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HOLDERIAN WEAK INVARIANCE PRINCIPLE UNDER MAXWELL
AND WOODROOFE CONDITION

DAVIDE GIRAUDO

ABSTRACT. We investigate the weak invariance principle in Holder spaces under some rein-

forcement of the Maxwell and Woodroofe condition.

1. INTRODUCTION AND MAIN RESULTS

Let (2, F, 1) be a probability space and let T': Q — Q be a measure-preserving bijective and
bi-measurable function. Let M be a sub-o-algebra of F such that TM C M. If 6 is a measure
preserving operator and f:  — R a measurable function, we denote S, (0, f) := Z;lz_ol fob
and

W(n, f,0,t) == Spuy(f) + (nt — [nt]) f 0 0I"1), (1.1)
When 6 = T we shall often write Sy, (f) and W(n, f,t). We denote M, the o-algebra generated
by Uicz T'M and M_, = Nicz T'M. We say that the function f € L' is regular if f is
M o-measurable and E[f | M_4] = 0.

An important problem in probability theory is the understanding of the asymptotic behavior
of the process (n~'/2W (n, f,t),t € [0,1]),>1. Conditions on the quantities E[S,(f) | TM] and
Sn(f)—E[Sn(f) | T~"M] have been investigated. The first result in this direction was obtained
by Maxwell and Woodroofe [MV\'(J(J]: if f is regular, M measurable and

Z EEAGIEV )

n3 /2

then (n=1/28,,(f))n>1 converges in distribution to n? N, where N is normally distributed and
independent of 1. Then Volny [Vol06] proposed a method to treat the nonadapted case.
Peligrad and Utev [PUO05] proved the weak invariance principle under condition (1.2). The
nonadapted case was addressed in [Vol07]. Peligrad and Utev also showed that condition (1.2)

is optimal among conditions on the growth of the sequence (||Sn(f) [ TMll,), 5, if
—+o0
150 () | TM]lly _
Z an, pEY < oo (1.3)
n=1

for some sequence (a,),>1 converging to 0, the sequence (n='/2S,,(f))n>1 is not necessarily

stochastically bounded (Theorem 1.2. of [PU05]). Volny constructed [Voll0] an example

satisfying (1.3) and such that the sequence (HSn (f)||;1 Sn(f)) admits two subsequences
n>1

which converge weakly to two different distributions.
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Let us denote by H, the space of Hélder continuous functions, that is, the functions
z: [0,1] — R such that [z[;, = supgcscicq [2(t) — ()] /(t — 8)* + |2(0)] is finite. Since
the paths of Brownian motion belong almost surely to H, for each a € (0,1/2) as well as
W (n, f,-), we can investigate the weak convergence of the sequence (n='/2W (n, f,-))n>1 in
the the space H,, for 0 < o < 1/2. The case of i.i.d. sequences and stationary martingale
difference sequences have been adressed respectively by Rackauskas and Suquet (Theorem 1
of [RS03]) and Giraudo (Theorem 2.2 of [Girl5]). In this note, we focus conditions on the
sequences (E[S,(f) | TM]),,5; and (Sn(f) — E[Sn(f) | T7"M]),;-

Theorem 1.1. Let p > 2 and f € LP be a reqular function. If
— IE[Sk(f) | TM]|, _ =, ||Sk(f) = E[Sk(£) | T-*M]], _

13/2 05 13/2 05
k=1 k=1

(1.4)

then the sequence (n=/?W (n, f))n>1

W is the Brownian motion and the random variable n is independent of W.

converges weakly to the process n*W in Hi/2-1/p, where

The expression of 7 is given in Theorem 1 of [MTKO08]. Of course, if f is M-measurable,
all the terms of the second series vanish and we only have to check the convergence of the first
series.

Remark 1.2. If the sequence (f oT7);>0 is a martingale difference sequence with respect to the
filtration (T~*M), then condition (1.4) is satisfied if and only if the function f belongs to L?,
hence we recover the result of [Girl5]. However, if the sequence (f o T7),>¢ is independent,
(1.4) is stronger than the sufficient condition "y {|f| > ¢t} — 0. This can be explained by the
fact that the key maximal inequality (2.7) does not include the quadratic variance term which
appears in the martingale inequality. In Remark 1 after Theorem 1 in [PUWO07], a version
of (2.7) with this term is obtained. In our context it seems that it does not follow from an
adaptation of the proof.

