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Abstract. — The aim of this article is to study some asymptotics of a natural model
of random ramified coverings on the disk of degree N. We prove that the monodromy
field, called also the holonomy field, converges in probability to a non-random continuous
field as N goes to infinity. In order to do so, we use the fact that the monodromy field of
random uniform labelled simple ramified coverings on the disk of degree N has the same
law as the &(IV)-Yang-Mills measure associated with the random walk by transpositions
on G(N).

This allows us to restrict our study to random walks on &(NN): we prove theorems
about asymptotics of random walks on G(N) in a new framework based on the geometric
study of partitions and the Schur-Weyl-Jones’s dualities. In particular, given a sequence
of conjugacy classes (Ax C S(N))nen, we define a notion of convergence for (An)nen
which implies the convergence in non-commutative distribution and in P-distribution of
the Ay-random walk to a multiplicative P-Lévy process. This limiting process is shown
not to be a free multiplicative Lévy process and we compute its log-cumulant transform.
We give also a criterion on (An)nen in order to know if the limit is random or not.

1. Intoduction

Yang-Mills theory was introduced by Yang and Mills, in 1954, in [25] as a theory of
random connections on a principal bundle with gauge symmetry. In two dimensions, it
has been defined by mathematicians ([1], [3], [2], [11], [12], [16], [17], [18], [20], [23],
[24]) and it has become well understood that it was a theory of random multiplicative
functions from the set of paths of a two dimentional surface to a compact group G. In
[13], the author proved that an axiomatic formulation of planar Yang-Mills measures,
similar to the axioms for Lévy processes, could be set: this allowed to prove a correspon-
dence between Yang-Mills measures and a set of Lévy processes on G. In the following,
by Yang-Mills measure, we consider the one given by choosing a Brownian motion on G.

When the structure group G is a discrete group, T. Lévy proved in [20] that the
Yang-Mills measure could be seen as the random monodromy field of a random ramified
G-bundle. Since ramified &(NV)-bundles are in bijection with ramified coverings with
N sheets, one recovers the link explained by A. D’Adda and P. Provero in [9] and [10]
between &(N)-Yang-Mills measure and random branched &(N) coverings. It has to be
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noticed that this link is different from the U(N)-Yang-Mills measure/ramified coverings
partly explained in [19] and also known as the Yang-Mills/String duality. The theory of
random ramified coverings has also some interesting and challenging links with quantum
gravity [26].

In this article, we study the asymptotic of the theory of random ramified coverings
coming from the &(NV)-Yang-Mills measure as N goes to infinity: we construct the
S (o0)-master field. The rigorous study of the asymptotics of Yang-Mills measures driven
by the Brownian motion on the unitary group begun with M. Anshelevich and A.N.
Sengupta in [4] where the convergence was proved for a weak Yang-Mills measure and
T. Lévy in [21] where asymptotics and Makeenko-Migdal equations were proved for the
full Yang-Mills measure. In this last article, the unitary, orthogonal and sympleptic
groups were considered. The convergence of the Yang-Mills measure driven by the
different Brownian motions, as the dimension of the group goes to infinity, was proved
by using estimates for the speed of convergence in non-commutative distribution of
arbitrary words in independent Brownian motions. In the article [8], the author and
his co-authors show how to prove asymptotics of Yang-Mills measures driven by Lévy
processes on the unitary and orthogonal groups without using any estimates for the
speed of convergence: the asymptotic of Yang-Mills measures is a consequence of the
convergence in non-commutative distribution of the Lévy processes considered and a
kind of two-dimensional Kolmogorov’s continuity theorem proved by T. Lévy in [20].

Using similar arguments, we prove convergence of Yang-Mills measures driven by
random walks on the symmetric groups by proving the convergence in non-commutative
distribution of some continuous-time random walks on the symmetric groups. For sake of
simplicity, for any integer /N, we only consider random walks which jump by an element
which is drawn uniformly from a conjugacy class Ay of &(N). If the conjugacy class
AN converges in some sense, then the random walks will converge in non-commutative
distribution. In particular, the eigenvalue distribution will converge as N goes to infinity.
When Ay is the set of transpositions, this result was shown using representation theory
[5]. Besides, it seems possible that some of these results could be deduced from the proofs
of articles like [6], [7] where the distance from the identity was proved to converge. The
study of some asymptotics linked with random walks was also one of the concern of
the article [22]. In these last articles, the heuristic idea was to consider the symmetric
group as a “Lie group” whose “Lie algebra” would be in some sense Z[C] where C' =

>, ([|1,N[]¥/ ~) where (i1, ...,ix) ~ (j1, .., j) if the second one is obtained by a cyclic
permutation of the first one. In this picture, the exponential of ¢ € C' would just be
the permutation which has ¢ as a single non-trivial cycle. The interesting fact about
this is that, one can link easily the Brownian motion on the “Lie algebra” which drives
the Brownian motion on the symmetric group (the random walk by transposition) with
some Erdos-Renyi random graph process. Using the natural coupling between the two
processes, one can then transfer results from Erdoés-Renyi random graph processes to
the study of random walks on the symmetric graph.

In this article, we use a generalization of the non-commutative probability ideas,
constructed in [14] and [15], in order to prove asymptotics and phase transitions for the
random walks on the symmetric group without using the coupling with the Erdés-Renyi
random graph processes. This allows us to show that asymptotics of random walks on the
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symmetric groups can be studied with the same tools than the one used for the study of
multiplicative unitary Lévy processes (Section 7 of [15]). This method is a generalization
of the method used by T. Lévy in [19] or [21] in order to study the large N asymptotics
of the Brownian motions on U(N),O(N) and Sp(N). In particular, we do not use any
theory of representations, as opposed to [5] where some results were given for the random
walk by transpositions. We prove results in a more general setting, in particular we do
not ask that the elements of Ay have bounded support as IV goes to infinity. This allows
us to show that there exist two behaviors for the eigenvalue distribution: if the size of the
support is o(/N) then it converges in probability to a non random probability measure
we are able to compute explicitely, and if the support is growing like aNV, the eigenvalue
distribution converges in law to a random measure. As an application of asymptotic
P-freeness of independent matrices which are invariant by the symmetric group, we get
that the whole random walk converges in distribution in non-commutative distribution
to a process whose increments are not free but P-free. This gives the first non-trivial
example of multiplicative P-Lévy process whose log-cumulant transform is computed.

1.1. Layout. — The results we present in this article are based on the study of the
asymptotic of random walks on the symmetric group (Section 2). In Section 2.1, we give
a summary of some definitions and results proved in [14] and [15]. The theorems about
convergence of random walks on the symmetric group G(N) are presented in Section
2.2. After some preliminary results explained in Section 2.3, we give the proofs of these
theorems in Section 2.4. The log-cumulant transform for the limit of random walks on
the symmetric group is computed in Section 2.5.

A short presentation of Yang-Mills measure with &(NV)-gauge group is explained in
Section 3. In the same section, we prove that the Wilson loops in &(N)-Yang-Mills
measure converge in probability as N goes to infinity to a non-random field: the &(c0)-
master field.

Based on the results of T. Lévy in [20], we explain in Section 4 how to link the study
of random coverings of the disk and the study of &(N)-Yang-Mills measure. This allows
us to prove that the monodromy field of a model of random simple ramified labelled
coverings of the unit disk with N sheets converges in probability to the &(oco)-master
field. In Section 5, we explain how to compute the &(oo)-master field by giving an
example.

2. Convergence of random walks on G(N)

2.1. A brief reminder. — We review briefly the definitions and results, proved in
[14] and [15], that we will need later. In these articles, we study the asymptotics of
random matrices when the size of these matrices goes to infinity. Let L>® & M(C) be
the set of sequences of random matrices (My)yen such that My is a N x N random
matrice whose entries have order of any moments. For any family of elements (a;);er in
L>* ® M(C), the algebra generated by (a;);cs is simply:

(1) A((ai)ig) = {P(ail, ...,aik)](il, ,Zk) el,Pe (C{Xl, ...,Xk},/{? S N},

where C{X7, ..., Xj } is the algebra of non-commutative polynomials.



4 FRANCK GABRIEL

o o o

FIGURE 1. The partition {{1,2'},{1,2,3',5}, {3}, {4, 4}, {5'}}.

Let M be in L* & M(C). We will suppose from now on that any element M of
L>* @ M(C) we consider is invariant in law by conjugation by the symmetric group.
This means that for any integer N, for any o0 € G(N), viewed as a N x N matrice,
oMpyo~! has the same law as My. In order to study the asymptotic of M, let us define
the partition observables.

Let k be a positive integer, Py is the set of partitions of {1,...,k,1',...;k’}. There
exists a graphical notation for partitions as illustrated in Figure 1. Let p € Py, let us
consider k vertices in a top row, labelled from 1 to k from left to right and & vertices in
a bottom row, labelled from 1’ to k' from left to right. Any edge between two vertices
means that the labels of the two vertices are in the same block of the partition p. Using
this graphical point of view, the set of permutations of k elements, namely G, is a
subset of Py: if o is a permutation, we associate the partition {{i, o (i)' }|i € {1,...,k}}.

Let p and p’ be two partitions in Pg. The set P, has some nice structures that we are
going to explain:

1. Transposition: The partition ’p is obtained by flipping along an horizontal line
a diagram representing p.

2. Order p’ is coarser that p, denoted p < p/, if any block of p is included in a block
of p.

3. Supremum: pV p is obtained by putting a diagram representing p’ over one
representing p.

4. Multiplication: pop’ is obtained by putting a diagram representing p’ above
one representing p, identifying the lower vertices of p’ with the upper vertices of p,
erasing the vertices in the middle row, keeping the edges obtained by concatenation
of edges passing through the deleted vertices. It has the nice following property:
if pop’ € & then p and p’ are in &;. Doing so, we remove a certain number of
connected components, number which is denoted by x(p,p’).

5. A family of multiplications: C[P)(N)] is the algebra such that pp’ = N*®#)po

/

p.

6. Neutral element: The partition idy, = {{i,7'}|i € {1,...,k}} is a neutral element
for the multiplication. Often we will denote it by id when there can not be any
confusion.

7. Height function: nc(p) is the number of blocks of p.

8. Cycle: A cycle is a block of p V id: nc(p V id) is the number cycles of p. A
partition p is irreducible if nc(p V id) = 1.

9. Representation:  There exists an important representation of C[Py(NN)] on
((CN)®k. Let (e;)Y, be the canonical basis of CV and let E! be the matrix
which sends e; on e; and any other element of the canonical basis on 0. For any

I = (i1, i, ir, eyip) € {1,..., NY?* we define Ker(I) the partition such that two
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elements a and b of {1,....;k, 1", ..., k’} is in a block of Ker(I) if and only if i, = .
We define:

pn(p) = 3 B} ®..QE.
I:(’il,...,ik,ill,...,ik/)€{17...7N}2k|p§1Ker(I)

The application py is a representation of C[Py(N)]. We will also define:

o) = > Bl ..,
I=(itesieiys o)) €{ L0, N} 2% [p=Ker (D)

10. Tensor product: The partition p ® p’ € Py, is obtained by putting a diagram
representing p’ on the right of a diagram representing p. It satisfies the identity
pn(p@p') = pn(p) ® pn(P).

