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Bicovariograms and FEuler characteristic I.
Regular sets

Raphagl Lachieze-Rey*

Abstract We establish an expression of the Euler characteristic of a -
regular planar set in function of some variographic quantities. The usual C?
framework is relaxed to a C'! regularity assumption, generalising existing
local formulas for the Euler characteristic. We give also general bounds on
the number of connected components of a measurable set of R? in terms of
local quantities. These results are then combined to yield a new expression
of the mean Euler characteristic of a random regular set, depending solely
on the third order marginals for arbitrarily close arguments. Applications
to excursions of bivariate random fields are derived in the companion paper
[21], and applied for instance to C! Gaussian fields, generalising standard
results.

Keywords Euler characteristic, covariograms, intrinsic volumes, random
closed sets, Serra’s regular model

MSC Classification 52A22, 60D05, 28A75, 60G10

Introduction

Physicists and biologists are always in search of numerical indicators reflect-
ing the microscopic and macroscopic behaviour of tissue, foams, fluids, or
other spatial structures. The Euler characteristic, also called Euler-Poincaré
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characteristic, is a favoured topological index because its additivity proper-
ties make it more manageable than connectivity indexes or Betti numbers.
It is defined on a set A C R? by

X(A) = #{bounded components of A} — #{bounded components of A°}.
(0.1)

It is more generally an indicator of the regularity of the set, as an irregular
structure is more likely to be shredded in many small pieces, or pierced by
many holes, which results in a large value for |y(A)]|.

As an integer-valued quantity, the Euler characteristic can be easily mea-
sured and used in many estimation and modelisation procedures. It is an
important indicator of the porosity of a random media [5, 30} 5], it is used
in brain imagery [19] [34], astronomy, [24] 28, 23], and many other disciplines.
See also [1] for a general review of applied algebraic topology. In the study
of parametric random media or graphs, a small value of |[Ex(A)| indicates
the proximity of the percolation threshold, when that makes sense. See [27],
or [9] in the discrete setting.

The mathematical additivity property is expressed, for suitable sets A
and B, by the formula x(AU B) = x(A4) + x(B) — x(A N B), which applies
recursively to finite such unions. In the validity domain of this formula,
the Euler characteristic of a set can therefore be computed by summing
local contributions. The Gauss-Bonnet theorem formalises this notion for C?
manifolds, stating that the Euler characteristic of a smooth set is the integral
along the boundary of its Gaussian curvature. Exploiting the local nature of
the curvature in applications seems to be a geometric challenge, in the sense
that it is not always clear how to express the mean Euler characteristic of a
random set F' under the form

Ex(F) =lim | Ep.(z, F)dzx (0.2)
e—0 R2
where ¢.(x, F') only depends on B(x,c) N F. We propose in this paper a new
formula of the form above, based on variographic tools, and valid beyond the
C? realm.

Approach

In stochastic geometry and stereology, an important body of literature is
concerned with providing formulas for computing the Euler characteristic of



random sets, see for instance [17], 29, 20} 26] and references therein. Defined
to be 1 for every convex body, it is extended by additivity as

XUiC) == > (=) a0

IC[m], [0

for finite unions of such sets. Even though this formula seems highly non-
local, it is possible to express it as a sum over local contributions using
the Steiner formula, see (2.3) in [20], but it is difficult to apply under this
form. There has also been an intensive research around the Euler character-
istic of random fields excursions [2, [0, 23| 1T}, [§, [34], based upon the works of
Adler, Taylor, Sammorodnitsky, Worsley, and their co-authors, see the cen-
tral monograph [3]. We discuss in the companion paper [21] the application
of the present results to level sets of random fields.

In this work, we give a relation between the Euler characteristic of a
bounded subset F' of R? and some variographic quantities related to F'. Given
any two orthogonal unit vectors uy, us, for € sufficiently small,

X(F) =& 2|Vol(F N (F —ewy)* N (F — cuy)°) (0.3)
— Vol(Fe N (F + euy) N (F + auQ))] ,

where Vol is the 2-dimensional Lebesgue measure. This formula is valid under
the assumption that F is regular, i.e. that OF is a C! submanifold of R? with
Lipschitz normal and finitely many connected components. See Example[1.9
for the application of this formula to the unit disc.

In the context of a random closed set F', call R, the right-hand member
of (0.3). If Esupyc.c; R- is finite, the value of Ex(F) can be obtained as
lim, .o ER., and the main asset of this formulation regarding classical ap-
proaches is that, to compute the mean Euler characteristic, one only needs
to know the third-order marginal of F', i.e. the value of

(x,y,2) = P(x,y,z € F),

for x,y, z arbitrarily close. We also give similar results for the intersection
F N W, where F is a random regular closed set and W is a rectangular (or
poly-rectangular) observation window. This step is necessary to apply the
results to a sample of a stationary set on a bounded portion of the plane.
These formulas are successfully applied to excursions of random fields in
the companion paper [2I]. For instance, in the context of Gaussian fields
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excursions, one can pass to expectations under the requirement that
the underlying field is C! with Lipschitz derivatives, and additional moment
conditions. This improves upon the classical theory [3] where fields have to
be of class C? and satisfy a.s. Morse hypotheses. Here again, the resulting
formulas only require the knowledge of the field third order marginals for
arbitrarily close arguments.

Equality gives in fact a direct relation between the Euler character-
istic, also known as the Minkowski functional of order 0, and the function
(z,y) — Vol(FN(F+x)N(F +y)). We call the latter function bicovariogram
of I, or variogram of order 2, in reference to the covariogram of F, defined
by z — Vol(F'N(F +x)) (see [22, [13] or [31] for more on covariograms). The
formula

Per(F) = ll_r% e (Vol(F) — Vol(F N (F +¢cu))),

see Galerne [13], gives a direct relation between the first order variogram, and
the perimeter of a measurable set F', which is also the Minkowski functional
of order 1 in the vocabulary of convex geometry. Completing the picture
with the fact that Vol(F) is at the same time the second-order Minkowski
functional and the variogram of order 0, it seems that covariograms and
Minkowski functionals are intrinsically linked. This unveils a new field of
exploration, and raises the questions of extension to higher dimensions, with
higher order variograms, and all Minkowski functionals.

The present work is limited to the dimension 2 for the following reasons.
The first step before engaging in a general theory is to ensure that, at least
in a particular case of interest, existing results are improved. In the present
work and the companion paper, the results are oriented towards excursions of
bivariate Gaussian fields, as they are of high interest in the literature. Despite
the technicalities and difficulties, coming mainly from - 1 - the translation of
topological estimates in terms of the regularity of the field, and - 2 - dealing
with boundary effects, obtaining a formula valid for any random model, and
relaxing the usual C? hypotheses to C! assumptions, provides a sufficiently
strong motivation for pushing the theory further. Also, developing methods
of proof and upper bounds in dimension 2 will help developing them in more
abstract spaces.

Another motivation of the present work is that the amount of information
that can be retrieved from the variogram of a set is a central topic in the
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field of geostatistics, see for instance the recent work [7] completing the con-
firmation of Matheron’s conjecture. Through relation (0.3]), the data of the
bicovariogram function with arguments arbitrarily close to 0 is sufficient to
derive its Euler characteristic, and once again extension to higher dimensions
is a natural interrogation.

Plan

The paper is organised as follows. We give in Section [l| some tools of im-
age analysis, and the framework for stating our main result, Theorem [1.7]
which proves in particular (0.3)). We then provide in Theorem a uniform
bound for the number of connected components of a digitalised set, useful
for applying Lebesgue’s Theorem. In Section [2| we introduce random closed
sets and the conditions under which the previous results give a convenient
expression for the mean Euler characteristic. Theorem states hypotheses
and results for homogeneous random models.

1 Euler characteristic of regular sets

Given a measurable set A of R? denote by I'(A) the family of bounded
connected components of A, i.e. the bounded equivalence classes of A under
the relation “z € A is connected to y € A if there is a continuous path ~ :
[0,1] — A such that v(0) = z,v(1) = y”. We use the notation 7 := ([0, 1})
to indicate the image of such a path. Call A the class of sets of R? such that
['(A) and T'(A°) are finite. We call the sets of A the admissible sets of R?,
and define for A € A,

X(A) = #I(A) = #0(A%).

The present paper is restricted to the dimension 2, we therefore will not
go further in the algebraic topology and homology theory underlying the
definition of the Euler characteristic. The aim of this section is to provide
a lattice approximation A® of A for which y(A®) has a tractable expression,
and explore under what hypotheses on A we have x(A®) — x(A4) as ¢ — 0.

