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Improved error bounds for quantization based numerical
schemes for BSDE and nonlinear filtering

GILLES PAGES * ABASS SAGNA T #

Abstract

We take advantage of recent results on optimal quantization theory (see [24}44]) to improve the
quadratic optimal quantization error bounds for backward stochastic differential equations (BSDE
in short) and nonlinear filtering problems. To achieve it, one of the main ideas used for both prob-
lems is the use the orthogonality property of the conditional expectation for the mean-quadratic
norm. When permitting some involving functions to be less regular than what is usually needed,
the analysis of the nonlinear filtering error bounds brings into play the so-called mismatch property,
namely the fact that the quadratic optimal quantizers of size N used to approximate R?-valued ran-
dom vectors in L? by a nearest neighbor projection (Voronoi quantization) at a N —4 still perform
this approximation at the same rate in .*, 2 < s < 2 + d.

1 Introduction

In this work we propose improved error bounds for quantization based numerical schemes introduced
in [4] and [41] to solve BSDEs and nonlinear filtering problems. For BSDE, we consider equations
where the driver depends on the “Z” term (see Equation (I)) below) and for nonlinear filtering, we
extend existing results to locally Lipschitz continuous densities (see Section[5)). For both problems, we
also improve the error bounds themselves by using a Pythagoras like theorem for the approximation
of conditional expectations introduced in [44] (see also [40]]). These problems have a wide range of
applications, in particular in Financial Mathematics, when modeling the price of financial derivatives
or in stochastic control, in credit risk modeling, etc.

BSDEs were first introduced in [9] but raised a wide interest mostly after the extension in work [47]].
In this latter paper, the existence and the uniqueness of a solution have been established for the follow-
ing backward stochastic differential equation with Lipschitz continuous driver f (valued in R?) and
terminal condition &:

T T
Yt=£+/ f(s,Ys,Zs)ds—/ ZdW,  0<t<T, )
t t

where W is a g-dimensional brownian motion. We mean by a solution a pair (Y%, Z;):<7 (valued in
R x R%*%) of square integrable progressively measurable (with respect to the augmented Brownian
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filtration (F;):>0) and satisfying Equation . Extensions of these existence and uniqueness results
have been investigated in more general situations (less regular drivers f (see [19] for driver having a
little regularity in time, called rough path driver, [1}26] for locally Lipschitz driver, [32] for quadratic
BSDEs and [33] for superlinear quadratic BSDEs), randomized horizon (see [46]), introduction of
Poisson random measure component subject to constraints on the jump component (see [31} 30]),
extension to second order BSDEs (see [37])).

Since the pioneering work [38]] in which the link between BSDE and hedging portfolio of European
(and American) derivatives has been first established, various other applications have been developed,
as risk-sensitive control problems, risk measure theory, etc.

However, even if it can be established in many cases that a BSDE has a unique solution, this
solution admits no closed form in general. This led to devise tractable approximation schemes of the
solution. In the Markovian case (see (2) below) for example, where the terminal condition is of the
form & = h(X7p) for some forward diffusion X, a first numerical method has been proposed in [20]
for a class of forward-backward stochastic differential equations, based a four step scheme developed
later on in [35].

In [51]], a numerical scheme for BSDEs with possible path-dependent terminal condition has been
investigated. Many others approximation methods of a solution of some classes of BSDEs such as
coupled BSDE, Reflected BSDE, BSDE for quasilinear PDEs, BSDE applied to control problems or
nonlinear PDEs, etc, have also be considered (we refer for e.g. to [2| [13] 14} [18]]). Note in fact that
in [14], the authors consider a slightly modified usual dynamical programming equation to propose a
numerical approximation of (I}) when the generator f has a quadratic growth with respect to z. They
investigate the time discretization error and use optimal quantization to implement their algorithm.
However, they do not study the induced quantization error.

In the present work, we consider the following Markovian BSDE

T T
Yt=£+/ f(s,XSJ;,Zs)ds—/ Z,-dW,, te0,T), %)
t t

where W is a g-dimensional Brownian motion, (Z;);c[o,7) is a square integrable progressively measur-
able process taking values in R?, f : [0, T]xR¢ xRxR? — R. We suppose a terminal condition of
the form ¢ = h(Xr), for a given Borel function h : R — R, where X7 is the value at time T of a
Brownian diffusion process (X¢):>0, strong solution to the stochastic differential equation:

t t
X, =z +/ b(s, X)ds +/ o(s, X,)dW,,  xe€R% (3)
0 0

In this case, the approximating methods of the solution of the BSDE are written (for a given time
discretization at instants ty) = 0, - - - , ¢, = T') as a functional of the paths of (X}, )x=0,... , and involve
in particular conditional expectations IE(gx41(X¢, )| X¢, ), where g1 is a known function. The
sequence (X, ,, )o<k<n is either a “sampling" of the diffusion X at times (¢1)o<r<n Or, most often, a
discretization scheme of (X¢):>0, typically the Euler scheme, when the solution of (3)) is not explicit
enough to be simulated in an exact way.

In this paper, we will consider an explicit time discretization scheme, recursively defined in a
backward way as:

Vi, = h(Xy,) )
Y;fk - E(}/thrl‘Ftk) +Anf(tlthkaE(}/;f/ﬁq’]:tk)actk)v k= 07"'7n_ 17 (5)

with )
Gt = EE(Y%H(W%H - Wtk)’ftk)' (6)



The process (X, )k—0,... » is the discrete time Euler scheme of the diffusion process (X;):e(o 7] With
step A, = % It is defined recursively by

th — th,1 + Anb(tk—lath,l) + U(tk—:l?th,l)(Wtk - Wtk71)7 k = 17 T ?n7 XO = .

Under some smooth assumptions on the coefficients of the diffusions one shows (see Theorem B.]
further on for a precise statement, see also [10]) that there is a real constant Cj, , 7 > 0 such that, for
everyn > 1,
~ T ~ ~
max E‘Y}k Y;5k|2 +/ E|Zt - Zt|2dt < Cb’g,ﬂTAn,
k{0, ,n} ' 0

where Z = Z(™ comes from the martingale representation of > ,_, ﬁk — ]E(f/tk | F¢,_,). A proof of
this result is provided in the appendix for self completeness.

At this stage, since the scheme (#)-(3) involves the computation of conditional expectations for
which no analytical expression is available, its solution (Y, () has in turn to be approximated. A
possible approach is to rely on regression methods involving the Monte Carlo simulations (see e.g. [10}
22])). Other method using on line Monte Carlo simulations has been developed in a Malliavin calculus
framework (conditional expectations are “regularized” by integration by parts from which “Malliavin”
weights come out, see [10, 16} 27]).

In this paper, we propose to use an optimal quantization tree approach originally introduced in [J5]]
and developped in [4} 3 6] (in fact for Reflected BSDEs). This approach is based on an optimally
fitting approximation of the Markovian dynamics of the discrete time Markov chain (th)ogkgn (or
a sampling of X at discrete times (t;)x—o,... ) With random variables having a finite support. More
precisely, the quantization tree is defined recursively by mimicking (@)-(3) as follows:

Y, = h(X,) ™
}/tk - Ek(}/;flﬂ_l) + Anf(tka thv Ek (}/;fk_._l)a Ctk) (8)
. " 1o
with (tk = KEk(nk+1AWtk+1)7k:07"' ,n—l,

where AVVtk+1 =Win — Wy Ek =E(- \)?tk) and )?tk is a quantization of X;, on a finite grid Ty,
i.€., th = Wk(th) where 7, : R¢ — T'), are Borel functions, k = 0,---,n. Our aim is to include
the Z term in the driver and to significantly improve the error bounds in [3 6l.

So, the question of interest will be to estimate the quadratlc quantization error (IE|Ytk - Yt |2)1/2
induced by the approximation of Yt . by Yt .» forevery k = 0,--- ,n, where Yt . 18 the quantized version
of Ytk given by (7)-(8). Under more general assumptions than [4} 5], we show in Theorem that at
every step k of the procedure,

n
H{/tk - S}Ika; < ZINQHX% - Xti g
1=k

(€))

for positive real constants K, depending on 7" and on the regularity of the coefficients of b, o and the
driver f. The presence of the squared norms in (9)) improve the control of the time discretization effect,
compared with [4, 5] In fact, we switch from a global error of order n X maxp<g<n || Xt, — )A(tk |2 to
an order /n maxo<p<n || X¢, — )?tk |2 without damaging the constants.

In the second part of the paper, we consider a (discrete time) nonlinear filtering problem and im-
prove (in the quadratic setting) the results obtained in [41], where the error bounds associated to the
estimation of a discrete filter by optimal quantization has been investigated.



The discrete time nonlinear filtering problem involves two processes: the signal process and the
observation process. The signal process denoted in this paper by (X})r>o is modeled by an R4-
valued discrete time random process whereas the observation process (Yj)x>0 is an R%-valued dis-
crete time random process, both defined on a probability space (€2,.4,P). We assume that both se-
quences (Xj)o<k<n and (Xg, Yx)o<k<n share the Markov property. The nonlinear filtering problem
consists in computing the conditional distribution II, ,, of X,, given the observation (yo,...,¥yn) =
(Yo, ,yn)- If we assume that the distribution of Y}, given (X;_1,Yx_1, X)) has a density given by
v = gu(Xk_1,Ye_1, Xk, y') forevery k € {1,--- ,n}, then it is well-known (see e.g. [41]) that, for
every bounded Borel function f : R — R,

Tynf
Ty nl

ynf = 10)

where 7, ,, f is computed by the following recursive formula:

Try,kf = 71-y,k—lfly,kfa k= 1a Ny Ty0 = Hyzo’
with
Hy i f(x) = E(f(Xk)gr (@, yp—1, X, Y& )| X1 = )
and

Hyof(x) = E(f(Xo))-

In spite of the previous recursive formula, II, ,, f cannot be computed explicitly in general and has to
be approximated using numerical approximation methods. One efficient method to solve numerically
this problem is to rely again on an optimal quantization scheme as proposed in [41]. It consists in
quantizing the process (X )x=0,... n by a process ()A( i) where, forevery k = 0,--- , n, X & 1S a marginal
quantization of X}, of size V. The idea at this stage is to substitute in the formula which defines the
above kernels H, ;. f(x) the variables X}, by their marginal quantizations X k. We denote by Hy n the
resulting approximation of the conditional distribution II, ,,. It has been shown in [41] that for every
bounded function f, the absolute error |II, ,, f — ﬁy,n f| is bounded (up to a positive constant) by the
cumulated quantization errors || Xj, — X || from k = 0 to n, for 7 > 1 (in practice, for every r = 1,2).

We propose to improve this result in the quadratic framework (r = 2) in two ways. We show that
for every bounded function f, the square-absolute error |II,,, f — ﬁy,n f|? is bounded by the sum of
the square-quadratic quantization errors || X} — X, |2 from k = 0 to n. Secondly, taking advantage of
recent new results on optimal vector quantization, namely, the distortion mismatch problem (see [24]
and Theorem [4.3] Appendix [B)), we show the same improved result (asymptotically with respect to the
quantization grid sizes Nj) under local Lipschitz instead of global Lipschitz continuity assumption on
the density functions gg.

