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A BOUNDARY DRIVEN GENERALISED CONTACT PROCESS WITH
EXCHANGE OF PARTICLES: HYDRODYNAMICS IN INFINITE VOLUME

KEVIN KUOCH, MUSTAPHA MOURRAGUI, AND ELLEN SAADA

ABSTRACT. We consider a two species process which evolves in a finite or infinite domain in contact
with particle reservoirs at different densities, according to the superposition of a generalised contact
process and a rapid-stirring dynamics in the bulk of the domain, and a creation/annihilation mecha-
nism at its boundaries. For this process, we study the law of large numbers for densities and current.
The limiting equations are given by a system of non-linear reaction-diffusion equations with Dirichlet
boundary conditions.

1. INTRODUCTION

In this paper, we consider the evolution on a lattice of two types of populations, according to a
boundary driven generalised contact process with exchange of particles. This process is the superposi-
tion of a contact process with random slowdowns (or CPRS) and a rapid-stirring dynamics in the bulk
of the domain, and a creation/annihilation mechanism at its boundaries, due to stochastic reservoirs.

The CPRS was introduced in [22] to model the sterile insect technique, developed by E. Knipling and
R. Bushland (see [20, [§]) in the fifties to control the New World screw worm, a serious threat to warm-
blooded animals. This pest has been eradicated from the USA and Mexico only in recent decades.
The technique works as follows: Screw worms are reared in captivity and exposed to gamma rays. The
male screw worms become sterile. If a sufficient number of sterile males are released in the wild then
enough female screw worms are mated by sterile males so that the number of offspring will decrease
generation after generation. This technique is well suited for screw worms, because female apparently
mate only once in their lifetime; but it is also being tried for a large variety of pests, including current
projects to fight dengue in South America (Brazil, Panama).

The particle system (1;);>0 we look at has state space {0,1,2,3}°, for S C Z? (we refer to [24] for
interacting particle systems). Each site of S is either empty (we say it is in state 0), occupied by wild
screw worms only (state 1), by sterile screw worms only (state 2), or by wild and sterile screw worms
together (state 3). On each site, we only keep track of the presence or not of the type of the male
screw worms (and not of their number), and we assume that enough female screw worms are around
as not to limit mating.

For the CPRS dynamics, we introduce a release rate r and growth rates A1, A2. A site gets sterile
males at rate r independently of everything else (this corresponds to an artificial introduction of sterile
males). The rate at which wild males give birth (to wild males) on neighbouring sites is A; at sites in
state 1, and A2 at sites in state 3. Sterile males do not give birth. We assume that Ay < A\; to reflect
the fact that at sites in state 3 the fertility is decreased. Deaths for each type of male screw worms
occur at all sites at rate 1, they are mutually independent.
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For a configuration 7, the transitions of the CPRS at a site x € S are summarized as follows:

0 — 1 at rate Ayni(x,n) + Aans(z,n) 1—0 atratel

0—2 atrater 2—0 atratel (1.1)
1—3 atrater 3—1 atratel ’
2 — 3 at rate \yni(x,n) + Aans(x,n) 3 —2 atratel

where n;(x,n) is the number of nearest neighbours of = in state i for i = 1, 3.

In [22], a phase transition in 7 is exhibited for the CPRS in S = Z?: Assuming that Ay < A\ < Aq,
where A, denotes the critical value of the d-dimensional basic contact process (see [24] on the basic
contact process), there exists a critical value r. such that wild male screw worms (that is, states 1 and
3) survive for r < r., and die out for r > r.

Our goal in the present paper is, for a given infinite volume S with boundaries (this expression seems
puzzling, but we typically think of a piece of land whose width is much smaller than its length; the
latter is thought as infinite, and the former as having boundaries), to add to the above dynamics dis-
placements within S, as well as departures from S and immigrations to .S. We model them respectively
by an exchange dynamics in the bulk, and by a creation/annihilation mechanism at the boundaries
of S due to the presence of stochastic reservoirs. For the superposition of the CPRS with these two
dynamics, we are interested in the evolution of the empirical densities and currents corresponding to
wild and sterile screw worms, for which we establish hydrodynamic limits. The limiting equations are
given by systems of non-linear reaction-diffusion equations, with Dirichlet boundary conditions. We
also obtain hydrodynamic limits when S is either a finite volume in contact with reservoirs, or the
infinite volume Z¢.

Hydrodynamic limits investigate the macroscopic properties of interacting particle systems (we refer
to the books [27) [19] for a thorough presentation). From a probabilistic point of view, it corresponds
to a law of large numbers for the evolution of the spatial density of particles in a given system. After
the results of [16, (18], where the intensive use of large deviation techniques led to a robust proof of the
hydrodynamic behaviour of a large class of finite volume gradient equilibrium systems, the method has
been extended to nonequilibrium systems in a bounded domain in [T1] @, [10], as well as in an infinite
volume without boundaries for conservative dynamics in [12} T3] [14] 28] 23].

In the last years, many papers have been devoted to systems in contact with reservoirs in a bounded
domain; we just quote a few of them, [I], Bl 2| 4] and references therein. The nonequilibrium systems
considered there were provided by lattice gas models also submitted to an external mechanism of
creation and annihilation of particles, modelling exchange reservoirs at the boundaries. Even though
the stochastic dynamics describing the evolution in the bulk was conservative and in equilibrium, the
action of the reservoirs made the full process non reversible.

The hydrodynamic limit of a class of jump, birth and death processes has been studied in [6] [7]: the
combination of the Symmetric Simple Exclusion Process and of a Glauber dynamics in dimension 1
to model the annihilation and creation of particles led to a reaction-diffusion equation. The density
and current large deviations have then been proved for the dynamics evolving on a torus and on a
one-dimensional bounded interval in contact with reservoirs respectively in [I'7, []; there, the lower
bound of the large deviations principle was obtained only for smooth trajectories, and for birth and
the death rates that were monotone, concave functions.

To our knowledge, the present paper is the first work about hydrodynamics of an interacting particle
system evolving in an infinite volume with boundary stochastic reservoirs and leading to a system
of reaction-diffusion equations. The natural questions that emerge after the hydrodynamic limit are
fluctuations and large deviations with respect to the expected limit. Nonequilibrium fluctuations of
interacting particle systems have only been derived for few one-dimensional dynamics. It is one of
the main open problems in the field. We now plan to study phase transitions, hydrostatics, and large
deviations for our model.
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Our set-up is the following. The non-conservative dynamics that we consider evolves in the infinite
cylinder

Ay ={-N,--- N} x 2471, (1.2)
In the bulk of Ay, particles evolve according to the superposition of the CPRS (which is non-
conservative) and of an exchange dynamics (which is conservative). The latter satisfies a detailed
balance condition with respect to a family of Gibbs measures. The reservoirs defining the movements
of populations at the infinite boundary

Iy :={-N,N} x 271 (1.3)

of An are modelled by a reversible birth and death process. The full dynamics keeps fixed the value
of the density at the boundary. We have therefore to face the difficulty of non reversibility in the bulk
combined with the fact that the stationary measures are not explicitly known.

Our key tools to establish hydrodynamic limits will be first the analysis of the specific entropy and the
specific Dirichlet form n infinite volume (to our knowledge, such an analysis is carried out in infinite
volume with reservoirs for the first time), then the use of couplings to derive hydrodynamics by going
from systems evolving in a large but finite volume to systems in infinite volume. Here by a large finite
volume, we mean the cylinder with a length My (to be precised later on) large with respect to N.
The definition of our dynamics will enable us to use basic coupling, which is not always possible (we
refer to [15 [B] for dynamics requiring more intricate couplings). Finally we prove uniqueness of weak
solutions to the limiting system of reaction-diffusion equations.

The paper is organized as follows. In Section 2l we detail our model. In Section [3] we state our
results: the hydrodynamic limit of the boundary driven process in infinite volume is stated in Theo-
rem .1} we also state two related results, hydrodynamics in the full space Z% in Theorem B2, and in
a bounded space with boundary conditions in Theorem [3.3] Lastly the law of large numbers for the
conservative and non-conservative currents is stated in Proposition 3.4l For the proofs of Theorems
and we refer to [2I]. Sections [ to B are devoted to the proof of Theorem BT} it is outlined
in Section [} Section [f] deals with specific entropy and Dirichlet forms, Section [6] with hydrodynamics
in large finite volume, Section [7] with couplings to derive the boundary conditions in infinite volume;
uniqueness of solutions is proved in Section 8l In Section [ we prove Proposition B.4]

2. DESCRIPTION OF THE MODEL

2.1. Equivalent formulations for configurations. Rather than studying directly the process (7;)i>0
describing the evolution of states 1,2, 3, we introduce another interpretation for the model. The cor-
responding configuration space is

S = ({0,1} x {0,1})™. (2.1)
(In the sequel, we shall denote with a “hat” everything related to product spaces and to vectors).
Elements of Yy are denoted by (£,w), where {-particles represent the wild screw worms, while w-

particles represent the sterile ones. The correspondence with (1;);>0 is given by the following relations:
For z € Ay,

n(z) =0 <= (1—&(@)(1 —w(z)) =1,

@) =1 = @) —w@)=1, 2
n(r) =2 < (1 —¢(@))w(z) =1 '
nx)=3 <<= (r)w(z) =1.

In other words, {(x) = 1 (resp. w(z) = 1) if wild (resp. sterile) screw worms are present on z. Both
can be present, giving the state 3 for n(z), or only one of them, giving the states 1 or 2 for n(x). We
may also express the correspondence (Z.2) by an application from Xy to {1,2,3}A~ that is, we write

=n((§,w)), where, for any z € An, n(z) =2w(z) + (). (2.3)
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Moreover, in order to describe the evolution of densities for states 1, 2, 3, we also define, for z € Ay,

m(z) = &)1 - w(@)) = 1y@)=1}
772(%) = (1 — f(:v))w(:v) = 1{77(1):2}, (24)
n3(x) = {(@)w(@) = Li(m)=3} -
By abuse of language, when n;(x) = 1 for i = 1,2, 3, we say that there is a particle of type i at x. It
is convenient to complete (2.4) by defining empty occupation of site = by

mo(@) = (1 = &(@)(1 = (@) = Ligwyzo) = L — () = male) = m(a). (25)
In view of going from finite to infinite volume, for each positive integer n, denote by
ANﬂl:{_Na"'7N}X{_na"'an}d71 (26)
the sub-lattice of size (2N + 1) x (2n + 1)4~! of Ay, and by
v = ({0,1} x {0,1})" (27)

the corresponding state space.

