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A NOTE ON THE DERIVATION OF RIGID-PLASTIC MODELS

JEAN-FRANCOIS BABADJIAN AND GILLES A. FRANCFORT

ABSTRACT. This note is devoted to a rigorous derivation of rigid-plasticity as the limit of elasto-
plasticity when the elasticity tends to infinity.

1. INTRODUCTION

Small strain elasto-plasticity is formally modeled as follows. Consider a homogeneous elasto-
plastic material occupying a volume Q C R™ with Hooke’s law (elasticity tensor) C. Assume that
the body is subjected to a time-dependent loading process during a time interval [0, T with, say,
f(t) as body loads, g(t) as surface loads on a part I'y of 9Q, and w(t) as displacement loads (hard
device) on the complementary part I'p of 9Q2. Denoting by Eu(t) the infinitesimal strain at ¢,
that is, the symmetric part of the spatial gradient of the displacement field w(t) at ¢, small strain
elasto-plasticity requires that Eu(t) decompose additively as

Eu(t) = e(t) + p(t) in Q, with u(t) = w(t) on I'p

where e(t) is the elastic strain and p(¢) the plastic strain. The elastic strain is related to the stress
tensor o(t) through the constitutive law of linearized elasticity o(t) = Ce(t). In a quasi-static
setting, the equilibrium equations read as

diva(t) + f(t) inQ, o(t)r=g(t) on Ty,

where v denotes the outer unit normal to 92. In plasticity, the stresses are constrained to remain
below a yield stress at which permanent strains appear. Specifically, the deviatoric stress op(¥)
must belong to a fixed compact and convex subset K of the deviatoric (trace free) matrices

O'D(t) c K.

If op(t) lies inside the interior of K, the material behaves elastically (p(t) = 0). On the other
hand, if op(t) reaches the boundary of K (called the yield surface), a plastic flow may develop, so
that, after unloading, there will remain a non-trivial permanent plastic strain p(¢). Its evolution
is described by the so-called flow rule

p(t) € Nk (on(t))

where N (op(t)) is the normal cone to K at op(t). By arguments of convex analysis, the flow
rule can be equivalently written as Hill’s principle of maximum plastic work

op(t):p(t) = max 7p :p(t) = H(p(t)),

where H is the support function of K, and H(p(t)) identifies with the plastic dissipation.

In this self-contained note, we propose to show that rigid plasticity — that is the model where
one formally sets C = oo (and correspondingly p(t) = Eu(t), diva(t) = 0) in the system above —
can be derived as an asymptotic limit of small strain elasto-plasticity as C actually gets larger and
larger. Rigid-plastic models are particularly useful in order to compute analytical solutions in a
plane-strain setting. Indeed, inside the plastic zone, the stress equations can be formally written
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as a non-linear hyperbolic system which is solved by the method of characteristics. The family
of characteristics are the so-called slip lines along which some combinations of the stress remain
constants, while the tangential velocities can jump. It thus seems appropriate to rigorously derive
rigid-plasticity in order to investigate the hyperbolic structure of the equations. However, this
later task falls outside the scope of the present work.

Notationwise, we denote by Mg I the set of symmetric n x n matrices. If A and B € Mg77,
we use the Euclidean scalar product A : B := tr(AB) and the associated Euclidean norm |A| :=
VA A. The subset M, of M7 X" stands for trace free symmetric matrices. If A € M7 ", it can
be orthogonally decomposed as

trA
A:AD+r—I,
n

where Ap € M*", and I is the identity matrix in R™. The notation ® stands for the symmetrized
tensor product between vectors in R”, i.e., if a and b € R”, (a ® b);; = (a;b; + a;b;)/2 for all
1 <4,j < n. Note in particular that %|a||b| < |la ®b| < |allb].

The Lebesgue measure in R™ and the (n — 1)-dimensional Hausdorff measure are denoted by
L7 and H" ', respectively. Given a locally compact set £ C R™ and a Euclidean space X, we
denote by M(E; X)) (or simply M(E) if X = R) the space of bounded Radon measures on F with
values in X, endowed with the norm [|u[| pm(m;x) = |p|(E), where |u| € M(E) is the variation of
the measure p. Moreover, if v is a non-negative Radon measure over E, we denote by du/dv the
Radon-Nikodym derivative of p with respect to v.