11. Extraction: The extraction of p to a symmetric subset I of {1,....k,1",....,k'} is
obtained by erasing the vertices which are not in I and relabelling the remaining
vertices (definition given at the beginning of Section 3.1.2 of [14]).

In [14], we defined a distance (Definition 2.2 of [14]) and a geodesic order on Py
(Definition 2.4 of [14]). For any partitions p and p’ in Py, the distance between p and

/

P is:

nc(p) + nc(p’
d(p,p') = nclp) + ne(p') 5 )
We wrote that p < p’ if d(id,p) + d(p,p’) = d(id,p’): this defines an order on Pg. The
set {p|p < p'} is denoted by [id,p']p,.

Using the set Py, we defined some observables. Let N be a positive integer and let
p € Py, the random p-moment of My is given by:

1 k

(2) mp(MN) = v T (M}?} PN(tP)) :
and the p-moment of My is given by Em,(My) = E [m,(My)]. The random p-ezxclusive
moment and the p-exclusive moment of My are given by the same formulas, except that
one has to replace p with p°.

Using the Schur-Weyl-Jones duality, E [M]%k] belongs to Vect {pn(p)|p € Px} and if
N is bigger than 2k, {pn(p)|p € Pi} is a basis. We will always suppose from now on that

this condition on N and k is always satisfied. In [15], we defined the finite dimensional
P-cumulants (Ex,(My)) by the formula:

—nc(p V).

PEPkK

Ek,(My)
Rk | _ P
(3) E [MN ] B Z N ne(p)—nc(pVid) pN(p)'
PEPy

For any Mj,..., My in L™ ® M(C), one can generalize these definitions in or-
der to define for any p the observables my,(Mi N, ..., My n), Emy(MinN,..., My ),
mpe(MyN, .., My N), Empe(Mi N, ..., My n) and Ex,(Mi N, ..., My n): one has to re-
place M]%k by My N @ ... ® My, n. Let us state a consequence of Theorems 3.2 and 4.2
of [15].

Theorem 2.1. — The three following convergences as N goes to infinity are equivalent:

1. convergence of (Eﬁp(MN))pePk7
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2. convergence of (Emp(MN))pE'Pk’

3. convergence of (Emye(Mn)) cp, -
If for any integer k, one of these convergences holds, we say that M converges in P-

distribution. Let us suppose it is the case: for any integer k, for any p € Py:

Jim B, (My) = > Jim By (My),
p'€lid,plp,

Jim Emy,(My) = Z | i Emyye(My),
p' €Py|p<p’,nc(pVid)=nc(p’Vid)

and for any o € Sy
lim Emge(My) = lim Ex,(My).
N—o00

N—o00

The same results hold for a family of elements of L> & M(C). From now on, when
in an observable or in a coordinate number we do not put the index IV, it means that we
take the limit as IV goes to infinity. For example, Em, (M) stands for limy_,oc Em,(My).
Let us suppose that M converges in P-distribution. We associate the R-transform of
M which is the element R[M] € (P, C[Px])* such that for any k, any p € P,
(RIM)) (p) = Ex,(M).

We say that M satisfies the asymptotic P-factorization if for any positive integers k
and k', any p; € Py, and py € Py,

Emp1®p2 (M) = Empl (M)Empz (M)

Let us state an easy version of Theorem 3.1 of [15].

Theorem 2.2. — Let us suppose that (M;)ier € L* & M(R) converges in P-
distribution and satisfies the asymptotic P-factorization property then the P-moments
of (M;);er converge in probability: for any integer k, any iy,...,ix in I, any p € P,
mp(Mi, N, ..., M, N) converges in probability to Em,(M;,, ..., M;, ).

In particular, if M is an orthogonal element, which means that for any positive integer
N, My is orthogonal, then the eigenvalue distribution of My is on the unit circle U. If
M converges in P-distribution, the mean eigenvalue distribution converges to a measure
i (Theorem 1.1 of [15]) and if M satisfies the asymptotic P-factorization property, the
eigenvalue distribution converges in probability to u.

Let M and L be elements of L & M(C) which converge in P-distribution. The
notion of P-freeness is defined as a condition of vanishing of mixed cumulants and a
factorization property for compatible cumulants. The elements M and L are P-free if
the two following conditions hold:

— for any integer k, any p € Py, any (By,..., By) € {M, L}*, Ex,(By, ..., By) = 0 if

there exists ¢ and j in {1,...,k} in the same cycle of p such that B; # B;
— for any integers k and k', any p € Py, any p' € Py, Expgy (M, ..., M, L,...,L) is
equal to Exp(M, ..., M)Eky (L,...,L).
In [15], we proved the following theorem. We recall that we always suppose that the
random matrices are invariant in law by conjugation by the symmetric group.
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Theorem 2.3. — If for any positive integer N, My and Ly are independent then they
are P-free.

The notion of P-freeness differs from the notion of freeness in the sense of Voiculescu.
In particular, we gave a condition, in Theorem 3.7 of [15], in order to prove that two
P-free elements are not free. Let us denote by 09 the partition {{1,2,1’,2'}}.

Lemma 2.1. — Let us suppose that M and L are P-free, satisfy the asymptotic P-
factorization and that

Elﬁl02 [M]EHOQ [L] 7é 0,
then M and L are not free.

In [15], we proved a general theorem about the convergence of matricial Lévy processes
in P-distribution. We will explain a consequence which is needed in this article. Let
us consider for any N, (X}¥);>o a multiplicative real-matricial Lévy process which is
invariant in law by conjugation by &(NN). Let us denote, for any positive integers k
and N:

GN = %ME [(thv)m} .

The endormorphism G7' is also in Vect {pn(p)|p € Pr} and we can define the coordinate
numbers of GY, k,(GY) by the same formula as Equation (3). We can also define
the moments of G, m,(GY), by the same formula as Equation (2), and the exclusive
moments of GI, mpc(G{CV) by replacing p by p¢. We say that the sequence (G]kV)NeN
converges if and only if its coordinate numbers converge. This is equivalent to say that
the P-moments or the P-exclusive moments of (G]kv )nen converge. If for any positive
integers k and [, for any partitions p and p’ respectively in Py and P,

: N : N : N
m / = lim lim /
]\}1 Mpep (Gryq) R my(Gy ) + Ny, (GY),

we say that (G{f Jk,N condensates weakly. Recall the notion of multiplicative P-Lévy
process defined in Definition 2.9 of [15]. Let us state a direct consequence of Theorem
6.1 and Remark 6.2 of [15].

Theorem 2.4. — Let us suppose that for any positive integer k, (G{CV )N>0 converges.
The process (XtN)tzo converges in P-distribution toward the P-distribution of a P-Lévy
process. For any p € Py, for any tg > 0,

d
o Em(X) = Y s CER (%)
-0 P1E€Pk,p2€ Pk [p1op2=p,p1 <P

Besides, the process (XtN)tzo satisfies the asymptotic P-factorization if and only if
(Gév)k,N weakly condensates. If so, it converges in probability in P-distribution.

We will not explain the definition of the notation p; < p: the only important fact to
know for this article is Lemma 3.6 of [14] which states that for any o € &y:

{p/ S Pk\p' < O’} = [id, O']pk N Sy.
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2.2. General theorems of convergence. — In this section, we state the general
theorems about convergence of random walks on the symmetric group that we are going
to prove in this article. The proofs will be given in Section 2.4.

Let N be a positive integer, let us consider Ay a conjugacy class of &(N), the sym-
metric group on N elements. We denote by # Ay the size of the conjugacy class Ay.
Let o be in A\ and let ¢ be in {1,..., N}. For any k € {1, ..., N}, the period of k in o is
the smallest positive integer n such that o" (k) = k. We denote by Ay (i) the number of
elements in {1, ..., N} which period in o is equal to ¢: this number does not depend on
the choice of o. Thus, we can see Ay as a way to decompose the integer N: Ay can be
coded by the sequence (An(7));=, which satisfies Y 2, An(i) = N.

Definition 2.1. — We define the Ay-random walk on &(N), denoted by (ng)t>0’

the Markov process on &(N) such that Sév =1idyn and whose generator is given by:

Aiﬁc)ﬁ > [f(o00) = f(00)],

TEAN

as

Vf e RSW) Yoy € &(N), Hy f(00) =

where we used the following notation:
AN(19) =N — An(1).
This random walk is invariant in law by conjugation by G(N).

Lemma 2.2. — Let o be in &(N), let (S¥) be a An-random walk on &(N). We

>0
TR . N _—1 _ (N
have the equality in law: (O'St o )tzo = (St )tzo‘
Proof. — It is a consequence of the fact that the generator of (S{V ) +~p 1s Invariant by
conjugation by &(N). O - O

Let us consider a sequence (An)yen- such that, for any positive integer N, Ay is a
conjugacy class of &(IV).

Definition 2.2. — The sequence (An)nen converges if and only if there exists:
o
(A(2));x2 € {(ai)ieN\{O,l} Vi>2,a;>0,) a; < 1}
i=2

such that for any integer i > 2:

We will denote by A(1) the value of 1 — «. The sequence (AN)nen is evanescent if a = 0
and it is macroscopic if o > 0.

For any positive integer N, let us consider (S7¥ ) a An-random walk on S(N).

t>0
Recall the notion of exclusive moments Emgyc. From now on, let us suppose that the

sequence (An)Nen converges.
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Theorem 2.5. — For any t > 0, the mean eigenvalue distributions of (ng) con-

NeN
verge as N goes to infinity to a probability measure T} which has the form:

n—1
_ m c(t)
A= DD 0 e My,
neN* k=0
with Moe(t) = 1 =327 Mne(t) > 0, mpe(t) > 0 for any integer n and \y is the uniform
probability measure on the unit circle U.
We denote by [o] the conjugacy class of o which, as already noticed, can be seen as a

o)k —
decomposition of N. Also, by convention, for any positive integer k: ((1070)1) = —k.
Let us consider the unique solution ( (mge(t of the system of differential
€U Gk >0
t>
equations:
Vk € N*, Voo € &, Vig > 0:
d (1—a)*-1)
—_— mc t = M 5¢ t
dt |t=to (1) o i (to)

[2](0)

7

k
+ Z anc(o\/ld)f[o](l)fl < ()\(Z))
=2

0€6,\{id},0<o0

)(1 - a)[g](l)m(too())c (t(]),

with the initial conditions: Yk € N* Vo € Sk, myc(0) = dy—iq. Then for any positive
integer n, for any real t > 0:

Mpe (t) = m(l,___,n)c(t)7
where (1,...,n) € &, is a n-cycle. Besides for any integer k, any t > 0 and any o € S

. H N
Mee(t) = A}gnoo Emge S]] .
In fact, in the proof of Theorem 2.5, we will show that the eigenvalue distributions of
(S{V ) Ney converge in law as N goes to infinity to a random measure: depending on the
behavior of (An)nen, one can know if the limit is or is not random.

