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Improved error bounds for quantization based numerical
schemes for BSDE and nonlinear filtering

GILLES PAGES * ABASS SAGNA T #

Abstract

We take advantage of recent (see [42, 61]) and new results on optimal quantization theory
to improve the quadratic optimal quantization error bounds for backward stochastic differential
equations (BSDE) and nonlinear filtering problems. For both problems, a first improvement relies
on a Pythagoras like Theorem for quantized conditional expectation. While allowing for some
locally Lipschitz continuous conditional densities in nonlinear filtering, the analysis of the error
brings into play a new robustness result about optimal quantizers, the so-called distortion mismatch
property: the L°-mean quantization error induced by L"-optimal quantizers of size N converges
at the same rate N~ # for every s € (0,7 + d).

1 Introduction

In this work we propose improved error bounds for quantization based numerical schemes introduced
in [4] and [59] to solve BSDEs and nonlinear filtering problems. For BSDE, we consider equations
where the driver depends on the “Z” term (see Equation below) and for nonlinear filtering, we
extend existing results to locally Lipschitz continuous densities (see Section[6). For both problems, we
also improve the error bounds themselves by using a Pythagoras like theorem for the approximation
of conditional expectations introduced in [61]] (see also [58]]). These problems have a wide range of
applications, in particular in Financial Mathematics, when modeling the price of financial derivatives
or in stochastic control, in credit risk modeling, etc.

BSDEs were first introduced in [12] but raised a wide interest mostly after their extension in [64].
In this latter paper, the existence and the uniqueness of a solution have been established for the follow-
ing backward stochastic differential equation with Lipschitz continuous driver f (valued in R%) and
terminal condition &:

T T
Yt=5+/ f(s,Ys,Zs)ds—/ ZdW,  0<t<T, ()
t t

where W is a ¢g-dimensional brownian motion. We mean by a solution a pair (Y}, Z;);<7 (valued in
R x R%*%) of square integrable progressively measurable (with respect to the augmented Brownian
filtration (F;):>0) and satisfying Equation . Extensions of these existence and uniqueness results
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have been investigated in more general situations such as: less regular drivers (locally Lipschitz driver,
see [} 43]); quadratic BSDEs, see [50]; rough integrals instead of Lebesgue integrals, see [27]]; super-
linear quadratic BSDEs, see [51]]); randomized horizon, see [63]; introduction of Poisson random
measure component subject to constraints on the jump component, see [49, 48]]; extension to second
order BSDEs, see [56])); non-smooth terminal conditions, see [31} 30, [37].

Since the pioneering work [29] in which the link between BSDE and hedging portfolio of European
(and American) derivatives has been first established, various other applications have been developed,
as risk-sensitive control problems, risk measure theory, etc.

However, even if it can be established in many cases that a BSDE has a unique solution, this
solution admits no closed form in general. This led to devise tractable approximation schemes of the
solution. In the Markovian case (see (2) below) for example, where the terminal condition is of the
form { = h(Xr) for some forward diffusion X, a first numerical method has been proposed in [28]] for
a class of forward-backward stochastic differential equations, based on a four step scheme developed
later on in [54].

Many other approximation methods of the solutions of some classes of BSDEs have been proposed
such as BSDEs with possible path-dependent terminal condition, see [[70] and [16], coupled BSDE,
see [[71]], Reflected BSDE, see [46], BSDE for quasilinear PDEs, see [26l], BSDE applied to control
problems or nonlinear PDEs, see [2]. Higher order schemes have also been considered, see [20] or [6].
As for quadratic BSDE — i.e. when the generator f has a quadratic growth with respect to z — we refer
to [21]] where the authors consider a slightly modified dynamical programming equation to propose
a numerical scheme. They investigate the time discretization error and use optimal quantization to
implement their algorithm. However, they do not study the induced quantization error.

In the present work, we consider the following decoupled FBSDE (Forward-Backward SDE),

T T
Yt:§+/ f(s,Xs,Ys,Zs)ds—/ Z,-dW,, te[0,T), P
t t

where W is a g-dimensional Brownian motion, (Z;);c[o,7] is a square integrable progressively measur-
able process taking values in R? and f : [0, 7]xR% xRxR? — R is a Borel function. We suppose a
terminal condition of the form ¢ = h(Xr), for a given Borel function i : R — R, where X7 is the
value at time 7" of a Brownian diffusion process (X;):>0, strong solution to the SDE:

t t
X, =z +/ b(s, X,)ds +/ o(s,Xs)dW,,  xzeR% (3)
0 0

In this case, the solution of the BSDE is usually approximated at the points of a time grid {5 =
0,...,t, = T and involve in particular the approximation of conditional expectations IE (g1 (X¢,,,)[ Xt )
where the functions gj, are determined in the recursion. The sequence (X3, ., Jo<k<n is either a “sam-
pling" of the diffusion X at times (¢)o<x<y, O, most often, a discretization scheme of (X;);>0, typi-
cally the discrete time Euler scheme, when the solution of (3)) is not explicit enough to be simulated in

an exact way.

In this paper, we consider an explicit time discretization scheme where the conditioning is per-
formed inside the driver f (see also [47]). It is recursively defined in a backward way as:

Vi, = h(X,) 4
Y;‘,k — ]E(}/Vtk;+1’ftk)+Anf(tk7th7]E(}/vtk+l|ftk),<tk)7 k:()?"-an_]-a (5)

. 5 1 -
with G, = A—]E(Ytk“(vvtk+1 - Wy )| F), k=0,...,n—1. (6)

n

The process (Xt, )k—o,...n is the discrete time Euler scheme of the diffusion process (Xt)ejo,r) with
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step A, = %, recursively defined by
th = th71 + Anb(tk—laxtk,l) + O'(tk_l, th—l)(Wtk — Wtk—l)’ k=1,...,n, Xo =x.

Under some smooth assumptions on the coefficients of the diffusions, there exists (see Theorem [3.1]
further on for a precise statement, see also [70, [13]) that there is a real constant C, , r 7 > 0 such that,
foreveryn > 1,

T
max T|Y;, — Y, |2 +/ E|Z; — Zy)*dt < Ch g 70,
ke{0,...,n} 0

where Z = Z(™) comes from the martingale representation of 37, Vi, — E(Yz, |Fi,_,)-

At this stage, since the scheme (@)-(5) involves the computation of conditional expectations for
which no analytical expression is available, its solution (}7, f ) has in turn to be approximated. A
possible approach is to rely on regression methods involving the Monte Carlo simulations, see e.g. [13]
34,36, 35]]. Other methods using on line Monte Carlo simulations have been developed in a Malliavin
calculus framework (conditional expectations are “regularized” by integration by parts from which
“Malliavin” weights come out, see [[13| 23, 39, 45 69]). Among alternative approaches let us cite
the least-squares regression methods, the multistep schemes methods (see [8, 40]), the primal-dual
approach (see [9]). New approaches have been proposed recently: a combination of Picard iterates and
a decomposition in Wiener chaos (see [[15]), a “forward" approach in connection with the semi-linear
PDE associated to the BSDE (see [44])), an analytic approach in [38]].

In this paper, we go back to the optimal quantization tree approach originally introduced in [5]]
(in fact for Reflected BSDEs) and developed in [4} 3, [7]. This approach is based on an optimally
fitting approximation of the Markovian dynamics of the discrete time Markov chain (X, Jo<k<n (Or a
sampling of X at discrete times (¢ )x—o,... ,) With random variables having a finite support. However,
we consider a different quantization tree (or quantized scheme) defined recursively by mimicking (4)-
(3)) as follows:

Vi, = h(Xi,) (7)
}/tk = Ek (}/;karl) + Anf(tkv th ’ Ek‘(YVtk+1 )7 Ctk) (8)

. o 1 ~ -
with G B (Vo AW ) k=0, n = 1, 9)

where AWtk+1 = Wior — Wi Ek =E(- |th), and th is a quantization of th on a finite grid
', C RY e, th = m(Xt, ), where 7 : R? — T, is a Borel “projection” on T'y, k = 0, ...,n. At
this stage the function 7 might be any I';-valued Borel functions. In order to derive better theoretical
rates as well as for practical implementation, we will first consider Borel nearest neighbor projections
T, = Projr, at every time step and then search for grids optimally “fitting” the distribution of X, i.e.
minimizing the resulting error || X;, — Projp, (Xt,)||2 among all grids 'y, of a prescribed size Ny, see
Section [] for details. This is an explicit inner scheme in the sense that the conditioning is performed
inside the driver f in contrast with what is usually done in the literature (where implicit or outer explicit
schemes are in force). This scheme, though quite natural, seems not to have been extensively analyzed
(see however [47]] where a first analysis is carried out in the spirit of [4, [3]). It turns out to be well
designed to establish our improved rates and shows quite satisfactory numerical performances. Our
objective here is two-fold: first include the Z term in the driver and to dramatically improve the error
bounds in [3, 7], especially its dependence in the size n + 1 of the time discretization mesh.

So, the question of interest will be to estimate the quadratic quantization error (E|Y;, — Y;, [2)!/2
induced by the approximation of Y;, by Y3, , forevery k = 0, ..., n, where Y}, is the quantized version



of Y, . given by (7)-(8). Under more general assumptions than [4} 5]], we show in Theorem (a) that,
at every step k of the procedure,

Vi Vil < S Ri|%, - X
H 2
i=k

2
: (10)

for positive real constants I~Q depending on ¢; and 7" and on the regularity of the coefficients of b, o
and the driver f which remain bonded as n 1 +o0o0. The presence of the squared quadratic norms
on both sides of improves the control of the time discretization effect, compared with [4} 5]
in which error bounds of the form ||V;, — Vi, |, < Y27, K;||X:, — Xy,||,, are established for p €
[1,+00). In fact, we switch from a global error (at t = 0) of order 7 X maxo<p<y || Xs, — Xi, ||2
to /7 X maxXg<g<n || X, — Xy, ||2. This theoretical improvement confirms the results of numerical
experiments first carried out in [7] though it was in a less favorable framework (with reflection) or in
[[18L [17] for American options.

For the Z part which is approximated first by C~ in (6) and whose quantization version f is given by
(©), we get the following approximation error (see Theorem [3.2|(b))

n—1 n—1 n—1
An D G = Gll3 <D KLl Xk — Xkl3+ Y Vi — Yanll3
k=0 k=0 k=0

where K ! are positive constants depending on ¢; and 7" and on the regularity of the coefficients of b, o
. . 3 = 5 > 5
and the driver f. So, we switch from n2 X maxo<i<n || X, — Xy, ||2 to n X maxo<p<n || Xt — Xip |2

We notice here that other quantization based discretization schemes have been devised, especially
for Forward-Backward SDEs (see [25]]) where the diffusion and the BSDE are fully coupled (including
the Z in the driver) where the grids I';, are the trace of 6Z% (§ > 0) on an expanding compact as
t; grows. In contrast the Brownian increments are replaced by optimal quantization of the N (0; I)-
distribution. But the obtained resulting error bound for the scheme are not of the improved from (10)).
A multistep approach based on two reference ODEs from the computation of conditional expectation
has been developed in a similar framework (coupled and uncoupled) in [71]].

In the second part of the paper, we first propose (Sectiond)) a short background on optimal vector
quantization, enriched by a new result, namely Theorem [.3] which essentially solves the-called dis-
tortion mismatch problem. By distortion mismatch we mean the robustness of optimal quantization
grids. An optimal (quadratic) quantization grid I"y at level N for the distribution of a random vector
X is such that | X — Projp, (X)[l2 = en2(X) = inf {||X — ¢(X)||2, ¢ : RY — T,Borel, I' C
R?, card(T'y) < N } where Projp, denotes a (Borel) nearest neighbor projection on I'y. It ex-
ists for every size (or level) N > 1 as soon as X € L? and it follows from Zador’s Theorem that
en2(X) ~ ¢(X)N ~i as N — 400 (see Section @ for details). The distortion mismatch property

established in Theorem states that, for every s€ (0,d + 2), limy Ni | X — Projp, (X)|ls < +oo.
This result holds whenever X € L° with a distribution satisfying mild additional property. This theo-
rem extends first results established in [42] for various classes of absolutely continuous distributions.
Note that all the above properties depend on the distribution P, of X rather than on the random vector
X itself. This robustness property is the key of the second kind of improvement proposed in this paper,
this time for quantization based schemes for non-linear filtering investigated in the third part. In Sec-
tion [5] we propose numerical illustrations using optimal quantization based schemes for various types
of BSDEs which confirm that the improved rates established in the first part are the true ones.

In this third part of the paper (Section [6]), we consider a (discrete time) nonlinear filtering prob-
lem and improve (in the quadratic setting) the results obtained in [59]]. Firstly, we relax the Lipschitz
assumption made on the conditional densities then we provide new improved error bounds for the



quantization based scheme introduced in [59] to numerically solve a discrete filter by optimal quanti-
zation.

In fact, we consider a discrete time nonlinear filtering problem where the signal process (X} )x>0
is an R%valued discrete time Markov process and the observation process (Y} )xr>o is an R9-valued
random vector, both defined on a probability space (£2,.4,P). The distribution p of X is given, as
well as the transition probabilities Py (x,dz’) = P(X}, € dz'|Xj_; = x) of the process (X} )x>0. We
also suppose that the process (X, Yi)r>0 is a Markov chain and that for every k£ > 1, the conditional
distribution of Yy, given (X;_1, Yix_1, Xi) has a density gx(Xx—1, Yx—1, Xk, -). Having a fixed obser-
vation Y := (Yp,...,Yn) = (vo,...,yn), forn > 1, we aim at computing the conditional distribution
I1, , of X,, given Y = (yo,...,yyn). It is well-known that for any bounded and measurable function
f, 11, f is given by the celebrated Kallianpur-Striebel formula (see e.g. [59])

Tynf
Tynl

Hy,nf = (11)

where the so-called un-normalized filter 7, ,, is defined for every bounded or non-negative Borel func-
tion f by

7Ty,nf = E(f(Xn)Lym)
with

n
Ly,= H (X1, Yr—1, Xi, Yi.)-
k=1

Defining the family of transition kernels Hy ;, k = 1,...,n, by

Hy o f(x) = E (f(Xe)gr (@, yr—1, Xi, yp)| Xp—1 = ) (12)

for every bounded or non-negative Borel function f : R? — R and setting

Hyof(z) = E(f(Xo)),

one shows that the un-normalized filter may be computed by the following forward induction formula:

Try,kf = ﬂ-y,k—lHy,kfa k= ]-a sy, (13)

with 7, o = Hy o. A useful formulation, especially to establish error bound for the quantization based
approximate filter is its backward counterpart defined by setting

7Ty,nf = Uy,fl(f)

where u,, _1 is the final value of the backward recursion:

uy,n(f)(x) = f(x)v uy,k’fl(f) = Hy,kuy,k(f)7 k= 07 cee, N (14)

In order to compute the normalized filter IL, ,,, we just have to compute the transition kernels H,, x and
to use the recursive formulas (T3) or (T4). However these kernels have no closed formula in general so
that we have to approximate them. Optimal quantization based algorithms for non linear filtering has
been introduced in [39] (see also [66, (19} 59,168 for further developments and contributions). It turned
out to be an efficient alternative approach to particle methods (we refer e.g. to [24] and the references
therein which rely on Monte Carlo simulation of interacting particles) owing to its tractability. For a
survey and comparisons between optimal quantization and particle methods, we refer to [68]]).