Remark 1.3. In [Girl5], the conclusion of Theorem 1.1 was obtained under the condition
SR ITM] —E[f | TH M|, < oo (1.5)
i=1

Using the contruction given in [DV08,Dur09], in any ergodic dynamic system of positive entropy

one can construct a function satisfying condition (1.4) but not (1.5) and vice versa.

Remark 1.4. For the p-mixing coefficient defined by

p(n) = sup {Cov(X,Y)/(IX |, [Yl5), X € L*(o(f o T",i <0),Y € L*(a(f o T",i = n))},

Lemma 1 of [PUWO07] shows that for an adapted process, condition (1.4) is satisfied if o0 | p?/P(2")
converges. However, the conclusion of Theorem 1.1 holds if t?u {|f| > ¢t} — 0 and Y-, p(2")
converges (see Theorem 2.3, [Girl4]), which is less restrictive.

It turns out that even in the adapted case, condition (1.4) is sharp among conditions on
IE[Sk(f) | TM]|, in the following sense.
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Theorem 1.5. For each sequence (an)n>1 converging to 0 and each real number p > 2, there
exists a strictly stationary sequence (f o T7) ;>0 and a sub-c-algebra M such that TM C M,

oo

3 S IS (f) | TM]l, < oo, (1.6)
=1 n /

but the sequence (nil/QW(n, 7 t)) is not tight in Hi/2_1/p-

n>=1

Remark 1.6. Using the inequalities in [PUWO07] in order to bound ||E [S,(f) | TM]||,, we can
see that the constructed f in the proof of Theorem 1.5 satisfies the classical Maxwell and
Woodroofe condition (1.2) (the fact that p is strictly greater than 2 is crucial), hence the weak
invariance principle in the space of continuous functions takes place.

However, it remains an open question whether condition (1.6) implies the central limit
theorem or the weak invariance principle (in the space of continuous functions).

2. PROOFS

The proof of Theorem 1.1 will follow the same strategy as in [PU05]. We start by the adapted
case. We want to approximate the partial sum process (n_l/ 2W (n, f))n>1 by a similar process
associated to a stationary martingale difference. The approximating martingale is the same
as in Section 2.4 of [PU05], and we have to check that it approximates (n=2W (n, f))n>1 in
the sense of the topology of H;/5_1/,. To this aim, we establish a maximal inequality which
allows to control the L?”:*°-norm of the Holderian norm of the function ¢t — W(n, f,T). We
then exploit ideas of [KV07] to address the non-adapted case.

Notice that condition (1.4) implies by Theorem 1 of [PUWO07] that the sequence (n=28,(f))n>1
is bounded in IL?, nevertheless the counter-example given in Theorem 2.5 of [Girl4] shows that
we cannot deduce the weak invariance principle from this.

2.1. A maximal inequality. For p > 2, we define

1
h = ———E|[|h| 14]. 2.1
|| Hp,oo jlell:])-‘ M(A)lfl/p [| | A] ( )
nw(A)>0

This norm is linked to the tail function of h by the following inequalities:

1/p 1/p
(sl > 0) <l < 25 (swpen il =0) . @2)
t>0 p—1 \t>0
As a consequence, if N is an integer and hy, ..., h, are functions, then
p 1/p
s | < TN 23

For a positive n > 1, a function f: 2 — R and a measure-preserving map 6, we define

S;(0.F) — S:(0. f
M(n, 1,0) = oé?ffin| J((j_%m(up 1 (2.4)

By Lemma A.2 of [MSR12], the Holderian norm of polygonal line is reached at two vertices,
hence

M(nva 0) =n!/271/r ||W(TL, faea') (25)

HHl/z—l/p
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Applying Proposition 2.3 of [Girl5], we can find for each p > 2 a constant C, depending
only on p such that if (m o T"%);>; is a martingale difference sequence, then for each n,

1M (n,m, T)ll, o < Cpn/? [[ml],, (2.6)

In the sequel, fix such a constant C,, and define K, := 4 + 21/P.
The goal of this subsection is to establish the following maximal inequality.