Some notation For z € R?, call xp, Tpg its components in the canonical
basis. Also denote, for z,y € R% d > 1, by [z,y] the segment delimited by

z,y, and (z,y) = [z,y] \ {z, y}.



1.1 Euler characteristic and image analysis

Practitioners compute the Euler characteristic of a set F' C R? from a digital
lattice approximation F°, where ¢ is close to 0. The computation of x(F*) is
based on a linear filtering with a patch containing 2¢ pixels, see [26, 32, 133,
18]. Determining wether x(F<¢) & x(F) is a problem with a long history in
image analysis and stochastic geometry.

For ¢ > 0, call Z. = ¢Z? the square lattice with mesh e, and say that
two points of Z. are neighbours if they are at distance ¢ (with the addi-
tional convention that a point is its own neighbour). Say that two points are
connected if there is a finite path of connected points between them. If the
context is ambiguous, we use the terms grid-neighbour,grid-connected, to not
mistake it with the general R? connectivity. Call I'*(M) the class of finite
(grid-)connected components of a set M C Z.. We define in analogy with the
continuous case, for M C Z. bounded such that T'°(M),T'*(M¢) are finite,

X5(M) = #I°(M) — #I(M°?),
where M¢ = Z.\ M. Remark in particular that two connected components
touching exclusively through a corner are not grid-connected.
Call u = {uy,u,} the two canonical unit vectors or R?, and define for
ACR?xeR%e>0,
Cbiut(x; A) = 1{x€A,x+€u1¢A,x+EUQ¢A}7
(I)fn(l’; A) = 1{ac¢A,ac—€u16A,ac—€u26A}a
q)i((.iﬂ, A) = 1{x€A;z+z—:u1¢A,z+su2¢A,x+s(u1+u2)eA}~

Seeing also these functionals as discrete measures, define

q)gut(A> = Z (I)ciut<x; A)7

Ay

O (A) = D D5, (x; 4),
TEL,

D5 (A) = D D5 (x; A).
Q?GZE

The subscripts in and out refer to the fact ®  (A) counts the number of

vertices of AN Z. pointing outwards towards North-East, and ® (A) is the
number of vertices pointing inwards towards South-West. Define for A C R?

X (x5 A) = O (7; A) — O (23 A).

out
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The functional @5 (A) is intended to count the number of X -configurations.
Such configurations are a nuisance for obtaining the Euler characteristic by
summing local contributions. Call A(Z;) the class of bounded M C Z. such
that ®5 (M) =0, with M= Z.\ M.

Lemma 1.1. For M € A(Z.),

M) = 37 (a3 M), (L1)

Let us give an informal proof, a formal proof being essentially a matter
of notation and checking a finite number of local boundary configurations.
This result can also be derived from Corollary 6.1 in [33].

Proof. Assume first that M and M€ are grid-connected. It implies that the
set

O°M :={x € M : z has a neighbour in M}

is connected. Such a bounded set M is called simply grid-connected. If
one starts on a point of 9°M, and follows it in the clockwise orientation
until coming back to its initial position, then the number of times one has
turned right from the east direction to the south direction is 1 plus the
number of times one has turned left from the south direction to the east
direction. Since a East-South right turn is uniquely associated to a point x
such that ®¢,(z; M) = 1 and a South-East left turn is uniquely associated
to a x € M€ such that ®(z; M), = 1, we indeed have in this particular case
XE(M) =1 = &5, (M) — P, (M).

Given any two disjoint subsets M, M’ of Z. such that &5 (M U M') = (),
any point x € M satisfies x°(x, M) = x*(z, M UM'). A similar assertion for
M’ yields after summation x°(M U M') = x*(M) + x*(M’'). If now M' C M
is such that ®5 (M \ M') = 0, a similar reasoning yields x*(M \ M') =
XE(M) = x=(M').

Any set M € A(Z.) can be built by adding or removing recursively
a finite collection of simply grid-connected components without creating X-
configurations. Reasoning like above, such an addition raises by 1 the number
of connected components, and by the previous reasoning it equally adds 1 to
> wez. X*(@; M), and such a removal decreases by 1 also both these quantities,

whence the general formula follows. O]



This formula amounts to a linear filtering of the set by a 2 x 2 discrete
patch, and is already known and used in image analysis and in physics on dis-
crete images. Analogues of this formula [4, 26] exist also in higher dimensional
grids, but the dimension 2 seems to be the only one where an anisotropic form
is valid, see [33] for a discussion on this topic. The anisotropy is not indis-
pensable to the results discussed in this paper, but gives more generality and
simplifies certain formulas.

Given a subset A of R? and £ > 0, we are interested here in the topological
properties of the Gauss digitalisation of A, defined by [A]f := AN Z.. Define
P=¢[-1,3)% and

A= ] @+P)

z€[A]®

is the Gauss reconstruction of A based on Z.. In some unambiguous cases,
the notation is simplified to [A] = [A]°. In this paper, we refer to a pizel as
a set P+ z, for x € R? not necessarily in Z..

Notation We also use the notation, for z,y € Z., [z,y] = [z, y]|NZ., (x,y) =

[z, y] \ {z, y}.

Properties 1.2. For A C R?, A°® is connected in R? if [A]¢ is grid-connected
in Z2. The converse might not be true because of pixels touching through a
corner, but this subtlety does not play any role in this paper, because sets
with X-configurations are systematically discarded. We also have x*([4]) =
X(A®) if [A] € A(Z.) because connected components of A (resp. A¢) can be
uniquely associated to grid-connected components of [A] (resp. [A]).

Most set operations commute with the operators (.)¢, [-]. For any A, B C
R? [AUBJ® = [A]FU[B)%, [ANB]° = [A]°N[BJ%, [R*\ A]° = Z.\ [A]°, and those
properties are followed by the reconstructions (AUB)® = A*UB®, (ANB)® =
AN B (A\ B)f = A°\ B°.

1.2 Variographic quantities

The question raised in the next section is wether y°([A]°) = x(A) for ¢
sufficiently small, and the result depends crucially on the regularity of A’s
boundary. A remarkable asset of formula is its nice transcription in
terms of variographic tools. Let us introduce the related notation. For



Tiy .oy T Y1y, Ym € R?, A a measurable subset of R?, define the poly-
variogram of order (g, m),

SU¥m(A) := Vol (A4 z1) NN (A4 2) N (A+y) NN (A+ ym)O).

The variogram of order (2,0) is known as the covariogram of A (see [22]
Chap. 3.1]), and we designate here by bicovariogram of A the polyvariogram
of order (3,0). A polyvariogram of order (g, m) can be written as a linear
combination of variograms with orders (g;, 0) for appropriate numbers ¢; < g.
For instance for z,y € R?, A C R? measurable with finite volume, we have

60V (A) = Vol(AN (A+z)°N(A+y)°9)
=Vol(AN(A+x)°) = Vol(AN(A+z)°N(A+vy))
= Vol(A) = Vol(AN (A+z)) = Vol(AN(A+y))+ Vol(AN (A+z)N(A+y))
= 50(A) - 50,90(14) - 50,3/(14) + 50,x,y(A)'

A similar notion can be defined on Z. endowed with the counting measure:
for M g Z€7x17-"7xq7y17"'7ym € Z<€7

Sy Yn(M) = #(M +x) NN (M +2) N (M +5)°0 -0 (M + yn)°).

Invariance properties of Lebesgue measure yield that for z € R?

SYLeYm — 5y1+x ..... Ym+x
T1yeeny g — CT1t+Z,..,Tqtx

and similar properties hold for 6. Lemma directly yields for M € A(Z.),

XE(M) = 8y ™77 (M) — 02, (M),
We will see in the next section that for a sufficiently regular set F' C R?, the
analogue equality x(F) = 6, """ "™ (F) — 02 (F') holds for ¢ small.

gul,cug

1.3 Euler characteristic of p-regular sets

It is known in image morphology that the digital approximation of the FEuler
characteristic is in general badly behaved when the set F' € A(R?) possesses
some inwards or outwards sharp angles, i.e. we don’t have x°([F]°) — x(F) as
e — 0, the boolean model being the typical example of such a failure, see [31]
Chap. XIII - B.6] or [32]. Sets nicely behaved with respect to digitalisation
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are called morphologically open and closed (MOC), or p-regular, see [31,
Chap.V-CJ,[33].

