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EIGENVALUES OF THE SUB-LAPLACIAN AND
DEFORMATIONS OF CONTACT STRUCTURES ON A
COMPACT CR MANIFOLD

AMINE ARIBI, SORIN DRAGOMIR, AND AHMAD EL SOUFI

ABsTRACT. Given a compact strictly pseudoconvex CR manifold M, we
study the differentiability of the eigenvalues of the sub-Laplacian A as-
sociated with a compatible contact form (i.e. a pseudo-Hermitian struc-
ture) € on M, under conformal deformations of 6. As a first application,
we show that the property of having only simple eigenvalues is generic
with respect to 6, i.e. the set of structures 6 such that all the eigenvalues
of Ay are simple, is residual (and hence dense) in the set of all com-
patible positively oriented contact forms on M. In the last part of the
paper, we introduce a natural notion of critical pseudo-Hermitian struc-
ture of the functional 8 — A;(6), where 4;(6) is the k-th eigenvalue of the
sub-Laplacian Ay, and obtain necessary and sufficient conditions for a
pseudo-Hermitian structure to be critical.

1. INTRODUCTION

Let M be a compact strictly pseudoconvex CR manifold of real dimension
2n + 1. A pseudo-Hermitian structure on M is a contact form 0 € I'(T* M)
whose kernel coincides with the horizontal distribution of M. The strict
pseudoconvexity of M means that the Levi form associated to such a contact
form is either positive definite or negative definite. We denote by P, (M) the
set of all pseudo-Hermitian structures with positive definite Levi form on M.

To every pseudo-Hermitian structure 6 € P, (M) we associate its sub-
Laplacian Ay (or simply A, if there is no risk of confusion) which is a
sub-elliptic operator of order 1/2, and denote by

0=20) <(0) S L) <+ S Q) -+ > o0

the nondecreasing sequence of eigenvalues of A .

Several works published in recent years are devoted to the study of the
sub-Laplacian and the investigation of its spectral properties, see for in-
stance [3, 5, 4, 6, 8, 9, 10, 14, 18, 19, 21, 25, 26, 27, 28, 30]. The aim of
most of them is to extend to the CR context some of the spectral geomet-
ric results established in the Riemannian setting for the Laplace-Beltrami
operator.

In our previous paper [5], we discussed the continuity of the eigenvalues
Ax(0), as functions on the set P, (M) that we have endowed with a natural
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metric topology. In the present paper, we start by studying the differentia-
bility of the spectrum of the sub-Laplacian A,y under one-parameter defor-
mations of the contact structure 6. We apply classical perturbation theory of
selfadjoint operators to get a differentiability result (Theorem 3.2). More-
over, we prove that if 6(¢) € (M) is an analytic deformation of a contact
structure 6, then the function ¢ — A;(6(¢)), which is not differentiable if 1;(0)
is not simple, admits left-sided and right-sided derivatives at ¢ = 0, and re-
late these derivatives to the eigenvalues of an explicit symmetric operator
acting on the 4,(6)-eigenspace (Theorem 3.3).

In the second part of the paper we use these facts to show that the property
of having only simple eigenvalues is generic for the sub-Laplacians on a
given compact strictly pseudoconvex CR manifold M. Indeed, we prove
that the set of contact structures 6 € P, (M) such that all the eigenvalues
of A, are simple, is a residual set in the complete metric space P,(M)
(see Theorem 4.1). Our proof relies on an eigenvalue splitting technique
(Proposition 4.1) used by many authors in the Riemannian setting (see [,
7, 13]; see also [31] for a different approach).

The last section is devoted to the notion of critical pseudo-Hermitian
structure. Despite the lack of differentiability of the eigenvalues A;(6) upon
analytic deformations 6(t) € P,(M) of the pseudo-Hermitian structure,
a natural notion of criticality can be defined using the existence of left-
sided and right-sided derivatives of 4;(6(¢)) at t = 0 (see Definition 5.1).
Since A;(0) is not invariant under scaling of the pseudo-Hermitian struc-
ture, we restrict ourselves to the deformations that preserve the global vol-
ume vol(f) = fMH A (d6)". We give necessary and sufficient conditions
for a pseudo-Hermitian structure to be a critical point of the functional
0 € P.(M) — A(0), under the volume-preserving constraint. In par-
ticular, we will see that the criticality condition is strongly related to the
existence of a finite family of A,(6)-eigenfunctions vy, --- ,v,, satisfying
vi + .-+ v2 = 1 (Corollary 5.1). This last condition is satisfied for in-
stance by the first positive eigenvalue of the standard CR sphere S?**! (see
[30, Proposition 4.4]).