Theorem 2.6. — Let t be a positive real. The eigenvalue distribution ,ui‘N of SNV con-
verges in law to a random measure on U, denoted by u;'. Two behaviors are possible:

1. if the sequence (AN)Nen is evanescent then the limiting measure is a non-random
measure on U, u} = T}, and the convergence holds in probability. The family
(SgV)NeN satisfies the asymptotic P-factorization and thus it converges in proba-
bility in P-distribution,

2. if the sequence (AN)NeN 1S macroscopic, then the limiting measure is not a non-
random measure on U and the family (StN ) nen does not satisfy the asymptotic
P-factorization.

When the sequence (A\y)yen is evanescent, we can compute explicitly the measure ,ui‘.
Given Theorem 2.5, we only need to compute its moments or myc(t). In the following
theorem, we will use the same notations as in Theorem 2.5 and in Definition 2.2.
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Theorem 2.7. — Let us suppose that (AN)nen is evanescent. Let n be a positive integer
and let t > 0. We have:

1

n—1 nk, k
(4) Mpe(t) = e~ ZtkT > [12G;+1).
k=0

(i1,0-nsik)EN" 3K ij=n—17=1

We used the usual conventions for the products and the sums, thus mic(t) = e~t. As a
consequence, for any positive integer n, and any t > 0:

d—1 k
" 3 dk:fl .
mn(t)::/EUz dm) ()= g e~ g tkT g H)\(zj +1).
# dln k=0

i1,00yil)EN* SOF_ji=d—17=1
J=1%

In particular, let us consider a positive integer k, let us suppose that A\(k) = 1 and for
any positive integer | # k, A() = 0. This means that we are considering a random walk
which jumps by multiplication by a uniform k-cycle. Let ¢ be a non-negative real. If
there does not exist any positive integer u such that n = u(k — 1) + 1, then m,.(t) = 0.
Besides, for any u € N:

~(ulk— u(ulk —1) + 1)t
(5) Mu(h-1)41)e () = e “EDFI " :

Theorems 2.5 and 2.6 can be extended to the whole process (ng ) 0"

Theorem 2.8. — The family (ng)t>0 converges in P-distribution as N goes to infinity

toward the P-distribution of a multiplicative P-Lévy process. If (AN)yen 5 evanescent,
it 1s mot a multiplicative free Lévy process: the multiplicative increments are not asymp-
totically free.

In Section 2.5, we will prove an other theorem, namely Theorem 2.11, which allows
us to compute the log-cumulants of the limiting multiplicative P-free Lévy process.

In the second part of the article, in order to construct the Yang-Mills &.-field, we will
need the following result whose proof will not be given since it is an easy consequence of
Theorems 2.6 and 2.8, Lemma 2.2 of this article and Theorem 5.1 and 3.1 and Proposition
3.1 of [15].

Let n be a positive integer and for any positive integer N, let us consider
(Stl’N)tZO,...,(Sf’N)tZO, n independent Ay-random walks on &(V). Recall the Equation
(1) and the representation py defined in Section 2.1.

Theorem 2.9. — The family of random matrices
k,N k,Ny—1
Fy= U <(st )t20 U ((S7) )t20>
ke{l,...,n}

converges in P-distribution as N goes to infinity. Let us suppose that (AN)yey
is evanescent.  The family Fpy satisfies the asymptotic P-factorization property:
Fyn converges in probability in P-distribution.  Besides, for any i € {1,...k},
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(Sf’N U ((Sf’N)_l)DO is asymptotically P-free but not asymptotically free from

(550 U (S5 )

)iz

ke{l,..n\{i}

We will finish this section with some results about phase transition for these random
walks. Let us suppose for this discussion that (Ay)nen is evanescent. In Theorem 2.5, we
saw that the measure u) is the sum of an atomic part and meee(t) times the Lebesgue
measure on the unit circle. In fact there exists a real ¢} > 0 such that y; is purely
atomic for ¢ < t} and for any t > t., uj is a sum of a purely atomic and a multiple of
the Lebesgue measure. This critical time is the same critical as found by N. Berestycki
in [7] for the phase transition for the distance to the identity.

Theorem 2.10. — Let us suppose that (AN)nen s evanescent. The function which
sends t on meoe(t) is continuous and converges to 1 as t goes to infinity. Besides, if we
define:

1

6 1 = G50 \(j)o1 == —,
o 0 G = DAG)

for any 0 <t <), mooe(t) = 0 and for any t > 2, meoe(t) > 0.

Using the theorems already explained, we get a generalization of Theorem 3 of [6],
Theorem 4 of [5]. We recommend the reader to have also a look at Theorem 3 of [7].

Corollary 2.1. — Let us suppose that (AN)nen converges and is evanescent. For any
positive integer N, let (ng)po be a An-random walk on the symmetric group. For any
permutations o and o' in &(N), let dgny (0,0") be the distance in &(N) between o
and o' defined as N —nc(o V o'). Then for any t > 0, %dg(]\[) (idN,SgV) converges in
probability as N goes to infinity to the non-random continuous function:

Py=1-% %mkc(t),
k=1

where mye(t) is given by Equation (4).

Using Equation (5), we recover Equation (5) of [7], yet this expression of d*(t) for
general A\ seems to be new. The function d*(t) was studied in [7], when (An (1%)) yey
is constant and equal to a positive integer a: using ¢} defined before, it was shown that
d*(t) is C* on a subset of the form R* C I, with I a bounded interval of Jto, co], for
any t < t2, d\t) = L and (d)‘)” ((ti‘)+) = —o0. Using the Stirling’s formula, it is easy
to see that for the random walk which only jumps by multiplication by a k-cycle, the
set I is empty.

2.3. Preliminary results. — Before we prove the theorems of Section 2.2, we present
some preliminary results which are not stated in [15].
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2.8.1. Ezclusive moments for permutation matrices. — Let k be a positive integer.

Definition 2.3. — Let I = {by,...,bs} be a partition of {1,...,k}, let o be an irreducible
permutation of {1,...,s}, and let ig € {1,....,k}. For any integer | € {1,..., s}, we denote
by b) the set {j € {1',...,k'},3i € b, j =4'}. The partition:

o= {1, 5}

is called the necklace associated with (I,0), and the partition:

po = {b U0 € {18} fio} }

is called the chain associated with (I,0,i9). The true-length of p1 and ps, denoted |p1]
and |pa|, is equal to s.

A partition p in Py is a parure if for any cycle ¢ of p the extraction of p on ¢, denoted
by pe, is either a chain or a necklace. The true-length of p is:

= 3 Il

c cycle of p

Let N be a positive integer, let S be a permutation in &(N). For any positive integer
[, (1,...,1) is the l-cycle in &;. Recall that mpec is the normalized exclusive moment.

Proposition 2.1. — Let p be a partition in Py. If p is not a parure then mpe (S) = 0.
If p is a necklace, then mpe (S) =m,. e (S). If p is a chain, then:

|p|
mpe (S) =1 — Zma,...,z)c (S).
-1

Proof. — Let u and v two elements of {1,...,k} which are in the same block of p. Then
v’ and v" must be in the same block of p if one wants m,(S) not to be equal to zero.
This is a consequence of the fact that for any 4, 7,1 € {1,..., N},

(7) SISt = 5/6_; and SiS} = Sio1_;.

The same result holds if one exchanges k and k’. Yet, if p is not a parure, these conditions
on the blocks of p are not satisfied, thus mpe (S) = 0.

The assertion about the exclusive moments when p is a necklace is a direct consequence
of Equations (7). Now, let us suppose that p is a chain. Using Equations (7), we get that
mpe (S) is the fraction of elements of {1,..., N} which period in S is strictly greater than
|p|. Thus it is equal to one minus the fraction of elements of {1,..., N} which period in
S is less than |p|. Since for any positive integer [, m(; ;e (S) is the fraction of elements
of {1,..., N} which period in S is equal to [, we get the following equality:

Ip|

mpe () =1 — Zm(l,...,l)C(s)a

=1
which is the equality we had to prove. O O

When one considers permutation matrices, an interesting link occurs between mo-
ments and exclusive moments.
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Proposition 2.2. — For any positive integer k,
Tr [S®k o pn ((1, ,k:))] = Z Tr [S®d o pn ((1, ...,d)c)} .
deN* d|k

Proof. — This is due to the fact that for any positive integer k,
Tr [s@k opn (1, ) /g))} = Tr (s’f)

is equal to the number of elements ¢ € {1,...,N} whose period divides k and
Tr [S®opy ((1,...,d)°)] is equal to the number of elements i € {1,..,N} whose
period is equal to d. ] O

2.8.2. Criterion of non G-freeness. — Let us state some consequence of Lemma 2.1
when one considers random matrices whose entries are equal either to 0 or 1. Recall
that Oy is the partition {{1,2,1’,2'}} in P,. Let us recall that when, in an observable or
in a coordinate number, we do not put the index N, it means that we take the limit as
N goes to infinity.

Lemma 2.3. — Let S = (SN)ney be an element of L™ ® M({0,1}). Let us suppose
that S converges in P-distribution then:

Ero, [S] = Emidl [S] - Emidz [S]
If the asymptotic P-factorization property holds for S, then:

Ero, [5] = Emia, [S] (1 — Emnig, [S])

Proof. — Indeed, we have Eko, [S] = Emq,[S] — Em,q,[S]. Yet, for any integer N, Sy
is a matrix of zeros and ones, thus for any positive integer N, Emg, [Sy] = Emiq, [SN].
This implies that:

EH:OQ [S] = Emidl [S] - EmidQ [S]

The second assertion is a direct consequence of the P-factorization property. [0 [

This calculation allows us to state the following criterion of non-freeness for {0,1}-
valued random matrices.

Proposition 2.3. — Let S and Sy be two elements of L™ ® M({0,1}) which con-
verge in P-distribution, satisfy the asymptotic P-factorization property and which are
asymptotically P-free. If Em;q[S1] ¢ {0,1} and Em,g[So] ¢ {0,1}, then S1 and Sy are
not asymptotically free.

Proof. — This is a consequence of Lemmas 2.1 and 2.3. U U
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2.8.3. Measures. — The following lemma is a special and easy case of the problem of
moments.
Lemma 2.4. — Let (kp)nen be a sequence of positive numbers such that Y oo ki < Ko.