We use standard notation for Lebesgue and Sobolev spaces. In particular, for 1 < p < oo, the
LP-norms of the various quantities are denoted by || - ||,. If U C R™ is an open set, the space
BD(U) of functions of bounded deformation in U is made of all functions u € L*(U;R™) such that
Eu e M(U; Mz, where Bu := (Du+ Du”)/2 and Du is the distributional derivative of u. We
refer to [14] for general properties of this space. Finally, H(div,U) stands for the Hilbert space of
all 7 € L2(U;M72X") such that divr € L2(U;R™).

sym
2. THE ELASTO-PLASTIC MODEL

We now consider a homogeneous elasto-plastic material with Hooke’s law given by a fourth order
tensor C satisfying the usual symmetry properties

Cijrt = Cjirg = Crygy, forall 1 <i,5,k,1<n, (2.1)
and the growth and coercity assumptions
alé* < CE: < BIEP,  forall € € My, (2.2)

where o and 8 > 0.

It occupies the domain €2, a bounded and connected open subset of R™ with at least Lipschitz
boundary (see Definition 2.1) and outer normal v. Its boundary 0 is split into the union of a
Dirichlet part I'p which is non empty and open in the relative topology of 02, a Neumann part
'y =00 \E, and their common relative boundary denoted by GLHQF D.

Standard plasticity is characterized by the fact that the deviatoric stress is constrained to stay
in a fixed compact and convex subset K C M, of deviatoric matrices. We further assume that

B(0,¢.) € K C B(0,c"), (2.3)
where 0 < ¢, < ¢* < 00, and denote by

K:={oec L*(Q;M2*") : op(x) € K for a.e. z € Q}.

sym
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The support function of K, defined for any p € MY™ by H(p) := sup,cx 7 : p, satisfies,

according to (2.3),
celp| < H(p) < c*|p|, forallpe ngfg

On the Dirichlet part I'p of the boundary, the body is subjected to a hard device, i.e., a
boundary displacement which is the trace on I'p of a function w € AC([0,T]; H*(2;R")). In
addition, the body is subjected to two types of forces: bulk forces f € AC([0,T]; L™(Q;R™)),
and surface forces g € AC([0,T]; L°°(T'n;R™)), the latter acting on the Neumann part I'y of the
boundary. It is classical to assume a uniform safe load condition (see [12]) which ensures the
existence of a plastically, as well as statically admissible state of stress 7 associated with the pair
(f,9). Specifically, there exists m € AC([0,T]; L?(Q; Mg,)) and some safety parameter ¢ > 0 such
that

wp(t,z) + B(0,¢) C K for a.e. x € Q and all t € [0, 7]

divr(t) + f(t) =0in Q, w(t)v = g(t) on I'y.

Given a boundary datum w € H'(Q;R"™), we define the space of all kinematically admissible
triples as

A() := {(u,e,p) € BD() x L*(Q; M%) x M(QUT p; ME™) :
Fu=e+pin Q, p:(UAJ—U)@VODFD},

where we still denote by u the trace of u on 9 (see [2]). We also define the space of all statically
admissibles stresses as

Y= {o € L*(Q;M2%") s dive € L™ (Q;R™), ov € L®(T'y;R™), op € L°(Q;ME™)},

sym
where ov is the normal trace of o € H(div, Q) which is well defined as an element of H~/2(T y; R"),
the dual space of Hé({Q(FN; R™).
Following [7, Section 6], we introduce the following class of domains for which a meaningful du-
ality pairing between stresses and strains can be defined. Note that the class contains in particular
C%-domains [10], as well as hypercubes where I'p is one of its faces [7, Section 6.

Definition 2.1. We say that  is admissible if for any o € ¥, and any p € M(Q U T'p; ME*"),
with (u,e,p) € A(w) for some w € H'(€;R™), u € BD(Q) and e € L*(Q; M7"), the distribution
defined for all ¢ € C°(R™) by

([op : p], ) ::/nga:(Ew—e)dx—/ﬂgodiva-(u—w)dx

—/a: [(u—d})@th]d:ﬁ—i—/ wov - (u— ) dH" !