Before giving the characterisation of such sets, let us introduce some mor-
phological concepts, see for instance [22, B1] for a more detailed account of
mathematical morphology. We state below results in R? because the argu-
ments are based on purely metric considerations that apply identically in any
dimension.

Notation The ball with centre z and radius r in the co-metric || - || of
R is noted B[z,r]. The Euclidean ball with centre x and radius r is noted
B(x,r). For r > 0, A C RY, define

A" ={z+y:x € Aye B,r)}
A" ={x € A: B(x,r) C A} = ((A%9)%¥")°.

We also note 0A,cl(A),int(A) for resp. the topological boundary, closure,
and interior of a set A. Note S! the unit circle in R2.

Say that a closed set F' has an inside rolling ball if for each x € F, there
is a closed Euclidean ball B of radius r contained in F' such that x € B, and
say that F' has an outside rolling ball if c1(F°) has an inside rolling ball.

A set F has reach at least r > 0 if for each point x at distance < r from
F, there is a unique point y € F such that d(z,y) = d(x, F). We note in
this case y = mp(x). Call reach of F' the supremum of the r > 0 such that
I has reach at least r. The proposition below describes in more detail the
regularity of sets having inside and outside rolling balls.

Proposition 1.3. Let p > 0 and F be a closed set of R? with an inside
and an outside rolling ball of radius p. Then there is an outwards normal
vector np(z) in each x € OF. Forr < p, B, := B(x — rnp(x),r), resp.
B! := B(x + rnp(x),r) is the unique inside, resp. outside rolling ball in x.
Also, int(B.,) C F°.

Furthermore, OF, F' and F¢ have reach at least r for each r < p.

Proof. For each point x of the boundary, there is a closed ball B, C F' with
radius p containing z, and a closed ball B!, C cl(F*°) also containing x.
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No point y in the interior of B is in F', because otherwise the inside
rolling ball B’ C F' containing y would cover an open set O of int(B.),
which contradicts that fact that F° is dense in O. Therefore int(B)) C F*.

The two balls B,, B!, have disjoint interiors, they are therefore tangent in
x, and we call ng(z) the unit vector spanning the direction from the centre
of B, to that of B.. The ball B(x — png(x),r) is the unique ball of radius
p containing z and not intersecting the interior of F; whence it is the only
possible inside rolling ball with radius p in z. Similarly, B(z + png(z), p) is
the only possible outside rolling ball of radius p.

Let 7 < p. Let y € F'N(OF)® at distance r form OF, let x be a point
of B(y,r) N OF. Since B(y,r) is an inside rolling ball for z, it is the only
one. According to the representation above, it is contained in int(B,) U {z},
whence x is the only point of F within distance < r from y, in other terms
x = myr(y) is the only projection of y onto OF. Using a symmetric argument
on F°N (OF)®" proves that OF has reach at least r for < p. Proving that
F and F° have reach at least r is similar. O

We reproduce here partially the synthetic formulation of Blashke’s theo-
rem by Walther [35], which gives a connection between rolling ball properties
and the regularity of the set.

Theorem 1.4 (Blashke). Let F' be a compact and connected subset of RY.
Then for p > 0 the following assertions are equivalent.

(i) OF is a compact (d—1)-dimensional C' submanifold of R? such that the
mapping ng(-), which associates to x € OF its outward normal vector
to F, np(x), is p~'-Lipschitz,

(ii) F has inside and outside rolling ball of radius p,
(ii1) (FOM)®" = (F®")°" = F, r < p.

Definition 1.5. Let F be a compact set of R?. Assume that I has finitely
many connected components and satisfies either (i),(ii) or (iii) for some py >
0. Since the connected components of F' are at pairwise positive distance,
each of them satisfies (i),(ii), and (iii), and therefore the whole set F' satisfies
(i),(ii) and (iii) for some p > 0, which might be smaller than py. Such a set is
said to belong to Serra’s reqular class, see the monograph of Serra [31]. We
will say that such a set is p-regular, or simply regular.
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An aim of the present paper is to advocate the power of covariograms for
computing the Euler characteristic of a regular set in the plane, we there-
fore need to give results that can be compared with the literature. Since
many applications are concerned with stationary random sets on the whole
plane, we have to study the intersection of random regular sets with bounded
windows, and assess the quality of the approximation.

To this end, call admissible rectangle of R? any set W = I x J where [
and J are closed (and possibly infinite) intervals of R, and note corners(W)
its corners, which number is between 0 and 4. Then call polyrectangle a
finite union W = U;W; where each W, is an admissible rectangle, and for
i # j, corners(W;)Ncorners(W;) = (. Call W the class of admissible polyrect-
angles. For such W € W, denote by corners(WW) the elements of U;corners(W)
that lie on OW. For x € OW \ corners(W), note ny (z) the outward normal
unit vector to W in x. We also call edge of W a maximal segment of W, i.e.
a segment [x,y] C OW that is not strictly contained in another such segment
of OW (in this case, x,y € corners(W)).

The following assumption needs to be in order for the restriction of a
p-regular set to a polyrectangle to be topologically well behaved.

Assumption 1.6. Let F be a p-reqular set, and W € W. Assume that
OF Ncorners(W) = 0 and that for x € OF NOW, ng(x) is not colinear with

Hyv<$).
If a p-regular set F' and a polyrectangle W do not satisfy this assumption,
F N W might have an infinity of connected components, which makes Euler

characteristic not properly defined. Let us prove that the digitalisation is
consistent if this assumption is in order.

Theorem 1.7. Let F' be a p-reqular set of R?, W € W satisfying Assumption
such that F N W is bounded. Then FNW € A and there is e(F,W) >0
such that for e < e(F,W),

X(FNW) = x*([Fn W)
= Z X (z; FNW) (1.2)

r€eZ?
= 5_2/ X (x; FNW)dx
R2
=7 (6™ T NW) = 0 cu,(F W) (1.3)

Also, e(F,\W) =e(F +x,W +z) for x € R%
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Remark 1.8. (i) The apparent anisotropy of (L.2)-(1.3) can be removed
by averaging over all pairs {u;,us} of orthogonal unit vectors of R
Even though does not involve the discrete approximation, a direct
proof not exploiting lattice approximation is not available yet, and
such a proof might shed light on the nature of the relation between
covariograms and Minkowski functionals.

(ii)) The fact that the Euler characteristic of a regular set digitalisation
converges to the right value is already known, see [33, Section 6] and
references therein, but we reprove it in Lemma [1.12] under a slightly
stronger form. The main technical difficulty of the proof of Theorem
is to deal with the intersection points of OW and OF.

(iii) It is proved in Svane [33] that in higher dimensions, Euler character-
istic and Minkowski functionals of order d — 2 can be approximated
through isotropic analogues of formula . The arguments of the
proof of Lemma treating the case F' C W, are purely metric and
should be generalisable to higher dimensions. On the other hand, deal-
ing with boundary effects in higher dimensions might be a headache.

Example 1.9. Before giving the proof, let us give an elementary graphical
illustration of with F = B(0,1) in R% Let ¢ > 0. We note I';, =
FN(F+ew)N(F+eu)and I'- = F°N(F +euy) N (F +euy). We should
have for € small

L= x(F) =72 [0, 7(F) = 00y, cu, (F)]

gul,eu

Vol(T'_) = 42 (F), and Vol(T'y) = 6" "(F) = 6, """ “"*(F). The

gul,eug
notation a, b, c,d, e, f designate six distinct subsets (see Figure , below)

such that ' =aUbUc¢,I'y =dUeU f. Symmetry arguments yield that
Vol(a) = Vol(f), Vol(a U b) = Vol(c), Vol(f) = Vol(d U e), whence

Vol(I';) — Vol(I'_) = Vol(a) + Vol(b) + Vol(c) — Vol(d) — Vol(e) — Vol(f)
= 2(Vol(f) + Vol(b)) — Vol(d) — Vol(e) — Vol(f)
= Vol(f) — Vol(d) + 2Vol(b) — Vol(e)
= 2Vol(b).

The shape of b is very close to that of a cube with diagonal length ¢, i.e. with
side length 27'/2¢. Therefore Vol(b) ~ 2/2, which confirms 1 = (F) =

e72 [6 T (F) = 02y, cuy (F)] (rigorously proved by Theorem .

13



Figure 1: Bicovariograms of the unit disc

Proof of Theorem[1.7. Let p > 0 such that F satisfies (i),(ii) and (iii) in The-
orem (see Deﬁnition. The proof is divided in several steps, presented
as Lemmas.