Proposition 2.1. Let r be a positive integer. For each measure-preserving map T: Q — Q
bijective and bi-measurable, each sub-o-algebra M satisfying TM C M, each M-measurable
function f: Q — R and each integer n satisfying 2"~ < n < 27,

r—1

1M, f, Ty oo < Con/P | 1f =ELf | TMI|, + K Y 272 |[E (S (f) | TM]

Jj=0

Iy |- (27)

The proof is in the same spirit as the proof of Theorem 1 of [PUWO07], which is done by
dyadic induction. To do so, we start from the following lemma:

Lemma 2.2. For each positive integer n, each function h: Q — R and each measure-preserving
map T: Q — Q, the following inequality holds:

1

k
M(nh, T) < 6 max [hoT*| + 5

M({g],thhoT,T?). (2.8)

Proof. First, notice that if 1 < j < n, then j =2 [%} or j =2[4] + 1, hence

. _ ) k
]SJ (h) 82[%](h)‘ < max [noT"|. (2.9)
Similarly, we have
Si(h) — Sz[igz](h)‘ <2 max |hoT"|. (2.10)

It thus follows that

[Sag)(A) = 8232 ()|

k
M(n,h,T) < 40??§n|hoT |—|—O<Iln<an<n G (2.11)
Notice that if j > i + 4, then
j 1+ 2 ji—1
1< |2 — < , 2.12
-1+ <% 212
and we derive the bound
52[1](h)—52[ﬁ](h)‘ 1 |Su(T2, b+ hoT) — Su(T? h+ hoT)|
max 2 2 < max +
0<i<j<n (j —i)L/2=1/p = 91/2-1/p 0<u<v<[2] (v —u)l /2= 1/p
+ OgI?nggn Sz[%](h) — 82[i§2](h/)’ .

J<it4
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Since for j < i+ 4, the number of terms of the form hoT? involved in S. [;]( )— Sz[i+2] (h) is
2

at most 2, we conclude that

Syl3](h) = 52[#]@)‘ 1
max <
0<i<j<n (j — Z‘)l/Q*l/p 21/2—1/p

M ([5] n+hoT,T?)+
+2 max |hoT"|.
0<k<n

Combining this inequality with (2.11), we obtain (2.8), which concludes the proof of Lemma 2.2.
O

Now, we establish inequality (2.7) by induction on r.

Proof of Proposition 2.1. We check the case r = 1. Then necessarily n = 1 and the expression
M (n, f,t) reduces to f. Since C}, and K, are greater than 1, the result is a simple consequence
of the triangle inequality applied to f —E[f | TM] and E[f | TM].

Now, assume that Proposition 2.1 holds for some r and let us show that it takes place for
r 4+ 1. We thus consider an integer n such that 2" < n < 27! a function f: Q — R, for
each measure-preserving map 7: Q0 — Q bijective and bi-measurable, and a sub-c-algebra M
satisfying TM C M and we have to show that (2.7) holds with r + 1 instead of r. First,
using inequality M (n, f,t) < M(n, f —E[f | TM]) + M(n,E[f | TM]) and Lemma 2.2 with
h:=E[f | TM], we derive

M(n, £.T) < M (n.f ~E[f | TM].T) + 6 max [E[f | TM]oT*| +
1 n 9
+ 57 M ([5} E[f | TM]+E[f | TM]oT,T ) . (2.13)
hence taking the norm |||, ., we obtain by (2.2) that

M (1, f, )l oo < 1M (0, f=E[f [ TM], T, +6(n+1)1/pp [ELf T TM],+

HM([ } ]E[f|TM]+E[f|TM]oT,T2)

21/2 = (2.14)

p,00
By inequality (2.6) and accounting the fact that 6 - (n +1)/Pp/(p — 1) < C,n'/P, we obtain
1M (n, f, Tl o < Cpn/? ||f ~E[f | TM], + Con" /P [ELf | TM]||, +

HM([ } E[f|TM]+E[f|TM]oT,T2) (2.15)

21/2 1/p

p,o0

Since 2"~ < [n/2] < 2", we may apply the induction hypothesis to the integer [n/2], the
function h :=E[f | TM]|+E[f | TM]oT, the operator T? and the o-algebra T M. This gives

