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Range and critical generations of a random walk on
Galton-Watson trees

Pierre Andreoletti*, Xinxin Chen'

October 5, 2015

In this paper we consider a random walk in random environment on a tree and focus on the frontier
case for the underlying branching potential. We study the range R,, of this walk up to time n and obtain
its correct asymptotic in probability which is of the order of 11/ log n. This result is a consequence of the
asymptotical behavior of the number of visited sites at generations of order (log 1)?, which turn out to
be the most visited generations. Our proof which involves a quenched analysis gives a description of

the typical environments responsible for the behavior of R,,.

1 Introduction

Let us consider a random walk with a random environment given by a branching random walk. This
branching random walk is governed by a point process £ := {A1, Ay, - - - , AN} on the real line, where
N is also random in IN U {oo}. The initial ancestor (i.e. the root), denoted by ¢, gives birth to N children
with displacements Aj, Ay, - - -, Ay they form the first generation. Then, for any integer n > 1, each
individual in the n-th generation gives birth independently of all others to its own children in the
(n + 1)-th generation. Their displacements are given by independent copies of L.

We thus obtain a genealogical tree, denoted by T, which is a Galton-Watson tree with offspring N.
For each vertex (individual or site) z € T, A(z) denotes its displacement and V(z) its position. If y is

the parent of z, write 7 = y, also if y is an ancestor of z, write y < z. V can then be written as

Viz)= ). Aly),

P<y<z

with V(¢) = 0. In particular £ = {V(z), |z| = 1}, with |z| the generation of z.
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The branching random walk (V(z),z € T), serves as a random environment & (also called random
potential). Conditionally on the environment £ = (V(z),z € T), a random walk (X, n € N*, Xy = ¢)
starting from the root and taking values on the vertices of T can be defined, with probabilities of

transition:

e*V(u)
e*V(Z)JFZy;%:Z e~

vy, if uis achild of z,
1.1 £ _
(1.1) p°(z,u) e
e—V(z)+Zv:$:Z =

iy if u is parent of z.

For convenience, we add a parent ? to the root and assume that (1.1) holds also for z = ¢ with
p(9.9) =1

Let P be the probability measure of the environment and P*, the probability conditioned on the
survival set of the tree T (which is assumed to be supercritical, see (1.2) below). Let IP¢, the quenched
probability measure of this random walk and P() := [ P(®)()P(dw) the annealed probability mea-
sure. Similarly we also define IP* with respect to P*. In this paper we focus on the boundary case of

the environment (in the sense of Biggins-Kyprianou [8]):

(1.2) E[N]>1, E [E e_V(Z)] =1, E
|z|=1

) V(z)e_v(z)] =0.

21

Also we need additional hypothesis given below : there exists 6 > 0 such that

2
(1.3) E {( Y1+ |V(u)|)e—V(”>> ] +E

|z|=1

1+60)V(z) +E Z eQV(z) < oo,

|z[=1

> e
|z|=1

Itis proved in [12] that the random walk X is null recurrent under (1.2). Moreover in this case X is very
slow, indeed Y. Hu and Z. Shi [14] (see also [13] with G. Faraud ) proved that the largest generation
visited up to time 1, X} := maxy<, | Xi| behaves in (log 7). One of the questions raised by the authors
at this time was : is (logn)? the typical fluctuation of this walk, that is of |X,| for example ? If we
now look at the largest generation entirely visited M, := max{k > 1: {|z| =k} C {X;;0 <i < n}},
then it is of order logn as shown in P. Andreoletti and P. Debs [4], and we could also ask here the
same question. It turns out that neither of the two is the good answer. A first result in that direction is
obtained in the work of [5]. For any z € T, define

(1.4) T, =T} :=inf{m >1:X,, =z} and T := inf{m > T*" ' : X,, = z},Vk > 2.
Then for any generation ¢ > 1, the number of sites visited at this generation up to time 7 is given by

NTI(E) = Z ]]-TZ<1’1'
|z|=¢

We also introduce the same variable stopped at the n-th return to the root:

K (€) := Nz ().
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It is proved in [5] that the typical generations which maximise the number of distinct visited sites
are of the order (logn)?:

_E (Ku((logn)?))
(15) A0 B (Ko ((log m)170))

= o0, V{ # 1and E (K, ((logn)?)) < n/logn .

They also notice that only the sites such that, along their shortest paths from the root, the branching
potentiel V(-) is high enough (typically larger than log ) are of importance. That is to say produce
the main contribution for E (K, ((logn)?)), conversely the sites with low potential are mostly visited
but there are very few of them (typically of order 1/ (logn)? compared to 1/ (logn)). More recently, in
[16], it is proved that (logn)? is actually the right normalisation for the generation of X at the instant
n, and in [15] that the walk can in fact reach height of potential of order (log)2.

We now return to our main purpose, the number of distinct visited sites. The main lack in the
paper [5] is first that nothing precise is said on the behavior in probability of N, (neither for K;), and
that their annealed results say nothing on the typical behavior of the potentials leading to this critical
(log n)2-th generation. Our results here bring answers to these points.

We have split our results into three parts, the first subsection below deals with the normalization
for the number of distinct visited sites per critical generation as well as for the total number of distinct
visited sites up to time n. The second subsection is devoted to a quenched results making a link
between the range of X and the behavior of the environment. Finally the third subsection is about the

convergence of key random variables, depending only on the random environment &£.

1.1 Annealed results

Our first theorem shows that the behavior in probability of the number of distinct sites visited at critical

generations is of order n/ (logn)3.

Theorem 1.1. For any integers £ = £(n) such that lim,_ 4 (logLn)z = 7 > 0, there exists a positive constant
A(y) > 0 such that as n — oo,

1 3 P 2
(1.6) ( % 1N () 22 2 (Z)U ,

where 0> := E [2\;4:1 VZ(x)e*V(")} € (0,00) by (1.3).

The function A(7y) can be written explicitly but we postpone its definition to Section 1.3 as it is
related to the convergence of variables depending only on the environment. This theorem is the con-
sequence of the behavior of K,, and of the local time at the root. To be more precise, let us introduce
the derivative martingale (D,,, m) given by

(1.7) Dy, = E V(z)e‘v(z),

j2l=m

In [5] the lower bound obtained is actually a little smaller than 7/ log n.
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and denote its almost sure limit by D, (see [8] for its existence and [11] for its positivity under P*). The

behavior in probability of K, is given by

Theorem 1.2. For any ¢ = {(n) such that lim,_, W =7>0,
(log 1) in P* e
(18) S Ku(0) AP (¢, ¢ ) Deo.

If we compare this results with the behavior in mean (see (1.5) and also the more precise Lemma
4.1), a multiplicative (logn) appears. It comes from the behavior of the branching potential which
typically remain positive in probability (see Section 4).

Also the main difference between N, (¢) and K, (¢) comes from the normalisation. The additional log n

which appears above for K, (¢) comes from the local time of X at the root of the tree studied in [16]:
Proposition 1.3 ([16]).

" . o
¢ in IP £
(1.9) nlogn 4Deop” (¢,

%
o)/ o2,
Instead of one critical generation, we now turn to consider the total number of visited sites, in other

words, the range of the random walk:
Rn = 2 ]szgn.

zeT
Following (1.5) and Theorem 1.1 we can ask wether or not critical generations contribute mainly to

R, ? The answer is yes : Proposition 1.4 below states that for non-critical generations, the total number
of visited sites contributes to something negligible compared to 1/ log n, while the range R, is of order

n/ logn in probability, as stated in Theorem 1.5.

Proposition 1.4. Forany 6 > 0,

lim lim sup IP
=0 yoeo

( Y Irnat ) ]1T2<n) > (Sn/logn] =0.
/e

m<e(logn)? m>(logn

So as the main contribution comes from generations of order (logn)?, we have that with high
probability, Ry & Yi(iogn)2<t<(logn)2/e Nu(¢) with e | 0. As a consequence we obtain the following
result for the range of X :

Theorem 1.5. We have

1 np 07
Ogan in P UZA/

(1.10)
where A := [;7 A(y)dy € (0,00).

These first results give a quantitative description of the number of visited sites and of the generations
involved, but no description of the underlying environment is given. In the following section we
discuss what we have learnt about the typical behavior of the potential that leads to the above behavior
of R,,.



1.2 A quenched point of view

Like we said in the first part of the introduction, Andreoletti-Debs [5] observe that the sites where
the potential remains small (always lower than log 1) have a negligible contribution for the number of
visited sites. One of the reasons for this is the fact that the number of such sites is actually negligible on
the tree (see their Proposition 1.3). Intuitively these sites are easily accessible as the potential remains
low, but the set of these sites still has a low conductance.

Here we give some more details of the sites that the random walk is inclined to visit, i.e. the sites
that contribute importantly to the range.

For sites y, z € T, recall that y < z means that y belongs to the shortest path from the root ¢ to z.
Let V(z) := maxy<y<: V(y). Define for any ag > 1,

Ay = {z eT: 198" - max (V(y) = V(y)) < 10gﬂ+g(n>}f

where {g(n),n} is a positive increasing function such that lim,_, .« (g(n) — loglogn) = +oco. More-

over, for any a; > 0, let

Ay = {z €T: logn+loglogn < V(z) <m logn\/loglogn},
and

Az:={zeT: V(z) > max V(y)
Y=z
ly|<|z|—|z|'/3
Let us introduce a notation for truncated versions of K, R, and their quenched mean : if A is an event

depending only on the environment &£, then for any ¢ > 1,

(1.11) KA(0) = Z It <myplzen, R%; = Z K7 (m),
¢ =0
(1.12) K (0) =B (K (0)), 2y = B (REy) .

Notice that the above means are easily computable (see section 2), but we are not interested in their
expressions for now. The following result proves tightness of the range up to T minus the truncated
quenched mean of Ry B2 this makes appear favorite environments described by potential
V.

Proposition 1.6. For any 1 > 0, there exists a; > 0 such that

. . 1
lim limsupP* (| — ‘RTn —
ag—Feo 1o ni e §

217)20.

From this result together with the well known fact about the potential : P(inf,e1 V(z) > —a) >

1 —e7%, we are able to draw a typical trajectory of potential that maximises the number of visited
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a1logny/loglogn | R e,

logn/ap < | <logn+g(n)

I
logn+loglogn|=—=Ab/= Ve m oo - - = — !
I

|
2] = £ ~ y(log n)?

Figure 1: Typical accessible environments within time n

sites (see Figure 1). We finish this subsection by giving the expression of a truncated version of the
quenched mean of K,,. For any event B C {z € T : V(z) > logn + loglogn} depending only on the

environment (see Section 4)

(1.13) ’CE(K) = E¢ ||Z_:£]1TZ<T£]IZ€B] ~n Z_:éaz]lzeB = ’CE(E)/
where

< <—
(1.14) ay = IP‘g(TZ <Ty) = PP (9. ¢)

a Z(p<x§z eV(x) .

Notice in particular that Kj1"4203(¢) ~ £1742045 (7). The following subsection concerns conver-
gence of /KB /n for well chosen B. This leads to the expressions of constants A and A which appear in

the theorems.

1.3 Definitions of A, A and results for the environment

The constants A(.) are obtained from the convergence of functionals of one-dimensional random walk,
which is related to the branching potential by the following Biggins-Kyprianou [9] identity usually

called many-to-one Lemma :
Lemma 1.7. In the boundary case (1.2), there exists a sequence of i.i.d. real-valued random variables (S; —

Si—1,1 > 0) with Sg = 0 such that for any m > 1 and any Borel function ¢ : R™ — R,

(1.15) E [ y g(V(xi),l <i< m)

|x[=m

= E[esmg(Si;l <i< m)}



It immediately follows from (1.2) and (1.3) that the sequence (S, n > 0) is a centered random walk
of finite variance 0% := E[Y|,|_ V(z)2e~V(?)]. For notational simplicity, let

S,, = min S;, S := max S;.
1<i<m 1<i<m

Let us also denote by R(-) the renewal function associated with the strict descending ladder heights
of (S;,1), it can be expressed as

[ee]

(1.16) R(u) =Y P(Sk < Sy 1,5 > —u), Yu > 0.
k=0

It is known (see [1]) that the following joint convergence in law holds

S\nt] > s
1.17 ,tel0,1]);) e @S, >0 = {(m,t €10,1]), Heo },
117) {(m”;o'" {(m, € [0,1)), Hoo)
where (m;, t € [0,1]) is a Brownian meander independent of He € [1,00). In fact, in the sense of [6],
the associated random walk conditioned to stay positive, denoted ({,, n > 0), is a Markov chain with
probabilities of transition p(x,dy) := MJIPOPX(Sl € dy), with P({p = 0) = 1. Consequently H can

R(x)
be defined as

j=0
Also we denote
(1.18) ¢f == lim ViiP(S, > 0), ¢f = lim V/7iP(S, > 0),

and the renewal theorem implies the existence of ¢y € (0, +0c0) such that

(1.19) = lim )

U—+00 u

We also introduce two functions which appears in the definition of A(-). The first one involves the
discrete random walk (S;, j). For any j > 1and x > 1, define

¢S 1

1.20 ; =E|———— 5. <0|, with = —.
(1.20) Gj(x) X+ LTacigies’ 1 T with Gol) x

The second function depends on Brownian meander (m;,0 < s < 1). Letiii; := SUP(< < Mt and M q) i=
info<¢<sm; for any s € [0,1]. Takea > 0and b > 0, for any (x,h) € ]Ri, let

Yo (x,h) := ¢ P ((Trm > (V2 —x) V h,o(fl, —m) < (V2a — k)4 A x, max o(mg —am ) < \f2a) .

