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ABSTRACT.

Let consider n natural numbers aq,...,a,. Set A = K[t*, ... t] = K[x1,...,z,]/].
Our aim is to describe explicitly:

1. The Grobner basis of I for the reverse lexicographic order to xy, ..., z1, without using
Buchberger’s algorithm.

2. in (1) for the reverse lexicographic order to zy,...,x].
3. A as a K[t"]-module.
4. The Apéry set and the Frobenius number.

The implementation of this algorithm ”frobenius-number-mm” can be downloaded in
https://www-fourier.ujf-grenoble.fr/ morales/frobenius-number-mm

Introduction

In the sequel we shall use the following notations. Let K be a field, A be a set of n
natural numbers A = {ay,...,a,} C N. S the numerical semigroup generated by ay, ..., an,,
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that is S = {kyay + ... kpanlk; € N}. We consider the one-dimensional toric affine ring
A=K[tm,... t%] C K[t], that is A = K[tF|k € §] := K[S].

The ring A = K[t™, ..., t%] C K[t] has a presentation as a quotient of the polynomial ring
Klxy,...,zy], as follows:

Let p: K[x1,...,z,] — K[t*,...,t%] defined by

T "

T, =t

Let I(S) be the kernel of ¢, that is the ideal ideal formed by all polynomials of K|[x1, ..., ;]
such that P(t*,...,t%) = 0.

The ideal I(.S) has a system of generators formed by binomials which are differences of
two monomials with coefficient 1. Note that if we graded the polynomial ring K[z1,. .., x,]
by setting deg(z;) = a;, the morphism ¢ is homogeneous, and the ideal I(.S) is homogeneous.

The following theorem is well known, we give here a short proof for the commodity of
the reader.

Theorem 0.1. Suppose that ay,...,a, are relatively prime numbers then any large integer
belongs to S.

Proof. Suppose that n = 2, By Bézout’theorem there exist relative integer numbers s1, so
such that sjaq + sgae = 1. We can assume that s; > 0,50 < 0. Let k£ > 0 big enough we can
write k = gag+r with 0 < r < ag, which implies k = qag+7r(s1a1+s2a2) = rsya1+(q+rs2)as.
Since k is large enough (q 4 rs3) > 0, hence k € S.

A similar argument works for n > 2. O

Definition 0.2. Suppose that ay,...,a, are relatively prime numbers, the biggest integer
number in N\ S is called the Frobenius number, we denote it by g(S). More generally if
ged(ay, ... ,a,) = A then the biggest integer in AN\ S is called the Frobenius number, we
denote it by g(5).

Suppose that ged(aq,...,a,) = A, let S be the semigroup generated by S, %
We have that g(S) = )\g(g). The problem of computing the Frobenius number is open
since the end of 19th Century, for n = 2 there is a formula (see section 1), for n = 3 a
formula using Euclide’s algorithm for ged was given in [8]. In 1987, in [6] the first author
translate for the first time the Frobenius problem into an algebraic setting, showing that the
Frobenius number is the degree of the Hilbert-Poincaré series written as a rational fraction,
moreover By using [8], in the case n = 3 the Hilbert-Poincaré series is completely described

by an algorithm using only Euclide’s algorithm for ged, that is of complexity In(a). An



implementation in Pascal was done by the first author to compute a system of generators
of the affine monomial curve K [t“,tb,tc] and its projective closure, which computed the
Frobenius number for three natural numbers. In recent works [3] and [9], the computation
of Frobenius number, is related to the computation of the Hilbert-Poincaré series. More
precisely, in [9] the author deduces the Frobenius number from a Grébner basis of the ideal
I(S). We recall that the computation of a Grébner basis is double exponential complexity
by using the Buchberger algorithm.