2. PRELIMINARIES

Let M be a compact connected orientable CR manifold of CR dimension
n (and real dimension 2n + 1). Such a manifold M is equipped with a pair
(H,J), where H is a sub-bundle of the tangent bundle 7'M of real rank 2n
(often called Levi distribution) and J is an integrable complex structure on
H which means that, VX, Y € I'(H),

[X,Y] - [JX,JY] € T(H)

and
VX, Y1+ [ X, JY]=J(X, Y]-[JX,JY]).
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Since M is orientable, there exists a nonzero 1-form 6 € I'(T* M) whose ker-
nel coincides with H. Such a 1-form, called pseudo-Hermitian structure on
M, is of course not unique. Actually, the set of pseudo-Hermitian structures
on M consists in all the forms +e“0, u € C*°(M).

To each pseudo-Hermitian structure # we associate its Levi form G, de-
fined on H by

Gy(X,Y) =-do(JX,Y) = 0([JX, Y]).

The integrability of J implies that G4 is symmetric and J-invariant. The
CR manifold M is said to be strictly pseudoconvex if the Levi form Gy of a
pseudo-Hermitian structure 6 is either positive definite or negative definite.
Of course, this condition does not depend on the choice of 6. In all the
sequel, we assume that M is strictly pseudoconvex and denote by P, (M)
the set of all pseudo-Hermitian structures with positive definite Levi form
on M. Every 6 € . (M) is in fact a contact form which induces on M the
following volume form

e 0 A (d6)".

= 2l
The associated divergence divy is defined, for every smooth vector field Z
on M, by
Lzpo = dive(Z) Yg.
We denote by L*(M) the set of squared integrable functions on M with
respect to . A function u € L2(M) is weakly differentiable (w.d.) along H
if there is ¥, € I'(H) such that |Y, |, = Go(Y,, YL,)% € L}OC(M) and

f Go(Y,, X) g = —f u divy(X) Y
M

M

for every X € I'°(H). Such Y, is unique up to a set of measure zero and is
denoted by Y, = V¥u and called weak horizontal gradient of u. It is easy to
check that if u is differentiable, then VX € T'™(H), du(X) = Gy(X, Vu). Let

D) = {ue L2(M) : wis (w.d.) along H and V''u € L*(H)} ,

where L?(H) stands for the set of squared integrable sections of H with
respect to the inner product G, and the volume element ¢y. Then we may
regard the weak horizontal gradient as a linear operator

Vi (VY c L2(M) — L*(H).
As C*(M) c D(VH) it follows that D(V¥) is a dense subspace of L*(M).
Let
(V" DIVY] ¢ LA(H) — LA(M)
be the adjoint of V¥. Then I'*(H) c D[(V#)*] and, for all X € I'(H), one
has

(VY X = —divy(X).
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In particular, (V)" is densely defined in L?(H). The sub-Laplacian A, or
Ay g 1f 1t is necessary to avoid confusion, is given by
D(Ay) = fu € DVT) : Vu € DIVIYT,
Ay = (VY o V¥ = —divg o V¥,
Note that
Ayt )20y = IV Ul 2 0
for any u € D(A;). Moreover, the sub-Laplacian is symmetric, i.e.
(1) D(Ap) is dense in L>(M).
(2) D(Ay) € D(A}) and (Apu, V)2 = (W, ApV) 2pry ¥ 1, v € D(Ay).
The operator A, is also known to be subelliptic of order € = 1/2. Indeed,
one has (cf. [15, Theorem 2.1]) for any u € C*(M),

200, < € (it )2y + o) @.1)

HI2(M) = L2(M)
for some constant C independent of u. It is worth noticing that A, can be
seen as the real part of the Kohn Laplacian acting on functions 0, = 8,0y,

where 0,u is the projection of du onto T M. Indeed, we have (cf. [24,

Theorem 2.3]) O, = A, + i nT, where T is the unique vector field satisfying
T16=1andT]d6 =0.

Lemma 2.1. The space H''>(M) = W'/>2(M) admits a compact embedding
into L*(M).
The proof of this Lemma uses standard arguments (see [4]).
Lemma 2.2. The operator (A, + )™ : D((A, + D7) € L2 (M) — L*(M) is
compact.
Proof. Based on the estimate (2.1) one has Ker(A,+1) = {0}. Consequently,
Ay +1:CY(M) —> R(A, +1) Cc CT(M)

is invertible, where R(A) denotes the range of the operator A. Therefore, we
may consider the inverse

B+ D71 D((Ap + D7) = R(Ay + 1) € LA(M) — H*(M).

Letve D ((Ab + I)“) and let us apply (2.1) to the function u = (A, +1)"'(v)
followed by the Cauchy-Schwartz inequality

1A+ 17V 2y < C (v (A + D7)

-1
H'2(M) < CHV”LZ(M) ||(Ab + I) v||L2(M) .