0<s<1



Finally, let
(1.21) Cop :=2¢{ ¢S E <‘I’”’h(am1,a(m1 — m1));012a<x1 o (g —mg) < \/Eﬂ) , and
<s<
—+o0
(122) Cga,b = Cu,b Z E [g](Hoo)] .
=0

C,p is well defined positive and finite. Note also that Gj(x) < G; := E[e® Ig, <ol forany j >Tland x > 1
S0 €, is finite [see (A.14)]. We are now ready to define A, for any y > 0,

L %771/2,771/2
/\(’)/) = CO#-
The integrability of A is stated in Lemma A.1 of the Appendix, so A in Theorem (1.5) is well defined,
ie.
—+o0
(1.23) A= /O A(x)dx € (0, 00).

In what follows we state two results which involve only the environment, and which are used later in

the proofs of the theorems. Let us define the following variable, for any a,b > 0, define for any m > 0
Wi (Fa\/%rum,b\/ﬁwm ) = Z e_V(Z)Fa\/ﬁwm,b\/ﬁwm (z)
|z|=m

where
eV(z)

(124) Faﬁ-‘-am,b\/ﬁ—kbm (Z) = mmﬂv(z)zb\/ﬁﬂm]lmax¢<ygz(V(y)fV(y))Saﬂ+anz’
with a,, = o(y/m) and b, = o(y/m).
Win(Fy /0, b /ii+by ) 18 Telated to our problem in the following way. Recalling the truncated variable
defined in (1.13), one sees that for £ ~ 7y (logn)?,

l {zET:V(z)Zlog n+loglog n, max SZ(V(y)fV(y))glognJrg(n)} < —

E]Cn ! (0) =p° (¢, ¢ )\/EWK(FM/ZH[,[,\/ZM[)/
witha = b = 4~1/2, This is why the understanding of the asymptotical behavior of \/mW,,(F, i b+ by)
is an important point in the behavior of the range. We now state a result about W

Proposition 1.8.

in P*

(125) \/%Wm(Fa\/ﬁ+am,b\/ﬁ+bm) B CO%,bDW‘

Note that the variable Wy (F, /44, b /mi+b,) 100ks like, in some ways, to the additive martingale
Wi := Ljzj=m ¢~V (so we call it martingale-like variable). However, as F, it b4y, 1S Ot simply

a bounded functional of the rescaled trajectory (%, ¢ <y < z), we can not use the result of Madaule
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[17] in order to get the correct asymptotic of this martingale-like variable. Nevertheless, we can still
borrow some of the ideas of [3] to obtain the convergence.

In addition, note that %, is continuous and monotone on (4,b) € R3 and that Wy, (F, Jimby) 18
also monotone on (a,b) € R%. Tt follows that (1.25) holds uniformly for W, (F, s 5. /m) in (a,b) € RY

in the following sense: for any & > 0,
(1.26) lim P* [ sup ‘ﬁwm(Fa S —CO%J,DW) >¢| =0,
e a>0,b>0 '
This induces the following corollary.
Corollary 1.9. Forany B > 0, define
1

W;:z(ﬁ) = 7]lmax < (V(y)— 15 ,
|Z|Z_:m Yp<y<z eV p<y<=(V(Y)=V(y))<pTV(2)=p
then
1.27) gim Wy, (B) = AD, in P*-probability.
— 00 =1

Notice that Wy, (B) = Wiu(Fg,g)/+/m. This corollary still holds if we replace 1,y 5 by Ly (;)> 540/
in the definition of W}, (B), it is used in the proof of of Theorem 1.5.

log )

1.4 Final remarks

(1.26) suggests that uniformity may also occur in probability for K, (¢), meaning that the “for any ¢”
in Theorem 1.1 could actually be placed inside the probability. Unfortunately, this uniformity can not
be obtained by the way of our proofs and we believe in fact that this is not true and that the right
normalisation for max; N, (¢) could be different from 1/ (logn)3.

The rest of the paper is organized as follows :
In Section 2 we use results of Sections 3 and 4 to give the main steps of the proofs of theorems and

propositions stated in Section 1.1.

In Section 3 we focus on the environment and show Proposition 1.8 and Corollary 1.9. This section

is independent of the other sections using only the Appendix.

In Section 4 we compute the annealed mean of K, and give an upper bound for the mean of the
quenched variance. Also we prove lemmata used in section 2 and finish with the proof of Proposition
1.6.



In the Appendix we collect and prove many estimations for centered random walk (S,,n > 0).

In this paper, we use c or ¢’ for constants which may change from line to line. We write ¢(x) when

that constant depends on some parameter x.

2 Proof of the theorems

This section is devoted to proving Theorems 1.2 and 1.5, i.e. the convergence in probability of K;,(¢).
Theorem 1.1 follows immediately from Theorems 1.2 and Proposition 1.3, so we feel free to omit its
proof.

Our arguments are based on the study of truncated versions of K,. This decomposition of K,
appears naturally when computing the mean of K, as well as the mean of its quenched variance. We

therefore start with this decomposition.

2.1 Quenched expectation and truncated versions of K,

The quenched mean of K, i.e. its expectation given the environment &, can be easily given by the

following nice expression:

Ka(0) : = Ef

) ]1T2<T$] =Y PE(T, < Tg) =) (1-(1-a)"),

|z|=¢ |z|=¢ |z|=¢

with, recall, a, = p®(¢, ?) (Cpey<= eVwh-1,

To exclude the sites that make few contribution to K, we add restrictions for the potentials on the
above sum. First it is known (see [2]) that P(inf,cr V(1) < —a) < e~ . So for any € > 0, we can choose
« > 0 such that

(2.1) P (inf V(u) < —oc) <e " <e

ueT

Let V(z) := ming<y<; V(y), it is then natural to consider the set
By:={zeT:V(z) > —a}.
Secondly, in [16], a reflecting barrier is introduced, for any r > 0, let

Ly := {z eT: Z VW=V > ¥ max Z V-Vl < r}.

p<u<z P<Y<Z pu<y

This reflecting barrier allows to reduce the number of interesting sites for the walk in the following

sense : let f be a positive increasing function such that lim,,_, y« f (1) = 400, then

(22) lim P <E|k S Tg,Xk S 9%7{}'(,1)) =0.
og 1

n——+oo
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The above result is a direct consequence of Theorem 2.8 (in [16]) together with Proposition 1.3. Follow-

ing this idea, we introduce the following sets
By :=<z€T: max Z V=V < 5% — {zeT:z< L},
¢<y§Z ¢<ugy

then according to (2.2)
. " _
lim P (Vk < T X € Bz) —1.

)

Also, for any § > 0let s, := n(logn)~17° and

BS := {z €T: max ) V=Vl < sn} ={zeT:z<L,}.

P<y<z Pp<u<y

We will see that for our specific problem, we can restrict the set B, to B for chosen §. We also denote
B:=ByNByand B’ := By N B‘ZS, and finally introduce the last restriction over the values of V, let

By:={z€T: V(z) >logn +loglogn}.

Recall the definitions given in (1.11), because of (2.1) and (2.2), one sees that with high probability,

Ky (£) ~ KB(£). The following lemma shows that we can also add Bj to the restrictions,

Lemma 2.1. For ¢ = {(n) such that lim,_, { (10%)2 =75 > 0, we have
B\B3 _ n
(2.3) E [Kn (ﬁ)] —0 ( (logn)2> .

Also, arguments presented later show that E[Kp' 7 (¢)] = @((log#)z), which implies that mainly
sites in B N Bz count. We postpone the proof of this lemma to Section 4. Now we only need to consider
KBMBs (¢). For convenience, let C := BN B3 and C° := B° N Bs.

Here is our strategy to obtain Theorem 1.1. We first show that for suitable § > 0, with high prob-
ability, K, (¢) ~ K§(¢) ~ KS' (¢), while the last quantity can be approached by its quenched mean by
bounding its quenched variance. We stress on the fact that replacement of C by C? helps to correctly
bound the quenched variance, it appears that the price of this replacement is negligible (as shown
in the Lemma 2.2). Then the study of the quenched variable KS (0) = Ef {K?(ﬂ)] can be found in

Proposition 1.8.

Lemma 2.2. For { = {(n) such that lim,_, |« (1(»5%)2 = v > 0and for any § > 0, we have
C . CJS _ n
(2.4) E[K;(¢) =K (£)] =0 ((logn)2> .

11



The next step is to approach Kgé (¢) by its quenched mean ICSJ (¢). Observe that for any z € Bs,
a, < e V@ < - L_s01—(1—a,)" ~ na,. Similarly as (1.12), for any event A defined from the

logn’
environment only, let

(2.5) K0 ==Y nal.ea.

|z|=¢

So in particular K (¢) and KS’(¢) are close. Then KS can be approached by K in the following

way

Proposition 2.3. Foranyn > 0and é > 3,

5 n
26 Jim P (1KS'(0) = RS (0] > 5. ) =0

We prove this proposition in Section 4.

2.2 Convergence of K, (¢) and R,

We now turn to the proof of Theorems 1.2 and 1.5. Recall that s, = n(logn)~!7%. Observe that on
B1 = {infuejr V(u) > —06},

S c{zeT: max (V(y) — V(y)) < logs,, V(z) > logn + loglogn}

Pp<y<z

and that

{zeT: max (V(y) — V(y)) < logs, —log|z|,V(z) > logn +loglogn} C C°.

Pp<y<z

Recalling the definition of F in (1.24), one sees that on By,

( ) n W ( ) < IEC(S( ?) < ( )
2.7 l llo sp—logllogn+loglogn) >~ — — “2 lo sy, logn+loglogn ).
\/E g g g glog ( b ¢ ) \/Z g g g1log

This implies that %Ego (0) ~ (¢, ?) \/ZWE(FTUZ\/ZM@T”Z\/AW)' So as a consequence of Proposition

1.8, for £ = ¢(n) such that limy,_, aog%)Z =y > 0and forany 5,a > 0,
(2.8) limsup P <‘ (log n)* K<’ (£) — p5(4>,<$)/\(’y)Doo) > 17) <P <ianr V(u) < —uc)
n—c0 uc

AR
with A(y) = co#”l/2 > 0.

We are now ready to prove Theorem 1.2: it suffices to show that for any # > 0,

(2.9) lim lP(((lOg”) Kn(0) = A(1)pE (¢, 9)Dw| = 1) = 0.

n——+00

12



Proof of (2.9). Let p,, := ]P(

(l()iin)an(g) - /\(’Y)pg(4)/<$)Doo’ > 17>. Observe that

T .
uec i—1

n 1 2
py <P <inf V() < —0c> +P (U{Xi € En}) +P (‘(Oi”)Kg(g) _A(7>P5(¢/<$)D00‘ > ,7) .
By (2.1) and (2.2), for any € > 0, we can choose & > 0 such that

2
(2.10) limsupp, < e+ lim supl[)(‘ MKE(E) —AMY)pE (¢, ?)Doo’ > 17).

n—o00 n

It then follows from (2.3) and (2.4) that

lim sup p,, < 8+hmsur>1P(( (logn)* KS'(£) — (v)r’g(@?)Dw\ > 17/2),
so by Proposition 2.3,

hrnn_>soljp prn < 8+hmsup]P<’ (log n)” ICCJ(E) A(’y)pg(4>,<$)Doo’ > 17/4).

Applying (2.8) with the same & > 0 chosen in (2.10), one sees that

limsup p, < 2e.

n— 00

Letting € | 0 concludes (2.9). O

It remains to show the convergence of the range R,. Once again by Proposition 2.2, we only need
to demonstrate that

in P*
R

Ry
2.11) 5 Ap(¢, 9 ) Do,

n

with Ryy = Y o Ky (m). First, we say that only the critical generations really count in this sum, and

that the truncated versions of (K, (m), m) gives the main contribution.

Lemma 2.4. We have

el0 oo

(2.12) lim lim sup 111 {]E

And for any € > 0,

(logn)?/e (logn)?/e
(2.13) lim ~ { Y kBB +El Y K m)| b =o.
n—oo 11
m=e(logn)? m=e(logn)?

Notice here that Proposition 1.4 follows from (2.12) and Proposition 1.3. As non-critical generations

are negligible, we can borrow the previous arguments for K, (¢) to show the convergence for Ry

13



Proof of Theorem 1.5 (i.e. (2.11)). For any 1 > 0, let us consider IP <|RT$ — Apt (9, Z
any o > 0,

)Doont| > 7771). For

]P(]RT; — Ap5(¢,<$)Dwn\ > 17n> <P (inf V(u) < —oc) + 1P <U {Xp € Lu}

ueT k<n
o B E(p 2
+P (! Y Ki(m) = Ap® (¢, 9 )Deont| = ﬂn> .
m=0
Again by (2.1) and (2.2),

(@.14) limsupP(|Rey — Ap (g, 9 )Deott] > ) < e+

n—00

lim sup P (‘ i KB (m) —Apg(¢,<$)Doon‘ > 11n> :
m=0

n—o0

Here we only need to consider the generations of order (log#)2. In fact, for any ¢ > 0,

P (] Y, Kil(m) = Ap (9, ) Do > ml)

(logn)?/e
<p| ¥ KEmzgn2|+P (| Y KEm) - Ap(g, 9)Den| = /2|,
m>(logn)?/e, m=¢e(logn)?

or m<e(log n)?

where the first probability on the right hand side is negligible because of (2.12). For the second proba-
bility, we consider only the sites z € C° and obtain that

(logn)? /e

(logn)?/e
P ( gz KB(m) _AP$(4J,<$)Doon‘ > 17n/2) <P (‘ ) KE\BS(TH)‘ > 7771/6) +

m=¢(logn)? m=¢(logn)?

(logn)?/e S - (logn)? /e o\
P ‘ Z KS (m)—Apg(cp,cp)Doon‘ >nn/6| +P ‘ Z Kn\ (m)‘ >nn/6 | .
m=¢(logn)? m=¢(logn)?

In view of (2.13), we obtain that

n—00

(2.15) limsupP (’ i KB (m) — Ap5(¢,<$)Doon) > ;771) < 0.(1)+
m=1

n—oo

(logn)?/e s -
limsup PP ’ y K,(f(m)—Apg(q>,¢)Doon‘217n/6 .