There exists a unique measure p on U whose weight is equal to kg such that:
Vn € N*,/ 2"du(z) = Z Kd-
U deN* djn
Besides 1 is given by:

n—1
(8) DD

neN* k=0

(e o]
Ko— Y Ki| A,
i=1

where we recall that Ay is the uniform measure on the circle.

Proof. — Any measure on the unit circle U is characterized by its non-negative moments.
It is enough to see that the moments of the measure given by Equation (8) are equal to
the ones expected. [l O

Remark 2.1. — Let p be given by Equation (8), the weight of the purely atomic part
of pu is equal to 3, <1 k.

2.4. Proofs of the theorems stated in Section 2.2. — Now that we have gathered
all the notions and tools that we need, we can prove the theorems of Section 2.2.

Theorem 2.5 and Theorem 2.8. — For any positive integer N, let us consider Ay a con-
jugacy class of &(IN). Let us suppose that (An) ey converges as N goes to infinity. For

any positive integer NV, let us consider (S;¥ ),~q & An-random walk on §(N). Let N and

t>0
k be two positive integers and let us define:

N_ nekR] N1 ok _ 0k
Gl = dt|t:0E [(St ) ] AN (19) #Ay g\: [o idy].
N

(e

Let p be a partition in P;, and let o € A\y. Let us remark that:
N
NY _ Rk - 1Rk
mye (Giy) = (e [mpc <0N ) — e (ZdN )} )
thus, using Proposition 2.1, if p is not a parure, then m,c (Gév) = 0.
Let us suppose that p is an irreducible parure, then it is either a necklace or a chain.

Let us suppose that p is a necklace. Using Proposition 2.1, we can suppose that it is a
cycle. Let us suppose that p = (1, ..., k), then:

Mype (GkN) = )\N]zflc) |:m(1,___,k)c <af\3}k) — M, ke (zd%k)] .

If k=1, then:
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If £ # 1, then:
N An (k) An (k)
N N N
c = = k .
mye (Gi) An(1€) [ N } A (19) Moo A)
If p is a chain, let us remark that, using again Proposition 2.1:

N
mpc (Gév) = mmpc <O’%§}k)

N Ip| o Ip|
= )\N(lc) 1-— IZ;’I’I'L(LW’[)C (O'N> N:)}o 1-— ZZ; )\(l)

Thus, for any irreducible partition, mye (G]kv ) converges as N goes to infinity. Yet, if
p is irreducible, any partition p’ which is coarser than p is also irreducible. This implies
that, for any irreducible partition, m,, (G]kv ) converges as N goes to infinity.

Let us remark that for any partition p in Pg:

N

N\ _ Rk
(9) my (G}) = (1) [mp <0N ) - 1] .
Thus, we have proved that for any irreducible partition p, mp(aj%k) converges as N goes
to infinity. Besides, if (An)nen is evanescent, ANJS,IC) goes to infinity: A}im my(o ) = 1.

— 00

Let r be a positive integer, let us consider r irreducible partitions pq, ..., p,, we have:

N

NY) _ Rk
Mp1Q...Qpr (Gk ) = v (19) [mp1®...®pr (JN > - 1}

= )\szflc) Ll;[l My, (g}%’“) - 1]
(52 [ (25) =1 T ()

i=1 I=i+1

=3 (62 T o (o))

I=i+1

.
I

<

<.
Il

This proves that m,,s...gp. (G]kv ) converges as N goes to infinity. Thus for any positive
integer k, for any partition p € Py, m, (GkN ) converges as IN goes to infinity.

Using Theorem 2.4, the family (ng)t>0
distribution of a multiplicative P-Lévy process.

In particular, for any ¢ > 0, (StN ) nen converges in P-distribution as N goes to infinity.
Using the discussion after Theorem 2.2 we deduce that the mean eigenvalue distributions
of (S{V ) Nen converges as N goes to infinity to a probability measure ﬂi‘ defined on the
circle U. Besides, the measure i) is characterized by the fact that for any positive integer
n:

converges in P-distribution toward the P-

n j—A : N
= 1 E .
/Uz dp; N ET,. ) [St }
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Using Proposition 2.2, we get that:

/Uz"dﬁi‘ = Z A}im Em(L---d)“ [Sg\q

—00
deN*d|n

We are in the setting of Lemma 2.4 thus 7z} is equal to:

n—1
nel(t
ﬂt)‘ = Z Z Mne )56% + Mooe () AU,

mn
neN* k=0

where for any integer n € N*, myc(t) = lim Em( ). [S{V] and m¢_(t) is such that

N—o00
i (U) = 1.
For any positive integer k, any 0 € &) and any ¢ > 0, let us denote by mge(t) the
limit lim Emge [va ] Using Theorem 2.1, we know that:

N—o0
Mye(t) = Eky [S] -

Using Theorem 2.4 and using the same notations as for this theorem, we get that mge(t)
satisfies the system of equations, Vig > 0, Vk € N*, Vog € Gy:

d
%hﬁ*t Mo (t) = Z Kpy (Gk‘)Eﬁm [Sto]'
0 P1E€Pk,p2E€Pr|p1op2=00,p1<00

Yet, we saw that if p; and py are two partitions such that p; o po = o9 and p1 < oy,
then p; and py are two permutations and p; € [id, o9]p, N Sy. Thus Vg > 0, Vk € N*,
Yoo € Gp:

d
d_ mag (t) = Z Ro (Gk)mtooo (to) .
t [t=to 0€G|o<o0

Using again the fact that for any permutation o, k,[Gr] = A}im Mge (G]kv ), we only
— 00
need to compute A}im Mye (Gév ) for any permutation in &y in order to finish the proof
— 00

of Theorem 2.5. Let o¢ be a permutation in & and let us compute mg¢ (GkN) If og is
equal to idg, then:

i ) = s 3 o (0°) = ()]

e () s ()]

where ¢ is any permutation in Ay. We will use the following convention: for any n and
m in N such that n —m + 1 <0, (n%;n), = 0. If ¢ is a permutation in Ay:

1 (D)
s (7) = S - o




THE S(c0) YANG-MILLS MEASURE 17

Thus:

Ay (1) N*
k— o L k—1 .
s (- 5) (5]
)

i
An (1€
N

N 1 ) N
mig (G}') = NF [()\N(J\{) — k) (N—k?)!]
1
A

Let us denote by « the limit of as IV goes to infinity. We get:

{ —k if (AN)nen is evanescent,

1 : Jc N g
lim mjge (Gx) é((l —a)k —1) if (A\y)nen is macroscopic.

N—oo

Now, let us suppose that og is not equal to idy. Let o be in Ay, since my, (id%’“) =0:
N
Mg (Gév = Mg <a®k) .

Let us denote by [og] the conjugacy class of op. As we already saw for Ay, we can see
[00] as a vector ([0](i))X,. It is easy to see that:

Mg <U®k) = Nnc(i’o\/id) 1_[1 (AN'(z‘) [ao](z'))!

1=

thus:

K A (i) |
meg (G) = ANJET Nl "Owd 1;[ (Am(z [0)02 >)vzm

Let us notice that nc(og V id) = Z 1 l00® " Thus mee (GYY) is equal to:

A
N ﬁ 1 Nz ) logl(9) 1 An(1)!
An (1) N <>\N(l) [oo}(i)>! Nlool®) (An (1) — [o0](1))!

7 1

1=2

We recall that for any i > 2, there exists A(i) such that 22 converges to A(i) as N

A (1)
/\N(l) — 1 — . Thus, as N goes to infinity, mec (Gk ) has

goes to infinity, and limy_
the same limit as:

[o0l(®

() ™) )

=2

or the same limit as:

An(16)) Meeovid)—fool (=1 ko3
N 2 \w(1
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This implies that:

k
lim Mo (Gé\f) _ nc(oo\/zd (H [00]( )> (1 _ a)[oo](l)‘

N—oo
=2

Let us remark that, since o # idy, nc(og Vidy) — [o0](1) — 1 is always non negative. So
the following formula has a meaning even if o = 0. Using these calculations, we recover
the system of differential equations in Theorem 2.5.

At last, let us suppose that (Ay)nen is evanescent and let us prove that (S )0 does
not converge toward a free multiplicative Lévy process. In order to do so, we will prove

that the increments of (ng ) >0 are not asymptotically free as N goes to infinity. Let ¢

and to be two positive reals. For any positive integer N, let ng be a random variable
which has the same law as Sfy and which is independent with S7. Since (S}") >0 18 @

Lévy process, it is enough to prove that S{Y and S;év are not asymptotically free as N goes
to infinity. Using Theorem 2.3, we already know that St]\lf and S;év are asymptotically
P-free. Besides, for any real ¢ > 0, Emgq, [Si] = Emiqe[S;]: using the differential system
of equations proved in Theorem 2.5, for any to > 0, Emyq, [Sy,] = e ¢ {0,1}. In the

following, we will see that the asymptotic P-factorization property holds for (S{Y ) NeN

and (S;év > ver using Proposition 2.3, St]\lf and S;év are not asymptotically free. O [

We have proved the convergence in P-distribution: let us understand when the con-
vergence holds in probability or not.

Theorem 2.6. — Let us suppose that (Ay) is macroscopic. The second equation in
Theorem 2.1 implies that Emq,[S;] = Emiqg[S;]. Using this equality and the system of
differential equations satisfied by the limits of the observables, it is easy to see that the
family (S{V ) ~en does not satisfy the asymptotic P-factorization property: for any ¢ > 0:

2
(10) Jim_Emig, [SN] # < Jim_Emig, [sﬁ]) :

Let us suppose that (Ay) v is evanescent. Let p be a partition in Py; we can suppose,
up to a permutation of the columns, that there exist r irreducible partitions p1, ..., p»
such that p is equal to p; ® ... ® p,. We saw in the proof of Theorem 2.5 that for any
integer N:

1 (6) =3 (i (62) T o (o))

1=1 I=i+1

where on € Ay. Using Equation (9), lim m, ( oN > = 1. Thus, denoting by m, (Gy)

N—oo
the limit of m, (G]kv):

Gr) = _my, (Gy).
=1
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The last equation implies that (Gév ) weakly condensates. By Theorem 2.4, the pro-

E,N
cess ((ng ) tzo) ven satisfies the asymptotic P-factorization property and, using Theo-

rem 2.2, it converges in probability in P-distribution.

For a positive real ¢, let M?N the random eigenvalue distribution of S;¥. Since (S}¥ ) NeN

. L. . A .
converges in P-distribution, the measures p; " converge in law to a random measure on

U, denoted by p. The measure y; is not random if and only if <(S{V ) t>O>N N satisfies
=Y/ Ne

the asymptotic P-factorization property: the measure ,ui‘ is not random if and only if
(AN)Nen is evanescent. O O

From now on, we will suppose that (An) ¢y is evanescent: the limit of the eigenvalue
distributions is non-random. Let us compute this limiting measure.