Q I'n

extends to a bounded Radon measure in R" with |[op : p]| < ||op|lec|p|. In this case, its mass is
given by

(0.p) = (oD :p1,1>:/

Q

J:(Euﬁfe)d:cf/

Qdivo~(u—1i))d:c+/ ov-(u—w)dH" . (2.4)

I'n
For any e € L?(Q; M7"), the elastic energy is
1
Qe) = —/ Ce : edx,
2 Ja

while, for any p € M(QUT p; M} "), the dissipation energy is the convex functional of measure

(see [9, 6])
H(p) = /QUFDH (%) d|pl.
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If p:[0,7] = M(QUTp; ME"™), we define the total dissipation between times a and b by

Vu(p; [a,b]) := sup {Z'H(p(tz) —p(tim1)): NeN, a=tg<t; < - <ty = b} )

=1

If additionally p € AC([0,T); M(QUT p; My*™)), then [4, Theorem 7.1] shows that

b
(s [a,B]) = / H(p(s)) ds

We finally impose the following initial condition on the evolution: (ug,ep,po) € A(w(0)) with
oo := Ceq such that

divog+ f(0)=0in Q, oor=¢g(0) on 'y, (00)p € K.
The following existence result has been established in [4, 7].

Theorem 2.2. Under the previous assumptions, there exist a quasi-static evolution, i.e. a mapping
t— (u(t),e(t),p(t)) with the following properties

u € AC([0,T]; BD(R)), o, e € AC([0,T]; L*(; ML), p € AC([0,T]; M(QUT p; ME*™)),
(u(O),e(O),p(O)) = (aneOaPO)a
and for all t € [0,T],
Eu(t) = e(t) + p(t) in Q,

p(t) = (w(t) —u(t)) ©v on T'p,
o(t) = Ce(t) in Q,

dive(t) + f(t) =0 in Q,
o(t)v =g(t) on Ty,
op(t) € K,

and for a.e. t € [0,T],
H(p(t)) = [op(t) : p(t)] in M(QUT p; ME"). (2.5)

Remark 2.3. Equation (2.5) is a measure-theoretic formulation of the usual flow rule of perfect
plasticity. Using the definition (2.4) of duality, it can be equivalently written as an energy balance

/ H(p(5)) ds = Qeo) / /Q s)dx ds
+/0 /Qf(s) - (t(s) —w(s)) dxds + /Ot /FN g(s) - (a(s) — w(s)) dH" " ds,

or equivalently, according to the safe-load condition,
/ H(p dsf/ (mpls)p) s+ [ 7(t): (Bult) ~ e(t)) da
= Q(eo)—i—/ 7(0) : (Fw(0) — eq dac—l—/ / s)dxds
Q

+/0 /er(s) : (Pw(s) —e(s))drds. (2.6)
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3. THE RIGID-PLASTIC MODEL
In order to derive the rigid-plastic model from elasto-plasticity, we assume that
C® =&~ 'C, where C satisfies (2.1) and (2.2), (3.1)

and € — 0%, In addition, we suppose that the boundary data are compatible with rigid plasticity,
that is

divw(t) =0 in Q, (3.2)
and, for simplicity, that the initial data satisfy
€p) = 00 = 0. (33)

Theorem 3.1. Let u®, e, p° and o° be the solutions given by Theorem 2.2. There exist a
subsequence (not relabeled), and functions u € AC([0,T]; BD(Q)) and o € L*(0,T; L?(;M2X1™))

sym
such that
us(t) = u(t) weakly™ in BD(Q), for all t € [0, T1,
0 — o weakly in L*(0,T; L?(£;M2XM)).

sym
Denoting by v :=u € LS, (0,T; BD(R)), then for a.e. t € [0,T], we have
—divo(t) = f(¢t) in Q, divo(t) =0 in Q,
o(t)v =g(t) on Ty, (w(t) —v(t)) -v=0 onTp, (3.4)
o(t) € K, H(Ev(t)) = [op(t) : Ev(t)] in QUTp.

The remaining of this paper is devoted to the proof of Theorem 3.1.

Remark 3.2. Although Fu(t) is a measure a priori defined in Q, we tacitly extend it by (w(t) —
u(t)) ©v on I'p so that Eu(t) € M(QUT p; ME").

Remark 3.3. In contrast with the framework of classical elasto-plasticity, that of rigid plasticity
only involves the velocity field, and not the displacement field itself. As expressed above, time
is merely a parameter, although the associated measurability properties of the various fields are
obtained through the limit process € N\, 0 and would be difficult to obtain directly from the limit
formulation.

