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ABSTRACT.We present an asymptotic two-dimensional plate model for linear magneto-
electro-thermo-elastic sensors and actuators, under the hypotheses of anisotropy and ho-
mogeneity. Four different boundary conditions pertaining to electromagnetic quantities
are considered, leading to four different models: the sensor-actuator model, the actuator-
sensor model, the actuator model and the sensor model. We validate the obtained two-
dimensional models by proving weak convergence results. Each of the four plate problems
turns out to be decoupled into a flexural problem, involving the transversal displacement
of the plate, and a certain partially or totally coupled membrane problem.
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Introduction

In this paper, we consider a linear model of magneto-electro-thermo-elastic plates, behav-
ing either as piezoelectric sensors or piezomagnetic actuators, based on the quasi-static
assumption on the electric and magnetic fields, whereby both fields can be expressed as
gradients of the corresponding potentials. This assumption was justified by means of a
nondimensionalization of the equations governing the problem in its general setting in [2],
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wherein a proof of well-posedness for this problem, along with its quasi-static counterpart,
was also accomplished.

The behavior of the plate-like body under study, as to whether it represents a sensor or
an actuator, of piezoelectric or piezomagnetic nature, is determined by four different sets
of boundary conditions [16]. Based on the three-dimensional formulations of the four cor-
responding problems, we apply the asymptotic expansion method as the thickness of the
plate approaches zero, in the case of a homogeneous anisotropic material. Accordingly, we
obtain four different two-dimensional plate models: the sensor-actuator model (referring
to a plate behaving as a piezoelectric sensor and a piezomagnetic actuator), the actuator-
sensor model (referring to a plate behaving as a piezoelectric actuator and a piezomagnetic
sensor), the actuator model (according to which the plate behaves as a piezoelectric and
piezomagnetic actuator) and the sensor model (according to which the plate behaves as a
piezoelectric and piezomagnetic sensor). We validate the asymptotic procedure carried out
in each of the four cases by showing weak convergence results. The four two-dimensional
plate problems are obtained, as in [14], with different scaling assumptions on the electric
and magnetic potentials. On the other hand, they all present common features: for one,
the displacement field is always of Kirchhoff-Love type; for two, the temperature variation
field is always independent of the thickness coordinate; for three, each problem decouples
into a flexural problem – governing the evolution of the transversal displacement of the
plate and taking account of an inertia effect involving the mean curvature of the deformed
middle surface – and a certain partially or totally coupled membrane problem. In the
sensor-actuator model, the membrane problem involves in-plane displacement, tempera-
ture variation and electric potential: it is therefore a thermo-piezoelectric problem, the
applied magnetic potential playing the role of source term. Since in the actuator-sensor
case, the roles of the two potentials are exchanged with respect to the sensor-actuator
case, we find a thermo-piezomagnetic membrane problem, the applied electric potential
being part of source terms, and we shall not treat this case in detail. In the actuator
case, the membrane problem is thermo-elastic, as it just involves in-plane displacement
and temperature variation, both the applied electric and magnetic potentials playing the
role of source terms. Finally, in the sensor case, the membrane problem is completely
coupled, since it involves in-plane displacement, temperature variation, electric potential
and magnetic potential; it is then a magneto-electro-thermo-elastic problem. Numerical
values of the reduced coefficients can be explicitly computed in each of the four cases;
as an example, we report in Table 1 of Appendix 2 the values of such coefficients in the
actuator case for the usual (see [2]) BaTiO3-CoFe2O4 composite.

Notation

Scalars are denoted by light-face letters, vector and tensor fields of any order by bold-face
letters. We adopt Einstein’s usual summation convention; Greek indices take the values 1
and 2, Roman indices range from 1 to 3. Throughout the paper, ω ⊂ R2 denotes a smooth
domain in the plane spanned by vectors e1 ≡ (1, 0) and e2 ≡ (0, 1), with boundary γ;
γ0 ⊂ γ is a measurable subset of γ with strictly positive length measure; γ1 := γ \ γ0 is
the complement of γ0 with respect to γ; finally, 0 < ε < 1 is a dimensionless small real
parameter which shall tend to zero. For each ε, we define

Ωε := ω × (−hε, hε), Γε := γ × (−hε, hε)
Γε0 := γ0 × (−hε, hε), Γε± := ω × {±hε},

with hε > 0. Hence the boundary ∂Ωε of Ωε is partitioned into the lateral face Γε and the
upper and lower faces Γε+ and Γε−; the lateral face is itself partitioned as Γε = Γε0 ∪ Γε1,
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with Γε1 := γ1 × (−hε, hε). Moreover, we let Γ̂ε := Γε± ∪ Γε1 = ∂Ωε \ Γε0, the complement
of Γε0 with respect to ∂Ωε. We set H1(Ωε) := [H1(Ωε)]3 and for Ξε ⊂ ∂Ωε, we define

H1(Ωε,Ξε) :=
{
vε ∈ H1(Ωε); vε = 0 on Ξε

}
,

H1(Ωε,Ξε) :=
{

vε = (vεi ) ∈ H1(Ωε); vε = 0 on Ξε
}
.

For v a vector field, |v| denotes the euclidean norm of v; for Φ a scalar or vector field,
|Φ|0,Ωε and ‖Φ‖1,Ωε denote, respectively, the L2(Ωε)-norm and the H1(Ωε)-norm of Φ

(analogous notations are used for the L2(Ξε)-norm of Φ). At times, for notational con-
venience, we left tacit the time-dependence of a field Φ. For the sake of brevity, a one-
parameter family of fields {Φ(ε)}ε>0 is referred to as sequence.

1. Statement of the Problem

1.1. Constitutive Laws

In magneto-electro-thermo-elastic materials the mechanical, electric, magnetic and ther-
mal behaviors are coupled. In the case of the quasi-static approximation for Maxwell’s
equations, the electric field Eε and the magnetic field Hε can be expressed through two
potential functions, i.e., Eεi := −∂εi ϕ

ε and Hε
i := −∂εi ζ

ε, where ϕε and ζε denote, re-
spectively, the electric potential and the magnetic potential. Thus, the magneto-electro-
thermo-elastic state is defined by the quadruplet Uε := (uε, ϕε, ζε, θε) where uε = (uεi )
and θε represent, respectively, the displacement field and the variation of temperature.
The interaction between these four different behaviors is described by the following set of
constitutive laws:

σεij(U
ε) = Cijk`e

ε
k`(u

ε) + Pkij∂
ε
kϕ

ε +Rkij∂
ε
kζ
ε − βijθε,

Dεi (Uε) = Pik`e
ε
k`(u

ε)−Xij∂εjϕ
ε − αij∂εj ζ

ε + piθ
ε,

Bεi (Uε) = Rik`e
ε
k`(u

ε)− αij∂εjϕ
ε −Mij∂

ε
j ζ
ε +miθ

ε,

Sε(Uε) = βije
ε
ij(u

ε)− pi∂εi ϕ
ε −mi∂

ε
i ζ
ε + cvθ

ε,

qεi (θε) = −Kij∂εj θ
ε,

where σε = (σεij) is the Cauchy stress tensor, eε(uε) = (eεij(u
ε)), with eεij(u

ε) :=
1
2 (∂εi u

ε
j + ∂εju

ε
i ), is the linearized strain tensor, Dε = (Dεi ) is the electric displacement

field, Bε = (Bεi ) is the magnetic induction field, Sε is the thermodynamic entropy and
qε = (qεi ) is the heat flow vector. C = (Cijk`), P = (Pijk), R = (Rijk), X = (Xij),
M = (Mij), β = (βij), α = (αij), p = (pi), m = (mi), cv and K = (Kij) represent,
respectively, the elasticity tensor, the piezoelectric tensor, the piezomagnetic tensor, the
dielectric permittivity tensor, the magnetic permeability tensor, the thermal stress tensor,
the magneto-electric tensor, the pyroelectric vector, the pyromagnetic vector, the calorific
capacity of the material and the thermal conductivity tensor. Moreover, we suppose the
material properties of the (generally anisotropic) magneto-electro-thermo-elastic plate-like
body under study to satisfy the usual symmetry, positivity and boundedness conditions,
for which we refer to [2]. We recall here the most important hypotheses:

(1) The following symmetric matrix (see [2], [7]) is positive definite

Mc :=

 X α p
α M m

pT mT cv

 .
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(2) Without loss of generality we assume that the mass density tensor (see [8], [9])

ρε =

 ρε1 0 0
0 ρε2 0
0 0 ρε3


is diagonal and positive definitea Hence, ρεi > 0 and ρεi ∈ L

∞(Ωε).

The first hypothesis is verified when the components of the coupling constitutive parame-
ters α, p and m are small, which is the case, for instance, for the usual BaTiO3-CoFe2O4

composite (see Table 1 in [2]).

