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Improved error bounds for quantization based numerical
schemes for BSDE and nonlinear filtering

GILLES PAGES * ABASS SAGNA T #

Abstract

We take advantage of recent (see [31, 49]) and new results on optimal quantization theory to
improve the quadratic optimal quantization error bounds for backward stochastic differential equa-
tions (BSDE) and nonlinear filtering problems. For both problems, a first improvement relies on a
Pythagoras like Theorem for quantized conditional expectation. While allowing for some locally
Lipschitz functions conditional densities in nonlinear filtering, the analysis of the error brings into
playing a new robustness result about optimal quantizers, the so-called distortion mismatch prop-
erty: L"-quadratic optimal quantizers of size N behave in L® in term of mean error at the same
rateN‘é,O <s<r+4d.

1 Introduction

In this work we propose improved error bounds for quantization based numerical schemes introduced
in [4] and [47] to solve BSDEs and nonlinear filtering problems. For BSDE, we consider equations
where the driver depends on the “Z” term (see Equation below) and for nonlinear filtering, we
extend existing results to locally Lipschitz continuous densities (see Section[6). For both problems, we
also improve the error bounds themselves by using a Pythagoras like theorem for the approximation
of conditional expectations introduced in [49] (see also [46]). These problems have a wide range of
applications, in particular in Financial Mathematics, when modeling the price of financial derivatives
or in stochastic control, in credit risk modeling, etc.

BSDEs were first introduced in [9] but raised a wide interest mostly after the extension in work [52].
In this latter paper, the existence and the uniqueness of a solution have been established for the follow-
ing backward stochastic differential equation with Lipschitz continuous driver f (valued in R%) and
terminal condition &:

T T
Yt=5+/ f(s,Ys,Zs)ds—/ ZdW,  0<t<T, ()
t t

where W is a ¢g-dimensional brownian motion. We mean by a solution a pair (Y}, Z;);<7 (valued in
R x R%*%) of square integrable progressively measurable (with respect to the augmented Brownian
filtration (F;):>0) and satisfying Equation . Extensions of these existence and uniqueness results
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have been investigated in more general situations (less regular drivers f (see [23] for driver having a
little regularity in time, called rough path driver, [[1},[32]] for locally Lipschitz driver, [38] for quadratic
BSDEs and [39] for super-linear quadratic BSDEs), randomized horizon (see [51]]), introduction of
Poisson random measure component subject to constraints on the jump component (see [37, 36]),
extension to second order BSDEs (see [44])).

Since the pioneering work [25] in which the link between BSDE and hedging portfolio of European
(and American) derivatives has been first established, various other applications have been developed,
as risk-sensitive control problems, risk measure theory, etc.

However, even if it can be established in many cases that a BSDE has a unique solution, this
solution admits no closed form in general. This led to devise tractable approximation schemes of the
solution. In the Markovian case (see (2) below) for example, where the terminal condition is of the
form £ = h(Xr) for some forward diffusion X, a first numerical method has been proposed in [24]
for a class of forward-backward stochastic differential equations, based a four step scheme developed
later on in [42]].

In [57]], a numerical scheme for BSDEs with possible path-dependent terminal condition has been
investigated. Many others approximation methods of a solution of some classes of BSDEs such as
coupled BSDE, Reflected BSDE, BSDE for quasilinear PDEs, BSDE applied to control problems or
nonlinear PDEs, etc, have also be considered (we refer for e.g. to [2} 16} 17, [22]]). Note in fact that
in [17], the authors consider a slightly modified usual dynamical programming equation to propose a
numerical approximation of (I) when the generator f has a quadratic growth with respect to z. They
investigate the time discretization error and use optimal quantization to implement their algorithm.
However, they do not study the induced quantization error.

In the present work, we consider the following decoupled Markovian BSDE,

T T
Yt:§+/ f(s,Xs,Ys,Zs)ds—/ Z,-dW,, te[0,T), )
t t

where W is a g-dimensional Brownian motion, (Z;);c[o,7] is a square integrable progressively measur-
able process taking values in R? and f : [0, 7]xR% xRxRR? — R is a Borel function. We suppose a
terminal condition of the form ¢ = h(Xr), for a given Borel function i : R? — R, where X7 is the
value at time 7" of a Brownian diffusion process (X;):>0, strong solution to the SDE:

t t
X, =z +/ b(s, X,)ds +/ o(s,Xs)dW,,  xeR% (3)
0 0

In this case, the approximating methods of the solution of the BSDE are written (for a given time
discretization at instants ty = 0, ...,t, = T) as a functional of the paths of (X;, )r—o, . » and involve
in particular conditional expectations IE(gx+1(X,.,)|X¢,), where gj1; is a known function. The
sequence (X, ,, Jo<k<n is either a “sampling" of the diffusion X at times (¢1)o<r<n Or, most often, a
discretization scheme of (X¢):>0, typically the Euler scheme, when the solution of (@) is not explicit
enough to be simulated in an exact way.

In this paper, we consider an explicit time discretization scheme where the conditioning is per-
formed inside the driver f (see also [35]). It is recursively defined in a backward way as:

Y, = h(X,) )
Y;‘,k — ]E(}/Vtk;+1’ftk)+Anf(tk7th7]E(}/vtk+l|ftk),<tk)7 k:O,...,TL—]., (5)

. . 1
with G = F BV Wiy = W)l ) (6)

n

The process (Xt, )k—o,...n is the discrete time Euler scheme of the diffusion process (Xt)ejo,r) with
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step A, = %, recursively defined by
th - thfl + Anb(tk—letkq) + o (tk-1, th—l)(Wtk -Wiy_), k=1,...,n, Xo =z

Under some smooth assumptions on the coefficients of the diffusions one shows (see Theorem [3.1]
further on for a precise statement, see also [10]) that there is a real constant Cj, , 7 > 0 such that, for
everyn > 1,

T
max E’)/tk - }/%k|2 +/ E|Zt - Zt|2dt < Cb’g’ﬁTAn,
ke{0,...,n} 0

where Z = Z(") comes from the martingale representation of >_7_, Vi, — E(Y;, | F,_,)-

At this stage, since the scheme (@)-(5) involves the computation of conditional expectations for
which no analytical expression is available, its solution (}7, ¢ ) has in turn to be approximated. A
possible approach is to rely on regression methods involving the Monte Carlo simulations (see e.g. [10,
28]]). Other method using on line Monte Carlo simulations has been developed in a Malliavin calculus
framework (conditional expectations are “regularized” by integration by parts from which “Malliavin”
weights come out, see [[10} [19) 134]]). New approaches have been proposed recently: a combination of
Picard iterates and a decomposition in Wiener chaos (see [12]]), a “forward" approach in connection
with the semi-linear PDE associated to the BSDE (see [33]), an analytic approach in [29].

In this paper, we go back to the optimal quantization tree approach originally introduced in [J5]]
(in fact for Reflected BSDEs) and developed in [4, 3l |6]. This approach is based on an optimally
fitting approximation of the Markovian dynamics of the discrete time Markov chain (X}, )o<x<n (or a
sampling of X at discrete times (tj)x—o,... ,) With random variables having a finite support. However,
we consider a different quantization tree (or quantized scheme) defined recursively by mimicking (4)-
(3) as follows:

Y, = h(Xy) ()
}/tk = Ek (}/;‘,kJrl) + Anf(tkv th- ) Ek(Yt;H,l )7 Ctk) (8)
. ~ 1 - ~
with G = ~Ee(Yy AWy 1), k=0,...,n—1,

A

where AWy, = Wy, — Wy, ), = E(- |th), and th is a quantization of th on a finite grid
I, i.e., th = qx(Xy,), where gy : RY — T}, are Borel functions, k = 0, ...,n. This is an explicit
inner scheme in the sense that the conditioning is performed inside the driver f in contrast with what
is usually done in the literature (where implicit or outer explicit schemes are in force). This scheme,
though quite natural seems not to have been extensively analyzed (see however [35]]), is well designed
to establish our improved rates with quite satisfactory numerical performances. Our objective here is
two-fold: first include the Z term in the driver and to dramatically improve the error bounds in [3} 6],
especially its dependence in the size n + 1 of the time discretization mesh.

So, the question of interest will be to estimate the quadratic quantization error (IEZDNQ p Y, X |2)1/ 2
induced by the approximation of f@k by ?}k forevery k = 0,...,n, where Ytk is the quantized version
of Y; . given by (7)-(8). Under more general assumptions than [4} 5]], we show in Theorem (a) that,
at every step k of the procedure,

n
Hfftk - YtkH; < Zf{iHXti - Xti
i=k

: ©)

for positive real constants I~(Z- depending on ¢; and T" and on the regularity of the coefficients of b, o
and the driver f which remain bonded as n 1 +oco. The presence of the squared quadratic norms
on both sides of (9) improves the control of the time discretization effect, compared with [4, 3] in



which error bounds of the form ||Y;, — Vi, |, < S, Ki||X:, — Xy,||, are established for p €
[1,400). In fact, we switch from a global error (at t = 0) of order n X maxo<g<n || Xt, — th\\g
t0 /1 X maxo<k<n || Xt, — Xi, ||l2. As for the (root of the) integrated mean squared hedging error in
Theorem (b), we switch from n? x maxo<g<n || Xe, — Xz, ll2 to n x maxocp<n || Xe, — Xt l2-
This theoretical improvement confirms the results of numerical experiments first carried out in [6]
though it was in a less favourable framework (with reflection). They were then extensively investi-
gated in [14} 13] (for American options) to devise a a Romberg extrapolation combining two time
discretization steps which dramatically improves the performances of such schemes.

We notice here that other quantization based discretization schemes have been devised, especially
for Forward-Backward BSDE (see [21]]) where the diffusion and the BSDE are fully coupled (including
the Z in the driver) where the grids 'y, are the trace of 8Z% (§ > 0) on an (expanding compact as t,
grows). In contrast the Brownian increments are replaces by optimal quantization of the N(0; I)-
distribution. But the obtained resulting error bound for the scheme are not of the improved form (9).
A multistep approach based on two reference ODEs from the computation of conditional expectation
has been developed in a similar framework (coupled and uncoupled) in [58]].

In the second part of the paper, we first propose (Section [)) a short background on optimal vec-
tor quantization, enriched by a new result, namely Theorem [4.3] which essentially solves the-called
distortion mismatch problem. By distortion mismatch we mean the robustness of optimal quantiza-
tion grids. An optimal (quadratic) grid I'y for the distribution of a random vector X is such that
| X = Projr (X)|lz2 = en2(X) := inf {||X — ¢(X)|2, ¢ : R = R? card(Ty) < N} where
Projr,, denotes a (Borel) nearest neighbor projection on I'y. It exists for every size (or level) N > 1
as soon as X € L? and it follows from Zador’s Theorem that ey 2(X) ~ c(X)N_é as N — +oo
(see Section [] for details). The distortion mismatch property established in Theorem [4.3] states that,
for every s € (0,d + 2), limy Ni | X — Projr, (X)||s < +o0. This result holds whenever X € L°
with a distribution satisfying mild additional property. This theorem extends first results established
in [31]] for various classes of absolutely continuous distributions. This robustness property is the key of
the second kind of improvement proposed in this paper, this time for quantization based schemes for
non-linear filtering investigated in the third part. In Section[5|we propose numerical illustrations using
optimal quantization based schemes for various types of BSDEs which confirm that the improved rates
established in the first part are the true ones.

In this third part of the paper (Section [6]), we consider a (discrete time) nonlinear filtering prob-
lem and improve (in the quadratic setting) the results obtained in [47]]. Firstly, we relax the Lipschitz
assumption made on the conditional densities then we provide new improved error bounds for the quan-
tization based scheme introduced in [47]] to numerically solve a discrete filter by optimal quantization.