Theorem 2.7. — We recall that we already used the following notation: for any positive

integer k, any o € & and any t > 0, we denote by me(t) the limit A}im Emge {(SI{V)Q%} .
— 00

Besides, we proved that the family (mg«(t)), , satisfies the system of differential equa-
tions stated in Theorem 2.5. Since we suppose that (Ay)nven is evanescent, for any
to > 0 and any o9 € &, %\t:tomoé(t) is equal to:

k

nc(oVid)—|o - Ay 4@
—k‘mag(to) + Z 0 (ovid)—le](1)—1 <H (A(Z)) ¢ )m(taao)c(tO),

c€6&,\{id},0<o0 1=2

yet nc(o Vid) — [o](1) —1 = 0 if and only if o is a cycle. Thus, if we set mpe(t) =
mi,..n)e(t), for any to > 0 and any positive integer n:

d n
(11) Ty O = —nmape(to) + Y > AME)Mmeq,.. e (to)-

k=20€6,, o is a k-cycle,0<(1,...,n)

Using Theorem 2.6, the asymptotic P-factorization property holds: we can wite Equation
(11) only in terms of (mye(t))ns. For any positive integer n, any to > 0:

n k
12) G et = (0 + > M) ) [T

(1,0 ) E(N* )R o8| my=n =1

Let us introduce the generating formal series of (e”tmnc (t))

n>1°
R(t,2z) = Z e mpe (1) 2",
n>1
Let us remark that R(0, z) = z. The Equation (12) can be written as:
(13) OR(t,z) = 2z0R(t, z)LS(R)(t, 2),

where we defined:

LS(2) = > A(n+1)2".

n>1
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Let us define S(¢, z) the reciprocal formal series such that for any ¢ > 0:
S(t,R(t,2)) = =.
Let us remark that S(0, z) = z. The Equation (13) implies an equation on S:
0,S(t,z) = —LS(2)S(¢, 2).

Thus S(t, z) is given by S(t,2) = ze ™5(*). Let t > 0 and let n be a positive integer.
Using the usual notations, since €™m,.(t) = [2"|R(¢, ®), we can compute e'mc(t) by
using the Lagrange inversion. This implies that:

[zn— 1] etnLS(z) ’

thus myc(t) = et and for n > 1:

k—1

n—1 k
Mpe(t) = e ™y 1k nk! > [12G;+ ),
k=1

(15008 EN) ¥ i1 . Aig=n—17=1

hence the assertions in Theorem 2.7. O O

Let us prove the assertion on the existence of a phase transition for the random walks
on the symmetric group.

Theorem 2.10. — Let us suppose that the sequence (Ay) y¢y is evanescent. Let us show
that the function f(t) = > o7 | Mye(t), which is equal to 1 — mee(t) is continuous and
converges to 0 as t goes to infinity. Indeed, we have:
1
t) = e Rk ),
fy=> - - x p( )

k,n=0

where p(k,n) = z(21, SiR)EN®SF_ij=n—1 H] 1 Alij +1). For any kand nin N, fin(t) =

1 _"ttk”, p(k,n) is continuous and goes to zero as t goes to infinity, besides f},, is non-
negatlve and maximal at t;, = ﬁ and using Stirling’s formula, there exists a constant
C such that fi,(tg,) = }Le*klz,p(k,n) < Ckg—l/Qp(k,n). In order to finish, one has to
remark that:

> plken)= > H/\zj+1 (Z)\z—i—l) <1,

neN (81 yeeeyig)EN* J=1 1EN*

thus Y, fen(ten) < co. This allows to apply the dominated convergence theorem,
thus f is a continous function and converges to zero as t goes to infinity.

Recall the definition of ¢} given by Equation (6). Let us prove that f(t) = 1 for any
t <t} and f(t) < 1 for any ¢t > t}. Using the generating function R(Z, e) of e™mye(t),
we know that for any real ¢ > 0:

f(t)=R(t,e™).
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Using the fact that S(t,R(t,e™)) = e, and given that S(¢,2) = 2z "5() | we get that:
R(t’eft)eftLS(R(t,e_t)) — ot

Thus for any ¢ > 0, f(t) is a solution in [0, 1] of ®(z) = ze~*t5()=1) = 1. The function
@, is log-concave on [0,1], ®;(0) = 0 and ®4(1) = e~ SM=D_Tf LS(1) = 32, A\(i)
is not equal to one it must be stricly smaller than 1, thus in this case for any ¢ > 0,
®,(1) > 1 and thus there exists a unique solution of ®;(z) = 1 in [0, 1] which is in fact
n |0,1[. Thus we recover the delta function in Equation (6). Let us suppose now that
29 A(#) = 1. Then LS(1) = 1: thus, since ®; is log-concave, there exists a solution 14
(which is unique) of ®;(z) = 1 on ]0, 1[ if and only if ®}(1) < 0. Since ®}(1) = 1—tLS'(1),
we get that the critical time after which one observes a solution in [0, 1] which is different
from the trivial solution 1 is equal to LS+(1) which is the value of t. given by Equation
(6). Since f(t) is a continuous function which must converge to zero as t goes to infinity,
it must be equal to 1 if t < ¢, and then it must be equal to vy if ¢ > ¢. O O

Let us finish with the proof of Corollary 2.1.

Corollary 2.1. — Let t be a non-negative real number, let N be a positive integer, we
have to understand:

1 , N nc (S Vidy)

Nd@(N) (’LdN,St ) =1- T
Recall that:

1 ) 1
Nnc (StN V ZdN) = Z %m(17.._7k)c (StN)
E>1

since m(y,... ke (ng) is the fraction of integers in {1,..., N} whose period in S} is equal
to k. It remains to see if one can interchange the limit and the sum. For any positive
integer N, for any o € &(N), if ¢x(0) is the numbers of cycles of size k in o, we have

for any K € N*:
1 1 1IN 1
Rk _ B
D GRS PILIUES 5 b e
k=K k> K

since there can not be more than % Cycles in o of size bigger than K. Thus:

supz —M,.k SN) — 0,
N k>K K—o0

almost surely. We can interchange limits and, since for any integer £ > 1, my,__ p)e (StN )
converges in probability to mye(t), we have the convergence in probability:

1
A}l_r)rloo Ak (S Vidy) Z hm m(l e ( Z kmkc
This allows us to conclude the proof. U U

2.5. Log-cumulant calculations. —
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2.5.1. Brief reminder. — In the article [15], we studied the log-cumulant invariant of
free multiplicative infinitely divisible measures, defined by Equation (20) of [15]. The log-
cumulant transform is also an important tool in order to characterize free multiplicative
Lévy processes. Since it could also be the case for more general P-free multiplicative Lévy
processes, we are interested in defining and computing the log-cumulant transform for
some examples of multiplicative P-Lévy processes. The theorem proved in this section
is the first computation of the log-cumulants of multiplicative P-Lévy processes which
are not free multiplicative Lévy processes.

We can generalize the definition of log-cumulants in the setting of multiplicative P-
Lévy processes: this notion was actually already defined in Definition 3.10 of [14] under
an other name. Let (at)¢>0 be a multiplicative P-free Lévy process which takes values
in a P-tracial algebra. The infinitesimal X-transform of (a;):>0 is also called the log-
cumulant transform of (at)¢>0. This definition can be applied to sequences of matricial
Lévy processes which converge in P-distribution.

For any integer N, let (X}V);>0 be a Lévy process in the vector space of matrices of
size N. Let us suppose that (X} )t>0 converges in P-distribution. In this section, we
will always add the asumption that it satisfies the asymptotic P-factorization property.
Recall Section 4 of [14] where we defined a convolution X on (572, C[Pg])*. The reader
can skip at first the definition of X since it will not be needed later. Recall the notion of
R-transform explained in Section 2.1: the family (R[X}]):>0 is a continuous semi-group
for the X-convolution.

Definition 2.4. — The log-cumulant transform of ((ng)tZO)NeN is the unique element
in (Bry C[Pr])*, denoted by LR ((Xt)i>0), such that for any to > 0:

d

Tt g, T = LR (X1)r20) B R(Xy).

We have an other characterization of the log-cumulant transform which is a conse-
quence of the results in Section 6.2 of [15].

Lemma 2.5. — Let us consider GY = %lt:OE [(XtN)@k] seen as an element of

C[Pr(N)]. Let us suppose that for any integer k, (GéV)N converges as N goes to infinity,
then for any positive integer k, any p € Pr, LR ((Xt)i=0) (p) = £p(Gk).

Let ex be the linear form which sends, for any k£ € N, id; on 1 and any other partition p
on 0. Since we supposed that (X}V);>¢ satisfies the asymptotic P-factorization property,
the linear form LR ((X:)t>0) is a K-infinitesimal character. This means that for any
partitions p; and po,

LR ((X1)iz0) (p1 @ p2) = LR ((Xt)iz0) (p1)em(p2) + ex(p1) LR ((Xi)i0) (p2)-
This is equivalent to say that:
1. for any positive integer k, LR ((X¢)e>0) (idk) = kLR ((X¢)e>0) (id1),

2. for any partition p which can be written, up to a permutation of the columns, as
p' @ idy with nc(p’ v id) =1, LR ((X¢)ez0) (p) = LR ((Xt)ez0) ('),
3. for all the other partitions, LR ((Xt)¢>0) (p) = 0.
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In the two first cases, we say that p is weakly irreducible. We will also need a link
between the coordinate numbers and the exclusive moments. For that, we need to recall
the notion of finer-compatible which was defined in Definition 2.4 of [14]. Let p and p’
be two partitions in P,. We say that p’ is finer-compatible than p and we denote it by
p’ 3 p if and only if p’ if finer than p and nc(p’) — nc(p’ V id) = nc(p) — nc(p V id). The
following lemma is a consequence of Theorem 5.4 of [14].

Lemma 2.6. — For any positive integer k, any p € Pi, mpe(Gr) = >, kipr (Gr)-

2.5.2. The log-cumulants of the limit of random walks on the symmetric group. — For

any positive integer N, let Ay be a conjugacy of G(N) and let us consider (StN)NeN a

Ay-random walk on &(N). For any positive integer ¢, let us denote by S the family
(ng ) Nen- Let us suppose that (AN) yen converges as N goes to infinity and that it is

evanescent. As we already did, for any ¢ > 2, we set A(i) = A}im )\)‘I\I;’((lic)) and A(1) = 1.
—00

In the following, we will need the notion of ears.

Definition 2.5. — Let k be a positive integer, let i be an element of {1,...,k} and let
p € Py. We say that {i,i'} is an ear of p if {i,i'} are in the same block of p. The set of
ears of p is denoted by E(p). The head of p, denoted by H(p), is the extraction of p to

{1, ek 1/, ey /{?/} \ U{i,i’}EE(p) {i, il}.

Let us state the main result about the log-cumulant functional. Recall the notion of
true-length defined in Definition 2.3.