Lemma 1.10. FNnW e A

Proof. Since every connected component of F' contains at least one ball of
radius p and one cannot pack an infinity of such balls in £'NW, the number
of connected components of F' contained in W is finite. A similar reasoning
holds for F, using Proposition [1.3

We must still prove that F' and F¢ have a finite number of connected
components touching the boundary, i.e. prove that 0F NOW is finite. If it is
not so, there is a countable infinite family of disjoint segments I,, = [z, yy]
of FNoW, with z,,y, € OF, and an infinite number of them lie on a given
edge of W because W has a finite number of edges. Up to applying rotations
and symmetries to F', assume that (z,y) is horizontal and that the ordering
is such that xp; < yp) < 2 <y < -... Then, since np(x,)y; < 0 and
np(yn)p) = 0, there is a common limit z € [z,y] N OF of the x, and y,
such that np(z)p = 0, contradicting Assumption , using the continuity
of np(). It follows that FNW € A. O
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Lemma 1.11. For ¢ sufficiently small, 5 ([FF N W]) = 0.

Proof. Let e < v/2(v/2—1)p. Elementary geometric considerations yield that
we cannot find balls B;,7 = 1,...,4 such that

e 0 € By,euy € By,euy € By, e(ug +ug) € By
e Fach ball has radius > p
e BINBy,=0,BoN By =0,BsNBy=10,B,N By = 0.

The inside and outside rolling ball conditions then yield that ®5 (0, [F]) =
0. Reasoning similarly in every point and summing yields @5 ([F]) = 0. To
prove that @5 ([F N W]) = 0, let us first remark that due to Assumption[L.6
for € small enough, the points of corners(W)U(0FNOW) are at distance more
than 2¢ from corners(IV). Therefore the intersection of F' with W cannot
add X-configurations, 5 ([F N W]) = 0. O

We now proceed to show that F'NW and (F'N W) have the same Euler
characteristic. The proof is divided in two parts. We first prove (i) the result
under the assumption that £ C W, avoiding boundary issues, and then (ii)
complete the proof without this assumption.

(1) Let us first assume that F' C W, or equivalently that F' is bounded
and W = R2. The following result shows that, if boundary problems are put
aside, a regular set and its Gauss approximation are homeomorphic when
¢ is small enough. Even though we could not locate the result under this
particular form, the fact that the topology of a p-regular set is preserved
by digital approximation is already known in image analysis, see [33] and
references therein. We defer the proof to the Appendix.

Lemma 1.12. Let F be a p-regular bounded set, and let € < p/+/2 be such
that given any two distinct connected components C,C" of F', d(0C,0C") >
4e. Then F' is homeomorphic to F*.

(ii) We now have to deal with the intersection with . Drop the assump-
tion that 9FNOW = (). Introduce the set E = (0FNOW)U(corners(W)NF).
We will “round” the sharpness that /"N W has in each point of F to have a
new set [/ C W that is p-regular in the neighbourhood of E and coincides
with F'N W away from E, and prove that it does not modify the topology
of FNW, or that of [FF N We.
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For z € 9FNOW, an application of the Implicit Function Theorem around
z yields that for r small enough, OF N B[z,r| can be represented as the
graph of a univariate C' function ¢. The Lipschitzness of nz(-) yields the
Lipschitzness of ¢, which in turn yields that for r, e sufficiently small, 0F N
W N B[z,r] is connected and [FNWI]FN B[z, r]NW # . Fix 0 < r < p such
that

e For z € OFNOW and r' < r, OF N Bz, r'|NW is connected, and for ¢
sufficiently small, [FONWI]EN B[z, |NW # () and [F*NW] N B[z, r']N
W +# (), see above.

e Points of E are at pairwise || - ||-distance strictly more than 2r.

e For z € OF NOW,y € Blx,r], np(y) is not colinear with ny (z).

Let z € OF N OW. Up to doing rotations, assume that ny(z) = —us.
Below and in the sequel of the proof, B := B[z,r]. We introduce a result
proving that removing F N W Nint(B) form F NW does not change its Euler
characteristic. Denote, for x € R?, L, := {x — tuy;t > 0}, the half-line on
the left of .

Lemma 1.13. Let A € A be such that
1. forx e ANB,(L,NB)CA

2. AN OB is non-empty and connected

3. B\A#D.

Then A\ int(B) € A and x(A) = x(A \ int(B)).

Proof. The first hypothesis yields A N B = UzeanpL. N B. Since 0B N A is
connected, two points z, 2’ of BN A are connected in A through ((L,U L,)N
B)U (0B N A). Removing A Nint(B) from AN B amounts to removing a
piece of the connected component of A containing 0B N A, without splitting
it (because BN A keeps it connected). Therefore, #I'(A) = #I'(A\ int(B)).
Since B \ A is not empty and connected, a similar representation involving
the R, := {x+tuy,t > 0}, x € B yields #I'(A°) = #I'(A° \ int(B)). We also
easily have that A°N dB is non-empty and simply connected, thus #I'( A\
int(B)) = #I'(A°Uint(B)). It then yields

#I(A%) = #I'(A°Uint(B)) = #I'((A \ int(B))°),

and x(A) = x(A\ int(B)). O
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We apply this Lemma to A = F N W. The definition of r yields that
OF N B is connected and that np(-)py > 0 on OF N B. Let us prove that for
x €A, (L,NB) C A The fact that (L, N B) C W stems from the fact that
the closest corners of W are at || - ||»-distance at least 2r by hypothesis on
r. Let s =inf{t > 0: 2 —tu ¢ F}. Put y = (zp), 29 — 5), y is in OF. Since
the part of L, immediately on the right of y is in F', the outside rolling ball
in y contains a portion of L, on the left of y, whence the unit vector between
y and the centre of this ball, ng(y), satisfies np(y)py < 0. It follows that
y ¢ B, whence (L, N B) C F. The connectedness of 0F' N B entails that of
OF N BN W, whence Lemma [1.13| applies. The same reasoning still holds if
the value of r is decreased.

Call

C, = U Blz,r].

zeE

Repeat the procedure above for every point of E. Even though points of
corners(W)N F' are not points of 0F NOW , they can geometrically be treated
in the same way. As the B[z,r|,z € E, don’t overlap, x(FNW) = x((F N
W)\ int(C,)), and this equality holds for smaller values of r.

The idea is now to replace F' N W by a smooth connected set F’ that
coincides with F N W on 0B, and do the same around every other point of
E. Let 0 <1’ < r/5. Introduce

F'=((Fnw)e)®r,

and put B’ = Blz,3r']. Recall that by Theorem [1.4}(iii), since 1’ < p,
F = (FO%' Let 2 € W\ OW®' Note that every y such that z € B(y, ')
satisfies B(y,r’) C W. Then,

r € F' & x € B(y,r') for some y € FNW such that B(y,r") C FNW
&z € B(y,r') for some y € F such that B(y,r") C F

s re(Fo)e =F,
Sxe FNw.

This yields

F'\OW®' = (Fn W)\ owe>, (1.4)
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For similar reasons, if x € W is at distance more than 27’ from 0F or
from a corner of W, then z € I’ < x € (FNW). This yields

F'\ (OF U corners(W))®¥" = (FNW) \ (OF U corners(W))®¥".  (1.5)

Intersecting and yields (FNW)\ Cy = F'\ Cy. It entails in
particular OB'NF' = 0B'N(FNW), and it is a connected set because r’ < r.

Therefore, to apply Lemma to F’ and B’, it remains to show that
forx € F'NB, (L,NB) C F'. A point x of B is in F’ if there is a
ball B(y,r") € (F NW) such that © € B(y,r"). Since x € B’ and 51’ < r,
B(y,r") C (FNW)nN B. We already proved that for all point w of B(y,1’),
since w € FNW N B, (L, N B) C FNW, whence in particular, for ¢ > 0,
(B(y —tu,”")NB) C (FNW N B). Each point w = x —tu; of L, N B is in
B(y — tu,r’), whence it is in F’. Therefore, Lemma applies. Applying
the same reasoning in each point of F entails

N(F) = X(F/\ int(Car)) = X((F M)\ int(Can)) = X(F W),

Since F” satisfies Theorem |1.4}(iii), F" is p-regular. Let us decrease the
value of € so that 2 < 7/ and (F”) is homeomorphic to F” (see Lemmall.12).
In particular, x((F")¢) = x(F') = x(F N W). The end of the proof consists
in showing x((F')°) = x((F N W)?), and computing the latter quantity.