In fact, we consider a discrete time nonlinear filtering problem where the signal process (X)x>0
is an R%-valued discrete time Markov process and the observation process (Y)g>o is an R9-valued
random vector, both defined on a probability space (2, A, P). The distribution p of X is given, as
well as the transition probabilities Py, (z, dz’) = P(X}, € dz'|Xj_1 = x) of the process (X )x>0. We
also suppose that the process (X, Y% )r>0 is a Markov chain and that for every k > 1, the conditional
distribution of Yy, given (Xj_1, Y1, Xi) has a density gx(Xy_1, Yi—1, Xk, -). Having a fixed obser-
vation Y := (Yo, ..., Yn) = (yo,. .., yn), for n > 1, we aim at computing the conditional distribution
II, , of X;, given Y = (yo,...,yn). It is well-known that for any bounded and measurable function
f, IL, , f is given by the celebrated Kallianpur-Striebel formula (see e.g. [47])

7"'y,nf

Hy7nf = T 1
y,n

(10)
where the so-called un-normalized filter 7, ,, is defined for every bounded or non-negative Borel func-
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tion f by
Wy,nf = E(f(Xn)Ly,n)
with
n
Lyn = [ 90(Xk-1. yr—1, X )-
k=1
Defining the family of transition kernels Hy , k = 1,...,n, by

Hy o f(x) = B(f(Xk)gr (@, yr—1, Xk, yp) [ X1 = @) (a1

for every bounded or non-negative Borel function f : R? — R and setting

Hyof(z) = E(f(Xo)),

one shows that the un-normalized filter may be computed by the following forward induction formula:

7Ty,kf = 71-y,k:—lj{y,kﬁ k=1,...,n, (12)

with 7, o = H, o. A useful formulation, especially to establish error bound for the quantization based
approximate filter is its backward counterpart defined by setting

Tynf =ty —1(f)

where u,, 1 is the final value of the backward recursion:

uy,n(f)(x) = f(x>7 uy,kfl(f> = Hy,kuy,k(f)7 k= 07 <y N (13)

In order to compute the normalized filter II, ,,, we just have to compute the transition kernels H,, ;. and
to use the recursive formulas (12)) or (I3). However these kernels have no closed formula in general so
that we have to approximate them. Optimal quantization based algorithms for non linear filtering has
been introduced in [47] (see also [54, (15} 147, 156] for further developments and contributions). It turned
out to be an efficient alternative approach to particle methods (we refer e.g. to [20]] and the references
therein which rely on Monte Carlo simulation of interacting particles) with owing to its tractability.
For a survey and comparisons between optimal quantization and particle methods, we refer to [56]).
The quantization based approximate filter is designed as follows: denoting for every k = 0,...,n
by Xi a quantization of X, at level Ny by the grid I'y, = {:n,lg, e ,:v]kv’“}, we will formally replace
X in li or by Xk Asa consequence the (optimally) quantized approximation 7, of my ,
is defined simply by the quantized counterpart of the Kallianpur-Striebel formula: we introduce every
bounded or non-negative Borel function f : RY — R the family of quantized transition kernels fIy’k,

k=0,...,n,by Hyof(z) = E(f(Xo)) and

Hypf(@h ) = BF(X0)gr@h 1,1, Xp yp) | Xe1 = 25_1), k=1,...,n. (14

Ny
1 . L

= 3D HhfED), i=1,.. Ni (15)

j=1
with — H?, = gi(h_y, yk-15 2 yk) By (16)
and P = P(Xp=al|Xp 1 =al ) i=1,... . Ny 1,j=1,...,Np. (17

Then set

ﬁ-y,k = 7AI‘y7k_1Hy7k, k= 1, ey Ny and 7AI'y70 = Hy,O (18)



or, equivalently,
Ny, Ng-1
A o~ . ; X A -] 7ij —
Ty ke = Z”m% with Ty = Z Wy’k_l.Hy’k, k=1,....n
i=1 j=1

and 79 = SN0 ]365% with p = P(Xo = 7)), i = 1,..., Ny. As a final step, we approximate the
normalized filter IL, ,, by IL, ;, given by

. Fonf O . .y 7l

Uy, f = 2" = E I, f(z) with II', = —2"— i=1,...,N,.
T 1 ’ Y Nn A~J
y,m i=1 Zj:l Ty,n

One shows (see [47]) that the un-normalized quantized filter may also be computed by the following
backward induction formula, defined by

Tynf = ly,-1(f)

where 1,1 is the final value of the backward recursion:

A~

ﬂy,n(f) = f on Fn, ’LALka_l(f) = Hy,kﬂy,k(f) on Fk, k= 0, ey (19)

Our aim is then to estimate the quantization error induced by the approximation of I, ,, by ﬂym-
Note that this problem has been considered in [47] where it has been shown that, for every bounded
Borel function f, the absolute error |IT,, ,, f — f[y,n f] is bounded (up to a constant depending in particu-
lar on n) by the cumulated sum of the L”-quantization errors || X}, — Xz ||y, k& = 0, ..., n. In this work,
we improve this result in the particular case of the quadratic quantization framework (i.e. 7 = 2) in two
directions. In fact, we first show that, for every bounded Borel function f, the squared-absolute error
[y f — ﬂy,n f|? is bounded by the cumulated square-quadratic quantization errors || X} — X2 from
k = 0 to n similarly to what we did for BSDEs inducing a similar improvement for dependence in n
of the error bounds (i.e. the time discretization step 1/n if (X})x>0 is a discretization step of a diffu-
sion). Once again, this confirms numerical evidences observed in [47,6]. Secondly, we show that these
improved error bounds hold under local Lipschitz continuity assumptions on the conditional density
functions g, (instead of Lipschitz conditions in [47]). The distortion mismatch property established in
Theorem [4.3]is the key of this extension.

The paper is divided into three parts. The first part is devoted to the analysis of the optimal quan-
tization error associated to the BSDE of consideration. We recall first, in Section 2] the discretization
scheme we consider for the BSDE. Then, in Section 3] we investigate the error analysis for the time
discretization and the quantization scheme. In the second part, some results about optimal quantization
are recalled in Section 4 and a new distortion mismatch theorem is established about the robustness of
L"-optimal quantization in L* for s€ (r,r + d). Some numerical tests confirm and illustrate these im-
proved error bonds in Section[5| The final part, Section 6] is devoted to the nonlinear filtering problem
analysis when estimating the nonlinear filter by optimal quantization with new improved error bounds
obtained under less than stringent — local — Lipschiz assumptions than in the existing literature.

NOTATIONS: e | .| denotes the canonical Euclidean norm on R

e Forevery f : R? — R, set || f||oo = sup,epa | f(2)] and [f]Lip = sup,., % < +oo.

o If Ac M(d,q) we define the Frobenius norm of A by || A|| = /Tr(AA*).



2 Discretization of the BSDE

Let (W})¢>0 be a g-dimensional Brownian motion defined on a probability space (£2,.4,P) and let
(Ft)t>0 be its augmented natural filtration. We consider the following stochastic differential equation:

t t
Xt:x—i-/ b(s,Xs)ds+/ o (s, X, )dWs, (20)
0 0

where the drift coefficient b : [0, 7] x R — R? and the matrix diffusion coefficient o : [0, 7] x R? —
M(d, q) are Lipschitz continuous in (¢, x). For a fixed horizon (the maturity) 7" > 0, we consider the
following Markovian Backward Stochastic Differential Equation (BSDE):

T T
Ytzh(XTH/ f(s,Xs,Ys,Zs)ds—/ Z,-dW,, te0.T), @1
t t

where the function h : R — R is [h]Lip-Lipschitz continuous, the driver f(t,z,y,z) : [0, T]xR?
xRxR? — R is Lipschitz continuous with respect to (x, y, z), uniformly in t € [0, T, i.e. satisfies

(szf) = |f(t,$,y,Z) _f(t7$/7?//72/)| < [f]Lip(]a:—$'\+]y—y'\—i—\z—z']). (22)
Under the previous assumptions on b, o, h, f, the BSDE (2I) has a unique RxR%-valued, F;-
adapted solution (Y, Z) satisfying (see [52], see also [43]])

T
E( sup ]Y;]Q—&—/ \ZS\2ds> < +00.
+€[0,T] 0

Let us consider now (th) k=o0,....n the discrete time Euler scheme with step A,, = % of the diffu-
sion process (X¢)ic[0,7]:

th = th,1 + Anb(tk—la th,l) + U(tk—Lth,l)(Wtk — Wtk71)7 k= 1, .o,n, XO =z

where t, := %T k = 0,...,n and its continuous time counterpart, sometimes called genuine Euler
scheme (we drop the dependence in n when no ambiguity) defined as an It6 process by

dXt = b(i, Xé)dt + J(L XL)dWU XO =x. (23)

where t = % when ¢ € [tg,tg41). In particular (Xy),co.7) is an Fy-adapted Itd process satisfying
under the above assumptions made on b and o (see e.g. [11]) :

Vp € (0,4+00), H sup \Xt\H + sup H sup |)_(Z7’|H < C’bJ’p,T(l + |x|)
t€[0,T] P n>11liefo 1] p
and B
Vpe (0,+00), ¥n > 1, H sup | X; — XmH < ChonrVBu (14 2])
te[0,T p

for a positive constant C, 5, 7.

As a consequence, general existence-uniqueness results for BSDEs entail (see [53]]) the existence
of a unique solution (Y, Z) to the Markovian BSDE having the genuine Euler scheme X instead of X
as a forward process. Then, we can apply the classical comparison result (Proposition 2.1 from [25])
with fl(w,t,y,2) = f(t, X¢(w),y,2) and f?(w,t,2,y,2) = f(t, X¢;(w),y, 2) which immediately
yields the existence of real constants Cé?; > 0,7 = 1, 2, such that

IN

T T
B[ sup = Yif'+ [ 12— 2P0 < OO [BX,) = WD) HIEE [ X - X7 ]

te[0,7]

IN

(2
Cb’g), .

7



Unfortunately, at this stage, the couple (Y3, Zt)te[O,T] is still “untractable” for numerical purposes
(it satisfies no Dynamic Programming Principle due to its continuous time nature and there is no possi-
ble exact simulation, etc). This is mainly due to Z on which little is known (by contrast with Z which
is closely connected to a PDE as it will be recalled further on). So we will need to go deeper in the
time discretization, by discretizing the Z term itself. Consequently, we need to perform a second time
discretization on the Euler scheme based BSDE, only involving discrete instants ¢, k = 0, ..., n.

We consider an explicit inner scheme recursively defined in a backward way as follows:

Y, = h(X,) (24)
}/tk = [E ng+1|ftk) + Anf(tkathaE(Y;karl“’rtk)?Ctk) (25)
~ 1 ~

Gt = EE(nk+l(Wtk+l _Wtk)‘ftk)’ k=0,....,n—1. (26)

It slightly differs from the other explicit schemes analyzed in the literature to our knowledge, since
the conditioning is applied directly to Y3, , | inside the driver function rather than outside. Note that in
many situations, one uses the following more symmetric alternative formula

- 1 - -
Ctk = KE((Y;%H - K‘zk)(WtkH - Wtk)"rtk)7
n
which is clearly quite natural when thinking of a hedging term as a derivative (e.g. computed in a
binomial tree). It also has virtues in terms of variance reduction (see e.g. [0]). One easily shows by a
backward induction that, for every k€ {0,...,n}, Y, € L?(2, A, P) since Supyepo, 7 | Xt| € L3(P).
Our first aim is to adapt standard comparison theorems to compare the above purely discrete

scheme (Y3, Z,) with the original BSDE to derive error bounds similar to those recalled above be-
tween (Y, Z) and (Y, Z). To this end, like for the Euler scheme, we need to extend Y into a continuous
time process by an appropriate interpolation. We proceed as follows: let

1o - -
M, = 2;}/% _E(Ytk ’}_tkq)'

This random variable is in L? (IP). Hence, by the Brownian representation theorem, there exists an
(Fi)-progressively measurable Z € L2([0,T] x 2, P @ dt) such that

T ~
MT:/ Z, dW,.
0

- - e
Then Y;, — ]E(Yt,c “Ftkfl) = / Zs dW. In particular

te—1

B 1 B 1 l41
Ctk - IE(Y;IH—I(WUH—I - Wtk) "Ftk) - AE(/t ZSdS‘Ftk>7 k=0,...,n—1,
n n k

so that we may define a continuous extension of (Y3, Jo<k<n as follows:

~ ~ — ~ ~ t ~
}/;f — }/tk - (t - tk)f(tkvthaE()/thrthk)aCtk) +/ stWS7 te [tk7tk+1]' (27)

tr



3 Error analysis

3.1 The time discretization error

We provide in the theorem below the quadratic error bound for the inside explicit time discretiza-
tion scheme (Y, Z) defined by (24)-(@T) and (Z7). The result is postponed to an Appendix for self-
completeness. Like for most results of this type, the proof follows the lines of that devised for com-
parison theorems in [25]. In particular, though slightly more technical at some places, it is close to
its counterpart for the standard outer explicit scheme originally established in [3] (in L? for reflected
BSDE:s, but without Z on the driver) or in [57] (in the quadratic case, see also [27] for an extension
error bounds in LP or [10] for implicit scheme).