The paper is divided into two parts. The first part is devoted to the analysis of the optimal quan-
tization error associated to the BSDE of consideration. We recall first, in Section [2} the discretization
scheme we consider for the BSDE. Then, in Section [3| we investigate error analysis for the time
discretization and the quantization scheme. We perform some numerical tests in dimension one and
illustrate the rate of convergence of the quantization error for a Call price in the Black-Scholes model.
Then, some results about optimal quantization are recalled in Section 4] Section [5]is devoted to the
nonlinear filtering problem analysis when estimating the nonlinear filter by optimal quantization.

NOTATIONS: e | .| denotes the canonical Euclidean norm on R%.
e For every f : RY — R, set [f]Lip = SUP,2y w < +o0.
o If Ac M(d, q) we define the norm ||A|| = \/Tr(AA*).

e For every 7 > 0, we define L™ (P) = {J, .o L""(P).
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2 Discretization of the BSDE

Let (W})¢>0 be a g-dimensional Brownian motion defined on a probability space (£2,.4,P) and let
(Ft)t>0 be its augmented natural filtration. We consider the following stochastic differential equation:

t t
Xt:x—i-/ b(s,Xs)ds+/ o (s, X, )dWs, (11)
0 0

where the drift coefficient b : [0, T] x R? — R? and the matrix diffusion coefficient o : [0, 7] x R% —
M(d, q) are Lipschitz continuous in (¢, ). For a fixed horizon (the maturity) 7" > 0, we consider the
following Markovian Backward Stochastic Differential Equation (BSDE):

T T
}Q:h(XT)+/ f(s,XS,YS,ZS)ds—/ Zs-dWs, te]0,T], (12)
t t

where the function h : R — R is [h]Lip-Lipschitz continuous, the driver f(t,z,y,z) : [0, T]xR¢
xRxR? — R is Lipschitz continuous with respect to (z, y, z), uniformly in t € [0, T], i.e. satisfies

(Lipy) = |f(t,x,y,2) = f(t,2", 4, 2)] < [flup(lz =2+ |y —9| +12 = 2]).  (13)

Under the previous assumptions on b, o, h, f, the BSDE (I2) has a unique RxR%-valued, F;-
adapted solution (Y, Z) satisfying

T

IEJ( sup |Y;|? —l—/ \ZS\QdS) < 400
te[0,T 0

(see [47], see also [36]]).

Let us consider now (th) k=0, n the discrete time Euler scheme with step A,, = % of the dif-
fusion process (X¢)cpo, 7], Where (tx)o<k<n is the uniform mesh of the interval [0, 7] defined by

tp = ]%T,k =0,---,n. Itreads
th = th,1 + Anb(tk—lath,l) + O-(tk'—]Jth,l)(Wtk - Wtk71)7 k = 17 e ﬂn7 XO =x.

We will need to extend this Euler schemes into a continuous time process (th)te[o,T}’ sometimes
called genuine Euler scheme by setting (we drop the dependence in n when no ambiguity):

Xt — th,l + (t_tk—l)b(tk—b th,l) +U(tk‘—17 th,l)(Wt - Wtk71)? t e [tk’—la tk’]v k= 17 e, N

(14)

If we sett = % when t € [ty t541), one easily checks that (X)c[o 77 is an Itd process satisfying
dXt = (t — t)b(é, XE) —+ O'(L Xz)th, Xo =X.

In particular (Xt)te[o,T} is a continuous JF;-adapted process and, it is classical background (see e.g. [[11]),
that, under the assumptions made on b and o, one has for every p € (0, +00),

H sup |Xt|H +SupH sup |)_(f|H §05707P7T(1+|x|),
te[0,T) P n>1"1t€[0,T] p

for a positive constant Cy, ,,, 7. On the other hand, there exists a real constant Cé opT > 0 such that,
for every n > 1 and for every p € (0, +00),

H sup ]Xt—Xﬂ
t€[0,T)

» < Cl,),a,p,T \% An(l + |£C‘)



As a consequence, general existence-uniqueness results for BSDEs ensure (see [48]]) that there exists a
unique solution (Y, Z) to the Markovian BSDE associated to the genuine Euler scheme, namely

T
Y; = h(X / f(s Y@,Zs)ds—/ ZdWs, t€0,T], (15)
t

such that -
E( sup |Y;|* + / |Zs|2ds) < +o0.
te[0,7] 0
Then, we can apply the classical comparison result (Proposition 2.1 from [38])) with f Hw, t,y,2) =
f(t, Xi(w),y, 2) and f2(w,t,z,y,2) = f(t, X;(w),y, z) which immediately yields the existence of
real constants C,E?_ > 0,4 =1, 2, such that

T T
]E( sup \Y;—Yt|2+/ \Zt—Zt\th) < oW <E(h(XT) —h(XT))2+[f]iipE/ ]Xt—Xt"|2dt>
t€[0,T 0 0

S C(l) ([h]Llp + T[f]Llp)E( sup |‘Xv1L - X}?DQ
te[0,7

IN

2
0,57 3, .

Unfortunately, at this stage, the couple (Y3, Zt)te[O,T] is still “untractable” for numerical purposes
(it satisfies no Dynamic Programming Principle due to its continuous time nature and there is no possi-
ble exact simulation, etc). This is mainly due to Z on which little is known (by contrast with Z which
is closely connected to a PDE as it will be recalled further on). So we will need to go deeper in the
time discretization, by discretizing the Z term itself.
Consequently, we need to perform again a time discretization, this time on (13)), only involving discrete
instants tx, k =0, -+ ,n.

We consider an explicit scheme recursively defined in a backward way as follows:

S/%k = E(Y;g]hq’ftk) +Anf(tkathaE(nqul“Ftk)?Ctk) (17)
and 1
Gy, = EE(nk+1(Wtk+1 - Wtk)|ftk)7 k=0,...,n—1 (18)

Note that in many situations, one uses the following alternative formula

~ 1 ~ =~
Ctk = KE((nk+1 - YthWtkH B Wtk)|ftk)’

n

which is clearly more natural when thinking to (j, as a hedging term in discrete time. One easily shows
by a backward induction that, for every k € {0,--- ,n}, V;, € L2(2, A, P) since supye(o.7) | X, | €
L3(P).

Our first aim is to adapt standard comparision theorems to compare the above purely discrete
scheme (Ytk, Ztk) with the original BSDE to derive error bounds similar to those recalled above be-
tween (Y, Z) and (Y, Z). To this end, like for the Euler scheme, we need to extend Y into a continuous
time process by an appropriate interpolation. We proceed as follows: let

n
T = an _E(Y;fk |]:tk71)'
k=1



This random variable is in L? (IP). Hence, by the Brownian representation theorem, there exists an
(Fi)-progressively measurable Z € L2([0,T] x 2, P @ dt) such that

T~
M, :/ Zy dW.
0

~ ~ e
Then Yy, — E(Y;, | Py ) = / Zs dW. In particular

tk—1

_ 1 - 1 l41 _
Gty = KE(nk+l(Wtk+l - W) |~7:tk) = AE(/ sts‘ftk>7 k=0,....,n—1,
n n tr

so that we may define a continuous extension of (fftk)og k<n as follows:

~ ~ _ ~ ~ t ~
Y =Y, — (t—te) f (b, Xep E(Yep 0 | F2)s Ci) +/ ZsdWs, t€ [tg,try1] (19)

2

3 Error analysis

3.1 The time discretization error

We consider the time discretization scheme (Y, Z) defined by (T6)-(33) and (T9) and compute below
the discretization error bound. The result is proved in the Appendix for self-compoleteness. It closely
follows, like most results of this type, the classical method of proof devised for comparison theorems
in [38].

Theorem 3.1. (a) Assume the function f : [0,T] x R x R x R — R is Lipschitz continuous in
(t,z,y, z) and that

VE>0, [f(t.zy2)| < CUHA A+ [z]+ [yl +]2)). (20)

Then, there exists a real constant Cy ;. ¢, > 0 such that, for every n > 1,

_ T _ T

max E|Y;, — Y| +/ E|Z, — Zi?dt < Cyos1 (An +/ E|Z, — Z5]2ds> .
ke{0,,n} 0 0 a

(b) Assume that the functions b, o, h, f are bounded in x, uniformly Lipschitz continuous in (z,y, z)

and Holder continuous of parameter 1/2 with respect to t. Suppose furthermore that h is of class

C§+O‘, a € (0,1) and that oo™ is uniformly elliptic. Then

T
/0 E|Z, — Zy[?ds < C) ; 7, @1)
so that there exists a real constant 5’5707 ¢ > 0 such that, for every n > 1,
T
sip Yy, — V|2 +/ E|Z, — Z42dt < Gy j7l. 22)
ke{0,--,n} 0

NOTATIONS (CHANGE OF). The previous schemes (16)-(I7) involve some quantities and operators
which will be the core of what follows and are of discrete time nature. So, in order to simplify the proofs
and alleviate the notations, we will identify every time step ¢}’ by k£ and we will denote I£, = IE(-|F3, ).
Thus, we will switch to

Xk = tha ?k = i}tka fk(xvyvz) = f(tkax7y7 Z)‘

However note that, in the proof of the Appendix, we still use continuous time notations.



3.2 Error bound for the quantization scheme

In this section, we consider the quantization scheme (7)-(8)) and compute the quadratic quantlzatlon
error (]E|Y}k - Y}k| )1/2 induced by the approximation of Y;k by Y}k, for every k = 0,--- ,n. This
leads to the following result.

Theorem 3.2. Assume that the drift b and the diffusion coefficient o of the diffusion (Xt).c[o,1) defined
by are Lipschitz continuous, that the driver function f satisfies (Lipy) (Assumption ) and that
the function h is [h]yip-Lipschitz continuous.

(a) Foreveryk =10,--- ,n,

H?k? - i}kH; g Z e(1+[f]Lip)tiKi(b7 g, Ta f)HXl - )?ZHga (23)
i=k
where K, (b,o,T, f) := [h ]Llp and, for everyi =0, - — 1, one can choose (provided n > ny),

K’L(ba g, T7 f) - HzeQNO(T t) + (1 + Ang) (Cl,k(ba g, T7 f)Ano + CZ,k(bv g, T7 f))7

with
Coo(b,0, T, f) = qri[flfe*tn oo 200 tist)
Co(b,0, T,
and — Cux(b,o,T.f) = [flEsy + '“(qf)

(b) Foreveryk =0,--- ,n,

n—1 _ N n—1 C2 k ) B

NSt P ple UL TP AR Y A T
k=0 k=0 i P

Following the usual architecture of proofs of quantization based schemes like those developed in [4]]
or [41]] (among others), The proof of Theorem [3.2](which will be displayed further on) is divided in two
main steps: the first one is to establish the propagation of the Lipschitz property through the functions
Yk and zj, involved in the Markov representation (I6)-(T7) of Yy and (i, namely Y, = yi ()_( 1) and
Cx = A, 12, (X)), and to control precisely the propagation of their Lipschitz coefficients (an alternative
to this phase can be to consider the Lipchitz properties of the flow of the SDE like in [28]). As a second
step, we introduce the quantization based scheme which is the counterpart of (I6) and (I7) for which
we establish a backward recursive inequality satisfied by ||Y}, — Y}, 3.

