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ABSTRACT.

Let consider n natural numbers a1, ..., a,. Let S be the numerical semigroup generated

by a1,...,an. Set A= K[t", ... t%] = Klz1,...,2,]/I. The aim of this paper is:

1. Give an effective pseudo-polynomial algorithm on a1, which computes The Apéry set
and the Frobenius number of S. As a consequence it also solves in pseudo-polynomial

time the integer knapsack problem : given a natural integer b, b belongs to S7

2. The Grébner basis of I for the reverse lexicographic order to x,, ..., x1, without using

Buchberger’s algorithm.
3. in () for the reverse lexicographic order to z,,..., ;.

4. A as a K[t*']-module.

We dont know the complexity of our algorithm. We need to solve the ”multiplicative”

integer knapsack problem:

Find all positive integer solutions (ki,...,ky,) of the inequality [[" ,(k; +1) < aj + 1.
This algorithm is easily implemented. The implementation of this algorithm ”frobenius-

number-mm”, for n = 17, can be downloaded in
https://www-fourier.ujf-grenoble.fr/ morales/frobenius-number-mm



Introduction

In the sequel we shall use the following notations. Let K be a field, A be a set of n
natural numbers A = {aq,...,a,} C N. S the numerical semigroup generated by ay, ..., ay,
that is S = {kia; + ... kpan|k; € N}. We consider the one-dimensional toric affine ring
A= K[t ..., t%] C K[t], that is A = K[tF|k € §] := K[S].

The ring A = K[t™, ..., t%] C K|[t] has a presentation as a quotient of the polynomial ring
Klxy,...,zy], as follows:

Let ¢ : K[x1,...,2,] = K[t™, ..., t%] defined by

1 t"

T, =

Let I(S) be the kernel of ¢, that is the ideal ideal formed by all polynomials of K[z1,. .., x,]
such that P(t*,...,t%) = 0.

The ideal I(S) has a system of generators formed by binomials which are differences of
two monomials with coefficient 1. Note that if we grade the polynomial ring K [x1, ..., x,] by
setting deg(x;) = a;, the morphism ¢ is homogeneous, and the ideal I(.S) is homogeneous.

The following theorem is well known, we give here a short proof for the commodity of
the reader.

Theorem 0.1. Suppose that aq,...,a, are relatively prime numbers then any large integer
belongs to S.

Proof. Suppose that n = 2, By Bézout’theorem there exist relative integer numbers s1, so
such that sja; + sgae = 1. We can assume that s; > 0,52 < 0. Let k£ > 0 big enough we can
write k = gag+r with 0 < r < ag, which implies k = qas+r(s1a1+s2a2) = rsya1+(g+rs2)as.
Since k is large enough (q + rs3) > 0, hence k € S.

A similar argument works for n > 2. O

Definition 0.2. Suppose that ay,...,a, are relatively prime numbers, the biggest integer
number in N\ S is called the Frobenius number, we denote it by g(S). More generally if
ged(aq, ... ,a,) = A then the biggest integer in AN \ S is called the Frobenius number, we
denote it by g(5).

Suppose that ged(ai,...,a,) = A, let S be the semigroup generated by 4,..., %
We have that g(S) = )\g(g). The problem of computing the Frobenius number is open
since the end of 19th Century, for n = 2 there is a formula (see section 1), for n = 3 a

formula using Euclide’s algorithm for ged was given in [8]. In 1987, in [6] the first author



translate for the first time the Frobenius problem into an algebraic setting, showing that the
Frobenius number is the degree of the Hilbert-Poincaré series written as a rational fraction,
moreover By using [8], in the case n = 3 the Hilbert-Poincaré series is completely described
by an algorithm using only Euclide’s algorithm for ged, that is of complexity In(a). An
implementation in Pascal was done by the first author to compute a system of generators
of the affine monomial curve K[t%,t%,¢¢] and its projective closure, which computed the
Frobenius number for three natural numbers. In recent works [3] and [9], the computation
of Frobenius number, is related to the computation of the Hilbert-Poincaré series. More
precisely, in [9] the author deduces the Frobenius number from a Grébner basis of the ideal
I(S). We recall that the computation of a Grébner basis is double exponential complexity
by using the Buchberger algorithm.