2.2. The infinitesimal generator. The boundary driven generalised contact process with exchange

of particles in Ay is the Markov process on ¥ whose generator £y = £A1 Ag,r BN CAIL be decomposed
as

Cn = N’Ly +Ly +N? L (2.8)
with the generators Ly for the exchanges of particles, Ly for the CPRS, and Lj;  for the bound-

ary dynamics. We now detail those dynamics and their properties. For the ex1stence of the Markov
process with generator £y in infinite volume, we refer to [24) Chapter 1], since we consider a com-
pact state space and bounded rates (defined below). Cylinder functions are a core for the generator £y .

e For the exchange dynamics, the action of £y on cylinder functions f : ) N — Ris

d
S Lot (¢ w) with (2.9)

k=1z,x4+erEAN
LOTFRf(E,w) = fEDTTRwhTT) — f(€w), (2.10)
where (e1,...,eq) denotes the canonical basis of R?, and for any ( € Sy = {0, 1}AN7 (™Y is the
configuration obtained from ¢ by exchanging the occupation variables {(z) and ((y), i.e

(ly) if z=um,
(€)(z) = qCx) if 2=y,
C(z) if z#z,y.
Since (§,w) € 5 N, these exchanges correspond to jumps between sites x and y for £-particles and
w-particles, which do not influence each other.

e We now define a family of invariant probability measures for L, which are product, and parametrized
by three chemical potentials, since the exchange dynamics conserves, in each transition, the number
of particles of each type. We denote by A the macroscopic open cylinder

A=(-1,1) x R¥L, (2.11)
For a vector-valued function m = (my,ma,m3) : A — R3, let DJAV() be the product measure on Ay
with varying chemical potential m such that, for all positive integers n, the restriction VA(_ of v ()
to ZNyn is given by

yn(6w) = exp{z > mila/N)mi(x )} (2.12)

i=1 2€EAN
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where Z\;ﬁn is the normalization constant:
R 3
| {1 + Zexp(mi(x/N))}. (2.13)
TEANn i=1

Notice that the family of measures {ﬂﬁ]\i , m € R?’} with constant parameters is reversible with respect
to the generator L. For m € R? and 1 <14 < 3, let ¥;(M) be the expectation of 7;(0) under 7% :

i) = E"m [1;(0)] .

Observe that the function ¥ defined on (0, +00)? by W(m) = (11(M), Y2(M),¥3(M)) is a bijection from
(0, 4+00)? to (0,1)3. We shall therefore do a change of parameter: For every p = (p1, p2,ps) € (0,1)3,
we denote by uév the product measure 7, such that ¥(m) = p, hence

pi = B [,(0)], i=1,2,3. (2.14)

: : N =N
From now on, we work with the representation V3 of the measure Ua()m:

Finally, note that in view of the diffusive scaling limit, the generator £y has been speeded up by N2

in 28).

e According to (I.I)), the generator Ly := Ly x;,x,,r 0f the CPRS is given by

Lyf(éw) = > Li,f(6,w) where, forany ACZ% z€ A (2.15)
TEAN
LafEw) = (r(l—w@)+w(@) [/ 0%w) - [(&w)] (2.16)
+(Bale, &) (1= €@) + @) [flo"€w) — FEw)]  with
Ba@w,&w) = M Y W —w@)+r D @), (2.17)
1 5= i

where || - || denotes the norm in RY, ||ju|| = \/2?21 |u;|? for u € RY, and for ( € Xy, 0% is the
configuration obtained from ¢ by flipping the configuration at z, i.e.

1-¢(x) if z==u,
¢(2) if z#£x.

The representation (2.2)) sheds light on the fact that (2.I5) corresponds to a contact process (the &-
particles) in a dynamic random environment, namely the w-particles. Indeed, the w-particles move on
their own and are not influenced by &-particles, while £-particles have birth rates whose value depends
on the presence or not of w-particles. In [22] a variant of the CPRS dynamics in a quenched random
environment is also considered, with the (£, w)-formalism. On the other hand, we noticed previously
that w-particles can also be considered as an environment for the exchange dynamics.

(0°0)(2) = {

e We now turn to the dynamics at the boundaries of the domain. We denote respectively the clo-
sure and the boundary of A (see (ZI1))) by

A=[-1,1] xR T ={(ug,...,uq) € A:uy ==+1}. (2.18)

For a metric space E and any integer 1 < m < +o0, denote by C™(A; E) (resp. C™(A; E)) the space
of m-continuously differentiable functions on A (resp. with compact support in A) with values in E,
and by C(A; E) (resp. C(A;E), C.(A; E)) the space of continuous functions on A (resp. on A, with
compact support in A) with values in E.
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Fix a positive function b= (b1,b2,b3) : T — R3. Assume that there exists a neighbourhood V' of
A in R? and a smooth function 8 = (6;,65,63) : V — (0,1)3 in C2(V;R3) such that

O<c<ré11n|9|<lr2ax|9|<0*<1 (2.19)

for two positive constants ¢*, C*, and such that the restriction of ftol is equal to b:

()| = (). (2.20)

The boundary dynamics acts as a birth and death process on the boundary I'y of Ay (see (IL3))
described by the generator L; \ defined by

Ly f(6w) = ZL;Nf(g,w), where (2.21)
zel'n

L f6w) = e(b@/N).&o"w) |f(&0°w) - f(w)]
+eo (b(a/N), 0%, w) [f(07€,w f(ﬁ,w)]
+eo (b(x/N),0%€, 0%w) [ f(o %aw) F&w)], (2.22)

where the rates ¢, @(I/N),f,w) are given for z € Ty and (£,w) € Sy by
3
ea(ba/N).Ew) = Y bila/Nmi(a). (2.23)
i=0
3
with  bo(z/N) = 1- bi(z/N) (2.24)

where 7;(x), i € {0,1,2,3} are defined in (Z4)—(Z3). In other words, according to 3(), asitex €'y
goes from state i € {0,1,2,3} to state j € {0,1,2,3} (j # ) at rate b;(x/N) (see (L8) below, where
this interpretation is used).

We have that by (2:20), the boundary dynamics is such that the measure Vév is reversible with respect
to the operator Ly 5 (see Consequences [5.3|(%)). Note also that the generator Lj y has been speeded

up by N? in ([2.8).

3. THE RESULTS

3.1. Notation. We fix T' > 0. We denote by (&, Wt)te[o 7] the Markov process on EN with generator
L defined in (M) Given a probability measure p on 5 ~, the probability measure IE”N b on the path
space D([0,T], b ~), endowed with the Skorohod topology and the corresponding Borel o-algebra, is
the law of (&, wt)efo,r) with initial distribution p. The associated expectation is denoted by Eﬁf b,

We denote by (S%(t))sejo,r] the semigroup associated to the generator £x. We shall denote by u(t)

the time evolution of the measure p under the semigroup S%: pu(t) = uS% ().

We denote by M the space of finite signed measures on A, endowed with the weak topology. For
m € M and a function F' € C(A;R), we let (m, F') be the integral of F' with respect to m. For each
configuration (£,w) € Sy, let 7 = 7V (£, w) = (a1, 72 7N3) € M3, where for i € {1,2,3}, the
positive measure 7% is obtained by assigning mass N ¢ to each particle of type i (cf. (Z.4)):

= NN ni(@) ayn

rEAN
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where 4, is the Dirac measure concentrated on u. For any function G = (Gy, Ga, G3) € C(A; R3), the
integral of G’ with respect to 7V, denoted by (7Y, G), is given by
3
<%N7 é> = Z<7TN7i7 GZ> .
i=1
We also denote by 7 the map from D([0,T],Ex) to D([0,T], M?3) defined by 7N (£.,w.) = TN (&, we)
and we denote by Q" = P}"* o (7")~! the law of the process (%N(ﬁt,wt))te[oﬂ.
Let ./\/l_lF be the subset of M of all positive measures absolutely continuous with respect to the Lebesgue
measure with positive density bounded by 1:
My ={re M:n(du) = p(u)du and 0<p(u) <1 ae.}.

Let D([0,T], (M%)?) be the set of right continuous trajectories with left limits with values in (M2 )3,
endowed with the Skorohod topology and equipped with its Borel o— algebra.

For a metric space E, and integers 1 < m, k < +o0, we denote by C¥™ ([0, T]x A; E) (resp. c(’j;g”([o, T x
A; E)) the space of functions from [0,7] x A to E that are k-continuously differentiable in time and
m-continuously differentiable in space, with compact support in [0, 7] x A (resp. and vanishing at the
boundary I' of A). Similarly, we define C*™ ([0, T] x A; E) to be the subspace of C*™([0,T] x A; E) of
functions with compact support in [0,7] x A.

For G = (Gy,Gs,Gs), H = (Hy, Hy, Hs) € (L2(A))3, (G(-), H(-)) is the scalar product:

3 3

(G(), H() = (Gi(-), Hi()) = Z/AGi(U)Hi(U)dU-
i=1 i=1

For a smooth function G : [0,T] x A — R, 9;G(s,u) represents the partial derivative with respect

to the time variable s and for 1 < 7 < d,k > 1, ij G(s,u) stands for the k-th partial derivative in

the direction e; with respect to the space variable u. The discrete gradient 85\1’ in the direction e; is
defined, for x,z +e; € Ay, G: A = R, by

scter) = (0(5) ~o(2))

The discrete Laplacian Ay and the Laplacian A are respectively defined for G € C?(A;R), if z,z+e; €
Ay for1 <j<dandueA\T, by

T+ e

ANG(x/N):NQi[G( - )+G(xj_vej)—2c(%)} and AG(u)zi@ij(U).

We have now all the material to state our results.

3.2. Hydrodynamics in infinite volume with reservoirs. We first describe the hydrodynamic
equations. Let ¥ = (y1,72,73) : A — [0, 1]® be a smooth initial profile, and denote by p = (p1, p2, p3) :
[0,7] x A — [0,1]? a typical macroscopic trajectory. We shall prove in Theorem [B.1] below that the
macroscopic evolution of the local particle density 7 is described by the following system of non-linear
reaction-diffusion equations

ap = Ap+ F(p) inAx(0,7),

p0,) = () A, (3.1)

pt,)r = b() for 0<t<T,
where F = (Fy, Fy, Fs) : [0,1] — R3 is given by

Fi(p1,p2,p3) = 2d(Aip1+ A2ps3)po +p3 — pr(r+1),
Fy(p1,p2,p3) = 7po+p3s—2d(Aip1 + A2p3)p2 — p2, (3.2)
F3(p1,p2,p3) = 2d(Aip1+ Aep3)p2 +1p1 — 2p3,
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where pg =1 — p1 — p2 — ps.

A weak solution of B.1)) is a function p(-,-) = (p1,p2,p3) : [0,T] x A — [0,1]? satisfying (IB1), (IB2)
and (IB3) below:
(IB1) For any i € {1,2,3}, p; € L ((0,T) x A).
(IB2) For any function G(t,u) = Gy(u) = (G1,1(uw), Go ¢ (u), Gs ¢ (u)) in Ccl)’g([O,T] x A;R?), writing
similarly the density as p:(u) = p(t, u), we have

~ ~

T R T R
r(),Gr()) — (o), Gol)) — / ds (u(), 0uG () = / ds (pa(), AGA()

0
T R 5T (3:3)
+ [ asP)0. G = X [ ds [ mie) )06 a5 (0.
i=1
where n=(ny,...,nq) stands for the outward unit normal vector to the boundary surface T’

and dS for an element of surface on I'.
(IB3) p(0,u) =7(u) a.e.
This system of equations (BI) has a unique weak solution (see Section []).

Our main result is:

Theorem 3.1. For each N > 1, let un be a probability measure on iN. The sequence of probability
measures (ny&b)Nzl is weakly relatively compact and all its converging subsequences converge to some
limit Q¥ which is concentrated on absolutely continuous paths in C([0,T],(M2L)?) whose density p
satisfies (IB1) and (IB2).

Moreover, if for any 6 > 0 and for any function Ge C.(A;R3),

Fn(6w), GO) = F0),G()| 28} =0, (3.4)
for an initial continuous profile 7 : A — [0,1]®, then the sequence ( ﬁff)NZl converges to the Dirac
measure concentrated on the unique weak solution p(-,-) of the boundary value problem BII). Accord-
ingly, for any t € [0,T], any § > 0 and any function G € CH2([0,T] x A;R?),

lim PP{|(Fn (6 w0), GO = (), G())| = 8} =0.