LX(M)
Moreover, there is a continuous embedding H'/>(M) — L*(M) so that
2
leell2ary < Cllellpiepry,  w € H'*(M),
for some constant C* > 0 independent of u. Thus,
1.2 —
(A, + 1) lV||H1/2(M) < C" Wiz 1A, + D™ VL2

(with C” = CC’) or

-1
1A, + D™ Vlleean < C7 VI 2
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which proves the continuity of the operator (A, + I)~!. Finally, by Lemma
2.1, the embedding H'/?>(M) — L*(M) is compact. Hence, (A, + I)7! :
DA, + DY ¢ [H(M) — L*(M) is compact (as the composition of a
compact operator with a continuous operator). O

Corollary 2.1. The spectrum o(A,) of the sub-Laplacian is discrete and
consists of eigenvalues of finite multiplicity.

3. DIFFERENTIABILITY OF EIGENVALUES WITH RESPECT TO 1-PARAMETER
DEFORMATIONS OF THE PSEUDO-HERMITIAN STRUCTURE

We start by recalling the needed notions of functional analysis, cf. e.g. A.
Kriegl & P.W. Michor [22, 23] and T. Kato [20]. Let H be a Hilbert space
and {A(7)};cr a family of linear operators A(¢) : D(A(t)) ¢ H — H. We say
that A(¢) is a real analytic (respectively C*, or C*®) family of selfadjoint
operators if there is a dense subspace V C H such that
1) D(A(r)) = V and A(¢) is selfadjoint for any € R and
ii) the function t € R +— (A(t)u, v)4, € C is real analytic (respectively C*,
or C*) forevery u € Vandv € H.

If this is the case then (by a result in [22]) the (vector valued) function

teRr— A(u € ‘H,

is of the same class for every u € V.

A sequence {4,},>; of scalar functions 4, : R — C is said to parame-
trize the eigenvalues of {A(t)};cr if for any t € R and any A € o (A(¢)), the
cardinality of the set {v > 1 : 4,(¢) = 4} equals the multiplicity of A.

We shall make use of the following result, which is referred hereafter as
the Rellich-Alekseevsky-Kriegl-Losik-Michor theorem (cf. F. Rellich [29]
for statement (i), D. Alekseevski & A. Kriegl & M. Losik & P.W. Michor
[2] for statement (ii), and A. Kriegl & P.W. Michor [23] for statements (iii)-

(@iv)).

Theorem 3.1. Let t € R +— A(t) be a curve of unbounded selfadjoint oper-
ators in a Hilbert space H, with common domain of definition and compact
resolvent. Then

(1) If A(¢) is real analytic in t € R, then the eigenvalues and the eigenvec-
tors of A(t) may be parameterized real analytically in t.

(1) If A(t) is C* in t € R and if no two unequal continuously parameter-
ized eigenvalues meet of infinite order at any t € R, then the eigenvalues and
eigenvectors can be parameterized C* in t on the whole parameter domain.

(111) If A(¢) is C* in t € R, then the eigenvalues of A(t) may be parame-
terized C* in t.

(iv) If A(t) is C** in t € R for some a > 0, then the eigenvalues of A(t)
may be parameterized C' in t.

Among the applications to statements (i) and (iii) in Theorem 3.1 as pro-
posed in [23], one may consider a compact manifold M and a smooth curve
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t — g, of smooth Riemannian metrics on M. If moreovert — A, is the cor-
responding smooth curve of Laplace-Beltrami operators on L2(M) then (by
(iii) in Theorem 3.1) the eigenvalues may be parameterized C? in t. This was
exploited by A. El Soufi & S. Ilias, [16]-[17], who discussed an array of re-
lated questions such as critical points of the functional g € M(M) — A;(g),
or suitable deformations of g € M(M) producing quantitative variations of
Ai. Here M(M) is the set of all Riemannian metrics on M.

Let M be a compact strictly pseudoconvex CR manifold and let 6 be a
pseudo-Hermitian structure on M with positive definite Levi form. Let

0ty =e"0, teR,

be an analytic deformation of 0, i.e. {u,},cr 1s a family of real valued C*
functions which is analytic with respect to ¢ and uy = 0. Here C*(M,R)
is thought of as organized as a real Fréchet space and the vector valued
function

u:R—-C°(M,R), u(t)=u,, teR,

is assumed to be of class C*. For a theory of power series in Fréchet spaces
we shall use Appendix B in [11].

Let A, be the sub-Laplacian on M associated with 8 and denote for each
t, by Ap, the sub-Laplacian associated with 6(¢).