3.2.1 First step toward the proof of Theorem 3.2]

As a first step we need to introduce several operators which appear naturally when representing Y.
To be more precise, we set for every k € {0,--- ,n — 1} and every Borel function g : R? — R with
polynomial growth

En(z,u) = o+ Apb(ty, ) + VAno(ty, z)u, ze RY ue RY (24)

Piyig(z) = Eg(&(z,e)) where € ~ N(0;1,) (25)
1

Qrr19(z) = \/TE(g(Sk(x,e))a). (26)



One immediately checks that for every k& € {0,--- ,n — 1},

Erg(Xit1) = Pry19(Xx)  and By (9(Xp1) Wi — Win)) = AnQry19(Xp).

+

Note that the process (Xk)ogkgn is an (Fk)o<k<n-Markov chain with transitions Py, k =
0,---,n — 1. Moreover, it shares the property to propagate the Lipschitz property as established
in the Lemma below.

Lemma 3.3. Foreveryk =0,...,n— 1, the transition operator Py 1 is Lipschitz in the sense that its
Lipschitz coefficient defined by [Pi11]1ip := sup  [Pgt1f]Lip is finite. More precisely, it satisfies:
Lip>

[Pei]Lip < e2rCho” 27)
where )
Chor = luip + 5 ([0, + TI0IRp). (28)

1 T
Furthermore, if n > ng, one can take Ch, o 7 = [b|Lip + 3 <[U]%ip + [b]%ip>.
no

Proof. We have for every =,z € RY, and for every Lipschitz continuous function g with Lipschitz
coefficient [g]yip,

|Pr19(x) = Prrag(a’)f? Elg(Ex(z,€)) — Eg(&r(a’,€))

<
< gl Elék(z,€) — k(2 )

and elementary computations, already carried out in [4], show that

Elér(z,e) = E(a’ o) < (1+ A, ( [b( mo NLip + [0 (R ]Eip) + AR, i) |z — 2/

< (1 + A L1p + [ ]%ip) + AZ[ ]Llp)‘x - |2
< (1+4A, CbaT) *la — ')
S 62AanUT|x x |2

where Cj, , 7 can be e.g. taken equal to [b]rip, + %([g]ilp + I [b]Llp) provided n > ng. It follows that

Py is Lipschitz with Lipschitz constant [Py ]rip < e “Cb oT, O

Proposition 3.4. (see [4]) (a) The sequence of functions y, k = 0,--- ,n, defined by the backward
induction

Yn = h

Yo = Proryesr + Anfi( o Por1¥it1, Qrrvhsr), k=10, ,n—1,
satisfies Y, = yr(Xy,) for every ke {0,--- ,n}.
(b) Furthermore, assume that the function h is [h]yip-Lipschitz continuous and that the function f(t,z,y, z)
is [ f]vLip-Lipschitz continuous in (x,y, z), uniformly int € [0, T). Then, for every k€ {0,--- ,n}, the
function yy, is [yx|1ip-Lipschitz continuous and there exists real constants ko = Cp o7 + [ f]Lip, Where

Ch,0,1 is given by (28) in Lemma and K = mﬂ

+ [h]vip such that
Ko

A _4n —{n
wilp < a7 €T = D[flup + e Al
< Ttk . (29)
In particular,
sup max [yk]Lip < ek < +00. (30)
n>1k=0,-,n



Proof. (a) We proceed by a backward induction using (16 and (17)), relymg on the fact that (X§)x—o..
is a Markov chain which propagates Lipschitz continuity. In fact, Y, = h(X,) = yn(Xn). Assumlng
that Y311 = yr+1(Xk+1) and using Equation and the Markov property, we get
Vi = BEyes1(Xer)IXe) + Anfie (X By (K1) Xe), G
Pri1Yr+1(Xk) + An fe(Xks Pora1yr+1(Xe)s Qr 191 (X))
= yp(Xg).
(b) We also show this claim by a backward induction. In fact, ¥;, = h(X,) := y,(X,) and h is

[h]Lip-Lipschitz. Suppose that vy 1 is [yx+1]Lip-Lipschitz continuous. Then, for every x, 2’ € R, we
can write

ye(@) —yr(@) = E(yr1 (Er(@,€) — yps1 (Ex(a’,€)))
+An [Aa:,z’(x - xl) + Bm,m’E(ykJrl (gk(xa 8)) — Yr+1 (gk(xla 5)))

+Cx,z’E<(yk+l(8k(xa £)) — yk+1(5k(30/75)))5)}
where ¢ ~ N(0, 1) and

Ji (2, Poy1¥is1 (@), Qes1¥r+1(@)) — fo (@, Pogryrsr (), Qrs1yrr (2))

A:v,x/ = T — 2 l{x;réx’}v
 Se(@ Pepayrs (2), Qrgryes1(2) — fe(2, Pepryes1(2), Qr1yrs ()
BI,Z‘/ — / 1P 19
Pri1yr+1(2) — Pep1Yr41(2) o
o, Fi (@', Pro1ypa (2), Quayis1 () — (@', Poyrypr (), Qurayp1(2)) 1
m,m’ - Q _ / Qz,z”
kt1Yk+1(2) — Qrr1yr1(2)

with Py o = {Pey1yrt1(2) # Periyes1(2)} and Qp v = {Qk+1yk+1( ) # Qr+1Yr+1(2')}. The
function fj, being Lipschitz continuous, one clearly has | A, 2| < [f]Lip- Now, taking

advantage of the linearity of expectation, we get

u(@) = pe(a') = B (g1 ((5,€)) = i1 (E@",2)) (14 A (Baar + Cawe) ) ) + A (= 2.
Then Schwarz’s Inequality yields

|yk(x) _yk(x/)| < Hyk-‘rl (5(.%’, 6)) —Yk+1 (g(x/, 5)) H2H1+An (Bz,:p’+Cx,x’5) H2+An[f]Lip |.%'—.1‘/|.

Now,

vkr1 (Ex (@, ) —yns1 (Ex(@, ) ||y < WrsLip|[Ek(@, €)—Ek(@, ©)]|, < [Yrst]Lipe T l—a'],

by Lemma([3.3] On the other hand,

Hl_An(Bx,m"i‘Cz,x’E)Hg - (1+A7‘LB2:IJ)2+A20117’
S 1 + 2An[f]Llp + 2A2 [f]Llp
< e28nlflip,

Finally, owing to the definition of xg, we get

k(@) — (@] < (€27 [yea]Lip + AnlflLip) [z — 2]

i.e. yy is Lipschitz continuous with Lipschitz coefficient [yy|1ip satisfying

[yk}Lip < eHOAn [yk:+1]Lip + An[f]Lip-

The conclusion follows by induction. O
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3.2.2 Second step of the proof of Theorem 3.2

Let ()2 k)k=0,-. n be the quantization of the Markov chain X, where every quantizer X 1 1s of size N,

forevery k € {0,--- ,n}. Recall that the discrete time quantized BSDE process (lA/k) k=0, n is defined
by the following recursive algorithm:

~

A(Xn) S
Er(Yit1) + Anfio(Xis Ex(Yis1), Cr)

1 ~ -
= XEk(Yk+1AWtk+l)’k:0""7n_17
n

o) 50
\ |
>

with

where I@k =TE(-| X ). Owing to the previous section, we are now in position to prove Theorem
Proof of TheoremB2L (a) Using the fact that, for every k € {0,--- ,n}, (X)) C 0(X), we have
Y — Y = Vi — Ex(Ye) + Ex (Vs — Y) @31

where Y, — I@k(};k) and I/Ek(f/k — l?k) are square integrable and orthogonal in Lg(a()?k)). As a
consequence, using the Pythagoras theorem for conditional expectation yield

Vi = Vil = Vi — En(Y)|2 + | ER (Vi — V)|

On the other hand, it follows from the definition of the conditional expectation IAEk() as the best
approximation in L? among square integrable o (X}, )-measurable random vectors that

Ve = Ex (V)13 = Nl (Xe) = Exlye(Xi)IIE < lor(Xe) = s (Xi)l13 < [eltipl Xe — Xl3.
Let us consider now the last term of the equality (31). We have,

Ex(Yi - Y = Ei[Vier — Yigr + A0 (X0 Be(Yer1)s G) — fe(Xo E(Yierr),
= Bi[Yitr — Yirr + A (X0 Be(Yer1)s G) — fie(Xns B (Yierr),
+ A (Fe (X Br (Y1), Ex(G) — fe(Xks Er(Yier1), &)
= Eix[Yir1 — Yipr + AnBrEy (Vi1 — Yir1) — AnCrBr (G — &)
+ A By (X B (Yer1)s G) — fe(Xs B (Yierr), E(Gr)))

where
5 WK B (i) Be(@)) — (K Br(Vi) Bi(G)),
) Ek(?k—&-l) _ ]/Ek(?k-i-l) {Br (Yot 1) #ZEr (Ye4+1)}
)

N fk()?kyﬁk(i}k-i—l),ﬁk(gk) — fk()?k’ﬁk(?k+1)72}g))
and Cy = kS BELAN Lo e o
Er(Cr) — Ex(Cr) {Br(C)#Br (o)}

o~ A~ 1

Ex((Yit1 — Yir1) AWy, ,,),

P

n

we deduce that

Ek(i}k - ?]f) = Ek[(ffk_;,_l — ?k—i-l) (1 — Angk — akAWthrl)]
A (fo (X B (Vi) G) — fo( X, B (YVirr), Bi(G)).- (32)

11



So, it remains to control each term of the above equality. Considering its last term, it follows from the
Lipschitz assumption on the driver fj, that

10 (X ks B (Vi) Gr) = fi (K B (Vi) B (G113 < [ (1K — XI5
Bk (Vig1) — Br(Br(Yr1)lI3
+1¢k — Er(G)113)-
First, the contraction property of the conditional expectation yields

| Prr1yii1(Xn) — Perayrsr (X3
[Prs1]ip Wi+ 112 | X — X3

By (Yit1) — B (B (Vi) <
<

On the other hand, set
Zk(.%') = E(yk+1 (gk(x7€))€)a k= O’ e, — 17
where € ~ N (0; I,). We get
- - 1 ~ . ~
Gk — ExCrlls = A7 Er (Va1 AWy, ) — By (Br (Ve AWy, ) 13
n

— AlnHZk(X'k) - Ek(zk(Xk))Hg
1

< oK) — 2R3
n
1 _ ~
< A i1 Xk = X3 (33)
n
Let us determine [2zj]1ip. We have, forevery k =0,--- ,n — 1,

2 () — zp(2") = E((ykJrl(gk(xag)) - yk+1(5k(93/75)))5>

so that
21(@) = 21(@)] < e lB| (0 = @) + Aa(b(@) = b)) + VBal(o() — a(a))e)e]
< [enlupB| (@ — 2) + A (b(@) — b)) + /An(o (@) — o(2'))e]|¢]
< [yrstluip|| (@ — 27) + An(b(z) = b(2") + VAn(o (@) — o (2))e||, |le]],
< [ ]Lipe® T gl — 2|
< \/aeA"Cb’”’T/’ileno(T_terl) |33‘ B $/|'

We finally deduce that

£ (X Br (Y1), Go) — Fi (X By (V1) Er(G)) |2 < (01 k(b,0,T, f)

Cgk(b g, T f)

SO — Kille 34)

since, owing to (27) and (29), we have

[f]%lp(]‘ + [Pk-l-l]%ip[yk—i-lh%ip) < Cl,k(ba o,T, f) and [f]%lp[ }Llp <Cy k(b o,T, f)

12



k=0,---,n—1where

Coo(b,0, T, f) = qri[f e Chor 200 ters)

Cy (b0, T,
and CLk(b, o,T,f)= [f]%ip"‘ Zk(qaf).