N—o0

The proof of Theorem [3.T] will be outlined in Section [, and done in the following Sections [l [l [7 Bl

lim MN{

N—o0

3.3. Hydrodynamics in Z%. Our approach enables us to derive as well the hydrodynamic limit in the

d
full volume Z¢. There, the reaction-diffusion process (&, wy)iepo, 77 on ({0,1} x {0, 1})Z has generator

d
N?°L4+L=N2Y" %" orte 4 N L,

k=1 gezd z€Z?

(see 210), I0)-@I1)) with law ]P’ny when the initial distribution is px. It satisfies the following
theorem, proved in [21].

d
Theorem 3.2. Consider a sequence of probability measures () n>1 on ({0,1} x {0, 1})Z associated
to a continuous profile 7 : RY — [0, 13, that is, for any function G= (G1,Ga,G3) € C.(R%:R3),

lim_pn{| (v (€w), ) = GG =0} =0,

N —oc0

for all § > 0. Then for any t € [0,T), for any function G = (G1,Ga,G3) € C.(R%;R?),
lim P {|(Fa (€00, G0) = (), ()| 2 8} =0

N—o0
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for all § > 0, where p(t,u) is the unique weak solution of the system
{ op=NAp+F((p) in Z4x(0,T),
p(0,) =7(:) in 29,
that is, p(-,-) satisfies the following assertions:
(I1) For anyi € {1,2,3}, p; € L>=([0,T] x RY),
(12) For any function Gy(u) = G(t, u) in C22([0,T] x R R3), we have

~ ~

T o~
Pr().Gr () — (Po(), Go() — / ds (.(), 0,8, ()
T N T N N
- / ds (5.(), AGL()) + / ds (F(p:) (), Ga()
0 0

(I13) p(0,u) =~(u) a.e.

3.4. Hydrodynamic limit in finite volume with reservoirs. As Theorem[3.Ildeals with an infinite
bulk, we are consequently able to derive the limit in a finite volume in contact with reservoirs. We
denote By = {—N,--- ,N} x T% ', B = (=1,1) x T%! and its closure B = [~1,1] x T¢"!, where
T4, is the d-dimensional microscopic torus of length N and T is the d-dimensional torus [0,1)¢. In
finite volume with stochastic reservoirs, the reaction-diffusion process (&, wt)efo,r) on Xn = ({0, 1} x
{0, 1})BN7 with generator N2Ly +Ly + N2L; ., given by formulas (Z3), @I5), (216), 17), @21,
where we replace Ay by By, and 'y by Ly = {=N,N}x 'H“Jiv_l, satisfies the following theorem, proved
in [21].

Theorem 3.3. If for any § > 0 and for any function Ge C(B;R?),

Jim o {[F (€ w), GO = (6,60 2 6} =0,

for an initial continuous profile ¥ : B — [0,1]3, then the sequence of probability measures ( ﬁ]]’f)Nzl

converges to the Dirac measure concentrated on the unique weak solution p(-,-) of the boundary value
problem

ap = M+ F(p)  in Bx(0,7),
0.) =30 i B
p(t, )0 = b() for 0<t<T,
that is, p(-,-) : [0,T] x B — [0,1] satisfies
(B1) For any i € {1,2,3}, p; € L* ((0,T); H'(B)), that is, p; admits a generalised derivative such
that, if Vp; = (Oe, pis- -+ s Oy pi) stands for the gradient of p;,

/OT o /B | Vi(s,u) [Pdu) < oo.

~

(B2) For any function Gy(u) = G(t,u) € Cé’z([O,T] x B;R?), we have
R R T R T
Br().Gr() = (). Go() ~ [ ds (.00.0.GL00) = [ ds (.00, 8G.0)
0 0
T R 3T
[ astFIO. G = X [ ds [ m)hr)(0, 60 dstr),
where I denotes here the boundary of B.

(B3) p(0,u) =7(u) a.e.

From now on, we are back to the set-up of Theorem [B.11
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3.5. Currents. In this subsection, we study the evolution of the empirical currents, namely the con-
servative one (cf. [I]) and the non-conservative one (cf. [4]). For ¢t > 0,1 <4 < 3 and any y,z € An
such that ||y — z|| = 1, denote by J*(n;) the total number of particles of type i that jumped from y
to z before time ¢ and by

W () = J0TT () = T (), 1< 5 < d

the conservative current of particles of type ¢ across the bond {z,z + e;} before time ¢. The corre-

sponding conservative empirical measure W1V is the product finite signed measure on Ay defined as
WY (i) = W (i), ..., Wih(mi)) € M, where for 1 < j <d, 1 <i <3,

W) = N7 W ()
T,x+e; EAN

For a continuous vector field G = (G1,...,Gq) € C.(A;RY) the integral of G with respect to W (n;),
also denoted by (WX (;), G), is given by

d
(WY (m:),G) = > (Whm),G;). (3.5)
j=1

For x € Ay, 1 < i < 3, we denote by Q¥(n;) the total number of particles of type 4 created minus
the total number of particles of type ¢ annihilated at site x before time ¢. The corresponding non-
conservative empirical measure is

Qt (mi) = Nd Z Q7 (i) 0z /N-

TEAN
We can now state the law of large numbers for the current:
Proposition 3.4. Fiz a smooth initial profile ¥ : A — [0,1]3. Let (un)n>1 be a sequence of probability

measures on Sy satisfying B4) and p be the weak solution of the system of equations BI). Then,
for each T >0,6 >0, G = (G1,G2,G3) € CL(A; (RY)?) and H = (Hy, Ha, H3) € CL(A;R?),

Jm B[ oo .6 - [ aq-vad.@)>4 - o, (36)
T A~ ~
ngnooPNbHZ QN (), H; —/0 dt(F(ﬁt),H>‘>5} = 0. (3.7)

We shall prove Proposition [3.4] in Section

4. OUTLINE OF THE PROOF OF THEOREM [3.1]

The proof is divided essentially in two parts. In the first one, we prove the hydrodynamic limit
for the system evolving in a large finite volume. There, by large we just mean a volume of size My
such that limy_, 100 Mn/N = 400. In the second part, from the first one and coupling arguments,
we shall derive the result in infinite volume. The coupling will allow us to prove that by taking
My appropriately large enough, particles outside the cylinder of length M do not affect enough the
number of particles in a box with length of order KN for any K > 0 (cf. Propositions €3] and (4.4
below). For all these requirements on My to be fulfilled we take

My = N'ta, (4.1)

e For the first part of the proof of Theorem [B1] we consider a Markov process with state space ) N, Mn
(cf. (21)) and generator £,y , where for any positive integer n > 1, £y, denotes the restriction of
the generator £y to the box A ,:

2J\/v,n = NQEN,W, + I[JN,n + Nzlfg,N,n’ (42)
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with, for £L&%Ter defined in (2.10), L%, in 2.I6), and Lg . in 222),

d
Lyn=3 > L% Lya= > L., Ljy,= > L&, (4.3)

k=1z,2+e AN R TEAN n z€AN NN

Observe that this finite volume dynamics can be seen as a dynamics (¢, xt)¢e[o,7] €volving in the infinite
volume Ay, where transitions taking place outside Ay sy, or involving particles outside Ay, sy, are
suppressed. For the exchange part of the dynamics, it means that particles outside Ay, a7, do not move
and particles inside Ay ar, jump as in the original infinite volume process in Ay, with the restriction
that jumps off Ay ar, are suppressed. For the CPRS part, it means that transitions outside An sy,
as well as births in Ay, induced by particles outside Ay ary, are suppressed. For the boundary
dynamics part, it means that transitions outside Ay as are suppressed. By abuse of language, we still
denote the generator of ((t, X¢)tejo,r] by £n,my- Given a probability measure py on S, we denote
by ]P’MN’Z’ the law of the process ((t, Xt)te[o 7] with initial distribution py, by EMN’b the corresponding

expectation, and by QMN’ = IP’MN’ o (mN)~! the law of the process (7 (Ct’xt))te[o 7 We define

(71,72, M3) then 7 associated to (C,X) as we did for (n1,m2,m3) and no w.r.t. (§,w) in 24)—Z3).
Following the Guo, Papanicolaou and Varadhan method [16], to derive the hydrodynamic behaviour
of our system in large finite volume, we divide the proof into several steps. We first prove through the
martingales associated to the process ((¢, Xt):e[o,r] that the limit is the Dirac mass concentrated on
the set of weak solutions to the system of equations ([B.I)):

(1) tightness of the measures (QMN’ )n>1 in D([0, T, (M1)3),
(2) identification of the limit points of (QMN b) ~>1 as absolutely continuous paths whose density
satisfies conditions (IB1) and (IB2).
Then condition ([3:4) implies (IB3), and we have to prove
(3) uniqueness of a weak solution to the hydrodynamic equations (B1I),

which allows to conclude that the limit is the Dirac measure associated to the unique solution of (B.1]).

The proof of (1) and of part of (2) is by now standard and left to the reader (we refer to [19] for
details). We postpone the proof of (3) to Section 8 As My > N, the hydrodynamic limit we obtain
is the system of equations B in infinite volume with reservoirs. To understand how (Bl appears
as limit point in (2), let us consider, for any function G = (G1,Ga,G3) € Ccl:g([O,T] x A;R?), the
mean-zero martingale

3
]T/[\:]pv(@) = ZM:]F\”(Gl) where, for 1 <7 < 3,
i=1

MHGy) <7T71Y71,Gi7T>—<7TéV,GLO>—/O <W;Vvl,asai,s>ds—/0 SNy (TN G GYds . (4.4)

To establish the convergence of ]\//TCJFV (CA?) and exhibit a limit point, we compute, for 1 < i < 3:

N2Lnaay (70, Gis) = (al' ANG ) — Nd T Z ONGis((x—e1)/N)iis(z)
16F+
Nd Y NG/ N)ijs(a) (4.5)
zel'y

where Fﬁ ={(uy,...,uq) € Ay : uy = £N}. Indeed, since My > N and G has compact support, for
N large enough MN does not appear on the r.h.s. of @3).
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We also compute f = (f1, fo, f3) : S — R3:

[1(€x) = Ly mi(0) = Bay ary (0,6, x)70(0) + 73(0) — (r + 1)m1(0),
f00x) = LNyMN,?I/Q(O) = 7110(0) + 73(0) — /BAN,MN (0, ¢, x)72(0) — 772(0), (46)
f3(6x) = L 3(0) = Bay iy (0,6 X)772(0) + 7171.(0) — 2773(0)

so that

Lvan T, G = 5 3 Gualw/N)TafilGos X, (4.7

TEAN, My
where 7. denotes the shift operator, that is, for x € An ary, 7271(0) = LiH@)=13 = ((2)(1 — x(2)).
Again, for N large enough, My does not play any role on the r.h.s. of
Since G vanishes at the boundaries on A, the generator Ly BN My is not needed
Therefore, to close the equations in Mt (G), we need to do two replacements, stated in Lemma
and Proposition 4.3 below: we have to replace local functions in the bulk by a function of the empirical
density in [@7), and to replace the density at the boundary by a value of the function bin (#3). Lemma
and Proposition [£.3] are the main steps to show that any limit point of the sequence (QMN b) N>1
is concentrated on trajectories that are weak solutions of the system of equations ([B1]). The proof of
Lemma relies on uniform upper bounds on the entropy production and the Dirichlet form stated
in Subsection [5.1] (Theorem B.I]) and proved in Subsection The proof of Proposition relies on
the properties of the boundary dynamics.

Remark 4.1. Ezcept for the replacement lemma at the boundary (that is, Proposition [{.3), all the
results needed in steps (1), (2) and (3) are valid both in infinite volume and in a large finite volume
with length My = Nita, Therefore, we shall state and prove all these results in infinite volume.

