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Range and critical generations of a random walk on
Galton-Watson trees

Pierre Andreoletti*, Xinxin Chen'

June 21, 2016

In this paper we consider a random walk in random environment on a tree and focus on the bound-
ary case for the underlying branching potential. We study the range R, of this walk up to time n and
obtain its correct asymptotic in probability which is of order 1/ logn. This result is a consequence of
the asymptotical behavior of the number of visited sites at generations of order (log 7)?, which turn out
to be the most visited generations. Our proof which involves a quenched analysis gives a description

of the typical environments responsible for the behavior of R,.

1 Introduction

Let us consider a random walk with a random environment given by a branching random walk. This
branching random walk is governed by a point process £ := {A1, Ay, - - - , AN} on the real line, where
N is also random in IN U {oo}. The initial ancestor (i.e. the root), denoted by ¢, gives birth to N children
with displacements Aj, Ay, - - -, Ay they form the first generation. Then, for any integer n > 1, each
individual in the n-th generation gives birth independently of all others to its own children in the
(n + 1)-th generation. Their displacements are given by independent copies of L.

We thus obtain a genealogical tree, denoted by T, which is a Galton-Watson tree with offspring N.
For each vertex (individual or site) z € T, A(z) denotes its displacement and V/(z) its position with
respect to the root. If y is the parent of z, write 7 = y, also if y is an ancestor of z, write y < z. V can

then be written as

V()= ). A,

Pp<y=z

with V(¢) = 0. In particular £ = {V(z), |z| = 1}, with |z| the generation of z.
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The branching random walk (V(z),z € T) serves as a random environment £ (also called random
potential). Conditionally on the environment £ = (V(z),z € T), a random walk (X, n € N*, Xy = ¢)
starting from the root and taking values on the vertices of T can be defined, with probabilities of

transition:

., if uisachild of z,
(1.1) pf(z,u) =

—vqy, if 1 is the parent of z.

For convenience, we add a parent ? to the root and assume that (1.1) holds also for z = ¢ with
(9.9 =1.
Let P be the probability measure of the environment and P*, the probability conditioned on the sur-
vival set of the tree T (which is assumed to be supercritical, see (1.2) below) Let P¢, the quenched
probability measure of this random walk that is P (-) := P(:|€) and P(+) := [P¢®@)(.)P(dw) the
annealed probability measure. Similarly we also define IP* with respect to P*.
The walk (X, n € IN*, Xy = ¢) belongs to the family of biased random walks on a tree first introduced
by R. Lyons ([20] and [21]). In our case where the bias is random, the first references go back to R.
Lyons and R. Pemantle [22] and M.V. Menshikov and D. Petritis [24]. These works give a classification
of these random walks on a regular tree in term of recurrence criteria, their results are extended lately
for Galton-Watson trees by G. Faraud [12]. This classification which can be determined from the fluc-
tuations of the log-Laplace transform ¢ defined below is resumed in Figure 1. Assume that there exists
6 > 0, such that Vs € [—1,1 4+ 0]

P(s logE< Z:: ) < o0,

where }_ ;| with k € N means sum over all the individuals z of generation k.

Transient

5
2
=
\o\

Positive Recurrent

> 0 Positive recurrent

= 0 Null recurrent

< 0 Null recurrent

Figure 1: Recurrence criteria for (X, n)

In this paper we focus on the boundary case for the environment (in the sense of Biggins-Kyprianou
[9]), thatis :

(1.2) EN]>1, y(1)= IOgE{ Y e—V(Z)] =0, (1) = E[ Y V(Z)E_V(Z)} -0

|z|=1 |z|=1



Notice that the first hypothesis E[N] > 1 implies that we work on a supercritical Galton-Watson
tree. In particular (Xn;n > 0) can not be reduced to the one-dimensional random walk in random

environment. Also we need additional hypothesis given below : there exists 8 > 0 such that

(1.3) E[ y e*<1+9)V(z>] +E[ y e"V(Z)] <o
|z|=1 |z|=1
(1.4) E[( Y (1+ |V(u)|)e_V(”))2] <oo.
|z|=1

The hypothesis (1.4) will be required in Lemma 4.3. But the hypothesis (1.3) is more elementary which
gives finite exponential moments.

Itis proved in [12], see also Figure 1, that the random walk X is null recurrent under (1.2). Moreover
in this case X is very slow, indeed Y. Hu and Z. Shi [15] (see also [13] with G. Faraud ) proved that
the largest generation visited up to time n, X := maxi<, | Xi| behaves in (logn). In fact it is the
slowest null recurrent random walk in random environment on the tree, the other cases that is when
¢'(1) < 0 being diffusive or sub-diffusive but without logarithmic behavior (see [16], [12], [3]). One
of the questions raised by the authors at this time was : is (logn)? the typical fluctuation of this walk,
that is of | X,| for example ? If we now look at the largest generation entirely visited M,, := max{k >
1:{|z| =k} C {X;;0 <i < n}}, thenitis of order logn as shown in P. Andreoletti and P. Debs [5],
and we could also ask here the same question. It turns out that neither of the two is the good answer.

A first result in that direction is obtained in the work of [6]. For any z € T, define
(1.5) T,=T!:=inf{m>1:X, =z}and T := inf{m > TF1: X, = z},Vk > 2.

Then for any generation ¢ > 1, the number of sites visited at this generation up to time 7 is given by

We also introduce the same variable stopped at the n-th return to the root:
Ky(£) := NT£(€).

It is proved in [6] that the typical generations which maximise the number of distinct visited sites
are of the order (logn)?:
E (Ky((logn)?)) B

(1.6) Jim Ko((Qog10)] — ™ v # 1and E (K,((logn)?)) < n/logn .

They also notice that only the sites such that the branching potentiel V() is high enough (typically

larger than log n) are of importance. That is to say produce the main contribution for E (K, ((log n)?)),

In [6] the lower bound obtained is actually a little smaller than 7/ log n.
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conversely the sites with low potential are mostly visited but there are very few of them (typically of
order 1/ (log n)? compared to n/ (log 1)). More recently, in [18], it is proved that (log n)? is actually the
right normalisation for the generation of X at the instant #, this unexpected behavior makes us think to
the one dimensional case of Sinai’s walk [26]. However the walk on the tree has its own particularities,
for example, contrarily to the one-dimensional case which remains in the site of low potential, it can
reach height of potential of order (logn)? (see [17]).

Another motivation, as working on the tree, is to understand more precisely the way the walk
spread on the tree so we turn back to the number of distinct visited sites. The main lack in the paper
[6] is first that nothing precise is said on the behavior in probability of N, (neither for K,), and that
their annealed results say few things on the typical behavior of the potentials leading to this critical
(log n)2-th generation. Our results here bring answers to these points.

We have split our results into two parts, the first subsection below deals with the normalization
for the number of distinct visited sites per critical generation as well as for the total number of distinct
visited sites up to time n. The second subsection is devoted to a quenched results making a link
between the range of X and the behavior of the environment. In a the third subsection we present the

key ideas of proofs.

1.1 Annealed results

Our first theorem shows that the behavior in probability of the number of distinct visited sites at critical

generations is of order n/ (logn)3.

Theorem 1.1. For any integers ¢ = £(n) such that lim,_ |« (log%)z = v > 0, there exists a positive constant

A(y) > 0 such that as n — oo,

(1.7) (loi n)’ N, () =2

where 0% := E [Z\x\zl Vz(x)e_v(x)} € (0,00) by (1.3).

The function A(7y) can be written explicitly (see below (1.21)), it is related to the convergence of
variables depending only on the environment. This theorem is the consequence of the behaviors of K,
and of the local time at the root. To be more precise, let us introduce the derivative martingale (D,,, m)

given by

(1.8) D,, := Z V(z)eiV(Z),
|z|=m

and denote its almost sure limit by D, (see [9] for its existence and [11] for its positivity under P*). The
behavior in probability of K, is given by



Theorem 1.2. For any ¢ = {(n) such that lim,_, @ =v5>0,

2 . «
(1.9) (loin) K () ™5 A(1)pE (¢, ¢ ) Deo.

If we compare this results with the behavior in mean (see (1.6)), a multiplicative (logn) appears.
It comes from the behavior of the branching potential which typically remains positive in probability
(see 2.1) reducing the number of possible visited sites.
Also the main difference between N, (¢) and K,(¢) comes essentially from the normalisation. The
additional log n which appears above for K;,(¢) comes from the local time of X at the root of the tree, it
is indeed proved in [18]:

Proposition 1.3 ([18]).
in £
— 4D ,
nlogn P9

(1.10) 9)/02.

Instead of one critical generation, we now turn to consider the total number of visited sites, in other
words, the range of the random walk:
Ryi= ) Lir.<ny-
zeT
Following (1.6) and Theorem 1.1 we can ask wether or not critical generations contribute mainly to
R, ? The answer is yes : Proposition 1.4 below states that for non-critical generations, the total number
of visited sites contributes to something negligible compared to 1/ log n, while the range R, is of order

n/ logn in probability, as stated in Theorem 1.5.

Proposition 1.4. Forany é > 0,

lim lim sup IP [( Z Lir<ny + Z ]l{ngn}) > on/ log n} =0.

€70 neo 12| <e(log )2 |2|> (log )2 /¢

So as the main contribution comes from generations of order (logn)?, we have that with high
probability, Ry = Y(1ogn)2<r<(logn)?/e Nn (¢) with e | 0. As a consequence we obtain the following

result for the range of X :

Theorem 1.5. We have

(1.11)

where A := [;° A(7y)dy € (0,00).
Remark 1.6. In fact, once again by Proposition 1.3, this theorem follows from the following convergence:

Rry iy pe —
7¢ = ApE (¢, ¢ ) Deo.

Also, the integrability of A is stated in Lemma A.1 of the Appendix
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These first results give a quantitative description of the number of visited sites and of the generations
involved, but no description of the underlying environment is given. In the following section we
discuss what we have learnt about the typical behavior of the potential that leads to the above behavior
of R,,.

1.2 A quenched point of view

Like we said in the first part of the introduction, Andreoletti-Debs [6] observe that the sites where
the potential remains small (always lower than log n) have a negligible contribution for the number of
visited sites. One of the reasons for this is the fact that the number of such sites is actually negligible on
the tree (see their Proposition 1.3). Intuitively these sites are easily accessible as the potential remains
low, but the set of these sites still has a low conductance.

Here we give some more details of the sites that the random walk is inclined to visit, i.e. the sites
that contribute importantly to the range.

For sites y, z € T, recall that y < z means that y belongs to the shortest path from the root ¢ to z.
Let V(z) := maxy<y<: V(y). Define for any ag > 1,

. _logn TN
Ay = {zeT. o< max (V(y) V(y))glogn+g(n)},

where {¢(n),n} is a positive increasing function such that lim,_,«(g(n) — loglogn) = +oco. More-

over, for any a; > 0, let

Ay = {z €T: logn+loglogn < V(z) <m logn\/loglogn},
and
Az = {z eT: V(z) > max |1/3V( }

y=zly|<|z|-|z
Let us introduce a notation for truncated versions of K, R, and their quenched mean : if A is an event

depending only on the environment &£, then for any ¢ > 1,

(1.12) K (0) =} Vrcrplizeay Ry = ) Ki(m),
|z|=¢ m=>0
A . R A A . 1rE A
(1.13) KA(0) == E (K (e)),%Tg =E (RTé;).

Notice that the above means are easily computable (see section 2), but we are not interested in their
expressions for now. The following result proves tightness of the range up to T minus the truncated
quenched mean of Ry 2% | this makes appear favorite environments described by potential
V.

Proposition 1.7. For any i > 0, there exists a; > 0 such that

. . 1
lim limsupP* | — ’RTn - %”anm&ﬂ&
agp—r+oo H—s4-00 n ¢ ¢

217>:0.
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From this result together with the well known fact in [2] about the potential : P(inf.ct V(z) >
—ua) > 1 —e7*, we are able to draw a typical trajectory of potential that maximises the number of

visited sites (see Figure 2).

aylogn/loglogn

:
|
|
|

) |
i |
i |
i |
/\/\/\/
[—
VY
=6

|

|

|

logn/ag < | <logn+g(n)

log n + loglog n

‘
Iz = £ ~ 7 (log n)?