Using the fact that Lemma [1.13| applies to F’ and B’, we can easily
prove that given a point z € (F')* N B, all the points x — tuy,t > 0 that
are in B’ are also in (F’)?. Recall that r,e have been chosen so that [F' N
WIe N Blz,s] # 0, [F°NW]N Blz,s] # 0 for s < r. Therefore, applying
Lemma [1.13| gives x((F")%) = x((F')¢ \ Cav). A similar reasoning gives that
X((FAW)) = x(FN W)\ int(C)) = x((FNW)* \ int(Car)).

Since F' and F N W coincide outside of Blz,2r], only pixels centred in
Blz,2r'] can differentiate [F']* and [F' N W]¢. Since 2r' + 2¢ < 31/, a pixel
centred in Bz, 27| cannot reach 0B’, whence

(F'Y°\ int (B)) = (FNW)®\ int (B'),

and applying a similar reasoning in every point of E' yields that x(FNW) =
X(EF") = x((F")¢) = x((FNW)?). Remark that, as announced, this equality
holds for € smaller than some value e(F, W) that is invariant under simulta-
neous translations of ¥ and W.
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Proof of (1.3)). Let e < e(F,W) = ¢(F +¢cy, W +¢cy),y € R%. We proved
that @5 ([F' N W) = 0, whence x(F NW)%) = x*([F N W]%). Using (1.1)
yields (1.2), and

Eawy= [ Enw ey = [ 3w«

= / (z, FNW + ey)dy
rEeZ2
= / “(ex, FONW +ey)dy
x€Z2
/ —y),FﬁW)dyz/ X (ey, FNW)dy
z€72 01? R?
- / D F W)y = e 2@ =10, ) (FOW),
R

]

Remark 1.14. (i) Theorem still holds if OF intersects the outwards
corner of W. In particular, we can drop the corner-related part of
Assumption (1.6 if W is a rectangle. This subtlety makes the proof
slightly more comphcated, and such generality is not necessary in this

paper.
(ii) It should be possible to show that under the conditions of Theorem 1.7

FNW and (FNW)® are homeomorphic, but we are only interested in
the Euler characteristic in this paper.

Remark 1.15. It seems difficult to deal with C* manifolds that don’t have
a Lipschitz boundary, in a general setting. Consider for instance in R?

A= B((1/n,0),1/n%).

Then 0A is a C* embedded sub manifold of R?, but it has infinitely many
connected components, which puts A off the class A of sets that we consider
admissible for computing the Euler characteristic.

To have the convergence of Euler characteristic’s expectation for random
regular sets, we need the domination provided by Theorem [1.16|in the next
section.
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1.4 Bounding the number of pixel components

Taking the expectation in formula and switching with the limit ¢ — 0
requires a uniform upper bound in ¢ on the right hand side. For ¢ small,
consists of a lot of positive and negative terms that cancel out. Since
grouping them manually is quite intricate, this formula is not suitable for
obtaining a general upper bound on |x(F<)|. The most efficient way consists
in bounding the number of components of F* and (F€)° in terms of the
regularity of the set.

The result derived below is intended to be applied to p-regular sets, but
we cannot make any assumption on the value of the regularity radius p,
because the bound must be valid for every realisation. We therefore give an
upper bound on #I'(F¢) and #I'((F*©)°) valid for any measurable set F'.

The formula obtained bounds the number of connected components, which
is a global quantity, in terms of occurrences of local configurations of the set,
that we call entanglement points, see Figure 2l Roughly, an entanglement
occurs if two points of F¢ are close but separated by a tight portion of F'.
This might create disconnected components of F© in this region although F
is locally connected.

To formalise this notion, let z,y € Z. grid neighbours. Introduce P,, C
R? the closed square with side length e such that z and y are the midpoints
of two opposite sides. Denote P}, = 9P, , \ {z,y}, which has two connected
components. Then {z,y} is an entanglement pair of points of F if x,y ¢ F
and (P}, U F)NP,, is connected. We call N_(F") the family of such pairs of
points.

For the boundary version, given W &€ W, we also consider grid points
x,y € [W N F|, on the same line or column of Z_, such that

e 1,y are within distance e from one of the edges of W (the same edge
for z and y)

o (z,y) #0
o (z,y) C [F°NF%.

The family of such pairs of points {z,y} is noted NL(F; W) .

Even though N.(F') and N.(F;W) are not points but pairs of points of
Z., for A C R?  we extend the notation N.(F) C A, (resp. N.(F) N A), to
indicate that the points of the pairs of N.(F') are contained in A (resp. the
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Figure 2: Entanglement point In this example, {z,y} € N.(F') because the
two connected components of P/ . in lighter grey, are connected through

v C (FNP,,). We don’t have {x, y} € No(F).

collection of pairs of points from N.(F') where both points are contained in
A), and idem for NL(F, ).

For {x,y} € N.(F),[z,y)NF # 0 and z,y € F°. Therefore N.(F) C
OF%e. We have also N_(F, W) C (0F% N oW ).

Theorem 1.16. Let F be a bounded measurable set. Then
BT(FF) < 24NL(F) + 4T(F) (1.6)
and for any W € W,

HT(FNW)?) < 2#N(F) N WS + 24NL(E, W) + #T(F N W) + 2#corners(W).
(1.7)

Remark 1.17. Properties and ((1.7) entail
#L(((FOW)T)) = #D((FAW))T) = #L((F N W) U IWe))

= #L((FN W)U (W)7) < #I((F N W)7) + #T((W9)7)
because adding a connected set B to a given set A can only decrease its num-
ber of bounded connected components, or increase it by 1 if B is bounded.

It is easy to see that #I'((W°)%) < #corners(W) for e sufficiently small. It
follows that

IX((E N W)7)| < max(#L((F 0 W)%), #0((F O W)7)%)

<
< 3#tcorners(W) + 2max(#N.(F) N W #N_(F) N W)
(1.8)

+ 2max(#NL(F, W), #N.(FC, W)) + max(#T(F° N W), #0(F N W)).
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Remark 1.18. The boundary of a p-regular set A is a C! manifold, and can
therefore be written under the form 94 = f~1({0}), and cl(A) = {f < 0} for
some C! function f such that Vf # 0 on A and ||V f||7'V f is p~*-Lipschitz
on OA. Such a function is said to be of class C*!, see [16]. One can bound
the right hand members of — by quantities depending solely on f.
For instance, it is proved in the companion paper [21] that in the context
of Gaussian fields, E and lim, can be switched in if the derivatives of
f are Lipschitz and their Lipschitz constants have a finite moment of order
4 + n for some n > 0.

Proof of Theorem[1.1¢. We call Dy,...,D,, the connected components of
(FAW)U(FNW)?, and for 1 <i < m, call CF;, 1 < j < ky, the connected
components of (F' N W) hitting D;. Since a connected component of (F' N
W)e cannot hit 2 distinct D;’s, we have #I'((F N W)?) = > k;. Since
a connected component of F' N W cannot hit two distinct D;’s either, m <
#I'(F NV). We yet have to control the number of components of (F' NW)*
that hit a given D;. Define C; ; = [Cf;] (not necessarily connected in eZ? as
pixels of C7; might only touch through a corner, but it has no consequences).

The plan of the rest of the proof is the following: We are going to associate
to each C; ;,1 < i <m,j > 1, either a corner of W, an element of N.(F, W),
or an element of N.(F) N W% in such a way that this element cannot be
associated to more than two distinct C; ;. This will indeed yield the bound
D).

Here again, the boundary effects of the intersection with W are cum-
bersome for the proof, and require to introduce some notation. Recall that
0°[W] stands for the set formed by the elements of [IW]° that have at least
one grid neighbour outside W. Assume that some C; ;,j > 1, touches 0°[W].
Call root of Cj; (or Cf;) a horizontal or vertical pixel interval [z,y] such

that
o [, y] € O°[W]
[z, 9]0 Cij #0
every z € [z,y] has a grid neighbour in F
for ¢/, j') # (i,4), [z,y] N Civj =0

e it is maximal, in the sense that no other pixel interval satisfying these
properties strictly contains [z, y].
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Figure 3: A set where two disjoint components C;; have roots. One com-
ponent has two roots and another has only one. The pixels centred in roots
are coloured in grey, root overlap is represented in darker grey.

y
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Call C; ; C Z, the union of C; ; with its roots, and C’e the union of pixels
centred in Cl ] . See Figure [3[ for examples Fix 1 <7 < m, such that k; > 1,
and let 1 < j < k;. We distinguish between three cases, (i),(ii),(iii) below.