The quantization based approximate filter is designed as follows: denoting for every k = 0,...,n
by X} a quantization of X at level Ny, by the grid I'y, = {xf,... ,xfcv *1, we will formally replace



X in or ({ by Xi. Asa consequence the (optimally) quantized approximation 7, ,, of 7y, is
defined snnply by the quantized counterpart of the Kallianpur-Striebel formula: we introduce for every
bounded or non- negatlve Borel function f : R? — R the family of quantized transition kernels Hy k>
k_oa'”?nabyHﬂf()_ (f(XO))and

Hyrf(@i ) = E(F(X)gr(@h 1, vr—1, Xy )| X1 = 24 4), k=1,...,n. (15

Ny,
= ZH”kf( 1), i =1,...,Np_1 (16)
j=1
with — H? = gi(h_y, yk—15 2 yr) By (17)
and P = PXp=al|Xp 1=k 1) i=1,....,Ny1,j=1,....Np.  (18)
Then set
ﬁy,k = 7Ary7k,1Hy,k, k= 1, Loy ny and 7Ary’0 = Hy70 (19)
or, equivalently,
. . Ni_1 ‘
Tyl = Zﬁ;yk% with 7%, = A Ho k=1,
. =

and 7y = Zf\fo ﬁéémé with p) = P(Xo = a:g)), i =1,...,Np. As a final step, we approximate the
normalized filter 11, ,, by fly,n given by
I, f = Wy”f ZHZ ') with 1T’ —%7” i=1 N,
y’n - 7 , - n ~ 9 — 900y n-
ﬂ'y nl n o Z;V 1 W?jJ n

One shows (see [59]) that the un-normalized quantized filter may also be computed by the following
backward induction formula, defined by

7Ary,nf = IALy,—l(f)

where 1, 1 is the final value of the backward recursion:

'Ily’n(f) = f on Fn, ﬁy,k71<f) = Hy,kay,k(f) on Fk, k= 0, Lo, n. (20)

Our aim is then to estimate the quantization error induced by the approximation of II, ,, by f[ym.
Note that this problem has been considered in [59] where it has been shown that, for every bounded
Borel function f, the absolute error |IL, ,, f — ﬁy,n f| is bounded (up to a constant depending in particu-
lar on n) by the cumulated sum of the L"-quantization errors || X — Xz ||, & = 0, ..., n. In this work,
we improve this result in the particular case of the quadratic quantization framework (i.e. r = 2) in two
directions. In fact, we first show that, for every bounded Borel function f, the squared-absolute error
T, f — 11, f|? is bounded by the cumulated square-quadratic quantization errors || X — X |3 from
k = 0 to n, similarly to what we did for BSDEs inducing a similar improvement for dependence in n
of the error bounds (i.e. the time discretization step 1/n if (X} )x>0 is a discretization step of a diffu-
sion). Once again, this confirms numerical evidences observed in [59}[7]. Secondly, we show that these
improved error bounds hold under local Lipschitz continuity assumptions on the conditional density
functions gy, (instead of Lipschitz conditions in [59]). The distortion mismatch property established in
Theorem [4.3]is the key of this extension.

The paper is divided into three parts. The first part is devoted to the analysis of the optimal quan-
tization error associated to the BSDE algorithm under consideration. We recall first, in Section [2] the
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discretization scheme we consider for the BSDE. Then, in Section [3] we investigate the error analysis
for the time discretization and the quantization scheme. In the second part, some results about optimal
quantization are recalled in Section 4] and a new distortion mismatch theorem is established about the
robustness of L"-optimal quantization in L® for s € (r,r + d). Some numerical tests confirm and
illustrate these improved error bonds in Section[5] The final part, Section [6] is devoted to the nonlin-
ear filtering problem analysis when estimating the nonlinear filter by optimal quantization with new
improved error bounds obtained under less than stringent — local — Lipschitz assumptions than in the
existing literature.

NOTATIONS: e | .| denotes the canonical Euclidean norm on R

@I < 4o

e Forevery f : RY — R, set | flloo = supgera | f(2)| and [f]rLip = SUDy 2y T S

o If Ac M(d,q) we define the Frobenius norm of A by || A|| = /Tr(AA*).

2 Discretization of the BSDE

Let (W;):>0 be a g-dimensional Brownian motion defined on a probability space (£2,.4,P) and let
(Ft)e>0 be its augmented natural filtration. We consider the following stochastic differential equation:

t t
X :x—l—/ b(s,Xs)ds—i—/ o(s, Xs)dWs, 2D
0 0

where the drift coefficient b : [0, 7] x R — R? and the matrix diffusion coefficient o : [0, 7] x R? —
M(d, q) are Lipschitz continuous in (¢, ). For a fixed horizon (the maturity) 7" > 0, we consider the
following Markovian Backward Stochastic Differential Equation (BSDE):

T T
Y: = h(X7) +/ f(s, X, Ys, Zs)ds — / Zs-dWs, tel0,T], (22)
t t

where the function h : R — R is [h]Lip-Lipschitz continuous, the driver f(t,z,y,z) : [0, T]xR¢
xRxR? — R is Lipschitz continuous with respect to (z, y, z), uniformly in t € [0, T], i.e. satisfies

(Llpf) = |f(t7x7yaz)_f(tvxlvy/wzl)‘ < [f]Lip(|x—a:’|—|—|y—y’]+|z—z’|). (23)
Under the previous assumptions on b, o, h, f, the BSDE (22) has a unique RxR%-valued, F;-
adapted solution (Y, Z) satisfying (see [64], see also [55]])

T
E( sup |Yt]2+/ |Zs|2ds> < +o0.
t€[0,7) 0

Let us consider now (X’tk)kzo,m,n, the discrete time Euler scheme with step A, = % of the
diffusion process (X¢)ic(0,1):
th = th—l + Anb(tk_l, th—l) + U(tk—l)th_l)(Wtk. - Wtk—1)7 k? = ]., o,y XO =X

where t := ]%T k = 0,...,n and its continuous time counterpart, sometimes called genuine Euler
scheme (we drop the dependence in n when no ambiguity) defined as an It6 process by

dX, = b(t, Xy)dt +o(t, X)) dW;, Xo==x (24)

where t = % when ¢ € [tg,tx+1). In particular (Xt)te[O,T] is an JF;-adapted Itd process satisfying
under the above assumptions made on b and o (see e.g. [14]) :

Vp € (0,+00), H sup |Xt|H —}—supH sup |XZ‘|H < Chopr(1+ |2])
te[0,T) P n>1"1t€0,T] p



and

Vpe (0,400), Vn > 1, H sup | Xy — X't"\H < Cb7g7p,T\/An(1 + |:c|)
te[0,T] p

for a positive constant Cy, 5, T

As a consequence, general existence-uniqueness results for BSDEs entail (see [[63]]) the existence
of a unique solution (Y, Z) to the Markovian BSDE having the genuine Euler scheme X instead of X
as a forward process. Then, we can apply the classical comparison result (Proposition 2.1 from [29])
with fl(w,t,y,2) = f(t, X¢(w),y,2) and f?(w,t,2,y,2) = f(t, X¢;(w),y, 2) which immediately
yields the existence of real constants C’b(f; > 0,4 =1, 2, such that

T T
B[ sup Vi-YiP+ [ 17— ZPar] < 0O [B(X,) - MO8 HIRE [ X - X7 Pl
t€[0,7) 0 0

IN

2
C,S, 3, .

Unfortunately, at this stage, the couple (Y3, Zt)te[O,T] is still “intractable" for numerical purposes (it
satisfies no Dynamic Programming Principle due to its continuous time nature and there is no possible
exact simulation, etc). This is mainly due to Z about which little is known. By contrast with Z which is
e.g. closely connected to a PDE. So we will need to go deeper in the time discretization, by discretizing
the Z term itself. Consequently, we need to perform a second time discretization on the Euler scheme
based BSDE, only involving discrete instants g, k = 0,...,n.

We consider an explicit inner scheme recursively defined in a backward way as follows:

Vi, = h(Xy,) (25)
}/tk = E(Ytk+1 “Ftk) + Anf(tky thu E(Y;fk_;,_l ’]:tk)a (tk) (26)
_ 1 N

G = A, (Y%IH—l(WtIH—l - Wtk)’ftk)’ k=0,....,n—1 @7

It slightly differs from the other explicit schemes analyzed in the literature to our knowledge, since
the conditioning is applied directly to Y3, ,, inside the driver function rather than outside. Note that in
many situations, one uses the following more symmetric alternative formula

- 1 - -
Ctk = TE((Y;%-H - Y;fk)<Wtk+1 - Wtk)|ftk)7
n
which is clearly quite natural when thinking of a hedging term as a derivative (e.g. computed in a
binomial tree). It also has virtues in terms of variance reduction (see e.g. [7]). One easily shows by a
backward induction that, for every k€ {0, ...,n},Y;, € L*(Q, A, P) since sup,co 17 | X¢| € L*(P).
Our first aim is to adapt standard comparison theorems to compare the above purely discrete

scheme (Y3, , Zy,) with the original BSDE to derive error bounds similar to those recalled above be-
tween (Y, Z) and (Y, Z). To this end, like for the Euler scheme, we need to extend Y into a continuous
time process by an appropriate interpolation. We proceed as follows: let

n
M, = an - E(Y;fk ‘]:tkfl)'
k=1

This random variable is in L? (I?) Hence, by the martingale representation theorem, there exists an
(F¢)-progressively measurable Z € L?([0,T] x , P ® dt) such that
T ~
M, = / Zy dWy.
0

8



- - e
Then Yy, — E(Y;, | Fp ) = / Zs dW. In particular

tk—1

B 1 B 1 tkt1
Ctk: = IE(Y%-H(W%-H - Wtk) |‘7:75k) = AE(/t ZSdS‘]:tk>v k=0,....,n—1,
n n k

so that we may define a continuous extension of (fﬁk)og k<n as follows:

~ t ~
Y =Y, — (t—te) f (b, Xep . B(Ye 0 | F2)s Ci) +/ ZsdWs, t€ [tg,try1] (28)

173
3 Error analysis

3.1 The time discretization error

We provide in the theorem below the quadratic error bound for the inside explicit time discretization
scheme (Y, Z) defined by @23)-@3) and (@8). Claim (b) comes from [70]. The detailed proof of Claim
(a) is given in the appendix. Like for most results of this type, the proof of (a) follows the lines of that
devised for comparison theorems in [29]]. In particular, though slightly more technical at some places,
it is close to its counterpart for the standard outer explicit scheme originally established in [3]] (in LP
for reflected BSDEs, but without Z on the driver) or in [[70] (in the quadratic case, see also [33]] for an
extension error bounds in L? or [13] for implicit scheme).

Theorem 3.1. (a) Assume the functions f : [0,T] x R x R? x R? — R is Lipschitz continuous in
(t,x,y, 2) and that h : RY — R% is Lipschitz continuous. Then, there exists a real constant Cho, .7 >
0 such that, for everyn > 1,

T T
Inax E|Y;, — Y, |2 +/ E|Z; — Zi?dt < Cyop1 (An +/ E|Z, — Zs|2ds> .
=0,...,m 0 0

where s = ty, if SE€ [tg, tg+1)-

(b) Assume that the functions b, o, f are continuously differentiable in their spatial variables (x and
(z,y, z) respectively) with bounded partial derivatives and %—Hb'lder continuous with respect to t, that
d = q and oo” is uniformly elliptic. Assume h is Lipschitz continuous. Then, the process (Zt)te[o,T]
admits a cadlag modification and

T
/ E|Z — Zs|*ds < Cy , ;pAn, (29)
0
so that there exists a real constant C~’b7g7 ¢ > 0 such that, for every n > 1,
~ T ~ ~
Jnax B[y, — Vi |* + / E|Z; — Zi2dt < Cy o p 7M. (30)
=0,...,n 0

Claim (b) as stated comes from [70] (Theorem 3.1 and Lemma 2.5(7)). It admits several variants
(see [13]]) or improvements in the literature. Thus, in [37] (Theorem 20) it is obtained under a still
lighter assumption on the terminal value A of fractional type, provided this time b and ¢ are bounded,
C?*t7, v € (0,1], in space, uniformly %—Hélder in time (and ¢ uniformly elliptic) and the driver f is
in C! in its spatial variable with bounded partial derivatives and f(.,0,0,0) € L'([0,7T],dt). Then,
the resulting bound is O(A;{) for a uniform mesh (but can attain O(An) for a tailored mesh). See



also [26] for a PDE based extension to general forward-backward system i.e. when the both forward
and backward equations are coupled.

NOTATIONS (CHANGE OF). The previous schemes (23)-(26) involve some quantities and operators
which will be the core of what follows and are of dlscrete time nature. So, in order to simplify the proofs
and alleviate the notations, we will identify every time step ¢}’ by & and we will denote IE;, = IE( - | F3, ).
Thus, we will switch to

Xk = thu ?k = ?vtm fk<$7y72> = f(tk7$7y7 Z)

3.2 Error bound for the quantization scheme

In this section, we consider the quantization scheme 8) and compute the quadratlc quantization
error (IE|Y;, — Yt 12)1/2 induced by the approx1rnat10n of Ytk by Y}k, for every k = 0,...,n. This
leads to the following theorem which is the first main result of this paper.