Figure 2: Typical accessible environments within time n

1.3 Sketch of proofs and organization of the paper

As we have already seen, Theorem 1.1, comes from Proposition 1.3 together with Remark 1.6, so only
the remark as to be proved. Also thanks to Proposition 1.4 (which is a consequence of Lemma 2.4 for
which the proof is posponed in Section 4.2.4) together with Proposition 1.3, only the critical generations
of order (log 1)? have to be considered. For that we first study individually each of these generations
which is the purpose of Theorem 1.2 :

Skech of proof of Theorem 1.2 : The first step for the study of K, (¢) for £ ~ 7y(logn)? is to compare
it with its quenched expectation K, (¢) := E€[K,(¢)]. The main idea here is simple : we would like
to apply Tchebychev’s inequality to the quenched probability P (|K,(¢) — K, (£)| > ek, (£)). Unfor-
tunately this gives nothing usable if we do it directly. Indeed it turns out that the quenched vari-
ance Vér(K,(¢)) which appears when applying this inequality can not be controlled properly with
respect to measure P*. In order to overcome this, we add restrictions to the environment, the first
one comes from the reflecting barrier introduced by [18] : let 6 > 0 introduce Ls := {z € T :

maxgp<y<-(V(y) — V(y)) < logn — (14 6)loglogn}. In other words, we consider the restriction of



K, to the sites of L, that is to say K5¢ (¢) = Yjz|=¢ Uy e Lzer,) and its quenched mean

Kp(0):= Y PY(T. < T))lpery = 3 (1= (1—a2)")L{zer,), where
|z|=¢ |z|=¢

< e

(1.14) 0z :=P5(T. < Ty) = p°(¢,21)PE (T < Ty) = pw”%,
p<y<z€
obtained by the strong Markov property, also the last equality in 1.14 comes from Lemma C.1 in [6].
Then, following the ideas of [6], we add a second restriction by defining the set U := {z € T : V(z) >
log n +loglogn}. This restriction, which comes from the fact that only sites with a high level of poten-
tial count, contributes to a simpliﬁcation of the expression of the quenched mean defined above: for
anyz € U, a, < e V() < thus

logn’

(1.15) 0<mna,—[1—(1—a)" <n?a®< 1 na,,
*~ 1o

so in particular 1 — (1 — a,)" = (1 + 0,(1))na,, and for any event D C {z € T : V(z) > logn +

loglogn} depending only on the environment

(1.16) KP() =

DR <Tn}11{zep}] ~n Y adpepy = KD (0).
|z[=¢ |z|=¢

We prove rigorously, in Subsection 2.1, that the cost of these restrictions L; N U is negligible for the
number of distinct visited sites before n return to the origin (see Lemmata 2.1 and 2.2). So we are left to
study the restriction K5 (4). For that we apply Tchebychev’s inequality (see Section 2.2) and, thanks
to the restriction, the expectation with respect to measure P* of the quenched variance (Section 4.1)
Véar(K§ " (¢)) is well controlled. Finally we obtain that in probability K, () can be approximated for
large n by K™ (0) :

eV (@)

(117)  Kn(0) R RYs(0) = Y masd ey = npf (9, D) Z

V() ]I{ZEUQL(,“} :
|z[=¢

2¢<y<z

The second step is to obtain the convergence of (log )25 (¢) /1 to some non trivial limit under P*.

For that we introduce the following martingale-like variable, for any m > 1and a,b > 0,
Z eV F,»(z), where

V(z)

(1.18) Fop(2) :=\/%€i

Yyoyer V] w20l maxpeyee (Vi) V() <a}-
With this notation K™ (¢) can be re-write,

< -
~ R n ,
(1.19) ICrl;mLo (6) = wwf(ﬁogn—(l—&-é) loglogn,logn+loglogn)'



Notice that if F, ;(z) = 1 for any of its arguments, then W, (F, ;) is exactly the well-known additive
martingale Wy, := )}, _,, e~V(2). Aidékon and Shi [4] showed that \/mW,, converge in P*-probability
to the positive martingale Deo =: limy;—00 }jz|—p V(z)e~V(#) . More recently Madaule [23] proved that if
one chooses one site z at the m-th generation, according to the measure e~V (%) /W,,,, the corresponding
rescaled trajectory (V(y)1yy|=mt|y<z} / VM )o<i<1 is asymptotically a Brownian meander.
Unfortunately in our case F, ; (z) is not simply a functional of this rescaled trajectory, so their results
cannot be applied directly. However, our proof of Proposition 1.8 below (see Section 3.2) is mainly
inspired by their arguments. We are going to take 2 = O(y/m), and the factor \/m is used to “balance”

eV (@)

Ty V0 LV (2) 2

Proposition 1.8. If (a,,; m > 0) and (by,; m > 0) are positive sequences such that limy, e ”—\/’% =a c R

and limy;—eo %ﬂ = b € Ry, then as m — oo, there exists €, € (0,00) such that

in P*
(120) \/%Wm(Fﬂm/bm) 7:[—>oo %a,bDoo-

see (1.8) for definition of De. €, p, which definition is given in Section 3.2, is continuous, increasing in a and

decreasing in b, and we state that 6y, = 0.

With this result we obtain the convergence of the quenched random variable KEO ()« for € ~
v(logn)? and any 6 > 0, by (1.19) and (1.20), as n — oo,
K™ ()
¢ <
npt (¢, ¢)
Then (1.17) and (1.21) yield Theorem 1.2, with A(7y) := ’)’_lcg,yfl/z,,y—l/z- More details about the proper-

ties of A are given in Lemma A.1.

(1.21)

in P*
> (5771/2,771/2 Deo.

Final ideas for the proof of Remark 1.6 As ¢, is continuous and monotone on (a,b) € R? and that
Wi (F, i p/i) 1S also monotone on (a,b) € R3. It follows that (1.20) holds uniformly for Wy, (F, /5. /i)
in(a,b) € ]Ri in the following sense: for any € > 0,

(1.22) lim P* ( sup ‘\/ﬁWm(Fa\/ﬁbﬂ) — (ga,bDoo‘ > e> =0.

m—co a>0,b>0

This induces the following corollary which proof can be found Section 3.3.

Corollary 1.9.
(1.23) lim ) M = ADq, in P*-probability with A = / C 1 id—x.
poee, = VM 0 VXIVEX

This corollary still holds if we replace Fg g by Fg10(10g ), In the sum. This result brings out Remark
1.6 and therefore Theorem 1.5.



Remark 1.10. (1.22) suggests that uniformity may also occur in probability for K, (¢), meaning that the "for
any 0" in Theorem 1.1 could actually be placed inside the probability. Unfortunately, this uniformity can not be
obtained by the way of our proofs and we believe in fact that this is not true and that the right normalisation for
maxy Ny, (¢) could be different from n/ (logn)3.

The rest of the paper is organized as follows :

In Section 2 we use results of Sections 3 and 4 to give the main steps of the proofs of theorems and
propositions stated in Section 1.1. In Section 3 we focus on the environment and show Proposition 1.8
and Corollary 1.9. This section is independent of the other sections and uses only the Appendix. In
Section 4 we compute the annealed mean of K, and give an upper bound for the mean of the quenched
variance. Also we prove lemmata used in section 2 and finish with the proof of Proposition 1.7. In the

Appendix we collect and prove many estimations for centered random walk with i.i.d increments.

In this paper, we use c or ¢’ for constants which may change from line to line. We write ¢(x) when

that constant depends on some parameter x.

2 Proof of the theorems

This section is devoted to proving Theorems 1.2 and 1.5, i.e. the convergence in probability of K,,(¢).
Theorem 1.1 follows immediately from Theorem 1.2 and Proposition 1.3, so we feel free to omit its
proof. Recall that for convenience, we fixe some v € (0, c0) and always write ¢ for the integer sequence
{l(n);n > 1} such that
. 2 _
Tim_((n)/ (logn)* = 7.

Our arguments are based on the study of truncated versions of K,. This decomposition of K
appears naturally when computing the mean of K, as well as the mean of its quenched variance. We

therefore start with this decomposition.

2.1 Quenched expectation and truncated versions of K, (/)

For any measurable event C obtained from the environment, the number of visited sites at generation

£ up to the n-th return to ¢ can be written as

Ky(6) =KS(0)+ K5 (0) =) Liremylizecy + Y. Lirempylizecey-
|z|=¢ |z|=¢
To exclude the sites in C that make few contribution to K, we add restrictions for the potentials on the

above sum. First (see [2]) for any e > 0, we can choose « > 0 such that

. i — <e % <eg,
(2.1) P(L%frV(u)< zx>_e <e

10



Let V(z) := ming<y<; V(y), it is then natural to consider the set
Bi:={ze€T:V(z) > —a}.
Secondly, in [18], a reflecting barrier is introduced by

L, = {Z eT: Z VW=V 5 ¢ max Z eVW-Vly) < r} with r > 0.
P<y<z
p<u<z Pp<u<y
This reflecting barrier allows to reduce the number of interesting sites for the walk in the following
sense : let f be a positive increasing function such that lim,,_, ;. f(1) = 400, then

2.2) lim P <3k < T, Xk € Lo > = 0.

n—-+00 Togn

The above result is a direct consequence of Theorem 2.8 (in [18]) together with Proposition 1.3. Follow-

ing this idea, we introduce the following sets

By := {z € T : max E eV =Vy) < n} ={zeT:z< L},

¢<y§z¢<u§y

then according to (2.2)
lim P (Vk < Ty, Xi € Bz) —1.
n—-+4o0

)

Also, for any § > 0let s, := n(logn) 1% and

5. ) V(u)-Vv _ .
BS := {z eT: ¢r2;éz¢§<ye )=Vl < sn} ={zeT:z< L}
We will see that for our specific problem, we can restrict the set B, to B for well chosen é. For con-
venience, denote B := B; N B, and B® := B N Bg. Because of (2.1) and (2.2), one sees that with high
probability, K, (¢) ~ KE(¢) = Yojzj=e Lyr,<rpylizeny- Moreover, if z € B3, we have z € L; (recall the
definition of L; just above 1.14), and conversely, if z € L5, thenz € Bg .

Also we add the last restriction over the values of V: U = {z € T : V(z) > logn + loglogn}. The

following lemma shows that the cost of this restriction is negligible.

Lemma 2.1.

(2.3) E[K: ()] = o (BIKE™(0)]) =0 ((logn)z> .

Our arguments will show indeed that E[K2Y (¢)] = @((login)z), so that the sites in B N U mainly

contribute. We postpone the proof of this lemma to Section 4.2.
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Here is our strategy to obtain Theorem 1.1. We first show that for suitable § > 0, with high proba-
bility, K, (¢) ~ KB (¢) ~ KB (¢), while the last quantity can be approached by its quenched mean
by bounding its quenched variance. This observation combined with the fact that the quenched mean
ICEMU(E ) converges in probability because of Proposition 1.8, imply our theorem.

We stress on the fact that replacement of B by B? helps to correctly bound the quenched variance,

it appears that the price of this replacement is negligible, as shown in the following Lemma:

Lemma 2.2. Forany § > 0, we have

24 EIKE™(0) KU (0) = o (s )

The next step is to approach KU (¢) by its quenched mean K57 (¢), or more conveniently by
/Egmu@) = Yjz|=¢ Mz 1 ;e psryry- Notice indeed that, in view of (1.15), we have
~.p 1 ~ps
. < CBNU (py _ xcBnU < BNU ()
@5) 0 < REM(0) ~ KEPU(0) < o K0

Proposition 2.3. Foranyn > 0and é > 3,

<1o§n> ) N

The proof of this proposition can be found in Section 4.2, now with these restrictions introduced, we

n—r+00

2.6) lim P (|K55““<£> CREOU()] >

are ready to prove the theorems.

2.2 Convergence of K, (¢) and R, : proofs of Theorems 1.2 and 1.5

We are now ready to prove Theorem 1.2: it suffices to show that for any # > 0,

(2.7) lim P(((lc’g,f)zmm AP (¢, 9)Ds| = 1) = 0.

n—r+o00

Proof of (2.7). Let p, := ]P( (10%27@21(11(@ — A(’y)pg(4>,<$)Doo’ > 17). We first add the restrictions By
and B; ( recalling that B = B; N By). For that let us introduce the events By := {inf,er V(1) > —a},
= {NL1{Xi < L,}} and for any x > 0 and random variable H, Bs(H,x) := { MH —

A(’y)p (¢, qb Doo‘ > x}. We have p, < P(B1) +P (By) + P(B3(KE(¢),n)). That is to say using
(2.2), limsup,, , ., pn < P (B1) +limsup, P(Bs(KZ(¢),1)). For the second term on the right hand side
of the previous inequality, we involve the restrictions Bg and U, it then follows from (2.3) and (2.4)

that limsup, , ps < P (B1) + limsup, P(B3(KE'"U(¢),17/2). Then by Proposition 2.3, we can use
KB'OU(¢) to approach KU (¢) and obtain thatlimsup, .. px < P (B) +limsup, P(Bs(KE"U(¢),17/4)).
By releasing the restriction By, one gets that limsup,,_, ., p» < 2P (B1) + limsup,, P(B3 (ICBZQU( 0),n/4).
Recall that by definition (see above (1.14), and below (2.2)) Ls» C B3 C Ls so clearly ICL‘”ZHU(E) <
ngﬁu(f) < KU (0). So by (1.21) limsup, .. pn < 2P(B;). Letting a 1 oo, we deduce (2.7) from
2.1). 0
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It remains to show the convergence of the range R;, that is Theorem 1.5. As mentioned in Remark

1.6, by Proposition 1.3, we only need to prove that

Ry
2.8) 7T 2P ApE(9,P)D

with Rpy = Y m—o Ky (m). First, we claim that only the critical generations really count in this sum, and

that the truncated version of (K, (m), m) make the main contribution :

Lemma 2.4. We have

(2.9) lim lim sup — ! {]E[ Y. Kf(m)} + IE{ ) Kﬁ(m)} } =0,

&0 noeo T m<e(logn)? m>(logn)?/e
and for any € > 0,

(2.10) lim 1{]E[ “‘)gfz/g K (m)| + | (l°g£2“ KPPONED )] 1 = o,

noee m=e(logn)2 m=e(logn)?
g 3

The proof of this Lemma is postponed in Section 4.2.4. Notice here that Proposition 1.4 follows
from (2.9) and Proposition 1.3. As non-critical generations are negligible, we can borrow the previous

arguments for K, (¢) to show the convergence for Ry

Proof of Theorem 1.5 (i.e. (2.8)). For any 1 > 0, let us consider P <]RT$ — Apt (9, ?)Doon| > ;711). Con-

sidering restrictions B; and By, one sees that for any & > 0,
<_
]I’(]RTg — ApPE(¢, P )Deort| > qn) < P(By) + P(B,) +]P(‘ Z KB(m) — ApE (¢, P )Doon‘ > 1771).
By (2.1) and (2.2),

(11) limsup P (|Rqy - ApE(¢, @ )Deont] > ) < e+

n—oo

limsup P (’ Y Kf(m) — Ap5(¢,$)Dmn‘ > 1711) .
n—co m=0
For the K, (m), we only need to consider the generations m of order (log n)2. For any ¢ > 0, define for
any x > 0 and random variables (H(m),m > 0), Bs(H, x) := {| v (log n)? » H(m) — Ap€ (¢, ?)Dwn’ >

m=e logn

xn}, we have

r(\iK,?(m)—Apf(@?)Dwn\znn)sIP( Y. KE(m)>qn/2) + P(By(KE,1/2)),
m=1

m>(logn)?/e,
or m<e(logn)?