Theorem 3.2. Let O(t) = € 6 be an analytic deformation of 0 and let 1 €
o (Ap) be an eigenvalue of multiplicity m. There exist a positive real number
g, a family of m real analytic functions {A;}i<i<m C C“((—&,€),R), and m
families of C* functions {vi(t)},;<. € C*(M,R), 1 < i < m, such that each
Vi i (—&,&) = C*(M,R) is real analytic in t and

(HOANO0)=A41<i<m,

Q) Apvi(t) = A vi(£), 1 i <m, t € (-¢,8)

(3) {vi(t) : 1 <i < m)is orthonormal in L*(M, Vo), t € (-, €).

Proof. The proof relies on the Rellich-Alekseevsky-Kriegl-Losik-Michor
theorem (cf. Theorem 3.1 above). To this end we introduce the family of
operators U, : L*(M, rg) = L*(M, Yrg)),

Uy =e "2y ve (M, ).
The family {U,},cr 1s a real analytic family of unitary operators , i.e.

|U; V||L2(M,¢9<,)) = ||V||L2(M,¢9),
and U 'y = D/ Moreover, let A(f) be the family of operators

A() = U;" o Ay, 0 Uy - LA(M, ) — L*(M, ).

t
Then
Ap (1) = A0(t) & AW (U7 v(0) = AU w(@).
In particular, the spectrum of A,, coincides with that of A(z). Let us show

that the family {A(#)},cr is analytic in z. Indeed, the dense subspace D(A;) C
L*(M, ) is the domain of A(f) and, as we shall check in a moment, A(¢) C
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A(t)". Indeed, the sub-Laplacians A, and A, = A, 4, are related by (see [8,
Proposition 5] or [30, Lemma 1.8])

Apv = e (A = nGy(Vu,, V1)), v e C(M). (3.1)
Then, for each v € D(A),
Aty = (Ui o Ay o Upy =+ =

— U
=e

+1 -1
Apv + Go(Vu,, Wiy = 2 : (Abut _ : )IVHutlz) v] .

Finally, the family {A(#)},cr is an analytic curve of self-adjoint operators
in L*(M, y) with common domain of definition and with compact resol-
vent. Therefore, we can apply Theorem 3.1 (i) to deduce that the eigenval-
ues and the eigenvectors of A(7) depend analytically in ¢, i.e., there exists m
analytic families of vectors v;(¢) and m real analytic valued functions A;(t)
in ¢ satisfying (1), (2) and (3) of Theorem 3.2. a

For any 6 € P, (M), the set of all pseudo-Hermitian structures with posi-
tive definite Levi form on M, let

0= /10(9) < /11(9) < /12(9) <---< /1/((9) <---

be the spectrum of the sub-Laplacian A, = A,y of (M, 8). For every k € N,
let

Ew(0) = Ker (A, — 4(O)])

be the eigenspace of A, corresponding to the eigenvalue A,(6). Also let
I, : L>(M,yy) — Ei(6) be the orthogonal projection on E(f). Let us
fix k € N and consider the functional 8 € P, (M) +— A(0) € R. This
functional is continuous (with respect to an appropriate metric topology on
P.(M), as shown in [5]) but not differentiable in general. However, one has
the following

Theorem 3.3. Let M be a compact strictly pseudoconvex CR manifold and
let € P.(M). Let 6(t) = € 0, t € (—¢&, €), be an analytic deformation of 6.
Then, for every positive k € N,

(1) The function t € (—¢&, &) —> A4 (0(t)) admits left and right derivatives
att = 0.

(2) The derivatives %xlk(e(t))L:(r and %xlk(e(z‘))L:0+ are eigenvalues of the
operator I o A} : Ex(60) — Ei(6) where, Yv € C*(M),

d
Ay = EAb,zVL:o = —fAyw —nGy (VHf’ VHV)

with f = 4u,| .

(3) If 24(8) > A1), then L1(0(0))| _, and £2.(00))| _,. are the great-
est and the least eigenvalues of 11 o A} on Ei(0), respectively.

@) If 4(0) < Ai1(6) then L4,(0(1)| _,- and L£20(0))| . € R are the
smallest and the greatest eigenvalue of 11 o A} on E(0), respectively.
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Proof. Let us denote by m the dimension of Ei(6). We apply Theorem
3.2 with 4 = A4(0) to derive the existence of m real analytic functions
{Aiti<icm € C?((=¢,€),R) and m analytic families of functions {vi(H)},.. €
C*(M,R), 1 <i < m, satisfying (1)-(3) of Theorem 3.2. Since ¢ — A;(6(1))
and t — A;(¢) are continuous and A;(0) = ... = A,,,(0) = 14;(0), one deduces
that 4,(6(7)) € {A(?),---, A, (¢)} for sufficiently small z. Since, moreover,
Vi < m, t — A;(¢) is analytic, there exist 6 > 0 and two integers p, g < m
such that
| Ap(r) forte(-6,0)

AL6(D) ‘{ A(0) for 1 € (0,5).
Therefore, the function ¢t — A;(6(¢)) admits left and right derivatives at
t = 0 with

d , d ,
ZAOO)],. = A0) and Z O]y, = A(0)

Now, one has for all i < m and t € (=96, 9), Ap,vi(t) = Ai(t)vi(¢). Differen-
tiating at r = 0, we get
Apvi + Apvi = N(O)v; + 4OV, 3.2)

where v; = v;(0) and v, = %vi(t)L:O. Multiplication by v; and integration by

parts yield
, A0 ifj=i
L vilyvithe = { 0  otherwise.