Theorem 3.2. Assume that the drift b and the diffusion coefficient o of the diffusion (Xt).e[o,) defined
by 1)) are Lipschitz continuous, that the driver function f satisfies (Lip f) (Assumption) and
that the function h is [h]yip-Lipschitz continuous. Assume that n > ng (in order to provide sharper
constants depending on ng > 1).

(a) Foreveryk =0,...,n,

Hffk _ f/kH; < ie(1+[f}Lip)(ti*tk)Ki( ,

(3D
i=k
where K, (b,0,T, f) :== [h ]Llp and, for every k = 0, . -1,
(b, T, f) i= w7070 4 (14 Ay ) (Cri(b, 0, T, /) Ang + Co(b, 0, T 1)),
with Ko = Cb,U,T + [f]Lip (1 + [f]Lip)’ Ky = [f]Lip i [h}LipJ
2 KO
Cox(b,o,T
CZ,k(bv g, Ta f) = qK‘% [f]%ipBQAnOCb’07T+2KO(T_tk+1) and Cl,k(ba g, T7 f) = [f]%;lp + W
and ) T
2 2
G = Wi + 5 ([0t + -l ) (32)

(b) Forevery k =0,...,n,

n—1 _ . n—1 C2k b o, T f) n—1
An D G = Gll3 <> == 1 X = Xalls 4 ) Ve — Yanlfs.
k=0 k=0 Llp k=0

The proof is divided in two main steps: in the first one we establish the propagation of the Lipschitz
property through the functions g, and Zj; involved in the Markov representation (23)-(26) of Y} and
(., namely Yy, = G (Xy) and G = Z1(X%), and to control precisely the propagation of their Lipschitz
coefficients (an alternative to this phase can be to consider the Lipschitz properties of the flow of
the SDE like in [47]]). As a second step, we introduce the quantization based scheme which is the
counterpart of (Z3) and (26)) for which we establish a backward recursive inequality satisfied by ||Y} —
Vil

10



Remark 3.1. (About the relationship between the temporal and the spatial partitions) Owing to the
non-asymptotic bound for the quantization (see Theorem [.T|further), we deduce from the upper bound
of Equation (31) that there exists some constants ¢;, i = 1, ..., n (only depending on the coefficients b
and o of the diffusion X)) such that forevery k = 1,...,n,

n
> 5112 —2/d
¥ = Yilly < 3 o™ (3
i=k
So, a natural question is to determine how to dispatch optimally the sizes Ny,---, N, (for a fixed

mesh of length n, given that X is deterministic and, as such, perfectly quantized with Ny = 1) of the
quantization grids under the total “budget” constraint N; + - -- + N, < N of elementary quantizers
(with N > n and Ny > 1, for every kK = 1,...,n). This amounts (at least at time k£ = 0) to solving
the constrained minimization problem

n

. —2/d

min E cilN; /,
Ni+ Ny SN &=
1=

+2
whose solution reads N; = %N V1,i=1,...,n. Coming back to (33, and using the
Dk=1Ck
Holder inequality (to get the second inequality below) yields

- R n.o_d \1/2+1/d nN\1/d , L 19 pl/2+1/d

— —1/d d+2 — )2 AR
o= Hall, < N7 (3e) T < () () < [l [P 09

1= 1=

Notice that for the standard (“non-improved”) error bounds (see the introduction), the same optimal

allocation procedure would yield (starting from H)N/O — YO H2 < Z?:o c;Nifl/ d),

- N ny1l/d & nt /e
o= oll < () et <[]

which emphasizes the improvement of the error bound as concerns the dependence in the time mesh
size n.

3.2.1 First step toward the proof of Theorem [3.2; Lipschitz operators

As a first step we introduce several operators which appear naturally when representing Y;. We will
show that these operators propagate Lipschitz continuity. It is a classical step when establishing a
priori error bounds going back to [4, 3], see also more recently [34] (Proposition 3.4). However we
do not skip it since it emphasizes the technical specificities induced by our choice of an inner explicit
scheme.

To be more precise, we set for every k€ {0,...,n — 1} and every Borel function g : R? — R with
polynomial growth
En(z,u) = o+ Apb(ty, ) + V/Ano(ty, z)u, z€ RY ue RY (35)
Piyig(z) = Eg(&(z,e)) where € ~N(0;1,) (36)
1
- 713( (e, ) 37
Qr+19(7) N 9(Ek(z,€))e (37

One immediately checks that for every k € {0,...,n — 1},

Erg(Xi1) = Per19(Xy)  and  Eg(9(Xpi1) Wep,, — Win)) = DnQi119(X5).

11



Note that the process (X, k)o<k<n is an (Fk)o<k<n-Markov chain with transitions Pj(x,dy) =
P(Xy € dy| X1 = ), k = 1,...,n. Moreover, it shares the property to propagate the Lipschitz
property as established in the Lemma below.

Lemma 3.3. Foreveryk =0,...,n — 1, the transition operator Py is Lipschitz in the sense that its
Lipschitz coefficient defined by [Pyi1]Lip :=  sup  [Pry1fLip is finite. More precisely, it satisfies:
s [flLip<
[Prtilip < 2ot (38)

where Cy, 5. is given by (see also the comment that follows).

Proof. We have for every =, 2’ € R?, and for every Lipschitz continuous function g

|Pr19(x) = Perag(@)® < Elg(Eu(x,¢)) — Eg(&r(a’, )
< oliip Elér(z,€) — Exla’ o)

and elementary computations, already carried out in [4], show that

Elér(z,e) — (e’ ) < (14 An(2[b(t, uip + [o(F, i) + AR, )]Eip) [z — 2

S (1+A bL1P+[ ]%ip)+A2[ ]Llp)‘x_x|2

< 1+A.Chor) 2z — o'

S 62AncbgT|x T |2
where Cj, , 7 can be e.g. taken equal to [b]rip, + %([g]ilp + L [b]Llp) provided n > ng. It follows that
Py is Lipschitz with Lipschitz constant [Py ]rip < € an oT, d

Proposition 3.4. (see [4]) (a) The functions yy, k = 0, ..., n, defined by the backward induction

Yn =h, Yk = Pop1yit1 + D fi( -, PosrVit1, Q1Y) k=0,...,n—1,

satisfies Yy, = yp(Xy) for every k € {0,...,n}. Moreover, G = \/Ai) where, for every k €
{0,...,n—1},

2i(2) = E(yks1 (Ex(z,€))e), k=0,...,n— 1.

(b) Furthermore, assume that the function h is [h|1i,-Lipschitz continuous and that the function f(t, z,y, z)
is [ f]vip-Lipschitz continuous in (x,y, z), uniformly in t € [0,T). Then, for every k€ {0,...,n}, the
function yy, is [yi]vLip-Lipschitz continuous and there exists real constants ko = Cy o + [flLip(1 +

%[f |Lip), and k1 = L]Lip + [RLip (where Cy o 1 is given by (32)), such that [yx]vip = [h]Lip and
A, ko (T—t) ko (T—t7) ko (T—t7)
[yk]Lip < oroBn 1(6 0 k) — 1)[f]Lip + e k [h]Li iy, k=0,...,n—1. (39)
In particular, sup max |yg|Lip < e k1 < +00. Moreover the functions zy are Lipschitz too and
>1k=0,...,n P
'Vl_ B AR
(2| Lip < qu"C”v"’Tme”O(T k+1) k=0,. — 1. (40)

Proof. (a) We proceed by a backward induction using (25) and (26 relymg on the fact that (Xk)k=0.
is a Markov chain which propagates Lipschitz continuity. In fact, Y, = h(X,) := yn(X,). Assumlng
that Y11 = yp41(Xk11) and using Equation and the Markov property, we get

Vi = E(yett (X)) Xx) + A fro (X, E(yr1 (X 1) [ Xa), Gp)
= Py (Xe) + A fo( Xk, Por1yre1(Xe), Qrr¥i+1(Xe)) = yu(Xe)-

12



One shows likewise that (;, = Q11 (Yrr1)(Xy) = L\/i%), k=0,...,n—1

(b) We also show this claim by a backward induction. In fact, ¥;, = h(X,) := yn(X,) and h is
[h]Lip-Lipschitz. Suppose that yy 1 is [yk-+1]Lip-Lipschitz continuous. Then, for every z, 2’ € R, we
can write

yk(®) —yr(@’) = B(yes1(Er(z,€)) — yrgr (Ex(2,€)))
+A, |:Ax,x’ (x —2') + Bm,x/E(ka (5k($, 5)) — Yk+1 (5k($/, 6)))

o (e (E4(2:2)) = (6, 9) )|

where ¢ ~ N(0, 1) and

Ji (2, Pey1yir1 (), Qrerrs1(2)) — fi (2, Prog1tpsr (), Qriryi41(2))

Aw,a:’ = Tz — 2 1{:1:75:1:’}7
B (@ Py (o), Qrpryra (2)) — i (CL"/,Plc—l—lyk—&-l(x,)aQk-i—l?/k—f—l(m))1
' 7 P,
Prv1Yk+1(2) — Prey1yrt1(2) ’
o  Se(@ Pepayre (2), Qriryk1 (2) — o, Peyryrsn (2), Qr1yrsa (2)) 1
! = / Qp 2l
Qr+1Yk+1() — Qrr1Yk11(7') ’

with Py o = {Pey1yrt1(2) # Periyes1(z)} and Qp v = {Qk+lyk+1( ) # Qr+1Yr+1(2')}. The
function fj, being Lipschitz continuous, one clearly has | A, 2| < [f]Lip- Now, taking

advantage of the linearity of expectation, we get

(1) —ye(@) = B | (yky1 (€2, 0)) — yry1 (€2 ) (1 +A, (BM/ + Cpw ))] Ay o (a—a).

£
VA,
Then Schwarz’s Inequality yields
()=l < [l () =i (6 D) 1480 (Bt o = ) ||+ ATy o)
Now,
Hyk+1(5k(907€)) yk+1(5k($ € )Hz [Yk+1 prHgk (z,6)—Ek(a' e H2 S ka]LlpeA Cb"T\ﬂf 2’|
by Lemma 3.3] On the other hand, using that | B, 4/, |Cy 2| < [f]Lip and E(e) = 0,

H1+An( By + Cowr )H = (14 ApByw)? + AnC2

S 1+A ( [f]Lip+ [f]Llp) +A2 [f]Llp
< 2Anlfluip (143 [fLip) |

Finally, owing to the definition of xg, we get

k(@) — ()] < (€27 [ys1]Lip + AnlflLip) [z — 2]

i.e. yy is Lipschitz continuous with Lipschitz coefficient [y |1, satisfying

[k]Lip < €™ [yri1]Lip + AnlfLip-

The conclusion follows by induction. As for the functions zj, we get forevery k =0,...,n — 1,
21(z) — 21 (2) = ]E((ka (Sk(a:, s)) — Ygi1 (Sk(a:’, E)))e’;‘)
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Hence, using that ¢ ~ A/ (0; I;) combined with Schwartz’s Inequality, we get

5(@) — 2@)| < BkerlipB| (@ — a) + A(b(z) b)) +VBalo(@) — ol e)e]
< [ykluip|| (@ — 2) + A (b(x) = b(2)) + v/ An(o(z) — o)), |2,
< [yks]Lipe et Jglr — 2|
< \/aeA”va”*Tme“O(TftzH)|$ — a:’|. O

3.2.2 Second step of the proof of Theorem [3.2]

Let (X k)k=0,...n be the quantization of the Markov chain X, where every quantizer X i 18 of size NV,
forevery k € {0,...,n}. Recall that the discrete time quantized BSDE process (Yk) k=0,...n is defined
by the following recursive algorithm:

Y, = h(X,)
Vi = Ep(Vis1) + Anfi (X Be(Yis1), G)
. 1 . -
with (p = ?Ek<Yk+1AWtk+l)7k =0,...,n—1,

where I, = E(-] X k). Owing to the previous section, we are now in position to prove Theorem

Proof of Theorem (a) Using the fact that, for every k € {0, ...,n}, 0(X) C o(Xy), we have
ffk — }Afk = Yk — Ek(?k) + Ek(?k — Yk) (4D

where Y}, — I,(Y},) and E(Y; — Y;) are square integrable and orthogonal in L2(0(X})). As a
consequence, using the Pythagoras theorem for conditional expectation yields

1Y = Yall3 = 1Y = Er(Yi) |3 + [ Ex(Ye — Yi) 13-

On the other hand, it follows from the definition of the conditional expectation Ek() as the best
approximation in L? among square integrable o (X},)-measurable random vectors that

Vs — B (Vi) 13 = [lye(Xe) — Er(yn(Xe)[13 < lye(Xn) — ve(X)l13 < [yeltip 1 X — Xill3.