14



Recall that the quenched mean of KE’ (m) is denoted K’ (m). Then,

(logn)?/e ] - nn (logn)?/e S ;s
Pl ¥ K'(m)—Ap'(e,$)Dwn| = 10 ) <P KS (m) = K5 (m)| = yn/12
m=¢(logn)? 6 m=¢(logn)?
(logn)? /e ] -
+P ‘ Yo K (m) — ApE (g, cp)Doon‘ >nn/12 .
m=¢(logn)?

On the one hand, by Markov inequality,

(logn)?/e

(logn)*/e n 144
P ( ) K?(m)—’@gé(m)’ > Zz> S At ( )

6 6 2
KS (m) = K5 (m)]) 7]
m=e(logn)? m=e(logn)?
which by Cauchy-Schwartz inequality is bounded by
(logn)?/e (logn)?/e
144 1 Y E (Var‘f (K,‘f(m)))

242
e m=e(logn)? m=e(logn)?

and applying Lemma 4.5 with § > 5 to this term implies that

n—o0 m=¢(logn)?

(logn)? /e s ]
lim sup IP KS (m) — KS (m)| >nn/12 | =0.
P n

On the other hand, replacing KS by KS' (see (2.5)), one sees that

(logn)?/e s -
Pl| X KT (m)—Ap* (¢, 9)Den| = /12

m=¢e(logn)?
(logn)?/e , — (logn)?/e — “

<P ) KS (m) — KS (m)‘ >nn/24 | +P ‘ ) KS (m) — Apt (9, (p)Doon‘ > nn/24
m=e(logn)? m=¢(logn)?
(logn)*/e s (logn)?/e 5 —

<P ) KS (m) > ynlogn/24 | +P ‘ ) KS (m) — Apt (9, ¢)Doon‘ >nn/24 |,
m=e(logn)? m=e(logn)?

where the last inequality follows from the fact that 0 < KS (m) — KS' (m) < KS' (m)/ log n. Conse-
quently,

(logn)2/€ s -
2.16) P ‘ Yy K¢ (m)—Ap5(<p,¢)Doon‘217n/6 < 0u(1)+

m=e(logn)?
(logn)?/e . (logn)?/e s —
P Y KS (m) > ynlogn/24 | +P ‘ ) KS (m) — Ap (¢, ¢ )Doon‘ >nn/24 | .
m=e(logn)? m=e(logn)?

15



Moving back to (2.15), we deduce that

(217) limsupP (’ Y K (m Apg(¢,<$)Doon’ >nn | <o.(1)+
n—o0 m=1
(logn)?/e (logn)*/e
limsup < P ) KS (m) > nnlogn +P ‘ ) /Cgé(m) (4), oon‘ > nn/24
=00 m=¢(logn)2 24 m=¢e(logn)?

Now, observe that

(logn)*/e s Unlogn (logn)?/e . -
Pl Y KS(m>T8R ) <p ‘ Y. KS (m) - ApE (e, P )Doon‘ > /24
24 m=¢(logn)?

m=e(logn)?
+P (ApE (¢, <$)Doo > n(logn — 1)/24>

- ( YK (m) - ApE (9, P oon>17n/24)+0n(1).

So in view of (2.14) and (2.17), we have

(2.18) hmsup]P(|RTn - Apg((p,?)Doon] > 17n> <e " +o0.(1)

n—00
(logn)?/e s —
+2limsup P ‘ Y. KS (m) — AP (9, ¢ )Doon‘ >nn/24 .
n—roo m=e(logn)?

We are left to prove that
(logn)*/e -

(2.19) lim sup limsup P ’ Y. KS (m) — Ap(¢, ¢ )Doon’ >nn/24 | <e™",

el0 n—oo m=¢(log n)?

which together with (2.18), letting « — co yields limsup, , P (|RT$ — Apt (9, <$)Doon] > 1711) =0.
For (2.19), we have

(logn)z/s s
1’( Y. KS(m) - Apf(9,p) oon>17) (;requrV() —0&)+

m=e(logn)?

m=e(logn)? |z|=m

(logn)*/e
F
P ( Z Z naZ z)>log n+loglogn, z<Lls, p5(¢/ 47 )Doolfl‘ 2 1711/48) ’

where the first term on the right hand side is bounded by e™*. Again by Lemma 2.4, we have

l’l2£
P (logn)*/ lEC‘S _Ag (_D >ﬂ - )
Y RS m) — Ay (9, 9)Dwn| > T ) <ot tone1)+

m=e(logn)?

(‘ Z Z na;1l z)>logn+loglogn,z<Ls, ~— <¢’ Oon) = 77”/96>

m= 1‘2
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- . .
AS YJz|=m Mz17 2y > 10g ntloglognz< £y, = np® (¢, ¢ YW, (logn + loglogn), (2.19) follows immediately
from Corollary 1.9 . O

3 Convergence of martingale-like variables W,,(F, S+ b/ ‘by,)

This section is devoted to proving Proposition 1.8 and Corollary 1.9 which only concern the environ-
ment. The main idea is borrowed from [3], on the Seneta-Heyde norm of the additive martingale W,,
in the boundary case (1.2). To do so, we need to introduce a change of measure and the corresponding

spinal decomposition.

3.1 Lyons’ change of measures and spinal decomposition

For a > 0, define the truncated variables adapted to {F, := ¢((z, V(2)); |z| < n);n > 0}, the natural

filtration of the branching random walk:

Wr(za)(F) e Z e_V(Z) u\/ﬁﬁ-am,b\/ﬁ-i-bm(Z)]IZ(Z)Z_”"

|z[=n

DI = Y R(a+V(z2))e " Plyrys_y Vi > 0.

j2l=n

See (1.24) for the definition of F. For any a € R, let P, be the probability measure such that P,({V(z),z €
T} e-)=P({a+V(z),ze T} € ). Fora > —a, we introduce the change of measure as follows:

(a)
@ ._ __ Dn
(31) Qﬂ ’fn LA R(lx —|—a)€7uPu’FH.

The fact that D,(f‘) is a non-negative martingale which converges a.s. to some limit D) has been

proved by Biggins and Kyprianou [8]. So Q,(;X) is well define. Following their spirits, we present a
spinal decomposition of the branching random walk under QL(I“): we start with one individual wy (i.e.,
the root ¢ ), located at V(wp) = a. Then for any n > 0,

1. in the n-th generation, each individual u except w,, gives birth independently of all others to
its children of the n + 1-th generation whose positions constitute a point process distributed as
(V(z), |z| = 1) under Py ,);

2. w, produces independently its children in the n 4 1-th generation, whose positions are given by

a point process distributed as (V(z), |z| = 1) under ng()wn);

3. Among the children of w,, w,1 is chosen to be z with probability proportional to
Ra+ V(z))e*V(Z)]lZ(Z)z,a.

In this description, the infinite ray (w,, n > 0) is call the spine under Qf,“). For simplicity, we write

QW for Q(()“).

17



Fact 3.1 ([8]). Assume (1.2). Let « > 0. Foranyn > 1and |z| = n,

R((X + V(Z))e_v(z)ﬂz(z)z_a

(3.2) Q™ (wy = 2| Fy) = )
Dy,

The spine process (V (wy,), n > 0) under QW) s distributed as the random walk (Su,n > 0) under P conditioned

to stay above —«. In other words, for any n > 1 and any measurable function g : R" — R,

1
(3.3) Eqw {g(V(wk),l <k< n)} = WE{g(Sk,l <k<n)R(a+Sy,);S, > —uc].
In our case, min|;|—, V(z) — oo a.s. As a consequence of (1.19), DY = ¢yDe on {inf,er V(z) >

—a}. The L! convergence of Df{x) is assured because of (1.3) (see [8] and [11]).

()
3.2 Convergence in probability of Wg( a()F) under Q)

Following the arguments of Section 5 in [3], as De > 0 under P, QW ig absolutely continuous with

respect to P, so we only need to prove the following convergence under Q(*),

(a)
Wﬂ Fa n+a n
(3.4) i Fai s,

— %, p, In probability,
D(D‘) !
n

and focus on the cases whena > 0Oand b > 0 (whena = 0 or b = 0, it is trivial by first moment
estimation). The proof is based on the computations of the first and second moments of this random
variable. However, as F is not a bounded functional, we have to add some restrictions to the sites. Let
us first introduce some notations. For any |z| = nand 0 < m < n, let z,, be the ancestor of z in the
m-th generation and define

vy :=inf{k : V(zx) = V(z) = minV(y)},

y<z

Y, :=inf{k: V(z) = V(z) = maxV(y)}, V(zyn) := min V(z).

y<z m<k<n
Similarly, we also define vs, Ys and Sy, | for one-dimensional random walk (S, k). Take ng := [n —
n'/3], define
+ eVt +
G (z) == \/ﬁm]1{Y2>n0,7(z)Zb\/ﬁwtbn,maxygz(V(y)fV(y))Sa\/ﬁqtan}' G(2) == G (2) My )2byin/2-

Moreover, following [3], let us introduce the events E7, for |z| = n as follows. Let Q(y) := {u € T :
u # vy, 0 = 5} be the collection of brothers of . If (k,, n) is a positive sequence such that k, = o(1n!/2)
and (logn)® = o(ky), let
E;:=E; NE;,NE;;,

18



where

n
Enp = {k/> < V(z,) <ka} 0 (O {V(z) 2 K/}
i=ky

2= N1 X D+ (V) — V()Je VOVET < 72y,
i=ky yEQ(ZiJrl)

Es={Y X Y. Rla+V()e "y o <

i=kn yeQ(ziy1) |u|=nu>y

n? b
In particular, for w,, write E, (resp. E, ;) instead of Ej;" (resp. E;",’;). Let H(z) := G(z)1gz, and notice
that 0 < H(z) < G(z) < G*(z) < F(z). We use F instead of F, ., /1, for convenience. Similarly
as WY (F), we write also Wi (G), Wi (G") and Wi (H).

The convergence (3.4) follows from the following lemma.

Lemma 3.2. Let « > 0, we have

(a) ()
. Wi (H)1 _ .. Wy (F)
(35) 111111'1 \/HEQ(,;) |:D£l“)i| = hrrln \/EEQ(A) |: D)g‘x) :| Cga,b,
(a)
. Wn (H) 2 2
(36) llrI;I'l TlEQ(.x) [(D)S“)) } = Cga,b
3.2.1 First moment estimate: proof of (3.5)
(3.5) follows from the following lemma.
Lemma 3.3.
(&) f ~4 -
. W, (G
(3.7) lim /E g [~ ((a) N —¢,,
n D,
() -
. W, (F-G
(3.8) lim v/nEq) [# =0,
n Dn i
(a) i
. W, (G—H
(39) lim \/EEQ(a) [% =0.
n Dn

Proof. By (3.2), one sees that

E(

(3.10) Egw [W‘fn} = D,(f‘)

This identity holds for H, G, G and will be used several times in the sequel.
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Proof of (3.8): For any |x| = n, define

ev(x)
I (x) := \/ﬁmﬂmmmzmwm maxy <+ (V (1)~ V(y)) <av/i+a,
ev(x)
M2 (%) 1= VM e L o, (5) 2V (i ) <02, iy (V) =V (9)) <a )
Z¢<y§x e

Itis clear that 0 < F — G < hy + hy. So to obtain (3.8), it suffices to show that fori =1, 2,

(a)

Wn (hl) _On(l)
(3.11) EQW[ o }_ N
For hy, by (3.3), B | W (1) (D)1 1
or hy, by (3.3), Equw | Wy (h1)(Dy”)~ | equals

\/ﬁeV(w")
Eqw [R((X + V(wn)) Li<j<n eV (wj) Ly, S”Ofv(w")zb\/ﬁWﬂ'mafon(V(wj)*v(wf))ﬁaﬁ”"}
1 V/nesn

= E ;Ys <np, Sy >b by, S;—Sj) < S, > —al.
R(a) [Zlgjgnesj s < 19,5, >byn+ nr]nganx(] J) <avn+a,,S, (X}

Partitioning on the values of Y implies that

W (h) e 1 Jnes
Equ) { pW } - kZO R(«) E |:Zl<j<n eSi ]IYSZkS"Zbﬁ%“'ma"fﬁ”(gf*sf)S“\/ﬁ“”’g”z*“]
n = =/=
O VLT s
B A )

Boo [T per | £ KR8 2~ = SB[ o,

(a) n
Wi (hy) 0 /i c(1+a) 1
Eqw | ——5—| < < =7
Q“[ D@ ] ,(;)R(tx) (k+1)(n —k)3/2 = n2/3

Thus (3.11) holds for i = 1.
For hy, similarly, by (3.10) and (3.3), one has

(a) S,
W, (I’lz) 1 \/ﬁe " =
Equ | o | < R(“)E[ZW 5 Y5 > 0, Syy,) < bV1/2,5, > by 4 by, S, > —a
< Vv P|Ys =k Sj) < bV//2,S = by/i+ by, S > —a.
R(“) k=ng+1 ’
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Applying Markov property at time k implies that

W’S'X)(hz)] < \/?l i

X k:)’l0+1

P[S; > —, 8¢ = 5| P(S, 4 < —bVn/2—by)

which by (A.4) and then (A.18) is bounded by Zk not1 (1:”‘)6_“\/5 = cn~V/6e=¢"? S5 (3.11) holds

also for i = 2. This completes the proof of (3.8).
Proof of (3.7): It follows from (3.10) and (3.3) that

Wi (G v e
e }:R(zx)E[

EQ(“) |: S_;YS > nO/gn Z b\/ﬁ—i_ bnirgax(gj - S]) S ﬂ\/ﬁ—f— ai’llén >
]_n

Yi<j<n€’

(a)
Arguing over the value of Y yields that Eq [WnD ((a()f)} - R\{z) ZZ:nO 11 0 Where