For any smooth profile § = (91, 62,03) : A — (0,1)? satisfying (Z19) and ([220), and for any cylinder
function ¢(&,w), denote by ¢(6 ) the expectation of ¢ with respect to V§ For any ¢ € N, define the
empirical mean densities in a box of size (2¢ + 1)¢ centered at = by 7*(x) = (n{(x),n5(z), n&(z)):

1 .
nt(z) = TR Y ily), for 1<i<3.
Hy;iuﬁf
Y N

so that we can define for any ¢ > 0 small enough (as usual we omit to write integer parts in bounds of
intervals: eN replaces |eN]),

}ﬁ > mow) - N (). (4.8)

llyll<eN

6N(§7 )

Lemma 4.2 (replacement in the bulk). For any G € C°([0,T] x A,R),

I - Nb _
T 0 (a5 10 Vo6 )d) =0

The proof of Lemma is postponed to Subsection (5.3
We now state that the limiting trajectories for the system in large finite volume satisfy the Dirichlet
boundary conditions with value b(-). The proof of Proposition [£3]is postponed to Section

Proposition 4.3 (replacement at the boundary). For any bounded function H : [0,T] x I' — R with
compact support in T, for any 6 >0, for all i € {1,2,3},

T ]P’MNb ‘/ T t(;v/N)(ﬁm(;v) —bi(x/N))dt‘ >5) _

N—o0
mGAN My NN
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e For the second part of the proof of Theorem[3.1l we couple the original process (£, we)te[o,] in infinite
volume with (G, X¢)+ejo,7]- Let Tiy be the measure on Sn x S concentrated on its diagonal and with

marginals equal to py. Denote by ﬁ%{j’b the law of the coupled process ((&,wt), (Ct, X¢t))tejo, ] With

initial distribution 7y, and by E;{VN’Z) the corresponding expectation. By Tchebycheff inequality, for
alld >0and t >0,

Pfjj(‘% > Guala/N) () - pi(t,x/N))‘ > )

TzEAN

< f”%”’g(‘ﬁ Z Git(z/N) (ﬁi,t(fﬂ) - pi(t,x/N))‘ > g) (4.9)

TEAN
+<2$ *Avab(‘Nd Z Gl w/N)(nzt( ) — ﬁi,t(x))D' (4.10)

The hydrodynamic result in large finite volume enables to deal with (£9). For (£I0), we have to prove
the following coupling result, which will conclude the proof of Theorem 3.1

Proposition 4.4. For any bounded function G = (G1,G2,G3) : [0,T] x A — R3 with compact support
in A, for all i € {0,1,2,3},

N@@EﬁN’B(lﬁ GZ Gi,t(x/N)(ﬁit( ) = mie(x ))D =0.

In Section [0 we shall define the appropriate coupling between (&, ws)sefo,7] and (G, X¢)¢ejo, 7], Which
turns out to be basic coupling, and prove Proposition [£.4

5. SPECIFIC ENTROPY, DIRICHLET FORMS AND PROOF OF LEMMA

5.1. Specific entropy: Definitions and results. We start by defining the two main ingredients
needed in the proof of the hydrodynamic limit: the specific entropy and the specific Dirichlet form of
a measure on & XN with respect to some reference product measure. For each pos1t1ve integer n and a
measure ( on EN, we denote by p,, the marginal of u on EN n: For each (¢, x) € EN ns

pn(Cx) = p{(§w) + (§(@),w(@)) = (((2), x(2)) for € Ann}. (5.1)

We fix as reference measure a product measure I/é\v = VA(.), where 0 = (01,02,03) : A — (0,1)3is a

smooth function satisfying [2.19) and (220). In other words (recall (212), (2.I4))), introducing the
function 6p(.) =1 — 601(.) — 62(.) — 05(.), we have

Vé\(,)m(f,w) = eXp{Z Z <log 97]\73>77'L(I>} (5.2)

i=1 2€AN
with 27! = [ o/N).
' TEANn
We denote by sn(un|u§fn) the relative entropy of u, with respect to l/eivn defined by
sl ) = s { [ U6 (&w) ~ log [ € 0.0}, (5.3)
' UeCy(En,n)

In this formula Cb(E N,n) stands for the space of all bounded continuous functions on ) N,n. Since the
measure VA gives a positive probability to each configuration, all the measures on 5 ~N,n are absolutely

contlnuous w1th respect to V(; and we have an explicit formula for the entropy :

sulinli,) = [0 (a6, dinl. ). (5.4
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where f, is the probability density of u,, with respect to I/é\vn.
Define the Dirichlet forms 7

Dn(ﬂnhjgn) = Drol(ﬂn|ygn) + sz(/‘nh/gn)v (5.5)
with
d
DR = 3 X O, (5.6)
=la:(z,x+er) EAN A XAN
D) = 3 (D)), 5.7)

TEAN NN

where, writing y = = + ey,

O unlvl) = [ (VEET ) - VI v (€., (59)

O unlv) = [ exblo/N)..0%0) (VEE o) - VETES)) v, (6.)
/cm(w/N ),0°6.0) (VI @) — VInGa)) v, (€,) (59)

+ [ exlbta/v).o.0%) (VETETW) - VEED) ), (6w,

‘We shall also need
Dn(uané\fn) = Z (Dn)m(ﬂn|Vgn) ) (5.10)

TEAN

where

@) lr]) = [ (1= wle)) + () (VEE D) - VEEw) dv, (6.)
+ [ (Bavn @601 - @) +6@) (V6w ~ VEIED) ), (6.0).

(5.11)

Define the specific entropy S(u|u{§v) and the Dirichlet form @(/J,|I/éy) of a measure p on iN with respect
N

to Vs as
S(ulv) = N7 sl e, (5.12)
n>1
D(ulvy) = N7 Dulpnlvd e /. (5.13)
n>1

Notice that by the entropy convexity and since sup,¢ 5, {{(z)+w(z)} is finite, for any positive measure
won X and any integer n, we have

sn(,un|uiv) < CoNni=t, (5.14)

for some constant Cy that depends on 6 (cf. comments following Remark V.5.6 in [19]). Moreover
there exists a positive constant C, = C(6‘) such that for any positive measure y on ) N

S(ulvd) < CyNe. (5.15)
Indeed, by (E12) and (B.14) we have
1 n\d-1
Ny « nder - —n/N (T
S(ulvl) < NGy §>1: e ( ) (5.16)

that we bound comparing the Riemann sum with an integral.



BOUNDARY DRIVEN GENERALISED CONTACT PROCESS 15

The goal of this section is to prove the following appropriate bounds on the entropy production and
the Dirichlet form.

Theorem 5.1. Let 6 = (61,64,03) : A — (0,1) be a smooth function satisfying @I9) and Z20).
For any time t > 0, there exists a positive finite constant Cy = C(t,0, A1, A2, 7), so that

t
/ @(u(s)|u§’)ds < C;N42,
0

To get this result, we need to bound the entropy production in terms of the Dirichlet form. This is
given by the following lemma.

Lemma 5.2. There exist positive constants Ay, A1 such that for any t > 0,
OS(u(t)|vy) < —AoN*D(u(t)|vy ) + AN, (5.17)

Note that since we do not know invariant measures for our dynamics, we control the entropy
production with respect to a product measure which is not stationary, which leads to the correction

term Ay N? in (5.17).

5.2. Specific entropy: Proof of Theorem [5.91 We now prove Theorem [5.1] and Lemma [5.2

Proof of Theorem [5] Integrate the expression (5I7) from 0 to ¢ and use ([G.I5]). O

Proof of Lemmali2 For a measure , on iN)n, denote by f! the density of ju,(t) with respect to
Vgn. By the definition (EI2) of specific entropy, we need to bound 8tsn(un(t)|ugn). For any subset

A C A and any function f € Ll(l/eiv), denote by (f) the function on ({0,1} x {0,1})*\ obtained by
integrating f with respect to Vév over the coordinates {({(x),w(z)),x € A}. We denote

AN = ANt \ Anne (5.18)

In the case where A = A%, we simplify the notation (f) a4 by (f)n+1. Note that

(frii)n1 = [h- (5.19)
Following the Kolmogorov forward equation, one has
atfftz = <’S*N,n+1frt7,+1>n+17 (520)
where £3 ,, stands for the adjoint operator of £, in L? (I/éyn). By (G20),

Ousulin(Ol0,) =01 [ 12 (10w F)avE, = [ (10g £2) 25 findi,,
=N2/fﬁ+1ﬁN,n+1(logfﬁ)d’/gn+l+/f2+1LN,n+1(1ogfﬁ)dVgn+1

+ Nz/f7€+1[/57N7n+l(log ffl)dyé\,]n-i-l (5.21)
= Ql —+ QQ =+ Qg . (522)

We shall first derive useful tools (in Step 1 below), then obtain (in Steps 2,3,4) the following bounds
on the three integrals €1, Q5 and €23 in terms of the entropy and Dirichlet forms. There exists positive
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constants C, CY, K such that
N2

o < DY 0lvY) + (Cnt CLAN)Nn
N T, rre
T ZZ Z (Dp o)™t k(un+z(t)|’/gn+l)v (5.23)
=1 k=2 (z,x+er) E(AN,n XAK IU(AY ,, XAN )
Q< —Du(un(B)v) ) + KaNnd™t, (5.24)
Q < ~ND(ua(t)vd ). (5.25)
The constant A comes from (537) in Step 1 below. Gathering (5.23), (524) and (G.25]) gives
N2
Dusalin)) < DY)
N2 N
T > (DY) (O, )

(=1 k=2 (13713+€k)6(AN,nXA?\]YH)U(A?\[J@XAN,H)
D (pn (8] ) — NzDz(un(tﬂuéVn) + ((C + K2)n + C{AN)Nn?=2 . (5.26)
Note that for any M > N large enough for some positive constant K7,

SETRT) SRS SINCAR STV

n=1 £=1 k=2 (=1EAN,n XA,

yE{ztey,z—ep} (527)
M+N 1
<KDY e DU l,) < KD (u()lvy).-
n=1

To conclude the proof of the Lemma it remains to multiply (£.26) by N ~!exp(—n/N) and sum over
n € N to write an upper bound for 8t8(u(t)|yeiv). Using (527) and choosing (for instance) A = 4K]
on one hand, and dealing with the last term on the r.h.s. of (5.26]) as in (5I6) on the other hand, we

get (B17).
Step 1: Tools. To do changes of variables, it is convenient to write (5.2)) as follows:
3
Vé\(]_)ﬁn(&w) = exp { Z Z 3 (z/N)n; (:E)} with ¥i(z/N) =logb,(x/N) . (5.28)
j=0x€AN

e Changes of variables formulas: For a cylinder function f on 5 N, and x,y € Ay, we have
(i) for (i,5) € {0,1,2,3}? such that i # j,

/m( )i () F (€Y, w™¥)dvg (€, w) = /?7]( )i (y) (RE (0) + 1) £ (€ w)dvy (6, w) (5.29)

where  R(0) = exp ((9;(u/N) = 9;(2/N)) = (9ily/N) = 0:(x/N)) =1 (5.30)
satisfies R“() O(N1). (5.31)

(i) for (i,5) € {(1,2). (2,1, (3,0). (0,3)},
[m@ree w6 = [m@e MM ol o)., 632)