1.2. Governing Equations

The magneto-electro-thermo-elastic plate is subjected to body forces fε = (fεi ): Ωε ×
(0, T ) → R3, an electric charge density ρεe: Ωε × (0, T ) → R and heat source rε: Ωε ×
(0, T )→ R. The state Uε solves the following system of field equations:

ρεüε − divεσε(Uε) = fε in Ωε × (0, T ),
divεDε(Uε) = ρεe in Ωε × (0, T ),
divεBε(Uε) = 0 in Ωε × (0, T ),

Ṡε(Uε) + 1
T0

divεqε(θε) = rε in Ωε × (0, T ),

(1.2)

with T0 > 0 a constant reference temperature. The boundary conditions are posed on
∂Ωε× (0, T ); we recall that ∂Ωε = Γε+ ∪Γε− ∪Γε1 ∪Γε0. For simplicity we consider homoge-
neous boundary conditions on Γε0×(0, T ), concerning displacements and temperature, and
non-homogeneous boundary conditions on Γ̂ε× (0, T ), concerning surface forces gε = (gεi )
and surface heat flow %ε. Hence, one has{

σε(Uε)nε = gε on Γ̂ε × (0, T ), uε = 0 on Γε0 × (0, T ),

qε(θε) · nε = %ε on Γ̂ε × (0, T ), θε = 0 on Γε0 × (0, T ).
(1.3)

As already shown in [14], we specify four possible sets of electromagnetic boundary con-
ditions, leading to four different magneto-electro-thermo-elastic plate models:

(BC)1 :

{
Dε(Uε) · nε = dε on Γ̂ε × (0, T ), ϕε = 0 on Γε0 × (0, T ),

Bε(Uε) · nε = 0 on Γε × (0, T ), ζε = ζ±,ε on Γε± × (0, T ),

(BC)2 :

{
Dε(Uε) · nε = 0 on Γε × (0, T ), ϕε = ϕ±,ε on Γε± × (0, T ),

Bε(Uε) · nε = bε on Γ̂ε × (0, T ), ζε = 0 on Γε0 × (0, T ),

(BC)3 :

{
Dε(Uε) · nε = 0 on Γε × (0, T ), ϕε = ϕ±,ε on Γε± × (0, T ),

Bε(Uε) · nε = 0 on Γε × (0, T ), ζε = ζ±,ε on Γε± × (0, T ),

(BC)4 :

{
Dε(Uε) · nε = dε on Γ̂ε × (0, T ), ϕε = 0 on Γε0 × (0, T ),

Bε(Uε) · nε = bε on Γ̂ε × (0, T ), ζε = 0 on Γε0 × (0, T ),

where nε = (nεi ) is the outer unit normal vector to ∂Ωε. Boundary conditions (BC)1

lead to a plate behaving simultaneously as a piezoelectric sensor and a piezomagnetic
actuator, namely the sensor-actuator model. Boundary conditions (BC)2 lead to a plate

aNote that the mass density tensor depends on ε.
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behaving simultaneously as a piezomagnetic sensor and a piezoelectric actuator, namely
the actuator-sensor model. Boundary conditions (BC)3 are associated with the actuator
model, according to which the plate behaves as a piezoeletric and piezomagnetic actuator.
Finally, boundary conditions (BC)4 are related to the sensor model, whereby the plate
behaves as a piezoelectric and piezomagnetic sensor.

The initial conditions are posed in Ωε. Let uε0,u
ε
1, θ

ε
0 be, respectively, the displacement,

the velocity and the temperature at time t = 0; we have
uε(xε, 0) = uε(0) = uε0 in Ωε,
u̇ε(xε, 0) = u̇ε(0) = uε1 in Ωε,
θε(xε, 0) = θε(0) = θε0 in Ωε.

As pointed out in [2], initial conditions ϕε0 := ϕε(0) and ζε0 := ζε(0) are formally given
by the solution of the following system of equations:{

divεDε(Uε)(0) = ∂εi
(
Pik`e

ε
k`(u

ε
0)−Xij∂εjϕ

ε
0 − αij∂εj ζ

ε
0 + piθ

ε
0

)
= ρεe,

divεBε(Uε)(0) = ∂εi
(
Rik`e

ε
k`(u

ε
0)− αij∂εjϕ

ε
0 −Mij∂

ε
j ζ
ε
0 +miθ

ε
0

)
= 0, (1.9)

equipped with suitable boundary conditions.

1.3. General Weak Formulation

In order to give a weak formulation of the problems introduced in the previous subsection,
we follow Lions [6]. Given a certain state Uε := (uε, ϕε, ζε, θε), for all test functionsb

Vε = (vε, ψε, ξε, ηε) and for any fixed t ∈ (0, T ) we introduce the following bilinear form:

Aε(Uε(t),Vε) := (ρεüε,vε) + c(ηε, u̇ε) + cv(θ̇ε, ηε)− d(ηε, ϕ̇ε)− e(ηε, ζ̇ε)+
+au(uε,vε) + b(ϕε,vε)− b(ψε,uε) + f(ζε,vε)− f(ξε,uε)+

−c(θε,vε) + aϕ(ϕε, ψε) + aζ(ζε, ξε) + g(ζε, ψε) + g(ϕε, ξε)+

−d(θε, ψε)− e(θε, ξε) + aθ(θ
ε, ηε),

where (·, ·) is the scalar product in L2(Ωε) and the bilinear forms au(·, ·), aϕ(·, ·), aζ(·, ·),
aθ(·, ·), b(·, ·), c(·, ·), d(·, ·), e(·, ·), f(·, ·), g(·, ·) are defined as follows:

au(uε,vε) :=

∫
Ωε
Cijk`e

ε
k`(u

ε)eεij(v
ε)dxε, aϕ(ϕε, ψε) :=

∫
Ωε
Xij∂

ε
jϕ

ε∂εi ψ
εdxε,

aζ(ζε, ξε) :=

∫
Ωε
Mij∂

ε
j ζ
ε∂εi ξ

εdxε, aθ(θ
ε, ηε) :=

1

T0

∫
Ωε
Kij∂

ε
j θ
ε∂εi η

εdxε,

b(ψε,uε) :=

∫
Ωε
Pkij∂

ε
kψ

εeεij(u
ε)dxε, c(ηε,uε) :=

∫
Ωε
ηεβije

ε
ij(u

ε)dxε,

d(ηε, ϕε) :=

∫
Ωε
ηεpk∂

ε
kϕ

εdxε, e(ηε, ζε) :=

∫
Ωε
ηεmk∂

ε
kζ
εdxε,

f(ξε,uε) :=

∫
Ωε
Rkij∂

ε
kξ
εeεij(u

ε)dxε, g(ζε, ψε) :=

∫
Ωε
αij∂

ε
j ζ
ε∂εi ψ

εdxε.

For a given state Uε := (uε, ϕε, ζε, θε), the energy functional of the system is:

Eε(t) :=
1

2

{
(ρεu̇ε, u̇ε) + au(uε,uε) + aϕ(ϕε, ϕε) + aζ(ζε, ζε) + (cεvθ

ε, θε)+

−2d(θε, ϕε)− 2e(θε, ζε) + 2g(ζε, ϕε)
}
.

(1.10)

bThe space of test functions shall be precised case by case, according to the specific problem under
study.
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In the sequel we shall distinguish among the four variational evolution problems arising
from the different possible boundary conditions presented in the previous subsection.

1) The sensor-actuator model. We let ζ̄ε := ζε− ζ̂ε, where ζ̂ε is a trace lifting in H1(Ωε) of
the magnetic boundary potentials ζ±,ε acting on Γε±. The weak formulation of (1.2)-(1.3)
with electromagnetic boundary conditions (BC)1 takes the following form

Find Uε = (uε, ϕε, ζ̄ε, θε) ∈ H1(Ωε,Γε0)×H1(Ωε,Γε0)×H1(Ωε,Γε±)×H1(Ωε,Γε0),

such that, for all Vε ∈ H1(Ωε,Γε0)×H1(Ωε,Γε0)×H1(Ωε,Γε±)×H1(Ωε,Γε0),
Aε(Uε(t),Vε) = Lε1(Vε), t ∈ (0, T )

(1.11)

with initial conditions (uε0,u
ε
1, θ

ε
0) and

Lε1(Vε) := (fε,vε) + (gε,vε)
L2(Γ̂ε)

+ (rε, ηε)− (%ε, ηε)
L2(Γ̂ε)

+ (ρεe, ψ
ε)+

−(dε, ψε)
L2(Γ̂ε)

− aζ(ζ̂ε, ξε)− f(ζ̂ε,vε) + e(ηε,
˙̂
ζε)− g(ζ̂ε, ψε),

For all weak solutions Uε = (uε, ϕε, ζ̄ε, θε) of (1.11), the energy (1.10) satisfies (see [2]):

Ėε(t) + aθ(θ
ε(t), θε(t)) = L1

E (t),

with L1
E (t) := (fε, u̇ε)+(gε, u̇ε)

L2(Γ̂ε)
+(ρ̇εe, ϕ

ε)−(ḋε, ϕε)
L2(Γ̂ε)

+(rε, θε)−(%ε, θε)
L2(Γ̂ε)

−

aζ(
˙̂
ζε, ζ̄ε)− f(ζ̂ε, u̇ε) + e(θε,

˙̂
ζε)− g(

˙̂
ζε, ϕε).