Since {vy, -, v,} is an orthonormal basis of E;(#) with respect to the inner
product of L2(M, yry), we deduce that
(ITy o A;;)Vi = A;(O)Vi-
That is A7(0),---, A;,(0) are the eigenvalues of IT; o A} : Ei(6) — Ei(6).
Differentiating the identity (3.1) at r = 0 we get
A = =f Ay = nGy (Vv, V" f)

Assume now A(0) > A;_1(0). For any i < m, one then has A;(0) =
A(0) > A;1(0). By continuity, we necessarily have A;(f) > A4;_;(6(¢)) for
sufficiently small 7. Hence, there exists > 0 such that, V |f| < pand Vi < m,
Ai(t) > A4, (6(1)), which means that 4,(6(f)) = min{A(¢),---, A, (t)}. This

implies that

EAO) ., = max (AL O), -, AL O)
and

C A0y = min [A[(0) -+, A, O)

which proves (3).
Smilarily, if 4,(0) < A41(6), one has, for sufficiently small 7, A;(f) <
Ax(6(r)) which means that 4;(6(¢)) = max {A(?),--- , A,,,(t)} and, then,

d
ZAOW)] . = max [A((0), -+, A, (0))
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and
d : ’ ’
SO = min AL(0), -, ALO)}.
O

Corollary 3.1. Let M be a compact strictly pseudoconvex CR manifold and
let 0 € P.(M). Let 6(t) = €“ 0, t € (—¢, &), be an analytic deformation of 0
and set f = %utho. For every positive integer k, let Qg : E(6) — R be
the quadratic form given by

Ori(v) = —f (/lk(e)vz + gAbVZ)flﬁe-
M

(1) If Qyx is positive definite on Ei(0), then there exists € > 0 such that
A(0(=1)) < 4(0) < 4(0(1)) for all t € (0, ).

(2) Assume that ,(0) > Ak-1(0). If Qs takes negative values somewhere
in Ex(0), then 4,(6(1)) < 4(0) for all t € (0, &), for some & > 0.

(3) Assume that 4,(60) < Ai1(0). If Qx takes positive values somewhere
in Ei(0), then 4,(6(1)) > 4(0) for all t € (0, &), for some & > 0.

Proof. First, we have with the notations of Theorem 3.3, Vv € E(0),

Qf’k(V):fVA;Vlﬂg. (3.3)
M

Indeed, Vv € E,(6),

f VALY Yy
M

_ f Vv (fAbV + nGg(VHV, VHf)) lﬁg
M

- f ( FAOWV + ng(V”vz,V”f))we
” 2

_ f (/u(e)v2 + gAbv2)f Yo = Qri(v).
M

Now, if Qg is positive definite on Ei(¢), then, thanks to (3.3), all the
eigenvalues of the operator IT; o A} @ Ei(6) — E(6) are positive. Applying
Theorem 3.3 (2), it follows that both 4.(6(1))] _,. and £4,(6(t))| _,. are
positive and that there exists € > 0 such that 4,(6(—t)) < 4(6) < A4(6(¢)) for
all r € (0, ¢).

Assume that A;(0) > A;_1(0) and that there exists v € E(6) such that
QOrx(v) < 0. This implies that the operator II; o A} : Ei(6) — E(6) has at
least one negative eigenvalue. Applying Theorem 3.3 (3), we deduce that
%/lk(e(t))L:m is negative and that there exists € > 0 such that 4,(6(z)) <
Ax(0) for all ¢ € (0, ).

The last part of the corollary can be proved using similar arguments.

O
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4. GENERIC SIMPLICITY OF SUB-LLAPLACIAN EIGENVALUES

Let M be a compact stirctly pseudoconvex CR manifold and denote by
P, (M) the set of all pseudo-Hermitian structures with positive definite Levi
form on M. In [5], we defined a complete distance on £, (M) so that the
eigenvalues of the sub-Laplacian 8 € P, (M) +— A,(0) are continuous. This
distance is defined as follows : We fix a form 6 € . (M). Given 0, = ¢“10
and 6, = €20 in P, (M), we set

d(6,,0,) = de-(uy, u) + p(Gy,, Gy,)

where dc., is the distance function associated with the canonical Frechet
structure of C*°(M) and

0(Gy,, Gg,) =1inf{d > 0 : Gy, (X, X) < Gy, (X, X) < °Gy, (X, X), VX € H}.
In [5], we proved that (P, (M), d) is a complete metric space and that if
p(Gg,, Gy,) < &, then, Yk > 1,
- o A (61) <
A(62)

In the sequel, we denote by J the set of all elements 6 € $, (M) such that
all the eigenvalues of the sub-Laplacian A, 4 have multiplicity one, that is,

J=0ecP.(M) : 0<4(0) < @) < - <O <}
Our main aim in this section is to prove the following

Theorem 4.1. The set  is a residual set in (P.(M),d), i.e., a countable
intersection of open dense subsets. In particular, J is dense in (P.(M), d).