In this paper we study the Frobenius problem from algebraic point of view, this allows
us to give a conceptual frame to our algorithm. As a consequence of our study we get a
very fast and simple algorithm to compute the Frobenius number, determine completely the
semigroup S and solve the knapsack integer problem, that is to decide if an integer number
belong to S. We have implemented for n < 17. We need to solve the "multiplicative”
integer knapsack problem:

Find all positive integer solutions (ki,...,k;,) of the inequality [[" (ki +1) < aj + 1.

Moreover let G(S) be a Grobner basis for the degree reverse lexicographic order to
Ty ey 1. <pepler and in(I(S)) be its initial ideal. As an extension we find several algo-
rithms :

1. The set of monomials {xé” coxk g in(1(S))}).
2. The system of monomial generators of in (I).

3. The Grobner basis G(S) of I, without using Buchberger’s algorithm.

They are extensions of the previous work and algorithm by the first author in [6], [7].
The algorithm presented here is implemented and can be downloaded in https://www-
fourier.ujf-grenoble.fr/ morales/. Note that because of the limitation of the Compiler for
the moment the software works only for numbers less than 10000, but an implementation
in Mathematica should allow to compute with any number of digits.

In the first section we introduce the Apéry set and we prove some known results.

In the second section we present the connection between Hilbert-Poincaré series and the
Frobenius number. This connection was established by the first author for the first time in
[6].

In the third section we introduce Noether normalization and we prove the connection
between Apéry sets and Noether normalization.

In the last section we develop our algorithm.

In our work in progress, we will extend the above algorithm to compute Grobner basis
of any simplicial monomial ideal.



1 Frobenius number, Apéry set

For a survey on the Frobenius number we refer to [10].

Definition 1.1. Suppose that a; is the smallest among a4, ..., a,. The Apéry set Ap(S,aq)
of the semigroup S with respect to a; is the set Ap(S,a;) :={s € S|s —a; ¢ S}.

Remark 1.2. The definition of Apéry set makes sense even if the numbers ay, ..., a, are not
relatively prime numbers. Suppose that ged(ag,...,a,) = A, let S be the semigroup gen-
erated by 4L, ..., %2, We have that Ap(S,a;) is obtained from Ap(S, 5) by multiplication
by A.

Theorem 1.3. (Apéry [1])Suppose that ay, ..., a, are natural numbers such that ged(ay,. .., a,)

A

1. Ap(S,aq) := { wy,. .. ,)\waTlfl}, where w; is the smallest element is S congruent to

; a1
zmod)\.

2. g(S) = max{s —a1|s € Ap(S,a1)}.

Proof. 1. We can assume that aq,...,a, are relatively prime numbers.
First we prove that for all i = 0,...,a; — 1, w; belongs to Ap(S,ay). Suppose that it
is not true, that is w; —aq € S for some i = 0,...,a; — 1. It follows that w; — a1 < w;

and both w; — a1, w; € S are congruent to ¢ mod ay. This is a contradiction with the

definition of w;. As a consequence Ap(S,ap) has at least a; elements in order to prove

the claim it will be enough to show that Ap(S,a;) has exactly a; elements. Suppose

that card(Ap(S,a1)) > a1, then there exists two elements s; < sg in Ap(S,a;) such

that both s; < sy are congruent to ¢ mod a; for some ¢ = 0,...,a; — 1, that is
);

s9 = 81 + kay with k£ > 0 a natural integer, hence sy € Ap(S,a;), a contradiction.

2. Let h € N such that h > max{s — ai|s € Ap(S,a1)}, since h is congruent to i

mod a; for some i = 0,...,a1 — 1, we can write h = w; + aaq, with a € Z, hence

h = (w; — a1) + (o + 1)ay, since h > (w; — a1) we have (a + 1) > 0, hence o > 0,
which implies that h € S.

U

Corollary 1.4. Let n = 2 suppose that ay,as are relatively prime numbers then g(S) =
(a1 — 1)(&2 — 1) — 1.

Proof. We give a combinatorial proof using Apéry sets. Since ai,as are relatively prime
numbers, we have

Ap(S, al) = {O, ag, ..., (a1 — 1)@2},
hence g(S) = (a1 — 1)(a2) — a1 = (a1 — 1)(ag — 1) — 1



For n = 2, we will give an algebraic proof later.