Theorem 3.1. (a) Assume the function f : [0,T] x R x R x R — R is Lipschitz continuous in
(t,z,y, z) and that

Vt>0, [f(t.z,y,2)| < CUHA+ ||+ |y +[2]). (28)

Then, there exists a real constant Cy , 7 > 0 such that, for every n > 1,
~ T ~ T
nax By, — Vi, 2 +/ E|Z; — Zi]?dt < Cyop1 <An +/ E|Z, — Zs|2ds> .
=0,...,n 0 0

(b) Assume that the functions b, o, h, f are bounded in x, uniformly Lipschitz continuous in (z,vy, z)
and Holder continuous of parameter 1/2 with respect to t. Suppose furthermore that h is of class
Cg““, a € (0,1) and that oo™ is uniformly elliptic. Then

T
/O E|Z — Z|*ds < O 1 7 An, (29)
so that there exists a real constant C’b@ ¢ > 0 such that, for every n > 1,
~ T ~ ~
knéax ElY;, — Yt,JZ —i—/ E|Z, — Zt\th < Chyo,5,700. (30)
=0,...,n 0

NOTATIONS (CHANGE OF). The previous schemes (24)-(25) involve some quantities and operators
which will be the core of what follows and are of discrete time nature. So, in order to simplify the proofs
and alleviate the notations, we will identify every time step ¢}’ by £ and we will denote IE;, = E(-|F, ).
Thus, we will switch to

Xk = thu Yk = Y/tk) fk(xvyvz) = f(tkax7y’ Z)‘

3.2 Error bound for the quantization scheme

In this section, we consider the quantization scheme (7)-(8) and compute the quadratic quantization
error (E|Y;, — Y;,]?)!/? induced by the approximation of Y;, by Y;,, for every k = 0,...,n. This
leads to the following result.

Theorem 3.2. Assume that the drift b and the diffusion coefficient o of the diffusion (Xt).c (o) defined
by 20) are Lipschitz continuous, that the driver function f satisfies (Lipy) (Assumption(22)) and that
the function h is [h]yip-Lipschitz continuous.



(a) Foreveryk =0,...,n,

Vi — YkHi < Z e+t je (b,

(31)
i=k
where K, (b,o,T, f) := [h ]Llp and, for every i = 0,. — 1, one can choose (provided n > ny),
Ki(b,o, T, f) := wie®o Tt 4 (1 4+ Ano)(ca k(0,0 T, f)Any + Cap(b,0, T, ),
with kg = Cb’g,T + [f]Ljp (1 + mﬂ), K1 = mﬂ + [h}Lip;
2 Ko
Co (b0, T
CQ,k(bv g, T7 f) = q’%% [f]%ipe2Aan,a,T+2f$0(T—tk+1) and Cl,k(bv g, T7 f) - [f]%lp W
and )
Chor = luip + 5 ([0, + TI0IRsp): (32)
. 1 2 T
Furthermore, if n > n, one can take Cy o7 = [b]Lip + 3 [0)Lip + —[0lLip |-
no
(b) Foreveryk =0,...,n,
n— n—1 n—1
x 2 CQJC b g, T f) = ~ ~ ~
An Y 1IGk = Gell3 < X5 = Xill3 + D 1Vig1 = Yierall5.
k=0 k=0 Llp k=0

The proof is divided in two main steps: in the first one we establish the propagation of the Lipschitz

property through the functions yj, and zj, involved in the Markov representation (24)-(23) of Y} and
Ck, namely Yi = uk (X1) and Ck = A '2.(X%), and to control precisely the propagation of their
Lipschitz coefficients (an alternative to this phase can be to consider the Lipchitz properties of the
flow of the SDE like in [35]]). As a second step, we introduce the quantization based scheme which
is the counterpart of (24) and (25)) for which we establish a backward recursive inequality satisfied by
Vi — Yil3.
Remark 3.1. (About the relationship between the temporal and the spacial partitions) Owing to the
non-asymptotic bound for the quantization (see Theorem [.1|further), we deduce from the upper bound
of Equation that there exists some constants ¢;, ¢ = 1, ..., n (only depending on the coefficients b
and o of the diffusion X)) such that forevery k = 1,...,n,

d
T v (33)
1=k
So, a natural question is to determine how to dispatch optimally the sizes Ny, --- , N, (for a fixed

mesh of length n, given that Xy is deterministic and, as such, perfectly quantized with Ny = 1) of the
quantization grids under the total “budget” constraint N; + - -- + N, < N of elementary quantizers
(with N > n and Ny > 1, for every kK = 1,...,n). This amounts (at least at time k£ = 0) to solving
the constrained minimization problem

n

. —2/d

min E ciN; /,
Ni+-+Na SN £
1=

d
d+2
ct

whose solution reads N; = | ———-N| V1,i=1,...,n. Coming back to (33), and using the
k-G
Holder inequality (to get the second inequality below) yields
1/241/d

-l NS () (S [ ]

T (34)
i= = Nd

10



Notice that for the standard (“non-improved) error bounds (see the introduction), the same optimal

allocation procedure would yield (starting from HYO — YbHQ < Zl 0 ;N L d)
- . 1/d pltl/d
Yo — Yo, < ( ) < [ ]
1% - ol < zc max )"

which emphasizes the improvement of the error bound as concerns the dependence in the time mesh
size n.

3.2.1 First step toward the proof of Theorem Lipschitz operators

As a first step we introduce several operators which appear naturally when representing Y;. We will
show that these operators propagate Lipschitz continuity. It is a classical step when establishing a
priori error bounds going back to [4} 3], see also more recently [28] (Proposition 3.4). However we
do not skip it since it emphasizes the technical specificities induced by our choice of an inner explicit
scheme.

To be more precise, we set for every k€ {0,...,n— 1} and every Borel function g : R — R with
polynomial growth
E(z,u) = x4+ Apb(tg,x) + VAo (tg, x)u, T R?, we RY (35)
Pk—i-lg(x) = Eg(gk ($, 5)) where ¢ ~ N(07 Iq) (36)
1
= 7]E< Er(x, e 5). 37
Qr+19(x) A 9(Ek(z,¢)) (37)

One immediately checks that for every k € {0,...,n — 1},
Erg(Xk1) = Per19(Xy)  and  Eg(9(Xps1) Wep,, — Win)) = 2nQi119(X5).

Note that the process (Xj)o<k<n is an (Fi)o<k<n-Markov chain with transitions Py, 1, k =
0,...,n — 1. Moreover, it shares the property to propagate the Lipschitz property as established in
the Lemma below.

Lemma 3.3. Forevery k =0,...,n — 1, the transition operator Py is Lipschitz in the sense that its
Lipschitz coefficient defined by [Pyi1]1ip :=  sup  [Pry1flLip is finite. More precisely, it satisfies:
filfluip<
[Pryr]Lip < eBnCrot (38)

where Cy, ;T is given by (see also the comment that follows).

Proof. We have for every =, 2/ € R?, and for every Lipschitz continuous function g

|Pes1g(x) = Perag(@)? < Blg(Er(z,€)) —Eg(&(a',e))
< [ ]LlpE‘gk($ E) gk(x/jg)‘Q

and elementary computations, already carried out in [4], show that

El&r(z,e) — (e’ e)? < (14 An(2 [b( R NLip + (8, ]Eap) + AR, i) [z — 2/

< (14 An@luip + o)) + ARl [z — 2|
< (1 + A, CbJT) \x x'|2
< 2o C’“’T|x o2

where Cy, , 7 can be e.g. taken equal to [blrip + 5 ([0 ]Llp + L [b]Llp) provided n > nyg. It follows that
P11 is Lipschitz with Lipschitz constant [Pk+1]L1p <e “Cb oT, O

11



Proposition 3.4. (see [4]) (a) The functions yx, k = 0, ..., n, defined by the backward induction

Yn =h, Yk = Pop1¥it1 + A fi( -, PosrVht1, Q1Y) k=0,...,n—1,
satisfies Yy, = yp(Xy) for every k € {0,...,n}. Moreover, {j, = %{f’“)
{0,...,n—1},

where, for every k €

zi(z) = ]E(yk+1 (Ek(x,a))s), k=0,...,n—1.

(b) Furthermore, assume that the function h is [h]yip-Lipschitz continuous and that the function f(t,z,y, z)
is [ f]vLip-Lipschitz continuous in (x,y, z), uniformly in t € [0,T). Then, for every k€ {0,...,n}, the
function yy, is [yx|vrip-Lipschitz continuous and there exists real constants ko = Cp o7 + [ f]Lip(1 + %[ flLip)»

and k1 = [f]ﬂ + [h]Lip (Where Cy o 1 is given by (32))), such that
Ko

An P _4n K _qn K _4n
[WelLip < m(e o(T—t7) _ D[f]Lip + € o(T tk)[h]mpe o(T—t)

In particular, sup kmax [k Lip < e k1 < +00. Moreover the functions zy are Lipschitz too and
n>1k=0,...n

[2k]Lip < \/ZjeA"Cb’”’Tme“O(T_tZH), k=0,....,n—1.

Proof. (a) We proceed by a backward induction using and :relying on the fact that (X1) k=0,...n

is a Markov chain which propagates Lipschitz continuity. In fact, Y;, = h(X;,) := yn(X,,). Assuming
that i1 = yg+1(Xk+1) and using Equation and the Markov property, we get

Vi = By (Xer) Xe) + A fie (X, B(Yrg 1 (Xn1)| Xi), G )
= Por1yit1(Xn) + A fro (X, Popryns1(Xe), Qrueryi+1(Xe)) = yi(Xi)-
One shows likewise that ¢, = Q11 (Yrr1)(Xx) = g—’;()_(k), k=0,....,n—1.

(b) We also show this claim by a backward induction. In fact, Y, = h(X,) := yn(X,) and h is
[h]Lip-Lipschitz. Suppose that yy. 1 is [yx+1]Lip-Lipschitz continuous. Then, for every x, 2’ € R, we
can write

Ue(z) — k(@) = E(yrt1(Ee(z,€)) — yrr1 (Ex(a’,€)))
+An [A;c,a:’ (JI - x/) + B$,$’E(yk+1 (gk(xv 5)) — Yk+1 (gk(xla 6)))

O (g1 (E0(5.9) — e (602, )) )]

where ¢ ~ N(0, 1) and

Ji (@, Poy1yrr1 (2), Qrertrs1(2)) — fr(2, Perayrsr (), Qry1yns1(2))

Az,x/ = r— 2 1{:13751"}7
(@ Perayrs1 (2), Qrryks1 (2) — fe(2, Peyryrsn (@), Qri1¥isr (2))
B%x/ = 7 1P Iz
Pry1yrs1(7) — Pepayrera(2) o
o  Se(@ Pepayrs (2), Qraryisr (@) — e, Pegryrsr (@), Qr1yrsr (2)) 1
:E,.’E/ - _ / Qz z!?
Qr+1Yk+1(2) — Qry1Yr11(7") ’

with Py o = {Pry1yrs1(®) # Peyiyrr1(2')} and Qq o = {Qri1Yr+1(x) # Qri1yria(a’)}. The
function fj, being Lipschitz continuous, one clearly has |A, .|, | By 4|, |Cz.or| < [f]Lip. Now, taking
advantage of the linearity of expectation, we get

0l

(@) =g(a') = B | (g1 (E(@.)) = i (6" 9)) (14 A (Bor + cx,x/\/%n))] + A (@),

12



Then Schwarz’s Inequality yields
() (2] < o (66 2)) =wmen (B ) |y [ 1480 (B O 2= ) |+ Bl i )
Now,

k41 (Er(z, ) =yre1 (En(a’,0)) ||y < WrttlLip||Ex (@, 2)=E(2’, ) ||, < [yrealLipe AnChoT |z g,

by Lemma 3.3] On the other hand, using that | B, 4|, |Cy 2| < [f]Lip and E(e) = 0,

|1+ 20 (Bowr + Cow— ﬂ\ (1+ 8By ) + AnC2,

< 1+ An (20 luip + i) + A%
< ezAn[f]Llp(1+%[f]Llp)'

Finally, owing to the definition of x¢, we get
lyk(2) = ye(a)| < (e [yeralLip + AnlflLip) [2 — 2]
i.e. yy, is Lipschitz continuous with Lipschitz coefficient [y]rip satisfying
el < €2 [yeia]Lip + Anlf]Lip-
The conclusion follows by induction. As for the functions zi, we get for every k = 0,...,n — 1,
2k(z) — 21 (2) = ]E((yk-+1 (Sk(:c, 5)) — Ykt (Sk(:c’, 8)))8)