13



where the first probability on the right hand side is negligible because of (2.9). For the second proba-
bility, we consider only the sites z € B’ N U and obtain that

logn) /e (logn)?/e s
P(By(KE(m),n/2) <P(| X K| =yn/e) +p(] X KED )| > pnye)
m=e(logn)? m=e(logn)?

4P (15’4(I<,§ ”U,q/6)) .
In view of (2.10) together with (2.9), we obtain that
(2.12) limsupP (‘ Z KB(m (47, oon) > 17n> < 0¢(1) 4 limsup P(By(KEY, 51 /6)).
n—oo n—oo
It remains to bound the second term on the right hand side. Recall that the quenched expectation of

KB'"U (1) is denoted KE'"U (m), introducing the variable A, (H, G) := Egcf;(?jéi)z (m) — G(m)‘ for

any sequences (H(m),G(m), m > 0), we can write
(213)  P(By(KE™,5/6)) < P(AL(KE Y, KE )| > yn/12) + P(By(KE ™, 5/12)).
) d y ) 2
First, by Markov inequality, IP (An(K}j"”U, KBy | > 17n/12> < 144(7*n*)E [(An(Kﬁému, KB mU)) ],
which by Cauchy-Schwartz inequality is bounded by
144 (logn)?/e (logn)?/e

& (xBnu
o P> 1 P> ZE(Var (K (m))) .
m=¢e(logn)?> m=¢e(logn)
Applying Lemma 4.3 with 6 > 5 to this term implies that

(2.14) lim sup PP <An(KB(5“u CBNUy > ’7”) ~0.

n—oo — 12
Second, by replacing KB’ by ICB°MU (recall the definition of K in (1.16)), one sees that
y rep & on Y Aon

P(By(KE ™, 1/12)) <P (A, (K ™ (m), KE1) > yn/24) + P(By(Kf Y, 1/24))

logn)™/e 1 >BoNU m >BNU
< > 1
<P E lognlc” (m) > o7 +P(Bs(KC,; "™, n/24)),

m=e(logn)?
—:RH; + P(By(KE'Y, 51 /24))

where the last inequality follows from (2.5). Plugging this inequality and (2.14) into (2.13) yields
P(By (KB (m),11/6)) < 0n(1) + RH; + P <B4(I€,§'5”u, ;7/24)) .
Now, observe that

RHy < P (By(KE™,/24)) + P (Ap® (¢, 9 )Doont > yn(logn —1)/24),

14



where the second probability on the right hand side vanishes as n — co because p¢ (¢, <a)DOo is finite
P-a.s. So moving back to (2.12), we deduce that

(2.15) limsup P (’ E KB(m Ap5(<p,<$)Doon) > 17n> < 0,(1) +2P (84(1655””,;7/24)) .

n—00

So in view of (2.11) and (2.15), we have

(2.16) lim suplP(\RTn - Apg(4>,<$)Doon] > 1771) <e %40, (1)+2P (84(161113%”,77/24)) .

n—00
We claim here that

(2.17) lim sup lim sup 2P (84(16,?%”,17/24)) <e™",

el0 n—o0

which, together with (2.16) concludes the convergence in probability of Ry /n by letting & — oo and
¢ — 0. It remains to show (2.17). We observe that on {inf,ct V( ) > —al, KB (1) = ngmu(m) for
any m > 0, hence P (B4(ICE%U,17/24)> < P(B;)+P (B4( Bzmu,fy/48)> where the first term on the

right hand side is bounded by e™*. So again by Lemma 2.4, we have

P (84(1555“(711),17/24)) < e+ 0ye(1) + P (( i KB (1) — Ap5(<p,<$)Doon) > 1771/96) .
m=1

Recall that Ly, C B‘zs C L;, by (1.19), we have

~pd
Wm(Flogn—(3+5) loglogn,logn+loglogn) ngﬁu(m) Wm(Plogn—(l-HS) loglogn,logn-i-loglogn)
(2.18) N <=2 < N .
" npS(¢, ¢) "
Finally, (2.17) follows immediately from Corollary 1.9 . O

3 Convergence of martingale-like variables (W,,(F, ; ), m > 1)

This section is devoted to proving Proposition 1.8 and Corollary 1.9 which only concern the environ-
ment. The main idea is borrowed from [4], on the Seneta-Heyde norm of the additive martingale W,,
in the boundary case (1.2). To do so, we need to introduce a change of measure and the corresponding

spinal decomposition.

3.1 Lyons’ change of measures and spinal decomposition

We begin with the following Biggins-Kyprianou [10] identity usually called many-to-one Lemma :
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Lemma 3.1. In the boundary case (1.2), there exists a sequence of i.i.d. real-valued random variables (S; —
Si—1,1 > 0) with Sg = 0 such that for any n > 1 and any Borel function g : R" — R,

(3.1) E [ Y. g(V(xi),l <i< m)] = E[es"g(si;l <i< n)].
[x|=n
It immediately follows from (1.2) and (1.3) that the sequence (S, n > 0) is a centered random walk
of finite variance 0 := E[Y 2= V(z)%e~V®)]. For notational simplicity, let

S,:= min S;, S, := max S;.
1<i<n 1<i<n

Also let R(+) be the renewal function associated with the strict descending ladder heights of (S;, i), it
can be expressed as

[ee]

(3.2) R(u) = Z P(Sx < S;_1, Sk > —u), Yu > 0.
k=0

Obviously, R(u) > R(0) = 1. The renewal theorem implies the existence of ¢y € (0, +c0) such that

(3.3) co:= lim R(u)

U——+00 u

Moreover, there exist two constants 0 < C_ < C; < oo such that for any u > 0,
(3.4) C_o(14u)<R(u) <Cy(1+u).

For « > 0, define the truncated variables adapted to {F, := 0((z,V(2));|z| < n);n > 0}, the

natural filtration of the branching random walk, for any n > 0:

Wi (Fop) = Y € VOF, 1 (D) lves o, Di)i= Y R+ V(2)e VO s 0.
|z|=n |z|=n
See (1.18) for the definition of F, j (z). For any a € R, let P, be the probability measure such that
P,({V(z),ze T} € ) =P({a+V(z),z€ T} € -). Fora > —a, we introduce the change of measure

as follows:

DY

@ ._
(3.5) Q|5 = R(aﬂ)e_al’ayﬂ.

The fact that D,(f‘) is a non-negative martingale which converges a.s. to some limit D% has been proved
by Biggins and Kyprianou [9, Th 5.1]. So QL(I’X) is well define. Following their ideas, we present a spinal
decomposition of the branching random walk under Qg“) : we start with one individual wy (i.e., the
root ¢ ), located at V(wg) = a. Then for any n > 0,
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1. in the n-th generation, each individual u except w,, gives birth independently of all others to
its children of the n + 1-th generation whose positions constitute a point process distributed as
(V(2), |z| = 1) under Py ,);

2. wy produces, independently, its children in the n + 1-th generation, whose positions are given by
a point process distributed as (V(z), |z| = 1) under QE/“()wn) ;

3. Among the children of w,, w,1 is chosen to be z with probability proportional to
R(a+V(z))e VO iy -

In this description, the infinite ray (w,, n > 0) is called the spine under fo‘). For simplicity, we write
Q@ for Qg“). The following fact makes explicit the distribution of w, and (V(wy),1 < k < n) under

Q).

Fact 3.2 ([9]). Assume (1.2). Let « > 0, foranyn > 1and |z| = n,

R(lX + V(Z))eiV(Z)]l{z(z)Z,a}
b '

(3.6) QW (w, = z|Fy) =

The spine process (V(wy), m > 0) under QW is distributed as the random walk (Sy,n > 0) under P condi-

tioned to stay above —u. In other words, for any n > 1 and any measurable function ¢ : R* — R,

(3.7) Eq [g(V(wk),l <k< n)} - Rza)ls[g(skﬂ <k<nR(a+S,);S, > —uc].

3.2 Convergence in probability of W\*) (F)/D{*) under Q*)

In this section we prove that if a, = a\/n + o(y/n) and b, = b\/n + o(y/n) for some a,b > 0, then there

exists some constant C,;, € (0, 00) such that under QW)

(w)
(3.8) \/EW — C,p, in probability.
Dy

This convergence also holds for b = 0. When a = 0, C,, is trivially zero by first moment estimation.

It is known that lim, . min|,|_, V(z) = oo, P-as. As a consequence of (3.3), DY = oD Oon
{infe7 V(z) > —a}. Asitis shownin [9, Th 5.1] and [11], D,(f) converges P-a.s and in L! to Dgff) which
is positive under P*. So Q) is absolutely continuous with respect to P. We thus deduce Proposition

1.8 from (3.8) with €, , = ¢9oC,}, (one can refer to [4, Section 5] for more details).

()
The proof of (3.8) is based on the computations of the first and second moments of W. By

(3.6), for any measurable function F : R"” — R of the trajectory of V that is that F(z) = F (‘n/(y) P <
y < z),we have

F(wn) - eiV(Z)F<Z>]1{Z(Z)2,a} . W,/(la) F)
(3.9) Eqw [R(zx—l— V(wy)) ’]:”} B Zz_ln D o pW
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Taking expectation under Q(*) then applying (3.7) yields that

(a)
(3.10) Eqw [W;SS,QF)} = Equ {R(ocFJEZg/n()wn))}

1
1<k < . > —
R(Q)E{F(Sk,l <k<n);S, > zx}

Recall that for |z| = n (see (1.18))

EV(Z)
Fop, (2) =V Yyyer /) v 2o Ymaxpcye: (V) -V () <)
In order to deal with the factor L, we have to add some restrictions to the sites. Observe that
Z¢<y§z V()
if V(z) < V(z), then
EV(Z) _
- < V@)V 1.
Z¢<y§z eV(y)

So it is reasonable to count only the sites |z| = n such that V(z) ~ V(z). And this choice gives an extra
factor ﬁ That is why we multiply /7 in the definition of F,, ;, (z). Let us introduce the following
notations. For any |z| = n and 0 < m < n, let z,, be the ancestor of z in the m-th generation and define
Y, :=inf{k : V(z) = V(z) = max V(zu)}.
0<m<n
Similarly, we also define Ys = inf{k : Sy = S(k) := maxo<mu<n Sm} and Spn,n) += MiNy<k<y Sk for
one-dimensional random walk (S, k). Instead of F,, j (z), it is more convenient to consider

V(z)

(3.11) G(z) ::ﬁwﬂ{V(z>zbn, maxy<: (V(y)—V (y) <an} L (Y=}
with ng := [n —n1/3].
Moreover, following [4], let us introduce the events E7, for |z| = n as follows. Let Q(y) := {u € T :
u # vy, " = %} be the collection of brothers of . If (k,, n) is a positive sequence such that k, = o(1n/2)
and (logn)® = o(ky), let
E:=E; NE;,,NE;;,

where
n
Eip={k/> <V(z,) <k} N N {V(z) > k/%};
i=k,
= N L D+ (V) = Via)Je Vel < V@72,
i=kn y60(2i+1)

. =z Vi 1

(312) Ea={L Y X R@+V@e " “yus o< 5}

Fn yeQzi1) [l =nuzy
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with x4 := max(x,0). In particular, for w,, write E, (resp. E, ;) instead of E;;" (resp. EZ”Z) Let H(z) :=
V(w;) ko <i<

\/ﬁ r™vn = =
n) is still asymptotically Brownian meander. At the same time, we take (logn)® = o(k,) to make sure
that the probability in (3.30) is 0,,(1). Moreover, it is proved in Lemma 4.7 of [4] that for (k,, 1) chosen

as stated above,

G(z)1p:. Here we choose k, = o(n'/?) so that E,;; happens with high probability and (

lim QW (E,) =1,
n—oo
(3.13) lim inf QW(E,|V(wy,)=u)=1.

n—0 [k},/‘“’,k,,]

(@)
One will see later that involving E, helps us to control the second moment of W]”J( f)F) without influenc-

n

ing its first moment. Let us now state the main lemma of this section.

Lemma 3.3. Let « > 0, we have

010 i g [ i [ B .,
(3.15) lim Eqe) Kﬁ%)z} =C2,

()
This lemma shows immediately that under Q®), \/n W”TDE)H) converges in probability towards C,,

n

(&) _
while \/n % = 0,(1) in probability. We hence conclude the convergence (3.8).

Moreover, bny the change of measures (3.5), this means that
(3.16) VAEWS (F,,p,)] = CopR(@).

Before starting the proof of Lemma 3.3, let us state a useful result on the random walk {S;k > 0}
and the definition of constants C, j,, 6, , and A(+).