Corollary 1.5. Fori=0,...,a1 —1 let S; = {s € S|s=imoda;}. Then S is the disjoint
unton of Sg,...Sq—1-

2 Frobenius number and Hilbert-Poincaré series

Let R := K|[x1,...,x,] be the polynomial ring graded by the weights deg 1 = a1, ... ,degx, =
ap, and I C K[x1,...,x,] be a graded ideal. Let B = R/I, the Hilbert-function of B is
defined by Hp(l) = dimg By, for all | € Z, and the Hilbert-Poincaré series of B:

Pg(u) =Y _ Hp(lu'.
leZ
We recall the following Theorem from [6]

Theorem 2.1. Let R := K|[x1,...,x,] be the polynomial ring graded by the weights deg x1 =
ai,...,degx, = an, I C K[z1,...,2,] be a graded ideal and B := R/I. Then

1. The Hilbert-Poincaré series of B is a rational function:

Q@p(u)
(I —u)(1—wu2)...(1—u%)

Pp(u) =

where Qp(u) is a polynomial on u.

2. There exists h polynomials with integer coefficients ®r, 0(l), ..., Py n(l) such that
Hp(lh+1i) = ®p,i(l) for 0 <i<h—1 and!l large enough. We recall that the index
of reqularity of the Hilbert function is the biggest integer | such that Hg(l) # ®m, i(1),
for any 1.

3. The index of reqularity of the Hilbert function equals the degree of the rational fraction
defining the Poincaré series.

Corollary 2.2. [5] Let S be the semigroup generated by ay,. .., a,, and A = K[t ... t%] C
K|[t]. The Frobenius number g(S) coincides with the degree of the rational fraction defining
the Poincaré series Pa(u) by the theorem 2.1.

Proof. The Hilbert function of A is given by

1 ifl
HA(Z):{ ifle S

0 iflé¢s.
In particular if aq,...,a, are relatively prime, H4(l) = 1 for [ large enough, and the
Frobenius number coincides with the index of regularity of the Hilbert function H4(l), so
it is the degree of the rational fraction defining the Poincaré series P4 (u). O



3 Grobner basis

Let ay,...,a, be natural numbers, A = ged(aq,...,a,). We denote by S (resp. §) the
semigroup generated by ai,...,a, (vesp. by ai/A,...,a,/A). Note that the semigroup
rings K[S], K[S] are isomorphic.

Let R := K|[x1,...,x,] be the polynomial ring graded by the weights deg 21 = a1, ...,degz, =
ap. We consider <gjegrevier the degree reverse lexicographical order with x,,...,z1, but all
results are valuable for any monomial order such that the variable x; never appears in
a minimal system of generators of the initial ideal in(I(S)). The first statement of the
following theorem is an extension to the quasi-homogeneous case of [4].

Theorem 3.1. Let A := K[t*,... t%] ~ R/I(S).

1. The polynomial ring K[x1] C A is a Noether normalization. Moreover let G(S) be a
Grébner basis for <pepier and in(I1(S)) be the initial ideal then

~ a koas+...+knan
A~ @mSQmﬁ”¢ln(l(S))K[t 1][t 2 ]

2. The Hilbert-Poincaré series is given by:

koazs+...+knan
B zx§2 Lakngin(1(S)) t

1—to

PA(t)

3. The Frobenius number g(§) = D& {k2a2+"'+k"a"‘x§2"'$ﬁn ginl($))}-a1
Proof. 1. We have that for any i = 2,...,n, (%)% — (t*)% = 0, so K[t™,..., t%]
is integral over K[t*], both rings have dimension one so K[t*] C K[t™,... t%] is
a Noether normalization, also both rings are Cohen-Macaulay. By the Auslander-
Buschsbaum formula we get that K[t%,...,t%] is a free K[t*']-module. This is the
same to say that R/I(S) is a free K[z1]-module. Since R/I(S) is a graded Klz]-
module, we can use Nakayama’s lemma, hence any K —basis of R/(I(S),x1) gives us a
basis of R/I(S) as a free K[z1]-module. Let G(S) be a Grébner basis for <,¢ye, and
in(1(S)) be the initial ideal, by definition of <gegrevies, 1 does not divides any of the
elements in in(I(S)). On the other hand Macaulay’s theorem [2][Theorem 15.3]says us
that the set of monomials not in in(I(S)) is a basis of R/I(S) as a free K[z1]-module.