3.1. A priori estimates. In this section all constants are independent of e. We start with an
estimate of the stress. Since 0%, (t) € K in Q, and K is bounded by (2.3), we first deduce that

sup |[op(t)]leo < C. (3.5)

te[0,T

The following result allows us to bound the hydrostatic stress.

Lemma 3.4. There exists a bounded sequence (c®)e~o in L*(0,T) such that for each ¢ > 0,

0

dt < C.
n 2

Proof. Since the mapping ¢t — o¢(t) belongs to L*(0,7; H(div,)), there is a sequence (05)yen of
H (div, Q)-valued simple functions such that of — o° strongly in L*(0,7; H(div,Q)) as k — 4oc.
For all k € N and all ¢ € [0,T], we have

+c (1)

v (@) — div s (f) — div(eS)p(t) in Q

which leads to

[l

2 T

T
it < / | div o5 (0121 () it + / 1(o2)p (1|12 dt.

H~1(Q;R™)
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Since diveof — dive® in L?(0,7; L?(;R™)) and —dive® = f € L?(0,7; L*(Q;R")), we deduce
that the first integral in the right-hand-side of the previous inequality is uniformly bounded with re-
spect to e and k. The second integral is bounded as well since (0§ )p — 05, in L?(0,T; L*(Q; M<™)),
and (0%))e>o is uniformy bounded in that space in view of (3.5). Consequently, there exists a con-
stant C' > 0 (independent of k and &) such that

[r2)

Next, according to [8, Corollary 2.1] (see also [13, Lemma 9] in the case of smooth boundaries),
for each € > 0, k € N and ¢ € [0, T, there exists some ¢, (t) € R such that

€
<cal]v (559, g
2 n H-1(Q;R)

for some constant Co > 0 only depending on Q. Note that, since the mapping ¢ — trof(t) is
a simple L?(2))-valued function, ¢ — ¢ (¢) is a simple real-valued measurable function as well.

Additionally,
T
I

where C' > 0 is again independent of k and e. Setting &}, := of + ¢}, I yields

2

dt < C.
H-1(Q;R™)

trof (¢) L)

2

dt < C, (3.6)
2

trog(t)
n

+ ci.(t)

T
| 16O i it <
and thus,
T
- 2
1Oy e < €
USiDg that Uil/ — oy = g in LQ(O,T;H_l/Q(FN;R")) and that g € LQ(O,T;L2(FN;R")), we
obtain

T
JRCICIRCA—

T T
S/O ||52(t)V||§ruz<rN;Rn>dt+/0 o7 (OVIIF-1/2(ry ey dE < C, (3.7

for some constant C' > 0, independent of k and €. Therefore, the sequence (¢} )ren is bounded in
L?(0,T) and a subsequence converges weakly in that space to some ¢ € L2?(0,7T). Passing to the
lower limit in (3.6) implies that

2

T
tro®(t
/ 2t el a<c
0 n 2
while (3.7) shows that (c).~o is bounded in L?(0,7). O

As a consequence of the previous result and of (3.5), we deduce that

AHf@ﬁﬁga (3.8)
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Next, according to the energy balance (2.6), [4, Lemma 3.2], assumptions (3.2)—(3.3), and
Cauchy-Schwarz inequality, we infer that

! fef(t) : e : (ef(t) — Ew T 7(0) : Fw T
5/(2(Ce(t).e(t)dz§/07r(t).(e (t) — Ew(t))d +/Q (0) : Ew(0)d
+/O /Qaf:,(s) s E(s) dxds—l—/o /Qir(s) : (Bw(s) —e(s)) dxds

< C( sup H?T(t)l\er/O I7(5)]l2 d8> ( sup [le“()[2 + sup IEw(t)||2>

te[0,T] te[0,T te[0,T]
T
T+ osup (1050l / | Bui(s)]|2 ds,
te[0,7) 0

which implies, according to the assumption (3.1) on C® together with Young’s inequality, that
sup |[le“(t)]2 < Cve. (3.9)
t

)

Using again the energy balance (2.6), Cauchy-Schwarz inequality and (3.9), we find that

/O H(pa(s))ds—/o (WD(S),pE(s))dsg/Qw(t) ; (ef(t)—Ew(t))dH/w(O);Ew(O) du

Q
+/Ot/90f3(s):Eu’;(s)dzder/Ot/Qir(s) L (Buw(s) — ¢%(s)) dzds < C.