{ r/pHM([ } hT2)H <Gy |h—E[n|T*M]|, +

r—1
+CpKy Y 272 |[E [Sos (T 0) | TPM]]| . (2.16)
j=0
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Notice that || —E [ | TM]|| < 2|4, < 4|[E[f | TM]|,, and that S; (T%, h) = Sai+: (E[f |
TM)]), hence using the fact that T3M C T M, we derive

51 e (5] ), < aenrms 1 7o ¢

r—1
+Cp, S 272 ||E Sy (TLELf | TM]) | TM]|,
7=0
= 4Gy |E[f | TM]],
+2'2C,K, Z 279/2|[E Sy (T, E[f | TM]) | TM] I,
j=1
and we infer

n

e ((5].n?)| < (5)" - Ky e | 7001,
+ nl/p21/2—1/pcpKi2—j/z IE [Soi (T, f) | TM]||p. (2.17)
j=0

Pluggling this into (2.15), we derive
1M (0, £, Tl 0 < ConP |If =B | TMl, + Gy /(14 (4= Kp)27 /) B [f | TM]||, +

+ntPC K, > 27 B[Sy (T, f) | TM]||, (2.18)

Jj=0

The definition of K, implies that 1 + (4 — K,)27 /P = 0, hence (2.7) is established. This
concludes the proof of Proposition 2.1.
O

2.2. Martingale approximation. In this section, we recall the construction of the approx-
imating martingale given in [PU05] and we shall derive tightness of (n=Y2W (n, f,T))n>1 in

Hij2-1/p-
For a fixed positive integer r we define the functions
r—1 ) 1
for=Y_foTl, my:=—=(f —E[f, | T"M)). (2.19)
Jj=0 \/F

Notice that E[m, | T"M] = 0, hence the sequence (m, o T );>o is a strictly stationary
martingale difference sequence for the filtration (T""M);>o. Therefore, by Theorem 2.2 of
[Girl5], the process n~Y/2W (n,m,., T") converges in distribution in Hi/2-1/p to n-W, where
7y is independent of the Wiener process W. By the arguments after equation (12) in [PU05],
the convergence lim,_, H\/n_r -1 H2 = 0 takes place. Therefore, we have to check in view of
Theorem 4.2 of [Bil68] that

lim limsupc(r,n) =0, (2.20)

T n—oo
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where

(n, f,T) — Lw(mmfﬁ) (2.21)

Hf (2]

Hije—1/p P

For each r,n > 1, we have

e(rn) < (1 -, /[_L> ol [LACT AT
Wn, f, T 2o, T
e lnsm - (] vr o)

By Proposition 2.1, we have

+oo
<(1— ﬁ) Cy [ IIf = ELf | TM]|, + K, > 2792 [E[So (f) | TM]I, |, (2.23)

J=0

+

(2.22)

‘Hl/z—l/p »

<

T

hence it suffices to show that

lim limsupc(r,n) =0, (2.24)
r—00 p—oo
where
= |lwon-w ([ e )| 22
r Hisz-1/pllp oo
By (2.19), we have /r - m, = f, — E[f, | T"M] hence
d(r,n) < ‘W(n,f, T)-W ({E} 7fT,TT) ‘ +
[%] r r Hij2—1/p p,00
HH E[f, | T"M],T ) = a(r,n) +b(r,n). (2.26)
/ His2—1/pllp, 0o

We shall use the following elementary lemma several times.

Lemma 2.3. Let p > 2 and let f be a function in LP. Then

k
max |foT"|

lim n~'/?
n— o0

= 0. (2.27)

P,

Proof. Let R > 0 be fixed; then

omax |foTH < R+ max [(f1{f]> R})oT",

hence using inequality (2.3), we get

R

n=t/p
nl/P

~

P n+1
G NI

max
O<k<n|f
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Taking the limsup as n goes to infinity and using the fact that [|g||, , < ||g[|, for any function
g, we infer that

I U/ T < Lo {f > Ry
msupn 7 |l max |foTH)| < ST LU > B,
We conclude by monotone convergence as R is arbitrary. O

e Control of a(r,n): let us define for n > r the sets

I::{%HE{O,...,n}} and J == {ﬁue{om}} (2.28)

Notice that the random function W (n, f,T)—W ([n/r], fr,T") is piecewise linear, and
the vertices of its graph are at points of abscissa in I U J, hence