2. Tt is clear that the Hilbert-Poincaré series of K [t!] is ﬁ, the Hilbert-Poincaré series
is an additive function, hence we have the formula for the Hilbert-Poincaré series of

A.

3. By 2.1 The Frobenius number of S is the degree of the Hilbert-Poincaré series of A.
O



We have the following consequence which will be important for our algorithm:
Corollary 3.2. We have that

1. Ap(S,a1) = {keaa + ... + kznan|azé€2 coxb ¢ in(1(S))}. In particular

aq

card{xlgm apr g in(I(9))} = ged(ar, ... an)’

2. Let s € Ap(S,ay1), such that s = koag+. ..+ kpan and 25 ... zkr ¢ in(I1(S)). Suppose

that s = loas + ... + lpa, for some natural numbers lo, . .., 1, then 56152 . xﬁ” < revier
Proof. We can assume that ged(aq,...,a,) = 1.

1. By the above theorem K[t%,... t%] ~ @,y K[t"][t%] where H = {koag + ... +
knan|zh? .. xkr ¢ in(I1(S))}, now we prove that H = Ap(S,a;). Let s € H suppose
that s ¢ Ap(S,a1), hence s —aj € S, by the above decomposition there exists unique
s;i € H,l € N such that s — a; = s; + la; that is s = s; + (I + 1)a; a contradiction
to the direct sum decomposition. Reciprocally, let s € Ap(S,a;), then there exists
unique s; € H,l € N such that s = s; +laq, if I > 0 then s — a1 € S a contradiction ,
hence s =s; € H.

2. If s = lpag+. . .+ lnayn with (ki,...,ky) # (I1,..., 1) and 22 ... zlr < eper 252 .. zkn

n
then 56152 .. xk € in(1(S)), a contradiction.
O

Example 3.3. Let n = 2, and ay, as be natural numbers, A = gcd(aq,az2), we have that

K[t t92] ~ K[ml,xg]/(xgl/)‘ - x‘lm/)‘) it is clear that that xgl/)‘ - x‘lm/)‘ is a Grobner

basis of the ideal (gzcgl/A — x‘lm/)‘) for <, eptes- We have in(xgl/)‘ — x(lm/)‘) = (acgl/)‘), hence
a1 /A—1 tkaQ

K[t" 1] =~ EBZIZ/OAAK[t“l][tk“Q], the Poincaré series is given by: Pa(t) = klzoﬁ
if a1, ay are coprime then the Frobenius number is (a1 — 1)ag —a; = (a3 — 1)(ag — 1) — 1.

4 Frobenius number, Hilbert-Poincaré series, the case n = 3

This section is a short version of [6] and [7].

Let consider three natural numbers a, b, ¢ and S be the semigroup generated by a, b, c.
First, remark that any solution « := (u, v, w) of the Diophantine equation ua + vb+wec = 0
gives rise to a binomial in the ideal I(S) in the following way:
we write the vector &« = a; — o, where the components of both a,a_ are nonnegative



then x*+ — x*= € I(S5), where x*+ = x(f“xg“:cgﬂ. Reciprocally if x* — x? € I(9)
and x%, x” have not common factors then (u,v,w) := a — [ is a solution of the equation
ua + vb + we = 0.

Second, it is clear that find solutions (u, v, w) of the Diophantine equation ua + vb+we = 0
is equivalent to find solutions (s,p,r) of the Diophantine equation sb — pc = ra.

Let sp be the smallest natural number such that (s, 0, 7¢) is solution of the equation sb—pc =
ra. We set pg = 0.

Let p; be the smallest natural number such that (sq,p1,71) is solution of the equation
sb — pc = ra, with 0 < s; < s9. Note that sy = m and p; = %. The numbers
s1 can be got from the extended Euclide’s algorithm for the computation of the greatest
common divisor of a,b.

Let consider the Euclides’ algorithm with negative rest:

S0 = (@251 — 82

S1 = (352 — 83
Sm—1 = m+1Sm
Sm+1 = 0

g =2, 8 2>0 Vi
Let define the sequences: p;,r; (0 <i<m+1), by:

Pit1 = Piit1 — Pi—1 ,Tit1 = Tigiy1 — i1 , (1 < i < m).

