appendix we present briefly the proof of Theorem 2.16&Remark 2.17 in [Giu84]. The argument we
present below follows the proof of Theorem 2.15 in [Giu84].

Proposition 13. Let Q C R™ be a bounded open set of class C? and let h € L*(9S2). For all € > 0 there exists
ue € WHH(Q) s.t. tropqu. = h and

uellwra(e) = llucllLi@) + [[Vuellz1@) < (1 +€)|[h]lL1)-
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Proof. We sketch the proof of Proposition 13. Let h € L'(99Q) and let € > 0 be sufficiently small s.t.

(1+52)2+€2+54<1+§and (1+52)52<%.

Step 1. We may consider n > 0 sufficiently small s.t. in Q, := {z € Q|dist(z,9Q) < n} we have:
(1) The function
d: Q,

xT

10,7[

4)
—  dist(z, 0Q)

is of class C? and satisfy |Vd| > 1/2.
(2) The orthogonal projection on 91, Ilyq, is Lipschitz.

1
We now fix a sequence (hy)r C C°(0) s.t. hy Ly h. We may assume that (up to replace the first term and
to consider an extraction):
(2) Ckzo lhwsr = hellzr < (L +e)|A] 1.
And finally we fix a decreasing sequence (t), C R s.t.
(1) to < min(n,?) is sufficiently small s.t.
o 4tgmax(1; || VIlsa| L) x max(1,supy ||hk|/z1) < min(e?, €2||h||L1),
e for ¢ € L1(992) we have for s €]0, o]

/ wmm@muﬂd/wwL
' ({s}) o9

tollhl L1
(T + [IVhi|lLe + [VhggillLe)

(2) For k > 1 we have t;, < o

Step 2. We define

us: Q — R
d(z) —t tr —d(x .
th o HaQ(l‘) + ki()hk_i_l o Ilpn (ac) if d(ac) € [tk—i-latk[ .
r tr — thy1 te — tht1
0 otherwise

We may easily check that u. is locally Lipschitz and thus weakly differentiable.
From the coarea formula and a standard change of variable we have

luecllpr < 2/ |ue||Vd|dx
{d<to}

to
= 2/ / |ue|da
0 Jd='({s})

23
< 2 / ds/ |ue|da
kzzo th1 d=*({s})
tr
< oY [ s [ o Tlao(@)] + hess o Tan(o)ds
k>0 tht1 d=1({s})
<

2(1+52)Z/ ) ds/mnhk(xn+|hk+1(z)|]dx

k>0 e+t

< 20046 (tk — i) (gl L2 + Nosall )
k>0

< 4(1 +eHtgsup ||h e
k

< (14| hlr

<

e
—||h] L1
P
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We now estimate ||Vug| 1. It is easy to check that if d(z) €]tg+1, tx[ then we have
|hk [¢] HBQ (m) — hk+1 o HaQ(l‘)|
te — thi1

Vue(@)] < V(@) | + 2 Vlon 1 [19he] © Man(e) + [Vhg] o Tlon()]

Consequently we get

t
[Vuellzn < (He%Z{/k Mwmmnm(tktkm(nmﬂnu+|th||u>}
k>0 tht1 k k+1
< (U Al s + 2] Tl il ]
< () + 2
< (/)

Consequently u. € WH1(Q) and ||uc|lwra < (1 +¢€)||h] -
In order to end the proof it suffices to check that trso(u:) = h. The justification of this property follows the
argument of Lemma 2.4 in [Giu84]. O
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