In this paper we study the Frobenius problem from algebraic point of view, this allows
us to give a conceptual frame to our algorithm. Our algorithm determines completely the
semigrup S and solve the membership problem, that is to decide if an integer number belong
to S. We develop a stand alone algorithm which computes a Grobner basis of the ideal I(.S),
they are extension of the previous work and algorithm by the first author in [6], [7]. For
fixed n the algorithm presented here seems to be polynomial in a, it is implemented and can
be downloaded in https://www-fourier.ujf-grenoble.fr/ morales/. Note that because of the
limitation of the Compiler for the moment the software works only for numbers less than
1000, but an implementation in Mathematica should allow to compute with any number of
digits.

In the first section we introduce the Apéry set and we prove some known results.

In the second section we present the connection between Hilbert-Poincaré series and the
Frobenius number. This connection was established by the first author for the first time in
[6].

In the third section we introduce Noether normalization and we prove the connection
between Apéry sets and Noether normalization.

In the last section we develop our algorithm.

In our work in preparation, we will extend the above algorithm to compute Grébner
basis of any simplicial monomial ideal.

1 Frobenius number, Apéry set

Definition 1.1. Suppose that a; is the smallest among a1, ..., a,. The Apéry set Ap(S,aq)
of the semigroup S with respect to a; is the set Ap(S,a;) :={s € S|s —a; ¢ S}.

Remark 1.2. The definition of Apéry set makes sense even if the numbers ay, ..., a, are not
relatively prime numbers. Suppose that ged(ag,...,a,) = A, let S be the semigroup gen-
erated by 4L, ..., %2. We have that Ap(S,ay) is obtained from Ap(S, 5) by multiplication
by A.

Theorem 1.3. (Apéry [1])Suppose that ai,. .., a, are natural numbers such that gcd(ay, ..., a,)

A



1. Ap(S,aq) := { wy,. .. ,)\waTlfl}, where w; is the smallest element is S congruent to

; a1
zmod)\.

2. g(S) = max{s —a1|s € Ap(S,a1)}.

Proof. 1. We can assume that ay,...,a, are relatively prime numbers.
First we prove that for all i = 0,...,a; — 1, w; belongs to Ap(S,ay). Suppose that it
is not true, that is w; —aq € S for some i = 0,...,a; — 1. It follows that w; — a1 < w;

and both w; — a1, w; € S are congruent to ¢ mod ay. This is a contradiction with the
definition of w;. As a consequence Ap(S,a;) has at least a; elements in order to prove
the claim it will be enough to show that Ap(S,a;) has exactly a; elements. Suppose
that card(Ap(S,a1)) > a1, then there exists two elements s; < sy in Ap(S,a;) such
that both s; < s9 are congruent to ¢ mod aq for some ¢ = 0,...,a; — 1, that is
s9 = 81 + kay with k > 0 a natural integer, hence sy € Ap(S,a;), a contradiction.

2. Let h € N such that h > max{s — ai|s € Ap(S,a1)}, since h is congruent to i

mod a; for some i = 0,...,a1 — 1, we can write h = w; + aaq, with a € Z, hence

h = (w; — a1) + (o + 1)ay, since h > (w; — a1) we have (o + 1) > 0, hence o > 0,
which implies that h € S.

U

Corollary 1.4. Let n = 2 suppose that ay,as are relatively prime numbers then g(S) =
(ap —1)(ag — 1) — 1.

Proof. We give a combinatorial proof using Apéry sets. Since ai,as are relatively prime
numbers, we have

Ap(S, al) = {O, ag, ..., (a1 — 1)@2},
hence g(S) = (a1 — 1)(a2) —a; = (a1 — 1)(ag — 1) — 1

For n = 2, we will give an algebraic proof later.