Note that from [7] we have for i = 0,...,m that s;p;11 — Si+1pi = Sop1 = m. Let p
the unique integer such that r, >0 >r, .
Theorem 4.1. ([5], [6] and [7]) The set

:C;” _ x;uxgu’ xé’u-kl _ xfru+1x;u+1’x;u*5u+lx§u+1*pu _ x;ufru-kl

is a Grobner basis of I(S) for <replex With T3, 29, x1. In particular in(1(S) = (x5, ah* ™ oz~ alrthy,
and
N2\ ezp(in(I(S)) = {(k,1) € N?|0 < k < 8, — 8,41,0 <1 < pup1 JU

{(k,1) € N*|s,, — 541 < k < 84,0 <1< puy1 — put-

K[t 0,1 ~ @1, pyenz\eaplin(r(s) K L[]
In particular the Poincaré series is given by:

kb+lc
_ 2kDeNeap(in(i(s) t

Pa(t) 1—¢o




and if the numbers a,b, c are relatively prime the Frobenius number is
g(S) = max {kb + lc|(k,1) € N*\ exp(in(I(S))} — a1.

Proof. we can give a new and shorter proof than the one given in the general case in [7]. We
can assume that the numbers a, b, ¢ are relatively prime. Let consider the three elements of
I(S): zyf — atakt aht — g T et e g e TP T Tt then follows that

S Spu—S . . .
= (), T T By Cin(1(S). Now we count the numbers of monomial not in

Card(N2 \ exp(J)) = (SM - 3u+1)pu+1 + 3u+1(pu+1 - pu) = SuPu+1 — Sp+1Pp = a.

On the other hand by Corollary 3.2, card(N? \ exp(in(I(S))) = a this implies in(1(S) = J,

s r 1 —7rua1 Su4l  Su—Suiil 1— Tu—Tputl - .
hence the set x5 — ]*aht aht — o W it gir T I e TP TR i 4 Grobner

basis of I(S) for <,eyier With z3, 9, z1. The other claims follows from the Theorem 3.1 O

5 Algorithm for the case n > 4

For n = 3, we have seen that the algorithm use only Euclide’s algorithm. Let n > 4. Let

ai,...,a, berelatively prime natural numbers, S the semigroup generated by aq, ..., a,. Let
R := K|x1,...,x,] be the polynomial ring graded by the weights degx1 = a1, ...,degz, =
apn. We consider <gegrevier the degree reverse lexicographical order with z,...,z1, A =

K[t ..., t%] ~ R/I(S).
Remark 5.1. If xé” ...xkr € in(I(S) is part of a minimal generating system of in(I(S),

n
then all the monomials with exponents in the cube [0; k2] X ... X [0; k,,] are not in in(I(S)
except xé” ...k that is we have (ko + 1) x ... x (k, + 1) — 1 monomials not in in(I(S),
hence (k2 +1) x ... x (k, +1) — 1 < a; , which implies S;,—1 + Sp—2 + ... + S2 + 51 < a4,
where S; is the symmetric polynomial of degree i in the variables ks, ..., k,. In particular

ko+ ...+ k, <a.

We have the following algorithm for the Frobenius number:

Algorithm 5.2. Frobenius MM-DD:
Input: aq,...,a,
Ouput: the Apéry set of S with respect to a;. The Frobenius number of S.
Begin

1. sum = 1; test=false,testsum=false, Ap = {0}, Apmod = {0}.
2. while (sum < a;1) and (testsum=false) do

(a) for each monomial 252 ... x5 with ky + ... + k, = sum



(b) if TT7 (ki +1) < aj + 1 then
i. compute gsum := koas + ... + kpa, and the congruence class mod a;p, that
is koag + ... + kpa, mod ag
ii. If gsum mod a; doesn’t belongs to Apmod then Ap = ApU{gsum}, Apmod =
Apmod U {gsummod ay }.
iii. If gsum moda; belongs to Apmod, let h € Ap such that h = gsum mod ay
A. test=true
B. If gsum < h then Ap = (Ap \ {h} U {gsum}.
(c) end if ([T} (ki +1) < a1 +1)
(d) If either card(Apmod) = a; or for all monomials z52 ... 2k with ky +... + k, =
sum, we have that test=true then testsum=true.