Applying [4, Lemma 3.2] again yields

T
/0 ”pE(S)HM(QUFD;MEX")dSSC; (3.10)
and thus
sup ||p°(¢ anxny < C. 3.11
22 10l e (3.11)

For the displacement, Poincaré-Korn’s inequality (see [14, Chap. 2, Rmk. 2.5(ii)]) yields

I ®)llppey < (/ |u€<t>|d%"1+|Eu€(t>||M<Q;Mw>
D
< c</ |w(t)|dH"*1+/ |u€(t)w(t)|d’H"1+||Eu€(t)||M(Q;M?m)>
FD 1—‘D
< e (@l omn + 1070 sgorpaaye) + e B)l2) < C, (3.12)

where we have used (3.9) and (3.11) in the last inequality.

3.2. Convergences. According to the stress estimate (3.8), there exist a subsequence (not rela-
beled) and o € L?(0,T; L*(Q; M?X™)) such that

sym

0 — o weakly in L?(0,T; L*(S; MXM)). (3.13)

sym

Consequently, since for all ¢ € [0,T], we have —divo®(t) = f(t) in Q and o°(t)v = g(t) on 'y, we
infer that for a.e. t € [0, T,

—dive(t) = f(t) in Q, o(t)y =g(t) on Tn.
In addition, since 0%, (t) € K for all ¢ € [0,T], then
op(t) € K for a.e. t € [0,T].
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We then apply Helly’s selection principle (see [11, Theorem 3.2]) which ensures, thanks to (3.10),
the existence of a further subsequence (independent of time and still not relabeled) such that

p°(t) = p(t) weakly* in M(QUT p;ME*"), for all t € [0, 77, (3.14)
for some p € BV ([0, T]|; M(QUT p; ME™)).
Next according to (3.9), we have that
e — 0 strongly in L>°(0,T; L*(Q; M2X™)). (3.15)

sym

Finally, as a consequence of the displacement estimate (3.12), for each ¢ € [0,T], there exists

a further subsequence (u® (t));jen (now possibly depending on t) such that v (t) — u(t) weakly*

in BD(Q), for some u(t) € BD(f2). Note that by (3.14)—(3.15), for a.e. t € [0,T], one has

Eu(t) = p(t) in  and, by [4, Lemma 2.1], p(t) = (w(t) — u(t)) ® v on I'p which shows that wu(¢)
is uniquely determined, and thus that the full sequence

u®(t) = u(t) weakly* in BD(Q), for all t € [0,T]. (3.16)
In particular, since Fu(t) = p(t) € M(QUT p; M} "), we also deduce that
divu(t) =0in Q, (w(t) —u(t))-v=0o0nTp. (3.17)

3.3. Flow rule. According to the energy balance (2.6) and the fact that the plastic strain p° €
AC([0, T); M(S; ME*™)), we can integrate by parts in time, so that for all ¢ € [0, 77,

Vi (p*; [0, ]) +/ w(t) : (Bw(t) — e*(t)) dw — (wp(t), p° (1))

Q
< [[7(0): Fu @)t~ tro )0y + [ [ o) : Bib(s) s
+/0 /er(s) : (Ew(s)ef(s))dzds/o (7p(s), p°(s)) ds.

Since by (3.14)—(3.16) p°(t) — Eu(t) weakly* in M(QUT p; M} ") for a.e. t € [0,T], Reshetnyak
lower semicontinuity theorem, (3.13), (3.15), (3.16) and the definition (2.4) of duality ensures that

Vu(Eu;[0,t]) + /(z 7w(t) : Bw(t)dx — (wp(t), Eu(t))

t
< / 7(0) : Ew(0)dz — (mp(0), Fug) +/ / op(s) : Fw(s)dxds
Q 0 Jo
t t
+/ /ﬁ(s):Ew(s)dmdsf/ (7p(s), Bu(s))ds. (3.18)
0 Jo 0
We now show the converse inequality. Since op € L(0,T; L*(Q;ME*™)), while u — w €

LY0,T; L7 (;R™)), and u — w € LY(0,T; LY(Tn;R™)), [5, Lemma 7.5] implies the existence
of a subdivision 0 =ty < t; < --- <t =t of the time interval [0, ¢] such that

k
Z Xtir.t:[ (0D (i), u(ti) — w(ts), u(t;) — w(t;)) = (op,u —w,u —w)
and

k
ZX[tifl,ti[(O’D(ti—l)aU(tz'—l) —w(ti—1),u(ti-1) —w(ti-1)) = (op,u—w,u —w)
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strongly in L(0, T'; L2(Q; M) x L1 (0, T; L7~ T(Q;R™))x LY(0,T; LY (D v R™)), as maxy <j<k (ti —
ti—1) — 0. According to Proposition 3.9 in [7] and to the fact that €2 is admissible, we infer that
for each 1 < i <k,

H(Eu(tl) — Eu(ti_l)) Z <0’D(ti), Eu(tl) — Fu tl_1)>

(
Q Q
" /r g(ti) - (u(ti) = u(ti-r) — w(ts) + w(ti—1)) dH" 1.