2) The actuator-sensor model. We let ϕ̄ε := ϕε− ϕ̂ε, where ϕ̂ε is a trace lifting in H1(Ωε)
of the electric boundary potentials ϕ±,ε acting on Γε±. The weak formulation of (1.2)-(1.3)
with electromagnetic boundary conditions (BC)2 takes the following form

Find Uε = (uε, ϕ̄ε, ζε, θε) ∈ H1(Ωε,Γε0)×H1(Ωε,Γε±)×H1(Ωε,Γε0)×H1(Ωε,Γε0),

such that, for all Vε ∈ H1(Ωε,Γε0)×H1(Ωε,Γε±)×H1(Ωε,Γε0)×H1(Ωε,Γε0),
Aε(Uε(t),Vε) = Lε2(Vε), t ∈ (0, T )

(1.12)

with initial conditions (uε0,u
ε
1, θ

ε
0) and

Lε2(Vε) := (fε,vε) + (gε,vε)
L2(Γ̂ε)

+ (rε, ηε)− (%ε, ηε)
L2(Γ̂ε)

+ (ρεe, ψ
ε)+

−(bε, ξε)
L2(Γ̂ε)

− aϕ(ϕ̂ε, ψε)− b(ϕ̂ε,vε) + d(ηε, ˙̂ϕε)− g(ξε, ϕ̂ε),

For all weak solutions Uε = (uε, ϕε, ζ̄ε, θε) of (1.12), the energy (1.10) satisfies :

Ėε(t) + aθ(θ
ε(t), θε(t)) = L2

E (t),

with L2
E (t) := (fε, u̇ε)+(gε, u̇ε)

L2(Γ̂ε)
+(ρ̇εe, ϕ

ε)−(ḃε, ζε)
L2(Γ̂ε)

+(rε, θε)−(%ε, θε)
L2(Γ̂ε)

−
aϕ( ˙̂ϕε, ϕ̄ε)− b(ϕ̂ε, u̇ε) + d(θε, ˙̂ϕε)− g(ζε, ˙̂ϕε).

3) The actuator model. The weak formulation of (1.2)-(1.3) with electromagnetic boundary
conditions (BC)3 takes the following form

Find Uε = (uε, ϕ̄ε, ζ̄ε, θε) ∈ H1(Ωε,Γε0)×H1(Ωε,Γε±)×H1(Ωε,Γε±)×H1(Ωε,Γε0),

such that, for all Vε ∈ H1(Ωε,Γε0)×H1(Ωε,Γε±)×H1(Ωε,Γε±)×H1(Ωε,Γε0),
Aε(Uε(t),Vε) = Lε3(Vε), t ∈ (0, T )

(1.13)
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with initial conditions (uε0,u
ε
1, θ

ε
0) and

Lε3(Vε) := (fε,vε) + (gε,vε)
L2(Γ̂ε)

+ (rε, ηε)− (%ε, ηε)
L2(Γ̂ε)

+ (ρεe, ψ
ε)+

−aζ(ζ̂ε, ψε)− f(ζ̂ε,vε) + e(ηε,
˙̂
ζε)− g(ζ̂ε, ψε)+

−aϕ(ϕ̂ε, ψε)− b(ϕ̂ε,vε) + d(ηε, ˙̂ϕε)− g(ξε, ϕ̂ε).

For all weak solutions Uε = (uε, ϕε, ζ̄ε, θε) of (1.13), the energy (1.10) satisfies :

Ėε(t) + aθ(θ
ε(t), θε(t)) = L3

E (t),

with L3
E (t) := (fε, u̇ε) + (gε, u̇ε)

L2(Γ̂ε)
+ (ρ̇εe, ϕ

ε) + (rε, θε)− (%ε, θε)
L2(Γ̂ε)

− aζ(
˙̂
ζε, ζ̄ε)−

f(ζ̂ε, u̇ε) + e(θε,
˙̂
ζε)− g(

˙̂
ζε, ϕε)− aϕ( ˙̂ϕε, ϕ̄ε)− b(ϕ̂ε, u̇ε) + d(θε, ˙̂ϕε)− g(ζε, ˙̂ϕ

ε
).

4) The sensor model. The weak formulation of (1.2)-(1.3) with electromagnetic boundary
conditions (BC)4 takes the following form

Find Uε = (uε, ϕε, ζε, θε) ∈ H1(Ωε,Γε0)×H1(Ωε,Γε0)×H1(Ωε,Γε0)×H1(Ωε,Γε0),

such that, for all Vε ∈ H1(Ωε,Γε0)×H1(Ωε,Γε0)×H1(Ωε,Γε0)×H1(Ωε,Γε0),
Aε(Uε(t),Vε) = Lε4(Vε), t ∈ (0, T )

(1.14)

with initial conditions (uε0,u
ε
1, θ

ε
0) and

Lε4(Vε) := (fε,vε) + (gε,vε)
L2(Γ̂ε)

+ (rε, ηε)− (%ε, ηε)
L2(Γ̂ε)

+ (ρεe, ψ
ε)+

−(bε, ξε)
L2(Γ̂ε)

− (dε, ψε)
L2(Γ̂ε)

For all weak solutions Uε = (uε, ϕε, ζ̄ε, θε) of (1.14), the energy (1.10) satisfies :

Ėε(t) + aθ(θ
ε(t), θε(t)) = L4

E (t),

with L4
E (t) := (fε, u̇ε)+(gε, u̇ε)

L2(Γ̂ε)
+(ρ̇εe, ϕ

ε)−(ḃε, ζε)
L2(Γ̂ε)

−(ḋε, ϕε)
L2(Γ̂ε)

+(rε, θε)−
(%ε, θε)

L2(Γ̂ε)
.

Finally (see 1.9), initial conditions ϕε0 and ζ̄ε0 are given by the solution of a suitable
variational problem, according to the case under study; for instance, in the sensor-actuator
case, we have

Find (ϕε0, ζ̄
ε
0) ∈ H1(Ωε,Γε0)×H1(Ωε,Γε±) such that,

for all (ψε, ξε) ∈ H1(Ωε,Γε0)×H1(Ωε,Γε±),
aϕ(ϕε0, ψ

ε) + aζ(ζ̄ε0 , ξ
ε) + g(ζ̄ε0 , ψ

ε) + g(ϕε0, ξ
ε) = (ρεe(0), ψε)+

−(dε(0), ψε)
L2(Γ̂ε)

− aζ(ζ̂ε0 , ψ
ε) + f(ξε,uε0)− e(θε0, ξε)− g(ζ̂ε0 , ψ

ε) + d(θε0, ψ
ε);

(1.15)

1.4. Existence, Uniqueness and Regularity

We state here a result of well-posedness for the problem in the sensor-actuator case, the
other cases being analogous. Let us explicitly remark that the assumptions on initial
conditions, source and boundary values are stronger than those used in [2].

Theorem 1.1. Suppose Ωε is a convex domain with Lipschitz-continuous boundary. Sup-
pose the initial data are such that:
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(i) uε0 ∈ H2(Ωε) ∩H1(Ωε,Γε0),uε1 ∈ H1(Ωε,Γε0), θε0 ∈ H2(Ωε) ∩H1(Ωε,Γε0),

(ii) uε0 and θε0 are such that problem (1.15) admits a solution
(ϕε0, ζ̄

ε
0) ∈ H2(Ωε) ∩H1(Ωε,Γε0)×H2(Ωε) ∩H1(Ωε,Γε±).

Secondly, assume the following regularity properties on the source and boundary values:

fε ∈ H1(0, T ; L2(Ωε)) ∩ C0([0, T ]; L2(Ωε)),

ρe ∈ H2(0, T ;L2(Ωε)) ∩ C1([0, T ];L2(Ωε)),

r ∈ H1(0, T ;L2(Ωε)) ∩ C0([0, T ];L2(Ωε)),

gε ∈ H2(0, T ; L2(Γ̂ε)) ∩ C1([0, T ]; L2(Γ̂ε)),

dε ∈ H2(0, T ;L2(Γ̂ε)) ∩ C1([0, T ];L2(Γ̂ε)),

bε ∈ H2(0, T ;L2(Γε)) ∩ C1([0, T ];L2(Γε)),

%ε ∈ H1(0, T ;L2(Γ̂ε)) ∩ C0([0, T ];L2(Γ̂ε)),

and on the constitutive parameters:

Cijk`, Pijk, Rijk, βij ,Kij ∈W 1,∞(Ωε)

Also, let the following compatibility conditions be satisfied:
gε(0) = σ(uε0, ϕ

ε
0, ζ

ε
0 , θ

ε
0)nε on Γ̂ε,

dε(0) = Dε(uε0, ϕ
ε
0, ζ

ε
0 , θ

ε
0) · nε on Γ̂ε,

bε(0) = Bε(uε0, ϕ
ε
0, ζ

ε
0 , θ

ε
0) · nε on Γε,

%ε(0) = qε(θε0) · nε on Γ̂ε.