(e) Otherwise testsum=false. sum = sum + 1.
3. frob+ a3 = max {p € Ap}.
End (of the algorithm).

The knapsack integer problem: Let b € N, in order to know if b € .S we run the above
algorithm, let h € Ap such that b = hmod a; ,then b € S if and only if b > h.

Algorithm 5.3. Frobenius NoINI MM-DD:

Input: aq,...,a,

Ouput: the Apéry set of S with respect to a;. The Frobenius number of S. The set
of monomials in the variables xg, ..., ,, not in the ideal in(I(S). Sumnoini the least upper
bound for the usual degree of a minimal system of monomial generators of the ideal in(I(S)

Begin

1. sum = 1; test=false,testsum=false, Ap = {0}, Apmod = {0}, Lnoini = {1}.
2. while (sum < a1) and (testsum=false) do

(a) for each monomial 252 ... x5 with kg + ... + k, = sum

(b) if [T o(ki +1) < aj + 1 then
i. compute gsum := koas + ...+ kpa, and the congruence class mod aq, that

is kyas + ... + kpa, mod aq

ii. If gsum mod a; doesn’t belongs to Apmod then Ap = ApU{gsum}, Apmod =
Apmod U {gsummod a; }, Lnoini = Lnoini = U{ac/;€2 oakny,

iii. If gsummoda; belongs to Apmod, let h € Ap such that h = gsummoda,
and 24’ ...z} € Lnoini which gsum is h.
A. test=true

10



B. If 56152 cxk < evien xé? . x%" then Ap = (Ap \ {h} U {¢gsum}, and
Lnoini = (Lnoini \ {&§ ...alr} U {ah> .. akn}.
(c) endif (JT;o(ki+1) <a;+1)

. _ . ko kn . _
(d) If either card(Apmo) = a; or for all monomials x5 xpr with ko + ...+ k, =

sum, we have that test=true then testsum=true.

(e) Otherwise testsum=false. sum = sum + 1.
3. frob+ a; = max {p € Ap}.
End (of the algorithm).

Algorithm 5.4. Frobenius INI[,GB MM-DD:
This algorithm needs to run previuosly the algorithme Frobenius NOINTI MM-DD.
Input: aq,...,a,, Ap, Apmod, Lnoini.
Ouput: the Apéry set of S with respect to a;. The Frobenius number of S. The set of
monomials in the variables zo, ..., x,, not in the ideal in(I(S).
Begin

1. sum = 1; test=false,testsum=false, Lini = (.
2. while (sum < Sumnoini) and (testsum=false) do

a
b) if xSQ . xﬁ” belongs to the ideal generated by Lini then testini = true.

) for each monomial xé” cooxkn o with ko + ...+ ky = sum
)
c) If testini = false then
)
)

n

~ —~ N~

d) if [T (ki +1) < a; + 1 then

e) compute gsum(k) := kaas + ...+ kpa, and the congruence class mod aq, that is
koas + ...+ kpa, mod aq

—

i. Test if 252 ... xF is a generator ofin(I):
let 22 ... 4" € Lnoini such that its gsum(k) = gsum(j)moda;. If j # k
and j /k have disjoint supports then Lini = Lini U {ah2 . xkny

ii. test=true
(f) end if ([ o(ki+1) <a; +1)
(g) end if (testini = false)

(h) If either card(Apmo) = a; or for all monomials 252 ... 2k» with ky + ...+ k, =

sum, we have that test=true then testsum=true.

(i) Otherwise testsum=false. sum = sum + 1.

3. frob+ a; = max {p € Ap}.

11



End (of the algorithm).

In the following example we compute the Grobner basis by my software and by Cocoa,
it runs in above 7 seconds in both softwares. The Grobner basis has 571 generators.

Example 5.5. (a; = 1030,a2 = 1031,a3 =,1034,a4 = 1039,a5 = 1046,a¢ = 1055,a7 =
1066,@8 = 1079, ag = 1094,@10 = 1111,@11 = 1130,@12 = 1151, a1z — 1373, a14 = 1393, als =
1423, a1 = 1433, a17 = 1493).

If we compute only the Apéry number our algorithm is much faster than Cocoa. In this
example the Apéry number is 5145.
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