To complete the proof, it suffices to control the remaining terms in Equation (32)). Using the (condi-
tional) Schwarz’s inequality yields

N

B [(Frs1—Yier) (1B Bi-CeAWy, )]| < [Bi(Vis —Tirn)?] [Bi(1-20By—CrAW,, )]

Furthermore, using the fact that I, (AW, )= By, (B (AW, 1)) = 0 and owing to the measurability
of Ek and @ with respect to U(X'k), we get
Ei[(1— AuBj — CudAWy, )% = (1— AnBy)? + CREL(AW,,,,)?)
= (1-ABy)? + CiA,
(
(&

14+ An[flLip)? + (An[flLip)?

<
S 2A [f]Llp

Then, using the conditional Schwarz inequality and agains the contraction property of conditional
expectation, we get
|Ee[(Fir = Tir) (1 = AuBy = CeaWay,,)]||| < e8| T = Tl 39)
Using Schwarz’s Inequality for the L?-norm, we derive from (31), (32)), (34) and (33)) that
Ve = Yil3 = (Vi — Bx(Yi)lI3 + 1Bk (Vi — Vi) 3 (36)
< [wwlfipl Xe — Xll3 + (eA"[f]Lipr/kH ~ Yirtll2 + Aul fo (X E(Yier1), G)

A

~ iR BT, Bi@)l)

e Eipll X = Xill3 + (€270 ¥y = T o

CQ k(b g, T f)
A,

IN

+8(Cralb,0 T, ) + )% - Xall2)

Relying on the classical identity
(a+0)? <a*(1+A,)+b*(1+A1,

we derive that

o ~ Cox(b,0,T,
(eA"mL‘pHYk—l—l = Yiqall2 + An (C1,k(b, o, T, f)+ “(Af)) 1 X5 — Xkl )
< ePelMiv (1 4+ A || Visr — Yeurl?
1 Cok(b,0. T, f) X X
+(1+ E)Ai (Ol”“(b’ L)+ =g ) =l

< A Vg = Va3 + (14 80 ) (CLib, 0, T ) A + Con(b, 0 T £) )1 K = Kl
Hence (using an upper-bound for A,, e.g. like T or T'/ng, if n > ng), we obtain

[V = V|3 < B w) |y, oy — Vi |3 + Ki(b, o, T, )| Xk — X3 (37

13



It follows that, for every k€ {0,--- ,n — 1},

eAnk(1+(f]Lip) ||yk _kaQ < An(kH1)(1+[f]Lip) ||ykJrl ?k:+1||%

ek L) (6 (b, o, T, )| X — Xi||3

where

R0 1.1) = sl + (14 5) (CLa.a. 7o)+ Con(b 0, 7). k=0, n— L

S Kk(b) g, T7 f)
(if n > ng). Keeping in mind that ||Y;, — }Aan% [h ]LIPHX — Xn |2, we finally derive by a backward
induction that "
S 2 SS 2
Vi = Villy < D Kb, 00T )| X = i
i=k

(b) We derive from the very definition of (; and Cx that

~ —~ ~ ~ o~ 1l ~ ~ ~
G — Ce = (G — Ex(G)) + (Er(Ce) — Ck)-
We know from (33)) in the the proof of claim (a) that

B
|Ex (G — Ex(C))|3 < TpHXk — Xi||3.

On the other hand, as /(X)) C o(X X},), it is clear that E(() = ALI/E]C (Yes1 AWy, ., so that
o~ 1 ~ o~ .
B (Gk) = Gell2 = Rz 1Bk ((Virr = Yesn) AW, ) I3
n

Conditional Schwarz’s Inequality applied with IEk implies that

A~ ~ A~ 2 A~ ~ A~
Ep((Yes1 = Yer ) AWy, )" < (Br(Yars — Yig1)?) A
which in turn implies that
~ o~ - 1 ~ ~
B (k) = Gells = = Verr = Vel
n
so that finally

Cgk(b g, T f)

1 Xk — Xill3 + Vi1 — Vi |3
[f]L]p

AnllEx(C) — Gil3 <

O]

Remark 3.1. Remark that the key property leading to Theorem and allowing to improve the ex-
isting results for similar problems (see e.g. [4]) is the Pythagoras like equality (36) which is true only
for the quadratic norm. This equality is the key to get the sharp constant equal to 1 before the term
1B (Ye — Ya)[I3.
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3.3 Computing the Zk, terms

Recall that for every k€ {0,--- ,n — 1}, the R?-valued random vector Zk: = (E,%, e ,Zg) reads

~ 1

(k= ng(fk) where  2,(X;) = Ek(?k+1AWtk+l>
n

with 2, : ', — RY is a Borel function (T'}, is the grid used to quantize X}). As ?kﬂ = /y\k+1()?k+l)
we easily derive that the function Z, is defined on 'y, = {a:'f, cee ,xg’“} by the (R?-valued) weighted

sum
Nk

~ ~ Wk
Zk(fﬂf) = Z yk+1($§+l)ﬁij
j=1

where, for every (i,j)€ {1,--- , Ng} x {1,--- , Np41}, ﬂzVJVk is an R%-valued vector given by

Wk 1

T, =
" P(X) = oF

) X E(AWtk+1 1{§k+1:m§+1,ik:$§}> ’

These vector valued “weights" appear as new companion parameters (as well as the original weights
ij of the quantized transition matrices) which can be computed on line when simulating the Euler
scheme of the diffusion by a Monte Carlo simulation.

Note that, for every k€ {0,--- ,n — 1} and forevery i€ {1,---, Ny},

ST A, g, )

= ]/Ek (Ek (AWtZH 1{)?16:1?})>

= Bi(Be(aWy,, )P(Xk=2b)) =Bro=0.

As a consequence, an alternative formula for Zj can be

N1
~ Wk (~ ~
@) = D m Ghe (@) = Tr(al)).
j=1

4 Background on optimal vector quantization

It is important to have in mind that all what precedes holds true for any quantizations X & of the Euler
scheme X, i.e. for any sequence of the form X i = Tk(X¢, ). In fact the theory of optimal vector
quantization starts when tackling the problem of optimizing the L? (and more generally the L") mean
error induce by this substitution, namely || Xy, — X||2 which in turn will provide the best possible
error bound for quantization based numerical schemes. This question is in fact a very old question
that goes back to te 1940s motivated by Signal transmission and processing. These techniques have
been imported in Numerical Probability, originally for numerical integration by cubature formulas in
the early 1990’s (see [39] or [15]).

Let X : (Q,A4,P) — R? be a random vector lying in L"(P), r € (0,+00). The L"-optimal
quantization problem of size N for X (or equivalently for its distribution Px) consists in finding the
best L"(IP)-approximation of X by a random variable 7(X) taking at most N values. The integer N
is called the quantization level.

15



First, we associate to every Borel function 7 : R? — R taking at most N values the induced
L™ (P)-mean error || X — 7(X)]|, (where || X]||, := (E|X]T)1/r is the usual L" norm induced by the
norm | .| on R and the probability P on (£2,.4)). Note that when r € (0, 1), the terms “norm" is an
abuse of language since L"(IP) is only a metric space metrized by || . ||”. As a consequence, finding the
best approximation of X in the earlier described sense amounts to find the solution to the following
minimization problem:

eny(X) = inf {HX (X)), v:RT 5 T, T ¢ RY card(T) < N},

where card(I") denotes the cardinality of the set I" (sometimes called grid). It is clear that for every
grid ' = {z1,--- ,2x} C RY, for any Borel function 7 : RY — T,

€ = 7(€)] > dist(6,T) = min ¢ — .

Equality holds if and only if 7 is a Borel nearest neighbor projection 7 defined by

N
mr(€) =Y wileym)(©),
i=1

where (C;(I"))i=1.... v is a Borel partition of R? satisfying
Vie{l,---,N}, Ci(T)C{€eR:|¢—z|= rlninN\g—xjy}.
J=L,

Such a Borel partition is called a Voronoi partition (induced by I'). One defines the Voronoi quantiza-
tion X' of X induced by I as 7r(X). It follows that for every » > 0, | X — X, = ||dist(X, )],
so that the L"-optimal quantization finally reads

en(X) = inf {[|X — XT|,,T € R% card(T) < N}. (38)

Note that for every level N > 1, the infimum in (38)) is in fact a minimum i.e. is attained at least
at one grid (or codebook) I',, at least (see e.g. (see e.g. [23] or [39]). Any such grid or any of the
resulting Borel nearest neighbor projections is called an L"-optimal /N-quantizer.

One shows that if card(supp(Px)) > N then any optimal N-quantizer is of full size N. Further-
more (see again [23] or [39]), the L"-mean quantization error ey (X ) at level N decreases to 0 as
N goes to infinity. Its rate of convergence is ruled by the so-called Zador Theorem recalled below, in
which, | . | temporarily denotes any norm on R,

Theorem 4.1. Zador’s Theorem (a) Sharp asymptotic rate (see [23)]): Let X be an R%-valued random
vector such that X € LT+5(IP’) for soem real number § > 0 and let Px = p.\q + Ps where ¢ denotes
the absolutely continuous part of Px with respect to the Lebesgue measure \q on R% and P its singular
part. Then

lim N4 en(P)) = Jraligl o € [0, +0c) (39)
N—+o0 d+r

with
d+r

4 d : T T
lell e = ([ an) * and gy =t N7, @(0.019) € (0.40)

(U([0, 1]%) denotes the uniform distribution on the hypercube [0, 1]%).

(b) Non-asymptotic bound (see [I34]): Let r' > r. There exists a universal real constant C,. ./ 4 €
(0, +-00) such that, for every R%-valued X random vector

1

VN >1, epn(X)<Cppaop(X). Nd

where 0,/(X) = inf,ega || X — all» < +00 is the L -(pseudo-)standard deviation of X.
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Numerical aspects (few words about) From the Numerical Probability viewpoint, finding an opti-
mal N-quantizer I is a challenging task, especially in higher dimension (d > 2). In this paper as in
many applications we will mainly focus on the quadratic case » = 2. Note that, in practice, | . | will be
the canonical Euclidean norm on R? for numerical implementations.

The key property to devise procedures to search for optimal quantizers rely on the following dif-
ferentiability property of the squared quadratic quantization error (also known as quadratic distortion
function) for a fixed level N (and with respect to the canonical Euclidean norm). First we define the
distortion function D o (which is defined on (Rd)N and not on the set of grids of size at most N) by:

Vo= (z1, - ,zy)€ RN, Dyy(z) = min [ — z;*dPx (). (40)
' Rd 1<i<N
To any N-tuple z = (21,---,2x) € (R?)Y, we associate its grid of values T = {x1,--- ,x,}, s0

that D5, (z) = || X — Xt ||2. In particular, it is clear that

walX) = ity Prale)

since an N-tuples can contain repeated values.

Proposition 4.2. (a) The function Dy o is differentiable at any N-tuple x € (RY)N having pairwise
distinct components and satisfying the following boundary negligibility assumption:

]P’X (UlaCZ(FI) = 0.