— < Ys = k,Sn > byv/n+ by, max(S; — Sj) < av/n+ay,S, > —zx]
j<n

Let T; = S;.x — Sk, then

eTnfk

>b b
Zl<]<k€] k+21<]<n kel’Sk 1<SkISk \/>+ n/Sk

O'k:E[

T, > (—a—S;)V(—ayn—ay,),T k<0makx(S—S)<a\/ﬁ—|—an]

In the next steps we prove that o} can be approximated by o} which is defined as follows

Tk
/ e
(Tk::E ,Sk,1<Sk,Sk2b\/ﬁ+bn,§k2—
21<]<k€] “+Yi<j<n- cel

T,k <0, m<akx(§,' —S) <ayn+ an}.
i<

]

Observe that 0 < 0] —0; < P(Sx1 < S, S > —a, T, < (—ay/n—a,)V (—a —by/n—1b,)). B

independence of S and T,

_UkSP(ﬁk -4, Sk—sk) ( ik < (—a n—an)\/(—b\f—bn))
<C(1+ )efc’\/ﬁ,

because of (A.4) and (A.18). Hence, ZZ;;U (o —ox) = O”nﬁ This implies that

W,E”(G*)} _n i ,  on(1)

(3.12) EQW[ o =R, o+ 2

=np+1
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By independence of S and T again,

0 = E[gnfk( Y €%7%); 851 < Sk, Sk = byv/n+by, S > —a,r%(x(gi —5;) < ﬂ\/ﬁ%—ﬂn}
1<5<k <

where G (x) is defined in (1.20). By (A.13), forn — n/3 < k < n, o] = CarREIG(Heo)] 4 0”151). Further,

k
as |Gu—k(x) = Guic(y)| < G|t — i|, uniformly onk € (n —n'/3,n]NZ,

’ Cu,bR(“)E[gnfk(,Hoo)] + 0"(1).

g, =
k n n

Plugging it into (3.12) implies that for sufficiently large n,

WG] Cap & w(1)  Gup | On
man [ ] = Sh EEoo+ S5 = T

which ends the proof of (3.7).
Proof of (3.9): by (3.10), we only need to prove that

VG (wy)
. = W | =1 | = 1).
(3.13) LHS EQU[R(HV(W)) 5] = on(1)
First, we have

eV(wn)—V(wn)]lEc

T Y > 1o, V(wn) > by/n+ by, V(wpy, ) = b\/ﬁ/z}

<LHS{+ LHS, + LHS;3

LHS SI’ZEQ(,X) |:

where
_eV(wn)7V(wn) 1k
Pp— n’]‘ . 7
LHS =nBq | ey Yo > o Viwn) > b+ by, V(wpy, ) > b\/ﬁ/z},
_eV(Wn)—V(wn)]lE AEC -
LHSQ ::nEQ(a) i R([X n V(wn/])) "'Z;Ywn > ny, V(wn) > b\/ﬁ—i— bn,K(ZU[Yan]) > b\/ﬁ/Z},
_eV(w,,)fV(w,,l) ]lEn,lﬁEn,ZmE; . B
LHS5 :=nEqw | R(a T V(wn) 2 Y, > 1o, V(wy) > b/ + by, V(wy, ) > b\/ﬁ/z]
Each term LHS;, i = 1, 2,3, are treated separately.
For LHS;, we have
n e
LHS; SWE[eSH %1 Sk, € (k> knl, Sy g < K/, Ys > 1, S, > —a
" =
+ R(«x)E[es” 3 Sk, & [ky/? knl, Ys > 10, S, > —a] =: &1+ &1
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By Markov property at Ys = k,

n & _
R DC 2 |: " k]]-i k§0:|P<Sk,, € [k%/alkn]/ﬁ[k,‘,k} < k£/6/ Sk > Sk*l/ﬁk Z _“)
k=ng
n
(314) SR(“ Z n_k_'_1>3/2P<Skn € [k}Z/SI kn]rg[kwk] S kilfl/él Sk > Sk*l/&k 2 _OC)r
k=ny

where the second inequality holds because of (A.14). It remains to obtain an upper bound for P (S k, €

[kL/3, kn],g[kn,k} <kl/6 S > 51,5, > —oc). One sees that by (A.22), for any ng < k < n,

P(Sk, € k% Kl Sy iy < K/, Sk > Sk 1, 8¢ > —a)

SP(k/rzn<1?<kS < kM6 S > 5 1,5 > —oc) + P(ﬁ[kn,k/z] < ki/é,ﬁ(k/z,k] > kY, 8, > 51,8, > —zx)

0,(1 B
:ni) + P(i[kmk/Z] <k < Sk/2,k, Sk > Sk—1, 5k 2 —tx).

By (3.14), to conclude that &; = 0,(1), it suffices to show that uniformly on k € [ng, n] N Z,

P(ﬁ[kn,k/z] < k}/6 < §(k/2,k},5k > gk—lzﬁk > —

Considering the first hitting time of S; which should be before k/2, one has

P(ﬁ[kn,k/z} < k/® < Sisan Sk > Sk-1, Sk > —tx>

(3.15) < ) ( Kks2) < Ki/% Sk > Sk 1,8; 1> S5 =5 > )
0<j<k/2

Forany k,/2 <j<k/2and ny < k < n, by Markov property at time j,

P<§[kn,k/2] < k£/6/ Sk > §k71/§j71 >5j =52 —06)
kn /257 <K/2

Skﬂ/zézjlgk/zP(SH > 52 _“)P@k—f > 0,5 = §k_]-)

which by (A.8) and (A 4) is bounded by Y, /»<j<k/2 6(132”7‘1) = O”HQ Also when j < k,/2, applying
Markov property at time 2k/3 then at time j implies that

P(ﬁ[kn,k/z] <k Sk > Sk-1,8;1>85;=5> —IX>
SP(ﬁ[kH,k/z] < k111/6r§j—1 > S =S5 > _“)P<Sk/3 > gk/3—1)

SP(ﬁj—l >S5j > —“)P<§7k/12 > 0,51k, /2k/2) < k}/6>P(5k/3 > §k/3—1)-
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By time reversal together with (A.2), P(gk/g;,l < Sk/3> < ¢/Vk/3. Also, in view of (A.8) and (A.17),
forany np <k <mn,

c(1+ «a)2kl/® 0,(1)

P(s <Kk/6 S >3, 1,5 >S5 =8 2—a> < -
j<§/2 Dk k /2] n r2j-1 j— 2k & (]+ 1)3/21’1](}/2 n

Going back to (3.15),

P(ﬁ[k,,,k/z} <k/®< S(k/24)s Sk > Sk-1,5 > —04) = ,

which leads to {1 = 0,(1).
For ¢}, applying Markov property at time Ys = k,

n

Y Ele%48, i < OP(Sk, & [k K], Sy > —a, 8¢ = 5),
k=ng+1

n

éism

which again by Markov property at time k,, yields that

Z E[e®*;S,_x < O]E (Pskn (Ek_k,l > —&, Sk_k, = gkfkn)lékn > —a, S, & [k£/3,kn]>,
k= n0+1

and recall that P, is for the distribution of the random walk starting from u. By (A.4), P, <§k—kn >
—a, Sy, = §k_kn) < c(1+a+ S, )/ (k—ky). This together with (A.14) yields

" 1 (14+a+S,)
! < g kn . > _ 1/3
S R b, R kg S 2 S € k]

We now split the above expectation into two terms, first by Markov’s inequality,

(1+DC+Sk ) c A c
— g %, = T >ky| € —m—— <
E[ k—k, Sk, Z 0 Sy 2 k”} = n(1+a+kn)3E[(1+“+5kn) } ~ nk,’
and also by (A.3)
1 S ki (1 S
E[W;Skn > —a, S, < k;/?»} Z E[Wk),sk” > —a,5 € [l1+ 1]}
o I=—un

Kl/3
oc(l4+a+1) c
Sl;“ TP<§I{H > _(X’Skn € [Z,Z+1]) < W

These two inequalities gives ¢} = 0,(1).
For LHS3, let Goo be the sigma-field generated by the spine and all siblings of the spine. We know

from ([3] eq. (4.9)) that
QW (En,l NEwp2NE;,;

) < O(n3e’k’11/6/3),
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wich implies that

oV ()T (w,)
LHSs <nBow [y * @ (Bnt 0 Eva N Ega[Ge) |
SO( 4 fk1/6/3) 0, (1)

For LHS;, we follow the same lines as in ([3] page 18, below (4.8)) using the same notations.

V(wy)—V (wn)

e
< - ; >
LHS, Zk B [ Ty (V@) E Y, > mo V(@) > bV/2],
where h(x) := W (this inequality holds because of (1.3)). Applying (3.3) then partitioning on

the values of Y yields that

k
LHS, <c ( Z Y+ Z Z > 7)15 [ 5h(S;)1 sok/6 Ys =k, Sjey > bv/n/2,5, > —

k=no+1i=k, k=ng+1i=k+1
=:5 + &

For the first sum, applying Markov property at time i then at k and using (A.4) yields that

E |:esn—k Sk < 0] [h(si)]l{iizfa}m{s,-zkyé}Psi (§k—z‘ > —, S = Sk—i)]

1 ElR(S)( +a+5)1 (s> ayngs,is)]
(n—k+1)3/2 k—i+1

cn
Si
R(a) k:nzo:ﬂi
By (A.3), E[h(S;)(1 +a + Si)ﬂ{svz—a}m{s-zk,ﬂ/é}] = 0,(1)/i%/2. We hence deduce that & = 0,(1)/ vk,
For &, observe that h(S;) < h(by/n/2) < c¢/n. Applying Markov property at time k then using
(A.14) and (A.4) implies that

n

n
n _ _
n
<c = oy4(1).
k nz+1 (n— k +1)32k
Collecting all the estimations for the LHS;, this ends the proof of (3.9). O

3.2.2 Second moment estimate: proof of (3.6)

Recall the definitions of H and G Section 3.2. In view of (3.5), it suffices to show that

(&) 2
(3.16) limsup Eq [(W) ] < ‘Kazlb.
n—sco D,
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By (3.10),

LHS 16 =Eque [(VW)(H))Z} -y [ﬁw£“><H> ViH(w,)

DY p@ " R(at V(w)
VAW (G) - /nH (ws)
<Egqw [ D@ “Rla+ V(wn))] '

For convenience, let

n—1
W,S“)’[k"'n](G) B e_v(wn)G(wn)]lz(wn)z—a + Z Z Z e_V(Z)G(Z)]]-V(Z)>7(XI

i=kn yeQ(wis1) |z|=n,z>y o

kn—1
W,(la)’[o’k”)(G) L Z Z Z e*V(Z)G<Z>ﬂZ(z)vau

i=0 yeQ(wii1) |z|=n,2>y

(@),[0kn)

with Q(wiy1) = {|x] = i+1: % = w;, ¥ # wisq}. In the similar way, we define D), and

Dr(l'x)’[k"’"]. With such a decomposition, one sees that

nw e kel (o nH(w
LHS g1 < Egu [\f OhG) Vi) ]

D * R+ V(w,))

[\/ﬁwisa)r[O,kn)(G) y ViH (wy) ]
p® Ra+ V(wy)) |

For the first expectation above, as H < /11y, )>p,/m/21E, and AR ( ) < fD J0kn)

. [fw @) VaH(w) } . [nD““"”X n 1]
Qv D R+ V(wa)] =" pl@ " Rla+byn/2) ™

IN

Sle

7

since E, 3 = {D k] 1/n%} and E [(D,(fé))*l] = R(a) " < 1. Recall also that R (u) = O(u +1).

For the second expectation,

g [VIWEORG) V@) | [VAWTPRG)  viGw)te,
Q) pWw Ra+ V(wy))| — D)/ 0kn) R(a+ V(wy))
JAWEOR) () ] {\/ﬁc(wn)nE }
<Eq x 1 X su Eqw | =————5|V(wg,) =u
= [ D 0k) {V (@ )€lk K]} ue[k}l};’,kn] Q| Rw+ V(wy)) (wr,,)

=:RHS; x sup RHS»(u)
uelky’ k)

where the second inequality follows from Markov property at k,. Next we are going to show that

(3.17) limsup RHS; < 6,5, and
n—oo
(3.18) limsup sup RHS(u) < G,p.

n—oo [k},/s,kn}
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For RHS;, note that by Markov property

Okn
: (@) _ )< VO (G)
RHSq X ue[g}g,k”} Q (En’V(wkn) M) = EQ(D‘) Dig x),[0,k) X ]lEn
It is proved in Lemma 4.7 of [3] that for sufficiently large n,
(3.19) inf QW (E,|V(wy,) = u) =1+0,(1),

uelky/® kn)

therefore,

RHS; <(1+ 04(1))Eq

VWG

p(0k) &

VAW ()
D@),[0k)

n

<(1+04(1))Eque X 1,1 +20Q@ (DY) > n¥/2),

Dg”"') ZH—S/Z

since w,ﬁ"‘)'[""‘")(c) < \/HDY(,“)’[O’I{”). Again by Markov inequality with Eqw [( D,(f‘))*l] =Rx) <1,

@),0k»)

W 2
RHS, (1+0n(1))EQ(uc) [f NG (©) X ]lEn]lDl(dw)ana/z +ﬁ
n

VOGN
<(14+0,(1))Epw | —F—| + —.
( ( )) Q) D,(;X) \/ﬁ

So (3.17) follows from (3.5).
It remains to prove (3.18). Let m := n —k, and mo := ng — k,, for any u € [k}/3,k,], RHSy(u) is
bounded by

n eV (wn)

R(DC + V(wm)) ZO<j<m eV(wm) ]lYWn >1m0,V (Wi ) >by/n+bp,maxe<, (V(wi) =V (wy)) <ay/n+ay

Q)

V(wg) = u]

which by Markov property and (3.3) is less than

n eSm _
E S5;—5;) < )Y ,Sm >b by —u,S, > —a—1u|.
R(a+u) lzl<]<m edsn’ IE%X( i) S av/n+an, Ys > mo, S Vit by —u,S,, &—u