Hence, using that e ~ N(0; I,,),

|2k(2) — zi(2")] < wmﬂmﬂﬂw—wﬁ+Aaww—MfD+vZRd@—0@W@4‘
< [rtlLpB| (z — @) + An(b(z) = b(2') + An(o(z) — o (2))e] |e
< [rstluip||(z — 27) + An(b(z) = b(2)) + V/An(o (@) — o (2))e]], |le]],
< [ypsi]Lipetr et Jqla — 2|
< \/aeA"Cb»"’Tme“O(Tftzﬂ) |z — a:’|. O

3.2.2 Second step of the proof of Theorem 3.2

Let (X k)k=0,...n be the quantization of the Markov chain X, where every quantizer X is of size Ny,
forevery k € {0,...,n}. Recall that the discrete time quantized BSDE process (Y} )r=o,...» is defined
by the following recursive algorithm:

Y, = h(X,)
Vi = Ep(Visr) + Anfi (X By (Yies1). G)
. 1 . -
with Ck = ?Ek(YkJrlAth-l)? k=0,...,n—1,

where I, = (- | X ). Owing to the previous section, we are now in position to prove Theorem

Proof of Theorem. a) Using the fact that, for every k € {0, ...,n}, 0(X) C o(X}), we have

Vi — Vi = Vi — B (Vi) + Bg (Vi — f/k) (39)
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where Y}, — I,(Y},) and E,(Y; — ;) are square integrable and orthogonal in L2(0(X})). As a
consequence, using the Pythagoras theorem for conditional expectation yield

Y5 — Yill3 = |V — e (V)3 + | Ex(Ye — Y213

On the other hand, it follows from the definition of the conditional expectation IEk() as the best
approximation in L? among square integrable o (X},)-measurable random vectors that

Ve = Be (V)13 = [lye(Xn) — Br(ue (X))l < lye(Xe) = ve(Xi)l3 < [urlfapl Xe — Xkll3.
Let us consider now the last term of the equality (39). We have,
Er(YVi —Yi) = Bp[Yirr — YVirr + A0 (Fe (X Bx (Vi) G) — Fu (X, B (Vi) G) ]
= i [Yir1 — Vi1 + A (fo( X Br (Y1), G) — fo (X, B (Yier1), B (Cr)))
+ A (fr(Xs B (Yier1), B (Gr)) — (X By (Y1), Gi) |
= i [Yis1 — Vir1 + AnBrBy (Vi1 — Yier1) + AnCrBr(Ge — &)
+ A B (fo(Xhy B (Vi 1)y G) — fo (X B (V1) B (&)

5 . fk(Xk,IEk(f/k+1):Ek(§:k) — Fi( Xk, B (Vs 1), B (Gr))

)
where By = a ik 1.0 - I
B (Y1) — By (Vi) {Er (Y1) #Ex (Yet1)}
d s S B (Vi) Bi(G) = fo(Xe B (Vi) Ge))
an k= Er(E) — ol {8 (Ge) £ Bk ()}
k(Ck) — B (Cr)
As 1
Er(Ge) = Br(Gr) = T Er((Yerr = Vi) AWy, ),

we deduce that
Ek(ffk — Yk) = Ek [(f/k-&-l — Yk—i—l) (1 + Aan + ékAWtk+1)]
AL (fo (X Be(Yies1) &) — fr(Xes B (Vi) B ($r)))- (40)

So, it remains to control each term of the above equality. Considering its last term, it follows from the
Lipschitz assumption on the driver fj that

£ (X B (Y1), G) — Fie( Xy B (V) B (Gl < [F1Rip (1 Xk — Xill3
+||]~Ek(}7li+l)~_ By (Er(Yis1))I3
+11¢e — Exn(Ce)I3)-

First, from the very definition of conditional expectation operator I}, as the best quadratic approxima-
tion by a Borel function of X}, we derive that

IEx(Viy1) — B (Er(Yii1)) |13 | Py 191 (Xn) — Perryes1 (Xn)|I3

<
< [P Tip e )il Xk — Xkl
> k+1]Lip Yk+1 Lip k kll2-

On the other hand, starting from ( = Ek(fkaAWtkH) = %ﬁ’“), k=0,...,n— 1 (see Proposi-
tion (a), we get, using again the above characterization of the conditional expectation operator Iy,

I 1 . . .
G — Exlill3 = F”Ek(Yk+1AWtk+1) — Br (B (Vi1 AW, )13

— Alnuzk()_(k) — B (21( X)) I3

1 _ .
I||Zk(Xk) — (X3 <

1 .
E[zk]%ip‘|Xk — Xil3. (41)
n

IA
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Finally, using the upper-bound for [2]1,i;, established in Proposition (b), we deduce that

15 (X B (V1) G) — (Ko B (Y1), B (Ge)) 12 < (Cl,k(b, o, T, f)

Cor(b,o,T, i _ .
+2k(Af)> N1 Xk — Xill2 42)
n
since, owing to (38) and (39), we have

[f]%ip(l + [Pk-i-l]%ip[yk-f—lﬁip) < Cl,k(ba o,T, f) and [f]%ip[zkﬁip < Cl,k(b7 o, T, f)a
k=0,...,n—1where

Cor(b,o,T
C2,k(ba o, T, f) _ q:‘ﬁ%[f]Q eZAan,a,T-‘rzﬁo(T—tk.t,_ﬂ and Cl,k(ba o, T, f) — [f]%lp + M

Lip
(43)
To complete the proof, it suffices to control the remaining terms in Equation (#0). Using the (condi-
tional) Schwarz’s inequality yields

(ST
N

‘]Ek[(ffkﬂ—ykﬂ)(1—An3k—ékAWtkH)]‘ < [Be(Yir1—Yir1)?] 2 [Be(1— A, Br—Cr AWy, ., )]

Furthermore, using the fact that By (AW, , ) = By, (Ex (AW, ,,)) = 0and owing to the measurability
of By and Cj, with respect to O'(Xk), we get
Ex[(1 = ApBy — ChAWy,, )?] = (1— AnBy)? + CRER((AW,,,)?)
= (1-A.By)?*+C2A,
(1+ Anlfluip)® + (An[flLip)? < 24n Ve,

Then, using the conditional Schwarz inequality and agains the contraction property of conditional
expectation, we get

IN

HEk [(Yet1 — Yier1) (1 — AnBy — CrAW,,, )] H2 < Bl ||V g — Vi o (44)
Using Schwarz’s Inequality for the L2-norm, we derive from (39), (@0), (¢2) and (44) that
Vi = Yall3 = Ve — Ba(YVe)ll3 + [IBx (Y — Vi) I3 (45)
el Xk — Xill3+ (6A”m”p||37k+1 — Yisll2 + Anl £ (Xns B (Vi) G)
_fk(XkaEk(}}k—&-l)yﬁk(gk))”2>2
[ Ripll Ko — Kll3 + (270 iy = Vi o

CZ,k(ba g, Ta f)
Ay

IN

IN

+ 80 (Cri(b, 0, T, ) + )éuxk —Xk\b)z.
Relying on the classical identity

(a+0)? <a®(1+A4,)+0*(1+A4,1"),
we derive that
Cox(b,0,T, f)

3 . 1 R 2
(eAn[ﬂLipHka _Yk+1H2+An(CLk(bv o, T, f) + - )2”Xk —XkHQ)

< eAn[ﬂLip(]_ + An)H}N/k_H — Yk+1”%

1 2 CQ,k(bv g, T7 f)
E)An <C1,k(b7 g, Ta f) + A—n

< MOV = Vil + (14 An ) (Cralb. o T A + Con(b,0, T, )) 1K — X3

+(1+ > 1 Xe — X33
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Hence (using an upper-bound for A,, e.g. like T" or T'/ng, if n > ng), we obtain

Vi = Vills < 2O ued ¥y — Vi |3 + Ki(b, 0, T, £)]| Xe — Xilf3- (46)
It follows that, for every k€ {0,...,n — 1},
Ak L) ||y, — V)12 < eAnH DO+ L) 1y, L V4|32 R U T Iue) K (b, o, T, )| X=X i |3
where
Kk(b, a, T, f) = [yk+1]Lip + (1 + ﬁ) <Cl,k(b7 g, T? f);o + CZ,k(ba g, T7 f))a k= 07 cee, U — 17
< Kk(bv g, Ta f)

(if n > ng). Keeping in mind that ||Y;, — V;,||3 < [h]%ipHX'n — X,.||2, we finally derive by a backward

induction that .

7= ¥ill3 < Y- Kith, o, 7. P = Kl
i=k

(b) We derive from the very definition of ¢, and ¢, that

~ NN A

G — G = (G — Ex(G) + (Br(Sr) — Gr)

L
where + means that both random variables are L?-orthogonal. We know from @T) in the the proof of
claim (a) that

O R [ D)
G~ ExG)lls < “5E2 1% - Xl
n
On the other hand, as (X)) C 0(X},) C Fp, it is clear that T, (() = ALHIAEk(EN/kHAWtkH) so that

L . 1 . .
1Bk (Cr) — G5 = 27 Bk (Vi = Vi) AWy, )5

Conditional Schwarz’s Inequality applied with jiofA implies that
A ~ A 2 A ~ A 2
B (YVit1 — Vi) AWy, )™ < (Br(Yesr — Yag1)?) Ay
which in turn implies that
- 2 Log 5 2
[ (CR) = Celly = M Vrt1 = Vel
n
so that finally
CZ,k (b7 g, T7 f)

Remark 3.2. Remark that the key property leading to Theorem and allowing to improve the ex-
isting results for similar problems (see e.g. [4]) is the Pythagoras like equality (3)) which is true only
for the quadratic norm. This equality is the key to get the sharp constant equal to 1 before the term
1B (Ve — Ya)[I3.

Anl|Br () — Gilf; < 1%k — el + [ Vicer — Vi |3 0
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3.3 Computing the ék terms

Recall that for every k€ {0, ...,n — 1}, the R%-valued random vector ¢, = (é,i, e Q:g) reads

Gk = K3k<Xk) where  2p(Xj) = B (Y1 AW, )
n
with 25, : ', — RY is a Borel function (T'}, is the grid used to quantize X}). As Yk+1 = ﬂk+1(Xk+1)
we easily derive that the function 2, is defined on I'y, = {x’f, .. ,xfcv’“} by the (R?-valued) weighted
sum
Ny

1
s (o k N k+1\ Wk
Z(zg) = B Z yk+1(33j+ )Wij
j=1
where, for every (i,j)€ {1,..., Nk} x {1,..., Nxs1}, wf]” is an R%-valued vector given by

Wik _ 1 ) )
= e = B s et )

These vector valued “weights" appear as new companion parameters (as well as the original weights
ﬂfj of the quantized transition matrices) which can be computed on line when simulating the Euler
scheme of the diffusion by a Monte Carlo simulation.

Note that, for every k€ {0,...,n — 1} and forevery i € {1,..., N},

Ng41

7j=1

As a consequence, an alternative formula for 2; can be

Ng11

. Wik (- X
Gaf) = D mt Ore (@) = de(al)).

j=1

4 Background and new results on optimal vector quantization

It is important to have in mind that all what precedes holds true for any quantizations X, . of the Euler
scheme X, i.e. for any sequence of the form th = 7(Xy,). In fact the theory of optimal vector
quantization starts when tackling the problem of optimizing the L? (and more generally the L") mean
error induce by this substitution, namely || X;, — X, ||» which in turn will provide the best possible
error bound for quantization based numerical schemes. This question is in fact a very old question
that goes back to the1940’s motivated by Signal transmission and processing. These techniques have
been imported in Numerical Probability, originally for numerical integration by cubature formulas in
the 1990’s (see [43]] or [18]).