Its gradient is given by

(2 — OdPx(6)) . (1

i=1,-,N

VDR 5(x) = 2 /

Ci(I')

(b) The above negligibility assumption on the Voronoi partition boundaries does not depend on the
selected partition. It holds in particular when the distribution of X is strongly continuous i.e. assigns
no mass to hyperplanes and, for any distribution P such that card(supp(Px)) > N, when x €
argminDy o (see Theorem 4.2 in [23]).

The result is a consequence of the interchange of the differentiation and the integral leading to (4 1J)
when formally differentiating (40) (see [23,[39]]). Consequently, any N-tuple = € argminD y o satisfies

VDNQ (IL’) =0.

Note that this equality also reads, still under the assumption card(supp(Px)) > N,
E (X;)?F) — XU

All numerical methods to compute optimal quadratic quantizers are based on this result: recursive
procedures like Newton’s algorithm (when d = 1), randomized fixed point procedures like Lloyd’s I al-
gorithms (see e.g. 21, 145]]) or recursive stochastic gradient descent like the Competitive Learning Vec-
tor Quantization (CLVQ) algorithm (see [21,[39] or [42]) in the multidimensional framework. However
note that in higher dimension this equation has several solutions (called stationary quantizers) possibly
sub-optimal. Optimal quantization grids associated to the multivariate Gaussian random vector can be
downloaded from the website www . quantize.math—fi.com. For more details about numerical
methods we refer to the recent survey [40] and the references therein.
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Distortion mismatch By mismatch we mean the behavior of es(I'y, X) where (I'y)n>1 is a se-
quence of L"-optimal quantization grids and s > r. The first result in that direction go back to [24] for
various classes of distributions, in particular distributions with a radial densities satisfying a moment
assumption on X (of higher order than s, see below). An extension to all random vectors satisfying this
moment condition on X is proposed in AppendixB] (it is part of monography in progress co-authored
by the first author and H. Luschgy, see [25]])).

Theorem 4.3 (L"-L*-distortion mismatch). Let X : (Q, A, P) — RY be a random vector and let
€ (0 4 o). Assume that the distribution P = P, of X has a non-zero absolutely continuous
component with density . Let (I' v) n>1 be an L"-optimal sequence for grids and let s€ (r,r + d). If

Xe Larr—(p)

for some § > 0, then

limsupN%eS(FN,X) < +400.
N

Note that f;l_ -~ > s so that distortion mismatch requires more than L*® integrability. A proof of
this theorem is provided in Appendix

Remark. This result is in some way optimal for the following reason. It has been established in [24]]
(Theorem 1) that if X € L"*(IP), and if (T';,) y>1 is a sequence of L"-asymptotically optimal quanti-
zation grids, then

1 1 _d é d4+r—s :
i Ve, 0 2 1 | [ eran] | [ o555
N ’ R4 JRd

and an elementary application of the inverse Minkowski inequality shows (see Equation (2.11) from [24])
that

X ¢ L'+ (P) = / goTadrg = +oo and X ¢ LaF=it(P) = / g T dAg = +oo.

4.1 Numerical experiments for the BSDE scheme

We deal now with numerical experiments using three examples: the pricing and hedging of a call
option (in a market where the risk free return for the borrower and the lender are the same), a bull-call
spread option (in a market where the risk free returns for the borrower and the lender are different)
and a multidimensional example with the Brownian motion. Numerical tests are performed using our
quantized BSDE algorithm. In fact, letus setfori =1,--- , Ng, j =1,--- , Npy1,

pr=P(Xy=2F),k=0,--,n
and pf’j =P(Xg+1 = x?“\Xk =M, k=0,--- ,n—1.

Setting Y;, = J(X},), for every k € {0, - , n}, the quantized BSDE scheme reads as
{17 27) = h(a}) =1 N,
() = (f)*—Anf(tk’iU“Oék( ), Br(z))  i=1,-- N
where for £k =0,...,n—1,
N1 1 Nit1
a@f) = Y Gena@™ply and Br(af) = — D Gep (@) A, (42)
j=1 moi=1
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with 1
Wk _ N N
T = E@ x E(AWtk“I{Xk+1=$§+l7Xk=ff})'

For all examples, we use a time discretization mesh of length n = 20. For the optimal quantization
method, the optimal quantizers X, & = 1,--- ,n (with Xg = Xj) are computed using the Lloyd’s
algorithm (see e.g. [21}142]] for details on Lloyd’s algorithm). The size of the Monte Carlo trials in the
Lloyd algorithm is set to 7x 103 (for the first two examples, and, to 5x 10° for the third example) and the
number of iterations of the Lloyd procedure is set to 5 (except for the last example where the grids are
obtained by a scaling of the optimal grid of Gaussian random variables). We use a uniform dispatching
for the quantizers where we assign the same grid size Ny to the X}’s, for every discretization step ty,
k=1,---,n.

4.1.1 Call price in the Black-Scholes model
We consider a call option with maturity 7" and strike K on a stock price (Xt)te[o,T] with dynamics

dXt = [LXtdt + O'Xtth.

Considering a self financing portfolio Y; with ¢, assets and bonds with risk free return 7. We know
that (see [38]]) the portfolio evolves according to the following dynamics:

T T
Yi=Yr +/ f(Ys, Zs)ds — / ZsdW (43)
t t

where the payoff Y7 = (X7 — K)T, the hedging strategy Z; = o Xy and f(y,2) = —ry — ?z.
It is clear that the function f is linear with respect to y and z and, it is Lipschitz continuous with
[flLip = max(r, ©==). We perform the numerical tests from the algorithm we propose with the fol-
lowing parameters

Xo=100, r=0.1, p=02 o=025 K=100, T=0.1.

Setting v(to, Xo) the price of the option at ¢y = 0, the corresponding exact solution of the BDSE ({3))
atto = 0 is given by

(Yo, Zo) = (v(to, Xo), 0 Xov(to, Xo)) = (3.65997, 14.14823).

We have to notice that the solution (Y3, Z;) of (@3)) provides both the price Y; of the option and the
hedging strategy Z,; at time ¢, under the historical probability IP. The Black-Scholes price is given
under the risk neutral probability and does not depend on .

The estimated solution of the BSDE by optimal quantization is (}A/ON , Eé\f ) = (3.66,13.83) for
Ni = N = 40, and, (Y, ZY') = (3.655,14.147) for N, = N = 100. The numerical convergence
rate of the error |Yy — lA/ON | is depicted in Figure |1| for x = 005 and g = 0.2 and bring to light a
convergence rate of order N 1.

4.1.2 Bid-ask spread for interest rate

Let us consider know a model for different interest rates introduces in [8]]: a borrowing rate R and a
lending rate r < R. Let ¢; still be the amount of assets held at time ¢. Then, the dynamics of the
replicating portfolio is given by

T T
Y, = Vi + / F(Ya, Z,)ds — / Z,dW, (44)
t t
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where Z; = op; X, and the driver function f is given by

f(y,Z)Z—Ty—M;TZ—(R—T)min(y—gjo)-

As in [[7]], we consider a bull-call spread comprising a long call with strike K7 = 95 and two short call
with strike K> = 105, with payoff function

(Xr — K1)" —2(Xr — K2)t = Yr.
Furthermore, we consider the set of parameters:
Xop=100, R=0.06, r=0.01, p©=0.05 o=02 T=0.25.

The BSDE (44)) has no analytical solution. We refer to the reference prices given in [[7,49]: (Yo, Zp) =
(2.96,0.55). The estimated solution of the BSDE by optimal quantization is (Y3, Z{¥) = (2.97,0.63)
for an uniform dispatching with the same grid size N, = N = 40.

4.1.3 Multidimensional example
We consider the following example due to J.-F. Chassagneux:
dX; = dWy, —dY, = f(t, Yy, Zy)dt — Z; - AW,

where f(t,y,2) = (21 + ...+ 24)(y — 35) and where W is a d-dimensional Brownian motion. The
solution of this BSDE reads
€t

€t
Zy=—t 45
1+et7 t (1+€t)2’ ( )

Y, =

with
e = exp(xy + ...+ x4+ 1).
For the numerical experiments, we put the (regular) time discretization mesh to n = 20, with discretiza-

tion step A. We use the uniform dispatching grid allocation and define the quantization (W7, )o<k<n
of the Brownian trajectories (W3, )o<k<p from the following recursive procedure

Wiy, = Wiy, + VAE, (46)

/Wo = 0 and where ¢ is the optimal quantization of the d-dimensional standard Gaussian random
variable. We choose ¢t = 0.5, d = 2, 3, so that Yy = 0.5 and Zé = 0.24, foreveryt = 1,...,d. We
show in Figure 2 the rates of convergence of |)A/0N — 0.5] towards 0, for the grid sizes Ny = N =
5,...,100. The graphics show a rate of convergence of order N~/¢. In particular, when d = 2, we
get

(Yo, Z8, Z2) = (0.50,0.28,0.28) for Nj, = 40
and (Yo, 28, Z2) = (0.50,0.23,0.23) for N}, = 100.

When d = 3, we get

(Yo, 28,72, Z3) = (0.51,0.08,0.06,0.06) for Nj, = 40
and (Yo, 2}, 22,Z%) = (0.51,0.18,0.16, 0.11) for N, = 100.
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r=0.1and =005 r=0.1and u=02

018 4
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Figure 1: Convergence rate of the quantization error for the Call price in the Black-Scholes model). Abscissa axis: the
size N = 5,...,100 of the quantization. Ordinate axis: The error |Yp — YyY| and the graph N +— a/N + b, where a and
b are the regression coefficients. The left hand side graphic corresponds to » = 0.1 and = 0.05 and the right hand side to
r=0.1and p = 0.2.
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0.0065
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Figure 2: Convergence rate of the quantization error for the multidimensional example). Abscissa axis: the size N =

5,---,100 of the quantization. Ordinate axis: The error |Yy — ?ON | and the graph N — a/N + b, where @ and b are the
regression coefficients. The left hand side graphic corresponds to the dimension d = 2 and the right hand side to d = 3.