Let us consider now the last term of the equality (41). We have,

Ep(YVi —Y) = Bp[Yipr — Yirr + A (Fe (X Ex (Vi) G) — F (X B (Vi) G) ]
= B [Yie1 — Vi1 + A (X Be (Y1), G) — fo(Xi, Br(Yies), B (Cr)))
+ A (e (X B (Y1), B (G)) — (X B (Y1), i) |
= Ep[Vit1 — Vi1 + A BiEr (Vi1 — Yis) + A Gl (G — &)

+ Ay (fr (X, B (Ver1)s G) — (X B (Vs B (Gr)))

where Bk — fk(Xk,IAEk(Y/k_H): Ek~( k)) - ]fk(){kaEk(Yk—i-l);Ek(gk))l & 5 BT
By (Yes1) — Br(Yig1) {Er (Yer1)#Ex(Yet1)}
(X B (Y1), B () — (X, B (Vir1), &)
and O := AN N, L, Gosincor
Ek(Ck:) — T Ck) & (Ck % (Ck



Ex (k) — Ex(G) = Kﬁk((?k+l — Vi 1) AWy, ),

n

we deduce that

Ek(ifk — )A/k) = Ek [(?k+1 — Yk+1) (1 + Aan + ékAWtk+1)]
A0 (1 (X B (Yier1), ) — (X, B (Viern), B (Gr))). (42)

So, it remains to control each term of the above equality. Considering its last term, it follows from the
Lipschitz assumption on the driver fj that

15X B (Y1), G) — (X B (V). B (Gl < (AR (1 Xk — Xill3
+”]~Ek(}~/li+l)~_ Ex(Ex(Yir1))[I3
+11¢e — Ex(C)I3)-

First, from the very definition of conditional expectation operator I, as the best quadratic approxi-
mation by a Borel function of X}, (or, equivalently, the orthogonal projection on L?(c(X}), P)), we
derive that

1 Pet 191 (X)) — Prgyiert (Xn) I3
[Pk-‘rl]%ip[yk-&-l]%ipHXk - Xk”%

1Ex (V1) — E(Er(Yer1)) |3 <
<

On the other hand, starting from (j, = ﬁnEk(?kH AWy ) = ZI\C/(T]C)’ k=0,...,n—1 (see Proposi-

tion (a)), we get, using again the above characterization of the conditional expectation operator Ey,

- 1 _ . _
Gk — BxCells = A 1w (Xk) — B (2 (X)) [I5
1 — . 1 _ A
< 5o llew(Xk) — 2e(Xp)5 < K[zk]%ip“Xk — Xil3- (43)

Finally, using the upper-bound for [z;]rip established in Proposition [3.4((b), we deduce that

£ (X ks B (Y1), G) — Fi (X B (Vier), B (&) 2

C: b7 7T)
< <Cl,k(b7 g, T7 f) + M

1
) K- Kl @)

since, owing to (39) and (@0), we have

[f]%lp(]‘ + [Pk-i-l]%ip[yk-i-l}%ip) < CLk(ba o, T, f) and [f]%ip[zk}%ip < OZ,k‘(b7 o, T, f)7
k=0,...,n—1, where

b,o,T
Coi(b,o, T, f) = qﬁ%[f]2 e28nCh o7 +260(T—tky1) 4pq Cir(b,o, T, f) = [f]%ip 4 M'

Lip
(45
To complete the proof, it suffices to control the remaining terms in Equation (#2)). Using the (condi-
tional) Schwarz inequality yields

[NIES

~ ~ ~ ~ ~ ~ ~ ~ 1 _ . ~ A~
‘Ek [(Vip1—Visr) (1=, Be—Cu AW, )] ’ < B (Vi1 — Vi )?] 2 [Br (1= An Bo—Cr AW, )?]
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Furthermore, using the fact that 2, (AW, )= B (B (AW, +1)) = 0 and owing to the measurability
of By and €}, with respect to U(Xk), we get
Er[(1 — AnBy — CLAWy, )% = (1— AuBy)® + CREL (AW, ,,)%)
= (1-A.By)Y+C3A,
< (L4 AnlflLip)® + (Anflip)? < 30T,

Then, using the conditional Schwarz inequality and again the contraction property of conditional ex-
pectation, we get

HEk (Vi1 = Yierr) (1= AnBy, — CrAWy )] H2 < el |V — Vi l2- (46)
Using Schwarz’s Inequality for the L2-norm, we derive from (@T)), (#2)), (@4) and (46) that
IV = Yill3 = Ve = B(Yo)l3 + 1B (Ve — Yi) 13 47)
< [waltipl X — Xkl3 + (eA”[f]LipH?kH — Yipallz + Anll fi(Xes Br(Yeta), Ge)
_fk(Xk:?Ek(}}k+1)>]®k(5k))”2)2
< [ynlEip Xe — Xll3 + (eA”[f]Lipllfka — Yitall2
+A, <C1,k(b, o T, f)+ W) : |1 X5 — Xk”?)Q

We first deal with the second term on the right hand side of the above inequality. Using the classical
inequality
(a+b)?2<a*(1+A,)+ b2(1 + Agl),

we derive that

CQ,k (bv g, T7 f)

i A o . 2
(€A"mmp”yk+1 — Ytz + An (Cl,k(b’ o, T, f) + A )2 1% = Xk||2>

< Al (1 4+ A |[Vigr — Vi |2

1 C: b7 g, T7 v %
£ )ak (ot + AOZTD ) g - gy

< eAn(lJr[f]Lip)H?k+1 - YkJrlH% + (1 + An) (Cl,k(bv o, T, f)ATl + C2,k(b7 o, T, f)> ”Xk - Xk”%

+(1+

Hence (using that A,, < T'/ng, if n > ng), we obtain, for every k€ {0,...,n — 1},

Ve = Vil < e OHe) |V — Vi |15+ Ki(b, 0, T, )| X5 — X3 (48)
where
Kilb,0, T, f) = [ypa)2ip + (1 + g) (C’Lk(b, 0T, f)— + Co(b,0, T, f)), k=0,...,n—1,

S Kk(b7 ag, T7 f)
It follows that, for every k€ {0,...,n — 1},
Ak i) || v, — V|2 < eAn DO i) ||V, — Vi [|34e2n RO UTue) K (b, 0, T, 1)1 X e — X3
Keeping in mind that || Y, — V,,[|3 < [h]%ip | X,, — X,.||3. we finally derive by a backward induction that
n
9% — YkH; < ZeAn(i—k)(l‘F[.ﬂLip)Ki(b, o, T, )| Xi — XZH;
i=k
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(b) We derive from the very definition of {;, and ¢, that

Gk — G = (G — Br(&)) + (Er(Ce) — )

i
where + means that both random variables are L*-orthogonal. We know from (@3)) that

2
[Zk]Lip HXk _ Xk 2
n

1B (G — Er(G))|f2 < A 2.

On the other hand, as a(f(k) C 0(X}y) C Fy, itis clear that Ek(fk) = A%LIAE;C(Y/;CHAWWH) so that
P, 22 1+ /= 5 2
| Ex(Ck) — Ckll; = FHEk((YkH — Y1) AWy, ) |5
n

Conditional Schwarz’s Inequality applied with ), implies that
A ~ A~ 2 A~ ~ A~
B (Vierr = Yy ) AWy, )™ < (Br(Yirn — Yiin)?) An
which in turn implies that
- TP ST 512
1B (Cr) — Cl|5 = I”Yk—i—l — Yir|ls
n
so that, finally,
C2,k (b7 g, T7 f)

Remark 3.2. The key property leading to Theorem [3.2]and allowing to improve the existing results for
similar problems (see e.g. [4]) is the Pythagoras like equality which is true only for the quadratic
norm. This equality is the key to get the sharp constant equal to 1 before the term |54 (Y5, — Y3) /3.

AM\E(@)-@H; < | X% — Xel3 + | Vit _Y/k—f—lH;- O

3.3 Computing the fk terms

Recall that for every k€ {0,...,n — 1}, the R?-valued random vector Cr = (gt,i, cee ﬁ,‘j) reads

A 1 . 4 5 (Y (Y
G = A k(Xk)  where  2,(X) = Ep(Yip 1AW, )

n
with 25, : ', — RY is a Borel function (T'}, is the grid used to quantize X}). As f/k+1 = gk+1(Xk+1)
we easily derive that the function 2, is defined on I'y, = {x’f, ... ,a:,iv’“} by the (R%-valued) weighted

sum
Nk

. " Wk
Zlc(l"f) = Z ka(v’“?“)”ij
7j=1

W,k

where, for every (i,5) € {1,..., Ng} x {1,..., Ngy1}, ;" is an R9-valued vector given by

1
Wik _ A A
T G )

These vector valued “weights" appear as new companion parameters (as well as the original weights
ij of the quantized transition matrices) which can be computed on line when simulating the Euler
scheme of the diffusion by a Monte Carlo simulation.
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Note that, for every k€ {0,...,n — 1} andevery i€ {1,..., Ni},

Ng11

Z 7rJW’k = I (AWtZ+11{Xk=If}) - Ek (Ek(AWtzﬂl{Xk:mf}))
=1

= 1y (B (AW

k+1

JP(%p =af)) =B, 0=0.

As a consequence, an alternative formula for Z; can be

Niy1

. Wik [+ X
ge(af) = > w1 (e () = (2])).

j=1

4 Background and new results on optimal vector quantization

It is important to have in mind that all what precedes holds true for any quantizations X, ., of the Euler
scheme th i.e. for any sequence of the form th = TI'k(th) where 7, : R — R is Borel and
7 (R?) is finite. In fact the theory of optimal vector quantization starts when tackling the problem of
minimizing the L? (and more generally the L")-mean quantization error induced by this substitution,
namely || X;, — X, [|2, which in turn will provide the lowest possible error bounds for quantization
based numerical schemes. This question is in fact a very old question that goes back to the1940’s,
motivated by Signal transmission and processing. These techniques have been imported in Numerical
Probability, originally for numerical integration by cubature formulas, in the 1990’s (see [57]] or [22]).

4.1 Short background

Let X : (Q2, A,P) — R be arandom vector lying in L" (PP), € (0, +00). The L"-optimal quantization
problem of size NV for X (or equivalently for its distribution Px) consists in finding the best L"(P)-
approximation of X by a random variable 7(X) taking at most N values. The integer N is called the
quantization level.

First, we associate to every Borel function 7 : R? — R taking at most N values the induced L" (P)-
mean error | X — 7(X)||, (where || X||, := (E\X\T)l/r is the usual L (PP)-norm on (€2, .A) induced by
the norm | . | on R? (a priori any norm, but always the canonical Euclidean norm in this paper and in
most applications). Note that when r € (0, 1), the terms “norm" is an abuse of language since L" (IP)
is only a metric space metrized by || X —Y'||". As a consequence, finding the best approximation of X
in the earlier described sense boils down to solve the following minimization problem:

ena(X) = inf{HX — (X)), v:RY > T, T ¢ RY card(T) < N}
where card(I") denotes the cardinality of the set I' (commonly called grid or codebook depending on
the field of application. It is clear that for every grid I' = {x1,...,zx} C R, for any Borel function

7:RYST,
— > di — i — xl
|€ —m(§)| > dist(§,T) 12&\5 ;|

Equality holds if and only if 7 is a Borel nearest neighbor projection 7 defined by

N
m(8) =Y wiloyr)(§)
=1
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where (C;(I"))i=1,... .~ is a Borel partition of R? satisfying

)

Vie{l,...,N}, Ci(F)C{ﬁeRd:lﬁ—xi|:‘IiﬁnN\g—xﬂ}.
J=L

Such a Borel partition is called a Voronoi partition (induced by I'). The random variable XTis called a
Voronoi quantization of X induced by T. It follows that for every r > 0, || X — X7, = ||dist(X, )|,
does not depend on the choice of the Voronoi projection. Thus, we may denote e, (X,T) = || X — X,
the L"-mean quantization error induced by the grid I' (under P, ). As a consequence, the optimal L"-
mean quantization error finally reads

ens(X) =inf {|X — X", ¢ R, card(I') < N}. (49)

Note that for every level N > 1, the infimum in (49) is in fact a minimum, i.e., it is attained at
least at one grid I',,, see e.g. [41] or [57]. Any such grid is called an L"-optimal N -quantizer and
the resulting Borel nearest neighbor projection is called an L"-optimal N -quantization. It should be
noticed as well that ey ,.(X) is entirely characterized by the distribution P, of X, hence will be often
denoted by ey (P ).

One shows that if card(supp(Px)) > N then any optimal N-quantizer is of full size N. Further-
more (see again [41] or [57]), the optimal L"-mean quantization error e ,.(X) at level N decreases to
0 as IV goes to infinity. Its rate of convergence is ruled by the so-called Zador Theorem recalled below,
in which, | .| temporarily may denote any norm on R,

Theorem 4.1. Zador’s Theorem (a) Sharp asymptotic rate (see [41]]): Let X : (2, A,P) — R? be a
random vector such that X € L"+%(P) for some real number § > 0 and let Px = p.\g + %, denote
the canonical Lebesgue decomposition of Px where % stands for the singular part of Px. Then

: r/d T _
Jm N e, (B = gl € [0, +00) (50)

d+r

d
with el o = ( /]R ) sodirdAd> and J,q)) = inf N'/%} (U([0,1]%) € (0,+00)  (51)

(U([0, 1]%) denotes the uniform distribution on the hypercube [0, 1]%).

(b) Non-asymptotic bound (see [41| 52]]). Let r' > r. There exists a universal real constant Cryra €
(0, 4+00) such that, for every R%-valued random vector X,

VN >1, eN,r(PX) < Cﬁ?«/,dO'r/(X)N_%
where o,(X) := inf,cga | X — all» < +o0 is the L -(pseudo-)standard deviation of X.

Numerical aspects (few words about). From the numerical probability viewpoint, finding an optimal
N-quantizer I' is a challenging task, especially in higher dimension (d > 2). In this paper as in many
applications we will mainly focus on the quadratic case » = 2. Note that, in practice, | .| will be the
canonical Euclidean norm on R? for numerical implementations.

The key property to devise procedures to search for optimal quantizers rely on the following dif-
ferentiability property of the squared quadratic quantization error (also known as quadratic distortion
function) for a fixed level N (and with respect to the canonical Euclidean norm). First, we define the
distortion function D o (which is defined on (R4)N and not on the set of grids of size at most V') by:

Vo= (z1,...,xy)€ RO, DRy(x) = [ min [€—a;PdPx (). (52)
Rd 1<i<N
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To an N-tuple z = (z1,...,2x) € (RN we associate its grid of values I'* = {z1,...,x,} so that
Dy o(x) = [|X — X ||3. In particular, it is clear that

en2(Py) = xegﬁg)N Dy a(z)

since an N-tuples can contain repeated values.

Proposition 4.2 (see Theorem 4.2 in [41]]). (a) The function Dy s is differentiable at any N-tuple
x € (RN having pairwise distinct components and satisfying the following boundary negligibility
assumption:

Px ( Ui<i<n 8CZ(Fx)) = 0.

Its gradient is given by

VDX (@) = 2( /

CZ(FZ)

(2 = dPx()) . (53)

i=1,...,N

(b) The above negligibility assumption on the Voronoi partition boundaries does not depend on the
selected partition. It holds in particular when the distribution of X is strongly continuous i.e. assigns
no mass to hyperplanes and, for any distribution P, such that card(supp(Px)) > N, when x €
argminD y 9.