Then, problem (1.11) admits a unique solution (uε, ϕε, ζ̄ε, θε) such that

uε ∈ C0([0, T ]; H1(Ωε,Γε0)) ∩ C1([0, T ]; L2(Ωε)),

u̇ε ∈ L2(0, T ; H1(Ωε,Γε0)),

üε ∈ L2(0, T ; L2(Ωε)),

ϕε ∈ H1(0, T ;H1(Ωε,Γε0)) ∩ C0([0, T ];H1(Ωε,Γε0)),

ζ̄ε ∈ H1(0, T ;H1(Ωε,Γε±)) ∩ C0([0, T ];H1(Ωε,Γε±)),

θε ∈ H1(0, T ;H1(Ωε,Γε0)) ∩ C0([0, T ];H1(Ωε,Γε0)).

Let us explicitly remark that the convexity hypothesis for the domain ensures condition
(ii) to be automatically satisfied (see, e.g., [4]).

2. Scaled Evolution Problems

In order to perform an asymptotic analysis, we need to transform problems (1.11), (1.12),
(1.13), (1.14), posed on a variable domain Ωε, onto problems posed on a fixed domain Ω
(independent of ε). We suppose the thickness of the plate hε to depend linearly on ε, so
that hε = εh. We apply the usual change of variables (see [3]) and drop the index ε from
all the subsets of the fixed domain and the fields therein defined. Let us suppose that the
data verify the following scaling assumptions:

fεα(xε, t) = fα(x, t), fε3 (xε, t) = εf3(x, t), x ∈ Ω,
gεα(xε, t) = gα(x, t), gε3(xε, t) = εg3(x, t), x ∈ Γ1,

gεα(xε, t) = εgα(x, t), gε3(xε, t) = ε2g3(x, t), x ∈ Γ±,
ρεe(x

ε, t) = ρe(x, t), rε(xε, t) = r(x, t), x ∈ Ω
dε(xε, t) = d(x, t), bε(xε, t) = b(x, t), %ε(xε, t) = %(x, t), x ∈ Γ1,
dε(xε, t) = εd(x, t), bε(xε, t) = εb(x, t), %ε(xε, t) = ε%(x, t), x ∈ Γ±.
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We assume the following scalings for the mass densities ρεi , as in [7] (see also [1]):

ρεα(xε) = ρ(x), ρε3(xε) = ε2ρ(x), x ∈ Ω.

Remark 2.1. The in-plane and transversal components of the mass density tensor are
scaled differently. These assumptions aim at obtaining a scaled evolution problem that
couples the three components of the displacement field. In particular [1], the ε2 dependence
of ρε3 allows, as an example, for an upward shift in the purely elastic transversal vibration
frequencies of the plate as the scaling parameter goes to zero. Thus, the limit model
is sensitive to inertia effects along the transversal direction, as it will be shown in the
presentation of the flexural problems.

We distinguish the four cases of study for what concerns the scalings of the unknowns
and test functions. In particular, since the mechanical and thermal loads and boundary
conditions remain unvaried in any case, the scalings of the unknown displacements uεi and
temperature θε and their associated test functions shall always be

uεα(xε, t) = uα(ε)(x, t) for all xε = πεx ∈ Ω
ε
, t ∈ (0, T ),

uε3(xε, t) = ε−1u3(ε)(x, t) for all xε = πεx ∈ Ω
ε
, t ∈ (0, T ),

θε(xε, t) = θ(ε)(x, t) for all xε = πεx ∈ Ω
ε
, t ∈ (0, T ),

hence the associated scaled strain tensor field κ(ε) = (κij(ε)), with κij(ε) ∈ L2(Ω) and
scaled temperature gradient γ(ε) = (γi(ε)), with γi(ε) ∈ L2(Ω) are always given by

καβ(ε) := eαβ(u(ε)), κα3(ε) := 1
ε eα3(u(ε)), κ33(ε) := 1

ε2
e33(u(ε)),

γα(ε) := ∂αθ(ε), γ3(ε) := 1
ε∂3θ(ε).

Due to the different electromagnetic source terms and boundary conditions (see, e.g.,
[14]), the scalings related to the electric and magnetic potentials ϕε and ζε shall vary
throughout the asymptotic procedure; of course, the same holds for the scalings of the
corresponding test functions. The scaled gradients of the electric and magnetic potentials
will be denoted, respectively, by τ (ε) = (τi(ε)), with τi(ε) ∈ L2(Ω), and χ(ε) = (χi(ε)),
with χi(ε) ∈ L2(Ω).

In general, with an arbitrary state V = (v, ψ, ξ, η), we associate, respectively, the ten-
sor field κ(ε; v) = (κij(ε; v)) and vector fields τ (ε;ψ) = (τi(ε;ψ)), χ(ε; ξ) = (χi(ε; ξ)) and
γ(ε; η) = (γi(ε; η)).

1) The sensor-actuator model. With the unknown state Uε ∈ H1(Ωε,Γε0)×H1(Ωε,Γε0)×
H1(Ωε,Γε±) ×H1(Ωε,Γε0), we associate the scaled state U(ε) := (u(ε), ϕ(ε), ζ̄(ε), θ(ε)) ∈
H1(Ω,Γ0)×H1(Ω,Γ0)×H1(Ω,Γ±)×H1(Ω,Γ0), where

ϕε(xε, t) = ϕ(ε)(x, t) for all xε = πεx ∈ Ω
ε
, t ∈ (0, T ),

ζ̄ε(xε, t) = εζ̄(ε)(x, t) for all xε = πεx ∈ Ω
ε
, t ∈ (0, T ).

(2.4)

Moreover, with these scalings we associate, respectively,

τα(ε) := ∂αϕ(ε), τ3(ε) := 1
ε∂3ϕ(ε),

χα(ε) := ε∂αζ(ε), χ3(ε) := ∂3ζ(ε),

We let χ̄(ε) := χ(ε; ζ̄(ε)) and χ̂ := ∇ζ̂.
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We can now reformulate the problem on the fixed domain Ω. For every ε > 0 the
scaled state U(ε) := (u(ε), ϕ(ε), ζ̄(ε), θ(ε)) is the unique solution to the scaled problem:

Find U(ε) ∈ H1(Ω,Γ0)×H1(Ω,Γ0)×H1(Ω,Γ±)×H1(Ω,Γ0),

such that, for all V ∈ H1(Ω,Γ0)×H1(Ω,Γ0)×H1(Ω,Γ±)×H1(Ω,Γ0),
A(ε)(U(ε)(t),V) = L1(ε)(V), t ∈ (0, T ),

(2.5)

with initial conditions (u0,u1, θ0), where

A(ε)(U(ε)(t),V) := (ρü(ε),v) + c(ε)(η, u̇(ε)) + cv(θ̇(ε), η)− d(ε)(η, ϕ̇(ε))+

−e(ε)(η, ζ̇(ε)) + au(ε)(u(ε),v) + b(ε)(ϕ(ε),v)− b(ε)(ψ,u(ε))+

+f(ε)(ζ(ε),v)− f(ε)(ξ,u(ε))− c(ε)(θ(ε),v) + aϕ(ε)(ϕ(ε), ψ)+

+aζ(ε)(ζ(ε), ξ) + g(ε)(ζ(ε), ψ) + g(ε)(ϕ(ε), ξ)− d(ε)(θ(ε), ψ)+

−e(ε)(θ(ε), ξ) + aθ(ε)(θ(ε), η),

L1(ε)(V) := (f ,v) + (g,v)
L2(Γ̂)

+ (r, η)− (%, η)
L2(Γ̂)

+ (ρe, ψ)− (d, ψ)
L2(Γ̂)

+

−aζ(ε)(ζ̂, ξ)− f(ε)(ζ̂,v) + e(ε)(η,
˙̂
ζ)− g(ε)(ζ̂, ψ).

The new bilinear forms are defined as follows:

au(ε)(u(ε),v) :=

∫
Ω
Cijk`κk`(ε)κij(ε; v)dx, aϕ(ε)(ϕ(ε), ψ) :=

∫
Ω
Xijτj(ε)τi(ε;ψ)dx,

aζ(ε)(ζ(ε), ξ) :=

∫
Ω
Mijχj(ε)χi(ε; ξ)dx, aθ(ε)(θ(ε), η) :=

1

T0

∫
Ω
Kijγj(ε)γi(ε; η)dx,

b(ε)(ψ,u(ε)) :=

∫
Ω
Pkijτk(ε;ψ)κij(ε)dx, c(ε)(η,u(ε)) :=

∫
Ω
ηβijκij(ε)dx,

d(ε)(η, ϕ(ε)) :=

∫
Ω
ηpkτk(ε)dx, e(ε)(η, ζ(ε)) :=

∫
Ω
ηmkχk(ε)dx,

f(ε)(ξ,u(ε)) :=

∫
Ω
Rkijχk(ε; ξ)κij(ε)dx, g(ε)(ζ(ε), ψ) :=

∫
Ω
αijχj(ε)τi(ε;ψ)dx.