(i) If a root of C;; contains a corner at one of its extremities (as is the
case for instance for a root of the big component in Figure , associate this
corner to Cy ;, and remark that a corner cannot be associated to more than
two connected components of (F'N W)?, using the fact that a root of a C; ;
cannot contain a root of a Cy y, (i, ') # (4, 7).

(ii) Assume that no corner can be associated to C5, i.e. that none of
its roots touches a corner, but that for some (7', j') # (i, ), Ci; N Cy j» # 0.
Let I = (z,y) C (C;;NCy ) be a maximal grid interval of thls 1ntersect10n,
with z,y € Z.. Since any root of C;; does not touch Cy j, and vice-versa,
I C [F°]. There is an example of such a root intersection in Figure [3|

One extremity of I, say z, is in C;;, and the other, y, is in Cy j. Since
(z,y) € (Ci; \ Ci;), the definition of a root entails that all its points are in
[F°] and are at distance < ¢ from F. Therefore {z,y} € NL(F,W). Also,
{z,y} can only be associated to C;; and Cy j in this manner.

(iii) Assume that C; ; does not fit in (i) or in (ii). Recall that we assumed
k; > 1 and 1 < j < k;. There is a continuous path « : [0,1] — D; going
from F°\ Cf; to Cf; with v((0,1)) € F'\ F*°. In particular, v((0,1)) avoids
[F]. Discardlng the two first cases means that somehow 7 cannot arrive to
C;; from another component C7 j" # j, by creeping along an edge of W
adjacent to C;;, if there is such. More precisely, There is no (i,7") # (¢,7)
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such that C;; N C; o # 0.
Now, say that z,y € Z. form a boundary pair for C; ;, denoted {z,y} €
AC;;, if the square P, has exactly one edge touching C7;. Remark that

only one of the two edges not containing z or y can fulfill this condition, and

the corresponding component of P}, denoted P;’}y, touches C5 ;, while the

other, denoted P3%, does not. o
The point v(0) is on the boundary of a pixel that is not contained in

C¢ ., but v(+) eventually enters in such a pixel. Therefore, studying possible

2,5
local configurations of Cf,’s boundary entails that there is ¢ > 0 such that

v(t) € Py for some {z,y} € AC;;. Let t** be the latest such time. The

rest of the proof consists in showing {z,y} € N.(F).
Since Cf is only in contact with such P, through Pi’, ~(t) will eventu-

ally have to get out of the pixel P, at some time ", without touching quf;
because the latest such time has already been reached, therefore v(t") € P;fby,
and ~([t*, t"]) C P, (also note that v cannot pass through z or y because
7((0,1)) € (F'\ Z.)). Therefore ¥ C F connects the two components of P,
through P, ,. This is the primary condition for {z,y} € N.(F).

To complete the proof that {z,y} € N.(F) N W it remains to show
that z,y € [F] N W%, Since x,y € 4% and ¥ C W, x,y € WP, None
of them is in [F' N W] otherwise it would be in a different component Cf, ,,
that would touch Cf ; (eventually through a corner), possibility that has been
treated in (i) or (ii). They cannot be both outside W because 4 N [z, y] #
and 7 C W. The two last possibilities are that x,y € [F], or y € [W N F]
and z € [F'NW¢] (or the other way around). The second possibility is also
discarded because it entails y € C;;, which contradicts {z,y} € AC;; (also
using the fact that no corner lies in a root of Cf ;).

We associate this pair {z,y} € N.(F) N W% to Cf; and note that since
z and y lie at || - ||-distance /2 from Cf;, {z,y} cannot be associated to
more than two components in this way, and this concludes the proof of .

The first inequality can easily be derived in the same way in the case

W = R?; noting that in this case W has no edge and no corners. O]

2 Random sets

Let (2,4, P) be a complete probability space. Call F the class of closed
sets of R?, endowed with the o-algebra B characterised by the following:
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A mapping A : (Q,A,P) — (F,B) is measurable if for every open set G,
the event {G N A(w) # 0} is in A. A B-measurable mapping A : Q — F
is called a Random Closed Set (RACS). See [25] for more on RACS, and
equivalent definitions. The functional y is not properly defined, and therefore
not measurable, on F. We introduce the subclass R of regular closed sets
as defined in Definition [I.5] and endow R with the trace topology and Borel
o-algebra, a random regular set being a RACS a.s. in R. Taking the limit in
¢ — 0 in formula entails that x is measurable R — R (the functionals
F— #I'(F) and F — #I'(F€) are also measurable). If a random regular set
F satisfies a.s. Assumption 1.6 with some W € W, then I'(F N W), ['((F N
W)¢) and x(F NW) are also measurable quantities.

Introduce the support supp(A) of a RACS as the smallest closed set K
such that P(A C K) = 1. Mostly for simplification purpose, we will assume
whenever relevant that supp(A) is bounded.

2.1 Expectation theorems

It is easy to derive a result giving the mean Euler characteristic as the limit
of the right hand side expectation in by combining Theorems [1.7] and
[1.16] We give below the example of stationary random sets. A non-trivial
stationary RACS Fis a.s. unbounded, therefore we must consider the restric-
tion of F' to a bounded window W. The main issue is to handle boundary
terms stemming from the intersection. They involve the perimeter of W
and the specific perimeter of F'. We introduce the square perimeter Per,,
of a measurable set A with finite Lebesgue measure by the following. Note
C! the class of compactly supported functions of class C* on R? and define

Per,(A) = Pery, (A) + Pery,(A), where

Per,(A) =  sup /(Vgp(x), u)dr = Per_,(A), u e S,
A

peClilp(a)|<1

so that we also have the expression

Per(A) = sup /A div(e)(x)dx.

PeCrillp(@)]loo<1

The classical variational perimeter is defined by

Per(A) = %/ Pery(A)du,
S1
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with the Haar measure on the unit circle, it satisfies Per(A) < Pero(A) <
V/2Per(A), see [14]. We have for instance for the square W = [0, a]?, Pero (W) =
4a and for a ball B with unit diameter in R?, Per,,(B) = 4.
It is proved in [I3]-(1) that for any bounded measurable set A,
Pery(A) = 2lim e705"(A) = 2lim £™0,*(A)
e—

e—0

and in [13],Proposition 16-(8) that for any RACS F' with compact support
2 2
o : —1 eu; o : —1 —Eu;
EPer, (F) =2 El llir[l)é? Eé;"(A) =2 El llirtl)s Eé, " (A)

2
= QZli_r)r(l)e_l/R Pz € A,z +cu; ¢ A)dz. (2.1)
i=1

2

An important feature of this formula is that the mean perimeter can be de-
duced from the second order marginal distribution (z,y) — P(z,y € F) in
a neighbourhood of the diagonal {(x,r);z € R?}. The formulas above pro-
vide a strong connection between the perimeter, called first-order Minkowski
functional in the realm of convex geometry, the covariogram, and the second
order marginal of a random set.

It is difficult not to notice the analogy featured by the material contained
in this paper. The results in the present section emphasise the connection
between the Euler characteristic, or second-order Minkowski functional, and
the bicovariogram, a functional that can be expressed in function of the third
order marginal of a random set.

The results below have been designed to provide an application in the
context of random functions excursions, a field which has been been the
subject of intense research recently, see the references in the introduction. We
show in the companion paper [21] that the quantities in can be bounded
by finite quantities under some regularity assumptions on the underlying
field, and give explicit mean Euler characteristic for some stationary Gaussian
fields.

Say that a closed set F'is locally regular if for any compact set W, there
is a p-regular set F’ such that FNW = F'NnW.

Proposition 2.1. Let F' be a stationary random closed set, a.s. locally
reqular, and W € W bounded. Assume that the following local expectations
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are finite:

E sup #N.(F)NW, E sup #N(F)NW,E sup N.(F,W), E sup NL(F°, W),

0<e<1 0<e<1 0<e<1 0<e<1
(2.2)

E#4I(F N W), E#D(F NW).

Then E[T'(FNW)| < oo, E|IL((FNW)%)| < oo, and the following limits are
finite
X(F):= lir%eS’Z [P(O€ Fieu; ¢ Fleug ¢ F) —P(0 ¢ F,—cu; € F,—cuy € F)],
E—

Pery, (F) = 2111]%5—1P(0 € Few ¢ F)i=1,2,
E—r
Vol(F) =P(0 € F).