4.1 Short background

Let X : (Q, A,P) — R be arandom vector lying in L" (P), r € (0, +00). The L"-optimal quantization
problem of size N for X (or equivalently for its distribution Px) consists in finding the best L" (P)-
approximation of X by a random variable (X)) taking at most N values. The integer N is called the
quantization level.
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First, we associate to every Borel function 7 : R? — R taking at most N values the induced
L™ (P)-mean error || X — 7(X)]|, (where || X]||, := (E|X]T)1/r is the usual L" norm induced by the
norm | .| on R and the probability P on (£2,.4)). Note that when r € (0, 1), the terms “norm" is an
abuse of language since L"(IP) is only a metric space metrized by || . ||”. As a consequence, finding the
best approximation of X in the earlier described sense amounts to find the solution to the following
minimization problem:

eny(X) = inf {HX —m(X)|,,v: R, T RY, card(T) < N},

where card(I") denotes the cardinality of the set I" (sometimes called grid). It is clear that for every
grid T = {x1,...,2x} C RY for any Borel function 7 : R? — T,

6= m()] > dist(6.T) = min |€ — .

Equality holds if and only if 7 is a Borel nearest neighbor projection 7 defined by

N
mr(€) =D wileyr)(©),
i=1

where (C;(I"))i=1,... .~ is a Borel partition of R satisfying

-

Vie{l,...,N}, Ci(F)C{feRdzlf—xi]:‘nlninN\f—xﬂ}.
J=1L0

Such a Borel partition is called a Voronoi partition (induced by I'). One defines the Voronoi quantiza-
tion X of X induced by T as 7 (X). It follows that for every r > 0, | X — XT||, = ||dist(X, )|,
so that the L"-optimal quantization finally reads

ens(X) =inf {| X — X", ¢ R, card(I') < N}. (47)

Note that for every level N > 1, the infimum in (47)) is in fact a minimum i.e. is attained at least at
one grid (or codebook) I'; at least (see e.g. [30] or [45]). Any such grid or any of the resulting Borel
nearest neighbor projections is called an L"-optimal N -quantizer.

One shows that if card(supp(Px)) > N then any optimal N-quantizer is of full size N. Fur-
thermore (see again [30] or [45]), the L"-mean quantization error ey ,(X) (sometimes denoted by
er(I'n, X)) at level N decreases to 0 as N goes to infinity. Its rate of convergence is ruled by the
so-called Zador Theorem recalled below, in which, | . | femporarily denotes any norm on R,

Theorem 4.1. Zador’s Theorem (a) Sharp asymptotic rate (see [30}]): Let X be an R%-valued random
vector such that X € L"(P) for some real number § > 0 and let Px = p.\q + Py denote the
canonical Lebesgue decomposition of Px where Ps its singular part of Px. Then

lim N"%en,(P))" = Jyrallell_a € [0, +00) (48)
N—+oo d+r

d+r

d
with H<p||#.zr = </]Rd godird)\d> and Jyq)| = ]ifn>f1 Nr/de}"VJ(U([O, 11%) € (0, +00) (49)

(U([0, 1]%) denotes the uniform distribution on the hypercube [0, 1]%).

(b) Non-asymptotic bound (see [30,40]). Let v’ > r. There exists a universal real constant C ;1 4 €

(0, 4+-00) such that, for every R%-valued X random vector
1

VN > 1, eN,T(X) < Cryr g o (X)N ™4

where 0,/(X) := inf,ega || X — all,» < +00 is the L -(pseudo-)standard deviation of X.
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Numerical aspects (few words about) From the numerical probability viewpoint, finding an optimal
N-quantizer I' is a challenging task, especially in higher dimension (d > 2). In this paper as in many
applications we will mainly focus on the quadratic case » = 2. Note that, in practice, | .| will be the
canonical Euclidean norm on R? for numerical implementations.

The key property to devise procedures to search for optimal quantizers rely on the following dif-
ferentiability property of the squared quadratic quantization error (also known as quadratic distortion
function) for a fixed level N (and with respect to the canonical Euclidean norm). First we define the
distortion function D o (which is defined on (Rd)N and not on the set of grids of size at most N) by:

Vo= (z1,...,2y)€ (RHYN, DI,(x) = min € — z;2dPx (€). (50)
’ Rd 1<i<N
To any N-tuple 2 = (21,...,zy5) € (RN, we associate its grid of values ¥ = {x1,...,2,}, so

that DY ,(z) = || X — X||3. In particular, it is clear that

€N72(X) - wE%IIé:E)N DN’2(x)

since an N-tuples can contain repeated values.

Proposition 4.2 (see Theorem 4.2 in [30]). (a) The function Dy o is differentiable at any N-tuple
S (Rd)N having pairwise distinct components and satisfying the following boundary negligibility
assumption:

IP)X ( U; 3CZ(F“)) =0.

Its gradient is given by

VDX o(z) = 2( /

C;(T'=)

(2 — ©)dPx () . 51)

i=1,....N

(b) The above negligibility assumption on the Voronoi partition boundaries does not depend on the
selected partition. It holds in particular when the distribution of X is strongly continuous i.e. assigns
no mass to hyperplanes and, for any distribution P such that card(supp(Px)) > N, when z €
argminDy o

The result is a consequence of the interchange of the differentiation and the integral leading to (51))
when formally differentiating (50) (see [30,/45])). Consequently, any N-tuple z € argminD y 5 satisfies

VDNQ (CC) = 0.

Note that this equality also reads, still under the assumption card(supp(Px)) > N,
E (X\XF> — XT.

All numerical methods to compute optimal quadratic quantizers are based on this result: recursive
procedures like Newton’s algorithm (when d = 1), randomized fixed point procedures like Lloyd’s I al-
gorithms (see e.g. [26,|50]]) or recursive stochastic gradient descent like the Competitive Learning Vec-
tor Quantization (CLVQ) algorithm (see [26}45] or [48]) in the multidimensional framework. However
note that in higher dimension this equation has several solutions (called stationary quantizers) possibly
sub-optimal. Optimal quantization grids associated to the multivariate Gaussian random vector can be
downloaded from the website www . quantize.math—fi.com. For more details about numerical
methods we refer to the recent survey [46] and the references therein.
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4.2 Distortion mismatch: °-robustness of L."-optimal quantizers

The distortion mismatch problem is the following: when does an L"-optimal sequence of quantizers
(') n>1 for a random variable X remain L°-rate optimal for some s > r (if X € L®) ? Or in more
mathematical terms, if X € L®, s > r, when do we have for such a sequence of L"-optimal quantizers

lim sup N%eS(FN, X) < 4o00?
N
This problem has obvious applications in numerical probability since, for algorithmic reasons, one usu-
ally has access to optimal quadratic quantizers (see e.g. the website www .quantize.maths—fi.
com) whereas they are currently used in a non quadratic framework. What will be done in Section [6]
for nonlinear filtering is precisely to take advantage of this result to strongly relax some growth as-
sumptions on the conditional densities involved in the Kallianpur-Striebel formula.

The distortion mismatch problem was first addressed in [31] for various classes of distributions
on RY, in particular for distributions having a radial density satisfying (an almost necessary) moment
assumption of order higher than s. In the theorem below we extend this result to all random vectors
satisfying this moment condition.

Theorem 4.3 (L"-L*-distortion mismatch). Let X : (Q, A,P) — RY be a random vector and let
r € (0 4 o0). Assume that the distribution P = P, of X has a non-zero absolutely continuous
component with density . Let (I' ) y>1 be an L"-optimal sequence of grids and let s € (r,r + d). If

Xe Lari=st(p) (52)

for some § > 0, then
1
limsup Nies(I'n, X) < +00.
N

sd
Note that, as expected, p

more than L*- integrability.

We will say that X has an (v, s)-distribution if the moment condition is satisfied. Also remark

that the function s — fis is non-decreasing, so that if X has an (r, s)-distribution, then it has an

(r, s') distribution for any s’ < s.

> s so the preservation of the rate optimality for s > 7 requires

Proof. STEP 1 (Control of the distance to the quantizers): Let (I' ) n>1 be a sequence of L"-optimal
quantizers. It is clear that, for every £ € RY,

d(&,Tn) < [€[ +d(0,I'y).

The sequence (d(0,I'y)) n>1 is bounded since d(I" n, supp(P)¢) — 0as N — 400 and d(0, supp(P)¢) <
+00. Then there exists a real constant A, > 0 such that for every £ € R,

d(&,Tw) <[El+ Ay

STEP 2 (Micro-macro inequality): The optimality of the grids I'yy, N > 1, allow to apply to the
micro-macro inequality (see Equation (3.2) in the proof of Theorem 2 in [31])), namely : for every real
constant c€ (0, %) and every y € RY,

er(Tn, P) — e,(Tng1, P)" > (1 —¢)" = ") P(B(y; cd(y,T'w)) )d(y,Tn)" (53)
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Let v be an auxiliary Borel probability measure on RY to be specified further on. Set C(r) = (1 —
c)" — . Integrating the above inequality with respect to v(dy) yields, owing to Fubini’s Theorem ,

er(Un, P)" —e;(Tng1, P)" > C(r) //(B(y, cd(y,Tn)))d(y, Tn)" P(d€)v(dy)
= C(r) //1{y—$|<cd(y,FN)}d<y7FN)TV(dy)P(dg)

> CO) [ [y -eizettyra ooz e a0 D) v(d9) P(E).

Now using that & — d(&,T,,) is Lipschitz continuous with coefficient 1, one derives that
c 1
) s ly— € < —S—d(e,T { -y — €] < ed(y,T'n), d(y,T >—d,1“}
{€y) sy =& = 7dETw)} C (&) = ly =& < edly,Tw), d(y,Tn) = —=d(€,Ty)
and, still by Fubini’s Theorem,

eT(FN’P)T - eT(FN-FlaP)T > (lc_ﬁrc))r

[ v(Besedw.ta))die. vy P, 54

Letee (0,1/2). We set v = f. 5.A\q where f s is a probability density given by

Re,6

(\x!—i—l—i—e)‘“‘s with 6 > 0

f€,5 (5) =

The density f. 5 shares the following property on balls: let € R? and t € R If t < g(|¢| + 1), then

1 Ke s
1 + 6)d+6 (|é‘| + 1)d+5

and Vg = X\g(B(0;1)). Nowletc = ¢(e) € (0,1) such that &5 = e(A'A1). Asd(¢,Ty) < [€]+A,,
this in turn implies that -5 d(&, I'v) < e(|¢] + 1). As a consequence

I/(B(f, t)) > ge,é(f)td with ge,é(g) = ( Vi

C(r)

R e S T

/ 05 (E)d(€, T )+ P(de).

Let s€ [r,r+d). It follows from Equation (54)) and the inverse Minkowski inequality applied with
p=:13€(0,1)and ¢ = — € (—o0,0) that

s
d+r—s

r+d _d+r—s
s

N [ / gg,a,a(@‘dﬁ—sP(ds)]

s

/ 9e.5(€)d(€, Tw)" T P(dg) = [ /R ) d(i,FN)sP(dﬁ)]

It follows from the assumption made on X (or P) that, for small enough § > 0,

d+r—s _d+r—s
(d+9)s

GTTEPE)| T = s B[+ XD | <o
R: (1+e¢)

As a consequence

er(Tn, P)" — er(Tny1, P)" > Cxrseses(D, X)H (55)
o) —(d+5
where Cx ;. 5c.5 = Mf;w“e,é“l + X |||,
d4+r—s

STEP 3 (Upper-bound for the quantization error increments): Since the distribution of X is absolutely
continuous X (¢.e. admits a density), one derives following the lines of the proof of Theorem 2 in [31]]
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this upper-bound for the increments of the L"-quantization error: there exists of a real constant x x , >
0 such that

er(Tn, P)" — e, (Cny1, P) < kx, N17a.
Combining this inequality with (53)) yields

d
r+d rid

[GS(FN,X)S} : < OX,r,s,E,éN_ d

KX r

CX 7,8,E,0
inequality. g

where C~’X7r737575 = . This completes the proof by considering the (d + r)th root of the

Remarks. e If ¢ is radial, more precisely if ¢ = ¢(|z|p) where ¢ : R4 — R is bounded and non-
increasing on [R, +00) and | . |o denotes any norm on R¢ the above result holds true even if § = 0
(see [41]).

e This result is in close to optimality for the following reason. It has been established in [31] (Theo-
rem 1) that if X € L™ (), and if (I';,) y>1 is a sequence of L"-asymptotically optimal quantization

grids, then
_d_ é dtr—s :
thdes(anX) >J rd,|| |:/ 7~+dd)\d:| |:/ r+d dAd:|
N ]Rd

where J s d. |1s given by (@9). Since X € L' (P fRd g0r+d dAg < 400 by an elementary application
of the inverse Minkowski inequality (see Equation (2.11) from [31]). On the other hand,

/ o T dA\g = +00 = X ¢ LT (P).
R4

5 Numerical experiments for the BSDE scheme

To illustrate empirically the improved theoretical rate obtained in the previous section, we deal here
with two toy examples: a bull-call spread option (in a market where the risk free returns for the bor-
rower and the lender are different) and a multidimensional example with the Brownian motion. Note
that our aim is not to make an extensive numerical test with a complete description (or a complexity
analysis) of several used algorithms for the optimal grid search. These subjects have extensively been
considered on the past and we refer for example to [48]] for more details.