The scaled energy E(ε)(t) associated with a weak solution U(ε) is:

E(ε)(t) :=
1

2

{
(ρu̇(ε), u̇(ε)) + au(ε)(u(ε),u(ε)) + aϕ(ε)(ϕ(ε), ϕ(ε)) + aζ(ε)(ζ(ε), ζ(ε))+

+(cvθ(ε), θ(ε))− 2d(ε)(θ(ε), ϕ(ε))− 2e(ε)(θ(ε), ζ(ε)) + 2g(ε)(ζ(ε), ϕ(ε))} .
(2.6)

Following [2], the scaled energy associated with a weak solution U(ε) of (2.5), satisfies:

Ė(ε)(t) + aθ(ε)(θ(ε), θ(ε)) = L1
E (ε)(t), (2.7)

with

L1
E (ε)(t) := (f , u̇(ε)) + (g, u̇(ε))

L2(Γ̂)
+ (ρ̇e, ϕ(ε))− (ḋ, ϕ(ε))

L2(Γ̂)
+

+(r, θ(ε))− (%, θ(ε))
L2(Γ̂)

− aζ(ε)(
˙̂
ζ, ζ̄(ε))− f(ε)(ζ̂, u̇(ε))+

+e(ε)(θ(ε),
˙̂
ζ)− g(ε)(

˙̂
ζ, ϕ(ε)).

(2.8)

2) The actuator-sensor model. We assume the following scalings for ϕε and ζε:

ϕ̄ε(xε, t) = εϕ̄(ε)(x, t) for all xε = πεx ∈ Ω
ε
, t ∈ (0, T ),

ζε(xε, t) = ζ(ε)(x, t) for all xε = πεx ∈ Ω
ε
, t ∈ (0, T ).

(2.9)
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Moreover, the components of the scaled vector fields τ (ε) = (τi(ε)) and χ(ε) = (χi(ε))
are now defined by

τα(ε) := ε∂αϕ(ε), τ3(ε) := ∂3ϕ(ε),

χα(ε) := ∂αζ(ε), χ3(ε) := 1
ε∂3ζ(ε).

We let τ̄ (ε) := τ (ε; ϕ̄(ε)) and τ̂ := ∇ϕ̂. The scaled state U(ε) := (u(ε), ϕ̄(ε), ζ(ε), θ(ε)) is
the unique solution to the scaled problem:

Find U(ε) ∈ H1(Ω,Γ0)×H1(Ω,Γ±)×H1(Ω,Γ0)×H1(Ω,Γ0), such that
for all V ∈ H1(Ω,Γ0)×H1(Ω,Γ±)×H1(Ω,Γ0)×H1(Ω,Γ0),
A(ε)(U(ε)(t),V) = L2(ε)(V), t ∈ (0, T ),

(2.11)

with initial conditions (u0,u1, θ0), where

L2(ε)(V) := (f ,v) + (g,v)
L2(Γ̂)

+ (r, η)− (%, η)
L2(Γ̂)

+ (ρe, ψ)− (b, ξ)
L2(Γ̂)

+

−aϕ(ε)(ϕ̂, ψ)− b(ε)(ϕ̂,v) + d(ε)(η, ˙̂ϕ)− g(ε)(ξ, ϕ̂).

3) The actuator model. We assume the following scalings for ϕε and ζε:

ϕ̄ε(xε, t) = εϕ̄(ε)(x, t) for all xε = πεx ∈ Ω
ε
, t ∈ (0, T ),

ζ̄ε(xε, t) = εζ̄(ε)(x, t) for all xε = πεx ∈ Ω
ε
, t ∈ (0, T ).

(2.12)

Moreover, the components of the scaled vector fields τ (ε) = (τi(ε)) and χ(ε) = (χi(ε))
are now defined by

τα(ε) := ε∂αϕ(ε), τ3(ε) := ∂3ϕ(ε),
χα(ε) := ε∂αζ(ε), χ3(ε) := ∂3ζ(ε).

The scaled state U(ε) := (u(ε), ϕ̄(ε), ζ̄(ε), θ(ε)) is the unique solution to the scaled prob-
lem:

Find U(ε) ∈ H1(Ω,Γ0)×H1(Ω,Γ±)×H1(Ω,Γ±)×H1(Ω,Γ0), such that
for all V ∈ H1(Ω,Γ0)×H1(Ω,Γ±)×H1(Ω,Γ±)×H1(Ω,Γ0),
A(ε)(U(ε)(t),V) = L3(ε)(V), t ∈ (0, T ),

(2.14)

with initial conditions (u0,u1, θ0), where

L3(ε)(V) := (f ,v) + (g,v)
L2(Γ̂)

+ (r, η)− (%, η)
L2(Γ̂)

+ (ρe, ψ)+

−aζ(ε)(ζ̂, ψ)− f(ε)(ζ̂,v) + e(ε)(η,
˙̂
ζ)− g(ε)(ζ̂, ψ)+

−aϕ(ε)(ϕ̂, ψ)− b(ε)(ϕ̂,v) + d(ε)(η, ˙̂ϕ)− g(ε)(ξ, ϕ̂).

4) The sensor model. We assume the following scalings for ϕε and ζε:

ϕε(xε, t) = ϕ(ε)(x, t) for all xε = πεx ∈ Ω
ε
, t ∈ (0, T ),

ζε(xε, t) = ζ(ε)(x, t) for all xε = πεx ∈ Ω
ε
, t ∈ (0, T ).

(2.15)

Moreover, the components of the scaled vector fields τ (ε) = (τi(ε)) and χ(ε) = (χi(ε))
are now defined by

τα(ε) := ∂αϕ(ε), τ3(ε) := 1
ε∂3ϕ(ε),

χα(ε) := ∂αζ(ε), χ3(ε) := 1
ε∂3ζ(ε).
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The scaled state U(ε) := (u(ε), ϕ(ε), ζ(ε), θ(ε)) is the unique solution to the scaled prob-
lem:

Find U(ε) ∈ H1(Ω,Γ0)×H1(Ω,Γ0)×H1(Ω,Γ0)×H1(Ω,Γ0), such that
for all V = (v, ψ, ξ, η) ∈ H1(Ω,Γ0)×H1(Ω,Γ0)×H1(Ω,Γ0)×H1(Ω,Γ0),
A(ε)(U(ε)(t),V) = L4(ε)(V), t ∈ (0, T ),

(2.17)

with initial conditions (u0,u1, θ0), where

L4(ε)(V) := (f ,v) + (g,v)
L2(Γ̂)

+ (r, η)− (%, η)
L2(Γ̂)

+ (ρe, ψ)− (b, ξ)
L2(Γ̂)

− (d, ψ)
L2(Γ̂)

.

3. Convergence Results

Preliminarily, we introduce the functional spaces

X(Ω) := {ξ ∈ L2(Ω), ∂3ξ ∈ L2(Ω)} ≡ H1(−h, h;L2(ω)),

X0(Ω) := {ξ ∈ L2(Ω), ∂3ξ ∈ L2(Ω), ξ = 0 on Γ±},

usual in the asymptotic analysis of actuator piezoelectric plates (see, e.g., [11]). Also, let

VKL(Ω) := {v ∈ H1(Ω,Γ0); ei3(v) = 0}

denote the space of Kirchhoff-Love displacements, and

VH(ω, γ0) := {vH = (vα) ∈ H1(ω); vH = 0 on γ0},
V3(ω, γ0) := {v3 ∈ H2(ω); v3 = 0 and ∂νv3 = 0 on γ0},

where ν = (να) is the outer unit normal vector to γ. We recall that τ = (−ν2, ν1)
represents the unit tangent vector to γ.

As we shall prove in the sequel, the limit displacement field is always a Kirchhoff-Love
field; thus, for consistency reasons, we consider initial conditions such that (see [7])

u(ε)(0) = u0 ∈ H2(Ω) ∩VKL(Ω),
∂tu(ε)(0) = u1 ∈ VKL(Ω),

θ(ε)(0) = θ0 ∈ H2(Ω) ∩H1(Ω,Γ0).

(3.2)

3.1. The Sensor-Actuator model

Theorem 3.1. Under assumption (3.2), the sequence {U(ε)}ε>0 weakly converges to the
limit Ũ := (ũ, ϕ̃, ζ̃, θ̃) in the space L2(0, T ; H1(Ω)) × L2(0, T ;H1(Ω)) × L2(0, T ;X(Ω)) ×
L2(0, T ;H1(Ω)).