We also have, with Peroo(F) = 37, Pery, (F),

Ex(FNW) = Vol(W)x(F) + i(Per@(W)Frul(F) (2.3)

+ Pery, (W)Pery, (F) + x(W)VoI(F))

EPer,.(F N W) = Vol(W)Per(F) + Per(W)Vol(F) (2.4)
EVol(F NW) = Vol(W)Vol(F). (2.5)

Proof. Let us first compute the mean volume and perimeter. A straight-
forward application of Fubini’s theorem gives (2.5). Assume for now that
Per,,, (F') exists, for i = 1,2 (proved later). We have by (2.1
2
EPero (FNW) =2 lims_l/ Plxe FNW,x +eu; ¢ FNW)dx
RQ

- e—0
=1

=2) lime™* [/ P(x € Fix+eu; ¢ F)dx —1—/ P(x € F)dx

eW:zteu,eW eEW:z+eu; ¢W

=2 Z (VOl(W)%E(F) + W(F)%Perui(w )) ;
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which gives (2.4)).
Theoremyields that (1.2)) holds if a.s. np(x) ¢ ny(x),x € OF NOW,
and OF almost never touches a corner of W. Let us prove that it is so. Call

© = {z[y € R: np(zp), z) = £u, for some zp5) € R such that (xpy, z9) € OF }.

We use below Sard’s theorem to prove that © is a.s. negligible.

Since OF is locally a C!' manifold, there is a countable family of real
bounded intervals I;, and open sets (€);) covering OF such that on each €,
OF can be represented via the implicit function theorem by the graph of a
C! function g;, : I; C R — R. Let K be the countable family of k such that
OF N Q. = {(t,gx(t)); t € It} N Q. In particular, ng(-) is not collinear to
u; on . k € K.

Sard’s theorem entails that for £ € K, the set of critical values of g is
negligible, whence

Ok :={y: y = gx(t) for some t € I} such that g, (t) = 0},

has 0 Lebesgue measure. For k ¢ K, np(-) is not collinear to us on €y,
otherwise the IFT could not be applied, whence © N, = (. Therefore
O C Urex©O; has also a.s. 0 Lebesgue measure. Fubini’s theorem then
yields, noting ¢ the 1-dimensional Lebesgue measure,

0= Ef(@) = / P(HZL‘M eR: (IE[H,ZL‘[Q}) S 8F, nF(xm,x[g]) = ﬂ:UQ)diL‘[Q},
R

whence by stationarity P(Jzp) € R : (xp), 2py) € OF, np(ap), o) = £up) =
0 for all xz; € R. Since the set of x5 € R such that, for some z;; € R,
(zp), wy) € OW and uy € ny (xp), 2jg) is finite (it corresponds to the second
coordinates of horizontal edges of W), we have that a.s. np(z) # fuy for
every x € OWNOF such that +us € ny (z). With an exact similar reasoning,
the same statement with u; instead of uy holds. We therefore proved that
a.s., for x € OF N OW,np(x) is not colinear with ny (), like is required in
Assumption [1.6]

Since OF is a.s. a (d — 1)—dimensional manifold, it has a.s. vanishing 2-
dimensional Lebesgue measure, whence by Fubini’s Theorem, the probability
that one of the finite number of corners of W belongs to dF is 0. It follows
that Assumption [1.6|is satisfied a.s., whence the a.s. convergence of Theorem

28



holds. We have by (1.2)

Ex(FNnW) zli_{% Z Ex®(x; FNW)
z€el?
= lim Z [P(x € Fyx+cu, & F,o+cuy & F)

e—0
zE€[W]:z+eus EW,z+euseW

- Z Plx ¢ Flo —euy € Flx —cuy € F)]
z€[W]:z—eu EW,z—eus €W

+ Z Plxe Flo+eu ¢ F)+ ZP(:L'EF,:C—i—éuggﬁF)

z€[W)izteus eW,z+eusg W z€[W]:z+eur1 gW,z+ecugeW
+Z PzxeF)— Z P(x —eu; € F;oz —cuy € F)
ze[W]:®E | (z,W)=1 € Ze: 05 (x,W)=1

= lim [g—Q(Vol(W) +o(1)) [P(o € Feu ¢ Feuy ¢ F)
—P(0¢ F,—cuy € F,—cuy € F)}

s (Per112 (W)

5 +o(1)

P(0 € Fieu, ¢ F)

2
+ (@2, (W) + 0(1))P(0 € F) = (@,(W) + o(1))(P(~ew, € F, —eu; € F))|.

)
+e7t (M + 0(1)) P(0 € F,euy ¢ F)

Define
X (F)=e“P0€ Feu ¢ Fleus ¢ F)—P(0¢ F,—cu; € F,—cuy € F)]
Per, (F) =2:"'"P(0 € Fiew; ¢ F)
a. =P(—eu; € F,—cu, € F) —P(0 € F).

Then the previous expression becomes, using x(W) = & (W) — &5 (W)

out
for € small enough (easily deduced from (1.1))),

1 ) - €
Ex(FNW) = ling Vol(W)x*(F) + 1 (Pery, (W)Per,_(F) + Pery,(W)Per, (F))

o (W)VOI(F) — agcbmwv)} .
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Let W, Wy, Wy € W simply connected such that Vol(W) = Vol(W;) =
Vol(Ws), Pery, (W) = Pery, (W;) # Pery,(Wy),i = 1,2. Subtracting the ex-
pression above for W and W; for each i = 1,2 yields that Pery, (F) has a
limit, as announced. Then

a. < |[POeF,—cuy € F,—cuy € F)—P(0€ F)+P(0¢ F,—cu; € F,—cuy € F)|
<POeF,—cu; ¢ For —cus ¢ F)+max(P(0 ¢ F,—eu, € F),P(0 ¢ F,—cuy € F))
<PO0eF,—cu1 ¢ F)+P(0€ F,—euy ¢ F)+P(0¢ F,—eu; € F)+P(0 ¢ F,—cuy € F).

Since F' is stationary, P(0 € Fieu; ¢ F) =P(0 € F,—cu; ¢ F) = P(0 ¢
F,eu; € F). Therefore,

P(0¢ Feu; € F)+P(0 ¢ Feuy € F) < elime ' (Pery, + Pery, (F))

e—0

and a. — 0. It then follows that x°(F") has a finite limit, which concludes
the proof. O]

Appendix: Proof of Lemma [1.12

We start with a lemma.

Lemma 2.2. Let A be a connected set, r > 0 and 0 < ¢ < 27?1, Then
[A®T)¢ is connected in Z., whence (A®") is connected in R2.

Proof. Let z,y € R? such that ||z —y|| < r, B = B(z,r),B’ = B(y,r). It
is clear that [B]® and [B']® are grid-connected sets. Since B N B’ contains a
ball with radius r/2, and therefore a square of side-length 271/ > ¢, there
is one point of Z. in BN B’, which connects [B U B'|* = [B|* U [B']°.

From there, given a sequence of points zy,...,z, € A such that ||z; —
Tip| < r, [U;B(x;,7)]¢ is connected. Any given two points of A can be
connected by such a sequence, whence [A®"]° is connected. O

Assume first that F' is simply connected, or equivalently that F' and F*
are connected. Covering OF with a finite number of balls inside which OF
can be represented as the graph of a C! function, F' can also be represented
as the bounded complement of the simple C* Jordan curve formed by OF.

Let us prove that F° and (F*¢)¢ are also connected, i.e. that F* is simply
connected, and therefore homotopy equivalent to F. Let r < p such that
e < 2712,
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Lemma 2.3. F®" and (F°)®" are connected.

Proof. Since OF has reach at least r, introduce the mapping

() mor(z) — rnp(mer(x)) if v € F,d(z,0F) <r
s T =
zifx e Fd(x,0F) > r.

The definition makes sense because if x is at distance exactly r from OF, then
the normal to F' in mgp(z) is colinear to x — mpp(x) whence z = mop(z) —
rnp(z) = ¥.(z). We also have, using Proposition [L.3] that if d(z,dF) <
r,d(¢.(x),0F) =r.

By classical results about sets with positive reach, myr is continuous on
OF®" see for instance Federer [12] Th.4.8-(4). Since ng(-) is Lipschitz on
OF, 1, is continuous on the closed set F N (0F)®". Let x € F. Tt is clear
that 4, is continuous in z if d(z, OF) # r. Otherwise, we know that for e > 0
there is n > 0 such that for y € F'N B(x,n) NOFY" | (x) — . (y)| < e. Tt
follows that 1), is continuous on F. Therefore F'°" is connected as the image
of the connected set F' under the continuous mapping ,.. Defining similarly

() = mor(x) + rap(mop(z)) if © € F¢ d(x,0F) <r
T sifx e o\ (9F)°

provides a continuous mapping from F* to (cl(F¢))®". O

It follows by Lemma that (F)® = ((F°")®")° is connected, using
Theorem [1.4}(iii). Similarly (F€)¢ = (F*)° is connected, i.e. F*© is simply
connected.