Numerical tests are performed using our quantized BSDE algorithm. At each discretization instant

tx, we associate a quantization grid Ty = {x¥, i = 1,..., Ny} of size Ny, possibly not optimal a
priori, and X} = = Projr, (X ) the resultlng Voronoi quantlzatlon of X;,. Then, we set for every
k=0,. —1,i=1,...,Ng,j=1,. Nk;+1, the transition weights (or probabilities)

and, fork =0,...,n,i= 1,...,Nk,themarginalweightspi-g = P(X,, =af), k=0,.
Setting Y}, = gk(X k), forevery k € {0, ..., n}, the quantized BSDE scheme reads as
{ gn(xi') = h(z}) i=1,...,N,
( )_ak( )+Anf(tk7xzvak( )Bk( )) i=1,...,Ng
where for £k =0,...,n—1,

N1 1 Nk+1
Wk:
Z Jeer () pl and By(af) = — ekt mk, (56)
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with

w1
g = F X E(AWtk“I{Xk+1=$f+1,f(k=$f})'
7
We use a time discretization mesh of length n = 20 for the first example and of length n = 10 for
all dimensions in the second example. In both examples below, the quantizers X, k = 1,...,n

(with Xy = X,) are computed from a scaling of the optimal grid of N'(0, I;) Gaussian distributions
available on the website devoted to quantization www . quantize.maths—fi.com. The transition
probabilities are approximated using a Monte Carlo simulation of size 107 for all examples (keep in
mind that we may have the same precision with a smaller size of Monte Carlo trials but our aim is not
to optimize these sizes of the trials). For simplicity reasons, we use a uniform dispatching across teh
time lauers for the quantizers by assigning the same grid size Ny, to all Xp’s at every discretization step
tk,k: 1,...,n.

5.1 Bid-ask spread for interest rate

Let us consider a model with two interest rates introduced in [8]]: a borrowing rate R and a lending rate
r < R where the stock price (Xt)te[o,T] evolves following the Black-Scholes dynamics

dXy = pXydt + o Xy dWy, Xo = 29 > 0.

Let ¢ be the amount of assets held at time ¢. Then, the dynamics of the replicating portfolio is given
by

T T
Y, = Vi + / (s, Z,)ds — / Z,dW, 57)
t t

where Z; = oy X, and the driver function f is given by

—T

f(y,z):—ry—# z—(R—r)min(y—g,O).

As in [[7]], we consider a bull-call spread comprising a long call with strike K7 = 95 and two short call
with strike Ko = 105, with payoff function

(X7 — K1)t —2(Xp — Ko)" = Yr.
Furthermore, we consider the set of parameters:
Xo=100, R=0.06, r=0.01, p=005 oc=02 T=0.25.

The BSDE has no analytical solution. We refer to the reference prices given in [7, 55] where
(Yo, Zp) is approximated by (2.96,0.55). We put n = 20 and, for every k = 1,...,n, the grid sizes
N, =N = % is constant (keep in mind that N = N; + ... + N,). The quantizers th have been
obtained by using dilatations of optimal Gaussian quantization grids that we subsitute to W3, into the

2
g
formula X;, = zoelh— Tt Wy,

The numerical convergence rate of the error N + |Yy — }A’ON ,N =50,0=1,...,30,is depicted in
Figure (1] including a polynomial regression which emphasizes the empirical order of the convergence
rate, namely N1,

5.2 Multidimensional example

We consider the following example due to J.-F. Chassagneux:

dX, = dW,,  —dY, = f(t, Y, Z)dt — Z; - AW,
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where f(t,y,2) = (21 + ...+ 24) (y — %) and where W is a d-dimensional Brownian motion. The
solution of this BSDE reads
€t

€t
A — 58
1+€t t (1+€t)2 ( )

Y, =

with
et =exp(zy + ... +xq+1).

For the numerical experiments, we put the (regular) time discretization mesh to n = 10. We choose
t = 0.5,d = 2,3,4,5, so that Yy = 0.5 andﬁZé = 0.24, for every ¢ = 1,...,d. We depict in
Figures [2| and , the rates of convergence of \YON — 0.5| towards 0, for the (constant) layer grid sizes
N, =N = 5 = 5,...,150. The graphics in Figures andconﬁrm a rate of convergence of order
N-Yd,

d=1

0.14

— N Y-

— = N 0316 x N +0.005

0.12

0.1

0.08

0.06

0.04

0.02

0 T T T T T T T 1
0 20 40 60 80 100 120 140 160

Figure 1: Convergence rate of the quantization error for the Bid-ask spread in the Black-Scholes model. Abscissa axis: the
size N = 50,£ =1,...,30 of the quantization. Ordinate axis: The error |Yy — YON | and the graph N — a/N -+ b, where &
and b are the regression coefficients.

6 Nonlinear filtering problem

We consider in this section the discrete time nonlinear filtering model and the quantization based
numerical scheme presented in the introduction. Our aim is two-fold: improving the error bounds
like for BSDE on the one hand and relaxing the Lipschitz continuity on the conditional densities g (in
favor of a local Lipschitz continuity assumption with polynomial growth). In particular, these new error
bounds confirm the results obtained in the survey [56] devoted to a comparison between quantization
and particle based numerical methods for non-linear filtering.

6.1 Error analysis

Let us first recall the assumptions made in [47]] on the conditional transition density functions g and
the Markov transitions Pj:
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Figure 2: Convergence rate of the quantization error for the multidimensional example. Abscissa axis: the size N =
5,...,150 of the quantization. Ordinate axis: The error |Yy — Y | and the graph N +— 4N ~1/d 4 b, where & and b are the
regression coefficients. The left hand side graphic corresponds to the dimension d = 2 and the right hand side to d = 3.
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Figure 3: Convergence rate of the quantization error for the multidimensional example. Abscissa axis: the size N =
5,..., 150 of the quantization. Ordinate axis: The error |Yy — Y0N| and the graph N +— a N~/ 4 b, where @ and b are the
regression coefficients. The left hand side graphic corresponds to the dimension d = 4 and the right hand side to d = 5.
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(%) = For every k € {1,...,n} there exists [g}]Lip, [97]Lip : RIXR? — Ry such that
(2,9, 2", y") = gr(@. 9.2 ¢)| < [opluin(y¥)|w — 2 + [g8luip (v, ¥ 2" — 2.

(¢41) = (i) The Markov transition operators Py (z,dz"),k = 1,...,n propagate Lipschitz continuity
(in the sense of Lemma 3.3]) and

[PlLip := kiq&x [PrlLip < 400.

=1,..,n

(ii) For every k = 1, ..., n, the functions g; are bounded on R% xR xR xRR? and we set

K, := max ||gillc < +o00.
k=1,...n

We will relax these Lipschitz assumptions into controlled Lipschitz assumptions. Let us consider, for
a fixed non-negative function # : R? — R, satisfying,

(Fp) = VEe{l,...,n}, E(@(Xg)) < +oo.

We make the following #-local Lipschitz continuity assumption (which is weaker than (%)) on
the growth of the conditional transition density functions gy:

(Hiploc) = There exists [g1]Liploc, [93]Liploc : RIXR? — R such that, for every k € {1,...,n},

lgk(2, v, 7' y) — ge(&, 4, 2,0)| < [gh]Liploc (¥, ¥ ) (1 + 0(2) + 0(2) + 0(2') + 0(2")) |z — &
+grlLiploc (¥, ¥ (1 + 0(z) + 0(2) + 6(2') + 6(2")) |2’ — 2.

A standard situation is the sometimes called Li(1, «) framework when the g, satisfy (J# ipioc)
with the function 6 : x — 6(z) = |z|* for an @ > 0, namely

) = Forevery k € {1,...,n} there exists [g1]vo1, [97]pol : RIXR? +— R such that
y 9k lpols |9klp +

‘gk(x7y7$/7y,) - gk('ﬁv Y, i'/v y/)’ < [gli]Pol(yﬂ y/)(l + |x’a + ‘j|a + |w/‘a + "%,‘a)‘x - j’.’
Hgilpol (y: ¥ ) (L + [z + 2] + [2'|* + [2'*) 2" — &'].
When 6 = 0, this framework coincides with the Lipschitz one. To simplify some statement we will

introduce ' ‘
[gZ]Liploc(yay,) = kmaX [gﬂLiploc(yay/)7 1= ]-a 2. (59)

=1,...

Then we ask the transitions Py (x, dy) to propagate this f-local Lipschitz property as a counterpart
of (7). Let f : RY — R be #-locally Lipschitz with a local Lipschitz coefficient [ f]Lipioc defined by

|f(x) = ()]

Cloe = < +o0. 60

Hhipte = 230 W o) + o) e~ = 7 o
1

(v‘Z{l,loc) = [P]Liploc = kgaxn[Pk]Liploc < +oo where [Pk]Liploc = 5 sup [Pkf]Liploc'

[.ﬂLiplocSl
The following classical lemma is borrowed (and straghtforwardly adapted) from [47] (Lemma 3.1).
Lemma 6.1. Let 1, and 9, be two families of finite and positive measure on a measurable space

(E, E). Suppose that there exists two symmetric functions R and S defined on the set of positive finite
measures such that for every bounded 0-Lipschitz function f,

' [ tduy ~ [ sav,

2
S ||f||goR(:uya 1924) + [f]%iplocs(uwﬂy)' (61)
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Then,
| fdu, B [ fdv, < 4||f”goR(:“y’19y) + %[f]%iplocs(“y’ﬁy)
My(E) 19:1/(E) N My(E) V'l?y(E)

In Theorembelow we will consider Assumption (.74 ip1oc) in place of Assumption (7)) (con-
sidered [47]]) to derive an error bound. This less stringent assumption is compensated by taking advan-
tage of the distortion mismatch property established in Theorem[4.3] More precisely, we will need that
the L?*t-mean quantization error associated to any sequence of optimal quadratic quantizers at level

(62)

. . _1
N still goes to zero at the optimal rate N~ d.

The following lemma provides a control of the f-local Lipschitz coefficients of the functions
uy k(f) defined recursively by (I3) (we drop the in the subscript y and f to alleviate notations in
what follows).

Proposition 6.2. (a) Assume that (%), (F iploc) and (1 1oc) hold and that, for every k = 1,...,n,
E(0(X3)|Xp—1 = x) < Cox(140(x)). (63)

Let f : RY — R be 0-locally Lipschitz function. Then, the functions uy, defined by satisfy

~ [Pliiphe — 1 _ o
[uk]Liploc < K; k Kg,X 7[P]LTP10C — I1flloo + [P]Eipllcoc[f]LiplOC (Convention: 11711 = n)(64)
iploc

where Rg, X = QCQ,X [gl]Liploc + [P]Liploc[QQ}Liploc and ||u||oo < (Kg>n||f||oo
(b) Let (Xk)k=o0,....n be the Markov chain defined as an iterated random map of the form

Xk:Fk(kahgk% k:1,...,n (65)

where (fk)kzl,...,n is an i.i.d sequence of random variables independent of X.

(1) If there exists some p € (0, +00) such that
0(Xo)e LP  and HH(Fk(x,al))Hp < Cpx(1+0(x)) (66)

then max—o,...n [|0(Xk)lp < +oo.
In particular, for p = 1, the chain satisfies the integrability assumption (¥ (6)) and (63).

(i1) If Fx(0,1),0(Xo) € L? and, for every k€ {1,...,n}, z, ' € RY,
[0(F(z,e0))||, < Cox(1+0(z)) and |[Fy(z,e1) = Fi(z',e1)ll2 < [Filauiplz — 2’|, (67)
then both (7 (0)) and (A iploc) are satisfied. To be more precise

Vk=1,...,n, [Pk]Liploc < maX(l? Cé,X)[Fk]Q,Lip‘
Proof. (a) By the Markov property, we have for every k = 0,...,n — 1 and every z € R,

up(z) = B(ueg1 (Xe+1) gkt (X Xp1) | X = ) = (Progrtihs1grs1 (2, ) ().

