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Abstract

1 Introduction

2 Framework and Main Results

Given a finite spin set F, we introduce the configuration space 2 = FZ?. Tts elements
w € Q are written as w = {w;} jezd. Endowed with the product topology of discrete
topologies, 2 is a compact metrizable space. Indeed, for j = (j1,...,74) € Z% one
may consider the L! norm ||| = [j1| + ... + |j4| and define then a metric on Q by

d(w, @) = 2~ nf{llill w705}

which is compatible with the product topology.

Notice that Z¢ acts on Q by translation. Let {e1,...,eq} be the canonical basis
for the lattice Z?. For each i € {1,...,d}, we consider the shift transformation
0; : @ — Q given by 0;(w) = {Wjte, }jeze. Given j = (j1,...,74) € 7%, we define
67 ::9{1 09g2 o---onf.

Let J denote the collection of finite subsets of Z?. The diameter and the
boundary of A € J are respectively diam(A) = max{|[j — k|| : j,k € A} and
0A:={j€Zi\A:|j—k|=1for some k € A}. For A € F and w € Q, we denote
the restriction w|4 simply by w 4.

Definition 2.1. By an invariant interaction family we mean any collection of con-
tinuous maps ®4 : Q — R, indexed by A € F, such that

1. ®jpa(w) = ®A(07(w)), for all j € Z and w €
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2 EDUARDO GARIBALDI AND PHILIPPE THIEULLEN

2. wy = wy implies Py(w) = Py(w).

We say that {® A} acy is an invariant short range interaction family if in addi-
tion there exists an integer r > 0 such that ® 4 = 0 whenever diam(A) > r. In this
case, we say also that the invariant interaction family has range r > 0. For r =1,
one in particular says to have an interaction of nearest neighbors.

Given an invariant interaction family {®a}acy, we introduce the associated
hamiltonian H : F x Q — R defined by

H(Aw)=Hy(w):= Y Pa(w), VAEF we, (2.1)
A ANAA£D

Notice also that the hamiltonian inherits the invariance of the interaction family,
namely, Hy o6 = Hj;x for any j € ze,

Remark 2.2. We say that {® s} ae5 is an invariant long range interaction family
if 4 £ 0 for sets A with arbitrarily large diameter. In this case, one shall assume
a summability condition:

Dl alloo < oo,

0eA

which is obviously trivial for the short range situation. Notice that the associated
hamiltonian is then well defined, since

[Halloo <D D 11®allse = DD a0l = #AD)  [Palloc <00, VAETF
JEN jJEA JEANOEA 0eA

For w,w €  and A € ¥, we denote by wawzax the configuration of €2 that

coincides with @ on A and with w on Z%\ A. We also introduce the following
notation
Api1:={-n,—mn+1,...,0,....,n— 1,n}d, VneN.

Definition 2.3. We say that w € () is ¢ minimizing configuration with respect to
the hamiltonian H if

Hp(w) < HA(CJAde\A)u VoeQ, AeT.

We define the minimizing ergodic value of the hamiltonian H as the constant

H := inf liminf 1

weQ n—oo F#A,

Hy, (w). (2.2)

Our main result concerning these minimizing objects is the following one.

Theorem 2.4. Let H be a hamiltonian defined by an invariant short range inter-
action family. The set of minimizing configurations with respect to the hamiltonian
H is a non-empty invariant closed set. For a minimizing configuration w € §2, the
limat limy, oo ﬁH A, (W) always exists. Moreover, there are minimizing configu-
rations w € Q for which

i - Ha, () = A
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3 Proof of Theorem 2.4

The proof of Theorem 2.4 follows from a series of results regrouped in this section.

Proposition 3.1. Let H be a hamiltonian defined by an invariant short range
interaction family. There exist minimizing configurations for the hamiltonian H.
The set of minimizing configurations with respect to H is invariant and closed.

Proof. For each A € F, denote
Oy = {w €0 Hy(w) < Hy(@), Y@ € Q with @z, = de\A} .

Notice that 4 is non-empty: for any fixed configuration w € €1, it clearly contains
the minimum points of the map @y € FA — Hj(@pawzap) € R. Besides, each Qy
is a closed set, since the map w € Q — Hp(@awza\z) — Ha(w) € R is continuous
(actually, locally constant) for all @, € FA.

The family {Qp}prcs is monotone: A C A = Qy C Qp. Indeed, suppose
that w’ € Qp. Let @ € Q be such that wya, = w/Zd\A' As A C A, we get
Wya\n = w/Zd\A" Hence, Hy/(w') < Hy/(@). Since

Hy=Hy+ Y @4

ANA'#)
ANA=0

and Py(w') = P4(w) whenever ) # AN A C A\ A, we clearly obtain that
Hy(w') < Hy(@), which means that w’ € Q4.

Therefore, the family of closed sets {24 } oc has the finite intersection property:
ﬂij\il Qp, D QUf-V—1 AT (). By compactness, there exists w € Qy for all A € F.