By considering vs = inf{j < m:S; = S, } the first hitting time of S,,, we get that

Sm

m m
RH ;Ys =k, vs =1,
S2{u) < R(a+u) Z ; 21<]<m eSS TS

max(S; — S;) <avn+ay, Sy > byn+b,S, > —a— u}.

i<m
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We decompose the above double sum into three parts,

m m m ko—1 m k—1 m m
Y Y= Y Y+ Y Y Z Z =: Eq(u) + Ep(u) + Ea(u),
k=rmg+11=0 1=k

k=my+1 [=0 k=mo+11=k§ k=my

and deal with them separately. For &, observe that

n

EZ(“) < W

m k—1
Y. Y Ele % Ys=kvs=1S,>—-a—ul,
k=moy+1 l:kg

which by Markov property at k then at [ is less than

Z Z P(S; =S, > —a—u)P(S,_; >0,S; = Sx_;)E[e>*;S,,_ <0

R( “+”)k mo+1 1—k6

By (A.8), (A.4) and (A.14), we obtain that for any u € [k}/3,k,],

m k-1
1 c
Eo(u) <ecn(l+a+u) < 5
e ;leklé B3/2(k—1)(m—k+1)32 ~ k2
For the third sum &3, by Markov property at Y = k then at vg = |,
n AL _
Ea(u) <———o P[Yszk,vszl,s > —ax—1u,S Zb\/ﬁ—i—b}
() R(a+u) k:%ﬂl;; " " "
n u i —
< Z ZPQkZ—lX—M;Sk:SkPsl—kf—bf—b P(S,_;1=0),
R +u) o= ( ) ( ”) ( " >
so by (A.18) and (A.2),
i 1—{—06—}-14) 1/2
= < ° T = 0,(1).
W% etz B o

From the upper bounds of &, and &3, we deduce that

sup RHS»(u) < sup Ei1(u)+o0,(1),
u€lky’> kn) u€lky’> kn)

and we now treat the first term Z;. By Markov property at time vg = [,

k-1
— n
&1(“)§73(TZPSZ<SZ 1,512 —a—u)X
Sml _
2 El—— max (5 —S)<a\/?l+an,Y5>mo—l,Sm_lzb\/m—l+bn—kn,§m_,20].
k=mgt1  “la<j<m—p€ ism-l

Following the same arguments for Y, 0%, one obtains that for all u € [kL/3, k,],

= (1) < ):10 P(Sy_1 >S5 > —a—u)
— R(a+u)

(Gop +0n(1)) < Cop+ 04(1),

which completes the proof of (3.18) and conclude (3.16).
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3.3 Proof of Corollary 1.9

In this subsection, we show that as p — oo,

(3 20) ad 1 1 in P*probability AD
: = Dmax,_, o - vy —— ADc.
o Wt Z¢<y§z eV(y) p<y<z(V(y)—V(y))<B,V(2)>p=0(log p)
Proof. Note that
1
* S _
Wi (B) = ). V(y) Linax, cyceqoi) vy <poss = W (Epp) /.

|z|=m Z¢<y§z e

In fact, only those m that are comparable to 82 really contribute to the sum. First, because of (2.12), we

claim that for any # > 0,

(3.21) limlimsupP | Y Wy(B)>n| =0
b—=0 ;00 m<bf?
(3.22) lim limsupP [ Y Wy(B)>#n]| =0.
B—eoo  yseo m>Bp2
For any B > b > 0 fixed, by (1.26), as p — oo,
] Win(Fg,p)
L wip= y s
bR <m<Bp> bp2<m<Bp? m
1
=De Y Gy g+ o (1),

bpr<m<Bp2 M

where op+(1) denotes a term such that limg_,, 0p<(1) = 0 in P*-probability. On the other hand, by

change of variables m = 2,

BB? dm B dy
/bﬁz (gﬁ/\/ﬁﬁ/\/ﬁ; - /b %W’1/2,7’1/27'
As 6, is continuous and monotone, we get that

1 d

B
v
o G = /h Gy + 0p(1).
bp2<m<Bp? !

When B — coand b — 0, be Co172,102 d% — A /cgbecause of Lemma A.1. In view of (3.21) and (3.22),

we conclude that in P*-probability,

lim Y W (B) = ADw.
%OOM; n(B)
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Note that if we replace Wy, (Fgp) by Wi (Fg (11¢)p) with B € (0,1), these arguments still work. By
monotonicity of F, we have

Z¢<y<z V(y) T V) tmaxpy<:(V(y) - V(y) < V()2 p0(log f) Z m(Fp(14e)p
By integrability and continuity of &, as p — oo,

i1 Win(Fg,(1-¢)) = (A +0¢(1))Deo + 0p+(1).

Consequently, the convergence (3.20) holds. O

4 Mean, variance of K,, and secondary results

In this section, we complete the proof of the main theorems by proving Lemmata 2.1, 2.2, 2.4 and
Proposition 2.3.
Recall that the quenched expectation of K, is

Ka(0) =E¢ [Ku(0)] = Y PE(T.<Tj) = Y (1-(1—a)") < Y (na) A1,

|z|=¢ |z|=¢ |z|=¢
%
where a, = % < e V), Obviously, for any measurable event A with respect to the environ-
Pp<x<z
ment &,
(4.1) KA < Y (naz A1) 1ea < Y. (1677 A1) 1,ea.
|z|=¢ |z|=¢

Also observe that forany z € B3 = {z € T : V(z) > logn +loglogn}, 1 — (1 —a;)" > na,(1 —
1/ logn). So,
1

(4.2) (1— og

) E nazlzeanp; < K:,f(f) < Z nazlzeanp; + Z (na; A\ 1)]1ZGAQB§~
|z|=¢ |z|=¢ |z|=¢

4.1 Annealed expectation of K, (/)

We first study the annealed expectation of K;,, which turns out to be of order n/log n.

Lemma 4.1. For ¢ ~ y(logn)?, there exists a constant x(vy) > 0 such that

E[K,(0)] = x(7)-

In fact, applying (4.2) to K, (¢) = E¢[K,(£)] gives that

1
<1 1 ) Y naliep, < Ku(€) < Y nal.ep + ) (na: A1) 1 cps.
08"/ ;= |z|=¢ |z=¢

logn

(4.3) lim

n—oo n

As a consequence, Lemma 4.1 follows from the following lemma.

30



Lemma 4.2.

(4.4) E[ y (naz/\l)]lzegg] :o(logn).
jel=¢
(4.5) n~>oo IOgT’l [ Z na; ZGBS] :K<'y)'
jel=

Proof. We first prove the convergence in (4.5). Recall that {z € B3} = {V(z) > logn + loglogn}.

e Proof of (4.5) Recall that Y, = inf{k < ¢ : V(z) = V(z)}. With the same arguments used to
show (3.11) for h;, we can say that for [y = [£ — ¢1/3],

n
(4.6) [ Z na;1 z)>log n+loglogn,Y, <lo] = o ).

) logn

We deduce from (4.6) and the expression of a, that

_ e (¢ 47)
E( ZZ_Enazl{V(z)>logn+loglogn}) _E< ZE W {Y:>1Ip, V(Z)Zlogn-ﬁ-loglogn}) +0(]0gn)
1

where

1
K(x/ 6) = EX( Z Z/ 1,V(z) {Yz>lg,7(z)zlogn+loglogn}>‘
-1

and recall that E, means that V((,b) = x a.s. By (1.15),

esi—l

Yo<k<r—1€%

(4.8) k(x,¢) = e *E ( ;Ys > 1y, Sp_1 > logn +loglogn — x> ,

and recall Ys = inf{k < ¢: S; = S,}. By Markov property at time Ys = ,

=) E[gg_l_]-( Y e7%);5,1 < S;,S; > logn +loglogn — x}
j=lo+1 0<k<j

-1
=Y E[gg_l_j( ) e*Sk);Qj >0,S; > logn +loglogn — x]
j=lo+1 0<k<j

where the second equality follows from time-reversing, and G is defined in (1.20). By the joint
convergence (1.17), we get the following estimation similar to that of o] defined just above (3.12).

Uniformly on j € [lp, ¢ — 1],

E[gﬂflfj(HOO)]P(ml > %) gg_l_]‘Og(l)

E|(G1-i( ’Sk) §;>0,5; > logn+loglogn—x| = +
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where for any m > 0, g, = (m +1)73/2,

Therefore, for any fixed x,

P(m > -L) =1 -1 0s(1
e*re(x, ) = : E[Gi1-j(He)l+ Y ge1-j—
Ve 1%1 ] j%rl Ve
P(m > ) 0,(1)
\/Z ]20 [ ]( )] \/z
Moving back to (4.7), we deduce that
nP(m1 > L) Y lyl— e~ V) "
E 1y = VT Y E[G(He)]E lu=1 :
<|Z|X_:l na, {V(Z)ZIOgnHoglogn}) Vi = [g]( )l (1 +Z|u\:1 e_v(u)> +O(logn)
P(m,> 1 V(W)

As{ ~ y(logn)?, letk(v) := ) Yin E[%(H@]E(%), we then obtain (4.5).

Proof of (4.4) Observe that

E (naz /\1) z€B; < Z naz]llogn<V( z)<logn+loglogn + Z ]1 z)<logn"
|z[=¢ |z[=¢ |z[=¢

On the one hand, by (1.15),

E[ )3 ]lV(Z)<logn} :E[Esf?gf < log ”}

|z|=¢
which by (A.15) is bounded by c* log" = o(log —). On the other hand, as a, < e~ V(@)
E [ Z naz]llogngV(z)glognHoglog n} <nE [ 2 e_V(Z)eV(Z)_V(Z)ﬂlognSV(z)SlognHoglogn} ’
z|=¢ z|=0

which by (1.15) is equal to
nE [esf’gf,logn < S, <logn +loglog n] .

By applying Markov property at the first hitting time Sy, one sees that

¢
E[llz:enaz]llogngV(z)Slogn+loglogn:| <n Z;E[eszsj;Sjl <S§;,5; =S5 € [logn,logn -I—loglogn]]
z|= j=

¢
=n)_ P<§]~,1 < §;,S; € [logn,logn +loglog n])E [esfff;gg_j < O}
j=1
which by time-reversing equals n Zle P <§j >0,S; € [logn,logn + loglog n]) E [35#}; Sp; < 0} .
By (A.3) and (A.14), we obtain that
. (logn)(loglogn) < loglogn

(49) E [ |Z|Z_£ naz]llognSV(Z)glognJrloglogﬂ] <n Z 3/2 ] I 1)3/2 s cn (logn)z ’

since ¢ ~ y(logn)?. This completes the proof.
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42 Quenched variance of KS’ (¢) and Proof of Proposition 2.3

Recall the definition of C°® in Section 2.1, in this section we focus on the mean of the quenched variance

of K’ (¢) which is a key step in the proof of Proposition 2.3.

421 Quenched expression for the variance

Lemma 4.3. Recall that a, = P¢ (T, < Ty) and let a,, := P (T, A T, < Ty). For every event A measurable

with respect to €, denote the quenched variance of K2 ({) as follows:

Var(KA(0)) := E¢ [(K;j‘(ﬁ) — /cf(@ﬂ ,

then
(4.10) Var(K} ()= Y. [(1—a02)"— (1—a2)"(1— a0)"] Loealven
|z|=0,|v|=£,z#£0
(4.11) + ), [(1—a)" = (1—a:)*"] Leea.
|z|=¢
Proof. Note that
Ki(O) =K 0 = ¥ (trery — (1= (1=2)")) Lea
|z|=¢
= = ((1 —a;)" — ]1T22T$> T,ca.
So the lemma comes directly. O

A corollary of this Lemma is the following result, which gives a simple upper bound of the quenched

variance when A = C :

Lemma 4.4. Recall the definition of C° in Section 2.1, we have :

)
4.12) Vér (K,S (z)) < Y nmPE(Ty < Tp)lpecipecry + Y 1aaPEL(T: < Tp)ecs pecey

|z[=lv[=¢ |z[=v[=t

where v A\ z is the latest common ancestor of v and z in the tree T, and ]Pf is the quenched probability of the

random walk started from y.
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Proof. This upper bound is actually true for every truncated version of K, (¢), however it is optimized

here for events included in B3 so in particular for C°. For ay,; one sees that
;=P8 (Ty < T. ATp) + PE(To < Ty ATy) =t doz + dop
We have,
(T—ay)"—(1—a)"(1—ap)" < (1—dyp,—dop)" — (1 —a; —ap)" <n(ay—dzp+a,—dy-).
Observe that

z — dop + y — dy, =P (Ty V To < Tp) < PE(T2 < Ty)PE,(Ty < Tp) + PE(Ty < Typ) P (T2 < Tp)
=a,P%,,(Ty < Tp) + aoPpy (T2 < Tp).

This together with Lemma 4.3 yields that

[(1 — avrz)n - (1 - az)n(l - av)n] ]]‘ZGC‘S]]‘UGC‘S S

|z|=£,|v|=0,z#£0
£ &
na Py, (To < T¢>1{ZEC5,vEC‘5} + Z na, Py, (T; < T¢)]1{26C‘5,06C‘5}
|z|=[v|=¢ |z|=|0|=¢
Moreover, we have (1 —a,)" — (1 — a,)?" < na,. This leads to (4.12). O

4.2.2 Upper bound for the mean of the quenched variance
In this section we obtain an upper bound of the mean E (W%r (KS‘S (6)) ) .

Lemma 4.5. For { ~ y(logn)?, every 6 > 0 and n large enough,
)

E (W%r (K,?s(ﬁ))) < og )

Proof. Because of (4.12), we only have to bound the mean of

o= Y, @PL(To < Tp) e pecsy,

|z|=[o]=€
z#£0

since the second term on the RHS of (4.12) is its symmetric and the last term has been considered before
(see Lemma 4.1).

The main idea of this proof, is to decompose the double sum ), |_,—, according to the latest
common ancestor z A v.