(iii) for (4,4) € {(1,0),(0,1),(3,2),(2,3)},

/ ni(x) f(o% & w)dvy (€, w) = / n; ()€ N0 @IN £ (¢ w)dvd (€, w), (5.33)
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(iv) for (i.4) € {(1.3). (3.1),(2,0), (0,2)},
/ (@) (6, 0 w) v (6, w) = / 0y () @0 (e ) (€, w) (5.34)

e Inequalities: For any positive a,b, A,

a(logb—loga) < —(Vb— \/5)24- (b—a), (5.35)
loga < 2(va-—1), (5.36)
N A
2ab < Za%sz. (5.37)
Consequences 5.3. (i) For all x, 1 < k <d such that x,x + e, € An we have,
[emre e wian w) = 5 [ Lo w)any €w)
1 z,x+ek [ T,x+e z,x+e
5 Z /77] 771$+€k)(Ri,}+k( )+1)(f(§7w)_f(§1 +k7w ’ +k)>dVA (57 )
0<i#5<3
1 X, "E e T, rre r,rre
5 5 [m@mlet Rz @ (et - fw)dnd (€.
0<i#5<3
1
<30 )
Y /m oo+ o) (B2 @) (VIE o o) 4 VFE D) d, (6.)
O<1;£J<3
1
< 5(@(})%“%)
vy 3 [ manta e (REE@) (r(ETrwn ) + DA€ w) ) (6.
0<176_]<3
1
< §<D°>w>w+ek<f>
T, x+er (N 2/ pTHer,T
+2 Y [tk e (R @) B 0) + DA€ ), €w)
0<176_]<3
3 Z, 1 €
tie 2 [ m@ms ) (B @) 1€ ), 6w)
0<i#5<3
1 _
< 5(92)1’”6’“(][) +CN VT3 n
for some positive constant C, where we have used the change of variables formula (529) for
the first equality and last but one inequality, (L3T) with A = N/2 for the first and second
inequalities (there we have first expanded the square), and (B31) twice with 2I9) for the last
inequality.
(i) Because the restriction of 0 to T is equal to b (see (Z20) ), (32)-E34) yield that the measure

Véy is reversible with respect to the operator Ifb)N
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Step 2: Bound on §11. We decompose the generator Ly 41 into a part associated to exchanges within
AN, and a part associated to exchanges at the boundaries, that is,

M=

0 = N2 Z / ELE ,T+ek (log f ) 9 —
k=1 (z,x4+er)EAN nXANn
d

Ny ) [ gz qog fyand,

k=2 (z,x+er)E(AN,n XA?\I,n)U(ARﬁn XANn)

M=

= N? 3 QY (2,2 + ep) (5.38)

k=1 (z,x+er)EANn XANn
d
> > 00 e0). 5

k=2 (z,0+er) E(ANn XAY )UAS ,, XANn)

Successively, for the term (B.38)), writing y = x + e,

o (z,y) = / Fhia(€ @) (Tog fL(€7, w™) — log fL(,w) ) vl | (&)

= [ttt enmntos HE L 0y (6w
<@ ) + [ LIS ()
SO () + o (5.40)

where we used (B.19) and (538) for the first inequality and Consequences [B.3]() combined with the
fact that f! is a probability density for the second one.

For the part (5.39) associated to the boundaries, we shall write for each pair (z,y) = (z,x + eg) €
(AN;W X A?V,n) U (Ag\f,n X ANJI)’

L= 3" Loy (5.41)

0<i#j<3

where £, stands for the exchange of values i and j between sites  and y.

L8, 1(6w) = i@ () (F(E77,07) = [ @) +m (@) (/€0 w™) = flgw)) . (5.42)

So that,

t(¢ex,y x,y
0P (z,y) = s () (€ 0) log 2E D g e
1 0<§<3/ ! o fh(& w) Fintl

fhEY, W)
+ Y [ m@n@)fiaEw)log Ty (W) (5.43)
ot #Q/ ' + Pty i

Let us detail the computation for (z,y) € Ay, X Af,, and i = 1, j = 3, the other values would be
deduced in a similar way. By a change of variables (¢',w’) = (£%¥,w®¥) in the integral corresponding
to i = 1,7 = 3 in the second term of the r.h.s. (E43), using (E29),(E30), and noticing that if
m(z)ns(y) = 1 then %Y = £, and that since f! does not depend on y, f!(£,w™Y) = fi(£, 0%w), we
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have
t T,y x,y
[ frstcreiyton e nand, (€)= [m@mfia€wos 2EE a6
R t
+ [ @)L + D€, og e LINPY S

f;fl(gm,y, wm,y) V@\,nJrl

= [ @@ € tos BETD g (€ )+ o)

(.2
+ [ @I on TS (60)
= [ m@(FR €D — FER ) log BHET S () + O, (5.44)

where we used (53] in the second equality, and where

FEw) = nj)fip(Ew), FOEw) =ni(y)flp (€59, 0™Y) . (5.45)

If we now define
Er(i,j) = {(Ew) (F2 (60 > (EDE ) e, fL(€, 0%w) > fL(E,w)}  (5.46)
Bx(i,j) = {(&w): (F(Ew))np1 S (€ w)nrr, fLE o) < fL(E,w)}  (5.47)

the integral in the r.h.s. of (G.44) is non-negative on F1(1,3)UFEs(1,3). Then, thanks to the inequalities
E38)-(E37), for A to be chosen later, the integral in the r.h.s. of (£44) is bounded by

t x
/ (@) (FE s — (FEE ) ) log 2o T g (e )
E1(1,3)UE2(1,3) ’

fh (& w)
ft(gvgmw) N
§2/ m(x r &, W))nt1 — r® &, W))n X ol L1 des (€ w
e MO E@nir — FRE D) < ([ Hr sy — ) g6
N ) @) 2N
S_ m{x F gaw n - F guw n dvy §7w
3 o MO VETE D = YEG €@l ) v, 6
A/ 5 ) 2 fa(§ 0%w) 2N
+ = F guw n + F 57“} n X n ~———~ —1 dl//\ 6,&)
N L momy (VER@@Das + VR G i) x (H 50 = 1) ) 6)
In order to get rid of N in I, we use ([@.19) to introduce a new sum in m, and to rewrite I as
N 1 n+N
n=y > | m (@) (/W) T €, ) a i
m=n+1 E,(1,3)UE2(1,3) (5_49)
2
OO (&N Ay ) D, (6w):
We now apply Cauchy-Schwarz inequality to bound I; by a piece of the specific Dirichlet form,
1 n+N 2
n<y Y | m (@) {ns ) (VIRE ) — /T w Y (6w
! Amgﬂ E1(1,3)UEs(1,3) i )< 2 )(\/ ( )= VI )) >AN,m\AN,n 9””( )
1 n+N 2
-5 >/ m(@)ns(y) (V€079 = VIR (Ew)) vl (&w)
m=n+1" E1(1,3)UE2(1,3) ’
1 n+N 2
<3 > [m@me)(VEET) - VIED) @, ). (5.50)
m=n-+1
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Now, to bound Iy, we separate the integrations on F7(1,3) and on Fs(1,3). We first look at the
integral on Ej(1,3), to get

4 20 [figotw) 32
¥ oy MO WVEE s+ JEE € ) (B =) g ()
4A < 1(13)(57 n+1 = 7
SN E1(1)3)771($)W(\/fn §0%w \/fn(f,w) dVA L& w)
A
< @ (e o) 2 TE TG ) + (6 ) v, (€.)
E1(1,3)
4A t zw _ft w A
ST Sy PO 0 — il w) ) (6w)
< 2 [ @i o)ind) (6w) = 2 [ nala)e M=) pt e ) (€,
AO
< (5.51)

for some positive constant C;. We have used the definition (5.46]) of E1(1,3) for the first and third
inequalities, the definition (0.4%]) of Fl(}g)(f,w) with the bound <F1(13) (w1 < (fii1(&w))ngr =

fL(&,w) for the second inequality, (5.:34) for the equality, (5.28), (ZI9) and that f! is a probability
density to conclude.

We now look at the integral on E»(1,3), to get

4 20 [fh(E 0"w) 2
N E2(1,3) n (I)(\/<Fl(,13) (§7W)>"+1 + \/<F1(,23)(§uw)>n+l) ( m - 1) dl/gn(f,w)
44 (P (€@t (s .
S Sy MO (VG - VIEW) g (6
84 (F(Ew))nt1 ,
SW E2(1,3)771 x)wf"@ )dVA (& w)

A ~
< 22 [ m@m ) EELE) + D)o (€ ) (€,)

<= (5.52)

for some positive constant C7. We have used the definition (&47T) of F5(1,3) for the first and second
inequalities, the definition (.45]) of F1(23) (&, w) with (529) for the third inequality, and (5.28), (Z19)
and finally that f! is a probability density.

Combining (540) with (E50), (551, (B.52), we get the upper bound ([E23) of ;.

Step 3: Bound on 3. We decompose the generator of the reaction part into a part involving only
sites within Ax , and a part involving sites in A% ,. Recalling {.2), [.3]), we have

/ Ft o Lvs (log £4)d / foiLvnlog f1)dvY  + 0D

Proceeding as for (5.40), we get

/fleJLNm log f,’;dl/é\)fwrl < —Dn(un(t)w@n) + /JLNmffldugn . (5.53)
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The second term on the r.h.s. is of order O(Nn~!) since the rates Sa ., (.,.) are bounded. Moreover,
denoting AN, = {7 € Ann: Fy € Ay, |y — 2| = 1},

o) = Y [raEa(n Y -

TE€OAN n yeAS,
lly— IH 1
Z: E0)w)) (1 - §(x) log f’}i@f’))d%nﬂa, )

lly— t\l %

which can be proved to be of order O(Nn9~2) in an analogous way to the computation done for ng),
and using that the rates 8ay , (.,.) are bounded, inequalities (5.36)-(5.317). Combining this with (5.53)
yields the upper bound (G24) for .

Step 4: Bound on 3. It is in this step that the reversibility of the measure Vévn with respect to

the generator Ly = plays a crucial role. It implies that, for any z € Ax,, N Ty,

/ LY f;dugn =0. (5.54)

Since Ly 4y = > L3 - using (B.19) and inequality (5.35) we derive (B.25) as follows.