—_

(W(n, f,T.8) =W ([2], f, T",1)

a(r,n) = sup
(r,m) [2} ~lswetos { s — t|1/271/p
T s#t

=:max {d’(r,n),a" (r,n)}, (2.29)

p,o0

_W(nvaT’S)_W([%} 7fT7TT’S)‘}

|S _ t|1/271/p

where in a/(r,n) (respectively a”’(r,n)), the supremum is restricted to the s,t € TUJ
such that |t — s| > 1/n (respectively < 1/n), which entails

nl/2—1/p

a'(r,n) < 2——— sup ‘W(n, f,T,t)—W ([2} ,fT,TT,t>H ) (2.30)
[2} P teIUJ r P00
For each i € {0,...,n}, we have

. . i—1 [[2]£]—
‘W(n,f,T,%) —W(m fT%)’ _ l;foTl— ; froTl = (2.31)

(- [ sortes
S st er s lrot
=r{(7]4) o

and since the number of indices in the sum is at most 7(1 4+ 1/n) < 2r, we derive that

N

. (232)

n T k
Stg? W(n,f,T,t)—W([;} Ny A ,t)’ §3r0r<n]?é<n‘foT | (2.33)

Treating the supremum over J in a similar way, we obtain, in view of (2.30),

nl/2—1/p

7]

a'(r,n) <67 - max |f o T"|

0<k<n

: (2.34)

p,o0
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hence
1
: / . k
hTIlnﬂsOLipa (ryn) < 6r hglj;p ey Orgnl?%(n ‘f oT ’ - (2.35)
By Lemma 2.3, it follows that
limsup a’(r,n) = 0. (2.36)
n—r oo
Next, we bound a”’(r,n) by
1 sup |W(7’L, faTvt)_W(nvaTa S)|
[ﬂ] r || siterug |s—t|1/2_1/p
P e si<a/n boo
1 Wzl -w (sl
+ sup 2=1/p (2.37)
[2} r |l s,terug |s — ¢
P e zsi<aym

p,o0

Let s,t € TUJ be such that 0 < t —s < 1/n. Then we either have k < ns <nt < k+1
ork—1<ns<k<nt<k+1for somek € {0,...,n —1}. In the first case,

|W(n7f7Tat)_W(nafaT75)| _ ’foTk’
o = (nt = ms) T
< n(t _ S)1—(1/2—1/1)) ‘f o Tk|
< n'/?271P max ’foTj‘ ,

0<jsn
and in the second one, we have
|W(7’L, fu t) — W(n7f78)| < |W(7’L, fu t) — W(?’L, fu k/”)' + |W(7’L, fu k/n) — W(?’L, fu S)|
|S—t|1/2_1/p = |t—k/n|1/2_1/p |]€/7’L—S|1/2_1/p
_(nt—k)’foTk} (k—ns) |foTF 1|
- |t_]€/n|1/2_1/p (k/n_8)1/2—1/p

< 2n'/?71/P max ’foTj‘ .
0<jsn

As a consequence, the following inequality holds:

1 sup |W(n7f7t) _W(n7 f7 S)| < 2\/ﬁ max ‘fOT_]’ n—l/p (2 38)
" _ 1/2-1/p = n 0<i<n ’ ’
[_] r || steIug |s —t] [_} p 110<5< oo

AT 12 si</n o v

Using a similar bound for the second term in (2.37), we obtain by Lemma 2.3, that for
each r > 1,

lim a”’(r,n) =0. (2.39)

n—oo

By (2.29), (2.36) and (2.39), we finally obtain

lim limsupa(r,n) = 0. (2.40)

T n—oo
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e Control of b(r,n): by Proposition 2.1, we have the following upper bound:

+oo
b(n. ) < Cp | —= IELS,(£) M, + B Y272 |ES,e (F) | M, | - (241)

Vr Ve
To conclude, we recall Lemma 2.8 of [PU05]:

Lemma 2.4. Let (Vy)n>1 be a subadditive sequence such that 220:1 Von3/2 < 0.
Then

. 7‘2’C _
Tli)r{.lo \/_ E 2k/2 =0. (2.42)
In particular, V,.//r = 0 as r — oo.