Summing up for ¢ = 1,..., k, and performing discrete integration by parts yields

t;
Vu (Eu, [0,t]) >Z/ /O’D (s)dxds

ti—1

tit1 . k—1 tit1
S e v azas -3 [ [ gt wte) - vl aretas
+ /Q f@) - (u(t) = w(t)) de + /FN g(t) - (u(t) —w(t)) dH"™
— | f(t1) - (wo — w(0)) da — / g(t1) - (up — w(0)) dH™ L.
Q

I'n

Passing to the limit as maxj<;<x(t; —t;—1) — 0, and invoking the dominated convergence theorem
yields

Vi (Ew, [0,t]) Z/O /QUD(S) : Ew(s) dx ds

- /0 ; f u(s) —w(s)) dxds _/0 /FN g(s) - (u(s) —w(s))dH" " ds
T / £(t) - (ult) — w(t)) do + / g(t) - (u(t) — w(t)) dH"?
= [ £0)- (o = w@)do ~ [ 9(0) (up ~ wl0) ",

and using the definition (2.4) of duality

Viu(Bus [0,t])+/7r(t):Ew(t)dx—(wp(t),Eu(t))

Q

> /QW(O) : Ew(0) dz — (mp(0), Eug) Jr/ / op(s) : Bw(s)dxds

/ /Q s) dz ds _/Ot<7'TD(S),EU(s)>ds.

Thus, combining with (3.18) leads to the equality in the previous inequality, or still, integrating
by parts with respect to time

Vi (Eu; [0,1]) = (rp(t), Eu(t)) — (7p(0), Euo)

//QO—D (s )):Eub(s)d:cds—/Ot(irD(s),Eu(s»ds. (3.19)
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According to [4, Lemma 3.2], for all 0 < ¢; <ty < T,

ol Buts) = Bu(t)| ppeoorpaarey < H(Bu(ts) = Bu(tr)) = (wp(ta), Bu(ts) — Bu(ty))
~ VH(EU, [tl,ﬁg]) — <7TD(t2), E’u(tg) — Eu(t1)>.

A

In view of (3.19), we get that

cl|Bu(tz) = Eu(ta) || peaur ppansmy < (mp(t2) — o (th), Eu(ty))

/tQ/ (op(s) —mp(s )):Ew(s)dzds/tj2<7'TD(S),Eu(s)>ds_

Since Eu = p and p € BV([0,T]; M(Q U I'p; M}")), we get that Bu € Lg% (0,7; M(Q U
I'p; M), and thus

to
el Bu(ta) = Bult)l| saromes < [ B oo a0l
t1

+ (lmo(s)ll2 + llon(s)[[2) [ Ew(s)]l2 + H7'TD(S)HooHEU(S)||M(QUFD;Mgm} ds.

The integrand being sommable, it ensures that the strain Eu € AC([0,T]; M(Q U p; ME™)),
and by the Poincaré-Korn inequality that uw € AC([0,T]; BD(Q2)). Thus, integrating by part with
respect to time and space in the energy equality (3.19),

/0 H(EW(s))ds = Vy(Eu,[0,t]) = /o /QO’D(S) : Bi(s)dxds

+ /Ot /Q f(s) - (u(s) —ixs)) dx ds + /Ot /FN g(s) - (a(s) — (s)) dH" " ds,

and deriving this equality with respect to time yields, thanks to (2.4), for a.e. t € [0,T],

H(Ea(t)) = (op(t), Bu(t)).

Since, by [7, Proposition 3.9], H(Eu(t)) > [op(t) : Eu(t)] in M(QUTp), we finally deduce that
H(Eu(t)) = [op(t) : Fu(t)] in M(QUTp).