21



5 Nonlinear filtering problem

5.1 A brief overview of discrete time nonlinear filtering

We consider a discrete time nonlinear filtering problem where the signal process (Xj)xr>0 is an R4-
valued random vector and the observation process (Y} )x>o is an R?-valued random vector, both defined
on a probability space (2, A, P). The distribution p of X is given, as well as the transition probabilities
Py (z, dz") of the process (X} )r>0. We also suppose that the process (Xp, Y)r>0 is @ Markov chain
and that for every k£ > 1, the conditional distribution of Y}, given (Xj_1,Yx_1, Xx) has a density
9k (Xk—1,Yr—1, Xk, -). Having a fixed observation (yo, ..., ¥n) = (Y0,---,Yn), for n > 1, we aim at
computing the conditional distribution II,, ,, of X,, given y = (yo,--- , yn). It is well-known that for
any bounded and measurable function f, we can derive the following formula (see e.g. [41]])

7"'y,nf

Hy7nf = T 1
y,n

(47)
where the so-called un-normalized filter 7, ,, is defined for every bounded or non-negative Borel func-
tion f by

7"'y,nf - E(f(Xn)Ly,n)

with .
Lyn = [ ] o6(Xn-1, vk—1, Xi, vi).
k=1
Defining the family of transition kernels Hy ., k = 1,--- ,n, by
Hy i f(x) = E(f (Xk) gk (@, yk-1, Xk, )| X1 = @) (43)

for every bounded Borel function f : R? — R and setting

Hyof(z) = E(f(Xo)),

one shows that the un-normalized filter may be computed by the following forward induction formula:

Wy,kf = 7Ty,kfl]ir ,kfv k= 17 e, N, (49)

with m, o = Hy 0. A useful formulation in order to establish the quantization error bound turns out to
be the backward induction formula defined by setting

71'y,nf = uy,—l(f)

where u,, 1 is the final value of the induction formula:

uyn(f)(@) = f(2),
uy,k—l(f) = Hy,kzuy,k(f)a k=0, ,n. (50)

In order to compute the normalized filter IL, ,,, we just have to compute the transition kernels H, ; and
to use the recursive formula (49) or (50). However these kernels have no closed formula in general
so that we have to approximate them. Optimal quantization is an adequate method to proceed (see
e.g. [12,141,150]) owing to its tractability. Then, denoting by X & a quantization of X, at level Ny b
the grid I'y, = {x}g, e ,:Eka}, for every k = 0,--- ,n, we will formally replace X}, in or
by X k- As a consequence the (optimally) quantized approximation 7 ,, of 7, ,, will be defined by the
recursive formula

’//T\yJ€ = %y,kle k> k= 1, e, Nn and %y,() = Hy70 (51)
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where

~ ~ 3 Nk—l A'L,] ~i
Ty = Typ—1Hyp = | D00 H=7 o 4|
Y s PR R A (52)
. 1 ; ~ . .
with Hy]’k:gk(l‘}gfpyk—l;x?gayk)pk]a t=1,...,Np_1;5=1,..., Ng.

As a final step, we approximate the normalized filter II, ,, by ﬁy,n which is given by

Ny,
~ - Yy .
Hy:n - E :Hy,n(sa:@
i=1

with 4
~
~. 7T
(] _ Yy,n ;o
1L, = =, o = 1,...,N,.
Zj:l Ty,n

Our aim is then to estimate the quantization error induced by the approximation of 11, ,, by ﬁym- Note
that this problem has been considered in [41]] where it has been shown that for every bounded function
[, the absolute error |II, ,, f — ﬁy,n f| is bounded (up to a constant depending in particular on n) by the
cumulated L"-quantization errors || Xj, — X ||, from k = 0 to n. In this work, we improve this result
in the particular case of the quadratic quantization framework (i.e. r = 2) in two directions. In fact,
we first show that, for every bounded Borel function f, the squared-absolute error [T, ,, f — ﬁy,nf 2
is bounded by the cumulated square-quadratic quantization errors || X — X k|3 from & = 0 to n.
Secondly, we show this improved result (asymptotically with respect to the quantization grid sizes
Nj) under weaker assumptions on the density functions gj, taking advantage of a so-called distortion
mismatch property, originally introduced and investigated in [24]], and improved Theorem {.3] proved
in Appendix [B| hereafter, which shows that a sequence of L"-optimal quantizers can be “rate-optimal"
(in the Zador sense) when viewed as L™ " -quantizer when v € (0, d).

5.2 Error analysis

Let us consider first the following assumptions from [41]].
(%) = For every k € {1,--- ,n} their exists [g}]Lip, [97]Lip : RIxR? — R such that
|gk($7y,$/7y/) _gk(&:\ay’@\/ay,” < [glﬂLip(z%y,”m _/$\| + [gg]Lip(%y,)W, _EL’\,|
(«/1) = (i) The Markov transition operators Py (z,dz'),k = 1,--- ,n propagate Lipschitz continuity
(in the sense of Lemma3.3)) and
[P]Lip = 1max [thjp < +o0.
k=1,-,n

(ii) For every k = 1,- - - , n, the functions g, are bounded on R?xRIxR¥xRY and we set

Ky:= max |ggllsup < +o0.
k=1, ,n

) )

Furthermore, let us consider, for a fixed Borel function 6 : R R, the following #-local
Lipschitz continuity assumption (which is weaker than (74))) on the growth of the functions g:

(HAiploc) = There exists a non-negative convex function 6 : R¢ — R, such that, for every k €
{1, ,n}, E(0(X})) < 400 and there exists [gi]|Liploc, [92]Liploc : RIXR? — R such that

lge(z,y, 2" ) — gu(@, 0.7, 9)] < [grluiploc (¥, ¥) (1 + 6(x) + 0(Z) + 0(2) + 6(F))|x — Z)
+  [g7]Liploc (4, ¥ ) (1 + 0(z) + 6(Z) + 0(2') + (")) |2’ — 7).
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Remark that if the following assumption holds:
() =Forevery k € {1,--- ,n} their exists [g}]pol, [97]pol : RIXR? — R such that

gk (@, 9,2, y") = 96 @, 9,790 < lgrlpor(y,y) (1 + |2]® + 2] + |2/|* + |7|%) |2 — 7]
+ [gelpot (5,9 (1 + |2 + |21 + [2'* + |7']*)|2" - 7],

for a > 1, then J4 ipoc holds with 6 : x — 6(x) = |z|.

The following classical lemma is borrowed from [41] (Lemma 3.1).

Lemma 5.1. Let i, and 9, be two families of finite and positive measure on a measurable space
(E, E). Suppose that their exists two symmetric functions R and S defined on the set of positive finite
measures such that for every bounded Lipschitz function f,

’ [ tduy ~ [ sas,

‘ffdﬂy - ffdﬁy
My(E) ﬁy(E)

In Theorem [5.3| below we will consider the assumption (7 ip10c) in place of Assumption (J77)
(which has been considered [41]) to derive an error bound. This less stringent assumption is counter-
balanced by taking advantage of the distortion mismatch (see Theorem and Appendix (B satisfied
by sequences of optimal quantizers for wide classes of distributions. More precisely, we need that the
L?*"-mean quantization error associated to any sequence of optimal quadratic quantizers at level N

< FIZ Ry, Oy) + [FRipS 1y, D). (53)

Then,

| < 20 oo Ry, 90)° + 20 72 Ry, 0,) + 210 B S 9). - (54)

. . 1
still goes to zero at the optimal rate N~ d.

We first need first to control the #-local Lipschitz constants of [ug]Liploc, for every & > 0 (where
6 : RY — R, is defined as above). If we suppose that f : R? — R is #-locally Lipschitz with a local
Lipschitz coefficient [ f]1iploc defined by

() = @) 55

< +00

v = 220 T 000 + 000) o — o7,

then for every k = 0,--- ,n, Py f is f-locally Lipschitz with [Py, f]ripioc < [Pk]Liploc|f]Liploc- The

following lemma provides a control of the f-local Lipschitz coefficients of the uy’s.

Lemma 5.2. Suppose that Assumption (4 iploc) = holds and that for every k = 0,--- ,n — 1,
E(0(Xk11)| Xk = 2) < Cypx(1+6(x)), (56)
then, for everyk =0,...,n — 1,
[ur]Liploc < ([98]LiptocCo,x + [Pi+1]Liptoc 97 Liptoc ) K~ || flloo + K g[Pi-+1] Liptoc [k +1] Liptoc- (57)

If furthermore,
X1 = Fi(Xg, epg1), k=0,....,n-1

where () is an i.i.d sequence of random variables independent from X and for every x € R¢,
EO(Fy(z,ep41)) < Cpx(1+0(x), VEk=0,...,n—1, (58)
for a positive real valued and convex function 0, then

[Pe+1]Liploc = Cp x - (59
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Proof. We have forevery k =0,...,n—1,

g (Xk) = Bp (w1 (X 1) gt 1 (Xey Xit1)) = (Progrub19e41(, ) ().

It follows that for every £ = 0,...,n — 1, |Juk|co < Kgl|tg+1]o0, so that,
lurlloo < Kg ™" [1flloc

since ||un|loo < || f|lintty- On the other hand we have for every k = 0,...,n — 1, z,2’ € R,

lug(z) —ue(2)] < [gplLiploclWett oo (1 + 0(2) + 0(2)) + B(O(Xjs1)| Xy = 2)) |2 — 2|
+ [Pit1]Liploc [Uk+19k+1 (%", )Liploc (1 + 0(x) + 6(2')) [z — 2'].

Now, forevery k =0,...,n — 1,
|k s1(2)gr1(2, 2) = upp1 () gra (2, 2)] < Jupgr (2) = upg1 (2)|grsa (27, 2)
+lgrs1(2'2) = grra (@', 2)| Jug41 (2)]
< Kg[uk—i—l]LiploC(l + 0(2) + 9(2,))|Z - Z/|

+ [[tget1 |l sup g2 Liploc (1 + 8(2) + 0(2)) |z — /|

so that
[UkJrlngrl (1'/, ')]Liploc < Kg [ukJrl]Liploc + HukJrIHOO[gl%]Liploc-

Therefore, we deduce from assumption (56)) that

[uk]Liploc < ([98)LiplocCo,x + [Pit1]Liploc[gaLiploc) [|tk-+1lo0 + Kg[Pit1]Liploc[Wh+1]Liploc-

On the other hand, as f is 6-locally Lipschitz with §-local Lipschitz constant [f]y, then, for every
z,2’ e R*andk=0,...,n—1,

|Pos1f (@) = Peyrf(2))] = [Bf(Fi(@,ep41)) — Bf (Fi(2’, ep41))]
§ [f]Liplocla: — IL’/‘ (1 + E@(Fk(x,€k+1)) + E@(Fk(m',ek+1))).

Then, owing to Assumption (58], we deduce that [Py 1]riploc = Cy x» forevery k =0,...,n—1. O

Notice that assumptions (56) and (58)) hold when 6 is a polynomial and convex function and when
the process (Xj)o<k<n is the Euler scheme (where n is the length of the time discretization mesh)
associate with a stochastic differential equation of the form (II). In the latter case, the transition
operator Pyy1 = P,k =0,...,n— 1, is time homogenous. We suppose in the sequel that (Py) is time
homogenous.

Theorem 5.3. Let (fipioc) holds and assume that <1 is fulfilled, as well as assumptions of Lemma
Suppose that for every k = 0,--- ,n, Xy has an (2,2 + vy)-distribution, v > 0, and set
Vp = Milg—q.... n Vi/2. Then for every v € (0,vy),

L MP(ED? s o
|Hy,nf - Hy,nf| < 9 5 Bk (fa Y, a)HXk - Xk||2+2y (60)
Pn(y) V 95 (y) 1=
with N
On(y) = mynl and ¢n(y) =Tyl
and where

n 2(n—k
BE(f.y) = 2P B R itoe + 2012 R + 1 Flso B2
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with

8‘11/ n—k _ 2
RTZJC = ﬁ [[g/i—f—l]%iploc + [g]%]%iploc + ( Z [P]Elipléc([gli—i-m]mploc + [P]LiPIOC[gl%-&-m]Lip)> } )
g

m=1
@ =1+1/vand

M= e (B(O(X)) + E(O(T0) + E(0(Xin ) + E(0( e,

Before dealing with the proof let us remark that if X % 18 an optimal quantizer then it is a stationary
quantizer so that, for every k = 0, - - - , n, we have

E6(X,)*% < EO(X;)%" < +oc.