Since the sequence (HIE[S’n( 3l T/\/l||p) . is subadditive, from inequality (2.41)
and Lemma 2.4 we derive -

lim limsup b(n,r) = 0. (2.43)

T n—oo

Combining (2.40) with (2.43), we obtain (2.24).
This concludes the proof of Theorem 1.1 in the adapted case.

2.3. The non-adapted case. In [Vol06], a method to prove the central limit theorem under
the condition

E[SK(f) | TM]| I15%(F) ~BISe () | T*M]|, _
Z k3/2 - Z k3/2 : (2.44)

is proposed. The idea is the following: one writes f = f' + f”, where f' = E[f | TM] and
applies a transformation V to the process (U®f”) in such a way that (U‘V f”) is a adapted

sequence. The mapping V is defined as

Vh:=Y U 'RU A, (2.45)
i€l
where Py(h) :=E[h | M] —E[h | TM].

Notice that the operator V is not necessarily a point mapping (see section 3 of [KV07]).
Therefore, deducing the non-adapted case from the adapted one is not immediate.

Volny proved the functional central limit theorem under (2.44) in [Vol07]. The idea is to
write the maximal inequality (5) in [PUO05] with the notion of contraction. We follow this
approach and begin by recalling the definition of contraction operators. Let H be a subspace
of IL? for which UH C H. We associate to the operator U a semigroup of contraction operators
(Prw)k>1 on H which satisfy:

(1) Ppx = Pk for each k > 1
(2) PrU =1 (where I is the identity operator);
(3) if Prf =0, then (U'f);>0 is a martingale difference sequence.

Writing Pr =: P, we are able to write Proposition 2.1 in a more general form.
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Proposition 2.5. There exist constants C, and K, depending only on p such that for each
f€H and each n > 1,

[logy n] 271
M, £, )00 < Cont/? | [[f = U P, +Kp Do 2792 PN ) (246)
j=1 i=0

p

The proof can be done in a similar way as that of Proposition 2.1. The later corresponds
to the particular case H = LP(M), Pr(f) = E[Uf | M] and the operator U is then replaced
by U~!. From this, we may deduce the following:

Corollary 2.6. Let f € H be such that

e’} 7.1_ Pz
> 7\!2;3/;% < 0. (2.47)

n=1
Then the sequence (n~Y2W(n, f,T))n>1 is tight in Hijo—1/p- In particular, if f € LP is
M -measurable, E[f | M] =0 and

> [[Sk(f) = E[Sk(f) | T~*M
> |5 k’;/g I, < o0, (2.48)

1

k—
then the sequence (n='/2W(n, f,T))n>1 is tight in Hij2—1/p-

Proof. We define H := {h € LP(M),E[h | M] = 0} and Pph := U *h —E[U"*h | M]. Tt is
checked in the proof of Proposition 2 of [Vol07] that such a Pr satisfies the conditions (1)-(2)
and (3) of the definition of a semigroup of contractions. We then conclude in a similar way as
in the adapted case. g

End of the proof of Theorem 1.1. The proof of the convergence of the finite-dimensional dis-
tributions under condition (2.44) is addressed in Theorem 1 of [Vol07]. It remains to check
tightness. We define f’ := E[f | M] and f” := f — E[f | M] and we have to check that the
sequences (n~Y2W(n, f',T))n>1 and (n=Y2W (n, f",T))n>1 are tight in Hy/o_1,,. Tightness
of the first sequence follows from the results of Subsection 2.2. That of the second sequence is
a consequence of Corollary 2.6. This concludes the proof of Theorem 1.1. O

2.4. Counter-example. We take a similar construction as in the proof of Proposition 1 of
[PUWO07]. We consider a non-negative sequence (an)n>1, and a sequence (ux)r>1 of real
numbers such that

up = 1,u0 = 2,u£/2+1 +1 < ugyq for k > 3 and a; < k=2 for t > uy. (2.49)

Notice that since p > 2, the conditions (2.49) are more restrictive than that of the proof of
1+p/2
J

otherwise. Let (Yy)r>0 be a discrete time Markov chain with the state space Z* and transition

Proposition 1 of [PUWOT7]. If ¢ = u; for some j > 1, then we define p; := cj/u and p; =0
matrix given by py -1 =1for k > 1 and pg j—1 := pj, j = 1. We shall also consider a random
variable 7 which takes its values among non-negative integers, and whose distribution is given
by p(r = j) = p;. Then the stationary distribution exists and is given by

mj=m »_ pij > 1, where m = 1/E[r]. (2.50)
i=j+1
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We start from the stationary distribution (7;);>0 and we take g(z) := 1lz—g — mo, where
7o = p{Yy = 0}. We then define f o 77 = X, := g(Yj).