The proof of this theorem relies on the following proposition which is a
consequence of Theorem 3.3.

Proposition 4.1. Let M be a compact strictly pseudoconvex CR manifold
and let 0 € P, (M). Let A € o (Apy) be an eigenvalue of multiplicity m > 2
and let k € N be such that

A= 4(0) = 41(0) = -+ = Aym—1(0).

There exist f € C®(M) and & > 0 such that 8(t) = €@ satisfies for all
1€(0,8),
A (0(0) < Apym—1 (0(1)) .

Proof. Let E = Ei(0) = Eiy,-1(6) be the eigenspace of A, 4 corresponding
to the eigenvalue A and let IT : L>(M) — E be the orthogonal projection on
E. For every f € C*(M), we denote by Ly : E — E the operator defined by

Lyv =Tlo Ajy = —IT|Afv + nG, (V' V7 £)|.

From the definition of the integers k and m, one has 4,(6) > A;_1(0)
and Agym-1(0) < Agym(6). Therefore, Theorem 3.3 tells us that, for any
f e Co(M), L(ef 0)|t:0+ and < Ay (€ 0)|t:0+ represent the smallest
and the largest eigenvalues of the operator Ly : E — E, respectively.
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Therefore, it suffices to prove the existence of a function f € C*(M)
so that the operator L, has at least two distinct eigenvalues (i.e. Ly is
not proportional to the identity of E). Indeed, in this case, we would
have £, (¢'f 0)| < L (€7 6’)|t:0+ which implies the conclusion of
the proposition.

Thanks to (3.3), one has, Vv, w € E

(Lfv, w)LZ(M) === fM (gAb(vw) + ﬂvw)f V.

Let {u;, ur} C E be a pair of functions with [{u[|,2(y) = |lull12ar) and u% * u%
(recall that E is of dimension at least 2) and set v = u; —up, and w = u; + u,
so that (v, w) 2y = 0. The function

t=0"

n n
fo = ZA0w) + dvw = 5Ab(u% —ud) + A — ul) 4.1

is such that

n 2
(Lfov, W)LZ(M) = - fM( EAb(u% —u3) + Auj — ”%)) Uz

which does not vanish since A, has no negative eigenvalues. Thus, L
cannot be proportional to the identity of E.
O

Proof of Theorem 4.1. For every positive integer k, let J; be the subset of
P, (M) defined by

Jir={0eP.(M) : 0<4(0) < 10)<---<40)}.
Wehave P.(M) =9, 29>,D..0 9D ...and

J = ﬁjk-
k=1

According to Baire’s category theorem, it suffices to prove that each 7 is
an open dense subset of P, (M).

The fact that J is open follows immediately from the continuity of the
eigenvalues 6 € P, (M) — A;(0), i < k.

Let us prove that, for any £ > 1, ;1 is a dense subset of J;. An obvious
recursion would then imply that each 7} is a dense subset of P, (M). So, let
0 € Ji \ Jrs1 and let 7 be any positive real number. Thus, one has

41(0) < (0) < -+ < A4=1(0) < A(0) = A1 (0) = - -+ = Aem-1(6) < A (6),

where m is the multiplicity of 4,4(6). Using Proposition 4.1 and the continu-
ity of the eigenvalues, one can find f € C*(M) and & > 0 such that the form
6(t) = €'/ @ satisfies, for every t € (0, &),

(0(1) < L(0(1) < - -+ < 1 (0(1) < A(0(1)) < Aam—1(6(1))

which means that 6(7) belongs to J; and the multiplicity of 1;(6) is at most
m—1. Choosing t; € (0, ) sufficiently small, one gets a form 6, = 6(t,) € J;
such that the multiplicity of A,(6;) is at most m — 1 and d(6,,0) < n/m.
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Repeating this argument at most m — 1 times, we prove the existence of a
1-form 6 € 9, such that d(6,6) < 7.
O

5. CRITICAL PSEUDO-HERMITIAN STRUCTURES

The content of this section is patterned after the article [17] by Ilias and
the third author dealing with Laplacian eigenvalues in the Riemannian set-
ting. For the sake of completeness, we shall give self-contained proofs of
the results we obtain in the CR context.