Proof. To simplify the notations, we will omit the dependence of the used functions from the observa-
tion parameter y. For every k€ {0,--- ,n — 1}, we define the function ¢ 1 by

/ — / / d
Okt 1 (ks Thot 15 Thog1) °= Gt 1 (The Tt 1) Uk4+1 (Tpy1)s Thy Thot1, Thogy € R

Following the lines of the proof of Theorem 3.1 in [41], one shows by a backward induction taking
advantage of the Markov property that there exists functions uy, : R — R, k = 0,---n — 1 such that
uy = f and

ur(Xp) = Ex (0r1(Xp, Xpr1, Xnr1)) = Eg (wrgr (Xnr1) gr 1 (Xiy X)) (61)

Now, using the definition of conditional expectation ]@k as an orthogonal projector (hence an L?-
contraction as well), we have

lue(Xe) — @ (Xi)l3 = |Er(ur(Xn) — Er(@rrr(Xi, X1, X))

Bk (et (Ky Xt Xir1)) — Bre(Orepr (X X1, X)) 3
1B (e (X3) — B (01 (X X1, X)) |13

+ I [k (K1) = Brsa (Kip) 3.

IN

Considering the first term on the right hand side of the previous inequality and using once again the
orthogonality property of the conditional expectation, we obtain

B (ur(X3) — B (@rs1(Xny Xerts X)) < Jun(X) — B (ur (X))
| Eg (ur (X)) — Er(0r1 (Xn, Xe1, Xpr1)) 13-

It follows now from the definition of the conditional expectation IAEk() as the best approximation in >
among square integrable o (X} )-measurable random vectors that

ok (X) = B (s (X)) 15 < [l (Xi) = ur(K) 13 < [wr]Eiprocll (14 0(Xk) +0(Xi)(Xi — Xi) 5.

Letve (0,vy,), so that forevery k = 0, - -+ ,n, 24 2v < 2+ 1. The Holder inequality with exponent
pp=1+vandq, = 1+%gives

lur(X5) — B (ur(Xi))l3 < [urlfiploc (1 + BO(X5)2® + EO(Xk)?™ ) | Xk — Xil340,-

On the other hand, setting R = Ek(uk(Xk)) — IAE)k(apkH()?k, )?kH,XkH)), it follows from
Assumption (Hiploc) that

1Rul3 < 2l (I Ripoc B ((1 4+ 00X0) + 0(X0) + 0(Xis1) +0(Ki1))*| X = K )

19k RiptocB (1 + 0(X0) + 0(X5) + 0(Xp41) + 0(X41)) Xk — Ki?) ). (62)
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Once again, the Holder inequality with exponent p, =1+ vandgq, =1+ % yields
v ATk e e
IR < 2589 ME i 12 (1981 Biproc | Xo = KilB2s + [0 Biptoc | X — K32, )

where M¥ := 1+ E(0(X;)2%) + E(0(X},)%) + E(0(Xp41)%?) + E(0(Xpp1)®).
We finally get that, for every k = 0,--- ,n — 1,
ek (X))~ (X 13 < K2 gt (Xne1) =1 (X 13+ l| Xo— X300+ Brt | X1~ X1 13100

where

k vk
Q= [ ]LlplocM + 2x81 M HukJrluoo[gk—i-l]Liploc? 0<k<n-1
and Bk = 2X8unllf||uk+1||go[gk+1]%iploc7 1< k <n.
Setting, a, 1= [f]7;,10c> We show by induction that, for every k< {0,-- -, n}

n
iy f = Fyrf P <D CHE ) Xe = Xel34,

l=k
where Ci(f,y) = K2(£_1)(agK2 + Be)
= Mk ([ ]LlplocK% + 2X8un2 (=1 Hf”2 ([géJrl]Llploc + [glgh%iploc)>

n 2(n—4 l,f2
< ML (PR U + U (ol +
n—~0

2
+< [P]ﬁ;]éc([gl}+m]LiplocOH,X + [P]Liploc[glg+m]Liploc)> )i| .
1

We conclude by Lemma 5.1} O

3
I

The previous theorem shows the usefulness of the distortion mismatch result, which in different
contexts may be used to improve several results involving the quantization errors in the asymptotic
framework. In our context, it allows us to weaken the assumptions on the functions g; whereas for the
maximal radius problem (see [43]29]]), its use is crucial to derive the sharp constant for the asymptotic
of the maximal radius sequence of quantizers when considering distributions with radial exponential
tails.

Remark 5.1. Note that if we consider Assumption (/%)) instead of Assumption Hiploc in Theorem
one shows that for every bounded Lipschitz continuous function f on R¢,

2K n ~
Wy f — . f —————42——f Byl Xk — X, 2) (63)
\ Y, y | (y)VgZ)n(y) (kzzo k( y)|| k k:||2

where ¢,,(y) = 7,1 and QAﬁn(y) = Tynl and

BR(fy) = 2P 1125 + 20 1P Rk + 1 oo B2 s

[N

with
n—=k
R = iz [lohal? + [ + ( 3 (P (obiluin + Plriplassdin)) |-
g m=1

In fact, in this case, the upper bound (62)) may be replaced by
IBRZ < llontt (X Xirt, Xns1) — Orr1 (X, X1, Xor1) |3
2112 ([9ha Bip 160 = Kll3 + 971 i | X1 — K1),

IN
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A Proof of Theorem 3.1

Temporarily set for convenience 5§ = ¢y, for s€ [tg, tx+1)-

Proof of Theorem 3.1l STEP 1. Applying Ito’s formula we have
B B T B T T _
eTY2 = ey2 4 / e Y2ds + 2 / €Y dY, + / e**| Z,|2ds
t t t
= MY+ / e [aY? + | Zsf* + 2, f (s, Xo, Bu(Y5), G ds + 2 / € ZydW.
t t
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Then, using assumption we have
TTR < T [ e [0V HZL 42RO (W Kl + BT+l ds 2 [ e ZuaW
t t

Owing to Young’s inequality (ab < % + %, for every 6 > 0 and a,b > 0) we get

~ ~ T T T
eY? < e TYE - a/ €| Y, |ds — / % Zs|*ds + 0C(f) / e Y2ds
t ¢ ¢

T B o

+ Céﬁ/ 6018(]_ + |X§’2 -+ ‘Eé(}%)ﬁ + |C§|2)d8 o 2/ easZSdWS
¢ ¢

~ T _ T _
< TR (0C() —a) [ e Tis— [ o2 Pds
t t

T N o

T C(gf)/ e (14 [ Xs* + By (Ys)|* + |¢s*)ds — 2/ e Z . dW,.
¢ t

After choosing a and 6 such that 0C'(f) — a < 0, we take the expectation in both sizes of the previous

inequality and use the fact that E|E,(Y5)[? < ]E|Y |2 (owing to conditional Jensen inequality) to get

R Ol (T )
BT+ [ EIZPds < TETR) + 5 [T e 1 BIXP 4 BT2) + BIGP)ds
t t

Owing to the fact that IE(sup,¢o 11 |X¢|?) < Ox(1+ E|X|?) and setting t = 5, we have

ol oty

T
. . —  C
eatkE(Yi)Jr/t CE|Zds < TE(Y2) + (ef)<e —— + Cx(1+ El X))
k

C(f) = ~ ci) (T,
+ egeaffwm? + 5 /t ™|, [2ds.

On the other hand, we have

~ 1 toy1 ~ 1 tes
G, = Eg/ Zds, so that by Jensen’s inequality, |(,|? < Eg/ \Z %ds.  (64)
A’Vl tZ A’VL t[

It follows that

T n-1l . t
1 041 +1
/ e B|¢|%ds < A2IE)Z/ ea5</ |Zu|2du)d5
tr n =k 17
-1 oy T -
< EZ/ €| Zy2du = © / ™| Z, |2 du.
ty tg

Since e®An — 1 < aA\,,e*™ ", we have

~ T ~ ~
Y, | + / eVE|Z,|%ds < e*TE|Y7|? + Ce(f)e“T + C(eﬁcx(l + | X0|?)
ty «Q

n—1

AC ~ C T ~

+ 0(f> § :eatg+1E‘ne+1 |2 + (ef) eaAn / €OCSE|ZU‘2d8.
=k tk

Now, let us choose 6 so that %eO‘A” < 1. Owing to the fact that 6C(f) < «, this implies that

C(f)e*n < 6 < &(py- This constraint holds true if e An < C(f) Taking a > C(f)?(T Vv 1) and
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owing to the fact that e*®» — 1 as n goes to infinity we may consequently choose € (C (f) (e v
T), %) for every n > ng € IN. Setting

CctD = TRV, + Ce((f) et 4 (;fcxa + E[Xo|?), c1?) = C(ef) and C(13) = C(Qﬁ eAn

it follows that, for every n > ny,

~ T _ n _
Yy, > + (1 — 019) / e B|Z,[?ds < CWV 4 ACT?) N R, . (65)
tk t=k+1

In particular we have IE|}N’T]2 = E¢2 < Y and

e EY, [P < O 4 A0 N M E|Y, P, VEe {0, n— 1} (66)
I=k+1

Since > T'C(f) then TC(1?) < 1 and we may show by induction that if A > C(\D /(1 — TC(1:2))
then N N
sup e“t’“E]Ytk]Q < A sothat sup ]E\Y;k|2 < A.

k=0, n k=0, n
Now, setting £ = 0 in (63]) we get
lolt)) n—Fk L2 o1 1.2

T
astn| 7 |12 <
ig%/o B2 ds < —cd T 1o C(LS)AXT S1-cas s C<L3)AXT'

Furthermore, since ’Etk 2 < AEy t';k“ | Z4|2ds (see (64)), we deduce that

n—1 » tri1 ~
B Y EGE < [ EIZ s < 00
k=0 b
where C(14) is a positive real constant not depending on n.

STEP 2. We show that Y satisfies

Vie [0,T], BY; = Vi < Cooprlt —t|, Chofr > 0.