The result is a consequence of the interchange of the differentiation and the integral leading to (53)
when formally differentiating (see [41,57]). Consequently, any N-tuple x € argminD y o satisfies

VvD N,2 (1‘) =0.
Note that this equality also reads, still under the assumption card(supp(Px)) > N,
E (X|XF) — X',

All numerical methods to compute optimal quadratic quantizers are based on this result: recursive
procedures like Newton’s algorithm (when d = 1), randomized fixed point procedures like Lloyd’s I al-
gorithms (see e.g. [32,162]]) or recursive stochastic gradient descent like the Competitive Learning Vec-
tor Quantization (CLVQ) algorithm (see [32,157]] or [60]) in the multidimensional framework. However
note that in higher dimension this equation has several solutions (called stationary quantizers) possibly
sub-optimal. Optimal quantization grids associated to the multivariate Gaussian random vector can be
downloaded from the website www . quantize.math-fi.com. For more details about numerical
methods we refer to the recent survey [S8] and the references therein.

4.2 Distortion mismatch: L°-robustness of L"-optimal quantizers

The distortion mismatch problem is the following: when does an L"-optimal sequence of quantizers
(I'v)n>1 for a random variable X remain L®-rate optimal for some s > r (if X € L*) ? Or in more
mathematical terms, if X € L®, s > r, when do we have for such a sequence of L"-optimal quantizers

limsupNées(FN,X) < +o0?
N

This problem has obvious applications in numerical probability since, for algorithmic reasons, one usu-
ally has access to optimal quadratic quantizers (see e.g. the website www.quantize.maths-fi.
com) whereas they are currently used in a non quadratic framework. What will be done in Section [6]
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for nonlinear filtering is precisely to take advantage of this result to strongly relax some growth as-
sumptions on the conditional densities involved in the Kallianpur-Striebel formula.

The distortion mismatch problem was first addressed in [42] for various classes of distributions
on R, in particular for distributions having a radial density satisfying (an almost necessary) moment
assumption of order higher than s. In the theorem below we extend this result to all random vectors
satisfying this moment condition.

Theorem 4.3 (L"-L*-distortion mismatch). Let X : (2, A,P) — R? be a random vector and let
7€ (04 00). Assume that the distribution P . of X has a non-zero absolutely continuous component
with density . Let (I'y)n>1 be a sequence of L"-optimal grids and let s€ (r,r + d). If

sd +5
Xe La+r=7%(Q, A, P) 54)
for some § > 0, then
1
limsup Nieg(T'y, X) < +oo. (55)
N

Definition 4.1. Let » € (0,+00) and s € (r,r + d). A random vector X € L"(Q, A, P) has an
(1, s)-distribution (or its distribution P, is an (r, s)-distribution) if (53)) is satisfied.

Note that if X has an (r, s)-distribution, then it has an (r, s") distribution for any s’ € (r, s) since
the L°-norm is increasing in s.

Thus, the integrability condition (54) appears as a criterion to have an (r, s)-distribution (see also
the first remark after the proof of the theorem). Note that, as expected, +s7fl_s > s so that the preserva-
tion of the (r, s)-property for s > r requires more than L®-integrability. Finally, if X has polynomial

moment at any order, then the (r, s)-property holds for every s € (r,r + d).

Proof of Theorem STEP 1 (Control of the distance to the quantizers): Let (I'y) n>1 be a sequence
of L"-optimal quantizers. It is clear that, for every £ € RY,

d(&,T'n) < |¢]+d(0,Ty).

The sequence (d(0,Tn)) v+,
+o00. Then there exists a real constant A, > 0 such that for every £ € R4,

d(§,In) < [§]+ Ay

STEP 2 (Micro-macro inequality): The optimality of the grids I'yy, N > 1, allow to apply to the
micro-macro inequality (see Equation (3.2) in the proof of Theorem 2 in [42]), namely : for every real
constant c€ (0, 3) and every y € R,

er(Pn, X)) —er(Dng1, X)" > (1= ¢)" = )Py (B(y; cd(y, T'w)))d(y, )" (56)

Let v be an auxiliary Borel probability measure on RY to be specified further on. Set C(r) = (1 —
c)" — . Integrating the above inequality with respect to v(dy) yields, owing to Fubini’s Theorem,

er (T X)" = er(Ts1, X" 2 €O [ [(B (el )y T B ()
= 00 [ [t0-tzaityriondn: Ty vidn)P (@)

COY [ [L-ctz0tto s 012 eyl T A B ()

1

Y
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Now using that £ — d(§, ") is Lipschitz continuous with coefficient 1, one derives that

{€) s y—6 < —5d€Tw)} < {(€9) + Iy — €l < cdly.Tw), d(y.Tw) > —d(€.Tw)}

and, still by Fubini’s Theorem,

C(r)

eT(FN7X)T - eT‘(FN—i-l?X)T > (1 T C)T

[ v(Blesedw.T) )die. T ). 67

Letee (0,1/2). We set v = f. 5.Aq where f. s is a probability density given by

Re s

(2 +1 427 with ¢ > 0.

fs,é (5) =

The density f- 5 shares the following property on balls: let §€ R? and t € R If t < £(|¢| + 1), then

1 Re,§ v
(1+ )50 (jg[ + 17

V(B(g’t)) > ge,é(g)td with 95,6(5) =

)suchthath%1 = e(A;(l/\l). Asd(&,Ty) < |€]+A,,

and Vy = A\¢(B(0;1)). Now letc = ¢(e) € (0,
e(]€| + 1). As a consequence

this in turn implies that _75d(§, I'y) <

C(r)

'y, X)) —e (T X)) >
er( N> ) er( N+1, ) st (C+1)7,

/ 05 ()d(E, T M (de).

Let s € [r,r + d). It follows from Equation and the reverse Holder inequality applied with
p=:13€(0,1)and g = — € (—00,0) that

s
d+r—s

r+d d+r—s

[ast@ae e > | [ aernyre@) | [ mr@e]

It follows from the assumption made on X (or PP, ) that, for small enough § > 0,

_d+r—s d+r—s

[/R ggf*”@mx(d@] S :m[E[(H\Xnéﬁ‘”iH T e

As a consequence

er(Tn, X)" — er(Tni1, X)) > Cxpseses(Ty, X) (58)
—e)r (d+6)
where Cx r,s.e.6 = Mﬁwﬁséul + ’X\H (d+8)s +
d+r—s

STEP 3 (Upper-bound for the quantization error increments): Since the distribution of X is absolutely
continuous X (¢.e. admits a density), one derives following the lines of the proof of Theorem 2 in [42]]
this upper-bound for the increments of the L"-quantization error: there exists a real constant < = > 0
such that

N-l-a.

er(Tn, X)" —er(Tng1, X)" < kg,
Combining this inequality with yields

d
£t r+d

[es(FNyX)S} : < éX,r,s,e,éN_ d
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K/X,'r

Cx \T,8,€,0
inequality. g

where C X,rsed = . This completes the proof by considering the (d 4 ) root of the

Remarks. e If ¢ is radial, more precisely if ¢ = ¢(|x|o) where ¢ : R4 — R is bounded and non-
increasing on [Rp, +00) and | . |o denotes any norm on R? the above result holds true even if § = 0
(see [53])).

e Criterion (54) is close to optimality for the following reason. It has been established in [42] (Theo-
rem 1) that if X € L™ (Q, A, P), and if (I'v) n>1 is a sequence of L"-asymptotically optimal quanti-
zation grids, then

1 1 _d 5 d+r—s l
s vien, ) 2 aly, | [ e[ [ o ¥ o]
N R4 R4

where J5 al is given by (51)). Since X € L™(Q, A, P), [ @ded)\d < +o00 by an elementary
apphcatlon of the reverse Holder inequality (see Equation (2.11) from [42]). On the other hand,

/ o T ANy = +oo = X ¢ LT (Q, A, P).
]Rd

5 Numerical experiments for the BSDE scheme

To illustrate empirically the improved theoretical rate obtained in the previous section, we deal here
with two toy examples: a bull-call spread option (in a market where the risk free returns for the bor-
rower and the lender are different) and a multidimensional example with the Brownian motion. Note
that our aim is not to make an extensive numerical test with a complete description (or a complexity
analysis) of several used algorithms for the optimal grid search. These subjects have extensively been
considered in the past and we refer for example to [60] for more details.

Numerical tests are performed using our quantized BSDE algorithm. At each discretization instant

tx, we associate a quantization grid Ty = {x¥, i = 1,..., Ny} of size Ny, possibly not optimal a
priori, and X = = Projr, (X k) the resulting Voronoi quantlzatlon of X;,. Then, we set for every
k=0,. —1,i=1,..., Nk, 5 =1,..., Ngy1, the transition weights (or probabilities)

pg:]p()zk+1:x§+1|xk:xf), k=0,...,n—1.

and, for k = 0, . ,i=1,..., Ny, the marginal weights pf = P(X = 2¥), k =0,
Setting Y}, = yk(X k), forevery k € {0, ..., n}, the quantized BSDE scheme reads as
{ﬁn(w?) = h(z}) i=1,...,Nq
(k) = G (F) + Anf (t, 2F, G (2F), Br(aF)) i=1,...,Np
where for k=0 n—1,
Niq1 Niq1
ap(af) = D G (=)™ pl;  and  By(x Z G (@) wlH (59)

with
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We use a time discretization mesh of length n = 20 for the first example and of length n = 10 for all
dimensions in the second example. In both examples below, the quantizers X k = 1,...,n (with
Xo = Xp) are computed from a scaling of the optimal grid of A/(0, I;) Gaussian distributions available
on the website devoted to quantization

www.quantize.maths—fi.com

The transition probabilities are approximated using a Monte Carlo simulation of size 107 for all
examples (keep in mind that we may have the same precision with a smaller size of Monte Carlo trials
but our aim is not to optimize these sizes of the trials). For simplicity reasons, we use a uniform
dispatching across the time layers for the quantizers by assigning the same grid size Ny, to all X}, at
every discretization step tx, K = 1,...,n. Once the optimal quantization grids are computed offline,
the complexity of our procedure depends on the grid sizes and varies from less than 1 second in lower
dimension up to a few minutes in dimension 5, almost entirely devoted to the computation by Monte
Carlo simulation of the transition weights. By contrast, the (quantized) dynamic programming descent
itself is instantaneous.

5.1 Bid-ask spread for interest rate

Let us consider a model with two interest rates introduced in [11]: a borrowing rate R and a lending
rate r < R where the stock price (X t)te[O,T] evolves following the Black-Scholes dynamics

dXy = pXydt + o Xy dWy, Xo = 29 > 0.

Let o, be the amount of assets held at time ¢. Then, the dynamics of the replicating portfolio is given
by

T T
Y, = Yr+ / f(Ye, Z0)ds — / ZodW, (60)
t t
where Z; = oy X, and the driver function f is given by

w—r

) z
fly,z) = —ry — z—(R—r)mln(y—;,O).

As in [10], we consider a bull-call spread comprising a long call with strike K; = 95 and two short
call with strike K> = 105, with payoff function

(Xr— K1)t —2(Xp — Ko)" =Yrp.
Furthermore, we consider the set of parameters:
Xop=100, R=0.06, r=0.01, pu=0.05 o0=02 1T=0.25.

The BSDE (60) has no analytical solution. We refer to the reference prices given in [10, 67] where
(Yo, Zy) is approximated by (2.96,0.55). We put n = 20 and, for every k = 1,...,n, the grid sizes
N, =N = % is constant (keep in mind that N = Nj + ... + N,). The quantizers th have been
obtained by using dilatations of optimal Gaussian quantization grids that we substitute to W}, into the

2
o
formula X;, = zoe# T )tHoWe,

The numerical convergence rate of the error N — |Yo— YON l, N=5(¢=1,...,30,is depicted in
Figure[I] including a polynomial regression which emphasizes the empirical order of the convergence
rate, namely N1,
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5.2 Multidimensional example

We consider the following non linear BSDE (example due to J.-F. Chassagneux):

er
1+er

dX; = dWy,  —dY, = f(t,Ys, Z)dt — Z; - dW,;, Y, =

where
e = exp(t—i—th +...+Wtd), t €[0,T],

flt,y,2) = (21 + ... + 24)(y — 42) and W is a d-dimensional Brownian motion. The solution of

2d
this BSDE is
€t €t

=—) Iy = ——.

1+ e P 1+ )2
For the numerical experiments, we use the (regular) time discretization mesh with n = 10. We choose
t =05,d = 2,3,4,5, so that Y = 0.5 arAldiZé = 0.24, for every + = 1,...,d. We depict in
Figures and , the rates of convergence of \YON — 0.5| towards 0, for the (constant) layer grid sizes
Np =N = - =5,...,150. The graphics in Figures [2| and 3| confirm a rate of convergence of order
N4,

Y, 61)

0.14

— N Y- Y3

— — N~ 0.316 x N7 +0.005

0.12

0.1

0.08

0.06

0.04

0.02

Figure 1: Convergence rate of the quantization error for the Bid-ask spread in the Black-Scholes model. Abscissa axis: the
size N =50, =1, ..., 30 of the quantization. Ordinate axis: The error |Yo — Yy | and the graph N +— a/N + b, where @
and b are the regression coefficients.

6 Nonlinear filtering problem

We consider in this section the discrete time nonlinear filtering model and the quantization based
numerical scheme presented in the introduction. Our aim is two-fold: improving the error bounds like
for BSDE on the one hand and, on the other hand, relaxing the Lipschitz continuity on the conditional
densities gy, (in favor of a local Lipschitz continuity assumption with polynomial growth). In particular,
these new error bounds confirm the results obtained in the survey [68] devoted to a comparison between
quantization and particle based numerical methods for non-linear filtering.
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Figure 2: Convergence rate of the quantization error for the multidimensional example. Abscissa axis: the size N =
5, ..., 150 of the quantization. Ordinate axis: The error |Yo — YON | and the graph N — aN ~1/d 4 b, where @ and b are the
regression coefficients. The left hand side graphic corresponds to the dimension d = 2 and the right hand side to d = 3.
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Figure 3: Convergence rate of the quantization error for the multidimensional example. Abscissa axis: the size N =
5, ..., 150 of the quantization. Ordinate axis: The error |Yy — f/ON| and the graph N — aN~14 4 b, where @ and b are the
regression coefficients. The left hand side graphic corresponds to the dimension d = 4 and the right hand side to d = 5.
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6.1 Error analysis

Let us first recall the assumptions made in [S9]] on the conditional transition density functions gz and
the Markov transitions Pj:

(#4) Forevery k € {1,...,n} there exists [g;]Lip, [97]Lip : RIXR? — R such that

/\/‘

ge(@,y, 2" ) — gi(@,9. 2,9 < lorluip (W, ¥) e — | + [gR]Lip (v, )2 — &)

(<) (i) The Markov transition operators Py (z,dz’),k = 1,...,n propagate Lipschitz continuity (in
the sense of Lemma/[3.3)) and
[P]Lip = krriax [Pk]Lip < +00.