Corollary 1.5. Fori=0,...,a1 —1 let S; = {s € S|s=imoda;}. Then S is the disjoint
unton of Sg,...Sq—1-

2 Frobenius number and Hilbert-Poincaré series

Let R := K|[x1,...,x,] be the polynomial ring graded by the weights deg 1 = a4, ... ,degx, =
ap, and I C K[x1,...,x,] be a graded ideal. Let B = R/I, the Hilbert-function of B is
defined by Hp(l) = dimg By, for all | € Z, and the Hilbert-Poincaré series of B:

Pp(u) =Y Hp(l)u'.

leZ
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We recall the following Theorem from [6]

Theorem 2.1. Let R := K[z1,...,x,] be the polynomial ring graded by the weights deg x1 =
ay,...,degx, = ayn, I C K|x1,...,2,] be a graded ideal and B := R/I. Then

1. The Hilbert-Poincaré series of B is a rational function:

@p(u)
(1—um)(1—wu%2)...(1—uo) ’

PB(U) =

where Qp(u) is a polynomial on u.

2. There exists h polynomials with integer coefficients ®ryo(l), ..., Puyn(l) such that
Hp(lh+1i) = ®p,i(l) for 0 <i<h—1 and!l large enough. We recall that the index
of reqularity of the Hilbert function is the biggest integer | such that Hg(l) # ®m (1),
for any 1.

3. The index of regularity of the Hilbert function equals the degree of the rational fraction
defining the Poincaré series.

Corollary 2.2. [5] Let S be the semigroup generated by ay,. .., a,, and A = K[t ... t%] C
K|[t]. The Frobenius number g(S) coincides with the degree of the rational fraction defining
the Poincaré series Pa(u) by the theorem 2.1.

Proof. The Hilbert function of A is given by

1 ifles
HA(Z):{

0 ifi¢gs.
In particular if aq,...,a, are relatively prime, H4(l) = 1 for [ large enough, and the
Frobenius number coincides with the index of regularity of the Hilbert function H4(1), so
it is the degree of the rational fraction defining the Poincaré series P (u). O

3 Grobner basis

Let ay,...,a, be natural numbers, A = ged(ay,...,a,). We denote by S (resp. §) the
semigroup generated by ay,...,a, (vesp. by ai/A,...,a,/A). Note that the semigroups
rings K[S], K[S] are isomorphic.

Let R := K|x1,...,2,] be the polynomial ring graded by the weights deg z1 = aq,...,degxz, =
apn. We consider <gegreviex the degree reverse lexicographical order with xy,...,x1. The
first statement of the following theorem is an extension to the quasi-homogeneous case of
[4].



Theorem 3.1. Let A := K[t™,... t*]| ~ R/I(S).

1. The polynomial ring K[x1] C A is a Noether normalization. Moreover let G(S) be a
Grébner basis for <peyiex and in(I1(S)) be the initial ideal then

~ a11[4k2a2+...+knan
A @m’;?..mﬁngmu(s»[([t It J

2. The Hilbert-Poincaré series is given by:
koas+...+knan
B Zx’;?...mﬁngm(f(s» Lt

Py(t) 1o

~ Ky kg, B
3. The Frobenius number g(S) = ™= {k2“2+"'+k”“"‘x§2"'m" gin(I(9))}—a1

Proof. 1. We have that for any i = 2,...,n, (%)% — (t*)% = 0, so K[t™,..., %]
is integral over K[t*], both rings have dimension one so K[t*] C K[t™,... t%] is
a Noether normalization, also both rings are Cohen-Macaulay. By the Auslander-
Buschsbaum formula we get that K[t*,... t%] is a free K[t**]-module. This is the
same to say that R/I(S) is a free K[z1]-module. Since R/I(S) is a graded Klz1]-
module, we can use Nakayama’s lemma, hence any K —basis of R/(I(S),x1) gives us a
basis of R/I(S) as a free K[z1]-module. Let G(S) be a Grobner basis for <, epe, and
in(I(S)) be the initial ideal, by definition of <gegrevies, 1 does not divides any of the
elements in in(I(S)). On the other hand Macaulay’s theorem [2][Theorem 15.3]says us
that the set of monomials not in in(I(S)) is a basis of R/I(S) as a free K[z1]-module.