Theorem 2.11. — The log-cumulant transform of (Sf‘)
acterized by:

A .
£>07 denoted by LR", is char-

1. LR is a R-infinitesimal character,

2. for any positive integer k, for any irreducible partition p € Py, if H(p) is not a
parure then LR (p) = 0,

3. for any positive integer k, for any irreducible partition p € Py, if H(p) is a necklace
then:

LR (p) = (~D)*FPA(H(p))),
with the convention that |0] = 0 and \(0) =1 and if H(p) is a chain then:

IH@)I
LRMp) = (~)FE0 (1= 37 A0
=2

Proof. — Since we supposed in this section that (Ay)yen converges and is evanescent,
the family of random walks satisfy the asymptotic P-factorization property. We have
seen that it implies that LR? is a K-infinitesimal character. Using the usual notations
and Lemma 2.5, for any partition p € Py, LR (p) = kp(Gk). Yet we have computed the
exclusive moments of the generator in Section 2.4: using Lemma 2.6, for any partition p
we known the value of 3, LR p') which is equal to mye(Gy). Besides, since LR is a

X-infinitesimal character, it is uniquely characterized by the equalites zp,jp ER)‘(p') =
mpe(Gy) for any irreducible partition p € Py and any integer k. Recall that |p| is the
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true-length of a partition p. Using the calculations in the proof of Theorem 2.5, for any
irreducible partition p:

1. if p is not a parure then my(Gj) =0,

2. if p is a necklace of true-length equal to 1 then m,:(Gy) = —1,

3. if it is a necklace of true-length greater than 1 then my,e(G) = A(|p|),

4. if p is a chain then mpc(Gy) =1 — gi2 (k).
Let us consider the unique K-infinitesimal character E in (D52, C[Py])" which satisfies

the conditions 2. and 3. of the theorem. Let p be an irreducible partition in Py, it
remains to prove that:

mpe(Gr) = > _ E(p).
p'Jp
Let us recall that E(p’) = 0 if p’ is not weakly irreducible. Yet if p’ I p and p’ is
weakly irreducible, this means that one can get p’ by choosing a certain number of

ears of p and by cutting each of them in p. Let us consider the two possible cases
p=0r:={{1,...k, 1", ..., K'}} or p # 0. If p = O, then using the fact that E(idy) = —k:

> E(W)=- Yo DF —k

p' 10 Ic{1,...k},#I>1
_ : -1 K! 1
=—{ (D1 =)t 1) = —1=mqg(Gr),
1=0

the last equality coming from the fact that Oy is a necklace of true-length equal to 1.
If p # 0y, then:

Z E@p) = Z (—1)#EP#IE(H(p)) = 04 p)=0E(H(p)) = d4e(p)=0E (D)
p’'Jp ICE(p)
= 04g(p)=0Mype (Gr)
= ’I’I’LPC(Gk),

the last equality coming from the fact that the only irreducible parure in P, which has
ears is 0. ] ]

Let us remark that we could have tried to prove the last theorem by computing
directly the coordinate numbers of Gfgv . For example, if one considers the random walk
by transpositions:

1

N k k

G, = ~N_1 EE <7’® —Id%)
T ‘N

1 N ®k
— i J J i ®k
_mz<<IdN—E§—Ej+Ei+E§) —IdN>,

ij=1
where Idy is the identity matrix of size N. We used the same notations as in Section 2.1

and Ty is the set of transpositions. One can develop the tensor product and compute
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the coordinate numbers and their limits. Yet, it becomes less tractable as soon as one
considers general random walks.

3. Large N limit of the &(NV)-Yang-Mills measure

We will not go into all the details of the theory of planar Yang-Mills fields: one can
read [13] and [20] for an introduction on this subject. Yet, our presentation will be
adequate so that the reader does not have to read other articles in order to understand
the main result of this section, namely Theorem 3.3. The general ideas are all taken
from the article [8] where asymptotics of unitary Yang-Mills measures are proved. In
this article, the Yang-Mills measure with &(N) gauge group is the planar Markovian
holonomy field associated with the Ty-random walk, where 7Ty is the set of transposition
in §(N). Yet, this section can easily be generalized to planar Markovian holonomy fields
associated with any Apy-random walk.

The set of paths P in the plane is the set of rectifiable oriented curves drawn in R?
up to increasing reparametrization. The set of loops based at 0, denoted by Lg, is the
set of paths [ such that the two endpoints of [ are 0. A loop is simple if it does not
intersect with itself, except at the endpoints. We will consider Aff and Affg respectively
the set of piecewise affine paths in R? and the set of piecewise affine loops based at 0.
We can define two operations on P: the concatenation and the inversion. Given two
paths p; and po such that the starting point of ps is the arrival point of py, it is natural
to concatenate p; and ps by gluing them at the arrival point of py: it defines a new path
p1p2. The inversion of pi, denoted by pl_l, is defined by changing the orientation of py.
T. Lévy defined in [20], the notion of convergence with fized endpoints. For any p € P,
p denotes the starting point of p and p denotes the arrival point of p. Let (pn)nen be a
sequence of paths. The sequence (p,)nen converges with fixed endpoints if and only if
there exists a path p such that for any integer n, p, and p have the same endpoints and:

[l(prn) — U(p)| + inf sup |p,(t) —p(t)] — O,
t€[o,1] n—00
where the infimum is taken on the parametrizations of the paths p, and p and where
l(p) is the length of p.

Let J be a subset of P, let G be a group. The set of multiplicative functions
Mult (J,G) from J to G is the subset of functions f in G such that for any p1, p2,p3 € J
such that p1ps € J and pgl € J, one has:

f(p1p2) = f(p2) f(p1),
f(p3t) = flps) ™.
For any p € P, we define h,, or, with an abuse of notation, h(p), as the evaluation on p:
hy : Mult(J,G) - G
h+— h(p).

We are going to define a gauge-invariant measure on the set of multiplicative functions
from J to S(N). Thus we endow Mult(J,S(N)) with the cylinder o-field B which is
the trace on Mult(J,G) of the cylinder o-field on &(N)”. Let us denote by V the
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set {x € R23p e Jz = porx = p}. For any function j : V — &(N) and any
h € Mult(J,&(N)), we define j  h € Mult(J,&(N)) such that:

Ve € J,(j e h)(c) = jz 'h(c)je.

A measure p on Mult (J,S(N)) is gauge-invariant if for any measurable function f from

(Mult(J,6(N)), B) to R, for any function j: V — &(N):

[ fGemduty = [ f(duh)
Mult(P,G) Mult(P,G)

In [8], the author and his co-authors proved a version of the following theorem which
is a generalization of Theorem 3.3.1 proved by T.Lévy in [20]. The original formulation
by T. Lévy of this theorem is the first part of Theorem 3.1. Let us denote by dz the
Lebesgue measure on R2.

Theorem 3.1. — Let (I'n,dN) yey be a sequence of complete metric groups such that
for any N € N, translations and inversion are isometries on I'y. For any integer N,
let Hy € Mult(Aff,T'x) be a multiplicative function. Assume that there exists Ky > 0
such that for any N € N, for all simple loop | € Aff bounding a disk D, the inequality:

(14) dN(l,HN(Z)) < KN\/d.%'(D)
holds. Then for each integer N, the function Hy admits a unique extension as an
element of Mult(P,G), also denoted by Hy, which is continuous for the convergence
with fized endpoints.

Let (E,d) be a complete metric space. For any integer N, let ¥n : T'n — E be
a Lipchitz function of Lipchitz norm ||¢Yn||Lip- Let us assume that the three following
conditions hold:

1. for any | € Affy, o (Hn(1)) converges to a limit as N goes to infinity,
2. sup |[Yn||Lip < 00,
NeN

3. supKy < o0,

NeN
then for any 1 € Ly, (wN(HN(l)))NeN converges to a limit ¢(l). Besides, the function:
b:Lo— E
L ()

is continuous for the convergence with fized endpoints.

Recall that Ty is the set of transpositions in G(N). Let (ng)t>0

walk on &(N). Let us explain how the first part of Theorem 3.1 allows us to construct
the Yang-Mills field associated with (S}V) >0+ In order to do so, we need the notion of
finite planar graph: it will be the usual notion, except that we ask that the bounded
faces are homeomorphic to an open disk. Let G be a finite planar graph: the set of
bounded of faces of G is denoted by F. For any finite planar graph G, we define P(G)
as the set of paths that one can draw by concatenating edges of G. Let us define also
G(Aff) the set of finite planar graphs G whose edges are piecewise affine.

In order to construct a measure on (Mult(P,S(N)),B), first we construct for any

G € G(Aff) an associated measure pug on (Mult(P(G),&(N)),B). We will give the

be a 7Ty random
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construction given by the author in [13], but one can have a look at [20] where a
different formulation is given.

We need to introduce the loop paradigm for two dimensional Yang-Mills fields. Let
us consider a finite planar graph G in G(Aff), let us consider vy a vertex of G and T" a
covering tree of G. Let us consider for any bounded face F' of G a loop cp € P(G) which
represents the anti-clockwise-oriented boundary 0F. For any vertex v of G, we denote
by [vo,v]r the unique injective path in 7" which goes from vy to v. Let L,,(G) be the
set of loops [ in P(G) such that [ = vg. We define the facial lasso |p € L,,(G) by:

|F = [UQ,U]T CFr [Uo,v];l.

It was proved in Proposition 5.12 of [13] that the application:
(I)T,(C]F)Fe]k‘ s Mult (Lvo (G), 6(N)) — (6(N))F
hi= (h(IF)) per »

is a bijection and for any loop | € L,,(G), there exists a word w in the letters (Ir)per

-1
and (17 )FeF such that h; = w <(h|F)FeF, (hlgl)F€F> .
Using Proposition 7.2 proved by the author in [13], we have the following proposition.

iy . . . . vo,1,(c
Proposition 3.1. — There exists a unique gauge-invariant measure fig (crirer op,

Mult (P(G),S(N)) such that under this measure:

1. the random variables (h(IF))pcp are independent,

2. for any F € F, h(Ip) has the same law as Sajl\:fv(F)'
This measure does not depend neither on the choice of vg nor T nor on the choice of
(cr)per: we denote it pg.

Let G and G’ be two finite planar graphs in G(Aff) such that G’ is coarser than G: this
means that P(G') C P(G). Any function in Mult(P(G),S(N)) allows us to define, by
restriction, an element of Mult(P(G'), §(N)). The measures (ug)g are compatible with
the applications of restriction: the family of measures (Mult(P(G), S(N)), MG)GEQ(/—\ff)
is a projective system and, as explained in Proposition 1.22 of [13] and in [20], we can
take the projective limit.