ZEANn+1NC'N

0 = N Y / fhaaLE (o f)dvY |

TEAN n+1NT'N

= Y ULy ylos R,

T€EAN NN

< NGO N S [,

TE€EAN NN
= —N2Dh ().

where we used that f}, does not depend on A%, for the second equality. Thanks to (5.54), in the last
equality we got rid of a term with an order too large in V. 0

5.3. Replacement lemma in the bulk (proof of Lemma [4.2)). Fix G € C°([0,T] x A,R), let
K > 0,0 > 0 be such that the (compact) support of G is contained in the box A(1 — 6, K) :=
[—146,1—6] x [-K,K]%". Let 0 < a < §/2, and let 8y = (64.1,04.2,0a3) : A — (0,1)% be a smooth
function, equal in A(1 — a, K) to some constant, say @, and to b at the boundaries. Therefore
R T
ENb Nd Z / s(x/N)| Ty EN(gs,wS)ds> < |G||00Efj’vb<$ Z / TzveN(fs,ws)ds>.
TEAN TEA | N(1-6)|.NK

T
Denote f1' =T-1! / f]S\,(K+2)ds. By Theorem 5] there exists some positive constant C; such that

the expectation on the above r.h.s. is bounded by

T
W/ > TaVen (€ w)fT (€ w)dvy oy (6w) = AT N?" Dysesn) (F7) + 701,

TEAN(1-8)] . NK

for all positive 7. To prove the Lemma, it thus remains to show that for all positive v, a,

T T sup (% [ X vt o) vzv“DNW)(f)) o,

e—0 N—oo
f TEA|NU1-5)],NK
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where the supremum is carried over all densities f with respect to Vé\f N(K+2) such that Dy g 42)(f) <
CN94=2. This is a consequence of the one and two block estimates stated below (see [16, [19] for
the now standard proofs). The one block estimate ensures the average of local functions in some
large microscopic boxes can be replaced by its mean with respect to the grand-canonical measure
parametrized by the particle density in these boxes. While the two block estimate ensures the particle
density over large microscopic boxes is close to the one over small macroscopic boxes:

Lemma 5.4 (One block estimate). Given a constant profile p = (p1, p2,p3) € (0,1)3,

Tm T sup / 7o Vi (6, ) F(€.0) Yy 4 (€,0) = 0,
k— o0 Ni}oofDN(K+2) F)<CNd-2 Nd P, N(K+2)

where for k € N, Vi, (§,w) was defined in (LF]).

mEAN NK

Lemma 5.5 (Two block estimate). Given a constant profile p = (p1, p2, p3) € (0,1)3, fori € {1,2,3},

lim lim lim sup

k—o00 €0 N—oo f: ,DN(K+2)(f)§CNd72
swp 0 [ MG+ B) = 1N (@) F(6 ) 2y (€,00) = 0.
hl<eN Nd Z ’ ‘ N (K+2)

TEAN NK

6. HYDRODYNAMIC LIMIT IN LARGE FINITE VOLUME: PROOF OF PROPOSITION [43]

In this section, we prove the last result to derive the hydrodynamic limit in large finite volume (that
is of size My = NH%), Proposition As mentioned in Remark [ Proposition is the only
difference in our proof of hydrodynamics with the case of infinite volume dynamics.

6.1. Estimates for finite volume. Next estimates will be useful to prove Proposition 3l

Lemma 6.1. For a smooth profile § = (01,02,05) : A — (0,1)3 satisfying @I9) and Z20), there
exist positive constants Ao, Af and Ay depending only on 6 such that for any ¢ > 0, for any cylinder
function f € L2V ),

0,Mn

(L5 i VI V) = =Dl (£), (6.1)
(Exane VT VT < APy, () + A Awann NIV T g (62)
(Ln, My \/75 \/7> < A1|AN,MN|||\/7||iz(ng ) (6.3)

where |An vy | = (2N +1)(2My + 1)@~ stands for the cardinality of the set Ay ary -
Proof. The reversibility of Vg My with respect to the generator I’B, N My yields (@.TI).

To prove ([62)), observe that for all A, B > 0, A(B— A) = — (B? — A?), so that

d
v VEVH =22 Y / VI W) (VI e wmaTen) - /g w) vk, (€w)

k=1x I+€k€AN My

=3P/ Z 2 / Lo (g Wiy (6w). (6.4)

k lz,x+er€AN, My

By Consequences [5.3|(4), we have

1 1 _
5 /‘CN7MNf(§=W)dV§jMN (67‘*}) < ZIDR/IN (f) + ClAN,MN|N 2”\/?“%2(1/5\’1% ) (6'5)
My

for some positive constant C. Putting together (6.4 and (6.5) we obtain (6.2).
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To prove (6.3]), we have

<LN1MN \/?’ \/7> =L +1
= Z /(BAN,MN (z,§w)(1 = &(z )\/f Lw (\/f(U””f,w) - \/f(f,o.) )d}/A (&, w)

TEAN, My

+ 5 [ (0w + @) VIED (VIE T - VIED) i, (6w).

TEAN, My

For I, using first that all the rates are bounded, then (537) with A = 2N, we have

n<cOuan Y [ (VIEOVIGTED +16w)dd,, (€)

TEAN, My

<COuan) Y [ (few) + {H0Ew) + 6wy, (60)

TEAN, My

for some constant C(A1, A2,r). We conclude using the change of variables (33)) and (2I9). We
proceed similarly for I, using the change of variables (5.34]). O

6.2. Boundary conditions in large ﬁnlte volume. Recall that uy stands for the initial measure
and g,y for the marginal of py on EN My (cf. (B&ID). Recall from Section Hl that we denoted by
P]\{VN’Z’ the law of the finite volume process (Ct, X¢)tejo, 7], by EMN’ the corresponding expectation and
by (71,72, 73) then 7y the associated conserved quantities for the exchange dynamics as in (2.4)—(23).

Proof of Proposition [{-3 Let 6 = (61,62,03) : A — (0,1)% be a smooth profile satisfying (Z.I9) and
N . N AN\AN, M ~N,Mxn
(220). Denote by L A\ Aty the marginal of v on ({0,1} x {0,1}) N, and by fis the

measure on Xy given by

~N,M
Hg = UN,My ® 1/9 A \Anary (6.6)

Let H : [0,7] x ' = R be a bounded function with compact support contained in {—1,1} x
[-K,K]*! T for some K > 0;let >0, and i € {1,2,3}. To shorten the notation, we denote

BIGx) = s O Hila/N)(ee) — bile/N)

zGAN,MN [RINN

z€AN NKNTN

Because H has compact support in I', we have (cf. (€0])),

ﬁ%”’g(}/oTBft@t,xadt\>6) B, \/ B (G xo)di| > 6).

To prove the proposition it is enough to show that

1
m 710gIP’%VN;wN ‘/ BH (G, xe) dt’>5)
N—)oo| NMN|

dﬂN,MN
N
V@,MN
stant K4, by (G.6)) it is enough to show that

Since the Radon-Nikodym derivative is bounded by exp(NM$ 1K) for some positive con-

lim 710g 3(
N—o00 |AN MN|

T
/ Bft(ct,Xt)dt‘ > 5) - —.
0
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By exponential Chebyshev’s inequality, the expression in the last limit is bounded above by

1
_a5+7logEMNbexp (a|ANMN|‘/ (G, xt dtD
|AN My |

for any a > 0. Using that el®l < e* + ¢~ and that, for two generic sequences (ar)ren, (br)Len we
have

Tim L log (a, + by) < max (mﬁl log aL,mLflbL),
L L L

one can pull off the absolute value even if it means replacing H by —H. Therefore, to prove the
proposition, we have to show that, for any bounded function H, there exists a positive constant C' > 0,
such that for any a > 0,

1 ~ —~ T
i ————1og B} exp (alAn.ary| / Bl (G, xo)dt) < C
N—+oo |AN Myl 0 0

and then to let a 1 4o00.
By Feynman-Kac formula (cf. Appendix 1, Section 7 in [19]),

1 ~ v
7logEU b exp (a|AN MN|/ Ct,Xt)dt)
|AN, | G
T (6.7)
< / sup { / aB{" (¢ ) (G x)dvy e (6x) + AN T N VT ﬁ>}dt
0 ;
where the supremum is carried over all densities f with respect to I/éVM . By Lemma [6.1],
S AVIN
(N VIV T) < =N?Daiy () + Ao|Aw ary | < =N?Diy (f) + Aol An,aay | (6.8)

for some positive constant Ay, where Dy, and D?wN are defined in (55)—EI0).

To evaluate /aBZHt (¢, X)f((,x)dugMN (¢, x), observe first that for all z € Ay pry, 1 <@ < 3,

() = bi(x/N) = 1;(x)(1 — b'(fv/N)) = bi(z/N)(1 = 7i(x))

= 5 (RGN = b/ Ny (/). (©9)
<j#i<
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We detail for instance the case ¢ = 1, the others follow the same way.

R = S Ht<x/N><(m<:c>bo<x/N>—b1<x/N>ﬁo<x>)

r€AN NKkNTN

+ ((@)ba(x/N) = b (/N (x)) + (7 (@)ba(a/N) - b1<x/N>772<x>)>f<<, Vv, (€)

=IO | Ht(d?/N)<b1(x/N)ﬁo($)(f(0””<,x)—f(C,x))

z€AN NKNTN

b1 2/ V)i () (F(C,0°X) = F(C0) ) + b/ W) (£(07C,0x) = F(C x>)> vy (6:X)

SR / b1<x/N><ﬁo<x>(\/f<ar<,x>—¢f(<,x>)2

- 2|AN’MN| x€AN NkNCN

(@) (VIGom) ~ VTGN + i) (VI o) - VI x))2> Ay (6X)

Cia? |Ay |
2 Nd+1
where C] is some positive constant. We used ([6.9), changes of variables given by (£.32)-(E34) with

(Z20) for the two equalities. Next, we used (5.37) with A = |An a7y |aN %, and that f is a probability
density, with a computation similar to the one done for Consequences [5.3)(%).

Note that the last sum above is a part of the Dirichlet form for the boundaries D}, (f) (see (57), (59)).

||| , (6.10)

Collecting all previous estimates, that is (6.7), (6.8]), (C.I0) and the similar ones for B;,i € {0, 2,3},
we proved that

Cra® |An wyl
Nt

—~ T
log B~ P excp (a|AN7MN|‘/O Bf‘((t,Xt)dtD <T |H?|| + T4y.  (6.11)

|AN My

Because My = Nt the r.h.s. of (6110 goes to T Ap when N 1 400, which concludes the proof. O

7. HYDRODYNAMIC LIMIT IN INFINITE VOLUME

7.1. The coupled process. We couple ({;, xt)te[o,7] to our original dynamics in infinite volume
(&, wi)iefo,r)- We denote with a “bar” everything related to this coupling. As explained in the
introduction, our model allows the use of basic coupling for each of the involved dynamics; namely,
the coupled particles try to behave similarly as much as possible. The generator £y of the coupled
process is given by

v =N2Ly +EN+N2EEN.
For this coupling, we shall come back to the initial equivalent formulation of configurations: 7 €
{0,1,2,3}*~ corresponds to (£,w), and 77 € {0,1,2,3}*~ to (¢,x) via the application (Z3), that is

n=n(&w)),n=1((¢,x)). For z € Ay, k € {1,...,d}, define n™* T to be the configuration obtained

from 1 by exchanging the values of 5 at x and = + ex. Notice that via [Z2)), n®%T¢ is equivalent to
(gz,erek , wz,erek)'

Define the coupled generator for the exchange part by

In =Ly +LCx (7.1)
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where, for a cylinder function f on ({0,1,2,3}*~)2, and (¢,w) € SN, ((,x) € v, abbreviating 7 for
7((¢,x)), and n for n((§,w)) (which will be done in all this section), we have

d
—1 ~ =1, (z,x+er) .~ .
LyfGm) = >, >, L “f@,m)  with
k:lw,m-‘rekEAN,MN

—1,(z,z+er)

‘C f(ﬁv 77) = f(ﬁm,w-l-ek ) nm,w—i—ek) - f(ﬁa 77) 9 (72)
d
Caf@m = 3 3 TG with
k=2 zc A(k)
LT p Gy = FE ) — @), (7.3)

where A(k) = {z € An : (z,2 + er) ¢ ANmy X AN, my}. This means that either (z,z + ey) €
(AN,MN X A?V,MN> U (A(]:V,MN X AN,MN); or (I §§ AN,MN and = + ej ¢ AN,MN) (recall that A(]:V,MN was

defined in (BI]).