2. It is clear that the Hilbert-Poincaré series of K[t%!] is ﬁ, the Hilbert-Poincaré series
is an additive function, hence we have the formula for the Hilbert-Poincaré series of

A.

3. By 2.1 The Frobenius number of S is the degree of the Hilbert-Poincaré series of A.
O

We have the following consequence which will be important for our algorithm:
Corollary 3.2. We have that
1. Ap(S,a1) = {koag + ... + kpan|ah? .. abn ¢ in(I1(S))}. In particular

d{ak? ol ¢ in(1(9))} = ———
card{af? ..aky & in(1(5)} = s
2. Let s € Ap(S,ay), such that s = ksas+. ..+ kpay, and 56152 coxbn g in(1(S)). Suppose
that s = loas + . .. + l,a, for some natural numbers lo, . .., 1, then CCSQ .. xfl” < revier
lo In
g . T



Proof. We can assume that ged(aq,...,a,) = 1.

1. By the above theorem K[t,... ,t%] ~ @4y K[t*][t*] where H = {koas + ... +
knan|2h? ...k ¢ in(I1(S))}, now we prove that H = Ap(S,a;). Let s € H suppose
that s ¢ Ap(S,ay), hence s —a; € S, by the above decomposition there exists unique
s; € H,l € N such that s — a1 = s; + lay that is s = s; + (I + 1)a; a contradiction
to the direct sum decomposition. Reciprocally, let s € Ap(S,a;), then there exists
unique s; € H,l € N such that s = s; +laq, if [ > 0 then s — a1 € S a contradiction ,
hence s =s; € H.

2. If s = lpag+. ..+ lpayn with (k1,... k) # (I1,..., 1) and 22 ...zl < eper 252 .. zhn
then z52 ... zkn € in(1(S)), a contradiction.

O

Example 3.3. Let n = 2, and aj, as be natural numbers, A = ged(aq,az), we have that

K[t% t%2] ~ K[$1,$2]/($gl/)\ - :Uclu/)‘) it is clear that that :Ugl/)‘ - :Uclu/)‘ is a Grobner
basis of the ideal (xgl/A - x?/)‘) for <,epiez. We have in(:cgl/)‘ — xclzz/A) = (xgl/)‘), hence

-1 al/)\fl tkaQ
K[t" 1] =~ @le/o T K[t®][tk®2], the Poincaré series is given by: Pa(t) = klzoﬁ.

if a1, ay are coprime then the Frobenius number is (a3 — 1)az — a3 = (a1 — 1)(ag — 1) — 1.

4 Frobenius number, Hilbert-Poincaré series, the case n = 3

This section is a short version of [6] and [7].

Let consider three natural numbers a, b, ¢ and S be the semigroup generated by a, b, c.
First, remark that any solution « := (u, v, w) of the Diophantine equation ua + vb+ wec = 0
gives rise to a binomial in the ideal I(.S) in the following way:
we write the vector & = oy — a_, where the components of both a,a_ are nonnegative
then x%+ — x% € I(S5), where x*+ = x(f“xg“xg”. Reciprocally if x* — x? € I(S)
and x“,x% have not common factors then (u,v,w) := o — 3 is a solution of the equation
ua + vb + we = 0.

Second, it is clear that find solutions (u, v, w) of the Diophantine equation ua + vb+we = 0
is equivalent to find solutions (s, p,r) of the Diophantine equation sb — pc = ra.

Let so be the smallest natural number such that (s, 0, 7) is solution of the equation sb—pc =
ra. We set pg = 0.