Definition 3.1. — The affine Yang-Mills measure associated to (StN)

YMA%N), is the projective limit of:

(Mult(P(G), &(N)), ug)

1507 denoted by

GEG(AfF)"
It is a gauge-invariant measure on Mult(Aff, &(N)).
Let us consider a simple loop [ in Aff and let G! be the finite planar graph in G(Aff)

which has [ as unique edge. In this case, Mult(P(G!),&(N)) ~ &(N) and for any
continuous function f: &(N) — R:

S(N
(15) Y Mg™ (£()] = E [ (3 may )] -
where Int(l) is the bounded component of R? \ [. This last equality shows that under

YM/%N), h; has the same law as Sé\;(lnt(l)). This will allow us to use the first part of
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Theorem 3.1 in order to construct the Yang-Mills measure, as it was done by T. Lévy
in [20] and then by the author in [13]. We need some estimates on the walk (StN)t>03

in order to do so, let us define a distance on G(V) by considering any element of G(V)
as a permutation matrix of size N.

Definition 3.2. — For any 0,0’ € G(N):

dn(o,0') = [2 (1 — %Tr(aa’l)ﬂ

Since the permutation matrices are orthogonal, for any o and ¢’ in S(N):

dy (0,0") = [%TT (o - o) "o - a'))]

This shows that dy is a distance on &(N). Let us control the distance of (StN ) >0 tO
the identity. B

Lemma 3.1. — For any real t > 0, E [dN (idN,Siv)] < V2.

1

2

Proof. — Let ¢t be a non-negative real. By definition:
1
E |dy (idn, SY)°| = 2 [1 ~E |:NT’I“ (sﬁ)” .

A simple calculation allows us to see that % > ety (T —idn), seen as a matrix of size

N, is equal to py [%el - z'd] , where we recall that py is the representation defined in
Section 2.1 and e; is the partition {{1},{1’}}. This implies that for any to > 0:
d 1
—  E[SN] = —e; —idy | E[S])].
o E[SN] = (Nel ; ) 5]

Thus, by linearity:
d 1 N 1 1 N 1 N
&ty [NTT (5 )] = E [NTT (ﬂN<el>5to>} ~E [NTT (Sm)} ,
and, using the fact that %Tr (pn(e1)o) = 1 for any o € &(IN), we get the differential
equation:
d 1 1 1
dt |t=t, [N " (St")} N [N r (Sto)} )

E [%TT (sév)} =1

The solution is given by the function ¢ — % + (1 — %) e~t: for any real t > 0:

1 1 1 _
(16) E |:NTT’ (S{V)} =5+ (1 — N) e !,
and thus:

E [dN (z'dN,StN)Q] =2 [1 - —} [1-e).



THE S(c0) YANG-MILLS MEASURE 29

This implies that for any ¢ > 0 and any positive integer N,
(E [dy (idy, SY)])” < E [dn (idw, $7)°] < 2.
This allows us to finish the proof. O O

Using Lemma 3.1, we can prove the following theorem.

Theorem 3.2. — The measure YMSEN) can be extended by continuity to a measure on

Mult(P,&(N)). This means that there exists a measure Y MSWN) on Mult(P,&(N))
such that:
S(N)

L. the restriction of Y MSWN) on Mult(Aff, S(N)) is equal to Y Myy ",
2. for any sequence of paths (pn)nen and any path p € P such that (pp)nen converges
with fized endpoints to p, we have:

Y MO [dy (hpn hp)l — 0.

n—oo
We only recall the proof given in [20].

Proof. — Let (2, A,P) be equal to <./\/lult(AfF, G(N)),B,YM/%N)). For any path p €

Aff, h, is a function on Mult(Aff, S(N)) thus it can be seen as a G-valued random
variable on (2, A,P). For any positive integer N, let I'ny = L(Q, A, P;S(N)) be the
set of &(NN)-valued random variables defined on 2: this is a group for the pointwise
multiplication of random variables. We endow I'y with the distance:

dn(X,Y) =E[dn(X,Y)].
It is a distance which is invariant by translations and inversion. Let us consider the
mapping:
Hy : Aff = Ty
L — hy,

whih is a multiplicative function. Using Lemma 3.1 and Equality (15), we get that for
any simple loop I: dy(1,h;) < v/2+/dz(Int(l)). We can apply Theorem 3.1: there exists

an extension:
HN P — FN
p~ H(p)

which is continuous for the convergence with fixed endpoints: for any sequence of paths
(Pn)nen and any path p € P such that (p,)nen converges with fixed endpoints to p, we
get:

dy (Hy (pn)  Hy (9)) = Y Mpg™ [dn (Hy (pa), Hy(p))] — 0.

n—oo

Thus we have constructed a &(N)-valued process (Hy(p)),cp on 2 which is stochasti-
cally continuous in law and such that for any p and p’ in P such that p = p/, almost surely
Hy(pp') = Hy(p')Hn(p), Hy(p~!) = Hy(p)~!. Using Proposition 1.22 in [13] this al-
lows us to construct a measure on Mul(P,&(N)) called Y MSW) | such that the process



30 FRANCK GABRIEL

(hp)pep has the same law under Y MSW) as the process (Hy(p))pep under YMS#N).
The measure Y MW satisfies the desired properties. U U

Now that we have defined the Yang-Mills measure Y MEW) for any positive integer
N, we are interested in the convergence of the Wilson loops under these measures as N
goes to infinity.

Definition 3.3. — Let ly be a loop based at 0, the Wilson loop on ly is the function:
W Mult(P,&(N)) — R

1
(hp)pep — NTT(hlo)-
seen as a random variable on (Mult(P,&(N)), B, Y MSN)),

The main result about the limit of Yang-Mills measure on the symmetric group is
given by the following result.

Theorem 3.3. — For any loop | based at O the Wilson loop on | converges in probability
to a constant denoted by (1) as N goes to infinity. The function:
¢:Log—R
[ — le,

is continuous for the convergence with fized endpoints.
The asymptotic factorization property holds: for any positive integer k, any k-tuple of
loops 11, ..., lg in Lg:

Y MM (W W] o 0)-l).

The function ¢ in Theorem 3.3 is called the &(oo)-master field.

Remark 3.1. — The vector space C[Lg] can be endowed with a structure of algebra with
the concatenation of loops and can be endowed with a x-operation defined by:
(A =ML

The function ¢ can be extended by linearity on C[Lg] and it satisfies some interesting
properties:

— ¢ is continuous for the convergence with fized endpoints,
— ¢ is invariant by the homeomorphisms which preserves the Lebesgue measure,
— ¢ defines an application on C|Lg]:

S (1,1") — p(11"™).
which satisfies the conjugate symmetry, the linearity in the first argument and the
positiveness properties: for any (a;)¥_, € C and (I;)%_,, ij:l aia_jgb(lil;) is non
negative.

Let us prove Theorem 3.3 when one considers only piecewise affine loops.

Proposition 3.2. — For any loop | in Affy the Wilson loop VVlN converges in expecta-
tion and in probability as N tends to infinity to a constant ¢(1).
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Proof. — Let ly be a loop in Affy. Let G be a graph in G(Aff) such that [y is a loop in G.
Let us consider T" a covering tree of G, let us consider for any bounded face F' of G a loop
cr € P(G) which represents OF in the anti-clockwise orientation and let us consider the

FGF)
be a word in the letters (Ip)per and (Il;l)FeJF such that h;, = w <(h|F)F€]F, (h|;1>F ]F>.
€

Using Proposition 3.1, the random variables (hy,. ) rer defined on the probability space
(.Mult(Lo,G),B, YMG(N)) are independent and for any F' € F, hj, has the same law

as Sd]\;(F). For all positive integer N, let <S§1]3,) o’ (Sﬁvm) . be #F independent
b t_ 9 t

facial lassos | associated with these choices of tree and loops. Let w ((Ip)Fe]F , (I;,l)

random walks identically distributed as (S} )t>0. The discussion we just had implies that
there exist i1, ...,%k, j1, .-, Jir in {1,...,#F} and o a k + k'-cycle such that the Wilson
loop I/VlN is equal to:

e (S8 SR (S) o (85) ),

where we recall that m, are the observables defined in Section 2.1. The Theorem 2.9,
applied to the evanescent family ((N —2,2,0,...,0)) ycy allows us to conclude. 0O O

In order to generalize Proposition 3.2 and to prove Theorem 3.3, we need an estimate
on the Lipschitz norm of the function which gives the fraction of fixed points of a
permutation. Recall Definition 3.2 where we defined a distance dy on G(V).

Lemma 3.2. — For any positive integer N and any permutations o and o' in S(N),
one has:

%|Tr(a) —Tr(o")| <dn(o,0").

Proof. — 1t is a consequence of the Cauchy-Schwarz’s inequality:

1
2

1 1 1 .
N!TT(U) —Tr(o")|= N |Tr(0—d')| < NTT((O’—O'I) (c—0"))| =dn(o,0"),
hence the result. O O

We can finish the proof of Theorem 3.3.

Theorem 3.3. — We will use the second part of Theorem 3.1. For this, we consider
(Q, A,P) a probability space on which is defined for each positive integer N a process
(h;,v )pe p whose law is the law of the canonical process (hp) . p under the G(IV)-Yang-

Mills measure associated with the 7y-random walk on &(NN). Recall the notations
defined in the proof of Theorem 3.2: we consider I'y = L (€2, A,P; S(N)) endowed with
the distance dy and we consider the mappings Hy defined from P to I'y.

Let us denote by E the space L (€2, A, P; R) of real valued random variables defined on
Q. Let us endow E with the distance d (X,Y) = E[|X — Y|]. For any positive integer
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N, let:
TZJN:PN—>E

SH%TT(S).

Using Lemma 3.2, for any positive integer N, ¢y is a Lipschitz function and

sup||tn||Lip < 1. Besides, using Proposition 3.2, and using the dominated convergence
NeN
theorem, we know that for any [ € Affy, ¢)n(Hpn(l)) converges in E to a limit which is

the non-random variable ¢(I). At last, Lemma 3.1 shows that the constant Ky in (14)
can be taken equal to v/2 for any positive integer N. Thus we can apply the second
part of Theorem 3.1: for any [ € Lo, ¥n (Hn (1)) = WY converges in E to a limit ¢(l)
and the function:

¢:Lyg— FE
Lo 6(0)
is continuous for the convergence with fixed endpoints.

Let [ be a loop based at 0: one can approximate [ € Ly by a sequence of loops (I5),,cn
in Affg. Since for any positive integer n, ¢(l,,) is almost surely constant then ¢(1) is
almost surely constant. Besides, the convergence of VVlN to ¢(l) in probability holds
since we proved that:

AW, (1)) =E[[W/ = 6(1)]] — 0.
N—o00
The asymptotic factorization property is a simple consequence of the dominated conver-
gence theorem. U O

Remark 3.2. — Theorem 3.3 is also true for more general sequences of Yang-Mills
measures, the proof follows exactly the same steps.

4. Random ramified coverings

In this section, we present a natural model of random ramified coverings on the unit
disk D. This model was first defined in [20], in Chapter 5 in the general setting of
ramified G-bundles when G is a finite group. We translate the results for random
ramified coverings without any conditions on the monodromy on the boundary. This
needs some simple verifications which will not be further discussed here. Let Y be a
finite subset of D\ 9D.