The set of minimizing configurations with respect to H is exactly (ycqQa,
which is clearly closed. Besides, since 677(Q,) = Q44 for all j € Z, this set is
also invariant. O

Denote the Birkhoff sum by Sy =3, ¥o 6.
Definition 3.2. Given an invariant short range interaction family {®a}acy, we

introduce )
Upi= Y P
A:0€A #A

Notice that Wy is a real valued function since the above sum is actually finite.
Moreover, we have the following property.

Lemma 3.3. The map ¥ satisfies

1
—— (SAY — SpA¥p(w)) < oo.
N D, Fon (Tl T ()] <o

In order to prove this lemma, given A € F and r > 0, we define

Int, A :={j € A:d(j,0A) >r}.
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Proof. Notice that

SA\IJO = Z Z ﬂq)AOHJ Z Z 7‘1314

JEAN A:0€A JEAN A: ]GA
#(ANA)
= —dy —Py. 3.1
OPIE-LEIP I @
: JEANA A ANAAD

Assume the invariant interaction family {®4}acs has range r > 0. Whenever
WA = Wy, it is easy to see that

ANA
sitow) - sit@) = Y HEEN @) - @)
AN(A\Int,-A)#D
<2 Y [[Pafle S2#ANTInEA) D [@aln,
AN(A\Int,A)#0 0cA
from which the statement follows immediately. O

The relation of ¥y with the associated hamiltonian is given below.

Proposition 3.4. Suppose {® 4} acs is an invariant interaction family with range
r > 0. If H is the associated hamiltonian, then

|HA — Sa®olloo < #(A\ InteA) D @ a]loc.
0cA

Proof. Using (3.1), we obtain

Hy—SpWo= Y |:1#(AHA)](I)A+ >

| #(AnA)
#A
AnNTnt, A#£) AN(A\Int- A)70

#A } a

Notice that if A € F has diameter less than r and intersects Int.A, then A C A.
Thus, the first term in the right side of the above equation is equal to zero. Hence,
we get

IHa = Sa%olloo < > [[®alloc < #(A\IntrA) Y [[@a]loo
AN(A\Int, A)#D 0cA

O]

We remark that, for A,, = (—n,n)? N Z9, one has #(A, \ Int,A,) < Cyrind=1,
for some constant Cy > 0 which depends just on the dimension d. In particular, we
immediately obtain the following corollary.

Corollary 3.5. Let H be a hamiltonian defined by an invariant short range inter-
action family. Then

H = n\I/(](w).

weQ n—oo H#A,

We may now prove the second statement of Theorem 2.4.
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Proposition 3.6. Let H be a hamiltonian defined by an invariant short range
interaction family. Then, for any minimizing configuration w with respect to H,
the limit
I
00 #A,,

Hy, (w)

does exist.

Proof. Let w be a minimizing configuration for H. By Proposition 3.4, it is equiv-
alent to show that the limit lim,,_ys ﬁS A, Yo(w) exists. Notice also that we may
assume without loss of generality that ¥g > 0. So denote

L = liminf L

n—oo #A,

SanYo(w)

and, given € > 0, consider a positive integer N such that #%NSAN\IJO(QJ) < L+e.
Consider integers m and ¢ with m > 1and £ =0,1,..., N — 1. Notice that, for

suitable integers ji, ..., J,,d € AN, We may write
md
St o =D SayTooth+ > Wyod.
k=1 JEAmN+e\AmN

Deﬁne then CUNJ(; = (ij (w))]k+AN de\(jk+AN) and LDN,k‘ = 07]1@ (wN,k’) AS w 1S
a minimizing configuration, one thus gets
Hj, iy (@) < Hjy1ay (wN,k) = Hpy (Wn k)

Recall that [|Sp,Wo o0 67 — Hijjpaylleo < TN for every j € Z4, where I' =
L(d, 7, {®a}) = Car®> gc 4 [|®alloo. Therefore, we have that

d

m
ShmniePo(w) <) Hpy(@ng) + mTN + Z W 0 09 (w)
k=1 jEAmN+Z\AmN
md
<D SanVo(@np) +2m TN +2¢ [(m + 1) — m?| N ¥ .
k=1

Notice that (Wnk)ay = way. We use now Lemma 3.3 to guarantee that there
exists a constant £ > 0 such that Sy, Vo(@wn k) — SayVYo(w) < k#0AN.
We obtain that

SA \I/Q(w) S

mN+£

)

d
1
<m? | Say Wo(w) + £ #OAy + 2DNT! 4 2 <<1+m> —1> N Wolloo

which yields

1

#TWSAmNJrZ Vo(w) <

1 oA r 1\¢
< —— Sy Yo(w) + #OAN +2— + <<1+ m> - 1) 1P| o-

= #Ay "HAy N
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Hence, it follows that

1 #OA N r
lim su SA Uolw) < L+e+kw +2—.
n—>c>op An An 0( ) - #AN N
Since the integer N can be taken arbitrarily large and € > 0 can be chosen as close
as one wants to zero, the proof is complete. ]

We will adopt an ergodic point of view. To that end, denote by M the set of
Borel probability measures, equipped with the weak* topology. We consider the
compact convex subset of invariant probabilities

M@iZ{MGM:/J,OQjZ/L, VjeZd}. (3.2)

We have then the following characterization of the minimizing ergodic value H.