For 1 < j < 3 and z € Ay, denote by nJ the configuration obtained from 7 by flipping the state
of x to j. A (basic) coupling for the reaction part is given by Ly (see [22] Proposition 4.2] or [21] for
details and justifications for this coupling):

Ly =Ly' +Ly +La, (7.4)

—1, . . —1,b . c1s =2
where L Na stands for the generator with coupled flips, L, for uncoupled flips within Ay ar, and Ly
for uncoupled flips occurring at the boundary of Ay ar, or outside Ay ar,, that is,

—1l,a ~ —1l,a,x ~ .
Ly'f@m) =Y Ly"f@mn) with
TEAN, My

—1l,a,x

TN £ 1) = { (o @)mo () By (2. 7,m) + ma(@)7ia (@) } [£72k, m2) — £Gom)]

+ {1 @ (@) + (@) (@) £ 1) = £Gm)] + {rib@no(@) + (@) (@) f[£@202) = £n)

o+ {7 (@)m2(@)Basy, (2,7, m) + v (2 (@) b, ) = £ )]

+ {i @no(@)Bas, (@, 70 LG 2 = £ )] + {0 @)ne(@)Bas, (@, 7,0) } G2 md) = £ o)

+ {i(@yms(@) f £ 0}) = £ m)] + {Fa(@me (@) } [£Ga.nd) - £Gim)]

+ {i(@ym @) 16700 = 16 m] + {@ms @) } (G 02) - £Gim)]

+ {m@mo@)r }[£2,nd) = £G.0)] + {io(@)m @)r } (G 02) = £Gm)] (7.5)

Let Bary (-, ) be the growth rate on Ay, defined via (23), (24) and @ZI7) by

Batn (@) = Baty (2.1((& @) = Bay oy (@ 60) = D {Aamly) + dems(v) },

YEAN, My
ly—=zll=1

and

ﬂMN(Iaﬁan) = BMN(xvﬁ((Cv)())an((ng))):BMN(xvm/\ﬂMN(Ian)v

35\14)]\,(%77777) ﬁMN(%m—BMN(%ﬁﬂ?)a 35\2\,(%77777):BMN(%?Y)—BMN(%ﬁan)
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Then

—1,b ., —1,b,2 .

Ly f@m) = > Ly f@mn) with
CEGANMN

—1,b,x

LN () = {iio(@) (n0(@)Byry, (@,7,m) + (m (@) +m(2) + m2(2)) Bary (2.7))
+ (@) (1m0 (@) + mi (@) ) } [k, m) = £ Gy m)]
+ {no(@) ((o(@) + 72 (2)) Bigy, (2. 75m) + (7 (2) + s (2)) Bury (1) ) + 7o (2)1s(2) }
x [f (@ m) = f@,m)]
+ {72 (@) () + m0(@))Biy, (@7 m) + (1 (2) + 18()) Ba (@,70) ) + 772 () (@) + ma@) )7}
x [f(a,m) = f (i, m)]
+ {ne(@) (o @) + 7a(2))Bigy (@, 7,m) + (7 (@) + s (2)) Bay (2,m) ) + (@) + (@) ) (w)r }
n)

x [f@,n3) — f@,n)]

+{772 ( z) +m(x )+771 ( x) + n2(z )}[fnm
+{ (@) + (@) )m(@)r + (7o) + () s rc)}[fnnz
+{ (o (@) + 72(@) ) (@) + (7o @) + 771 () ) ma }[fnnx
+{ (@) (m3(2) + me(@) )+ () (mo(@) + (@) } 17 ]. (7.6)
Finally
Laf@n) =Y. L¥"“f@m+ Y. Ly¥“f@n), with (7.7)
TEAN, My TEAN My

LN £ () = no(@) B34 () [£ T, nk) — F@Em)] + mo(@) B3 (@ m) [£ T n2) — f@m)]

where, for 2 € An ary, B3, (T,n) = X0 {)\1771 (y) + /\2773(34)}; and, for z ¢ Ay 1y, the transi-
yEA?V,MN
ly—ali=1

. . . o - —1,b .
tions produce changes only on the second configuration 7, in a similar way as in L Na + L, , but with

—2
By replaced by fSa, . Since we shall not use this second part of the generator L in our computations,
we do not detail it.

Note that the generator Ly , (see ([2.2I))) can be rewritten as, for a cylinder function g on {0, 1,2, 3pAN,
and n = n((§,w)),

Lyngm) = > bi(w/N)(1—n;(x))(9(n)) — 9(n))

zcl'y j=0

D> bila/N)(g() = g(m). (7.8)

zcl'y j=0
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We construct now a coupled dynamics in which, on each site x, the state in both 1 and 7 changes to
the same state j at rate b;(x/N) when possible, that is within An azy:

- —1 —2
Lin=Lyn+ LN where (7.9)
3
—1 —1l,x . —1l,x ~ ~; i ~
sn= >, Ly owith  TELf@m) =Y bi(a/N)(Fink) — f@im) (7.10)
mGFNﬁAN,MN 1=0

3
Tin= Y. Iiw with  Linf@n) = bie/N)(fG0L) — f@n).  (7.11)
z:zelpn, i=0

TEAN My

We now have all the material to 1nvest1gate the specific entropy and Dirichlet form for the coupled

process. Recall from Section B that VA = Vé\\(, ) is a product probability measure on ZN, where
b = (91,92,6‘3) A — (0,1)3 is a smooth function such that 6(- Oy = b(-). Let p be a probablhty
measure on Sy and denote by T = p® u, I/A = I/A ® Viv the product measures on Sy x Sn. Asin

E3) and (B4), for a positive integer n > 1, we deﬁne the entropy of 7 with respect to 7 V§ by

a7 ) = /10g (Fn((€,X), (€ w))) dFn (¢, X), (€, w)), (7.12)

where f,, is the probability density of 7z, with respect to Dévn, and T, (resp. u§ ) stands for the
marginal of T (resp. ?év) on iNm X iNm (see (BID).

Let ENyn denote the restriction of the generator €x to the box AN

ENn=N*Lnn + Lnn + N°L; with (7.13)

,n

d
Iva=Y > Alpwraeanut L 77 4 lpeauy LT (11g)

k=1lz,x+erEAN,n

— 1,a,x —1,b,x —2,a,x —2.b,x
Ly, = Z {1{16ANMN}(LN +Ly + Ly )+1{m§2ANMN}LN } (7.15)
TEANn
— —1l,z -2,z
Db,N,n = Z {I{IEFNQAN,MN}LB,N + 1{1€FN;1¢AN,MN}LB,N} ) (7.16)
2EAN NN
Define the Dirichlet forms
— -0, _ —b
Do, [7,) = Do, 7Y ,) + Do (m, 7). (7.17)

with each one defined similarly to (B.6)—(E11]), but relatively to (TI4)—(T14).

Define the specific entropy g(mﬁg ) and the Dirichlet form E(mﬁéj ) of @ with respect to ﬁéj as

(:u|VA - 12‘9" :un|V9n B ) (718)
n>1

DY) = N7 Dl v e/, (7.19)
n>1

Since the product measure ?év is reversible for the boundary generator be > hext lemma has a proof

similar to the one of Theorem [B.] (which is therefore omitted).

Lemma 7.1. For any time t > 0, there exists a positive finite constant C; = C(t, 5, A1, A2,7), so that

/33 ds<ClNd2



BOUNDARY DRIVEN GENERALISED CONTACT PROCESS 29

7.2. Proof of Proposition @4l For i € {0,1,2,3}, let hasy; be the function on {0, 1,23}~ x
{0,1,2,3}* given by, for (¢, x), (§,w)) € Xy x X and 1 = 1((§,w)), 7 = 7((¢, x)), using (Z3), @),

Mpy—1
harei(n) = N=98 N e NH; (), with  Hin(n) = Y |i(x) —ni(@)]. (7.20)
n—=1 TEANn

Let K be such that the (compact) support of G is a subset of [—1,1] x [-K, K]¢~1. For any i €
{0,1,2,3} and ¢ > 0, we have

N

1 - 1 -
N > |Gii(@/N)| [ s (@) = mia(z)] < Aoyra Z (ntKN)/N — N S |Trl@) = mi@)]

TEAN n=1 TEAN n+KN

< Aohary,i(Te,me)

for some positive constant Ag = Ay (é, K). Therefore, in order to prove the proposition it is enough
to show that,

. —=Mn,b
lim Eﬁ

N—+oo N

ZhMNz 77t;77t‘| =0.

We start by splitting the quantity hasy i (7, 7m:) into two parts: The sum over all sites n, such that
My — N <n < My —1 and the sum over sites n < My — N. By Hille-Yosida Theorem

Mpy—1 —~ 3
M 5 1 —n/N=Mnb — .
. [thN, w] N 3 g zsNHi,m,m)]
n=My—N i=0 (7.21)
My—N-1 3 ’
+ N4 Z _”/NEMN b lZENHi,n(ﬁtunt)] .
n=1 1=0

The first part is bounded by a quantity vanishing when N 1 oco. Indeed, since for each z € Ay,
SNt (z) — nii(x)] < CN? for some positive constant C, we have

My—1 3
NI N N b ZENHi,n(ﬁt,m)] < K N3 4(My) e N (7.22)
n=My—N i=0

for some positive constant K.
We now split the second term of the r.h.s. of (Z2I)) according to the decomposition of the generator

in (ZI3). Recalling (TI)-([73), we have

MN7 [ENHz n(ntu nt)}

d
> ¥ [ [13:0) =m0 = @) =m0 | To1 (600 (€D (€0, (€))

=2 (z,¥)EAN n XA
veletep.acp}

N
122 S [ [ = m)] - o)~ m@| T (60 (€ (G0 ().

=1 k=2 (=, y)GANnXANn
yE{ztey x—ep}

where we introduced a new sum in the spirit of (5.49). Using the equality, for j € {1,2,3} and y € An,
i (W)X = 05(y) + (L =0 (W) (y) = [n; () — 7))l (7.23)

as well as the change of variables (5.29) for 7; 1¢, and analogous computations as for Consequences
£3)(i), using (537) with A = N/a for some a > 0 to be chosen later, (5.29) and (531]) (we do not give
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details as this is similar to what was done in the proof of Lemma[5.2)), we obtain, for n < My — N —1,

3 N d
— - a =0 — —
‘CN Z H’L,n(ntv 77t)‘| < N Z Z Z (Dn-i-f)z’y(:u’n-i-f (t)|l/é\\fn+é)
1=0 =1 k=2 (z.9)EAN n XAY

ye{ztey,x—ep}

—Mpn b
Ez

N

1
—|—502nd_2 , (7.24)

for some positive constant Cs.
Now, gathering (7.22) with (Z.24]), multiplying by N ~¢~! exp(—n/N), summing over 1 < n < My—1
and using (527), we get (as in the transition from (E.286) to (&I71))

_ !
Ei”N’ N?Ly Z Pty i 77t777t)‘| < KiN3=9(My)* eV 4 aN'""D(@(t)[7)) + 72 (7.25)
=0
for some positive constant C4. Then, recalling (C4)—(71), we have
3
Ly ni(x) = 7:(2)| < =204 |ni(x) — ()| + 34C5 > (1 = ()7 ()
j*O
< =209 Ini(x) — i(@)| + 34CY Z [nj (= ()] (7.26)
with CY = max (r, 2d)\1), where we used (23] for the second 1nequahty.
Finally, recalling (ZI0)—(7I1)), we have
-1 . > .
L i (@) = mi(@)] = = (3 by (/W) ) i) = mi(@)] < 0. (7.27)
j=0
Collecting all the above estimates, we obtain, for some positive constant A,
3
M 0 —=Mn,b -
OB, lz Pty i (e me) | < AE, 0 [Z vty i (7t 1)
=0 ]
!
+ KN (M) e N L a N D () ) + 2
Integrating in time this inequality and using Lemma [Z1] gives, for some positive constant As,
M b M b 1 _n1/d a 1
g [Z hoagw i (e, me) | < A / . [Z Bty i(7s57s) | ds+A2 [Ng AMy)T e ~ g

Applying now Gronwall lemma, and choosing a = v/N, we obtain
< A2 |:N3d(MN>d1€Nl/d + i] eCtt )

M b
Y thMNZnt7nt \/N

To conclude the proof of the proposition, we just have to recall that by our choice of My in (@I, the
sequence My is such that N3=4(My)d=te=N""" decreases to 0 as N 1 cc.