=1,..,n

(i1) For every k = 1,...,n, the functions g, are bounded on RYxR9xR¥xR? and we set

K, =  nax gk |loo < +o0.

=1,...,n
We will relax these Lipschitz assumptions into controlled Lipschitz assumptions. Let us consider, for
a fixed non-negative function 6 : R% — R satisfying,

() Vke{l,....n}, EB(Xy) < +oo.

We make the following #-local Lipschitz continuity assumption (which is weaker than (.74))) on
the growth of the conditional transition density functions gy:

(Hiploc) There exists [g3]Liplocs [97] Liploe : RIXRY +— R such that, for every k € {1,...,n},

gk (@, y, 2, y") — gr(&, 5, 2,9)] < lgpluiploc(y, ¥ (1 + 0(x) + 0(2) + 6(2") + 6(2')) |z — 2|
+[9i Liploc (v, ¥) (1 + 0(x) 4+ 0(&) + 0(2') + 0(2')) |2’ — &/|.

A standard situation is the sometimes called Li(1, o) framework when the g, satisfy (J# iploc) With
the function 0 : = — 0(x) = |z|* for an o > 0, namely

() Forevery k € {1,...,n} there exists [g}]pol, [92]pol : RIXR? — R such that

gk(z, v, 2 y) — 9@, 9,2, Y)] < [9h)por(y, ¥) (L + |2|* + 2] + |2/|* + |3|%) |2 — 2
+grlpor (0, ¥ ) (L + [@]™ + &% + [2'|* + [#/]%)]2" — &

When 6 = 0, this framework coincides with the Lipschitz one. To simplify some statement we will
introduce

[gi]Lipr(y7y/) = k{nax [g;ﬂ]LiplOC(yv y/)7 1= 17 2. (62)

=1,...,n

Example. We may consider a model in which the signal process X is a discrete time real valued
(Markov) process and that the observation process evolves as

Y=Y 1+ o(Xk_1) +ocg, 0 >0, & %dN(O, 1), k=1,...,n.

where the function ¢ is bounded, locally Lipschitz continuous but possibly not Lipschitz. In this case,
the conditional density functions g; do not depend on k and read (where &g denotes the c.d.f. of the

N(0;1)) /
ge(z,y,2',y") = ¢o<w).

g
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Thus, if p(x) = sin(z3), then g will be of Li(1, 2)-type. This situation extend to any locally Lipschitz
bounded function ¢ whose derivative has a “f-growth" at infinity.

Then we ask the transitions Py (x, dy) to propagate this f-local Lipschitz property as a counterpart
of (). Let f : RY — R be #-locally Lipschitz with a local Lipschitz coefficient [ f]Lipioc defined by

|f (x) = ()]

i = su < +o0. 63
hinee = 230 (05802 + ) la — )
(Hjoc)  [Plriploc = max [Pglriploc < +00 where [Prlripioc =  sup [P f]Liploc-

]{3:1,...,71 [f]LiplocSl

Remark 6.1. One easily checks that the transition kernels of the Euler scheme with step % (and
Brownian increments) of a diffusion with Lipschitz continuous drift b and diffusion coefficient o have
the #-local Lipschitz property when 6, (x) = |z|%, o > 0.

The following classical lemma is borrowed (and straightforwardly adapted) from [59]] (Lemma
3.1).

Lemma 6.1. Let (1, and 9, be two families of finite and positive measures on a measurable space
(E,E). Suppose that there exist two symmetric functions R and S defined on the set of positive finite
measures such that, for every bounded 0-Lipschitz function f,

[ s = [ 5] <R 92+ S0, (64
Then,
[ fdpy _ [ fddy| _ IRy, 9y) + 51 RiprocS (1y: By)
m(E) 0B | = o BV 0,

In Theorembelow we will consider Assumption (4 iploc) in place of Assumption (.745) (con-
sidered in [S9]) to derive an error bound. This less stringent assumption is compensated by taking
advantage of the distortion mismatch property established in Theorem £.3] More precisely, we will
need that the L®-mean quantization error, for an s € (2,2 + d), associated to any sequence of optimal

(65)

quadratic quantizers at level N still goes to zero at the optimal rate N~ 4.

The following lemma provides a control of the #-local Lipschitz coefficients of the functions
uy k(f) defined recursively by (14).

Note that we drop the subscript related to the observations y in the conditional densities g, as well
as the function f in w, ;(f) to alleviate notations in what follows.

Proposition 6.2. (a) Assume that (%), (F iploc) and (&} 1oc) hold and that, for every k = 1,...,n,
E(0(Xp)| X1 =) < Cpx(1+6(2)). (66)

Let f : RY — RY be -locally Lipschitz function. Then, the functions vy, defined by (T4) satisfy

_ [Pl iptoc — 1 _
mmmmgK;k@xﬁﬁ%gﬂmk+wm£ﬂmmcwMWMnﬁ = n)(67)
1ploc

where kg x = 2Cp x [gl]Liploc + [P]LiPIOC[QQ}Liploc and ||ullee < (Kg)"|| f|loo-
(b) Let (X))k=0.,....n be the Markov chain defined as an iterated random map of the form

Xk:Fk(kalagk)v k=1,...,n (68)
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where (€ )k=1,...n IS an i.i.d sequence of random variables independent of X.

(1) If there exists some p € (0, +00) such that
B(Xo)e IP and  |0(Fi(x.21))], < Cj x(1+6(x)) (69)

then maxy—o, . n ||0(Xg)|p < +o00.
In particular, for p = 1, the chain satisfies the integrability assumption (%) and (66).

(i) If F},(0,1),0(X0) € L? and, for every ke {1,...,n}, x, '€ RY,
|0(Fr(z,1))||, < Cox(1+6(x)) and ||Fy(x,e1) — Fe(2',e1)ll2 < [Frloiplz — 2|, (70)
then both (%) and (4 iploc) are satisfied. To be more precise
Vk=1,...,n, [PglLiploc < max(l, Cé,x)[Fk]z,Lip-
Remark 6.2. Once again the Euler scheme with step % satisfies Assumption (66) with functions
Ou(z) = |2|% a > 0.
Proof. (a) By the Markov property, we have for every k = 0,...,n — 1 and every 2 € R,
up () = B(wr1 (Xis1) 41 (X, Xp1)| Xi = 2) = (Progrur+19511 (2, ) (). (71)
It follows that, for every k£ = 0,...,n — 1, ||ug||oc < Kgl|tk+1]00, SO that,
lurlloo < Ko~ [ flloo
since [|tn oo = || flloo- Let k€ {0, ...,n — 1}; for every z, 2’ € RY,
lu(2) — uk(2')] < [ghsr]Liploc] [ttt lloo (1 + 0(z) + 0(2") + E(0(Xp11)| Xy = )|z — 2
+ [Pett]Liploc[tk+19x+1(2', )]Liptoc (1 + 0(x) + 0(2") ) |v — 2'|.

Now, still forevery k =0,...,n — 1,

g 1(2) g1 (2, 2) = w1 () g (2, )] < gy (2) — w1 (27)|gra (27, 2)

+lge1(2, 2) = g (@', 2)| [ug41(2)]
Kglupt1]uiploc (1 + 0(2) + 6(2)) ]z — 2|

+ [tk 41 ]loo 97 11 ]Liploc (1 + 8(2) + 0(2)) |z — 2|

IN

so that
[uk+19k+1(2", ) Liploc < Kg[tk+1]Liploc + || w11 ]|oo[gh41] Liploc-

Finally, collecting these inequalities, we deduce from Assumption (66)) that, for every k = 0,...,n—1,
[uk]Liploc < (QCo,X[giH]Liploc + [Pr+1]Liploc [g]%Jrl]Liploc) | tk+1]l00 + Kg[Prt1]Liploc[Wk+1]Liploc
< K97X||u/€+1 HOO =+ Kg [P]Liploc [uk-i-l]Liploc-

The conclusion follows by a backward induction (discrete time Gronwall’s Lemma) having in mind
that u, = f.

(b) Claim (%) is obvious. As for claim (iz), let f be a §-locally Lipschitz with constant [ f]yipioc. Then,
forevery z, 2’ € R andevery k = 1,...,n,

|Pf(z) — Pef(2)] = [Ef(F(z,61)) — Ef(Fi(2',€1))|
< [.ﬂLiplocEGFk(x 1) — EFy(2’,e1)|(1 + 0(Fi(z, 1)) + 0(Fr(2', e1) )
< [fILiploc || Fr (2, €1) — Fi(2', 1), (1 + |0(Fr(z,€1))ll2 + [|0(Fr(z,£1))]l2)
< [fuiptocFrl2,Liplz — 2’| (1 + Cp x0(2) + Cp x0(2"))
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where we used Schwarz’s Inequality in the third line, and and in the last line. We deduce that
[Pr]Liploc < (1V Cg’X), forevery k =1,...,n. d

Notice that assumptions (66) and hold when @ is a polynomial convex function and when
(Xk)o<k<n is the Euler scheme (with step % and horizon T') associated with a stochastic differential
equation of the form (21)).

Theorem 6.3. Let (4 ipioc) hold and assume that () o) is fulfilled, as well as assumptions of
Proposition Suppose that for every k = 0, ..., n, Xy has an (2,2 + vy)-distribution (in the sense
ofDeﬁnitionfor some vy, € (0,d), and set Uy, = ming—q ., Vi/2. Then for every v € (0, y,),

(M Kg)? &

[P]Liploc - Kg2

Ty f — Ty f 2 < o2 S e )15 — %420y )
y,n Y,n — n ? 2(1+v
2(y) vV 62 (y) =
where R
tn(y) = mynl and ¢n(y) = Tynl
and )
[P]Ei_lf —1 2[9"Eiproe T [9°]Eip1 2n—k
B(f,y) == ok 2H§,X < ploc : n ploc ploc [P]L(igloc)

with Rg X = QCG,X [gl]Liploc + [P}Liploc [QQ]Liploc and

M, , = 1—|—k7max . (||9(Xk)||2(1+%) + He(Xk)Hz(H%) + ”e(Xk-&-l)Hz(lJr%) + ||9(Xk+1)||2(1+%)>'

=0,...,n—

Let us make few remarks about the assumptions of the theorem before dealing with the proof.

Remark 6.3. (a) If 6 is convex and if all X, are quadratic optimal quantizers, then it is stationary .e.
satisfies Xj, = B(X}, | X,) so that, for every k = 0, . .., n, we have, owing to the convexity of 920+2)
and Jensen’s Inequality, R

10X 214 1) < 10Xk llga 4 1) < H00-

(b) Suppose that (X} )x—0,... » is @ Markov chain of iterated random maps
Xk:Fk(Xk—lvgk)7 k=1,....n,

under the assumptions of Proposition Assume it satisfies the f-local Lipschitz assumption with a

function 6(y) > C|y|* for some real constants C,a > 0. If a > %thyy)d for some v € (0,d), and the

distributions of X}, are absolutely continuous, then, all X}, have an (2, 2 + v)-distribution.

Proof. Like in [39], the proof relies on the backward formulas (I4) and (20) involving the func-
tions w, ,(f) and their quantized counterpart 1, 1, (f) whose final values ©—; and @_; define the un-
normalized filter 7, ,,(f) (applied to the function f) and its quantized counterpart, respectively.

Following the lines of the proof of Theorem 3.1 in [S9], one shows by a backward induction taking
advantage of the Markov property that the functions uy, : R — R, k = 0, ..., n, defined recursively

by satisfy u,, = f and
up(Xy) = Ex (0r1(Xp, Xpr1)) = E(orr1 (Xe, Xpp1) | Xi), k=0,...,n—1 (73)

where
Ort1(Zhs Th1) = Gt1 (Thy Tt 1) Uk1 (Tot1), Th, Thoy1 € R?.
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Finally u_1 = E(uo(Xo)) = my»n(f) (un-normalized filter applied to f). One shows likewise that the
functions y, defined by (20) satisfy @, = f (on the grid I';,) and

(X)) = By (1 (K1) grr1 (X Xp1))s k= 0,...,n — 1, (74)

so that finally @_1(f) = Edo(Xp)) = 7yn(f) (quantized un-normalized filter). One shows like for

the functions wuy, in Propositionthat [ tik]loo < K[| f|loc- Now, using the definition of conditional

expectation I5;, as an orthogonal projection (hence an L2-contraction as well), we have

(X)) — (XI5 = lur(Xe) — B (wn (X)) 13 + 1Ee(wn(Xe)) — (Xe)|13
< Jue(Xe) — Ex(ue(Xe))|I3
k1 (X, X)) — 1 (Xner1) g1 (Xiy Xer1)13 (75)

where we used in the second line the tower property for conditional expectation to show that B (up(X3)) =
Ex(g+1(Xg, Xgt1)) (the o-field o(Xy) C Fi) and the contraction property of .