It is proved in [1] that the following joint convergence in law holds

Snt] > L
(3.17) {<m,te[o,1] e

where (m;, t € [0,1]) is a Brownian meander independent of He € [1,00). In fact, in the sense of [7],

S, > 0} = {(m, t € [0,1]), Hoo },

the associated random walk conditioned to stay positive, denoted ({,, n > 0), is a Markov chain with
probabilities of transition p(x,dy) := %l{po}l’x(sl € dy), with P({p = 0) = 1. Consequently He

can be defined as

j=0
Also we denote
(3.18) ¢ = lim VnP(S, >0), ¢ = lim VnP(S, > 0),
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where the existence and positivity of ¢/ and ¢; have been proved in [14, Th.1 in XIL. 7 & Th.1 in
XVIIL5]. We also introduce two functions which appears in the definition of A(-). The first one involves
the discrete random walk (S]-, j). Forany j > 1and x > 1, define

¢S

(319) Q](x) =E W

;§j < 0|, with Gy(x) :=

KR =

The second function depends on Brownian meander (m,0 <'s < 1). Let iy := sup,,, i and ;] :=
infs<t<1m; for any s € [0,1]. Takea > 0and b > 0, for any (x,h) € ]Ri, let

Yo (x,h) := ¢ P (mm > (V2b —x) V h,o(il, —m) < (V2a—h); Ax, max o (s — g ) < fa)

0<s<
Finally, let
(3.20) Cap =2 S E <‘Y”b(0m1, (i —my)); ; ax o (i —mg) < V2 a) , and
S
+o0
(3.21) Cop:=Cup Z E[Gi(H)] .

C,p is well defined positive and finite [see Lemma A.1 and its proof in Appendix A.1], also we set
Cop = 0. Note also that G;(x) < G; := E[esfllgjgo] forany j > 1and x > 1so C,, is finite [see (A.13)].
This implies that for any > 0,

G172 0-1)2 C.-12.-1/2
AMy) = L0 = g € (0,00).
() p P (0,00)

The integrability of A is stated in Lemma A.1 of Appendix, so A in Theorem (1.5) is well defined, i.e.

(3.22) A= /+°° x)dx € (0, 00).

3.2.1 First moment estimate: proof of (3.14)

Let us turn to the proof of Lemma 3.3. First of all, note that 0 < H < G < F, . (3.14) follows from the

following lemma.

Lemma 3.4. Iflim; e % =a € (0,00) and lim;, % =Db € (0,00), then

(@) () -
(3.23) lim V7B g [W”(G) —C,,,
n D](q"‘) J !

. Wf(la) (Fan/bn _ G) T

(3.24) lim /7E¢y [ =G 0,
G

(3.25) lim v Eq) [W(GH) 0.
n D(“) ]

n
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Proof.
Proof of (3.24): For any |z| = n, comparing (1.18) and (3.11), we define
V(z)

r(z) = N/

Tyyer e L9(2) 26y, maxy<=(V(y) -V () <an} LYoo}

with recall ng = [n — nl/ 3J ,alsoitis clear that0 < F, ;, — G < r. So to obtain (3.24), it suffices to show
that

(3.26) Eq [

Applying (3.10) for r yields that

() Sn
Egw [Wn (r)] ! E[ Ve < ;S > bn,max(S —5j) <an,Ys <ny,S, > —(x]
Dr(lzx) R(a) Yi<j<n e’ j<n

Partitioning on the values of Yg gives that

W(“)( }

Sy B B
Ve ;Ys =k, 5, > by, max(S; — ;) < a, S, > —zx}
D j<n

S.
Yi<j<n €’

[ "y g5, > a}}

,x){

| AN

»

Notice that {Ys = k} = {S; = §k > Sk_1} N {maxe.j<, Sj — S¢ < 0}. By Markov property at time k,

o [P0 < B e (s> a5 =Sl 1 ]

which by (3.4), (A.4) and (A.13) implies that

1/3

W (r) c(1+«) , 1 1
20 0 }SkZOR(lX) kD -k =V b G —wz ~ OGen)

1
Observe that ) g<y<,, /2 W = % Yo<k<n/2 kJ%l =0O( O;‘/Z) And observealso that )", oy, /3 m
). Thus (3.26) holds.

1/3
= O(( )

(n— k)

Proof of (3.23): It follows from (3.10) that

(@ 5,
w,z);)c)} - B[

Egw [

(a)
Partioning over the values of Y implies that Eq ) [W»Izj £ILE)G)] = % Y k—n, +1 0k Where

en - -
o ::E[i;Y — k,5, > by, max(S; — S;) < a,, S z—a].
¢ Yi<jcn € ° e fén(] )< S

21



Let T; = S;.t — Sk, and notice that {S;;0 < j < k} and {T;;0 <i < n — k} are independent, we have

Tnfk —
‘ ;Sk_1 < Sk, Sk > by, Sy > —a, max(S; — S;) < ay,

T’ :
21<]<k€ ~ +Zl<]<n ke’ i<k

Ty 2 (2= §) V (=an), Tk < 0].

U'k:E[

Note that {(—a — S) V (—a,) = —O(y/n)} as Sy > b,, while with high probability, T,,_, = O(n!/®)
for n — k < n'/3. The next step is to approximate 0} by o] which is defined as follows
Ty

/ e < < -
0) 1= E[ — 5 Sk—1 < Sk, Sk > by, S > —a,max(S; — S;) < ay, Tpop < 0}-
Zlﬁjgkes’ Sk + Licj<n—k eli i<k

Observe that 0 < 0] — 0 < P(S1 < Sk, S > —, T, ¢ < (—an) V (—a — by)). By independence of S
and T, then using (A.4) and (A.17), one sees that

0p — 0k <P (S > —a, S, = Sk) P (nk<( )\/(—a—bn))
<c(1+a)k eV,

Hence, 7775 Zk o +1( —0%) = % This implies that

} = RE ) Z noy + 0,(1).

k=np+1

[Wﬁa) (G)
D(“)

n

(3.27) \/ﬁEQ(m)

We now turn to consider oy. By independence of S and T again,

= E[gnfk( Y €%7%); 551 < Sk, Sk = by, S > —a,max(S; — S;) < an}

15 i<k

where G (x) is defined in (3.19). Observe that for k = n — i with i € IN fixed,

0']2 = 0';/171‘ = E[gz( Z S ~Sn- ]) Sn i-1 < Sp—i,Sn—i > bn/§n_1’ > -, maX(S S,) < an:|/

1<j<n—i i<n—i

which by (A.12), is asymptotically, CorRWE[G (Meo)] | 0”7(11). Moreover, as sup, -, Gi(x) < E[e5;S; <0] <

n

ci~3/2, by (A.4), one sees that for ng <n—i < n,

C o= c(1+a)
0'7/[71- < mp(sn—i—l < Sp—iySp—i > by, S,_; > —a) < m

As a result, for any integer K > 1 fixed,

Y nop= Zn L+ Y, no = CopR(a),

k=np+1 K<i<nl/3

Mx

E[Gi(Heo)] + 0n(1) + 0k (1),

I
<}
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where YK E[Gi(Hoo)] = X520 E[Gi(Heo)] + 0k (1).
Plugging this into (3.27), letting n — oo then K — oo implies that,

() )
. W, (G
fim, ViEqu [’;)(fﬂ} = Cap 1 E[G;(Heo)] = Cuy
n j=0

which ends the proof of (3.23).
Proof of (3.25): by (3.10), we only need to prove that

W,(G — H) VG (wn) gs| = LHS = 0,(1).

(3.28) \/ﬁEQm[ D@ ]: Q) [m

First, we have

eV(wn )=V (wy)

R(a+ V(wy,))

1

LHS <nEqu [ Yo, > no} < LHS; + LHS, + LHS;

where

eV (@n)=V(wn) . V(wn) =V (wn)

e
n’l;Y ,LHS = E ®
R+ V) v~ ”"} 2 o >[

V(wy) *V(wn)

1E, nEc,
Y0 > npl,
Rla+V(wy)) =7

LHSl ZZHEQ(D‘) [

e

LE, nE,nE, }

LHS; :=nE g [ R Vo))

Each term LHS;, i = 1, 2,3, are treated separately.
For LHS, by (3.7), we have

n s

LHS, SWE[eS" Sn;Sk,, € [k,11/3,kn]/§[km\{s] < k}l/6/Y5 >ng,S, > —a
n _7

+ WE[E’SH Sn,skn é [k;/B,kn],Ys > n01§n 2 _a] =: (:71’1 +Ci.

Arguing over the values of Y then using Markov property at Ys = k,

n L _
& SRy L E|eS 405, <oy |P(Sk, € 6/ o], Sy g < K6 Sk > 51,5, > —a)
k=np+1
n - ¢ 1/3 1/6 <
(3:29) SR(M k=ng+1 (n—k—|—1)3/2P(Sk” € U kol Spe g < Ka® Sic > Sk, S 2 _“)’
=ng

where the second inequality holds because of (A.13). Moreover, by (A.20), uniformly on k € [ng, n]NZ,

— on(1
P(Si, € K%k, S iy < /%50 > 50,8 > —a) = 2L

We hence deduce that §1 = 0,(1) since Y _, 14 577 1s finite.

(n—k-c&-l)
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For ¢}, similarly, applying Markov property at time Yg = k then (A.13), we have

n n

R E[e®*; S, , <O]P(S K3 k], S, > —a, Sk = S,
gl = R(D&) k:%Jrl [6 k> ] ( kn ¢ [ n ] O = —&, 0k k>
cn 1 1 _
< S——— k3 kal, Sp > —a, S =S
—R(w)k=%+1(n—k+1)3/2 <k"¢[” b5 2 oSk k)
which by (A.21) yields that
cn 1 1
< =0,(1).
g R(a) k:nZO;H (n—k+1)3/2nkl/? (1)

For LHS3, let ¥, be the sigma-field generated by the spine and all siblings of the spine. We know
from ([4] eq. (4.9)) that

(3.30) Q) (Ey1 N Ey2 N Eg

%o) < O(n?’e’k}‘/s/S),

wich implies that
eV(w,, )=V (wn)
R(a+ V(wy))

For LHS,, we follow the same lines as in ([4] page 18, below (4.8)) using the same notations. For

LHS; <nEqu | x Q) (Ey1 N En2 NE s

%o)} < O(n4e_k}/6/3) = 0,(1).

any1 <i<mn,

QY (ES, [V (100);0 < k < ) < h(V(wy)),
X %Xﬁm], with X = ¥, e V@ and X :=
Yfz=1 Ve (z)e"V). Note that E[(X + X)?] < o because of (1.4). Markov inequality gives that i (u) <

e~"/2 . Recall that V(w;) > k./ on E,, ;. Therefore,

where for any u > —a, h(u) = E[X1y, 3 2y +

n eV (wn) =V (wn)
LHS, <¢ Z; nEq [ R V)"V E@DIE Yo, > no}
<c'n(n— kn)e_k}‘/ﬁ/zE@m [m;Yw” = no}
Applying (3.7) then partitioning on the values of Ys yields
LHS, <c'n(n — kn)e_k}’/é/2 i LE [es”_sk,‘YS =kS, > —zx}
k1 RA(#)
n
<c'n2e k2 k%ﬂ thx)E [65”‘k1§n,k50} P (S, > —a,S=5),
by Markov property. By (3.4), (A.13) and (A.4),
LHS, < cnle ki /2 i 1 =0,(1),
fiq k(n —k+1)3/2
since (logn)® = o(ky).
Collecting all the estimations for the LHS;, this ends the proof of (3.25). O
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3.2.2 Second moment estimate: proof of (3.15)

Recall the definitions of G in (3.11) and H below (3.12). In view of (3.14), it suffices to show that

. VW (H)\2] _
(3.31) lim sup Eqy {(fo‘)> <,
By (3.6),

. VAW (H) 2 VWS (H)  /rH(w,)
LS =g | (55| = Fou [

Dy
VAW (G)  V/nG(w,)Tg,
(3.32) <Eqw [ D “ R+ V(wn))]'

For convenience, let

n—1
W E(G) = VG @) Ly T L Y L @ PI6@ e ),
i=kn yeQ(wjy1) |2|=n,2>y

kn—1
ARG () I S SN W T el¢5) NI,
i=0 yeQ(wiy1) |z|=n,2>y

with Q(wiy1) = {|x] = i+1: % = w;, ¥ # wisq}. In the similar way, we define Dk and

Dy(l“)’[k”’n]. Recall (3.12), the event E, 3 means that D,(f‘)’[k”’n] < n~2. So under Q@, the descendants

of the (w;;k, < i < n) make little contribution to D(“). The same thing happens to W(“). We thus
(“) )[0,kn)

approximate ‘/ﬁvg'za)( ) b by \FW O (©) on the right hand side of (3.32). Then Markov property at k,

I D
makes it possible to deal with these two terms in the product separately. Clearly

LHS@ ) < Eq [\fw Vel Gy (D)1 x én} +Egu [17\/” x én},

with W, := fW(“)’[O’k”)( )/D(D()'[O’k”) and G, := /nG(w,)1g, /R(a + V(w,)). For the first expecta-
tion above, as G < /1l (v (w,)>b,/2}, it is clear that given E,,

W,S“)'[k"'n](G) < \/ﬁw ):[kn ] < \FD )olknm) < 1’1_3/2

In view of (3.4), it follows that

-1

Mol W1, &1 < n n < c 1

[\[W (G)(Dy) 7t x Gn} _EQW[D,({") X R(a+bn/2)1E"} = 1ta+b, /ZEQ [D,(q)}
< C,n_l/z,

since Eq ) [(D,(f‘))*l] = R(x)"' < 1. As a consequence,

c ~ c ~ ~
LHS;331) < —= + Egw |:W G :| < —+Eqw [W x 1 1/3 ] x sup Egw I:G
(3.31) \/ﬁ 0 nn \/ﬁ Q n {V(wk, )€k’ kn]} ue[k}l“,kn} Q n

(wy,) = u]/
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where the second inequality follows from Markov property at k,,. Let

RHS1 3= Bou) | W X Ly ey |+ RES2(8) = Egu [é

V(wy,) = u].