Define Y1 1= Lyposconz €’ V), 1) 1= Yonacscz €O7VE and Yy 1= Lopocsep e’ )7V EW)

We then have

& by —V(vAz) Y
, ¢ e
_ @ 9) and P, (T, < Ty) = +123.

= Ya+2s B
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By comparing X1, 25, 23, we get

by <t 4+ 12 48 41

with
. e~ V(zno)
ty = R e Lzeos pect vy, Vs
zZ|=|0|=
ZF0
—V(zAv) —V(zAv)
e e
t% = Z v Llizecipec <y, <x }’ti = Ty, HEECeC GEni<ra)
|z|=|o|=¢ 13 A |z[=v|=¢ L2 A
z#0v 270
thi= Yy eV L1 Lizecivectmy<y, ATs}
eIl Lavko TR
z#v

We treat each term separately. Notice that by symmetry E(#2) = E(£3), so we only estimate E(t.), E(t2)
and E(#}).

Recall that for every z € C°, V(z) > logn + loglogn and a, < (nlogn)~!. In particular, if {y_; >
Y} withi # j, {¥;+ ¥; > nlogne™ V) C {¥; > nlogne~ V") /2}. We start with E(t}) :

x Upper bound for E(t}), as ¥, is the largest term here using the above remark we have {B;,%; >
YoV} C{V(zAv) >logn+loglogn —log2l =:my}, alsoasz € B, Y <s, = n/(logn)1+‘5, S0
e—V(z/\v)

ty <

|z|=[o|=¢
z#V

Y ]IV(Z/\U)>W1”,Z1 <sn,Y1>Yo VY, V() AV (0)>—a

(-1 —V(u)
e
< Z Z U 17(u)>m,,,2?§sn,1(u)2ﬂx Z Z ]lzg'zeV(X)*V(”)gzﬁ‘ Z ]lzg'”gV(y)*V(u)gzﬁ‘r
7=0 |u|=j 1 Y =u=Y |z|=z>x [v]=Lo>y
X7y

where 2114 = Z(,b<s§u eV(s)*V(u) and 2926,2 - Zxésgz eV(S)*V(x).

Applying Markov property at time |u| + 1 and then (1.15) yields that

e~ V()

(-1
ST E | & o tiomsionrtoze Al YO f (51010
j= u|=j X

where

—1—j
fislt) =B [esfw; Y < t].

i=0

By (A.15), fiu(t) < B(e*1;S,1-; < log t) < c(log, t+ 1)t/(¢ —j)*%. Plugging this into the
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previous inequality yields

E[t]] < EE {Z e V(1 4 log Z¥)?1 V() 50,28 S0,V (1) > 1
j=0 | ful=j

[+ (V(u) = V(x)) 4"V 4+ (V1) = V(y)) 4 Je WV

-1 . 7 2

< Z (g_]-)gE Z Vs (q +log 2} )1 V() >y S0 <s,, V(u)>—a | E ( Z [1+ (=V(x))4]e V(x)) .
j=0 Jul=i =

By Many-to-one Lemma and hypothesis (1.3), we get

E(t)) < i

with Y5 1= Y ¢S5/, Also by (A.2), P [5]. > —a} < c(1+a)j712, 50

1+log+sn) P[§j>mn, Zf < sy, §j2 —06},

— 14+« c(1+a)n
Z o1+ 108, S")Z(J'(;;)l)/z = Elogn))‘s '

x Upper bound for E(t2), with the same ideas than for the upper bound of ¢}, we have

) e~ V(zAv)
ts < T1V(zAv)>mn,zlgsn,zzszl,z(zm})z—
|z[=[o]=¢ 3
z;év
- 1
< Z Z eV W) >, T <5,V () > — Z Lgrzovio-vin < Z YOV (y)—V(u)’
= : ZMn, Sn ( )7 ‘XH: |Z| To>x 2 ¢ SSn ‘Z]| E’U>y ngev(y)—v(”)
X7y
By Markov property then by (1.15), it follows that
2 V(u)-V(y) ¢St V(u)-V(x)
E(t,) <ZE D N ED D VB | | fie(sne )|
j=0 |u|=j Y:u:? Zi:O e
X7y

which by (A.15) and (A.16), is less than

/-1 nl 1 .
CS(M+ i eV eV Y VO (V) - V() e
=0 - ju= T e

2 csn(1 +lo;g+ sn)E Z €V(u)]1V(u)>Dé] E ( 1+ (_V(x))Jr]e_V(X))Z] .
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Applying again (1.15) and (1.3), we have,

-1
E(2) <Y csp(1+log, S")P (ﬁj > —zx) .

j=0 (E - ])2
By (A.2),
B(2) < i 1+¢x (1+log+sn)§c(1—|—le)n'
=0 20+ 112 (log )+
x Upper bound for E(t}), we have :
ty < e—V(z/\v) L1 ]l{V (zAv)>—w
< 1<su}
" Sl L2*bo 1
ZF0
Ly L. ¥ gwvw T g
< e 7\ STl]lV( )>— SN2 Vi) —V(g) YO V() —V(u) "
J=0 |u|=j s X =u \Z\ 0z>x Z;/ZEV(X) Vi) |o|=0,0>y Z‘g UeV(y) V()
x#y
With the same arguments as above, one sees that
2
E(Y) <Y E 1 2V (1) -V (x)-V(y) g e
Z Y e sy, ¢ =1 | |’
j=0 Juel=j ?:u:? Zi:() e~
X7y

which by (A.16) and (1.3) is less than

i ]) {Z eV(u)]lV(M)>v¢] .

lul=j

Once again by (1.15) and (A.2), we end up with

1y < CSn —  csp(l+a) < c(1+a)n(loglogn)
Bl = j=0 (5—1')1’ ; C=PG+DY2 = (logn)* -
Consequently, we have
n
"= logn)”

which concludes the proof.

4.3 Complementary arguments: Proofs of Lemmas 2.1, 2.2, 2.4 and Proposition 2.3

4.3.1 Proof of Lemma 2.1

The computations are essentially the same as in the proof of (4.4). We obtain from (4.2) that

IE[KE\BS (E)] < E( 2 (1’1(12 A 1)]IV(Z)SlognJrloglogn,Z(Z)Zw)

|z|=¢
< E( Z naz]llogn—310glognSV(z)Slogn-ﬁ-loglogn,ﬂ(z)z—a) +E< Z lV(z)Slogn—Sloglogn)‘
|z|=¢ |z|=¢
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It follows immediately from (1.15) that

_ S logn—3loglogn _ "™ _ n
E( Z ILV(z)glognf?)loglogn> =E (e £1§g§10gn—310g10gn) < eOBTTIOB 0BT — (10g1’l)3 - 0( (logn)Z)'
|z|=¢

For the other term, similarly to the proof of (4.9), by applying (A.5) instead of (A.3), one obtains that

),

nloglogn n

E<ZZ_Enaz]llogn—filoglogn<V(z)<logn+loglogn,V(z)>—zx) =C (10gn)3 =0 (10gn)2

which completes the proof.

4.3.2 proof of Lemma 2.2

The quenched mean of K§ (¢) — KS' (¢) satisfies that

0 < EF[KS(0) — KS'(0)] = BE [k (0)] = k5" (0) <K5 () = T macticcicr
i
Similarly to (2.7), we have
£S5\ (1) < , qui V() Llogs,—log (<maxy<y<=(V(y) ~V(y))<log nV(z) >log n-+log log m,V (2)> —a
Z\% (Wé“) (Fognlogn-+loglogn) — W (Fog sy—log £log n-+log logn)) ,

with recall s, = n/(logn)!*°. Taking expectation and using change of measures (3.1) yields that

E [Ef\cé (g)} < (E [Wé“)(Flogn,lognJrloglogn)} —E [nga)(Flogsnflogf,lognJrloglogn)})

Vi
n Wéa)(l:lognlognﬂoglogn) Wéa)<Flogs 7log€logn+loglogn)
(4.13) :WR(IX) (EQ(a) [ I:l)(“) } - EQ(a) [ - D(ai })
14 l
:E’R,(p() (EQ(&) |: \/ZWE(’X) (Flog n,logn-i—loglogn) } B “ |: \/ZWE({X) (Flog s, —log {,log n+10glogn) } )
/ Dé(x) Q Déa)

In view of (3.5), as £ ~ y(logn)?, we have

|: \/ng(a) (Flog nlogn-+loglogn ) }

[ \/ZW[ED() (Hog sy—log ¢, log n+loglogn ) }

nlgrolo EQ(»«) Déa) = nlgf.}o EQ(a) Déa) = %771/2,771&.
So,
\/ng(a) (Flog n,log n+loglog n) \/Zwlglx) (Flogsnflog ¢,Jog n+loglog n)
Eqw { } —Eqw [ } = on(1),
D("‘) D("‘)
l ¢
and % = O( (1ognn)2)' This implies that
5 =C\C n

EIKS (0) — KE (0] < E[R5 (0] = oo ).

This ends the proof of Lemma 2.2. O
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4.3.3 Proof of Proposition 2.3

Observe that

(4.14) P <!K55(€) ~K7 O] 2 (10;1)2)

< co . cd > n el . =Cd > n .
<P (IKS' (0 = K50 = nygoess )+ P (1650 = RS (0] 2 ngens
For the second term on the right hand side, by Markov inequality and (4.2), we have

P (115 (0 RS (0] 2 n gy ) < 0B e [R5 (0) - k' (0] < 2187 [k (o).

In view of (2.7), this implies that
i O S n <210gn n (@)
P <|K:n (E) ICn (€)| = 172(10g1’l)2> = yn X \/ZE |:Wg (Flogsn,logn-i-loglogn)}

(@)
X R)Equ [ L] =0()
L

U] Vi

where the last equalities come from the change of measures (3.1) and (3.5).
For the first term on the right hand side of (4.14), using Tchebychev inequality on the quenched
probability yields that

11°5<|1<,§o‘() Ko (O] = 15 - >§4(log”)4v%r(1<§5(£)).

2(logn)? n*n?
So,
‘ 4
o . o > n < 4(10g Tl) £ cé
P (IKS'(0) = K5 (0] > 307z ) < “CalE (Vir (K5 (1))
Using Lemma 4.5 with 6 = 5 gives what we need. O]

4.3.4 Proof of Lemma 2.4

Proof of (2.12). Let us show that

1
(4.15) limlimsup —E KB —
W roeo [ézaogznwe; ¢ }
(4.16) limlimsup—]E[ Z ZKB }:

&0 oo T by (logn)? |2]=¢

e Proof of (4.15). By (4.1),

LHSui5:=E| ¥ L KO <E] ¥ ¥ e @A) Lor, v ]
0>(logn)?/¢ |z|=¢ 0> (logn)?/¢ |z|=¢

< Z nE [Z e ve) z)>logn,zeB
/e

> (logn |z|=¢

T E|E trommon |

> (logn)?/e |z|=¢
(4.17) =:R; + Ryj.
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Applying (1.15) to Rj; yields that

R = E E [e°;S, <logn,S, > —(x}
>(logn)?/e
4
< Y YLE[%51<8=5 <logns, > —a,
>(logn)?/e j=1

which by Markov property at time j, is bounded by
¢
Z ZE [esi;Sj < logn,ﬁj > —zx} E [eS/,j]1§/7‘<0}
£ (log /e j=1 .
4
< Z Z KHp [Sj € [k k+ 1],§]- > —a} E {65471‘]13[7,@} .
0>(logn)?/ej=1 —a<k<logn =

By (A.14) and (A.3), we have

14
c(1+a)(1+k+a)
Ry < 1 :
KZ(logz;d)z/S/]; —uc<k2<:logn ]3/2(£ -] + 1)3/2
cn(1+wa)(1+logn + a) < Cn(l +a)(1+logn +a)
0>(logn)2/e (372 B (logn)?/e

<

For any a > 0 fixed, letting € | 0 implies that

R
lim lim sup 2,
el0 p—oo n

Also by (1.15), Ri = Y45 (10gny2/¢ NE [Z‘Z‘:@ e_V(Z)BV(z)Zlogn,z<£n,Z(z)2ﬂx} equals to

Se—=Seq_
nE [e ]lSzzlogn,maxlgkg Y esf’skéné@—a} :
0>(logn)?/¢

So,

R; < Si=56,5, > 1 5, —5,) <1 > _
1 < e ;S > ogn,lrg?ge(Sk Sx) <logn,S, > uc]

nE [
0>(logn)?/e

4 _
< Y n)E [651_54;5]-_1 < Sj=15;,5; >logn, max (Sy — S¢) < logn, S, > —(x] ,
(>(logn)?/e j=1 1<k</t

which by Markov property at time j, is bounded by

¢
_ _ s
n ;P [S]-l <S§;,5; > logn, {Q?Sj(sk —5) < logn,ﬁj > —(x] E [e ‘ J]lgg_jso] )
>(logn)?/e j=1
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By (A.14),

C

L
R[ S Z n ZP S]'_l < S],ll'g.ka;(](Sk - Sk) S logn,ﬁj Z — m

>(logn)?/e j=1

14
(4.18) =n Y ) ry,

>(logn)?/ej=1

I . s .
We split this sum into two parts: } s> (10g1)2/¢ Ze:f and Y s> (10g n)2/e Lor—1/3<j<¢- For the first sum, by

]
(A.4), one sees that

(0173 (0173
n L LmEn ¥R R(5>ws=5)
0> (logn)2/e j=1 £ (logn2/e j=1 J
< (—yp1/3 C(l—i—tX) _ n(l+0¢)€1/6

B B )7 S (ogm

>(logn)?/e j=1

For the second sum, by Markov property at j/3 and 2j/3 then by reversing time,

- - c
rej <P <§j/3 > —Dé) P (2?;;(51( —5) < logn> P (Sj/3=Sjs3) =197
- c
= > _5) < ‘ __c
P <§]/3 > zx) P <1£2?/>§(Sk Sk) < logn> P (§]/3 > 0) ESEVEE

_ _el i
It is known by [16] that for sufficiently large A > 0, P(max;<x<;(Sk — S) < A) < e CLMZJJ. This
together with (A.2) implies that for any n large enough,

c(l+u« o1
n Z Z rg,jgn Z Z ]'(6—(]"1‘1))3/26 (logn)?