8. UNIQUENESS OF WEAK SOLUTIONS OF EQUATION (B.1])

This section is devoted to the proof of uniqueness of weak solutions of equation (1)) in infinite
volume with reservoirs.

We need to introduce the following notation and tools. Denote by L?((—1,1)) the Hilbert space on
the one-dimensional bounded interval (—1,1) equipped with the inner product,

(1 )2 = / o (uy) Plar) duy |

—1
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where, for z € C, 7 is the complex conjugate of z and |z|? = 2Z. The norm in L?((—1,1)) is denoted

by |- [l2-
Let H'((—1,1)) be the Sobolev space of functions ¢ with generalised derivatives d,, ¢ in L?((—1,1)).
Endowed with the scalar product (-,-)1,2, defined by

<S07 ¢>1,2 - <SD7¢>2 + <au1907 6’u,1/¢>2 9
H'((—1,1)) is a Hilbert space. The corresponding norm is denoted by || - ||1,2. Denote by Hg((—1,1))
the closure of C°((—1,1);R) in Hy((—1,1)).
Consider the following classical boundary-eigenvalue problem for the Laplacian:

—Ap = ap,
{ o e Hi(~1,1)). (8.1)

From the Sturm-Liouville theorem (cf. [29]), one can construct for the problem () a countable
system {¢,, a, : n > 1} of eigensolutions which contains all possible eigenvalues. The set {¢,, : n > 1}
of eigenfunctions forms a complete orthonormal system in the Hilbert space L?((—1,1)). Moreover

each @, belongs to Hg((—1,1)) and the set {<pn/o¢,11/2 :n > 1} is a complete orthonormal system in
the Hilbert space Hg((—1,1)). Hence, a function v belongs to L?((—1,1)) if and only if

v o= lim Y (Wer)2ee in LX((-1,1).

k=1

In this case, for all 11,19 € L?((—1,1))

(Y1, 0r)2 (Y2, Pr)2 -

NE

<¢la 1/}2>2 =

k

Il
-

Furthermore, a function ¢ belongs to Hg((—1,1)) if and only if

n

v = lim Y (W, er)29r in Hy((=1,1)), and
k=1

(1212 = Y el or)e (Y2, p)2 forall i,z € Hy((—1,1)). (8.2)
k=1

2

One can check that since we work with (—1,1), a,, = n?7? and ¢, (u1) = sin(nmu1), n € N.

Proposition 8.1. For any T > 0, the system of equations B has a unique weak solution in the
class (L*([0,T] x A))B.

Proof of Proposition [81. We follow the arguments in [25] adapted to the our case.
Fix T > 0, define the heat kernel on the time interval (0,T] by the following expression

pi(tiur,v) = Y e on(u)pa(vr), t € [0,T], ur,vr € [-1,1].
n>1

Let g € C2((—1,1); R) and denote by §. the Dirac function. The heat kernel p; is such that py (0, uy,vy) =
Ouy—vy, D1 € C((0,T] x (—1,1) x (—1,1); R) and the function defined via the convolution operator:

1

@1(t,u1) == (p1xg)(t,u1) = /_1291(%”17“1)9(“1)65”1

solves the following boundary value problem
Orp = 03, ¢,

¢(0,)) = g(), (8-3)
o(t,") € HY((-1,1)) for0 <t <T.
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Let p be the heat kernel for (¢,1,v) € (0,T) x R¥~! x R4~1

d
—(d— 1
p(t, u,v) = (4nt) (@-1)/2 exp{ T Z(uk - vk)Q}.

For each function f € C.(R?*';R), it is known that

Rl (t,a) .= (5x f)(t,u) = /d B(t, i, 9) f(9)do.
Ri—
solves the equation 9,5 = Ap, po = f, on (0,] x R*1. Moreover k] € C>((0,T] x R*1; R).

For t € (0,T), f = (f1, f2, f3) € Co(A;R?) and & > 0 small enough, let ’H,{g :[0,t] x A — R be
defined by

Mc.o

Ht&.su: ZH

where p is the heat kernel on (0,7] x A X A given by

(p* fi)(t + €= s,u),
i=1

p(t7u7 ’U) = pl(tu uy, ’Ul)ﬁ(tu 117{))

Then 7{{;5 solves the equation 9;p = Ap on (0,t] x R%, py = f.
Consider p™") = (p; ) pél),pél)) and p? = (p§2) (2),pé2)) two weak solutions of ([B.1) associated to

an initial profile ¥ = (y1,72,73) : A — [0,1]3. Set m; = pz(- ) p52), 1 <4 < 3. We shall prove below
that for any function m(-,-) € L*(]0,7] x A) and each i <i <d,

t
/ds
0

for some positive constant C7, where for a trajectory m : [0,t] x A — R, [[m|loc = [[m[1o(0,41x)
stands for the infinite norm in L*°([0,¢] x A).

On the other hand, from the fact that p(l),p@), 1 <i < 3arein L*®([0,T] x A), it follows that

3
there exists a positive constant Co such that, for almost every (s,u) € [0,¢] x A, for every 1 <i < 3,

ds < Cit[[mllcoll fill1, (8.4)

/ m(s, u)H{’;(s, v)dv
A

3
|Fi(pl" (s,u)) = Fi(p (s, u)] < C2 > 119" = 08|
=1

Since p™V and p® are two weak solutions of 1)), we obtain by (84) that forall0 <7 <¢,1 <4, k<3

[ ) b (r \—ZU“ )~ E(p™), HE (+,.))|
< it (S =Pl Il
i=1

for C{ = Cl Cg.
By observing that p(e, -, ) is an approximation of the identity in e, we obtain by letting ¢ | 0,

3
(im0 )] < Gt (D21 = 6P loc) el (8.5)
=1

We claim that m; € L>([0,t] x A) and

3
Imilloe < Cit (32168 = Pl ) - (8.6)
=1
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Indeed (cf. [26], [25]), denote by R(t) = 327, le@ - p§2)|\oo , by [B3), for any open set U of A with
finite Lebesgue measure A\(U), we have for all 0 < 7 < ¢,

/ mi(r,u)du < C1 t R(OANU). (8.7)

U

Fix 0 < § < 1. For any open set U of A with finite Lebesgue measure and for 0 < 7 <t let
Bgz{ueU;ﬁmﬂw>cﬁR@u+®}

Suppose that )\(BgT) > 0, there exists an open set V, such that, lesj,r C Vand A(V'\ Bg{T) < )\(V)%
and we have

AMV)(CTtR@)) < AV)(CLtR(®)) (1 +6)(1 —6/2) = (CLER(t)) (1 +6)(A(V) — A(V)§/2)
< (CItR)(L+8)(MV) = A(V\ BY.)) = (C1VIR(1)) (1 + 6)A(BY,.)

< / M (T, x)dx .
By .
Thus, from (B7) and since ng- CV, we get
AV)(CLER(2)) /mMQM<qquWW,

which leads to a contradiction.
By the arbitrariness of 0 < § < 1 we obtain that if U is any open set of A with A(U) < oo,

)\({u eU : m(r,u) > CitR(t)}) =0.
This implies
mi(t,z) < CLt R(t) a.e. in A
and concludes the proof of (86]) by the arbitrariness of 7 € [0, ¢].
We now turn to the proof of the uniqueness, from (8.6,

3
ITilloe < €1t (D I3l
j=1

and then

R(t) <3CitR(t).
Choosing t = t( such that 3C7ty < 1, this gives uniqueness in [0,%g] X A. To conclude the proof we
just have to repeat the same arguments in [¢o, 2¢o], and in each interval [kto, (k + 1)to], k € N, k > 1.
It remains to prove inequality (84). From Fubini’s Theorem, we have

ds

/m S,U ’Ht&.(s u)du

/ds/ / du
Rd—1 Rd—1 >1

></ dul{sm(mrul)ﬁ(t—i—s—s,ﬁ,ﬁ)m(s,ul,ﬂ)}‘
-1

< /Ot ds/ﬂwl dﬁ/ﬂwl div p(t + & — 5,1,9)| Y <gpn,m(s, (-,a))> X <<pn,fi(-,®)>|

n>1

< [Cas [[au [ aolimsl 1501560+ < - .00}

< 4t [[mllool fill,

2.2 !
T (t+sfs)/ dvl{ sin(nﬂ'vl)fi(vl,f))}
—1
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where we used the fact that p(s, -, -) is a probability kernel in R?~! for all s > 0. O

9. EMPIRICAL CURRENTS

In this section, we derive the law of large numbers for the empirical currents stated in Proposition
B4 Recall that for x € Ay, 1 < i <3,and j = 1,...,d, Wf’“rej (n;) stands for the conservative
current of particles of type i across the edge {z,z + e;}, and Q7 (n;) for the total number of particles
of type i created minus the total number of particles of type i annihilated at site x before time ¢t. We
have the following families of jump martingales:

W () = WP () — N? /Ot (mys(x)(l —nis(w 4 e5)) — (L —nis(x))nis (@ + ej))ds (9.1)
with quadratic variation (because J;"""% (n;) and J """ (n;) have no common jump)
(Wotes (), = N2 / (@)1 = s+ ) + (L= (o4 e))ds (92
and, for f = (f1, f2, f3) : SN — R3 defined in @9),

@f(m)=@f(m)—/0 T fi(€s, ws)ds (9.3)

with quadratic variations
@@ = [ (B0, Eema0) 4110+ (e (0)) .
@D = [ (a0 410+ (0. G 0) @) s, (00
@ = [ (B0, Eemea0) 4 r100)+ 205, 0)) .

Proof of Proposition[3.7. Given a smooth continuous vector field G = (G1, ..., G4) € C(A,RY), after
definition ([3.35), sum the martingale @) over {z,r +e; € Ay} to get the martingale M{', given by

NIC IR N N?
f) = (6 - X[ G/ (rsle) sl )
=1

z,x+e;EAN

W (1), Z 3 / B, G (/N )i o (2)ds + O(N1)

Jj=lzeAn
d
= (WN(m:),G) = > (x",0:,G;) + O(N ™),
j=1

where we did a Taylor expansion. Relying on ([@.2), the expectation of <Mc(m)>t vanishes when
N — o0, so that by Doob’s martingale inequality, for any ¢ > 0,

Jim PP [OE?ET‘ZM m)| >a] = o

Using that the empirical density 7V converges towards the solution of (B.0]), this concludes the law of
large numbers (B8] for the current WY,

Fix a smooth vector field H = (Hy, Hy, H3) € C° (A R?). Sum ([@.3) over x € Ay to get the martingale

N{{(m): <in(77i)7 1 Nd Z / H .’L‘/N Tmfz(gmws)

rEAN
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Relying on ([@.4]), the expectation of its quadratic variation vanishes as N — oo as well. Use the
replacement lemma [L.2 to express N (n;) with functionals of the density fields and conclude ([B.7) by
Doob’s martingale inequality: For any d > 0,

3
lim ]P)N’b[ sup N (n; >5} = 0.
Nooo KN 0§t§T|; ! (m)|
O
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