Next we are going to show that

(3.33) limsup RHS; < C,p, and
n—oo
(3.34) limsup sup RHS>(u) < Cpp.

n—o00 ue[k},/3,kn]
For RHS1, note that by Markov property

RHS; x inf QW (E,|V(wy,) = ) < Egu |W x 1, |
uelky3 k)

By (3.13), inf, s 1 QW (E,|V(wy,) = u) = 14 0,(1), therefore,
RHS: <(1+0,(1))Equo [Wo x 1,
<(1+0,(1)Bqu) [Gu X T, T o 5| +20Q (D)1 > n772),
since W% (G (G) < fD )/[0kn) . Again by Markov inequality with EQ@)[(D,SD‘))*l] =R@) <1,
2nQ) ((DE;"))—1 > n3/2) < o172,
On the other hand, given E, N {Dr(l“) >n3/2}, D W lkwn] -2 < D /f So,
DAk _ p®) _ p@llnnl 5 (1 1/ /m)D

Consequently,

\fW (an n):| +

~ 2
RHSl < (1 +071(1))EQ(M [Wn X ]lE'i]l{Df,”‘>2n*3/2}} T (1 + On(l)) Q) { D((X)

2
va
So (3.33) follows from (3.14).

It remains to prove (3.34). Let m := n —k, and mo := ng — ky, for any u € [k}/3,k,], RHSy(u) is

bounded by
n eV (@wn)

B | R+ Vi) Ty eV ) o> )2ty mass o (V) —V () <) |V (wo) = ”]

Q)

which by Markov property and (3.7) is less than

S

n eom B

R(a E 3 ;ma S S: <a11/Yg>mO/S >p, — ,S. > —n— ]
( ) 2<]<me"’ z<n;(( )_ m — Un ”7m 1% u

Following the same arguments used for (3.23), one obtains that for all u € [k}l/ 3,ku], RHSy(u) <
C,» + 0,(1), which completes the proof of (3.34) and conclude (3.31). O
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3.3 Proof of Corollary 1.9

In this subsection, we show that as p — oo,

in P*probability
3.35 ——1 - - ———— AD..
(335 Z:: Z,; Tpayez V@) MPpcyssVlo) v <7 zprotosn *

Proof. Denote

1
W, (,B) = 1 max
m |Z|Z::m Z¢<y§z V)

= Wm(Fﬁ,ﬁ)/\/%

p<y<z (V) -V()<pV(2)2p)

In fact, only those m that are comparable to 82 really contribute to the sum. First, for m < ¢f? and
m > B%/e with e | 0, we claim that for any 17 > 0,

(3.36) lim lim sup P ( Y. Wi(B) > ;7) =0
‘B—)OO mSSﬁz
(3.37) lim lim sup P W, > =0.
limg lim sup mZZﬁ;/g w(B) =

We postpone the proof of the above facts to Subsection 4.2.4 as the arguments are similar to the proof
of (2.9).

For any € > 0 fixed, by (1.22), as B — oo, mW,,(a+/m) converges in probability to D%, uniformly
ona € Ry. Moreover, } g2« /<p2/e % < oo for any € > 0. Therefore,

Wn(B) =D}, %(Cgﬁ/ﬁ,ﬁ/\/ﬁ+oP*(1))

ep2<m<p?/e efr<m<p?/e

1
=Deo ), Gy mps v+ or(1).

ef2<m<p?/e

where op: (1) denotes a term such that limg_,, 0p+(1) = 0 in P*-probability. On the other hand, by
change of variables m = 2,

‘32/8 dm 1/¢ d’)’
/gz Cgﬁ/\/ﬁﬁ/ﬁﬁ :/E 65771/2,771/27.

As 6, is continuous and monotone, we get that

1/8 d

1
e INCY TNl / 1/2471/277 +0p(1).

epP<m<p?/e
Whene — 0, |, e Co1/2, 1/2 T — A because of Lemma A.1. In view of (3.36) and (3.37), we conclude
that in P*-probability,
lim Z W, (B) = ADe.

B—o0 =l
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Note that if we replace Wy, (Fgp) by Wi (Fg (11¢)p) with B € (0,1), these arguments still work. By

monotonicity of F, we have

o) Lmaxpeye (V) - V(1) BV (2)2p£0(log )} S m; Won (g (11.0)p)-

By integrability and continuity of €, as B — o0, Y/ Wi (Fg (1—¢)p) = (A +0¢(1))Deo + 0p+(1). Conse-
quently, the convergence (3.35) holds. O

4 Variance of K, and secondary results

In this section, we complete the proof of the main theorems by proving Lemmata 2.1, 2.2, 2.4 and

Proposition 2.3.

4.1 Variance of KEU(¢) and Proof of Proposition 2.3

Recall the definition of B’ N U in Section 2.1, in this section we focus on the mean of the quenched

variance of KB""Y(¢) which is a key step in the proof of Proposition 2.3.

4.1.1 Quenched expression for the variance

Lemma 4.1. Recall that a, = P¢(T, < Ty) and let a,, := PE(T, AT, < Ty). For every event A measurable
with respect to €, denote the quenched variance of K2 (£) as follows:

Vér(KA(0)) := Ef [(K;;‘(e) - K,ﬁ‘(ﬁ))z} ,

then

Var(Kp(0) = 3 [(1-a:)" = (1 - a:)*"] Le py
z|={

+ Z [(1—=ay2)" — (1 —az)"(1—ay)"] Lizeaylipeny-
|z|=£,|v|=0,z#0v

Proof. Note that

K (0) — KR (0) = Z_:é <]sz<T” —(1—=(1—a)" )> Lieay = Z_:é <(1 —a)" — ]lTZzTg) Lizeay-

So the lemma comes directly. O

A corollary of this Lemma is the following result, which gives a simple upper bound of the quenched

variance when A = BN U :
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Lemma 4.2. Recall the definition of B’ N U in Section 2.1, we have :

o
41) Var (KE mu(£)> < Z [””z]l)zfAz(Tv < Typ) iz pepinuy + nayP5 (T, < TtP)]l{z,veB"ﬁU}}
|z|=lv|=¢,
z#v

+ Z nﬂz]l{zeBému},
|z|=¢

where v A\ z is the latest common ancestor of v and z in the tree T, and ]Pf is the quenched probability of the

random walk started from y.

Proof. This upper bound is actually true for every truncated version of K, (¢), however it is optimized

here for events included in U, in particular for B° N U. For a,,, one sees that
fy> = PE(Ty, < To ATy) + P (T < Ty ATy) = doz + dao.
We have,
(1—a0z2)" = (1—a2)"(1 —a0)" < (1 —doz —dzp)" — (1 — 0z — a0)" < n(az —dzp+ay — doz).
Observe that

z — dzp + y — dy, =P (Ty V To < Tp) < PE(T2 < Ty)PE,,(Ty < Tp) + PE(Ty < Typ) P (T2 < Tp)
=a,P¢,,(Ty < Tp) + aoPpy (T2 < Tp).

This together with Lemma 4.1 yields that

[(1T—ay2)" = (1 —a)"(1—ay)"] ]l{zeBému}]l{veBﬁmu}

‘Z‘:€,|U|:€,
z#v
< Y naPl(To < Tp)lpeprupepnuy + 3, 100Po(Te < Tp)Lepinupeninuy
Zol=¢, —lo|=¢,
g g
Moreover, we have (1 —a,)" — (1 — a;)?" < na,. This leads to (4.1). O

4.1.2 Upper bound for the mean of the quenched variance
In this section we obtain an upper bound of the mean E (V%r (K,lfohu(é )) ) .

Lemma 4.3. For { ~ y(logn)?, every 6 > 0 and n large enough,

E <W‘5ar (deﬂu(ﬁ)» < cn®(logn) /2,
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Proof. Because of (4.1), we only have to bound the means of

. £ B’
th = Z a;Pyp, (Ty < T(P)]l{z,veB‘SOU}’ICS ﬁu(g) = Z nazl(zepinuy
|z|=[v|=¢{, z#v |z|=¢

since the second term on the RHS of (4.1) is its symmetric. We begin with KBOU (7). As BS C L, recall-
ing (1.14) and (1.19), one sees that K5 (¢) = %pg((p, ?
martingale-like variable is obtained by adding the restriction B;. By (3.16), one gets that

(log )2

The main idea of the rest proof, is to decompose the double sum },_|,|—; according to the latest

[ .
)Wé )(Flogsmlong,log logn) since the truncated

(42) EIKY(0)] = 0(%) = O (5

common ancestor z A v.

Define Zl = Z¢<s§v/\z EV(S)_V(ZAU)I ZZ = Zv/\z<s§z eV(S)—V(Z/\U) and 23 = Zv/\z<s§v eV(S)—V(Z/\U).
We then have -
o P @)
Ya+2s
By comparing X, ¥, X3, we get t, < tL + 12 + t5 + t}, with

)3
and P%, (T, < Ty) = > +123.

) e~ V(zno)
ty = = ET]l{zeBﬁmu,veBému,ZIZZZVZa}’
z|=|v|=
z#v
) e—V(z/0) 3 e~ V(zn)
by = Tl{ZGB‘SﬂU,UGWQU,ZzSZl523}’ by = T1{zeBéﬂU,v€B5ﬂU,23S21SZQ}’
|z|=|v|=t 3 |z|=[v|=¢ 2
z#v z#0
o er(z/\zJ) Z1 1 ) A
" |z|=lv|=¢ Yo*ds {zeBNUvEBNU, L <Y A5}
z|=|v|=
z#v

We treat each term separately. Notice that by symmetry E(t2) = E(£), so we only estimate E(t.), E(t2)
and E(t}).
Recall that for every z € U, V(z) > logn + loglogn and a, < (nlogn)~!. Clearly, {£; + X, >

eV(2)=V(zAo) > 4 log ne*V(ZA”)}. In addition, if {£; > X,}, we have

— YqeV (@h0) nlogn

V(zAv) > log|lz/\7v| > log <2£g) )
* Upper bound for E(t]), as X is the largest term here, using the above remark we have {z,v € U,%; >
TV} C {V(zA0) > logn +loglogn —log2¢ =: m,},alsoas z € BS, £y < s, = n/(logn)'*?, so

1 E—V(z/\v)
ty < Iy <5 Yy > V(2)AV(0)>
- 2|l =t Zl {V(zhv)>mp, 21 <53, 1> V Y5, V(2)AV (v)>—a}
z#v
(-1 e—V(u)
< Z o LV (1) > £ <5, V (1) > —a} Z Z Liyee eviw-vin <y Z Liyywevi-vio <yuys
: 1 2 1 2 1
J=0 |ul=j 1 Y =u=" |z|=tz>x [v]=tv=y

x#y
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where 2f 1= Y.<, e’V and 237 := ¥ . eV(®)7V(¥) and recall that X is the parent of x.
Applying Markov property at time |u| + 1 and then Many-to-one equation (3.1) yields

V()

tl = ZOE['Z ! {V(u)>mn,2¥§sn,ﬂ(u)27a} Z f] (Xfe V() )f] (Z —Viy ))},
- u ] x =u= y
X7y

where f;(t) := Ee SH*J"ZZ_l_j Si < t]. By (A.14), f;0(t) < E(e%;5,_4_; < log. t) < c(log, t +
1)t/ (£ — j)3/2. Plugging this into the previous inequality yields

ZE[ Y e Wy +10g2”)2]1{v( 1) >y, T <5, V() >—a}

j=0 T ul=j
w_° <3 1+ (V(u)— V(x>)+]eV(x)fV(u)[1 + (V(u) - V(y))Jr]eV(y)—V(u)}
(€—7) .
S
-1 e ) L
< Z = E[ Z eV )21(1+log21)2]1{V(u)>mmz¥gsmﬂu)2_“}}E[( Z 1+ (=V(x))4]e V( )) }
j=0 |”‘:j \x\:l

By (3.1) and hypothesis (1.4), we get E(t}) < Z = 3sn(l +log, sn)?P [Ej > My, 3 < sy, S; > —oc},
with Y5 := ¥/ 575/, Also by (A.2), P [gj > —a} < c(1+a)j712, 50

= , (14a) < c(14+a)n
Z sn(1+1log, sn) (G +1)172 = (logn)-1/2"

x Upper bound for E(t2), with the same ideas as for the upper bound of ¢, we have

e~ V(zno)
12 < 1.y <6< >
< Yu | (V(EA0)>m I <s BTV (200) 2 —a)
|z|=[v|=¢
z#v
v V) .
— u
S Z Z e H{V(I/L)Zmn,ZTSSn,Z(u)Zflx} Z Z ]I{ZJZC’ZEV(X)*VO‘)SSn} Z W'
=0 |u|=j T =u=" |z|=tz>x lo|]=to>y =2 €

x#y

By Markov property then by (3.1), it follows that

2) ~V(u) V-V | T | (o V-V
E(tn) < Z E|: Z e ]I{K(M)Z*Dé} o Z e E 1 eS- f],g (sne )},

j=0 T ul=j X=u=y
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which by (A.14) and (A.15), is less than
(-1

D

csu(1+ logJr Sn)

[ Z e ]1{V > ’X} Z eV ()=V(y) (14 (V(u) — V(x))+]ev(u)—V(x)]

= =g jul=j =Y

x#y
I PR L[ RSO
: u|=j X|=

Applying again (3.1), (1.4), and then (A.2) we have,

/—
E(f5) <

1CS"(1+10g+Sn)P(S- S c(1+a)n
j=0 (6 _]')2

52 =) = {loguyes
x Upper bound for E(t}), we have :

o< e—V(z/\v) Zl 1

o |z|=(v|=¢ EDW WEhozmalisol
z#0
i 2 Wsnlivs>—a) Y )3 ZxZV(lx)V(u) L EW’V(ly)V(u)
=0 |ul=j Tou= |el=tazx 22 € ol =tozy =2 ¢

x#y
With the same arguments as above, one sees that

_ Sp_i
) < 6] £ s Lot £ T

j=0 lu|=j & =u= j Z:1':0 e
£y
which by (A.15) and (1.4) is less than Zé ! CS" E{ZM _je ]l{V(u)> a}] Once again by (3.1) and
(A.2), we end up with
/-1 —_
cs csn(1l+ a) c(1+ a)n(loglogn)
E(f;) < "_P(S il < :
t) < L 7=, ; T )GHVE S~ (logn
Consequently, we have t, < cn/(log n) , which concludes the proof. O

4.2 Complementary arguments: Proofs of Lemmas 2.1, 2.2, 2.4 and Proposition 2.3
421 Proof of Lemma 2.1
In fact, as in (2.5), E[KE U (¢)] = @(E[KEU(£)]). Then similar to (4.2), E[KEU(¢)] = @(n/(logn)?).