It is already checked in [PUWO07] that the sequence (X;);>o satisfies (1.6), where M =
o(Xk, k<j)and S, = 2?21 X;. To conclude the proof, it remains to check that the sequence
(n=Y2W (n, f,T))n>1 is not tight in #;/2_1/,. To this aim, we define

ToZO,Tk:min{t>Tk71|}/t:O}, Tk:Tk—Tk,17k21. (251)

Then (7% )k>1 is an independent sequence and each 7 is distributed as 7 and

k
St, = Z(l — 7T0Tj) =k — moTk. (2'52)

Jj=1

Let us fix some integer K greater than E[r]. Let 6 > 0 be fixed and n an integer such that
1/n < §. Then the inequality

1 1S5 — S| 1
- > <
(nK)l/pogirgJig%K G—i)2=1/r = (nK)l/p]-{Tn < Kn} x
j—isn
St — S
< max 15T = 5n] 1{|T\ — Th1| < n6}  (2.53)

1<k<n (T, — Tj—q1)/2-1/p

takes place. By (2.51) and (2.52), this can be rewritten as

1 1S; — Si 1

(nK)l/Pogiril?%(%K G —)i2=1/p = (nK)i/r
Jj—isn

1{T, < Kn} x

|1 — 7o
s <
B,y s nod (@25

Defining for a fixed C the event

1 —mor
A, (C) := {Ll/zi_f/pl > C(Kn)l/P} N{r < né}, (2.55)

we obtain by the remark before equation (2.52)

1 S — Si

(nK)/» 0<i<ienK (j —)t/2=1/p
j—i<no

i >C0% 21— (1 p(An(©)" — u{Tn > Kn}. (2.56)

By the law of large numbers, we obtain, accounting K > E[7], that

, 1 |S; — Sl . n
J > > — — . .
hinsupu ORLE o max G- 2 Ci > 117rlnsup 1—(1—pu(A.(C))) (2.57)
Jj—ig<nd
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We choose C' := my/(2K'/P). Considering the integers n of the form [u§p+2)/2], we obtain in
view of (2.57) :

lim sup p 1 max 19 — il > 0 >
300 (nK)V/po<i<j<nk (j —i)1/2-1/p = 2K1/p [ 7
j—i<nd
u(P+2)/2]
J
> limsup 1 — (1 —u(A [u /2] (Fo/(2K1/p)))> . (2.58)
Vimde J

Since 7 > 1 almost surely, the following inclusions take place for n > (2/m)?:

An(wo/(2Kl/P)) ) {w071/2+1/1’ — e 7T0/(2[{1/17)(Kn)l/p} N{r < nd}

1/p
> {T”2+1/P > /2} N {r < nd}

0

D {71/2+1/” > nl/p} N{r < nd}
— {n2/(p+2) <7< n5} .
Consequently, for j large enough,

2/(p+2)
(A s (0 (K7) > 1 { [ 7?] <7< [ufrt?]s } (2.59)

Since 7 take only integer values among w;’s and [u § < ujpr (by (2.49)), we obtain in

view of (2.58), that

(_p+2)/2}
J

1, 1 |Sj — Szl S o
PRIPE ()P o<iciank (j — )1/2-1p = 2Ke [ ©
j—i<ns
. [u(P+2)/2]
>limsupl — (1 — p{r=u;})L"
Jj—o0
1—p/2 [“(”2)/2}
=1 — liminf (1 —cju; —»/ ) ’ (2.60)
j—00
Noticing that for a fixed J,
[u(_r'+2)/2} [u(_r'+2)/2}
lim inf (1 - cju;lfp/z) ’ < limsup (1 - cJu;“P/Q) ’ —e ¢ (261)
j—00

Jj—o0

we deduce that the last term of (2.60) is equal to 1, which finishes the proof of Theorem 1.5.
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