Proof. For the sake of clarity, the proof is divided into four parts. The first three parts
are devoted to showing that the sequence associated with the scaled energy {E(ε)(t)}ε>0

is uniformly bounded; the proof of the weak convergence result is then accomplished in
the fourth part.

(i) Bounds on L1
E (ε). First we rewrite (g, u̇(ε))

L2(Γ̂)
= ∂t(g,u(ε))

L2(Γ̂)
− (ġ,u(ε))

L2(Γ̂)

and f(ε)(ζ̂, u̇(ε)) = ∂t[f(ε)(ζ̂,u(ε))]−f(ε)(
˙̂
ζ,u(ε)). By using, in expression (2.8), Cauchy-

Schwarz, Poincaré’s, Korn’s and Young’s inequalities, along with the continuity of the trace
operator, we obtain the existence of positive constants C1 and δ0 such that

L1
E (ε)(U(ε)) ≤ C0(t) +

C1

2

{
|u̇(ε)|20,Ω + |κ(ε)|20,Ω + |τ (ε)|20,Ω + |θ(ε)|20,Ω + |χ̄(ε)|20,Ω+

+δ0|γ(ε)|2
}

+ ∂t(g,u(ε))
L2(Γ̂)

− ∂t[f(ε)(ζ̂,u(ε))],
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where 2C0(t) := |f |20,Ω + |ġ|2
0,Γ̂

+ |ρ̇e|20,Ω + |ḋ|2
0,Γ̂

+ |r|20,Ω + 1
δ0
|%|2

0,Γ̂
+ | ˙̂χ|20,Ω depends on

the domain and the data (not on ε). Denoting by K > 0 the coercivity constant of aθ(·, ·),
with a view toward applying (2.7), we choose δ0 such that K̃ := K − C1δ0

2 > 0. By the
definition of the scaled energy and the positive definiteness hypothesis of Mc (subsection
1.1), there exists a positive constant C2 such that

|u̇(ε)|20,Ω + |κ(ε)|20,Ω + |τ (ε)|20,Ω + |θ(ε)|20,Ω + |χ̄(ε)|20,Ω ≤ C2E(ε),

hence there exists C3 > 0 such that

L1
E (ε) ≤ C0(t) + C3E(ε) + ∂t(g,u(ε))

L2(Γ̂)
− ∂t[f(ε)(ζ̂,u(ε))].

(ii) The sequence {E(ε)(0)}ε>0 is uniformly bounded. We have:

2E(ε)(0) = (ρu1,u1) + au(ε)(u0,u0) + aϕ(ε)(ϕ0(ε), ϕ0(ε)) + aζ(ε)(ζ̄0(ε), ζ̄0(ε))+

+(cvθ0, θ0)− 2d(ε)(θ0, ϕ0(ε))− 2e(ε)(θ0, ζ̄0(ε)) + 2g(ε)(ζ̄0(ε), ϕ0(ε)),

where (ϕ0(ε), ζ̄0(ε)) is the solution to the following variational problem

Find ((ϕ0(ε), ζ̄0(ε)) ∈ H1(Ω,Γ0)×H1(Ω,Γ±)

such that for all (ψ, ξ) ∈ H1(Ω,Γ0)×H1(Ω,Γ±),
aϕ(ε)(ϕ0(ε), ψ) + aζ(ε)(ζ̄0(ε), ξ) + g(ε)(ζ̄0(ε), ψ) + g(ε)(ϕ0(ε), ξ) =

= (ρe(0), ψ)− (d(0), ψ)
L2(Γ̂)

− aζ(ε)(ζ̂0, ξ) + f(ε)(ξ,u0)− e(ε)(θ0, ξ)+
−g(ε)(ζ̂0, ψ) + d(ε)(θ0, ψ) + b(ε)(ψ,u0).

(3.3)

By virtue of the definite positiveness hypothesis of Mc (with constant c1), Cauchy-
Schwarz, Poincaré’s and Korn’s inequalities (with constant c2) and Young’s inequality
(with constant δ1), one has that

c1

{
|τ 0(ε)|20,Ω + |χ̄0(ε)|20,Ω

}
≤

≤ aϕ(ε)(ϕ0(ε), ϕ0(ε)) + aζ(ε)(ζ̄0(ε), ζ̄0(ε)) + 2g(ε)(ζ̄0(ε), ϕ0(ε)) ≤

≤ c2
{
|τ 0(ε)|0,Ω(|ρe(0)|0,Ω + |d(0)|

0,Γ̂
+ |∇u0|0,Ω + |θ0|0,Ω + |∇ζ̂0|0,Ω)+

+ |χ̄0(ε)|0,Ω(|∇u0|0,Ω + |θ0|0,Ω + |∇ζ̂0|0,Ω)
}
≤

≤ c3δ1
2

{
|τ 0(ε)|20,Ω + |χ̄0(ε)|20,Ω

}
+

+
c3
2δ1

{
|ρe(0)|20,Ω + |d(0)|2

0,Γ̂
+ |∇u0|20,Ω + |θ0|20,Ω + |∇ζ̂0|20,Ω

}
.

Finally, on choosing δ1 such that c1 − c3δ1
2 > 0, we get the uniform boundedness of

|τ 0(ε)|0,Ω and |χ̄0(ε)|0,Ω. Now, we remark that ei3(u0) = 0 by hypothesis (3.2), which
implies

au(ε)(u0,u0) =

∫
Ω
Cijk`κk`(ε)(u0)κij(ε)(u0)dx =

∫
Ω
Cαβγδκγδ(ε)(u0)καβ(ε)(u0)dx,

so that, by the properties of C, we have

au(ε)(u0,u0) ≤ c |∇u0|20,Ω
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for some constant c > 0. Consequently, by virtue of the above bounds, there exists a con-
stant c4 > 0 such that E(ε)(0) ≤ c4, i.e., the sequence {E(ε)(0)}ε>0 is uniformly bounded.

(iii) The sequence {E(ε)(t)}ε>0 is uniformly bounded. Upon integrating the energy evolu-
tion equation (2.7) in (0, t), using the results of steps (i) and (ii), the continuity of the
trace operator and Korn’s inequality, we infer that

E(ε)(t) + K̃

∫ t

0
|γ(ε)(s)|20,Ω ds ≤ E(ε)(0) +

∫ t

0
L1
E (ε)(s)ds ≤

≤ c4 +

∫ t

0

(
C0(s) + C3E(ε)(s) + ∂s(g(s),u(ε)(s))

L2(Γ̂)
− ∂s[f(ε)(ζ̂(s),u(ε)(s))]

)
ds ≤

≤ C4(t) +
1

2

(
c5
δ2
|χ̂(t)|20,Ω +

c6
δ3
|g(t)|2

0,Γ̂

)
+

1

2
(c5δ2 + c6δ3)|κ(ε)(t)|20,Ω + C3

∫ t

0
E(ε)(s)ds.

Since |κ(ε)(t)|20,Ω is bounded (up to a constant) by E(ε)(t), it is sufficient to select suitable
values of δ2 and δ3 to get the following estimate:

E(ε)(t) + K̃

∫ t

0
|γ(ε)(s)|20,Ω ds ≤ C5(t) + C3

∫ t

0
E(ε)(s)ds ≤ C6 + C3

∫ t

0
E(ε)(s)ds,

with C6 := supt∈(0,T ) C5(t). Thanks to Gronwall’s inequality, there exist two positive
constants m and k such that

E(ε)(t) ≤ mekt and K̃

∫ t

0
|γ(ε)(s)|20,Ω ds ≤ me

kt for all t ∈ (0, T ).

(iv) Weak convergences. We are now in a position to establish the weak convergence
result. From the bound on the energy we infer that the sequences {κ(ε)}ε>0, {χ̄(ε)}ε>0,
{τ (ε)}ε>0 and {γ(ε)}ε>0 are uniformly bounded in L2(0, T ; L2(Ω)), therefore we have
the following weak convergences (up to a subsequence):

κij(ε) ⇀ κ̃ij in L2(0, T ;L2(Ω)),

χ̄i(ε) ⇀ ˜̄χi in L2(0, T ;L2(Ω)),

τi(ε) ⇀ τ̃i in L2(0, T ;L2(Ω)),

γi(ε) ⇀ γ̃i in L2(0, T ;L2(Ω)).

Moreover, by means of Korn’s and Poincaré’s inequalities and from the definition of κij(ε),
τi(ε) and γi(ε), we infer that ‖u(ε)‖1,Ω, ‖ϕ(ε)‖1,Ω and ‖θ(ε)‖1,Ω are also bounded, so that

u(ε) ⇀ ũ in L2(0, T ; H1(Ω)),

u̇(ε) ⇀ ˙̃u in L2(0, T ; L2(Ω)),

ϕ(ε) ⇀ ϕ̃ in L2(0, T ;H1(Ω)),

θ(ε) ⇀ θ̃ in L2(0, T ;H1(Ω)).