Let us show that E[K2\Y (¢)] = o(n/(logn)?).
Note that P (T, < T§) < na; A'1. We have

B\U
IE[Kn\ (0)] < E( 2 (na; A 1)]1{7(2)§10gn+loglognlz(z)2%})
z|={

IN

E( Z naz]l{logn—3loglognSV(z)Slogn+loglogn,Z(z)2—a}> +E< Z ﬂ{V(z)Slogn—Sloglogn})‘
|z|=¢ |z|=¢
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It follows immediately from (3.1) that

n n

- _ Seq logn—3loglogn __ _
E( |Z|Z_:£1{V(z)<logn—310glogn}> =E (6 []l{Sgglogn—Sloglogn}) < es” - (]Ogn)S - 0( (108 1’1)2)'
On the other hand, for the second term, as a, < e_V(Z),
E [ Z naz]l{logn—Sloglogn§7(z)§log n—&-loglogn,ﬂ(z)Z—a}}
|z|=¢
Si’lE[ Z 67V(2)6V(2)7V(Z)]l{logn73loglognSV(z)Slogn+loglogn,z(z)27a}:| ’
|z|=¢
which by (3.1) is equal to
nE [esf’gf’,logn —3loglogn < Sy <logn +loglogn,S, > —oc} .
By Markov property at the first hitting time Sy, one sees that
E [ Z naz]l{log n—3loglog n<V(z)<logn-+loglogn,S,>—a}
z|=4
g — —
<n) E eSf’SJ;S'_l <S§;,5 =85, € |logn —3loglogn,logn +loglogn|,S; > —«
j jroj & &108 & glog i
j=1
g — —
<n Z P(ﬁj > —u,Sj = S; € [logn —3loglogn,logn + loglog n])E [eséﬂ';Sg_j < 0} .
j=1
By (A.5) and (A.13), one obtains that
nloglogn n
E( |Z|Z—:£ nazﬂ{lognf’jloglognSV(z)glogn+loglogn,Z(z)274}> =¢ (logn)3 = 0( (logn)z )/
which completes the proof. ]

4.2.2 proof of Lemma 2.2

The quenched mean IC,SBQU)\(B%U) (¢) of KBU(¢) — KB'U(¢) satisfies that

0< ’C)(quu)\(Bému)(f) SEHBHU)\(B%U)(@ _ 2 181 e b\ 5y -
|z|=¢

As {z € B\ B’} implies that logs, — log ¢ < maxy<y<:(V(y) — V(y)) < logn, similarly to (1.19), we

have

~ o n « «
’Canu)\(B mu)(g) < ﬁ (Wg( )(Flogn,logn—i-loglogn) - Wg( )(Flogsn—logf,logn+loglogn))/
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with s, = n/(logn)'*°. Taking expectation and using change of measures (3.5) yields that

(4.3)

: () ()
~(B\B%)nU < n Wg (Flog n,log n+loglog n) . Wg (Flog sy —log {,log n+loglog n)
E [/Cn (5)] _7272(“) (ng[ D } EQm)[ D }

In view of (3.14), as £ ~ y(logn)?, we have

E \/ng(a)(Flogn,logn-i-loglogn) . \/Ewg(a)(Flogs,,—logf,logn-i-loglogn) . 1
Q) () Q) () _071( )I
Df DZ
and 7 = O( (logn)z ). This implies that
BOU () _ gBNU(p\] < F [ 1G(BOUNB'NU) _ n
E[KE™Y(¢) — K'Y (0)] < E [K} O] =o( fogar)

This ends the proof of Lemma 2.2.
4.2.3 Proof of Proposition 2.3
Observe that
44y P [IKBU(p) — CBNU S
) (IKE0) - REU(0)| =

< BnU/py _ xB°NU > n BnU/py _ &B°nU > n '

<P (KO0~ KE U0 > s ) P (IR0~ REU(0)] > s

For the second term on the right hand side, by Markov inequality and (2.5), we have
P (K5 (0) = KFH(0)] = yn(2(logm)?) ™) <2(logn)(ym)~'E [KE ™ () — KF ™ (0)]
<2logn(yn)'E [1655”“(@} .

In view of (1.19), E [/E‘,’fw(z)} < n¢~1/2E [wé(‘” (Plogsnllogﬁloglogn)] which implies

We(“)(F)} _ o 1 y

D

~ s 2
P (Jfcy (e = YU (O)] 2 an(2(log ) ) < R()Eq |
where the last equalities come from the change of measures (3.5) and (3.14).
For the first term on the right hand side of (4.4), using Tchebychev inequality on the quenched
probability yields that

Pé <|1<5W(6) _ KB )| > T3 . ) < Hogn)tye (K,’f‘smu(ﬁ)) .

logn)? n°n?
So,
BNU B'NU n 4(logn)* £ B’nU
_ >y | <« Mo
P (IKET(0) — 1) 2 o ) < 2UEE (Vi (kEU(0) )
Using Lemma 4.3 with § = 5 gives what we need. H

34



4.2.4 Proofs of Lemma 2.4, (3.36) and (3.37)

Proof of (2.9). Let us show that

1

(4.5) lim lim sup —E KEB()| =0,
GO e 1 [fzaogz;n%zz—e |

(4.6) limlimsupllE[ Y YK =o

&0 noeo T (<e(logn)? |z|=¢

e Proof of (4.5) and (3.37). Recall that a, < e~V(?). One sees that

LHS(5 ::E[ Y ZKE(E)]SE[ Y. Z(”ﬂz/\l)ﬂzeB}

>(logn)?/e|z|=¢ >(logn)?/e|z|=¢

<

nE [Z ei‘/(Z)]l{V(z)zlogn,zeB}
>(logn)?/e |z|=¢

(47) ::R[ —|—RH.

* Z E[Z Liv(z) <togn v (z)=—a}
0>(logn)?/¢ |z|=¢

Applying (3.1) to Ry yields that

Ru= Y E [65‘;35 <logn,S, > —a} ,
¢>(logn)?/e
which by (A.22) is bounded by
cn(l+a)(1+logn +a) _ Cn(l +a)(1+logn +zx).
¢>(logn)?/e /2 B (logn)?/e

For any & > 0 fixed, letting ¢ | 0 implies that lim, o limsup, . n~IR;; = 0. Also by 3.1), R; =

ZZZ(IOg”)Z/ﬂ nE [Z\Z\:f e_V(Z)ﬂ{V(z)Zlog n,z<£,,,z(z)27ac}} equals to

-1

Z nE |e55:,5, > log 11, max
)2/e 1skse

k
> (logn =

eSSk <n, S, > —tx] :
1

Observe that eSS < YK | %5 It then follows that
R, < Si—Sy. q, < >
1 < Z nE [e ’fg;flgxg(sk Sk) <logn,S, > zx} ,
0>(logn)?/¢
which by (A.23) is less than
1 1 £t
CTl(l +0€) Z (W + ze (logn)Z).
> (logn)?/¢
Clearly, 3 s> (1og n)2 /¢ W% < ce!/®(logn)~1/3, so by monotonicity and change of variables, one sees that
ds

L [eS) 0
1e_c, (logn)z S / e_c, (logtn)2 ﬁ — / e-C’Sﬁ S E/C/.
>(logn)?/e ¢ (logn)2/e t 1/¢ S
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Consequently, R; < (1+a)en/c’ +c(1+ a)e'/®(logn)~1/3n. We hence deduce that
lim ;o limsup, . R;/n = 0. Collecting estimates for R; and Rj; together with (4.7), (4.5) follows
immedjiately.

Moreover, observe that W, () < Yjz|=m e V1 {max b Teg ) So, forany ¢, 7 > 0,

p<y<z(V(y)-V(y

« . . -V (z2)
F (m;ﬁ;/gwm(ﬁ) = 77) = P(zlgqfr V(z) < —a)+P (M;ﬂ;/g Mgﬂe Lmaxyycevi-vinspvarspyms—) = '7)
where the second probability on the right hand side vanishes as B — oo then ¢ — 0 because of the
convergence of R;/n by replacing logn by B. The first probability on the right hand side is negligible

in view of (2.1).

e Proof of (4.6) and (3.36). Similarly as above,

LHSwo=E| ¥ L KIOJ<E[ ¥ Y0 "D A)pcr vesn| < RI+R),

(<e(logn)? |z|=L (<e(logn)? |z|=¢
where
Ri:= ), E{ Y ne_V(Z)H{V(z)zlogn/Z,Z(z)zfa}}' =) E[ Y. ]I{V(z)glogn/Z,Z(z)Zﬂx}]'
(<e(logn)? |z|=¢ (<e(logn)? |z|=¢
Again by (3.1),
R} =n Z E |:€S[—§g;§£ > logn/2,5, > —«x}

(<e(logn)?
which by (A.24) is bounded by

no Yy, M < (1 +a)y/en.

0<e(logn)? ¢ IOng

Therefore, lim, o limsup, ., Rjn~! = 0. It remains tobound R}; = Yr<e(logn)? E [Z|z|:£ Ly <logn/a,v(z)=—a} |-
By (3.1),
b= Z E [esf;gg <logn/2,5, > —a} < Z elogn/2 < e(logn)z\/ﬁ,
(<e(logn)? (<e(logn)?
so lim | limsup, .. Rj;n~1 = 0. This completes the proof of (4.6).

Similarly to the proof of (3.37), the convergence (3.36) follows from (2.1) and the convergence of
R} /n. O

Proof of (2.10). We now prove that for any ¢ > 0,

(logn)?/e 5

(4.8) Y E [Kn\”(m)] = o(n),
m=e(logn)?
(logn)?/e s

(4.9) Y E [K,SB“”)\(B ) )] = o(n).
m=e(logn)?
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As shown in the proof of Lemma 2.1, for any m > ¢(log )2, there exists some constant c(¢) € R

such that
" loglogn

E [K}f\”(m)} < e

so (4.8) follows. It remains to show (4.9). Observe that
E {Kr(ZBﬂU)\(B%U)(m)} <E [@Bmu)\(sému)(m)] =E [ ) naz]l{ze(B\B‘5)ﬁu}] )
|z|=m

Take B = logn + loglogn. Because of (4.3), for any ¢ > 0 fixed, there exists ¢c; > 0 such that when
n > 10, forany m € [ep?/2,B%/¢] N Z,

(@) (@)
&(BOU)\ (BN n Wi (Fgp)1 Wi’ (Fg—c log p,8)
E |:ICI’Z (m)i| S \/ER(“) (EQ(a) |: D’(TIIX) i| EQ(w) |: Dr(;lx) i| .

It follows immediately that

(logn)%/e (BNU)\(B°nU)
4100 Y. ]E[Kn (m)}
m=¢(logn)?
B?/e . W(D‘)(F ) B/e W(“)(F i )
< nR(a) x Eq) | —— FE/T _ Eqw | — p—cilogpp '
(mgmﬁ Sl I .

Similarly to (1.22), the convergence (3.14) holds uniformly. So following the arguments used to prove

Corollary 1.9, we deduce that for any € > 0, as p — oo,

1 W (g 5) 1/¢ d
B [~ ] = [, G +op(1),
ep?/2<m<p?/e vm Dy, e/2 Y

Similarly, we also have

(a)
1 W, Fs_ 1/¢ d
Z EQ(a) |: m ( B (:; logﬁlﬁ)] — C,Y—l/z,,y—l/zl + 0'5(1)
eB2/2<m<p?/e Vm Dy, €/2 Y
As a consequence, (4.10) becomes
(logn)? /e
E [KPNETD ()] < o, (1)0R (),

m=¢(log n)?

which ends the proof. O
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4.3 Proof of Proposition 1.7

Most of the arguments are already present in the proof of Theorem 1.5 in section 2.2. Indeed we have
stressed on the fact that the main contribution of visited sites comes from the set of individuals of the
tree truncated by B° N U.

Similarly to the proof of (2.10), the restriction A3 := {z € T : V(2) > max,<|;|_|z1/3, y<: V() } follows

easily from (3.26). So it remains to consider D := {z € T: maxgy<:(V(y) — V(y)) < loa%n } , and
F:={zeT: V(z) > ajlogn,/loglogn}. We only need to show that

(logn)?/e

4.11 li lim E|n~! KBNDN4s =0,
@11 i S B YL KR
and
(logn)?/e
(4.12) lim ]E[n—l y KE”F(m)]zo.
nreo m=e(logn)?

For (4.11) we do as usual and get that the expectation is smaller than

Z E [es’”_sm; max (S; — S;) <logn/ag, S,, > —a,Ys > m — m1/3]

1<i<m

(logn)?/e m

A
]

E |:esmff]1§m,'<0:| P [max.(si —S;) <logn/ay, §]-_1 <S8 > _{X] '
m=¢(logn)? j=m—m1/3 /= 1<i<j

Similarly to (A.30) and the lines that follow, the above sum is bounded by

1 _ 2 _ .
Z;Ogsnlogn 5 Zm /3 %e c'mag/ (logn)* < —2(loge)e c'e10 which goes to zero as ay — co.