It follows that, for every k = 0,...,n — 1, ||ug|loc < Kgl|Uk+1]00, O that,
lurlloo < Eg 7% 1f lloo
since [|tn oo = || flloo- Let k€ {0, ..., n — 1}; for every z, 2’ € R,
Jur () = u(z')] < [grga]viptoc [wrr1lloo (1 + 0(2) + 0(2") + E(0(Xy1)| Xp = @) |z — 2|
+ [Prtt]Liploc[Uhs19k41 (2, )Liploc (1 + 0(2) + 0(2")) |z — 2.
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Now, still forevery k =0,...,n—1,

lur1(2)grs1(2, 2) = upg1 (2) g1 (2, 2)| < gy (2) — w1 (2) grga (27, 2)

+ gk (2 2) = grra (@', 2')| fupra (2)]
Kg[uk+1]Liploc(1 + 9(2) + 9(2/))‘2 - Z/’

+ [[ur 11 oo 9741 Liploc (1 + 6(2) + 0(2"))] 2 — 2]

IN

so that
[uk-i-lgk‘-i-l(x/? ')]Liploc < Kg[uk+1]Liploc + ||uk+1 ||OO[gI%+1]LiP10€'
Finally, collecting these inequalities, we deduce from Assumption (63) that, forevery k = 0,...,n—1,
[Uk]Liploc (200,X [gli-pl]Liploc + [Pk—l-l]Liploc [gl%-l—l]Liploc) Huk—ﬂ—l Hoo + Kg [Pk—i-l]Liploc [uk—l—l]Liploc

<
< ’ig,XHUkH HOO + Kg[P]Liploc [uk—l-l]Liploc-

The conclusion follows by induction (discrete time Gronwall lemma) having in mind that u,, = f.

(b) Claim (z) is obvious. As for claim (i), let f be a 6-locally Lipschitz with constant [ f]ipioc. Then,
for every z,z’ € R%and every k = 1,...,n,

|Pf(x) — Pef(2)] = [Ef(Fp(z,61)) — Ef(Fi(2',€1))|
< [f}LiplocEOFk(x g1) — EFy (2, 51)|(1 + 0(Fy(x,e1)) + 0(F (2, e1) )
< [fILiploc || Fr (2, €1) — Fi(2', 1), (1 + |0(Fx(z,€1))ll2 + [|0(Fx(z,1))]l2)
< [fuiptocFrl2,Liplz — 2’| (1 + Cp x0(2) + Cp x0(2"))

where we used Schwarz’ Inequality in the third line, and and (66) in the last line. We deduce that
[PrlLiploc < (1V Oy ), forevery k =1,...,n. O

Notice that assumptions (63) and (66) hold when 6 is a polynomial convex function and when
(Xk)o<k<n is the Euler scheme (with step % and horizon 1) associated with a stochastic differential
equation of the form (20). In the latter case, the transition operator P11 = P, k = 0,...,n — 1, is
time homogenous. We suppose in the sequel that (Py) is time homogenous.

Theorem 6.3. Let (Hiploc) holds and assume that () o) is fulfilled, as well as assumptions of
Proposition Suppose that for every k = 0,...,n, Xy has a (2,2 + vy)-distribution for some
v € (0,d), and set vy, = ming—q ., vi/2. Then for every v € (0, 1y,),

(Mn ,,K” n
\Hy,nf y,nf|2 W ZBk TRe )HXk Xk”2(1+u) (68)
where A
tn(y) = mynl and ¢n(y) = Tynl
and )
[P]nl—k’ -1 2 gl 2i 4 g2 21 .
BZ(f, y) — 2k 2H§,X < Liploc . + [ ]L ploc [ }L ploc + [P]i(iplof)

[P]Liploc - Kg
with Rg X = QCG,X [gl]Liploc + [P}Liploc [92]Liploc and

My, = 1+k pnax (||9(Xk)||2(1+%)+He(Xk)Hz(H%)JF”e(Xk—&-l)Hz(H%)+||9(Xk+1)||2(1+§)>'

PERRRY L
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Let us make few remarks about the assumptions of the theorem before dealing with the proof.

Remark 6.1. (a) If 6 is convex and if all X, are quadratic optimal quantizer, then it is a stationary .e.
satisfies Xj, = E(X}, | X1) so that, for every k = 0, . .., n, we have, owing to the convexity of 920+2)
and Jensen’s Inequality, R

10X l214 1) < 10Xk llgr 4 1) < F00.

(b) If (X&)k=0,....n is a Markov chain of iterated random maps
Xk:Fk<Xk717€k)7 k:l,...,'fl,

under the assumptions of Proposition Assume it satisfy the §-local Lipschitz assumption with a
function 6(y) > C|y|* for some real constants C,a > 0. Then, if a > %(thyy)d for some v € (0,d),
and the distributions of X}, are absolutely continuous distribution. Then, all X have a (2,2 + v)-

distribution.

Proof. Like in [47], the proof relies on the backward formulas (I3) and (I9) involving the func-
tions w, ,(f) and their quantized counterpart 1, 1, (f) whose final values ©_; and @%_; define the un-
normalized filter 7, ,,(f() (applied to the function f) and its quantized counterpart, respectively.

Following the lines of the proof of Theorem 3.1 in [47], one shows by a backward induction taking
advantage of the Markov property that the functions uy, : R* — R, k = 0,...,n defined recursively

by (13) satisfy w,, = f and

wp(Xk) = Bk (r1 (X, Xit1, Xe41)) = E(rr1(Xp, X1, Xi1) | Xk), k=0,...,n— 1.
(69)
where

¢k+1($k,33k+1,$2;+1) = 9k+1($k>$k+1)uk+1($§g+1)a Thy Th+1, $§<;+1 e R%
Finally u1 = E(uo(Xo)) = myn(f) (un-normalized filter applied to f). One shows likewise that the
functions y, defined by (19) satisfy u,, = f (on the grid I';,) and
a(X5) = By (1 (Xper1) gbs1(X, Xpog1)) k= 0,...,n — 1, (70)

so that finally 4_1 (f) = Big(Xo)) = 7tyn(f) (quantized un-normalized filter). One shows like for the
functions uy, in Proposition 6.2f that ||tk [l < K "=|| f|loo- Now, using the definition of conditional

expectation I, as an orthogonal projector (hence an L2-contraction as well), we have

e (Xk) — (X3 = ue(Xe) — B (wr (X)) 13 + 1Ex (wr(Xk)) — @ (X)]3
< ue(Xe) — Ex(ue(Xe) I3
Hllorr1(Xhy X1, Xeg1) — 1 (Xer1) 941 (Xey Xer1) I3 (71

where we used in the second line the chaining rule for conditional expectation to show that &y, (up(Xg)) =
Ek(apkH ( Xk, Xg+1, Xp11)) (the o-field J(Xk) C Fy,) and the contraction property of Ij,.

It follows now from the definition of the conditional expectation IE)k() as the best approximation
in L? among square integrable o (X},)-measurable random vectors that

k(X)) — B (ur(X) I3 < e (Xe) = un(Xi) 13 < [ur]Eipocll (1+0(Xk) + 0(X5)) (Xi — Xi)|13-

Let ve (0,7,), so that for every k = 0, ...,n, 2(1 + v) < 2 + . Holder’s inequality with conjugate
exponents p, =1+ vandg, =1+ % gives

[ (Xi) — B (ur(Xi)) 13 < [unlipioc|| L + 0(Xk) + 0(X5) qu Xk — XI5
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Lest us deal now with the second term on the right hand side of and set for convenience
Ak = or11( Xk, Xgr1, Xgr1) — ﬂk+1(Xk+1)9k+1(Xka Xk+1)-
By the triangular inequality and the boundedness of g1, we get
Akl < [ (uhgr (Xiga) = e (X)) ghes 1 (Xrs Xy

g1 (K1) (g1 (Xiy Xir) — i1 (X, Xi1))|
Kgltp1 (Xpr1) = g1 (Xir)| + ks lloo | gr1 (Xas Xig1) = gt (X, X1 -

IN

so that
AR5 < 2K [lursr (Xer1) = frgr Xerall3 + 201 201 gr1(Xe, Xi1) — g1 (X, Xy 13-

It follows from (%’iiploc), Schwarz’s and Minkowski inequalities that

lgk41(Xns Xes1) = g1 (Xi, X [13
A A 2 A
(9% 1 ptoc B | (1 + 0(X0) + 0(X0) + 0(Xi1) + 0(K141))* [ Kioor = K )

g1 RiptocB | (14 0(X) + 0(X) + 0(Xi 1) + 0(X 1)) * | X — X ?].

A

2 A~ A~
< (MkW) ([glz—i—l]%iplochk-f-l - Xk-‘rl”%(l—‘,—y) + [g/i-i-l]iiploc”Xk - Xk”%(l—&—u))

where Mj., := 1+ [|0(X)ll2q, + 10(X)ll2q, + 10(X5+1) 12, + 10(Xks1)l2q, -
Plugging these bounds in (7)), we finally get that, for every k = 0,...,n — 1,

[k (Xp) =ik (Xp) 13 < Kl (Xpn) =t (Xarn) |13+an || Xe—Xell31 1) Bri1 [ Xe1 = Xipa 5040
where K = 2(K,)?
Q= (Mk,V)Q([ukKiploc + 2H7:Lk+1”go[g]i+1]%iploc)7 O<k<n
. 2
and B = 2 (Mk,u||uk”oo{91%]Lip100) ) l<k<n,

(we set u,11 = 0 by convention so that o, := ([f]LiplocMn,»)?). It follows by induction that,
oo 1 o 12
[ (X) — e (Xi) |2 < O ; Con(FXe = X341y, K=0,...,m,

where, using the upper-bound for [u]1ipioc given by (64) (and the definition of kg, x that follows),
Con(f,y) == KN oyK +8), £=0,...,n
= 2£(Mf,ll)2 ((Kg)%[uﬁ]%iploc + (Kg)Z(n_l)||f||c2>o(2[g(}+l]%iploc + [glg]%iploc)>

2
[Pliiotoe — 1 2[9" ipioc + (971 ip1
< zf+1<Mg,y<Kg>">2[(@,X([P]L,Pl"(f_l (a1
iploc g

2(n—¢
+ [P]L(igloc) [f]%,iploc]
(we also used the elementary inequality ab < %(a2 + b%), a,b > 0 in the third line). Finally

Tynf — Fynf? = |Euo(Xo) —E{LO(XO)\2
[ uo(Xo) — o (Xo) I3
((Kg)" M) (Rynl £ + Syl FRipioc)

IN A
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) 2
R _ - 2€+1 K2 [Pmiploc -1 + 2[gl]iiploc + [92]iiploc HX€ . XZHQ
Y,n pard 9,X [P}Liploc 1 Q(Kg)Q 2(1+v)
and
n
2(n—¢ B
Sy,n = Z 2€+1[P]LEZIOC)||XZ — Xg||g(1+y).

/=0

We conclude by Lemma [6.1] O

The previous theorem emphasizes the usefulness of the distortion mismatch result: it allows to
switch from Lipschitz continuous assumptions on the functions gy, into local Lipschitz assumptions.