Denoting by v = 4 the velocity, we proved that v € L3, (0,T; BD(S2)), and recalling (3.17), we
have for a.e. t € [0, T,

divo(t) =0in Q, (w(t) —v(t))-v=0o0nTp,

and
H(Ev(t)) =[op(t) : Ev(t)] in QUTp.

4. UNIQUENESS AND REGULARITY ISSUES FOR THE STRESS WITH A VON MISES YIELD
CRITERION

We now specialize to the case where K := {rp € M}" : |7p| < 1}. In such a setting, it
is known (see [3]) when elasto-plasticity is considered the stress field is unique and belongs to
HL (S M2Xm). These properties fail in the case of rigid-plasticity as demonstrated below.

sym

Example 4.1. Let us consider a two-dimensional body occupying the square Q = (0,1)? in its
reference configuration (the generalization to the n-dimensional case is obvious). We also assume
that the boundary conditions are of pure Dirichlet type with a rigid body motion w(x) = Az + b
(where A € M™*" is such that AT = —A” and b € R") as boundary datum.
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Then, defining v(z) = Az +0b for all € Q ensures that Fv = 0 in . In particular, all equations
on v are satisfied. Now define the stress as

_ [ f(x2) ¢
o= (" g
where c € R, f, g € L>°(0,1) so that dive =0 in Q. In particular

f(Iz)gg(Il) c
op(r) = . g(z1)—f(x2)
2

and |op(z)|? < 2¢2+| f(z2) > +|g(x1)|? for a.e. x € Q. Assuming that \/2¢2 + || f[|Z, + |92 < 1/2,
we deduce that the one parameter family o* := Ao still satisfies dive* = 0 and |o)| < 1 in
provided that |\ < 2.

In general, a certain amount of uniqueness holds true as shown below. It uses a notion of precise
representative for the stress field first introduced in [1] (see also [4]).

Proposition 4.2. Let (o!,v1), (02,0%) € LQ(Q;M;’J,;’) x BD(Q) be two solutions of the rigid-
plastic model (3.4) at a given time t = ty. Then,
o There ezist two |Ev'|-measurable functions 65 and 6%, € Lig, QU Lp; MY™) such that
oL, =o'l and 6% = 0% L"-a.e. in QUTp, and
6h =06% |Evt|-a.e. in QU p;
o There exist two | Ev?|-measurable functions 6+ and 6%, € LTEUQ‘(Q UTp; MY™) such that
oL =o' and 6% = 0% L"-a.e. in QUTp, and
&p=0p |Ev?-ae inQUTp.
Proof. Since (o!,v'), (02,v?) are two solutions of the rigid-plastic model (3.4), the following in-
equalities in M(QUT p) hold true
[0} : Bv'] = |Ev| > [0% : Ev'], [0% : Ev?] =|Ev?| > [0}, : Ev?].
As a consequence,
(oL —0%): Ev'] >0, [(6% —op): Ev?] >0,
and thus,
(o} —0%) : (Bv' — Ev?)] > 0.
In addition, by definition (2.4) of the duality pairing, the total mass of the measure on the left-hand
side of the previous inequality is given by
(0h — 0%, BEv' — Ev?) = 0.
It thus follows that
[(0h —0b) : Ev']=0, [(0}, —op): Ev*] =0,
or still that
[0} : Bv'] = |Evl| = [0% : Ev'], [0% : Ev?] = |Ev?| = [0}, : Ev?]. (4.1)

Arguing as in [4], since £™ and E*v! are mutually singular Borel measures, it is possible to find
two disjoint Borel sets A and B C QUT'p such that AUB = QUT p, and £"(B) = |E*v!|(A) = 0.
Then, defining (for i = 1,2)

oh L"-a.e. in A,
op = dEv!

s,,1 :
m |E v |—a.e. mn B,
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it follows that 6} and 6% € L,y (QU p; MB™), and
R dFEv!
ok W|Evl| = [0} : Bv'] = |Ev!| = [0} : Ev'] = 6% : W|Evl|.

By definition, we have that 65, = 6% |E*vl|-a.e. in QUTp. In addition, taking the absolutely
continuous part in (4.1) yields (see [4, 7]),

op : B! = [op : Bv']" = |[EY = [0}, : Ev']* = o} : E%.

Thus o}, = 0% L"a.e. in {|E%?!| > 0} and finally 6}, = 6%, |Ev'|-a.e. in QUI'p as requested. [

) dFEv!
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