Also for the expectation in (4.12) we have that it is smaller than

(logn)2/e

Y. E[e755, > ailogny/loglogn, 5, >

m=e(logn)?

< Y f:E {esmff;gm_]- < 0] P [gj > -, S >m logn\/loglogn}

3
I
™
~
-
(]
aQ
=
=
N
-
Il
—_

which by (A.13) and (A.18) isbounded by ¢} (log )* Yi(m—j+1)" —3/2~¢*ai — o, (1) by choosing

m= slogn2

a; properly. O

A Appendix
A.1 Finiteness of A [see (3.22)]
Lemma A.1. The function A : (0,00) — (0, c0) is well defined and integrable, i.e.,

I o C__ _
(A1) A= Ay = / b B Ll NP
0 0 Y
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Further, forany a,b > 0, C,, 172,172/ is integrable.

Proof. Recalling (3.21), it suffices to show that C;;, € (0,00) and that C,-1/2,,-1/2/ is integrable. Recall

that for any a,b > 0,

Cop =2¢; ¢, E (‘Y”’b(aml,a(ml —m)); ; max o (i — mg) < \fﬂ)

with
Yo (x,h) := ¢ P <(7m1 > (V2b —x) V h,o(ii; —m) < (V2a—h), Ax, s max o (ms — g 3p) < fa)
Obviously, C,; < 2¢] ¢5 ¢; < co. Moreover,

Cop > 2¢f ¢ 5 P <Um1 > V/2b, o (i —my) < \g

a, max (s —mgy) < fa)

V2 V2
> Y= i, —m) < =
xP(mm_ 5 a,()rgfgla(ms mg) < 5 (anbd) |.
On the one hand, Biane and Yor [8] showed that

((nome);0 <5 < 1) = (] + A%, AD;0 < 5 1),

where (bs,s € [0,1]) is a Brownian bridge and (AY,0 < s < 1) its local time at 0. On the other hand, if
(Rs;0 <'s < 1) aBessel(3) process, Imhof [19] showed that for any x > 0,

(ms,s € [0,1]) given {m; = x} =4 (Rs,s € [0,1]) given {R; = x},

where P(m € dx) = xe=*/21 (x>0}dx. By the continuity of the distribution of (b, A°) and R, one sees
that C, j, is continuous and strictly positive.
Let (ms,s € [0,1]) and (iits, s € [0,1]) be two independent Brownian meanders. Then

o< {cP éa(ml +im) > \/§b>
a,b >

cP (maxge(oq) o (ms — s 1)) < ﬂa) .
It follows from the first inequality that

V/2b

Cab < CP(ml > 7) 7172/40'2’

On the other hand, according to [8],

P<max0( )<\fa> = <max |bs|§\f2a/a> gP(max ng\ﬁﬂ/U).
s€[0,1] s€[0,1]

s€[0,1]
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This shows that

B V2a\2 4c
Cop <cP (srél[a)l(] bs < fa/a) =c (1 —exp <_2<a) < L

We are now ready to prove the integrability. Observe that

/ C 1/2 1/2 ’)/ / “1/2 1/2 +/°° 0771/2771/2d’y
0 Y

1
/ ce 40'2'y ')’ / 4c d,)/ — Ce_éwlz'y di + g
v 0

By change of variables t = 1/1,

1
/ce 4027 ’Y / ce 402dtt<oo
0

~1/2,,-1/ Coy1/24,-1/2

C
We hence conclude the integrability of — 2, as well as foranya,b > 0. O

A.2 Results on one-dimensional random walks

In this section we state technical inequalities that are used all along the paper. The sequence (S, k)
which appears here is the one defined in (3.1). The proofs are postpone Section A.3.

We start with two well know inequalities (see [4] for instance) and some basic Facts. There exists
constant ¢ > 0 such that foranyn > 1and u > 0

c(1+u) and PS5, < 4 c(1+u)
dP(S, <u) < T

By Lemma 2.2 in [4], there exists some constant ¢ > 0 such that for any u > 0, b > a > —u and any
n>1,

(A.2) P(S, > —u) <

c(L+u)(1+b+u)(1+b—a)

(A3) P(S, > —u,a <5, <b) < peYE
Fact A.2. 1. Foranyu,a > Oand Vn > 1,

— 1
(A4) Pu(S, > —a,5, = 5p) < *2‘*”)

2. (a) Foranyn > 1, B > 0 fixed, there exists c(B) > 0 such that foranyu > 0, —=B\y/n < —a <0< a <

b < By/n,

c(B)A+atu)b—a)

(A.5) P,(S, > —a,S, =S, € [a,b]) < 73
(b) Foranyn>1, A >0,

- c(1+a
(A.6) P(ﬁn > —,5, =85, > A) < Anl/z)
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3. Foranya,A,a > 0andVn >m > 1,

(A7) P(S,> —&,Sy =5nSm—Sn> —ASp— Sy <a) < c(1+A)(1+a+A)(1+a)

m/2(n — m)3/2

We now state the following Lemma which is mostly a consequence of the above facts.

Lemma A.3. Foranya > 0,0 <a < bandn > 1, we have

c(14 a)?

(A.8) P(Sn =S, > —(x> < S

(A9) p( ¥ S5 € [a,b], 5, > —04) < C(l +a)(1+1logb)(1+logb —loga +logn)

1<i<n T B h

cb+a+1)(14+b—a)(1+a

(A.10) E(es";Sn € [a,b],S, > —a) < ( )543/2 )( )

Following Lemma focus on asymptotic results.
Lemma A.4. Let a,b > 0 fixed and lim, ”—’;1 = lim,, % = 0. We have the following convergences.

1. Moreover, for any o« > 0 fixed,

(A-ll) h};n nP <Sn > —u, Sn > gn—lr rgax (gl - Sl) < a\/ﬁ"f‘ An, Sn > b\/ﬁ+ bn) = Cu,bR(“)/

1<i<n

where C,j, € (0,00) is a constant depending on a and b, defined in (3.20).

2. Let g : [1,00) — Ry be a uniformly continuous and bounded function. Then,

(A12)  lim nE [g(j

n

esfsﬂ);gn > —u,S, > gn_1,lr£1a<x (S;—S;) <avn+anS,>byn+b,
<i<n

1
= Coy R(1)E[g(Heo)]

Below we collect some more basic facts.

Fact A5. 1. Foranyn > 1,

= c
(A.13) E[e°";S, < 0] < 75
2. Forany A > Qandn > 1,
- 1+ A)e?
(A.14) E[5;5, < 4] < & +3/2)e
n

3. Foranyn > 1,

(A.15) E[ ¢



4. Forany A,6 > 0and Vn > ky > k1 > 1,

c(1+A)
vV 51’1](1 ‘

5. If E[e*%1] < oo for some 6 > 0 [see (1.3)], then for any & > O there exists c(6,0) > 0 such that for any
n>1,

IN

(A.16) P(Si o] <A Sassm = 0)

(A.17) P(S, > n't%) < c(5,0)e 0"/,

6. Let a > 0. With the same hypothesis as above there exists c; > 0 such that

(A.18) P(S, > ay/nlogn,S, > —a) < ¢

nater”
The following corollaries follow from above lemmas.

Corollary A.6. Leta > 0, b, > 0 and lim,, % = lim,, % = 0. Take ng = n — n'/3, then

— 0,(1
(A.19) P(g[n/zln] < by, S, > —a,Sy > sn_l) _ nr(Z ).

Lemma A.7. Forany a > 0 fixed and k, = o(n'/?), the following estimates hold uniformly for n/2 < k < n,

_ 0n(1
(A.20) P(Skn € [ki/‘g,kn]/ﬁ[kn,k] < kY6, S >S5 1,5 > —0&) = né ),
1/3 _ g )<
(A.21) P<Sk,, & (k> k), S > —a, Sk = Sk) Snk%/z'

Corollary A.8. 1. Ifa € Ry is fixed, then forany { > 1and A € Ry,

(A22) E[e95, < 4,5, > —a] < “0F oA

2. For A > 0 sufficiently large and any £ > 1,

(A.23) E [65[5‘;1@?[(% —S5) < A5, > —a] < C(E;/rsa) + c(lsz) G
3. Forany A > land { > 1,

(A.24) E [esf—@;@ > A,S, > —a] < W.
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A.3 Proofs of (A.4)—(A.19)

We show these results one by one.

Proof of (A.4). Let Ry :== S, — S, for 0 < k < n. Clearly, (R, 0 < k < n/2) is an independent copy of
(Sx,0 < k <n/2). Hence,

Pu(S, > ~,Si =5,) Pu(Sy2> ~wRyp2 > 0) =P(8,5 > —a—u)P(R,/2 > 0).

Applying (A.2) to both (S.) and (R.) yields that

(A.25) P, (S, > S, = En) <c(l+a+un?,

which is exactly (A.4). O

Proof of (A.5)-(A.6). Using the same arguments as above, as S, = S,,/2 + R, /2, we get that

Pu<§n > —a,5, =5, € [a,b]) :P<§n >—a—u,S, =S, €la—ub- u]>

§P<§n/2 > —a—1u,Ry/>0,S2+ Ry €la—ub— ”])
=E((Su/2)i S0 = —a—u),

where (x) := P(R,;2 > 0,Ry2 € [(a — 1 —x)4,b—u—x])1{_y y<xcpuy- By (A3),

c(1+b—u—x)(1+b—a)

P(x) < 372 T s u<x<ouy
It follows that
(A.26) P, (ﬁn > —a,S, =5, € [a,b]) SWE(O +b—u—S5u/2)+;8,0 2 —a— M>
W(l +b+ tx)P(§n/2 > —x — u),
which by (A.2) is less than C“ﬂtﬁ;“ (H“H\)/%Hbﬂ) = O(l)(lﬂjfﬂw since bV a < By/n. This

completes the proof of (A.5).
Similarly for (A.6), we have

P(S,>—,5,=5,>A)<P(S,/s>—a,R,/>0,R,/2+Sy2 > A)
< P (ﬁn/z > _D‘/Bn/z > Oan/Z > A/2> +P (gn/Z > _“/Bn/z > Olsn/Z > A/Z) s

which by independence between (S;,i < n/2) and (R;,i < n/2) and (A.2), is bounded by

c(1+a)P (S, >0,5,/2>A/2)  cP(S,/>—« 5,2 > A/2)
1/2 + 1/2 :
n n
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By Lemma 2.3 in [4], there exists a constant ¢ such that for any a > 0,

supE[|S,[;S, > —a] <c(a+1).

n>1
It follows from this lemma and Markov’s inequality that for any « > 0,

c(1+w)
Y

S
P (ﬁn/z > —,S5,2 > A/Z) <2E | :14/2|;5n/2 > —u| <
As a consequence,
c(1+w)

P(§n2_a/§nzs1’l2A)§ A\/ﬁ'

Proof of (A.7). To obtain (A.7), we consider the two independent random walks (Si, 0 < k < m) and

(R, 0 <k <n—m). As S, = Ry_m + Sm, one immediately sees that

92}

P(En > —ua,

wn

n:Snz

w8y > —ASy—Su<a)

<P(S,, > ~&,Su = S <4, Ryyy > 0, Ry € Sy — S, S — S+ A])

=

<E [P( o >0, Ry € [?m—Sm,gm—Sm—kA]‘(Sk,O <k< m)>;§m > 0,5y — S < a}.

Applying (A.3) to this conditional probability implies that
(1+A)(1+A+Su—Sn)
(n—m)3/2

SC(l +<z:)_(1m~|;31;12+ a)

P(ﬁn > —a,Sy :gnrgm -5, > _Azgm —Sn < a) <E |c

P(Em Z _UC),

which by (A.2) is bounded by
(1+a)(1+A)(1+A+a)
ml/2(n — m)3/2

This ends the proof of (A.7).

Proof of (A.8). Let Ty := S, x — Sy = —Ry. Then (T},0 < k < n) is a random walk distributed as

(=Sk, 0 < k < n). It follows from (A.3) that

c(1+a)?

P(Si=8,>—a) <P(L,20T, <a) <=

Proof of (A.9). Observe that eSn—Sn < Ya<i<n eSi=5n < negn*sn, then

(L% <lot) oot 5,5, < s,

1<i<n
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We thus bound the left hand side of (A.9) as follows

LHS 9 ::P( Z ¢S € [a,b],S, > —Dé) < P(loga —logn < S, — S, <logh,S, > —u)

1<i<n

n
= ZP (Sk-1 < Sg =Sy, loga —logn < S, — S, <logh,S, > —u).
k=1

By Markov property at the first hitting time S,,,

n
LHS(x0) < Y P (S > —a, S = S¢) P (Sy—k < 0,5,k € [—logb,logn —loga]) .
k=1

By (A.4) and (A.3), we deduce that

i ) (1+1ogb)(1+1logb —loga+logn)
LH
S(a.9) ; (n—k+1)32
(1+ )(1+logb)(1+logb loga +logn)
n 4
which ends the proof. O

Proof of (A.10). By (A.3), one sees that

LHS(x 10y := E (65”;§n > —u,S, € [a, b]) <e'P (S, > —a,S, € [a,b])
<ce’(1+a)1+b—a)(b+a+1)n"32

O

Proof of (A.11). Consider the two independent random walks (S, 0 < k < n) and (R, 0 < k < n).