Let p; be the smallest natural number such that (sj,p1,r1) is solution of the equation
sb — pc = ra, with 0 < s1 < sg. Note that s = wd(ah) and p; = %. The numbers
s1 can be got from the extended Euclide’s algorithm for the computation of the greatest
common divisor of a, b.

a



Let consider the Euclides’ algorithm with negative rest:

S0 = (@251 — 82

S1 = (352 — 83
Sm—1 = m+1Sm
Sm+1 — 0

% >2,s8 >0 Vi
Let define the sequences: p;,7; (0 <i<m+1), by:

Dit1 = Didi+1 — Pi—1 »Ti+1 = TiGi+1 — Ti—1 , (1 <3 < m).

Note that from [7] we have for i = 0,...,m that s;p;+1 — Si+1pi = Sop1 = m. Let
the unique integer such that r, >0 > r, .
Theorem 4.1. ([5/, [6] and [7]) The set
x;“ _ x’iuxgu’ xgwl _ xl_rwrlx;wrl’x;u_5u+lx§u+l_pu _ x;u—wﬂ
is a Grébner basis of I(S) for <replex With T3, T, x1. In particular in(1(S) = (z3, ay* ™ " alrthy,

and
N2\ exp(in(I1(S)) = {(k,1) e N*[0 < k < 8, — 8,11,0 < 1 < ppy1 U

{(k,1) € N2|sﬂ —Sut1 <k <54,0 <1 <puy1 —Dput-

b kb+l1
K[t 1%, ~ &k pyenz\eap(in(r(s) K[ [EF].
In particular the Poincaré series is given by:

kb+lc
_ 2kDeNeap(in(i(s) t

1—1¢@

and if the numbers a,b, c are relatively prime the Frobenius number is

g(S) = max {kb + Ic|(k,1) € N?\ exp(in(I(S))} — a;.

PA(t)

Proof. we can give a new and shorter proof than the one given in the general case in [7]. We
can assume that the numbers a, b, ¢ are relatively prime. Let consider the three elements of
I(S): zyf — ataht aht — g T et e g e TP T Tt then follows that

S Syu—S . . .
= (), T T Bty Cin(1(S). Now we count the numbers of monomial not in

Card(N2 \ exp(J)) = (SM - 3u+1)pu+1 + 3u+1(pu+1 - pu) = SuPu+1 — Sp+1Pp = a.
On the other hand by Corollary 3.2, card(N? \ exp(in(I(S))) = a this implies in(1(S) = J,

s r 1 —7rua1 Su4l  Su—Sudil 1— Tu—Tputl - .
hence the set x5 — z]*aht aht — W it ir T I e TP TR i 4 Grobner

basis of I(S) for <,eyier With z3, 9, z1. The other claims follows from the Theorem 3.1 O



5 Algorithm for the case n > 4

For n = 3, we have seen that the algorithm use only Euclide’s algorithm. Let n > 4. Let

ai,...,ay, berelatively prime natural numbers, .S the semigroup generated by aq, ..., a,. Let
R := K|[x1,...,x,] be the polynomial ring graded by the weights degzy = ay,...,degz, =
an. We consider <gegrevier the degree reverse lexicographical order with z,...,z1, A =

K[t™, ... t%] ~ R/I(S).
The algorithm is inductive on n.

Algorithm 5.1. Frobenius MM-DD:

Input: aq,...,a,

Ouput: The Grobner basis of I(S), the Noether decomposition, the Apéry set of S
with respect to a;. The Frobenius number of S.

Begin

1. For any subset T C {z1,...,x,} such that 1 € T and 3 < card(T") < n — 1 compute
the Noether decomposition as in the Theorem 3.1, where we assume that the ring
KIT] is provided with the induced order of <;cyjes-

2. Fori=2,...,nlet S; the semigroup generated by A\ {a;}. Let G; be a Grébner basis

for the semigroup ring K[S;] as a quotient of K[x1,...,%;—1,Zit1,...,Ty]. For any two
distinct integers i, k € {2,...,n}, let g;; be the small integer such that xzk’i € in(Gy).
Let g = min{gy,li = 2,...,n,i # k}. In order to look for monomials not in in(I(.S)

kn

we need only to check for monomials méQ Sz

have card{azé€2 cab g in(1(S)} = ay.