It follows now from the definition of the conditional expectation Ek() as the best approximation
in L2 among square integrable o (X} )-measurable random vectors that

k(X)) — B (un(X)) 13 < e (Xe) = un(Xi) 13 < [ur]Eiprocll (1 + 0(Xk) +0(X5)) (Xi — Xi)|13-

Let ve (0,1,), so that for every k = 0,...,n, 2(1 + v) < 2 4 1. Holder’s inequality with conjugate
exponentsp, =1 +4+vandg, =1+ % gives

A A~ 2 A~
g (Xk) = B (ur (X)) 3 < [urliploc |1 + 0(X5) + 0(X5) ||, 11Xk — Xkl5150)-
Let us deal now with the second term on the right hand side of and set for convenience

Ak = 1 (Xg, Xpr1) — o1 (K1) grr1 (Xg, Xpor1)-

By the triangle inequality and the boundedness of gj1, we get

1Ak < (k1 (Xeg1) = Gepr (Kir1)) g (Xe, Xeg) |
e 1 (X 1)) (g1 (Xiy Xir) — g1 (X, Xi1))|
< K|t (Xir1) = @t (Xe1) | + et oo | g1 (X Xir1) — gt (X X1

so that
1A&I3 < 2K lwgs1 (Xet1) — @t (X )II3 + 2l k120l 91 (X, Xir1) = g1 (X, X1 13-

It follows from (%’iiploc), Holder (still with p,, and ¢,,) and Minkowski inequalities that

gk+1(Xny Xiv1) — gr1 (Xe, Xr1) 13
[+ 1) iplocE [(1 +O(Xk) + 0(Xk) + 0(Xpr1) +0(Xp1)) | X1 — Xk+1|2}

+19h 1T iplocE [(1 +0(Xy) + 0(Xg) + 0(Xpy1) + H(Xk+1))2|Xk - Xkﬂ :

2 A ~
< (Mk,l/) <[gl2c+1]%iploc”Xk+1 - ‘Xk+1H%(1+l/) + [gli—l-l]%iplocHXk - Xk||%(1+1/))

IN

where My, := 1+ |0(X)ll2q, + [0(X8) 24, + 10(X5+1)ll20, + 10(X511)l2q,
Plugging these bounds in (73)), we finally get that, for every k = 0,...,n — 1,

[k (X)) =i (Xi)lI3 < K lJepr1(Xn1) =i (Kp ) 34| X = Xell31 50y F 811 1 Xnt1 = Xnia 13140
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where K = 2(K,)?

ap = (M) ([uelfipioc + 2l 20k 1)Eiptoc) s 0 <k <n,
. 2
and Br = 2 (Mk,VHukHoo[g]%]Liploc) ) 1<k<n,
(we set uy,+1 = 0 by convention so that «v,, := ([ flLiploc M ,)?). Tt follows by induction that
lwr (Xi) — i (Xp) |13 < Z DIXe = Xell34,), k=0,..,m,
=k

where, using the upper-bound for [u/]yipioc given by (and the definition of k4 x that follows),
Conlfry) = KoK +By), £=0,...,n
= 2 (M) () Tuelipioc + ()" V1 F112 2ok 1 Biptoc + 197 ipc) )

2

[Pliipoe = 1\ 209" ipioc + 9% i1
< 2€+1 MEV K\ 2 H2 iploc + iploc iploc f 2
= ( ) ( !]) ) g,X [P]Liploc_l 2(Kg>2 ” Hoo

+ [P]igglg? [f]%iploc]

(we also used the elementary inequality ab < % (a? + b?), a,b > 0 in the third line). Finally

Tynf — fynf)? = [BEuo(Xo) — Edg(Xo)|?

< luo(Xo) — tio(Xo)|13
2

< ((Kg)nMn,V) (Ry,an”go + S Jl[f]%iploc)

where
iy 2
R _ - 2g+1 52 [P}Eiploc -1 + 2[91]%iploc + [92]%iploc HXé XZH
Y,n — g9,X [P}Liploc 1 2(Kg)2 2(14v)
and "
1 p
Sy:n = 22 + [ Llploc ||X£ XZHQ 1+V

We conclude by Lemma [6.1] O

The previous theorem highlights the usefulness of the distortion mismatch result: it allows to switch
from Lipschitz continuous assumptions on the functions g, into local Lipschitz assumptions.

Remark 6.4. Note that if we consider Assumption (7)) instead of Assumption (% pioc) in Theo-
rem [0.3 we still improve the upper bound established in Theorem 3.1 of [59] since this amounts to
setting # = 0 and replacing everywhere the “[.]iploc" coefficients by [.]rip. Then, like for BSDEs, the
squared global error appears as the (weighted) cumulated sum of the squared quantization errors.

References

[1] K. Bahlali. Existence and uniqueness of solutions for BSDEs with locally lipschitz coefficients. Elect.
Comm. in Probab., 7:169-179, 2002.

32



(2]

(3]

(4]

(5]

(6]

(7]

(8]

[9]
[10]

(11]

[12]

[13]

[14]
[15]

[16]

(17]

(18]

(19]

(20]

(21]

(22]

(23]

[24]

V. Bally. An approximation scheme for BSDEs and applications to control and nonlinear PDEs. Prepubli-
cation 95-15 du Laboratoire de Statistique et Processus de I’ Université du Maine, 1995.

V. Bally and G. Pages. Error analysis of the quantization algorithm for obstacle problems. Stochastic
Processes & Their Applications, 1:1-40, 2003.

V. Bally and G. Pages. A quantization algorithm for solving discrete time multidimensional optimal stop-
ping problems. Bernoulli, 6:1003—-1049, 2003.

V. Bally, G. Pages, and J. Printems. A stochastic quantization method for non-linear problems. Monte
Carlo Methods and Appl., 1:21-34, 2001.

V. Bally, G. Pages, and J. Printems. First-order schemes in the numerical quantization method. Math.
Finance, 13(1):1-16, 2003. Conference on Applications of Malliavin Calculus in Finance (Rocquencourt,
2001).

V. Bally, G. Pages, and J. Printems. A quantization tree method for pricing and hedging multidimensional
american options. Mathematical Finance, 15:119-168, 2005.

C. Bender and R. Denk. A forward scheme for backward SDEs. Stochastic Processes and their Applica-
tions, 117(12):1793-1812, 2007.

C. Bender, N. Schweizer, and J. Zhuo. A primal-dual algorithm for BSDEs. Preprint., 2015.

C. Bender and J. Steiner. Least-squares Monte Carlo for backward SDEs. Numerical Methods in Finance,
12:257-289, 2012.

Y. Z. Bergman. Option pricing with differential interest rates. Review of Financial Studies., 8(2):475-500,
1995.

J. M. Bismut. Conjugate convex functions in optimal stochastic control. J. Math. Anal. Appl., 44:383-404,
1973.

B. Bouchard and N. Touzi. Discrete-time approximation and Monte-Carlo simulation of backward stochas-
tic differential equations. Stochastic Process. Appl., 111(2):175-206, 2004.

N. Bouleau and D. Lépingle. Numerical Methods for Stochastic Processes. Wiley-Interscience, 1993.

P. Briand and C. Labart. Simulation of BSDEs by Wiener chaos expansion. Ann. Appl. Probab.,
24(3):1129-1171, 2014.

P. Briand and C.e Labart. Simulation of BSDEs by Wiener chaos expansion. Ann. Appl. Probab.,
24(3):1129-1171, 2014.

A.-L. Bronstein, G. Pages, and J. Portes. Multi-asset American options and parallel quantization. Methodol.
Comput. Appl. Probab., 15(3):547-561, 2013.

A.-L. Bronstein, G. Pages, and B. Wilbertz. How to speed up the quantization tree algorithm with an
application to swing options. Quant. Finance, 10(9):995-1007, 2010.

G. Callegaro and A. Sagna. An application to credit risk of a hybrid Monte Carlo-optimal quantization
method. The Journal of Computational Finance, 16:123-156, 2013.

J. F. Chassagneux and D. Crisan. Runge Kutta schemes for BSDEs. Annals of Applied Probability,
24(2):2679-720, 2014.

J. F. Chassagneux and A. Richou. Numerical simulation of quadratic BSDEs. Ann. Appl. Probab.,
26(1):262-304, 2016.

E.V. Chernaya. On the optimization of weighted cubature formulae on certain classes of continuous func-
tions. East J. Aprox., 1:47-60, 1995.

D. Crisan, K. Manolarakis, and N. Touzi. On the Monte Carlo simulation of BSDE’s: an improvement on
the malliavin weights. Stochastic Processes and their Applications, 120:1133-1158, 2010.

P. Del Moral, J. Jacod, and P. Protter. The Monte-Carlo method for filtering with discrete-time observations.
Probab. Theory Related Fields, 120(3):346-368, 2001.

33



[25]

(26]

[27]

(28]

[29]

(30]

(31]

(32]

(33]

[34]

[35]

(36]

(37]

(38]

[39]

[40]

[41]

(42]

[43]

[44]

[45]

[40]

F. Delarue and S. Menozzi. A Forward-Backward stochastic algorithm for quasi-linear PDEs. The Annals
of Applied Probability, 16(1):140—-184, 2006.

F. Delarue and S. Menozzi. An interpolated stochastic algorithm for quasi-linear PDEs. Math. Comp.,
77(26):125-158, 2008.

J. Diehl and P. Friz. Backward stochastic differential equations with rough drivers. The Annals of Proba-
bility, 40(4):1715-1758, 2012.

J. Douglas, J. Ma, and P. Protter. Numerical methods for forward-backward stochastic differential equa-
tions. Ann. Appl. Probab., 6:940-968, 1996.

N. El Karoui, S. Peng, and M. C. Quenez. Backward stochastic differential equations in finance. Mathe-
matical Finance, 7(1):1-71, 1997.

C. Geiss, S. Geiss, and E. Gobet. Generalized fractional smoothness and [,-variation of BSDEs with
non-Lipschitz terminal condition. Stochastic Processes and their Applications, 122(5):2078-2116, 2012.

C. Geiss and A. Steinicke. [o-variation of Lévy driven BSDEs with non-smooth terminal conditions.
Bernoulli, 22(2):995-1025, 2016.

A. Gersho and R. Gray. Vector Quantization and Signal Compression. Kluwer Academic Press, Boston,
1992.

E. Gobet and C. Labart. Error expansion for the discretization of backward stochastic differential equations.
Stochastic Processes and their Applications, 117:803-829, 2007.

E. Gobet, J. P. Lemor, and X. Warin. A regression-based Monte Carlo method to solve backward stochastic
differential equations. Ann. Appl. Probab., 15(3):2172-2202, 2005.

E. Gobet, G. Liu, and J. Zubelli. A non-intrusive stratified resampler for regression Monte Carlo: applica-
tion to solving non-linear equations. Preprint. HAL Id: hal-01291056, 2016.

E. Gobet, J. Lopez-Salas, P. Turkedjiev, and C. Vasquez. Stratified regression Monte-Carlo scheme for
semilinear PDEs and BSDEs with large scale parallelization on GPUs. SIAM Journal on Scientific Com-
puting, 38(6):C652-C677, 2016.

E. Gobet and A. Makhlouf. [o-time regularity of BSDEs with irregular terminal functions. Stochastic
Processes and their Applications, 120:1105-1132, 2010.

E. Gobet and S. Pagliarani. Analytical approximation of BSDEs with nonsmooth driver. SIAM Journal on
Financial Mathematics, 6(1):919-958, 2015.

E. Gobet and P. Turkedjiev. Approximation of backward stochastic differnetial equations using Malliavin
weights and least-squares regression. Bernoulli, 22(1):530-562, 2016.

E. Gobet and P. Turkedjiev. Linear regression MDP scheme for discrete backward stochastic differential
equations under general conditions. Mathematics of Computation, 85:1359-1391, 2016.

S. Graf and H. Luschgy. Foundations of Quantization for Probability Distributions. Lect. Notes in Math.
1730. Springer, Berlin., 2000.

S. Graf, H. Luschgy, and G. Pages. Distortion mismatch in the quantization of probability measures.
ESAIM Probab. Stat., 12:127-153, 2008.

S. Hamadene. Equations différentielles stochastiques rétrogrades: le cas localement lipschitz. Ann. Inst.
Henri Poincaré, 32(5):645-659, 1996.

P. Henry-Labordere, X. Tan, and N. Touzi. A numerical algorithm for a class of BSDEs via the branching
process. Stochastic Process. Appl., 124(2):1112-1140, 2014.

Y. Hu, D. Nualart, and X. Song. Malliavin calculus for backward stochastic differential equations and
applications to numerical solutions. The Annals of Applied Probability, 21(6):2379-2423, 2011.

Y. Hu and S. Tang. Multi-dimensional backward stochastic differential equations of diagonally quadratic
generators. Stochastic Process. Appl., 126(4):1066—-1086, 2016.

34



[47]

(48]

[49]

(50]

[51]

[52]

(53]

[54]

[55]

[56]

[57]

(58]

[59]

(60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

C. llland. Contréle stochastique par quantification et application a la finance. PhD thesis, Université
Pierre et Marie Curie, 2012.

I. Kharroubi and R. Elie. Adding constraints to BSDEs with jumps: an alternative to multidimensional
reflections. ESAIM, Probability and Statistics, 18:233-250, 2014.

I. Kharroubi, M. Jin, H. Pham, and J. Zhang. Backward SDEs with constrained jumps and quasi-variational
inequalities. The Annals of Probability, 38(2):794-840, 2010.

M. Kobylanski. Backward stochastic differential equations and partial differential equations with quadratic
growth. Annals of Probability, 28:558-602, 2000.

J.-P. Lepeltier and J. San Martin. On the existence of BSDE with superlinear quadratic coefficient. Stochas-
tics and Stochastic Report, 63:227-240, 1998.

H. Luschgy and G. Pages. Functional quantization rate and mean regularity of processes with an application
to Lévy processes. Annals of Applied Probability, 18(2):427-469, 2008.

H. Luschgy and G. Pages. Marginal and Functional Quantization of Stochastic Processes. book, in
progress.

J. Ma, P. Protter, and J. Yong. Solving forward-backward stochastic differential equations explicitly-a four
step scheme. Probab. Theory Related Fields, 98:339-359, 1994.

J. Ma and J. Yong. Forward-Backward Stochastic Differential Equations and their Applications. Lect.
Notes in Math. 1702. Springer., 2007.

H. Mete Soner, N. Touzi, and J. Zhang. Wellposedness of second order backward SDEs. Probab. Theory
Relat. Fields, 153:149-190, 2012.

G. Pages. A space vector quantization method for numerical integration. J. Computational and Applied
Mathematics, 89:1-38, 1998.

G. Pages. Introduction to optimal vector quantization and its applications to numerics. ESAIM Proc. &
Survey, 48:29-79, 2015.