One observes that

max (S; — S;) = max { max (S; —S;), max (Rk— Ryu/2)),Sns2 = Sns2 + Rujz — Rn/z} ,

1<i<n 1<i<n/2 1<i<n/2

and that
{S, > —a,8,> 5,1} ={S,/o > —a} N {Ry/2— Ruy2 < Spjp+a} N{R,» >0} N{Ry/2 > Su/2— Sus2}-
Let

1<i<i

P(a11) _P<S > —a,S5, > S,_ 1,maX(S —S)<aﬁ+an,snzb\/ﬁ+bn>.

It is immediate that

Pty = P(ﬁn/z > —u, R, >0, 122(/2(5 —Si) <avn+an, Ry + Snjp > (bvn+by) VS0,
Ruja = Rujp < (avn+an —Su/n+Sus2) A(Sujp+a), max (Rg—Rpye,/op) < ﬂ\/ﬁ—Fﬂn)

1<i<n/2
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which equals to

Syis Spim—Snm ~
(xyab(\/ﬁ n/\?./ﬁn/ );Sn2 2 a,lggf/z(si—si) < a\/ﬁ%—an)

where

Yob (1) :zP(Rn/2>O>xP<\/% > (V2b +m

Ry2 — Ry an ®
—r= = < —h+ —— 4 _ <
\/m = (\/Ea h \/m) N (x \/W) 1<nz<la;3(/2(Rk R[k,n/Z}) < a\/ﬁ+ a

Again by invariance principle and (3.18), as n — oo,

YV (x+h)—x,

Ry > 0)-

(A27) V/n/2¥%(x,h) — ¥ (x,h) =
P <0m1 > (V2b — x) V h, ity —omy < (V2a —h) /\x,0r£1a<x1c7(mS —mgq)) < \/Zl) .

Because ‘I’Z’b (x,h) is monotone for x > 0 and & > 0 and yab ig continuous, by Dini’s theorem, we have
uniformly for (x,h) € RZ,
Yo (x,h) + 0, (1)

a,b —
¥ (x, h) Nove

Asa consequence,

Tu,b( Su/2 ’gn/Z*Sn/Z) +o (1) B
P(A,]]) =E ( n/2 \/n”//z2 § ;En/Z > —r, max (Sl — Sl) < ﬂ\/ﬁ‘i‘ ay
S

1<i<n/2

1 S Sp/o— _
_ E Ta’b n/2 ) n/2 n/2 1); S, —S) <
/2 ( Gurz ™ ara ) Ton@r (5 =50 < avn s

Once again by invariance principle and the fact that lim,_, v/nP(S,, > —a) = R(a)c;

1/
R(a)C 0,(1
P( 1) ( ) a,b n( ),

with C, , defined in (3.20). O

Sy > —(x> P (S, > —a).

Proof of (A.12). We turn to consider

1<i<n

n
E [g(ZeSJ’_S">;S —a,S, > S,_1, max(S —S;) <avn+ay,S,>byn+b,
=1

First, we show that in this case with high probability, S, /2 < Sy — n~1/3. In fact,

[(2e5 5)7,12 0,52 > Sy —n 13,8, >5,_ 1 max (5; — §i) < av/in +an, Su > by/n + by

S HgHooP (§ Z _argn/Z Z Sn - n—1/3, Sn - g1’1/ Sn/Z _gn/z S a\/ﬁ+an>

a(l+a)
< cllglle e 7176
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where the last inequality follows from (A.7). Now, given S, 2 < Sy — n-1/3, Z?:l ¢~ 5" can be replaced
by Yn/2<i<n e%~5n which is independent of (S;0 < k < 1n/2). Note that on {S,,,» < S, —n~1/3},
n
Y <Y et < ne " 4 Y.
n/2<j<n j=1 n/2<j<n

and that g is uniformly continuous. Hence,

S;—Sn
g e’ = 0,(1).
oL o) s Fe) =
Therefore, we deduce that
[ (Zes 5”)' > —n,5,>S,_ 1,1ma<>;(5 S;) <avn+ay S, > by/n+b,

=E [8( E eSj—Sn> S,>—a,S,>S,_ 1,1max(5 —8;) < ay/n+ an, Sy > by/n + by Onr(ll)

n/2<j<n <n

Now we use (R, 0 < k < n/2) in replace of (S, —S,,_x,0 < k < n/2) and recount on the same
arguments as in the proof of (A.11). Thanks to (3.17), (A.12) follows immediately. O

Proof of (A.13). LetS, := —S,. Observe that

E[¢5;S, <0 =E[e ®;5, >0/ < Y e *P[S, > 0,5, € [k k+1)].
k=0

Applying (A.3) to S implies that

kc(1+k)< c
32 = 3727

since Y=o (1 +k)e ™ < co. O

Proof of (A.14). By applying Markov property at the first hitting time S, one sees that

n
E[e*;S, < Al =Y Ble®;Sk_1 < Sk < A, Sk > S
k=0
n
=Y E[e*; Sy < Sk < A]E[e®%; S, < 0]
k=0
n
(A.28) =Y E[e%; S > 0, S < AJE[e%+; S, < 0]
k=0

where the last equality follows from time-reversing. Next, one observes that for any k > 1, by (A.3),

Efe;8, > 0,5 <A< Y oFIP(S, > 0,5 €j,j+1])

j€l0,A)NZ
) A
<5m L ef+1(1+j)gc(1;£)e,
j€[0,A)NZ
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since ¥ ico,4/m)nz e t1(1+j) < c(A +1)e?. Plugging this inequality and (A.13) into (A.28) yields that

c(1+ A)et - c(1+ A)et
(k+1)32(n—k+1)32 =  nd2 7

M:

E[e*;S, < A
=O

which is what we need. O

Proof of (A.15). We have,

esn 5 _3 n s s B B
| B[] = s Siusi 2,

then by Markov property and a time reversal for (5;,0 < j < k), one gets that

eSn n o _

El— | <Y P(S>S5_1)E|e*5, . <0

[Zlgignes’} _kg%) ( k k 1) [6 n—k }
n

<Y P(S,>0)E [esnfk;@_k < 0} .
k=0

By (A.2) and (A.13)

E {es] <y c <
Yaci<ne®| = 2 (k+1)1V2(n—k+1)%2 = /n

(A.16) follows immediately from Lemma 3 in [25].

Proof of (A.17). For 8 > 0such that ¢(6) := log E[¢?51] € (—o0,00), {?>~"¢(); 1 > 0} is a non-negative
martingale. The existence of 6 comes from (1.3). Therefore, by Doob’s inequality,

P (§n > nW) <P ( max e#Sk(0) > 1" 0—np(0)
B — \0<k<n -

<=0 +ng(0)p |:e(95y,fnq)(9)i| - On g ()

For n large enough, 0n'*% — ne(0) > 6n'+° /2. Hence, for any n > 1,
P (?n > n“‘s) < c(é,@)e‘enw/z.
(A.18) can be treated similarly choosing 6 properly as a, decreasing to zero, function of n. O

Proof of (A.19). Let
Pia19) i= P(ﬁ[n/z,n] <byS,>—«S5,> gnq)

Use again the notation Ry = S, — S,,_, we observe that
Pa19) = P(Sn/Z > —a,Ry/2 = Ryuyo € [(Snj2 = bu) 4, S+ ], Ry > 0,Ry2 > Syyo — Sn/Z)

<E[Sy2 > —u, fn</£2>]
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where

Rn/Z - Rn/2

By invariance principle, P Run—Rupz < R, ,» > 0) converges to P(it; —m; < x) uniformly for x € R .
y p p Ji2 n/2 & y

Consequently,
Fulx) = o(1) uniformly for x € R
n - ’ 7
Vn
" (1 (1
On 01’1
< > — =
Pia19) < NG P(ﬁn/z = 0‘) "

O]
Proof of (A.20). We need to obtain an upper bound for P(Skn € [k,17/3, kn]/ﬁ[kmk] < k,1/6, Sk > Sk_1,S; >
—zx). One sees that by (A.19), for any np < k <mn,
P(Sk, € k% Kl Sy iy < K/, Sk > Si1, 8¢ > —a)

. ra 1/6 1/6 <q
SP(k/Izn<1]n§ij = ki/é’ Sk > Sk-1,5¢ 2 _”‘) + P(Q[kn,k/z] < kn/ 'Sk > kn/ Sk > Sk-1, 5, 2> —vc)

0,(1 B
By (3.29), to conclude that ¢; = o, (1), it suffices to show that uniformly on k € [ng,n]NZ,
< 0,(1
P@W/ 2] <h'® < Sqksau S > Sk-1, 8¢ > —“) - ",5 )

Considering the first hitting time of S; which should be before k/2, one has
P(ﬁ[kn,k/z] < k}/6 < §(k/2,k],5k > gk—1/§k > —06>

(A.29) < ) P(ﬁ[kn,k/z] <K/, Sk > S_1,8; 1 > S =5; > —«X>.
0<j<k/2

Forany k,/2 <j<k/2and ny < k < n, by Markov property at time j,

P<§[k,,,k/2] <k/®, Sk > Sk_1,8; 1 > 5= 5 > —IX>

kn /257 <k /2
< Y P(Si>S=—a)P(S ;20,8 =5
o /2<]<k/2
which by (A.8) and (A.4) is bounded by Y /2<j<k/2 C(Jl;iz”;)z = oﬁlﬁ Also when j < k;,,/2, applying

Markov property at time 2k /3 then at time j implies that
P<§[k,,,k/2] <K% Sk >S5k 1,51 > S =5 > —Dé)
SP<§[kn,k/z] <k, 8;_1> S =Sys3 > _‘X>P(Sk/3 > §k/3-1)

§P<§j—1 >5j 2 —“>P(§7k/12 >0, Sy, /2472 < ki ® + “)P(Sk/3 > §k/3—1>/
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where for the random walk from the time j to 2k/3, we use the fact that {Sy /-7 < kL/6 +
&, Sos3-j = 0} C {Szk/12 = 0, Sk, jokso) < ki/® + o} as j < ku/2.

By time reversal together with (A.2), P(gk /3-1 < Sk /3> < ¢/vk/3. Also, in view of (A.8) and
(A.16), forany ng < k <mn,

= 1+a)%(1 A6 1
y P(ﬁ[kn,k/z} SRS >SS, > S =S, > _[X> > e( +‘oc) (37;0“1}‘/;91 ) _on(1).
j<kn/2 i<kn/2 (j +1)% 2nky n

Proof of (A.21). Applying Markov property at time k;, yields that

Peson = E(Ps,, (Sip, > 0 Sck, = Skt ) Sp, =~ Sk, & K/ ki),
and recall that P, is for the distribution of the random walk starting from u. By (A.4), P, <§k—kn >
o, Spg, = §k_kn) <c(1+a+Sk)/(k—ky). This yields

(1+0€+Skn)
k—ky,

We now split the above expectation into two terms, first by Markov’s inequality,

Piaoy < E| Sk, = —a, Sk, # [k Kl .

(I+a+Sk,) c 4 ¢
El——=; > — > <
[ Kk ok = Tk —k”} = n(1+a+kn)3E[(1+“+S"n) } Sk
and also by (A.3)
(1+a+S,) B r(1+a+Sy)
kn) . 1/3 ku) .
> — < < > —
E| TR S 2 Sy, <K ] _IZ_:aE[ RS 2 Sy, € 1,1+ 1]]
kL/3
oc(l+a+1) c
I=—un n
These two inequalities conclude (A.21). O

Proof of (A.22). Arguing over the first time hitting S, then by Markov property, we have

V4
E(a) < 21 E [esf ;S <AS > —a} E [esf—/n 50 SO}}
]:
V4
< P[5 € [l k+1],8; > —a| B[Sl o).
j=1 —a<k<A =

By (A.13) and (A.3), we have

¢ A
c(1 w)(1 k+«a ce’(1 a)(1 A 14
E('22)<Z Y €k+1(+)(++) (1+a)(1+ +)'

j=1 —a<k<A P —j+1)32 — (3/2
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Proof of (A.23). Arguing over the value of Yg implies that

E(s 23 =E [es‘fs";fgggg(sk ~S) < AS, > —a}

é —
_ 5-5,.2 = _
_j:ZlE {e 72581 <S5 = SZ’@?Q(S" —S) <AS, > _4 )

which by Markov property at time j, is bounded by

j=1
By (A.13),
¢ c
E <) PISi1<S, Sk—Sk) < AS > —
(A.23) Jg { j-1 < ]11’2@( k= Sk < AS; "‘} ((=j+1)3/2
¢
(A.30) =) 1y,

We split this sum into two parts: Zf;fm and ) ,_n i< For the first sum, by (A.4), one sees that

(/3 /3 c
. > R N S
]g Toj < ]g P <§J =~ SJ) ((—j+1)372
Ef:/s c(1+w) c(1+a)
-1y =

j=1

For the second sum, by Markov property at j/3 and 2j/3 then by reversing time,

— — c
rej <P (ﬁj/g > —0é> P <I{r§1?/>§(5k —5) < A) P (S;/3=Sjs) =j+1)pn
— C
=P (S, > — —5) < > 0) —
P (52 ) (g0 £4) P (5 20) gy

— —e| L
It is known by [18] that for sufficiently large A > 0, P(max;<x<;(Sk — S¢) < A) < e o) This
together with (A.2) implies that for any n large enough,

/ /
Yo <) 5 ‘ (1 i “)3/2€—cA e L (12_ “)e—cu%,
(—03<j<e e JE=T+1)

S

which ends the proof. O

Proof of (A.24) By Markov property at time Ys = j,

E( o :=E [esf—@;@ > A,S, > —,x] - ip (gj > 4,5 =5 > A) E [ese—m {55_,60}] ,



which by (A.13), is bounded by Zf’:l P <§]~ > —uc,gj =S5 > A) c(l—j+ 1)*3/2‘ Thenby (A.6), E(a 04y <

14 c(1+«) c(1+a)
Zj:l 72— j+1)572A < g [
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