Let M be a compact strictly pseudoconvex CR manifold. For every pos-
itive integer k we consider the map 6 € P, (M) — A4(0) € R, where, as
before, . (M) denotes the set of all pseudo-Hermitian structures with pos-
itive definite Levi form on M, and 4,(0) is the k-th eigenvalue of the sub-
Laplacian associated to 6. Since the eigenvalues are not invariant under
scaling, we restrict A; to the subset

ProM)={0P. (M) : vol(®) =1}
where vol(6) = fM Yy is the volume of M with respect to .

Thanks to Theorem 3.3, one can introduce the following

Definition 5.1. A pseudo-Hermitian structure 6 is said to be critical for the
functional Ay restricted to P, o(M) if, for any analytic deformation {6(t) = e"6} C
P.o(M) of 6, we have

d
SO x5 ﬂk(ﬁ(t))L o <

It is easy to see that
d d
TUOD) Ly <0< ZUEO)] ) = 460 < 4(60) +o() as t— 0

and

> L(0(1)) = 4(0) + o(t) ast — 0.

d d
T, <0< 200 s

Of course, if 0 is a local maximizer or a local minimizer of A, then 6 is
critical in the sense of the previous definition. We set

Ao(M, 0) = {fE (M) - fflﬁe = 0}
M

and recall the definition of the quadratic form Qg : Ex(f) — R associated
to a pair (f, k) € C*(M) X N* (see Corollary 3.1):

Ori(v) = —f (/lk(Q)V2 + gAbVZ)flﬁe-
M

Theorem 5.1. Let M be a compact strictly pseudoconvex CR manifold. Let
0 € P.o(M) be a pseudo-Hermitian structure and k € N*.
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1) If 0 is a critical pseudo-Hermitian structure of the functional A re-
stricted to P, o(M), then, Y f € Ay(M,0), the quadratic form Qg is indefi-
nite on E(6).

2) Assume that 1,(6) > A;_1(0) or 4(0) < A411(6). The pseudo-Hermitian
structure 0 is critical for the functional A, restricted to P, o(M) if and only
if, Vf € Ay(M, 6), the quadratic form Qyy is indefinite on E(6).

Proof. Let f € Ay(M, 6) and let 6(¢) be the analytic deformation of 6 given
by

vol(6)
o) = | — =
© (vol(e‘f 0)
with i, = tf — = In(vol(¢'/ 6)). Since
lﬂerfg — e(l’H—l)l‘fwe,

itis easy to check that vol(6(t)) = 1, that is 6(¢) belongs to P, (M) for every
t € R. One has

d tf _ d (n+Dtf — —
Svole o) _, = % fM e lﬁo'tzo =@t | fYe=0.

1
n+l
) 0 = e, t € R,

Therefore,

d
=1

and, then,

, d
Ay = EAb,tho = —fAp = nGo(Vv, V¥ f).

Thus, we have (see (3.3)),

0(v) = f VALY . (5.1)
M

Now, assuming that 6 is a critical pseudo-Hermitian structure of A, re-
stricted to P, o(M), we obtain, using the definition of criticality and Theo-
rem 3.3 (2), that the operator II; o A, admits both nonnegative and nonpos-
itive eigenvalues in E;(6), which means (thanks to (5.1) that the quadratic
form Qg is indefinite on Ey(6). This proves the first part of the theorem.

The last part of the theorem follows from Theorem 3.3 (3) and (4), and
(5.1).
O

Proposition 5.1. Let M be a compact strictly pseudoconvex CR manifold
and let 6 € P.o(M) be a pseudo-Hermitian structure. For any positive
integer k, the two following conditions are equivalent:

(1) Forall f € Ay(M, ), the quadratic form Qg is indefinite on E(6).
(2) There exists a finite family {v,--- ,vs} C E(0) of eigenfunctions
associated with A;(6) such that Zle v? = 1.
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Proof. Assume first that there exist vy, -+ ,v; € Ex(6) such that Z? V2 =
Therefore, ¥V f € Ay(M, 0),
d
Zﬁmwm:~:wmwffw:o
i=1 M

which implies that Qy is indefinite on E(6).