The fact that [F¢ is simply grid-connected and @5 ([F]) = 0 yields that
the boundary of F¢ can also be represented by a continuous Jordan curve.
Recall the Brouwer-Schoenflies Theorem [10], that states that given two Jor-
dan curves in R?, the bounded components A, A’ C R? of the respective
complements of the Jordan curves are homeomorphic. It is not hard to mod-
ify the result to see that if A and A’ (and their complements) coincide on
some open subset B, then the homeomorphism can be chosen to be the iden-
tity on B. Therefore there is a homeomorphism @ between F and F*, that
is the identity on R?\ (OF)®%.

Now let F” be another bounded simply connected p-regular set such that
OF and OF' are at distance more than 4. We also have that (F”) is simply
connected and ®x([F']F) = 0. Since OF N OF’ = (), we either have F' C
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F'F' CF,or FNF' = . Since O((F')*) C (O(F"))®* and O(F¢) C (OF)%%,
the sets [F]® and [F']° respect the same inclusion hierarchy as " and F’ (i.e.
either F© C (F')°,Fc N (F')F = 0, or (F')* C F*). It is also clear that
O ([F U F']) = &5 ([F]) + D% ([F']) = 0 because OF and OF" are at distance
more than 4¢. The sets on which ®r and ® are not the identity are resp.
contained in (F)%* (0F')®% whence they are disjoint. Their composition
$podPp = Dp o Pp gives a homeomorphism between F'U F” and (F'U F')*
if F'and F" are disjoint, or between F'\ F’ and its digitalisation (F'\ F’)® if
F' CF.

Applying this process inductively yields that given any set A built by
adding or removing recursively a finite family of p-regular connected compo-
nents C; satisfying d(0C;, 0C;) > 4e for i # j, A and A° are homeomorphic.

The connected components of F' and F are indeed p-regular, and their
boundaries are by hypothesis at pairwise distance > 4¢. Studying the inclu-
sion hierarchy of the elements of T'(F') and I'(F*) yields that F' can be built
by adding or removing those components in such a way, whence the result is
proved for any p-regular set F' with r, e chosen like above.
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discussions around the topic of the Euler characteristic.

References

[1] R. J. Adler, O. Bobrowski, M. S. Borman, E. Subag, and S. Weinberger.
Persistent homology for random fields and complexes. IMS Coll., 6:124—
143, 2010.

[2] R. J. Adler and G. Samorodnitsky. Climbing down Gaussian peaks.
arXiv:1501.07151, 2015.

[3] R. J. Adler and J. E. Taylor. Random Fields and Geometry. Springer,
2007.

[4] C. H. Arns, M. A. Knackstedt, W. V. Pinczewski, and K. R. Mecke.
Euler-Poincaré characteristics of classes of disordered media. Phys. Rev.
F, 63:031112, 2001.

32



[5]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

C. H. Arns, J. Mecke, K. Mecke, and D. Stoyan. Second-order analy-
sis by variograms for curvature measures of two-phase structures. The
European Physical Journal B, 47:397-409, 2005.

A. Auffinger and G. Ben Arous. Complexity of random smooth functions
on the high-dimensional sphere. Ann. Prob., 41(6):4214-4247, 2013.

G. Averkov and G. Bianchi. Confirmation of Matheron’s conjecture

on the covariogram of a planar convex body. Journal of the Furopean
Mathematical Society, 11:1187-1202, 2009.

J. Azals and M. Wschebor. A general expression for the distribution
of the maximum of a Gaussian field and the approximation of the tail.
Stoc. Proc. Appl., 118(7):1190-1218, 2008.

P. Blanchard, C. Dobrovolny, D. Gandolfo, and J. Ruiz. On the mean
Euler characteristic and mean Betti’s numbers of the Ising model with
arbitrary spin. J. Stat. Mech., 2006(03):3-11, 2006.

S. C. Cairns. an elementary proof of the Jordan-Schoenflies theorem.
Proc. AMS, 2(6):860-867, 1951.

A. Estrade and J. R. Leon. A central limit theorem for the Euler char-
acteristic of a Gaussian excursion set. Ann. Prob., to appear, 2014.

H. Federer. Curvature measures. Trans. AMS, 93(3):418-491, 1959.

B. Galerne. Computation of the perimeter of measurable sets via
their covariogram. Applications to random sets. Image Anal. Stereol.,
30(1):39-51, 2011.

B. Galerne and R. Lachieze-Rey. Random measurable sets and covari-
ogram realisability problems. Adv. Appl. Prob., 47(3), 2015.

R. Hilfer. Review on scale dependent characterization of the microstruc-
ture of porous media. Transport in Porous Media, 46(2-3):373-390, 2002.

J. Hiriart-Urrurty, J. Strodiot, and V. H. Nguyen. Generalized Hessian
matrix and second-order optimality conditions for problems with C1:!
data. Appl. Math. Optim., 11:43-56, 1984.

33



[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[20]

[27]

28]

[29]

D. Hug, G. Last, and W. Weil. A local Steiner-type formula for general
closed sets and applications. Math. Nachr., 246:237-272, 2004.

M. Kiderlen. Estimating the Euler characteristic of a planar set from a
digital image. Journal of Visual Communication and Image Represen-
tation, 17(6):1237-1255, 2006.

J. M. Kilner and K. J. Friston. Topological inference for EEG and MEG.
Ann. Appl. Stat., 4(3):1272-1290, 2010.

S. Klenk, V. Schmidt, and E. Spodarev. A new algorithmic approach to
the computation of Minkowski functionals of polyconvex sets. Compu-
tational Geometry, 34(3):127-148, 2006.

R. Lachieze-Rey. Covariograms and Euler characteristic II. Random
fields excursions. preprint.

C. Lantuéjoul.  Geostatistical Simulation: Models and Algorithms.
Springer, Berlin, 2002.

D. Marinucci. Fluctuations of the Euler-Poincaré characteristic for ran-
dom spherical harmonics. arXiv:1504.01868, 2015.

A. L. Melott. The topology of large-scale structure in the universe.
Physics Reports, 193(1):1 — 39, 1990.

I. Molchanov. Theory of random sets. Springer-Verlag, London, 2005.

W. Nagel, J. Ohser, and K. Pischang. An integral-geometric approach
for the Euler-Poincaré characteristic of spatial images. Journal of Mi-
croscopy, 198:54-62, 2000.

B. L. Okun. Euler characteristic in percolation theory. J. Stat. Phys.,
59(1-2):523-527, 1990.

J. Schmalzing, T. Buchert, A. L. Melott, V. Sahni, B. S. Sathyaprakash,
and S. F. Shandarin. Disentangling the cosmic web. I. morphology of
isodensity contours. The Astrophysical Journal, 526(2):568, 1999.

R. Schneider and W. Weil. Stochastic and Integral Geometry. Probability
and its Applications. Springer-Verlag, Berlin, 2008.

34



[30]

[31]

32]

[33]

[34]

[35]

C. Scholz, F. Wirner, J. Gotz, U. Riide, G.E. Schroder-Turk, K. Mecke,
and C. Bechinger. Permeability of porous materials determined from
the Euler characteristic. Phys. Rev. Lett., 109(5), 2012.

J. Serra. Image Analysis and Mathematical Morphology. Academic
Press, London, 1982.

A. Svane. Local digital estimators of intrinsic volumes for boolean mod-
els and in the design-based setting. Adv. Appl. Prob., 46(1):35-58, 2014.

A. Svane. Local digital algorithms for estimating the integrated mean
curvature of r-regular sets. Disc. Comp. Geom., 54(2):316-338, 2015.

J. E. Taylor and K. J. Worsley. Random fields of multivariate test
statistics, with applications to shape analysis. Ann. Stat., 36(1):1-27,
2008.

G. Walther. On a generalization of Blaschke’s rolling theorem and the
smoothing of surfaces. Math. Meth. Appl. Sci., 22:301-316, 1999.

35



	Euler characteristic of regular sets
	Euler characteristic and image analysis
	Variographic quantities
	Euler characteristic of -regular sets
	Bounding the number of pixel components

	Random sets
	Expectation theorems