Remark 6.2. Note that, if we consider Assumption (7)) instead of Assumption (74 iploc) in The-
orem [6.3| we still improve the upper bound established in Theorem 3.1 of [47] since this amounts to
setting § = 0 and replace everywhere the “[.].iploc" coefficients by [.]rip. Then, like for BSDEs, the
squared global error appear as the (weighted) cumulated sum of the squared quantization errors.
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A Proof of Theorem 3.1]
STEP 1. Temporarily set for convenience 5 = tj, for s € [tx, tx+1). Applying Ito’s formula we have
~ R T R T T ~
Y2 = Y2 + / aeY2ds + 2/ e*’YsdYs + / e Zs|?ds
t t t
_ eathQ + / o0 [O‘Yf + |Z5|2 +2Y5 f (s, X, Eé( 3), Cé)]ds + 2/ e Z . dW.

t t

Then, using assumption we have

TR < T4 [ e [0V HZL 4 2V.OU) (L Kl + BT + I ds 2 [ e ZuaW

t t

Owing to Young’s inequality (ab < % + %, for every § > 0 and a,b > 0) we get

T T T
ety? < 2TY2 — o e®®|Y,|?ds — ™| Zs|*ds + 0C(f e®Y2ds
t T ] ] ] s

C T . v gy
+ ED e [+ BT + I Ps 2 [ ez,
¢ t
B T B T -
< TR OC() — ) [ Vs [ e|Z.Pds
t t
C T > v ey
+ éf) / e (1 + | X, + [Es(Ys)[* 4 [¢[*)ds — 2/ e ZsdW.
t t

After choosing av and 6 such that fC'(f) — o < 0, we take the expectation in both sizes of the previous
inequality and use the fact that IE[IE, (Y3)|?> < FE|Y3|? (owing to conditional Jensen inequality) to get

- T - - C T _ -
BT + [ eIz s < TR + S [T B BT +Bids
t t

Owing to the fact that E(sup;e(o 77 | X¢|*) < Cx (1 4 E|Xo|?) and setting ¢ = t;,, we have

ol _ Jaty

T
- . ., C
eatkE(YtiH/t B\ Z,Pds < e TR(VE) + (gf)(e —— + Cx(1+ ElXo)
k

-1 T
C( . C
Tf Ej W]E|th\2+(9f)/t e*E|(, [ ds.
k

On the other hand, we have

~ 1 toy1 ~ 1 tot
G, = Eg/ Zyds, so that by Jensen’s inequality, |(;,|* < Eg/ | Zs|?ds.  (72)
An ty A’VL ty

It follows that

T n-1l . t
1 041 +1
/ e*E|C,[2ds < A2EZ/ e%(/ |Zu|2du>ds
Tk no vl ty
aA n-1l . aA T
n o__ 1 £4+1 - n o __ 1 -
< 6]EZ/ eaS\ZuPdu:e/ e E| Zy|du.
al, —Ju, aly, i,
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Since e®An — 1 < aA\,,e*? ", we have

T
Y, |2 4 / e B|Zs|*ds < *TE|Y7|* + Ce(f)eaT + C(Hf)cxu + E|X0)?)
s «

n—1

AC ~ C T ~

BSOS gy oy Sl 7 eomiz, pas
l=k k

Now, let us choose 6 so that %eO‘A” < 1. Owing to the fact that 6C(f) < «, this implies that
C(f)e*n < 6 < &(py- This constraint holds true if e An < C(f) Taking a > C(f)?(T V 1) and

owing to the fact that e*®» — 1 as n goes to infinity we may consequently choose 6 € (C (f) (eO‘A" \%

T), ol )) for every n > ng € IN. Setting

C(l’l) _ eaTED'}T’Q + C'e((f) eaT + CH’JCCX(l + E|X0|2), 0(1,2) _ C(gf) and 0(1,3) — C(Hf) eaAn’

it follows that, for every n > ng,
n

T
Yy, |2 + (1 — 019) / e B|Z,[?ds < CVV 4 ACT?) N R, . (73)
tk t=k+1

In particular we have IE|}~/T]2 =F& < CY) and

MR, P < WY 4 A0 N MR, 2, VEE{0,...,n— 1} (74)
l=k+1

Since § > TC(f) then TC'"?) < 1 and we may show by induction that if A > CD /(1 — TC(1:2))
then ) )
sup e“*E|Y;, |2 < A so that sup E[Y;, |2 < A.

k=0,...,n k=0,...,n
Now, setting £ = 0 in we get
CcL1) n—k (L2 ot c12)

T
as ~ 12 <
ili%’/o CCEIZ s < T ram T 1o T S T gne T 1o caa T

Furthermore, since |(;, |2 ALIE f 41| 7, 2ds (see ([T2)), we deduce that

n—1 ~ trt1 ~
B3 Bl P < [ EIZ s < 00
k=0 ik

where C'(1:4) is a positive real constant not depending on n.

STEP 2. We show that Y satisfies

Vie [OvT]a E‘E - Y/ﬂz < Cb,U,fyT‘t _ﬂﬂ Cb,a,f,T > 0.

In fact, we have for every t € [t, tg+1],

~ t ~
}/t = }/tk - (t - tk‘)f(tkvthaE(%k+1|Ftk)7<tk) +/ ZSdWS~

173
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Then, using the assumptions yield

~ t ~
E|Y; = Y3, [* < C(f)(t — ti) (1 + BI Xy, | + E|Y:, ,, 1> + E|G, []) + / E| Zs|*ds.

173

Now, thanks to the previous step we know that

sup E|Z,|? < 400, sup E[V;|> < +oco and sup sup E|, |> < +oo.
s€[tf] kef0,...,n} n>1 kefo,...,n}

We also know that sup,,~; Supyeqo,....n} E|X¢,|? < +00. As a consequence, there exists a positive real
constant Cy, 5 7 such that for every ¢ € [thy tit1)s

Vi€ [ty tiy1], E|Y: =Y < Chooprlt—til, k=0,....,n—1

STEP 3. Let ¢t € [0, 7. It follows from Ito’s formula that

T
eat‘Y;t—YtP - 2/6(18(}/8_YS)(f(SuXS7YS7ZS)_f(S7X$)]ES( 5)7 §))d$
t
T 5 T 5 T 5
—oz/ea5|Ys—Ys2ds—/ e‘“s|Zs—Zs|2ds+2/ e (Zy — Zg)dW,
t t t
T - _ - Lol
< 2/ eas[f]Lip’Y; - YSI(A% + |Xs - X§‘2 + |Ys - Eﬁ(YE)F + |Zs - C§’2)2d3
t
T N T 5 T 5
—a/e“les—Ys2ds—/ eas\Zs—Zs\st—i—Q/ e (Zs — Zs)dWs.
t t t

Using the Young inequality: ab < gaQ + 21—962, V6O > 0, yields
at V|2 Tas Vo2 1 2 v |2 v\ (2 12
Y= Vi < [fluip [ € (0 = Vo + 5 (A2 41X, = K2 +1Y; = By (F5)2 +12, - &) ) ds
t
T B T 5 T N
—a/ eS|V, — Y, |2ds — / €| Zs — Zg|*ds + 2/ e (Zs — Zs)dWs. (75)
t t t

The stochastic integral on the right hand side of the previous inequality is a martingale since both Z
and Z lie in L2([0, T'] x , dt ® dIP). On the other hand, owing to the error bound for the Euler scheme
and the fact that X is an It6 process, we get

E|X; — X? < 2(CBYE|X, — X > + CBYE|X, — X,?) < CBGIA,,

for some positive real constants C(31), C(32) and C'®3). Then, taking the expectation in and
using the fact that 3 ) ~ ~
EY; - Es(Ys)* < 2E[Y; — Ya? + 2E|Y; — Ey(¥;)[?

yield

~ T - 2 T 5
EGWE—%?+/@“4—zﬁw)s(—mﬂﬂWW+en/éwmn—nﬂm
t t

[flLip (€T — e T o . T y
+ =5 ( (A2 + CBIA,) + 2/ e B|Y, — By (Ys)[2ds + /eaS]E\ZS - gs\2d3> . (76)
Q@ t B t B
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We notice that for every & € {0,...,n — 1} and for every s € [ty, tkt1),

- 1 th+1 b1
(s = Ek/ Zsds € arg min Ek/ | Zs — al?ds
= An tk ag]'—tk tk
and
1 tk+1 thrl
(s := Ek/ Zsds € arg min Ek/ |Zs — al?ds,
B An tr agFy, ty

where a€ Fy, means that a is an R?-valued F, -measurable random vector. Then, using the inequality
Ei|Zs — (s]* < 2Eg|Zs — (6] + 2Eg[(s — (s]?, we get

tkt1 - o1 ht1 ~
/ ey |Zs — CsPds < 2 / e By |Zs — Cs|Pds + 2 / e® Ty |Cs — Cs|*ds (77)

tr ti 22

tht1 9 tot1 tet1 . 2
< 2/ OBy | Zy — Z,|%ds + A?/ easmk‘mk/ (Zu — Zu)dul| ds.
tk n tk tk

Now, owing to the Cauchy-Schwarz inequality, we have

trt+1 tet1 _ 2 tet1 trt+1 N
/ easIEk‘]Ek / (Zu—Zu)du‘ ds < A, | edsE, / \Z — Zul2du
tr tr tk 7%
al t
n _ 1 k+1 ~
= Aneeo‘tkEk/ | Z — Zu]2du
« t
al t
n __ 1 k+1 -
< Ane]Ek/ 3| Zy — Zo|2du.
o ty

Consequently, taking the expectation in leads to

th+1 N th+1 e®An _ 1 [l -
/ e E|Zs — (|*ds < 2/ e E|Zs — Z,|*ds + 2/ e E| Zy — Zy|*du
tr B ti B O[An tr

Coming back to Inequality and setting v = o(0) = [f]Lip (0 + 3) yields
at (2 r as 7 12 [f]Lip Tas ¥ O\ (2
E(e*|Y: —Yi|* + eY\Zs — Zs|*ds ) < 0 ACyor+2 [ eElYy —Ey(Ys)| ds
t t
al\,

€ —1 Tas 7 2
128 " T [ eR|Z, — ZuPdu
al\, i

T
+ 2/ O E|Z, — Z§]2ds>.
t

Owing to Step 2, we have for every t € [0, T, E]fft — )72\2 < Cpo,f7(t —t) with Cy 5 s > 0 so that,
using the conditional Jensen inequality we get
E|Y: - E(V)P* < 2E[V; - Vil + 2E[E,(T; - V)P
< 2E[Y, - Yi* + 2EY; — V5[
< 4Cy 6. 570,

. aln _
As a consequence, using that eaTnl < eaA”, we have
n

T ) T -
]E(eatm — V2 / €| Z, — ZS\2ds> < U ]GLIP (AnC’Am s+ 2670 / e E|Z, — Zu|*du
t t

T
+ 2/ ¢*E|Z, — Z§]2ds>.
t
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Letfe [4[f]Lipa G[f]Lip] . Then

QmﬁeO‘A” < lexp ( L1p( L1p ) )

0 2
[.ﬂLlp CvAn 3
so that, for large enough n, say n > ny, 2T < 1 since A,, — 0. It follows that
- 1 [T . t ~
]E<e"‘t|Yth|2+4/ eo‘S]ZSfZSPds < 0B (An "‘S]E|Z Z| ds+/ O‘S]E|ZSZS|2ds>.
t t
In particular, for every k = 0,...,n, as ty = ty,

T
E’Ek _Ek‘Q < 0(3,4) <An+/easE’Zs —Zs’2d3>

tg

T
C35) T (An + / E|Z, — Z5]2ds> .
0

IN

Now, setting & = 0 yields likewise

T T
JE( / | Z, — ZSPds) < B9 (An +eoT / E|Z, — ZS\Z‘ds) :
0 0

which completes the proof since one can always satisfy this inequality forn = 1,.. ., ng, by increasing
the constant C'(3:0).

STEP 4. Let us consider the following PDE:

ou
Ot

where L is the second order differential operator defined by

L= %Z[UU*(t a:,a:7 +Zb t .I' xz’

1,

—(t,z) + Lu(t,z) + f(t,z,u, Vou(t,z)o(t,z)) = 0, w(T,z) = h(T,z), x€ R,

(where ¢o* stands for the transpose of o). We know (see e.g. [21]]) that under our assumptions, the
solution u of this PDE satisfies

Yt = U(t, Xt) and Zt = Vmu(t, Xt)O'(t, Xt)

Furthermore (see again [21]), under the hypothesis made on the coefficients of the Forward-Backward
SDEs, there is a positive real constant C'*1) which depends only on 7', such that

Vs, t,€[0,T],Vz e R, |Voult,z) — Veu(s, z)| < CAD|E — s1/2, (78)
We also know that there is a constant C'#2?) > ( such that for every s, € [0, 7],
E|X, — X,|> < CWD|t — . (79)

Then, using (78), the assumptions on ¢ and the fact that u belongs to the set C’; 2 of continuously
differentiable functions ¢(t,x) which partial derivatives Oy, 0,¢ and 8g2d> exist and are uniformly
bounded (in particular V,u is Lipschitz continuous in z), we have for every ¢ € [0, T,

E|Z — Z;)* < 2E|Viuo(t, X;) — Vau(t, Xp)o(t, Xi)|* + 2E|Vu(t, Xp)o(t, Xi) — Veuo(t, Xi)|?
< CO(E|Vyu(t, Xy) — Vyu(t, Xp)|* + Elo(t, Xi) — o(t, Xo)[?)
< C((t—t) + ElX; — Xif?)
< C(t-1),
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for some real positive constant C' > 0 which may change from line to line in the previous inequalities.
It follows that

. 2
(tn — ta1)” < CA2.

T T
/E|ZZt2dt§C’/ (t—t)dt =C < CAZ
0 B 0 2
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