Proposition 3.7. Let H be a hamiltonian defined by an invariant short range
interaction family. Then

H = min / Vo (w) dp(w).
ueEMy JO

Proof. By the ergodic decomposition theorem (see, for example, Theorem 2.3.3 in
[3]), one may suppose that u € My is ergodic. Therefore, by Birkhoff’s ergodic
theorem (see, for instance, Theorem 2.1.5 in [3]), any configuration w belonging to
the support of u satisfies
_ 1
Jim S, W0(w) = [ Bofw) du(w).

So thanks to Corollary 3.5, we have that H < inf,ep, [ Wo dp.

For ¢ > 0, consider a configuration w, € € and an arbitrarily large integer
ne > 0 such that #%nSAne Uo(w,) < H + € and define a Borel probability measure

1
e 1= ZA, Z (59j(w€) e M.
€ JE€An,

Let p be any weak™ accumulation probability for the family {iuc}eso when € goes
to zero. Clearly by construction, [, ¥o(w)du(w) < H. So in order to obtain the
opposite inequality, it is enough to argue that p is invariant. However, notice that,
for every i = 1,2,...,n and for all f € C°(2), one has

1
/(foel-—fwe .

which indeed shows the invariance of . O

<

2#0M,, ||flloo = 0 as ne— oo,

By a minimizing probability we mean an invariant probability p that minimizes
the average value [ Wodu, namely, such that H = [Wodu. Their existence is
guaranteed by the previous proposition. Moreoveor, by the ergodic decomposition
theorem, there always exist ergodic minimizing probabilities.

Recall now that a point at the support of an invariant probability is said to be
generic if it belongs to a subset of full measure. We may complete the proof of
Theorem 2.4 with the following result.
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Theorem 3.8. Suppose {P4}acy is an invariant interaction family with range
r > 0. Then there are generic points w at the support of any ergodic minimizing
probability which are minimizing configurations for the associated hamiltonian H
and satisfy

H = H.
n—oo #A, An (w)

Proof. For W € FAv | M e N, consider the characteristic function yy : Q@ — {0,1}
which has value 1 at a point w € € if, and only if, wp,, = W.

Let u € My be an ergodic minimizing probability. Let us denote by b(gb) the
subset of €2 of full measure for which Birkhoff’s ergodic theorem holds with respect
to the integrable map ¢ : Q@ — R. Obviously, any point

w € supp(p) N b(Ty) N ﬂ b(xw)

WeFAM |, MeN

is generic and verify

lim LHA (w) = lim TSA Uo(w) = /\I’Qdu: £

n—00 # n—oo #

Suppose on the contrary that w is not a minimizing configuration. Hence, there
shall exist @ € Q, N € N and 7 > 0 such that

GJZd\AN = Wzd\A ¢ and  Ha (@) < Hy (w) — 7.

Since in particular w € (;cn b(xew A, )+ We have that

1
nh_)Holo #A, SAanA~ (wLEJQwAN+T Zd\AJ\'uLT) =: )‘N—l—r > 0.

Therefore, for n large enough, one guarantees that Sy, xw Mg (w) > #A, Ax =

Denote A, :={j € A, : WAg, i = wA~ } Let then B, C A, bea maxmlal
subcollection of indices such that (Ay,, + ) (Ag, +k) =0 whenever j, k € B,.
Since for all j € A, there must exist k € B, such that (Ag,, +j)N(Agz,,) # 0,
it follows that SA"X“’AN+T (w) = #A, < #B,, - #Ay,,, which yields for n large
enough

1 1 AN—H”
#A" #AN+T 2

Thus, for n sufficiently large, let us introduce the configuration w” € ) as
wh o = = Wy, for all j € By, and de\uJeB (Ag+i) = WZNUjep, (Ag+i): From the
construction, one gets that Hj _1j(w™) = Hj  (w) for each j € B,. Notice then
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that

Hp, (@) = Y Hagei(w™)+ > P4 (w")
jEB, ANAL#0D,

ANUjep,, (Ag+37)=0

< #By (Hag(w) — 1) + > a(w)

ANAR#D,
Aml—leBn<AN+j):®

= Hy,(w)—f#Bn+ Y (Hay(w) — Hy g (07(w))) .

jeBn

By the very definition of Ay, one obtains that Hj  (w) = HAN(Hj(w)) for any
J € By. In this way, let us also assume that n is large enough in order that
1 1 Ag

Hy, (w" <H+—— Ntr 5
#A\y (") #Ag,, 4

Hence, for n sufficiently large, it is not difficult to see that

1 _ 1 Ay

Hp, (W") < H— —— "Nty
T v I
which contradicts the definition (2.2) of the constant H. O
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