Definition 4.1. — A ramified covering of the disk with ramification locus Y is a con-
tinuous mapping ™ : R — D from a surface R such that the following conditions hold:

1. the restriction of m to 7~ (D \'Y) is a covering,
2. for all y € Y and any p € 7 (y), one can find a neighborhood U of p and an
integer n > 1 such that the mapping:

mu : (U,p) = (x(U),y)
x — 7(x)

is congugated to the mapping z — z": (C,0) — (C,0).



THE S(c0) YANG-MILLS MEASURE 33

The integer n is the order of ramification of p and will be denoted by or(p).
Let N be a positive integer. A ramified covering m : R — I with ramification locus Y
has degree N if the restriction ™ to 7= (D \ Y) is a covering of degree N.

For sake of simplicity, in this paper, we will only consider simple ramified coverings
but it is easy to extend the results to general ramified covering by using Chapter 5
of [20].

Definition 4.2. — Let R be a ramified covering of the disk with ramification locus Y .
Let x € Y be a ramification point of R. It is a simple ramification point if there exists
po € 7 1(x) such that or(p) = 2, and for any other p € 7~ 1(x), or(p) = 1. The ramified
covering R is simple if for any x € Y, x is a simple ramification point.

Often we will denote the covering m : R — D just by R. The set of simple ramified
coverings of the disk is too big to be interesting. As one does for the theory of random
maps, we will only work with the isomorphism classes of simple ramified coverings.

Definition 4.3. — Let m: R — D and 7' : ' — D be two simple ramified coverings.
They are isomorphic if there exists a homeomorphism h : R — R’ such that 7’ o h = .

Let N be a positive integer. We denote by R™(Y) the set of isomorphism classes
of simple ramified coverings of degree N of D with ramification locus equal to Y. In
fact, it is even easier to work with labelled simple ramified coverings since the set of
automorphisms of a labelled ramified covering is trivial.

Definition 4.4. — Let m : R — D be a simple ramified covering of the disk of degree
N with ramification locus equal to Y. Let x be in D\ Y. A labelling | of R at the point
x is a bijection from {1,...,n} to 7= (z). The pair (R,l) is a labelled simple ramified
covering based at x.

Let (R,1), (R,l") be two labelled simple ramified coverings based at x. They are iso-
morphic if there exists an isomorphism of simple ramified coverings h : R — R’ such
that hol =1'.

Let  be a point of D\ Y. The set of isomorphism classes of labelled simple ramified
coverings of D with ramification locus Y based at x and with degree N is denoted by
RY(Y). In order to define a measure on R™ (Y) or RY(Y), we need to define a o-field.
The o-field we will consider will be a Borel o-field.

Definition 4.5. — We consider on RY (Y') the topology generated by:
V((R.D),U) = {R € RY(Y)[Rpnw =~ Ryng}

where U is any open subset such thatY C U C D\ z.
Also, we consider on RN (Y) the topology generated by:

V(RU) = {R € RY(Y)|Rnw = Riynp ).

where U is any open subset such that Y C U C D.
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Let Tx be the set of transpositions in &(N). The set RY (Y) is in bijection with
(Ta)™Y: this is a finite set, and thus we can consider the uniform measure on RY (V).
When one wants to define a measure on a finite set of objects, it is common to take into
account the size of the automorphism group: in case of labelled ramified coverings, the
uniform measure is the natural one.

Definition 4.6. — The uniform measure on RQ(Y) 18:
1
Ury = T >, Owo
(# n) (R,I)E'RQV(Y)

The natural measure on RN (Y) is:

1 n!
IR T Y ——"
#Y
(#T5) RERN (Y) #Aut(R)
Using the Equation (63) of [20], one gets the following lemma.

Lemma 4.1. — Let F : RY(Y) — RN(Y) be the application where one forgets about
the labelling. We have UY = U:{XY o F~ L.

Let Pn(dY') be a Poisson point process on D of intensity equal to %d:ﬂ. On the set
of finite subsets of D, F(ID), we will consider the topology which makes the bijection
F(D) =~ Ug>o(DF\ Ay) /& continuous. In [20], Proposition 5.3.3, T. Lévy showed that:

Lemma 4.2. — The application which sends Y, a finite subset of D, on Ug and the
one which sends Y, a finite subset of D\ {z}, on U:{XY are continuous.

Thus we can define the following measures on simple ramified coverings on the disk

(labelled or not).

Definition 4.7. — We consider on RN (Y) and RY(Y) respectively the Borel mea-
sures:

Ul = / UYPN(dY) and UY = / Uy Py (dY).

The main result in this article is that, in some sense, the measures UV or Uiv converge
as N goes to infinity. This assertion has to be taken non-rigorously as the measures are
not supported by the same space and the limiting object is not defined. What we will
show instead is that the monodromies of the ramified coverings converge in probability.
From now on, we will only consider the measure UL on labelled ramified coverings. The
case of non labelled ramified coverings could be also studied, yet it would be necessary to
be a little more careful on how we define the associated holonomy process thus, for sake
of clarity, we prefered to present the results in the setting of labelled ramified coverings.

Let R be a ramified covering in RY (V) and let [ be the labelling of the sheets of R
at z. Let ¢ be a rectifiable loop in D based at . We can transport the labelling [ along
the path c¢: it gives us an other labelling I’ of the sheets above x. The unique element
o € 6(N) such that I’ = lo is called the monodromy of R along ¢ with respect to [ and
is denoted by monpg;(c). Suppose that we label R at x with [ o where n € G(IV), then
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c transports the labelling I on Imong ;(c)n: it shows that for any curves ¢; and ¢y based
at x,

(17) mong(c1) = nilmonR,lon(cl)n,
(18) monp(c; ') = (mongy(c1)) ",
(19) monp(cic2) = mong (cz)mong,(c1),

where we recall that ¢jeg is the concatenation of ¢; with ¢ and cfl is the curve ¢; with
reversed orientation.

If ¢ is a rectifiable curve, Py(dY)-a.s. the range of ¢ is inside D\ Y. We can thus
define the holonomy process associated with UL by using the monodromy along any
rectifiable loop based at x. The set of rectifiable loops in D based at x is denoted by
L, (D).

Definition 4.8. — The random holonomy field on L,(D) associated with UY is the
process (M(¢)) e, oy defined on (RY,UL) where:
my(c): RY = &(N)
(R,1) — mong,(c).
For any c1 and c3 in Ly(D), UYN-a.s,
my(cre2) = my(c2)mpy(c1),
my (cfl) = mN(cl)_l.

It is quite natural to wonder how a change of the base point x changes the random
holonomy field: in order to do so, we need to consider the same index set for the random
processes.

Definition 4.9. — Let cy—, be a path from 0 to x. The random holonomy field
on Lo(D) associated with UY is the process (mN (caim c coﬁx)) ) defined on

celg (]D)

Its law does not depend on the choice of ¢y_,, and it was also proved by Lévy that the
laws of the random holonomy field on Ly(ID) associated with UL do not depend on the
choice of z. From now on, we will only consider the random holonomy field on Ly(DD)
associated with Uév . Let us state a theorem which is a direct consequence of Proposition
5.4.4 of [20].

Theorem 4.1. — Let (ng)t>0 be a Ty-random walk on &(N). The holonomy field
on Lo(D) associated with U} has the same law as the process (h(1))1e o) under the

S(N)-valued Yang-Mills measure associated with (ng)t>0'

In a nutshell we have the following “equality”:
Monodromy of random ramified coverings = &(N) valued Yang— Mills measure.

Using Theorems 3.3 and 4.1, we have proved in this article that the traces of the mon-
odromies of random ramified coverings of the disk of degree N converge in probability
as N goes to infinity.
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Theorem 4.2. — There exists an non-random application:
¢:Lo(D) - R
L o),
which is continuous for the convergence with fixed endpoints such that for any loop

l € Lo(D), +Tr(mn(1)) converges in probability to ¢(l) as N goes to infinity. The
application ¢ is the S(oco)-master field associated with the transpositions.

5. Computation of the G(co)-master field

Let us remark that the proofs of the existence of the &(oco)-master field allows us
to compute explicitely the &(oo)-master field on loops which can be drawn on graphs.
Indeed, given such a loop Iy, there exists a graph G and facial lassos (Ir) pcp defined on
this graph such that the random variable hy, is a product of random variables of the form
hy, or h;l, with F' € F. Yet, the random variables (h, ) per are independent and for any
F € F, hy, has the same law as Sé\;(F). When N goes to infinity, the family (hi,)pcp
converges in P-distribution and A 7o is asymptotically P-free with (hy,.) FeR\{Fo} for any
bounded face Fyy. This P-freeness allows us to compute the S (oo)-master field.

Let us give an exemple of a computation of ¢(1), where ¢ is the &(co)-master field.
Let us consider the loop [ as drawn in Figure 2. Let us consider the loops a, b and ¢ as
drawn in Figure 3.

FiGUure 2. The loop .

F1GURE 3. The decomposition in facial lassos.

We have the decomposition:

| = aba " be.
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Thus, we have the decomposition for the holonomy field:
h(l) = h(c)h(b)h(a~1)h(b)h(a).

For any N, under the Yang-Mills measure with &(N) structure group, the random
variables h(a), h(b) and h(c) are independent and they have respectively the law of S,
SN and SY, where (SV)>¢ is the walk by transpositions on &(N). For any integer N,
let Ax, By, Cy be three independent variables which have respectively the law of SY,
SN and SY. We want to compute:

1
o) = Jim LEITHCNB AT By Av))

Let us recall a consequence of Theorem 3.4 of [15].

Lemma 5.1. — Let M and L be two elements of L & M(C) which converge in P-
distribution and which are asymptotically P-free. Then:
Emidl [ML] = Emidl [M]Emzdl [L]
Em19)[ML, ML™"] = Ek;q,[M] + Ero, [M]Emo, L, L™"]
+ Eki1 2y [M]Emga,[L, L1,

where (1,2) is the transposition and 0 = {1,2,1",2'}.

Using this lemma, we get that limy_o ~E[Tr(CnByAy' By An)] is equal to:

o1 o1 —1
<A}1_r>noo NIE[TT(CW)]) (A}gnoo NE[TT(BNAN BNAN)]> .
We already computed (lim N—oo %E[TT(C N)]) in the proof of Lemma 3.1: it is equal to
e ". Besides:

. 1 -1 -1
<J\}E>noo NE[TT(BNAN BNAN)]> = Em(lg) [BA, BA ]
After some easy computations similar to the one we did in Lemma 2.3, using the results
given in Theorem 2.7 and in Lemma 5.1, we get that:

¢(l) — U [e—Zt + e—te—s _ 6—2t6—s + e—2te—23 _ 6—2t6—25t] .
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