In fact, we have for every t € [t, tg+1],

~ ~ — ~ ~ t ~
Y =Yy, — (t— o) f (b Xt E(Yep oo [ Fi), Gt +/ ZsdW.
tr
Then, using the assumptions (20) yield
~ t ~
E|Y; = Yi,[* < C(F)(t = tr) (1 + Bl X, [* + BV, [* + ElG, 7)) + / E|Zs|*ds.
tg

Now, thanks to the previous step we know that

sup E|Z|? < 400, sup E|17,5k|2 < 400 and sup sup ]E\Zt,f < 400.
5€[tk,t] ke{0, n} n>1ke{0,,n}

We also know that sup,,>; Supyc(o.... n} E|X;, | < +oo. As a consequence, there exists a positive
real constant C 4, r 7 such that for every t € [ty tit1]s

Vte[tk,tk+1], E\ﬁ—ﬁk\ngb,U,ﬁT]t—tkL k:O,...,n—l.
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STEP 3. Let t € [0, 7. It follows from Ito’s formula that
~ T ~ — ~ ~
Y -Yi? = 2/ (Vs = Ys) (f(5, X5, Y5, Zo) — f(s, Xo, By (Y5), C,) ) ds
t

T " T " T "
—a/ e Y, — Y,|*ds — / €| Zs — Zg|*ds + 2/ e (Zs — Zs)dW;
t t t

IN

r ~ _ ~ ~ o1
2 [l plYe — il (A2 41X, - X+, — BT +12, - GP) b
t
T _ T B T B
—a/ea5|Ys—Ys|2ds—/ eas|Zs—Zs|2ds—|—2/ e (Zs — Zs)dWs.
¢ t ¢

Using the Young inequality: ab < gaQ + %bg, V6 > 0, yields
at v 12 Tas V12 1 2 V|2 v\ (2 =2
Y= T < iy [ (01 = TP (AL X~ Kl 1Y~ Ea(T) 4 12, — ) s
T . T _ T _
—a/ e|Ys — Yi|?ds — / eS| Zy — Zy|?ds + 2/ e (Zy — Zg)dWs. (67)
t t t

The stochastic integral on the right hand side of the previous inequality is a martingale since both Z
and Z lie in L2([0, T] x §2, dt ® dP). On the other hand, owing to the error bound for the Euler scheme
and the fact that X is an It6 process, we get

E| X, — X,? <2(CBYE|X, — X > + CBYE|X, — X,?) < CBIA,,

for some positive real constants C31) C(32) and C®3). Then, taking the expectation in and
using the fact that B B B B
EY, - Es(Ys)[* < 2B|Y, - Y,f? + 2 E[Y, — Ey(Ys)[?

yield

~ T ~ 9 T ~
E(eatnft—th|2+/eas|Zs_Zs|2ds) < (_a+ [f]Lip(9+§>> /GQSED/S—E/SFdS
t t

[fluip (T —e* 5 (3,3) Tas v 12 Tas 2
+ ” (A7 + CPIA,) 42 [ e*ElY, — Ey(Ys)[?ds + [ e*E|Zs — (5[ ds) . (68)
t t

We notice that for every k € {0,--- ,n — 1} and for every s € [tx, tx+1),

_ 1 41 Tt __
G = AEk/ Zgds € arg min Ek/ | Zs — af?ds
¢ t

n & ag]‘—tk "
and
1 tet1 tet1
(s = Ek/ Zsds € arg min Ek/ |Zs — a\st,
S An t ag]-—tk tr

where acF;, means that a is an IR?-valued 3, -measurable random vector. Then, using the inequality
Ex|Zs — CQ‘Q < 2Ei|Zs — C§|2 + 2k [(s — <§|2’ we get

trt+1 - tr41 trt1 -
/ By |Zs — CPds < 2 / eV By |Zs — CslPds + 2 / e By |Cs — Co|*ds (69)

t ty t

IN

tht1 ) tht1 tht1 ~ 2
2/ BQSEk’ZS — Z§]2ds + E / easEk‘Ek/ (Zu — Zu)du ds.
tr n Jtg tr
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Now, owing to the Cauchy-Schwarz inequality, we have

tey1 tet+1 ~ 2 tret1 tht1 ~
/ e“SEk‘Ek/ (Zy— Zy)du| ds < A, eo‘sdsEk/ \ZU—ZU\Qdu
tg 173 tg 173
eaAn -1 tet1 -
— AneatkEk/ | Z — Zy|*du
«Q t

al, 1 trei1 .
< AnelEk/ 3| Zy — Zo|2du.
(6%

ty

Consequently, taking the expectation in leads to

tht1 ~ tet1 e®Bn _ 1 [tet1 -
/ e E|Zs — (|%ds < 2/ e B|Zs — ZS]2d3+2/ e E|Z, — Z,|*du
tr B tr B OéAn tr
Coming back to Inequality (68) and setting o = a(6) = [ f]Lip (6 + %) yields

T . T - -
E(eatm — Y +/ e8| Z, — ZS|2ds) < m;lp (Anc,,,(,,T + 2/ e E|Y, — E,(Y3)|?ds
t t

eaAn -1 T .
NN S / e E|Z, — Zy|2du
al\, ‘

T
n 2/ |7, — Z§|2ds).
t

Owing to Step 2, we have for every ¢ € [0, T, E|Y; — Y32 < Cy . s.1(t — t) with Cy o 7 > 0 s0 that,
using the conditional Jensen inequality we get

E‘?s B Eg(?g)ﬁ < 2E|}~/’s - }7§|2 + 2E|E§(3~/§ B 17§)|2
2E|Y, — Yif* + 2B|Y, — Vi’

<
< 4Ch 61 7AR.

. YN
As a consequence, using that eaTnl < *Bn_we have
n

~ T ~ : T ~
E(eatm — Y2+ / €| Z, — ZS|2ds> < U L}lp (Anq’,’gﬂ + 260 / | Zyy — Zu|2du
t t

T
+ 2/ ¢ E|Z, — ZQ\st).
t

Let 0 € [4[f]Lip, 6[f]Lip]. Then

2[f]gLipeaAn < %exp ([f]Lip([.ﬂ%ip + %)An)

[f]Lip

3
so that, for large enough n, say n > ny, QTeO‘A” < 1 since A,, — 0. It follows that

. 1 T . T t .
B(e|Y; - Vi + 4/ |2, — Z,2ds) < O (An + / € E| Z, — Z,[2ds + /eo‘s]E|ZS - ZS|2ds> .
t t t

In particular, for every k = 0, --- ,n, as t = tg,

T
E|Y;, -V, > < CcGY <An + /t e B|Z, — ZS]2ds>

k

T
C35) T <An + / E|Z, — Zs|2ds> .
0

IN
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Now, setting k = 0 yields likewise

T B T
E( / €| Z, — ZS]2d5> < B9 <An +eoT / E|Z, — ZS|2ds> ,
0 0

which completes the proof since one can always satisfy this inequality forn = 1, - - - , ng, by increasing
the constant C(3:6),

STEP 4. Let us consider the following PDE:

%(t,x) + Lu(t,x) + f(t,z,u, Vou(t,z)o(t,z)) =0, u(T,z) = h(T, z), zc R?,
where L is the second order differential operator defined by
1
L= Z[aa*(t, )]ij0%,, + Z bi(t, )0,
2,7 %

(where o* stands for the transpose of o). We know (see e.g. [17]]) that under our assumptions, the
solution u of this PDE satisfies

}/t = U(t,Xt) and Zt = qu(t,Xt)J(t,Xt).

Furthermore (see again [[17]), under the hypothesis made on the coefficients of the Forward-Backward
SDEs, there is a positive real constant C'*1) which depends only on 7', such that

Vs,t,€[0,T],Vz e RY,  |Vau(t,z) — Veu(s,z)| < CAV [t — g)1/2, (70)
We also know that there is a constant ') > 0 such that for every s,t € [0, 77,
E|X, — X,|> < CWD|t — . (71)

Then, using (70), the assumptions on o and the fact that u belongs to the set Cg 2 of continuously
differentiable functions ¢(t, ) which partial derivatives d;¢, 0,¢ and 8§2¢ exist and are uniformly
bounded (in particular V u is Lipschitz continuous in x), we have for every ¢ € [0, T,

E|Z — 7,2 2F|V uo(t, Xi) — Vau(t, Xp)o(t, Xo)|> + 2E|Vu(t, X¢)o(t, X¢) — Veuo(t, Xi)|?
C(B|Vau(t, X;) — Vault, Xp)|* + Elo(t, X)) — o(t, X;)[?)
C((t—1t) + E|X; — X%

Ct—1),

(VAN VAN VAN VAN

for some real positive constant C' > 0 which may change from line to line in the previous inequalities.
It follows that

o 2

T T
/ E|Z — Z*dt < C’/ (t—t)dt =C
0 0
B Distortion mismatch: Proof of Theorem

STEP 1 (Control of the distance to the quantizers): Let (I'y) y>1 be a sequence of L"-optimal quan-
tizers. it is clear that, for every £ € RY,

d(§,Tn) < 6] +d(0,T'n).
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The sequence (d(0, ")) n>1 is bounded since d(I" n, supp(P)¢) — 0as N — 400 and d(0, supp(P)¢) <
+o0. Then there exists a real constant A, > 0 such that for every £ € R¢,

d(§,I'n) < [§]+ Ay

STEP 2 (Micro-macro inequality): The optimality of the grids I'y, N > 1, allow to apply to the
micro-macro inequality (see Equation (3.2) in the proof of Theorem 2 in [24]), namely : for every real
constant c€ (0, %) and every y € R,

er(Pn, P)" — er(Dng1, P)" > (1 — )" = ") P(B(y; cd(y,T'n)))d(y,Tn)" (72)

Let v be an auxiliary Borel probability measure on R? to be specifies further on. Integrating the above
inequality with respect to v(dy) yields, we derive, owing to Fubini’s Theorem,

ey, P — e,(Tyin, P > (L= — ) / / (B(y; cd(y, Tx)) ) d(y, D) p(d€)v(dy)
= (1= =) [ [1yazetursopdly. ) v P(E)

> (=0 =) [ [ 1ty ar e 40 Tn) v(dn) PO,

c+1

Now using that £ — d(&,T',,) is Lipschitz continuous with coefficient 1, one derives that
c 1
)y — el < —Sd(e,T { )t ly— €| < ed(y,Tx), d(y,Ty) > ——d(€,T }
(&) ly =&l < —7dETw)} € (&) ¢ ly =& < ed(y,Ty), dly, Tn) = =7 d(€,T'w)
and, still by Fubini’s Theorem,

(I—¢)" =¢"

eT(FNap)r _eT(FN+17P)T > (1+C)T

[ v(Bgsedw.tw))die. vy P, a3

Letee€ (0,1/2). We set v = f. 5.\q where f. ; is a probability density given by

Re s
(|z| + 1 + g)d+o

with 6 > 0.

fz—:,é (5) =

(] . | is any norm). The density f. 5 shares the following property on balls: let £ € Réandt € R,. If
t <e(|€]+ 1), then

1 Ke,s v
L4e) T (] + 1)

v(B(&,1)) > g-5(E)t  with  g.5(¢) = (

and Vy = A\q(B(0;1)). Now let ¢ = ¢(¢) € (0, 1) such that = e(ALTAL). Asd(¢,Tn) < [€[+A,.
e(

this in turn implies that ;77d(&§, T'v) < e(|€] + 1)|. As a consequence

1—¢)" ="
oo PY = eo(Cyan, P = S g s(epate v aptae).
Let s€ [r,r+d). It follows from Equation and the inverse Minkowski inequality applied with
p=732€(0,1)and ¢ = — 57— € (—00,0) that

r+d _d+r—s

S [ [ sesale) 7= Piag)

[ sty ipa > | [ ae ) pe)]
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It follows follows from the assumption made on X (or P) that, for small enough § > 0,

_dtr—s _d+r—s
s s Ke.§V. (d+3)s s
=5 (6)P(d — _fedVa ]E[l Xd+r—s} <
|:/Rd 9575 (g) ( 5) (1+E)d+6 |: ( +’ ’) +00

As a consequence

er(Tn, P)" = er(Dng1, P)" > Cxpseses(Dy, X)H (74)

—c)"—c" —(d+6
where Cy 5.5 = Mﬁﬁagﬂl + ]X\H (d(+5)s)'

d+r—s

STEP 3 (Upper-bound for the quantization error increments): One follows the lines of the proof of
Theorem 2 in [24]] to derive this upper-bound for the increments of the L"-quantization error, namely
there exists of a real constant x x ;. such that

als

eT(FN’P)T - GT(FN+1,P)T < /iX,rNilii-

Combining the last two inequalities yields

r+d
s -~ _rtd
|:€5 (FN7 X)s} < CX,r,s,s,éN d
KX r

) ] CX T,8,E,0
inequality. O

where C Xrsed = . This completes the proof by considering the (d 4 ) root of the
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