Upon writing

ζ̄(ε)(x̃, x3) =

∫ x3

−h
∂3ζ̄(ε)(x̃, y3)dy3,

it follows that |ζ̄(ε)|0,Ω ≤ 2h|∂3ζ̄(ε)|0,Ω ≤ cemT , by virtue of the boundedness of χ̄i(ε).
This implies that both ζ̄(ε) and ζ(ε) are bounded in L2(Ω) and thus,

ζ̄(ε) ⇀ ˜̄ζ in L2(0, T ;X0(Ω)), ζ(ε) ⇀ ζ̃ in L2(0, T ;X(Ω)).

This completes the proof.
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Theorem 3.2. The weak limit Ũ(t) = (ũ(t), ϕ̃(t), ζ̃(t), θ̃(t)) is the solution to the limit
variational problem:

Find Ũ(t) ∈ VKL(Ω)×H1(Ω,Γ0)× X(Ω)×H1(Ω,Γ0), t ∈ (0, T ) such that
Ã1(Ũ(t),V) = L̃1(V), for all V ∈ VKL(Ω)×H1(Ω,Γ0)× X0(Ω)×H1(Ω,Γ0),

ζ̃ = ζ± on Γ±,

(3.4)

where

Ã1(Ũ(t),V) :=

∫
Ω

{(
C̃1
αβστ eστ (ũ(t)) + P̃ 1

σαβ∂σϕ̃(t) + R̃1
3αβ∂3ζ̃(t)− β̃1

αβ θ̃(t)
)
eαβ(v)+

+
(
−P̃ 1

αστ eστ (ũ(t)) + X̃1
αβ∂βϕ̃(t) + α̃1

α3∂3ζ̃(t)− p̃1
αθ̃(t)

)
∂αψ+

+
(
−R̃1

3αβeαβ(ũ(t)) + α̃1
α3∂αϕ̃(t) + M̃1

33∂3ζ̃(t)− m̃1
3θ̃(t)

)
∂3ξ+

+
(
β̃1
αβeαβ( ˙̃u(t))− m̃1

3∂3
˙̃
ζ(t)− p̃1

α∂α ˙̃ϕ(t) + c̃1v
˙̃
θ(t)

)
η+

+K̃1
αβ∂β θ̃(t)∂αη + ρ¨̃ui(t)vi

}
dx,

L̃1(V) := (f ,v) + (g,v)
L2(Γ̂)

+ (r, η)− (%, η)
L2(Γ̂)

+ (ρe, ψ)− (d, ψ)
L2(Γ̂)

.

The reduced magneto-electro-thermo-elastic coefficients C̃1
αβστ , X̃

1
αβ , K̃

1
αβ , P̃

1
σαβ , β̃

1
αβ ,

p̃1
α m̃1

3, R̃
1
3αβ and α̃1

α3 are listed in Appendix 1.

Proof. For the sake of clarity the proof is split into three parts.
(i) By the definition of κij(ε), χ̄i(ε), τi(ε) and γi(ε), and thanks to the results of Theorem
3.1, there exists two constants CM and CK such that

|eαβ(u(ε))|0,Ω ≤ CMeCKT , |eα3(u(ε))|0,Ω ≤ εCMeCKT , |e33(u(ε))|0,Ω ≤ ε2CMeCKT ,

|∂αζ(ε)|0,Ω ≤ 1
εCMeCKT , |∂3ζ(ε)|0,Ω ≤ CMeCKT ,

|∂αϕ(ε)|0,Ω ≤ CMeCKT , |∂3ϕ(ε)|0,Ω ≤ εCMeCKT ,

|∂αθ(ε)|0,Ω ≤ CMeCKT , |∂3θ(ε)|0,Ω ≤ εCMeCKT .

(3.5)

From the first set of inequalities (3.5)1, we get that ei3(u(ε)(t))→ 0 in L2(Ω) for almost
every t ∈ (0, T ). Also, as u(ε)(t) ⇀ ũ(t) in H1(Ω), we have that ei3(u(ε)(t)) ⇀ ei3(ũ(t))
and so ei3(ũ(t)) = 0 by uniqueness of the limit. This implies that ∂3ũ3 = 0, i.e., ũ3(x̃, x3) =
ũ3(x̃) is independent of x3. We also have that ∂3ũα = −∂αũ3, i.e., ũα(x̃, x3) = ũα(x̃) −
x3∂αũ3(x̃). Consequently, ũ(t) ∈ VKL(Ω). Moreover, we obtain that eαβ(u(ε)(t)) ⇀

καβ(t) = eαβ(ũ(t)) in L2(Ω), 1
ε eα3(u(ε)(t)) ⇀ κα3(t) in L2(Ω), 1

ε e33(u(ε)(t)) → 0 in
L2(Ω) and, also, 1

ε2
e33(u(ε)(t)) ⇀ κ33(t) in L2(Ω).

From the second set of inequalities (3.5)2, we have that ε∂αζ(ε)(t)→ 0 in L2(Ω) and
∂3ζ(ε)(t) ⇀ ∂3ζ̃(t) in L2(Ω).

From the last sets of inequalities (3.5)3,4, since ϕ(ε)(t) ⇀ ϕ̃(t) in H1(Ω), we infer
that ∂αϕ(ε)(t) ⇀ τ̃α(t) = ∂αϕ̃(t) in L2(Ω) and, also, ∂3ϕ(ε)(t) → 0 in L2(Ω), i.e.,
ϕ̃(t) = ϕ̃(x̃)(t) is independent of x3. Besides, 1

ε∂3ϕ(ε)(t) ⇀ τ3(t) in L2(Ω). Similarly,
since θ(ε)(t) ⇀ θ̃(t) in H1(Ω), we obtain that ∂αθ(ε)(t) ⇀ γ̃α(t) = ∂αθ̃(t) in L2(Ω),
∂3θ(ε)(t)→ 0 in L2(Ω), i.e., θ̃(t) = θ̃(x̃)(t) and, finally, 1

ε∂3θ(ε)(t) ⇀ γ3(t) in L2(Ω).
(ii) Computations of κi3, τ3 and γ3. Let us multiply problem (2.5) by ε2 and let ε tend
to zero. We get the following equation:

C3333κ33 + 2Cα333κα3 + P333τ3 + Cαβ33eαβ(ũ) + Pα33∂αϕ̃+R333∂3ζ̃ − β33θ̃ = 0.
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By multiplying problem (2.5) by ε, choosing test functions v3 = ψ = η = ξ = 0 and letting
ε tend to zero, we have that

Cα333κ33 + 2Cα3β3κβ3 + P3α3τ3 + Cσβα3eσβ(ũ) + Pσα3∂σϕ̃+R3α3∂3ζ̃ − βα3θ̃ = 0.

Similarly, by multiplying problem (2.5) by ε and choosing test functions vi = η = ξ = 0,
when ε tends to zero, we find

−P333κ33 − 2P3α3κα3 +X33τ3 − P3αβeαβ(ũ) +Xα3∂αϕ̃+ α33∂3ζ̃ − p3θ̃ = 0.

Finally, if we multiply by ε and choose test functions vi = ψ = ξ = 0, we obtain the last
equation

K33γ3 +Kα3∂αθ̃ = 0.

By combining the whole set of equations above we are now in a position to characterize
κi3, τ3 and γ3. Let l1 = (l1i ) be the vector whose components are defined by l1α := 2κα3

and l13 := κ33, and (dij) := (Ci3j3)−1, then

l1i = −dij
{(
Cαβj3 + k′P3j3P

′
3αβ

)
eαβ(ũ) +

(
Pαj3 − k′P3j3X

′
α3

)
∂αϕ̃+

+
(
R3j3 − k′P3j3α

′
33

)
∂3ζ̃ −

(
βj3 − k′P3j3p

′
3

)
θ̃
}
,

τ3 = k′
(
P ′3αβeαβ(ũ)−X ′α3∂αϕ̃− α′33∂3ζ̃ + p′3θ̃

)
,

γ3 = −K′α3∂αθ̃.

(3.6)

Coefficients k′, P ′3αβ , X
′
α3, α

′
33, p

′
3 and K′α3 are defined in Appendix 1.