G. Pages and H. Pham. Optimal quantization methods for nonlinear filtering with discrete time observa-
tions. Bernoulli, 11(5):893-932, 2005.

G. Pages and J. Printems. Optimal quadratic quantization for numerics: the gaussian case. Monte Carlo
Methods and Applications, 9(2):135-165, 2003.

G. Pages and B. Wilbertz. Numerical Methods in Finance, chapter Optimal Delaunay and Voronoi Quanti-
zation Schemes for Pricing American Style Options, pages 171-213. Springer Proceedings in Mathematics,
2012.

G. Pages and J. Yu. Pointwise convergence of the Lloyd I algorithm in higher dimension. SIAM J. Control
Optim., 54(5):2354-2382, 2016.

E. Pardoux. BSDEs, weak convergence and homogenization of semilinear PDEs. Nonlinear Analysis,
Differential Equations and Control, NATO Science Series, 528:503-549, 1999.

E. Pardoux and S. G. Peng. Adapted solutions of backward stochactic differential equation. Systems and
Control Letters, 14:55-61, 1990.

E. Pardoux and S. G. Peng. Backward stochastic differential equations and quasilinear parabolic partial
differential equations. Lecture Notes in CIS, 176:200-217, 1992.

H. Pham, W. Runggaldier, and A. Sellami. Approximation by quantization of the filter process and appli-
cations to optimal stopping problems under partial observation. Monte Carlo Methods and Applications,
11:893-932, 2005.

M. J. Ruijter and Oosterlee C.W. A Fourier cosine method for an efficient computation of solutions to
BSDEs. SIAM J. Sci. Computation, 37(2):859-889, 2015.

A. Sellami. Comparative survey on nonlinear filtering methods: the quantization and the particle filtering
approaches. Journal of Statistical Computation and Simulation, 78(2):93-113, 2008.

35



[69] P. Turkedjiev. Two algorithms for the discrete time approximation of Markovian backward stochastic
differential equations under local conditions. Electron. J. Probab., 20(50):DOI: 10.1214/EJP.v20-3022,
2015.

[70] J. Zhang. A numerical scheme for BSDEs. Ann. Appl. Probab., 14(1):459-488, 2004.

[71] W. Zhao, Y. Fu, and T. Zhou. New kind of high-order multi-step schemes for forward backward stochastic
differential equations. SIAM J. Sci. Comput., 36(4):A1731-A1751, 2014.

A Proof of Theorem 3.1

Proof of TheoremB.IlL STEP 1. Temporarily set for convenience 5 = t51 for s€ [tg, tx+1). Apply-
ing It6’s formula we have

T T T
e Ty2 = eath2+/ aeaszds—i—Q/ easstYS—l—/ €| Zy|2ds
t t t
_ oty / e [aT? 4 |2y + 2o f (s, KXo, Eg(Va), Co)] ds + 2 / ¢ Z,dW,.

t t

As f is Lipschitz continuous in (¢, z, y, z), it is straightforward, setting C(f) = [f]vip +1//(0,0,0,0)],

that

Vte[0,T], V(z,y,2) € R x R x RY, |f(t,2,y,2)| <C(/)A+ x| + [yl +|2]).  (76)

Then, it follows that

T T
eTY2 < eath2+/ e [aY2+|Zs|* +2Y,C(f) (14| Xs|+ | Es( 5)]+|C5|)]ds+2/ e Z AW,
t t

Owing to Young’s inequality (ab < % + %, for every § > 0 and a,b > 0) we get

T T T
ely? < Ty - a/ e |Y,|?ds —/ ™| Zs|%ds +9C’(f)/ e“Y2ds
t t t

C T 5 > ey
+ ED [ cona X+ BT+ 1P —2 [ ez,
t t

T T
< eTYE 4+ (00(f) — a)/ €Y 2ds — / €| Zs|2ds
¢ t
C T B 5 T _
+ (Hf) / e (1+ ‘X§|2 + |Eq( g)‘Q + ‘C§‘2)ds — 2/ e** ZsdWs.
t t

After choosing av and 6 such that 0C'(f) — a < 0, we take the expectation in both sizes of the previous
inequality and use the fact that E|IE(Yz)|> < E|Y5|? (owing to conditional Jensen inequality) to get

T T
BT + [ eBIZRs < TEER) + S [T e B 4 B2 + EIGPds
t t

Owing to the fact that E(sup,¢o 11 |X,|?) < Cx(1+ E|X(|?) and setting ¢ = tj, we have

C(f) (e“T — e

: + Cx(1+BIXo )

T
eatkE(YtiH/t eVE|Z2ds < e“TE(YE) +
k

n—1 T
C - C
+ i) § e EY,,,, |* + (Hf)/ e || ds.
ty

0 l=k
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On the other hand, we have

~ 1 toyr ~ tot1
G, = Eg/ Zds, so that by Jensen’s inequality, |(;,|* < Eg/ | Z|?ds.  (77)
n

At S A,

It follows that

T 1 n—l oty toy
/ e®E|C,[2ds < 2EZ/ ew(/ |2, du>
tr An =k ty
-1 tor1 An -1 T B
< EZ/ €| Zy[Pdu = / e B| Z,|*du.
ty alp ti

Since e*?n — 1 < aA,e*®n, we have

G et B o (14 m1 X 2)

T
eatk]E}/}k\2+/ eE|Zs|*ds < e“TE|Y7|? +
s 90& 9

n—1 T

AC - C -

+ g(f) § eate+lED/;ﬁg+1 ‘2 + (Hf) eocAn /t eaSE‘ZuIQdS.
l=k k

Now, let us choose 6 so that %eO‘A” < 1. Owing to the fact that 6C(f) < «, this implies that
C(f)e*?n < 6 < &(py- This constraint holds true if e An < C(f) Taking a > C(f)?(T v 1) and

owing to the fact that e*®» — 1 as n goes to infinity we may consequently choose 6 € (C (f)(e*Pn v

T), ol )) for every n > ng € IN. Setting

C(l,l) — eaTE’YTF—l— Cfg(@f) eaT+ C(Hf) CX(1+E|X0|2), 0(1,2) _ C(Qf) and 0(1,3) — C(ef) eaAn’

it follows that, for every n > ng,

T n
e E|Y;, 2 + (1 - 013) / e B|Z,?ds < CWD 4 ACT2) N MR, 2. (78)
b (=k+1

In particular we have E|Y|? = E¢2 < ¢ and

MRV, P < WY 4 A0 N MR, 2, VEe{0,...,n— 1} (79)
l=k+1

Since § > TC(f) then TC'"?) < 1 and we may show by induction that if A > CD /(1 — TC(1:2))
then ) )
sup e“*E|Y;, |2 < A so that sup E[Y;, |2 < A.

=0,...,n k=0,...,n
Now, setting £ = 0 in we get
C(l,l) n—k 0(1,2) C(l,l) 0(1,2)

T
SE| Z|2ds < < .
ig%/o B ds < T Eae T rmeaw T S 1aus T ana T

Furthermore, since ]th AL]E ftk+1 | ZS|2 ds (see (TT)). we deduce that
n— ~ 9 tk+1 ~ 9 14
An S EIG, < / E|Z.%ds < C09
— ty
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where C(14) is a positive real constant not depending on n.

STEP 2. We show that Y satisfies

Vte [O,T], ED;; — Y/HQ < Cb,a,f,T|t —tl, Cb,a,f,T > 0.

In fact, we have for every t € [t, tg+1],

t
}/t - }/tk - (t - tk)f(tkuthvE(}/lfk+1|Ftk)7Ctk) +/ stws-

tg

Then, using Assumption yields

t
E|Y; = Y3, [ <8C(f)*(t — t,)* (1 + E| Xy, |* + BV, | + E|¢, [°]) +2 / E| Z|*ds.

tg

Now, thanks to the previous step we know that

sup E|Z,> < 400, sup E|V;|> <400 and sup sup B¢, |2 < +oo.
s€[tk,t] ke{0,...,n} n>1ke{0,...,n}

We also know that sup,,~; Supyco,... n} E|X;, |? < +oo. As a consequence, there exists a positive real
constant Cy, . r 7 such that for every ¢t € [ty, tip11],

Vte [tk,tk+1], E‘fft—ﬁkﬁ Scb’g’fj’t—tkh k:O,...,n—l.

STEP 3. Let ¢t € [0, T. It follows from Itd’s formula that

T
€at‘Y;f—Y;€’2 = 2/€a5(}/;_}/;)(f(87X571/;7Z8)_f(87XS7]ES( 5)7 §>)ds
t
T 5 T _ T 5
—a/easyYS—YSst—/ eas|ZS—ZS|2ds+2/ e (Zy — Zs)dW,
t t t
T - _ . ool
< 2 [ (flupl¥e - V(A2 41X, - P + Y. — Eu(T)P + 12, - L) b
t
T 5 T 5 T 5
—a/eo‘8|Ys—Y52ds—/ eO‘S|Zs—Zs|2ds—|—2/ e (Zs — Zs)dWs.
t t t

Using the Young inequality: ab < gaQ + %bQ, VO > 0, yields
- T - 1 _ - -
Y = Vi < [fluip [ e (61, = Vo o+ (A2 + X, = X o+ |V, — BulTo)P 412, - &) ) ds
t
T ~ T ~ T ~
—a/ eV, — Y, |2ds — / eS| Zs — Zg|*ds + 2/ e (Zs — Zs)dWs. (80)
t t t

The stochastic integral on the right hand side of the previous inequality is a martingale since both Z
and Z lie in L2([0, T] x §2, dt ® dPP). On the other hand, owing to the error bound for the Euler scheme
and the fact that X is an It6 process, we get

E|X, — X > < 2(CBYE|X, — X 2 + CBIE|IX, — X,°) < CBIA,,

for some positive real constants C31) C(32) and C33), Then, taking the expectation in and
using the fact that 3 ~ ~ _
E|Y; — Es(Ys) < 2E|Y; — Vi + 2E[Y; — Eo(¥)P?
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yield

~ T - 9 T -
E(eatD/t—YVtQ—F/easZS—ZSIQdS) S (_()é+[f]Llp(9+))/BQSED/S_Y;FdS
t t

0
[flup (T =™ (3,3) Tas Y O |2 Tas =12
+ ” (A7 + CPIA,) +2 [ e*ElY, — Ey(Ys)[?ds + [ e*E|Zs — (s[ds) . (81)
t t

We notice that for every k& € {0,...,n — 1} and for every s € [tg, tk+1),

- 1 th+1 trt+1 _
(s = ]Ek/ Zsds € arg min ]Ek/ | Z, — a|*ds
th t

= A, agFy, k
and
1 tea1 trt1 9
(s = Ek/ Zsds € arg min ]Ek/ |Zs — al“ds,
S ATL t ag]—'tk th

where a€ F¢, means that a is an R?-valued ¢, -measurable random vector. Then, using the inequality
Ei|Zs — (s[* < 2Eg|Zs — (s* + 2Eg|¢s — (5[ we get

tet1 5 tet1 tht1 -
/ eV Ey| Zs — C2ds < 2 / eV Ey| Zs — Cs|2ds 4 2 / e E|Cs — % ds (82)
tk ty 23
Tt ) 9 Tt Tkt - 2
< 2/ easEk|Zs — Zé‘ ds + A2/ easEk‘Ek/ (Zu - Zu)du ds.
tk n tk tk

Now, owing to the Cauchy-Schwarz inequality, we have

te41 tret1 ~ 2 te41 trt1 -
/ easEk‘]Ek/ (Zu—Zu)du‘ ds < An/ easdsIEk/ \Zo — Zu|2du
tr tr tk 7%
al t
n _ 1 k+1 ~
_ Anee“tkEk/ \Zo — Zu|2du
« th

eO‘A” -1 trt1 ~
< An]Ek/ e’ Zy — Zu|2du.
« t

k

Consequently, taking the expectation in (82)) leads to

Tt N th+1 e®An _ 1 [l N
/ e E|Zs — (|*ds < 2/ e E|Zs — Z,|*ds + 2/ e B| Zy — Zy|*du
tk B ti B O[An tr

Coming back to Inequality (8T) and setting o = c(#) = [f]Lip (60 + 3) yields

T ) T - -
E(eatm AL / €| Z, — Zs\2d3> < [“f]&Llp(Aan,mT n 2/ e E|Y, — E,(Vs)|2ds
t t
eOzAn -1 T B
42— / e E|Z, — Z,|*du
al\, t

T
+ 2/ ¢*E|Z, — Zﬁdes).
t

Owing to Step 2, we have for every t € [0, 77, E|§~/t — )7;\2 < Cpo, 1 7(t —t) with Cp 5 57 > 0 so that,
using the conditional Jensen inequality we get

E|Y, — E,(Ys)|* < 2E[Y; — Yof* + 2E[E, (Y, — Y3)[?
< 2B|Y, - Vi + 2BIY, - Vi
< 4Ch 6,170,
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. alp_
As a consequence, using that eaTnl < *Bn_we have
n

T ) T -
]E(eatm A +/ €| Z, — ZS\st) < m;p (AnCé,a,f,T + 2e0n / e E|Z, — Zu|*du
t t

T
+ 2/ S| Z, — Z§]2ds).
t

Letfe [4[f]Lip; G[f]Lip] . Then

Q[f]eLipeo‘A" < %GXP ([f]Lip([ﬂ%ip + *)An>

[.ﬂ Lip

3
so that, for large enough n, say n > ny, 2T60‘A” < 1 since A,, — 0. It follows that

5 1 T B T t -
E(eatm - Yi|* + 4/ | Zs — ZS|2ds) < cG4) <An + / e E|Zs — Zs|*ds + /eO‘SE|Zs - Zs|2ds> :
t

t t

In particular, for every k = 0,...,n, as ty = ty,

T
E|Y;, — Y, | < ¢cGY <An + /t e B|Zs — ZS|2ds>

k

IN

T
C35) ol (An + / E|Z — ZS|2ds> .
0
Now, setting k = 0 yields likewise
T ~ T
JE( / €| Z, — Zsy%zs) < B9 <An +eoT / E|Z, — ZS\2ds> :
0 0

which completes the proof since one can always satisfy this inequality forn = 1,.. ., ng, by increasing
the constant C'(3:6)

O]
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