0>(logn)?/e 0—(1/3<j<¢ 0>(logn)?/e —(1/3<j<¢

l
S n Z C(l + (X) e*COOgH)Z

0>(logn)?/¢ ¢
<c(l+a)n /oo [C(logtnﬂ dt
o (logn)?/e t
which by change of variables implies that
o d
no Y Y. <l +o¢)n/ e_“?s < ce(1+a)n.
1/e

0>(logn)?/e £—01/3<j<t

Consequently, one gets that

R
lim lim sup = o,
el0 peo

This leads to (4.17) and (4.15) follows immedjiately.
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e Proof of (4.16). Again by (4.1),

LHSu10:=E| )}, ), Kf(@}
(<e(logn)? |z|=£

SE Z (ne—V(z) A 1)]lz<£n,K(z)2ﬂx S RII + R,HI
(<e(logn)? |z|=L
where
— -V —
Rp:= )}, E [Z ne (Z)]IV(Z)Zlogn/Z,Z(z)zfa ,Ry:= ) E [2 192 <togn/2,v(z)>—a
0<e(logn)? |z|=¢ (<e(logn)? |z|=¢

Similarly as above, by (1.15),

R} =n Z E {esf’gf;gg >logn/2,S, > —uc]
(<e(logn)?

/
=n Z ZE {esﬂ_sf;gj_l < Sj=15,85;>1logn/2,S, > —DC} ,
(<e(logn)? j=1

which by Markov property at time j is bounded by

5
n Y )P <§j > —u,5;=5;> logn/Z) E [esf—f]lgg ,<0} :
(<e(logn)? j=1 T

By (A.14),
¢
(4.19) R) < néég(lzoign)zgp (8> a5 =5; > logn/2) W
then by (A.6),
Ri<n ) e 73 C(.1+“3)2 <c(l+a)n ) %Scﬁ(ln%)n.
r<cliognp S (L—j+1)32logn (<elogn)? M /2logn
Therefore,

i
lim lim sup —I—y.
E\LO n—o0 n

It remains to bound R}; = Yr<e(logny? E [Z|z|:ﬁ ]lV(z)Slogn/Z,Z(z)Zﬂx} . By (1.15),

= T B[S <lognas > )< Y A%< clogmiVi
(<e(logn)? (<e(logn)?

SO
!/

lim lim sup i —,
el0 p—oeo n

This completes the proof of (4.16).
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Proof of (2.13). We now prove that for any e > 0,

(4.20) Y E [Kf\&(m)} — o(n),

(4.21) Y E [K,S\Cd(m)} — o(n).
As shown in the proof of Lemma 2.1, for any m > ¢(logn)?,
loglogn

B\B; <
E [K (m)} < I e
so (4.20) follows. It remains to show (4.21). It remains to show (4.21). Observe that
E [KS\C(S(m)} —E [K,E\Cd(m)} <E [IE,E\C‘S(m)} —E [ y nazﬂzec\cal
|z|=m

Take B = logn + loglogn. Because of (4.13), for any € > 0 fixed, there exists ¢c; > 0 such that when
n > 10, forany m € [ep%/2,B%/¢] N Z,

(w) («)
E [ES\C(S(m)} < \;;7173(04) <EQ<a> {W} B [Wm (Fgg;;logﬁ,ﬁ)}) .

It follows immediately that
(4.22)

(logn)*/e s B /e 1 wia) (Fsp) wia) (F )
Y E[KC(m)] <nR@) Y (E o | | g | s )
(g n)? [ ] e /2 vm \ @ [ D,(qf) ] Q [ D}S;’é) ]

Similarly to (1.26), the convergence (3.5) holds uniformly. So following the arguments used to prove
Corollary 1.9, we deduce that forany 0 < b < B < o0, as § — o,

(a)
1 Wi (Fgp) B d
BN Egu |~ (a)ﬁﬁ}:/ i)+ 0p(1).
ppr<m<pp> VM Dy, b Y

Similarly, we also have

()
1 Wy ' (Fp- B d
Eo { m ﬁ(:;logﬁ/ﬁ)} :/ %wzﬁwziqLoﬁ(l).
bp2<m<Bp> v Dy, b v

As a consequence, (4.22) becomes
(logn)?/e 5
Y E [KS\C (m)} < 0, (1)nR(a),
m=e(logn)?

which ends the proof. O

43



4.4 Proof of Proposition 1.6

Most of the arguments are already present in the proof of Theorem 1.5 in section 2.2. Indeed we have
stressed on the fact that the main contribution of visited sites comes from the set of individuals of the
tree truncated by C°.

Similarly to the proof of (2.13), the restriction A3 := {z € T : V(2) > max,|<|;|_|-113, y<: V() } follows

easily from (3.11). So it remains to consider D := {z € T: maxgy<:(V(y) — V(y)) < loa%n } , and
F:={zeT: V(z) > ajlogn,/loglogn}. We only need to show that

(logn)=/e
. . -1 BNDNAj3 _
(4.23) aogrgwngr?mm n Y, K, (m)| =0,
m=¢(logn)?
and
(logn)=/e
(4.24) Jim E nt Y KEE(m)| =o0.
m=e(logn)?

For (4.23) we do as usual and get that the expectation is smaller than

(logn)? /e

Sm—S _
Z 2 E |:e " m]lmaxlg,-gm(SifSi)glogn/ao, Q,HZ*D&,Y5>WZ*W11/3i|
m=¢(logn)

(logn)?/e m
< Z Z E [esm—j]lgmijgo} P [max,(si —S;) <logn/ap, Sj-1<Sj, S; > —
m=¢(logn)? j=m—m1/3 1=isy
Similarly to (4.18), the above sum is bounded by anzogsnlo g/ i ) }ﬂ:m—ml /3 %e—c’mao/ (log)? <

—2(log e)e~<* which goes to zero as ag — .

Also for the expectation in (4.24) we can prove that it is smaller than

3
Il
™
—
—
Q
aQ
N
N
)
—
Il
—_

which by (A.14) and (A.19) is bounded by c ) (log n)* Yita(m—j+ 1)73/ 2=t = 0,(1) by choosing

m= slogn2

aj propetrly. O
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A Appendix
A.1 Finiteness of A [see (1.23)]

Lemma A.1. The function A : (0,00) — (0, c0) is integrable, i.e.,

0 ¥ _ _
(A.1) A= / v)dy = co / #d'y < o0.
0

Further, for any a,b > 0, C 172/ 7y is integrable.

ay~1/2by

C _ .
Proof. 1t suffices to show that #

independent Brownian meanders. Then

€< {cP éa(ml +in) > ﬂb)

cP ( maxsepo,1) o (ms — mygq)) < ﬁ”) :

is integrable. Let (ms,s € [0,1]) and (s, s € [0,1]) be two

It follows from the first inequality that

fb _bZ /402

C{zb < cP(ml > 7)

since the density of my is xe™**/21,~¢. On the other hand, according to [7], with (bs,s € [0,1]) a Brow-

nian bridge

P<max¢7( )<\fa> = <max|bs|§\f2a/a> gP(max ng\ﬁﬂ/U).
s€[0,1] s€[0,1]

s€[0,1]

This shows that

2
Cap =cP (max bs < ﬁa/a) =c (1 —exp <—2<\@[> )) < igaz_
s€[0,1] o =

We are now ready to prove the integrability. Observe that

/ C ~1/2 1/2 _/ ~1/2 1/2 +/°° 6771/2'771/2d,y
0 1 Y

1
/ce 42y ’Y /4Cd7— ceiﬁd—’y-i-g

By change of variables t = 1/1,

/ce 402 ,y / ce 402— < 0.

C,1/2,-1/

C _ _
We hence conclude the integrability of — 2, as well as 2012

forany a,b > 0. O

45



A.2 Results on one-dimensional random walks

In this section we state technical inequalities that are used all along the paper. The sequence (S, k)
which appears here is the one defined in (1.15). The proofs are postpone Section A.3.
We start with two well know inequalities (see [3] for instance) and some basic Facts. There exists

constant ¢ > 0 such that foranyn > 1land u > 0

c(14+u) c(1+u)

vn vn oo
By Lemma 2.2 in [3], there exists some constant ¢ > 0 such that for any u > 0, b > a > —u and any
n>1,

(A2) P(S, 2 —u) < and P(S, <u) <

c(L+u)(1+b+u)(1+b—a)

(A3) P(S, > —u,a <8, <b)< o
Fact A.2. 1. Foranyu,a > 0and Vn > 1,
(A4) Pu(S, > 1,5, = S,) < R “)

2. (a) Foranyn > 1, B > 0 fixed, there exists ¢(B) > 0 such that foranyu >0, —By/n < —a <0 <a <

b < By/n,
c(B)(1+1x—|—u)(b—a).

(AS) Pll (§n Z _lx, Sn = gn E [a/ b]) S 1’13/2
(b) Foranyn >1, A >0,

— c(1+a
(A.6) P(s, > a5 =5, > A) < U LY

S c < c(1+A)(1+a+A) 1+«
(A7) P(§n2—a,Sn:Sn,Sm—snz—A,sm_smgg)g( m)152(n—m)3)/§ :

We now state the following Lemma which is mostly a consequence of the above facts.

Lemma A.3. Foranya > 0,0 <a <bandn > 1, we have

c(1+4a)?
(A8) P<Sn = §1’l Z _a> S W’
(A.9) p( Y eSS ¢ [a,b),S, > —(x> < C(1+0é)(1+logb)(1+logb—loga—|—logn)
1<i<n T - n
c?(b+a+1)1+b—a)(1+a
(A.10) E(es”,'Sn € [a,b],S, > —oc) < ( )1(13/2 )( )
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Following Lemma focus on asymptotic results.
Lemma A.4. Let a,b > 0 fixed and lim,, % = lim, % = 0. We have the following convergences.
1. Let Cp :=P(m > b)cy with (ms, s € [0,1]) a Brownian meander and c5 defined in (1.18). Then,

(A.11) lim /nP (S5 > Sy-1,Su = by/n+bu) = Cp.
2. Moreover, for any o > 0 fixed,

(A1) lmnp (sn > 8,5, > Sy, max (5 — 5;) < avi + Sy > by + bn) — CyR(@),

1<i<n

where C,p, € (0,00) is a constant depending on a and b.

3. Let g : [1,00) — R be a uniformly continuous and bounded function. Then,

1<i<n

n
(A13) r}l—l;lc-)lo nE [g( Zesjisn);ﬁn Z _(X/ Sn > g71—1/ max (gl - Sl) S a\/ﬁ—f_ al’l/ Sl’l Z b\/ﬁ—’_ bl’l
j=1

= CopR(2)E[g(Hoo)]

Below we collect some more basic facts.

Fact A.5. 1. Foranyn > 1,

- c
(A.14) E[e®;S, < 0] < =7
2. Forany A > 0andn > 1,

- c(1+ A)et
(A.15) Ele*; 8y < Al < =7

3. Foranyn > 1,

e C
(A.16) E[Zléiﬁn 65"} = nt/2’

4. Forany A,6 > 0and Vn >k, > k1 > 1,
c(1+A)
\/(Snkl ‘

5. If E[e*%51] < oo for some 6 > 0 [see (1.3)], then for any & > O there exists c(6,0) > 0 such that for any
n>1,

(A17) P(Sp k) < A/ Sassm = 0) <

(A.18) P(S, > n't0) < c(5,0)e 0" /2.



6. Let a > 0. With the same hypothesis as above there exists c; > 0 such that

(A.19) P(S, > ay/nlogn, S, > —&) < —

nec’

The following corollary follows from above lemmas.

Corollary A.6. Leta > 0, b, > 0 and lim, % = lim,, % = 0. Take ng = n — n'/3, then

- _ 1
(A.20) P( max (S; — §;) € [av/n+ an, av/n+ay +b,],S, > —a, 5,1 < S”> e
1<i<n n
) - o 1
(A21) E[esn*Sn;lriliX (Sl — Sl) & [a\/ﬁ—f— ﬂn,a\/ﬁ‘f’ an + bn]/§n Z —&, Sno < S”:| = 0”}5 )’
<i<n
— 0,(1
(A22) P(Spu/2u) < bueSy 2 —,50 > 1) = ;5 .

A.3 Proofs of (A.4)—(A.22)
We show these results one by one.

Proof of (A.4). Let Ry := S, — S, for 0 < k < n. Clearly, (R, 0 < k < n/2) is an independent copy of
(Sx,0 < k <n/2). Hence,

Pu(Sy = —,S5 = 51) S Pu(Su2= —wRyp2 2 0) =P(S,0 > —a—u)P(R,/2 2 0).