Conversely, assume that Qy is indefinite on E(6) for all f € Ay(M, )
and consider the convex set

K = {Z [ak(e)v,? + gAbvf] ;v € Ex(0), J C N, Jﬁnite} c LA(M).
ieJ

Let us prove that the constant function 1 belongs to K. Indeed, if 1 ¢

K, then, applying classical separation theorem in the finite dimensional

subspace of L*(M, ) generated by K and 1, we deduce the existence of

h € L*(M) such that (i, 1);2) = [, by > 0 and, ¥ w € K, (h,w)2 =

[, hiwprg < 0. Let f = h — [, he € Ao(M, ). Then , v € E(6)

1
vol®)

—f(@@#+fm#ﬁm
i, 2
f h

Yo
_ fM (/lk(e)v2+gAbv2)h¢9+ O fM Vi

since fM Apv*ry = 0. Moreover, Vv € E(6), the function (/lk(H)v2 + gAbvz)
belongs to K which implies that fM (/lk(e)v2 + gAbv2) hyy < 0 and, then

(0 h
Qf,k(V)Z—k( )fM %fv2w9.
M

vol(6)

Therefore, the quadratic form Q is positive definite on E;(6) which con-
tradicts the assumptions.
Now, since 1 € K, there exist vy, --- , v, € Ei(0) such that

Ork(v)

d
Z(/lk(é’)v 42 A,,v) 1,(0) (5.2)

i=1
which leads to
2
Ab( V2 - 1) = —Z0(0) [Z V2 - 1]
i<d n i<d

This implies that 3., v — 1 = 0 since the sub-Laplacian admits no negative
eigenvalues.
O

Theorem 5.1 and Proposition 5.1 lead to the following
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Corollary 5.1. Let M be a compact strictly pseudoconvex CR manifold. Let
0 € P, o(M) be a pseudo-Hermitian structure and k € N*.

(1) If 0 is a critical pseudo-Hermitian structure of the functional A re-
stricted to P, o(M), then there exists a finite family {v,,--- ,vs} C Ex(6) of
eigenfunctions associated with A;(0) such that Z? vi=1.

(2) Assume that 4;(0) > A;_1(0) or A4(0) < Ax1(0). Then, 0 is critical
for the functional A, restricted to P, (M) if and only if there exists a finite
faTily {vi,- -+, vq} C Ex(0) of eigenfunctions associated with A;(0) such that
Yivi=1.

According to [30, Proposition 4.4], the first positive eigenvalue of the
standard CR sphere S?**! is equal to 2n and the corresponding eigenspace
is generated by the restriction of coordinate functions, the sum of whose
squares is 1 on S?"*!. Hence, the standard contact form of S*"*! is a critical
pseudo-Hermitian structure of A; restricted to P, o(S***!). On the other
hand, the condition that there exists a finite family {vy, - ,v,;} C Ex(6) such
that 3¢ v? = 1, is equivalent to the existence of a pseudo-harmonic map
from (M, 6) to the sphere S?! (see [6, Lemma 6.1 ] and [12]).

An immediate consequence of Corollary 5.1 is the following:

Corollary 5.2. Let M be a compact strictly pseudoconvex CR manifold. If
0 € P,o(M) is a critical metric of the functional Ay restricted to P, o(M),
then A;(0) is a degenerate eigenvalue, that is

dim E¢(0) > 2.

In the case when 6 is a local maximizer or a local minimizer, we have the
following more precise result

Proposition 5.2. Let M be a compact strictly pseudoconvex CR manifold.
(1) If 0 € P, o(M) is a local minimizer of the functional A restricted to
P1o(M), then 4(0) = A1 (0).
(2)If 0 € P, o(M) is a local maximizer of the functional A restricted to
P o(M), then 4,(0) = A441(6).

Proof. Let 8 € P, (M) be a local minimizer of A, that is 0) > 2,0
for every @ in a neighborhood of 6 in P, o(M). Assume for a contradic-
tion that 4;(0) > A,_1(6). Let f € Ay(M, 6) and let 6(¢) = "6 € P, o(M)
with u, = tf — nlj In(vol(e'/@)). Then 6(z) is a volume-preserving analytic
deformation of # such that %”fL:o = f (see the proof of Theorem 5.1).
Denote by A(), - - - , A, (2) the associated family of eigenvalues of A;,, de-
pending analytically on ¢ and such that A;(0) = --- = A,,(0) = 4(6) with
m = dim E(0) (see Theorem 3.3). For continuity reasons, we have, for
sufficiently small # and all i < m,

Ai(1) > 4, (0(D)).
Hence, Vi < m and V1 sufficiently small,
Ai(1) = 4(0(1) = 4(6) = Ai(0).
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Consequently, A’(0) = O for all i < m. Since (Theorem 3.3) A{(0),--- , A} (0)
are eigenvalues of the operator IT; o A} : E(0) — Ei(0), it follows that
IT; o A is identically zero on E;(6). Consequently, thanks to (3.3), for any
f € Ay(M,0), the quadratic form Qy is identically zero on E(6) which
implies that, Vv € E(0),

OV + gAbv2 =c

for some constant ¢ € R. Therefore,

2 c __% > ¢
Ab(v _ﬂk(e)))‘ nﬂk(e)(v M@))

which leads to a contradiction since the sub-Laplacian admits no negative
eigenvalues.
A similar proof works for (2). O
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