with k; < g;. Moreover by 3.2 we

3. For i = 2,...,n let S; the semigroup generated by A\ {a;}. Let G; be a Grébner

basis for the semigroup ring K[S;| as a quotient of K|x1,...,Zj—1,%i41,...,2Ty] for
the induced order of <,eye,. For any two distinct integers i,k € {2,...,n}, let gi; be
9k,i

the small integer such that z;"* € in(G;), and g = max {g;|i # k}

4. For i =2 to i = n, and for s = 1 to s = g; check if the monomial z; € in(I(S). Let
g; the small integer s such that =7 € in(I(S).

5. Fors=0tos=7y+...+G, — (n—1) and any monomial M := mSQ ...zFn such that

k; < g, for all i =2, ..., n, check if the monomial M € in(I(S).

6. In both cases, by a simple test we can assume that there is not a proper monomial
M’ € in(I(S) dividing M.

7. The algorithm has a second stop since the number of monomials not in in(I(S) is
exactly aj.



End (of the algorithm).

Let precise the consistence of the steps 4 and 5, since they are similar we only prove the
step 5:

Let supp(M) be the set of integers i such that z; divides M, and supp(M) := {1,...,n}\
supp(M). Let S———= be the semigroup generated by all the numbers a; such that a; €

supp(M)
supp(M). M € in(I(S) if and only if there is a binomial 252 ... zFn — HzEsupp(M)xl e I(9)
such that HzeW(M) il < reviex xé” . xﬁ" This is equivalent to show that there exists

ZZEsupp(M) lia; € Ssupp(M) such that keas+. .. +kpa, = ZZEsupp(M) l;a; and Hzéisupp(M)xl < revies
k2 kn

Let Ay = ged{a;|i € supp(M), and @; = ;—;{ By the theorem 3.1 and its corollary 3.2

we have K[SW] ~ @PL K[t ][t™], where w; € Ap(Sm, a1),w; = Aprtmodaj.
Let p = keao + ... + kpapmoda;. If p ¢ AyN then xk2 .k ¢ in(I1(S)). Otherwise
koag + ... + kpa, = w e + aa, with o« € Z. Let w WIS Zie? l;a; such that
A A pp(M)

HiEsupp(M)xi ¢ in(l (SW)). We have three cases:

1. If o < 0 then z52 .. zkn ¢ m(I(S))

2. If &« > 0 then the binomial xé” . {11
ah? akn so k. akn e in(I(S).

l;
zEsupp(M)xi S I(S) and Hzewx =revlex

3. If a =0, let j the smallest number such that I; > 0,

(a) if j < i for any i € supp(M) then as above x52 . .. zkn — HieW(M)xlii € I(S) and
li k n k n y
HieW(M)xi <revler T2 . xkn g0 ws? .. akn € in(1(9).

ko kn l¢

Tp" <reviex HzESUpp(M)

zeWM)l a; = ZZESupp(M) lla; for some other num-

L
 because I ppany i ¢

(b) If j > i for some i € supp(M) , then we have z
On the other hand if )

bers I/ we have II xl"' <revier 11

U .
in(l (SW)). icsupp(Ti for any natural inte-

gers I}, 1 € supp(M), such that keag +...+kpa, = ZieW(M) lla;, which implies
that =52 ... akn ¢ in(I(S).

i€supp(M)*™e z€supp(M)
ko k

Hence x5% ... 2" <peples 11

i

Our algorithm is complete.

Remark 5.2. Since the number of monomials not in in(I(S) is exactly a;, we will have that
9k.i» Ui, g; are strictly bounded above by a;. Moreover by the same reason go+. . .+g,, —(n—1)
is strictly bounded above by a1, hence the number of tests in the step 4 of the algorithm is

at most a3 and the number of tests in the step 5 of the algorithm is at most a4 (“1:_"1_ 2).
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