Applying (A.2) to both (S.) and (R.) yields that

< c(1+a+u)
n

7

(A23) P.(S, > —,S, = 5,)
which is exactly (A.4). O
Proof of (A.5)-(A.6). Using the same arguments as above, as S, = S,,/» + R, /2, we get that
Pu(gn > —n,S5, =85, € [a,b]) :P<§,1 >—a—uS, =S, €la—ub-— u])
§P<§n/2 > —a—u,R,/»>0,S,+Ryp€la—ub-— u])
=E((Su/2)iSup = —a — 1),

where (x) :=P(R,,;» > 0,Ry/p € [(a—u—x)4,b—u—x])1_4_y<y<p_y. By (A.3),
cl+b—u—x)(1+b—a)

l/)(x) < n3/2 ]l—a—ugxgb—u-
It follows that
— c(1+b—a
(A24) P, (gn > 0,5, =8, € [a,b]) g(nm)ﬁ((l b~ —Su2)4:8u > —& — u)
c(1+b—a
(n3/2)<1 + b+ﬂé>1’(§n/z > —a— u),
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which by (A.2) is less than C“,;l;;“) (1+“+”\)/(ﬁ1+b+“) = O(l)wﬁ# since bV o < By/n. This

completes the proof of (A.5).
Similarly for (A.6), we have

P(§n Z _D‘/gn = SVl 2 A) S P (§n/2 Z _D(/Bn/Z Z O/Rn/2+sn/2 Z A)
S P (ﬁn/Z Z _D‘/Bn/z 2 Oan/Z 2 A/Z) +P (§n/2 2 _“/Bn/z Z O/Sn/Z Z A/Z) ’

which by independence between (S;,i < n/2) and (R;,i < n/2) and (A.2), is bounded by

C(l +0‘)P (En/z > O/Sn/Z > A/Z) cP (En/2 > —OC,Sn/z > A/Z)
1/2 + 1/2 :
n n

By Lemma 2.3 in [3], there exists a constant ¢ such that for any a > 0,

supE [[Sy|lg, > o] <c(a+1).

n>1
It follows from this lemma and Markov’s inequality that for any « > 0,

c(l1+a)
Y

S
P (S, > —a,Su;2 > A/2) <2E [’ Zzl]lsn/pa] <

As a consequence,

P(S
O

Proof of (A.7). To obtain (A.7), we consider the two independent random walks (S, 0 < k < m) and
(Rp,0 <k <n—m). As S, = Ry_p + Sy, one immediately sees that

%1

P<§ 2 _“rsn:§n/ m_snz _Azgm_sm§a>
§P<§m Z _‘ngm - Sm S a/anm Z Oar—m S [gm - SH’I/EI’H - Sm + A])
<E [P (anm > 0, Ry € [Sm — Sy St — S + A]](sk,o <k< m)) ]15,12_%@”1_5"]9] .

Applying (A.3) to this conditional probability implies that

_ _ 1+A)(14+A+Su—S
P(gn 2 _Dé, S1’l - S1’ll Sm B STZ Z _A’ Sm B Sm S a> SE C( )((7’1 - m)3/2m m) ]lSmZ_D(,Sm_SmSﬂ]
(1+A)(1+A+a)
<c (= m)72 P(S, > —a),
which by (A.2) is bounded by
14+a)(1+A)(1+A+a)
c
ml/2(n — m)3/2
This ends the proof of (A.7). O
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Proof of (A.8). Let Ty :== S,y — Sy = —Ry. Then (T},0 < k < n) is a random walk distributed as
(=S, 0 < k < n). It follows from (A.3) that

c(1+a)?

P(Sn =S5, > —IX> < P(In 20T, < “) < 1372

Proof of (A.9). Observe that ¢S5 < Yicicy €55 < neS =5t then
{ ) eSS ¢ [a,b]} C {loga —logn < S, — S, < logh}.
1<i<n

We thus bound the left hand side of (A.9) as follows

LHS(a 9 ::P( Y 7% € a,b],S, > —zx) <P(loga—logn < S, —S, <logbh,S, > —a)

1<i<n

n
=) P(Si_1 < S =Sy, loga—logn <S5, —S, <logh,S, > —n).
k=1
By Markov property at the first hitting time S,,,

n
LHS(a0) < Y P (S > —a, S = S¢) P (Sy—k < 0,5, € [—logb,logn —loga]) .
k=1

By (A.4) and (A.3), we deduce that

n

(1+a)(14+1ogh)(1+logb —loga+logn)
c(14+a)(1+1ogb)(1+1logb—loga+logn)

p— 7

n

o

[y

which ends the proof. O

Proof of (A.10). By (A.3), one sees that
LHS(z10):=E (es”;ﬁn > —u,S, € [a,b]) <e'p (S, > —a,S, € [a,b])

1+a)(1+b—a)(b+a+1)
1372 :

<t

Proof of (A.11). By considering Ry = S, — S,,_, one sees that

Pa11) :=P (Sy > Su_1,54 > by/n+1b,) =P (R, > 0,R, > by/n+by)
—P (Rn > by/n + by |R,, > O)P(Bn >0).

By the theorem in [10] and (1.18), we get the following convergence

lim /nP(x11) = P(m; > b)ej = Cp.
n—o0
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Proof of (A.12). Consider the two independent random walks (S, 0 < k < n) and (Ry,0 < k < n).
One observes that

max (gl — Sz) = max { max (Sl - Sl‘), max (Rk R[kn/Z]) n/2 Sn/z +Fn/2 - Rn/z} ’

1<i<n 1<i<n/2 1<i<n/2

and that
{S,>—a,8:>S,1} ={S,/» > —a} " {Ry2—Rys2 < Spjp+a} N{R, /2 > 0} N{Ry/2 > Suy2— Susa}-
Let

1<i<i

P(A_12) :IP<Sn > —u, S, >Sn 1,max(S —S) <a\/ﬁ+an,5n Zb\/ﬁ—i—bn) .

It is immediate that

Pain = P(ﬁn/z > —a,R,/, >0, max (S;—S;) <avn+ayRyn+Sun > (by/n+by)VS,n,

1<i<n/2

Ry —Rujp < (av/n+ay —Suyn+ Suj2) A(Suj2 +a), max (Rk_B[k,n/Z])Sa\/ﬁ'i‘an)

1<i<n/2

which equals to

E <‘FZ’Z’( Su/2 Sn/2 S”/Z) S,/2 > —a, max (S;—S;) < a\/ﬁ+an>

Vvn/2'  \/n/2 1<i<n/2
where
¥ob (x, ) ::P(Bn/2>0) xp(# (V2 m)v(x+h)—x,
ﬁn/Z n/2
T Jin S < (V2a - \/—) (x+ \/—) 123}}/2(& —Ryenya)) < avn+ay|R, > 0)-

Again by invariance principle and (1.18), as n — oo,

(A25) n/2%% (x,h) — ¥ (x,h) =
P (am1 > (V2b —x) V h, oty — omy < (V2a —h) A x, max o (ms —mygq)) < \f2a> .
ISERS

Because ‘I’Z’b (x,h) is monotone for x > 0and & > 0 and ¥a.b is continuous, by Dini’s theorem, we have
uniformly for (x,h) € R?,
Yol (x,h) + 0,(1)

a,b _
Y7 (x,h) = Novp

As a consequence,

1<i<n/2

\Pa,b( Su/2 ’gn/2_sn/2) +0n(1) B
Pa1) =E ( ni2 Ju/2 ;8,2 > —«, max (5;—S;) <avn+ay

S S.»—S
E xI;a,b n/2 ) n/2 n/2 1): 5.5 < > _ P(s > _a).
( (T2 2222 + 0u(1); max (8= ) < avi+a[Syp =~ | P(S,0 2 —a)

51



Once again by invariance principle and the fact that lim,_,. v/nP(S, > —a) = R(a)c;,

R(“)Ca,b + 011(1)

P = ,
(A.12) " "

with C, , defined in (1.21). O

Proof of (A.13). We turn to consider

n
E [g(EeSJ’_S">;S —a,S, > S,_1, max(S —S;) <avn+ay,S,>byn+b,
j=1

1<i<n

First, we show that in this case with high probability, S,,/» < S, — n~1/3. In fact,

n
EL’(Zesf‘S") —0,58,,>8,—nY3,5,>5,_ 1,max(S —S;) <avn+ay S, > byn+b,
=1 1<i<n
(1—|—zx)
< cllglleo 5176~

where the last inequality follows from (A.7). Now, given S, /» < S, —n~1/3 ) ¢%~5" can be replaced
by Y /2<j<ne 5=5 which is independent of (Si;0 < k < 1/2). Note that on {5, < S, —n~/3},

n
L . _n1/3
§ ES] Sn S § ES] Sn S ne n + Z
n/2<j<n j=1 n/2<j<n
and that g is uniformly continuous. Hence,

‘g( Z esj—sn)_g(jéesj—sn)

n/2<j<n

— On (1) .
Therefore, we deduce that

[ (Zes S”>' S, > —wa,S,>S,_ 1,1max(5 —S;) <avn+ayS, > byn+b,

_ _ 1
=E [g( Z S S") Sn > —a,5, > S5,-1, max (Sz - Sz) < aﬁ“"anzsn > bﬁ+bn + Onr(l)

n/2<j<n Isisn

Now we use (Ry,0 < k < n/2) in replace of (S, —S,—x,0 < k < n/2) and recount on the same
arguments as in the proof of (A.12). Thanks to (1.17), (A.13) follows immediately. O

Proof of (A.14). LetS, := —S,. Observe that

E[¢®;S, <0] = E[e ®;S,>0] < Y e *P[S, > 0,5, € [k,k+1)].
k=0
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Applying (A.3) to S implies that

2 _o(l1+4k) c
E[e™ J < Z a2 S 3

since Y >o(1+k)e ™ < oo. O

Proof of (A.15). By applying Markov property at the first hitting time S,,, one sees that

n
E[esn;gn < A] = Z E[es";gk_l <S5, <A,S > g[kn}]
k=0
n J— J—
=Y E[e;Sk_1 < Sp < AJE[e>; S, < O]
k=0
n
(A.26) =Y E[e°; S, > 0,5 < AJE[¢>*; S, < 0]
k=0

where the last equality follows from time-reversing. Next, one observes that for any k > 1, by (A.3),

Ele™; 5 > 0,5x < 4] < Z ej+1P<§k > 0,5 € U,j+1]>
j€l0,A)NZ

c ; . c(1+ A)et
S Y, d(1+)) < ( k3/2) ’
j€[0,A)NZ

since Y ic(o,4m)nz e t1(1+j) < c(A + 1)e?. Plugging this inequality and (A.14) into (A.26) yields that

c(1+ A)et - c(1+ A)et
(k+1)32(n—k+1)32 = nd2 7

M:

E[¢5;S, < A
=0

which is what we need. O

Proof of (A.16). We have,
esn S,—5, < S, —§ — _
EEEE— S n—on| — n—Sk. >
e R S R IO e AR !
then by Markov property and a time reversal for (S i/0<j< k), one gets that
eSn n o -
E [s} < Z P (S > Si1)E [65"*;5,1,;( < O}
Yia<i<n€” k=0

< i P(S,>0)E [es’i’k;gn,k < 0} .
k=0

By (A.2) and (A.14)

en n c c
E S; Z 1/2 e
Ya<i<ne] = 2 (k+1)V2(n —k+1)3% \f

53



(A.17) follows immediately from Lemma 3 in [18].
Proof of (A.18). For 6 > 0such that ¢(6) := log E[¢?51] € (—00,00), {?>~"¢(); 1 > 0} is a non-negative

martingale. The existence of § comes from (1.3). Therefore, by Doob’s inequality,

P (gn > Tll+5) <P [ max efSKo(6) > n' " —ng(6)
o — \0<k<n -

<e_9n1+5+nq)(9)E [eesn—mp(e)} — €_9n1+5+n¢(9).

For n large enough, 017 — ne(0) > 6n'+° /2. Hence, for any n > 1,
P (gn > nH‘s) < C(§,9)e’9”1+§/2.
(A.19) can be treated similarly choosing 6 properly as a, decreasing to zero, function of n. O
(A.20) is an immediate consequence of (A.12), and we are left to prove (A.21) and (A.22).

Proof of (A.21). Let

Eaon = E[e% 5 max (5; — ;) € [av/n + an,av/n + a, + b,), S, > —a, 5y < 34.

1<i<n
Recall that Y; is the first hitting time of S,. So, maxj<i<,(S; — S;) = max{maxi<;<y, (Si —Si), Sy, —
Siygn 1 it follows that
(A27) Eon < E[e575 8y, = Spyou = 0V +a,,8, > —a,Ys > mo| +

E[esn*g"; max (S; — S;) € [av/n + an, av/n+a, + b4, S, > —a,Ys > ”0}-

1<i<Ys
On the one hand,
E [es”_g”;SYS —Siygu > V1 + 0,5, > —a,Ys > 7’10}

n
< Y P(Ys =k S = w5 — S = /i +n, Sy < i),
k:n0+1

which by Markov property is bounded by

n
Y, P(S>—a,Sc=S)P (S, < —avn—ay).
k:n0+1

By (A.4) and (A.18),

E [65"‘3";5»1S — Siygn = aVn+a,,8, > —a,5, < gn} = on(1)/m.
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On the other hand,

E[es"_g”; max (S; —S;) € [av/n+an,av/n+a, +b,],S, > —a,Ys > no]

1<i<Ys

n
< ) E[esrsk,YS =k, 1r£1a<>§<(§i —S;) € [avn+ay,av/n+a, + b,], S, > —uc}
k=ng+1 sis

which by Markov property at time k equals to

n

R {esnfk]lg’ﬁﬁo} P( max (S; — S;) € [av/n +ay,av/n+a, + by], S, > —a, Sy > gk,l).
k=ng+1 - l<i<k

By (A.14) and (A.20), this sum is of order 0, (1) /n. We hence conclude (A.21). O

Proof of (A.22). Let
P(A.ZZ) = P(ﬁ[n/zln] S bl’l/én Z —K, Sn > gi’l—l)

Use again the notation Ry = S, — S,,_, we observe that

Piaooy = P(§n/z > —,Ru/2 — Ruya € [(Susa = bu)+,Susa +a), R, /2 > 0,Ruyn > Spyo — Sn/Z)

< E|:§n/2 > —a, fu( Sus2 )]'

vn/2
where _ b
N L Rn/Z — Rn/Z . n 14 )
fn(x) =P <\/m € [(x Tm),x—i— m},Rn/z >0].

By invariance principle, P( R”/Zn;\/%”z < x|R, /, > 0) converges to P(it; —m; < x) uniformly for x € R;.

Consequently,
fn(x) = Oi/(%), uniformly for x € Ry,
S0
0, (1 0. (1
P2y < 'z/(E)P(Sn/Z > _,X> _ n}i )'
O
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