(iii) Definition of the limit problem. We let test functions be V = (v, ψ, ξ, η) ∈ VKL(Ω)×
H1(Ω,Γ0)×X0(Ω)×H1(Ω,Γ0) in problem (2.5) and let ε→ 0, by substituting expressions
(3.6), we obtain, as customary, the limit evolution problem

Find Ũ(t) ∈ VKL(Ω)×H1(Ω,Γ0)× X(Ω)×H1(Ω,Γ0), t ∈ (0, T ) such that∫
Ω

{(
C̃1
αβστ eστ (ũ(t)) + P̃ 1

σαβ∂σϕ̃(t) + R̃1
3αβ∂3ζ̃(t)− β̃1

αβ θ̃(t)
)
eαβ(v)+

+
(
−P̃ 1

αστ eστ (ũ(t)) + X̃1
αβ∂βϕ̃(t) + α̃1

α3∂3ζ̃(t)− p̃1
αθ̃(t)

)
∂αψ+

+
(
−R̃1

3αβeαβ(ũ(t)) + α̃1
α3∂αϕ̃(t) + M̃1

33∂3ζ̃(t)− m̃1
3θ̃(t)

)
∂3ξ+

+
(
β̃1
αβeαβ( ˙̃u(t))− m̃1

3∂3
˙̃
ζ(t)− p̃1

α∂α ˙̃ϕ(t) + c̃1v
˙̃
θ(t)

)
η+

+K̃1
αβ∂β θ̃(t)∂αη + ρ¨̃ui(t)vi

}
dx = L̃1(V),

ζ̃ = ζ± on Γ±, for all V ∈ VKL(Ω)×H1(Ω,Γ0)× X0(Ω)×H1(Ω,Γ0)

(3.7)

Problem (3.7) is formally equivalent to (3.4), presented in the statement of Theorem 3.2.

3.1.1. The limit evolution problem

In this subsection we present the variational and differential formulations of the evo-
lution problem for a sensor-actuator magneto-electro-thermo-elastic plate. The pri-
mary unknowns of the limit problem are collected into the limit state Ũ(t) =
(ũ(t), ϕ̃(t), ζ̃(t), θ̃(t)) ∈ VKL(Ω)×H1(Ω,Γ0)×X(Ω)×H1(Ω,Γ0), whose components take
the following form:

ũα(x̃, x3) = uα(x̃)− x3∂αu3(x̃), uH := (uα),
ũ3(x̃, x3) = u3(x̃),
ϕ̃(x̃, x3) = φ(x̃),

θ̃(x̃, x3) = ϑ(x̃).

(3.8)
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In the case of a homogeneous material, the reduced magneto-electro-thermo-elastic co-
efficients C̃1

αβστ , X̃
1
αβ , K̃

1
αβ , P̃

1
σαβ , β̃

1
αβ , p̃

1
α m̃

1
3, R̃

1
3αβ and α̃1

α3 are constant functions and,
thus, the limit evolution problem decouples into two variational subproblems, namely, the
flexural problem, which gives u3, and the thermo-piezoelectric membrane problem, which
gives the triplet (uH , φ, ϑ). Moreover, we can characterize explicitly the limit magnetic
potential ζ̃ as a second order polynomial function of x3.

Indeed, by choosing test functions V = (0, 0, ξ, 0) in (3.7), after an integration by parts
along x3, we get the expression of the limit magnetic potential ζ̃:

ζ̃(x̃, x3) =

2∑
k=0

zk(x̃)xk3 , (3.9)

where

z0 = 〈ζ〉+
h2R̃1

3αβ

2M̃1
33

∂αβu3, z1 =
[[ζ]]

2h
, z2 = −

R̃1
3αβ

2M̃1
33

∂αβu3.

with 〈ζ〉 := ζ++ζ−

2 and [[ζ]] := ζ+ − ζ− representing, respectively, the mean value and
the jump function between the top and bottom boundary values of ζ. As the careful
reader can notice, the limit magnetic potential becomes a known function depending on
the transversal displacement u3 of the plate and on the values of the magnetic potentials
ζ±, applied on the upper and lower surfaces Γ±.

By virtue of the characterization (3.9) of the limit magnetic potential ζ̃, we can now
rewrite the limit evolution problem. After an integration by parts along x3, we obtain a
two-dimensional problem defined over the middle surface ω of the plate:

Find Ũ = (uH(t), u3(t), φ(t), ϑ(t)) ∈ VH(ω, γ0)× V3(ω, γ0)×H1(ω, γ0)×H1(ω, γ0),

2h

∫
ω

{
N 1
αβ(uH(t), φ(t), ϑ(t))eαβ(vH) + ρüα(t)vα

}
dx̃+

+2h

∫
ω

{
−D̃1

α(uH(t), φ(t), ϑ(t))∂αψ +
˙̃S1(uH(t), φ(t), ϑ(t))η − q̃1

α(ϑ(t))∂αη
}
dx̃+

+
2h3

3

∫
ω

{
M1

αβ(u3(t))∂αβv3 + ρ∂αẅ(t)∂αv3 +
3

h2
ρẅ(t)v3

}
dx̃ = L1(Ṽ),

for all Ṽ = (vH , v3, ψ, η) ∈ VH(ω, γ0)× V3(ω, γ0)×H1(ω, γ0)×H1(ω, γ0),

with

L1(Ṽ) :=

∫
ω

{
f̃ivi −mα∂αv3 + ρ̃eψ + r̃η

}
dx̃+

∫
γ1

{
g̃ivi − nα∂αv3 − d̃ψ − %̃η

}
dγ−

−
∫
ω

{
R̃1

3αβ [[ζ]]eαβ(vH) + α̃1
α3[[ζ]]∂αψ − m̃1

3[[ζ̇]]η
}
dx̃.

The initial conditions are given by
ũ(0) = ũ0 = (uα,0 − x3∂αu3,0, u3,0),
˙̃u(0) = ũ1 = (uα,1 − x3∂αu3,1, u3,1),

θ̃(0) = θ̃0 = ϑ0.

(N 1
αβ), (M1

αβ), (D̃1
α), S̃1 and (q̃1

α) represent, respectively, the membrane stress tensor,
the moment tensor, the reduced electric displacement vector, the reduced thermodynamic
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entropy and the reduced heat flow vector of the plate, whose components are defined by
the constitutive laws below:

N 1
αβ := C̃1

αβστ eστ (uH) + P̃ 1
σαβ∂σφ− β̃

1
αβϑ,

D̃1
α := P̃ 1

αστ eστ (uH)− X̃1
αβ∂βφ+ p̃1

αϑ,

S̃1 := β̃1
αβeαβ(uH)− p̃1

α∂αφ+ c̃1vϑ,

M1
αβ := Ã1

αβστ∂στu3,

q̃1
α := −K̃1

αβ∂βϑ,

where Ã1
αβστ := C̃1

αβστ +
R̃1

3αβR̃
1
3στ

M̃1
33

.

Moreover, the two-dimensional applied thermo-electro-mechanical loads are

f̃i(t) :=

∫ h

−h
fi(t)dx3 + g+

i (t) + g−i (t),

mα(t) :=

∫ h

−h
x3fα(t)dx3 + h(g+

α (t)− g−α (t)),

g̃i(t) :=

∫ h

−h
gi(t)dx3, nα(t) :=

∫ h

−h
x3gα(t)dx3,

ρ̃e(t) :=

∫ h

−h
ρe(t)dx3 − d+(t)− d−(t), d̃(t) :=

∫ h

−h
d(t)dx3,

r̃(t) :=

∫ h

−h
r(t)dx3 − %+(t)− %−(t), %̃(t) :=

∫ h

−h
%(t)dx3,

where v± := v|Γ± = v(x̃,±h) denotes the restriction of v to Γ±.
This problem can be split into two two-dimensional decoupled problems: the flexural

problem and the thermo-piezoelectric membrane problem. The flexural problem is:

Find u3(t) ∈ V3(ω, γ0), t ∈ (0, T ) such that

2h3

3

∫
ω

{
M1

αβ(u3(t))∂αβv3 + ρ∂αü3(t)∂αv3 +
3

h2
ρü3(t)v3

}
dx̃ =

=

∫
ω

{
f̃3v3 −mα∂αv3

}
dx̃+

∫
γ1

{g̃3v3 − nα∂αv3} dγ,

for all v3 ∈ V3(ω, γ0).

The two-dimensional thermo-piezoelectric membrane problem takes the following form

Find (uH(t), φ(t), ϑ(t)),∈ VH(ω, γ0)×H1(ω, γ0)×H1(ω, γ0), t ∈ (0, T ) such that

2h

∫
ω

{
N 1
αβ(uH(t), φ(t), ϑ(t))eαβ(vH) + ρüα(t)vα

}
dx̃+

+2h

∫
ω

{
−D̃1

α(uH(t), φ(t), ϑ(t))∂αψ +
˙̃S1(uH(t), φ(t), ϑ(t))η − q̃1

α(ϑ(t))∂αη
}
dx̃ =

=

∫
ω

{
f̃αvα + ρ̃eψ − R̃3αβ [[ζ]]eαβ(vH)− α̃α3[[ζ]]∂αψ + (r̃ + m̃3[[ζ̇]])η

}
dx̃+

+

∫
γ1

{
g̃αvα − d̃ψ − %̃η

}
dγ,

for all (vH , ψ, η) ∈ VH(ω, γ0)×H1(ω, γ0)×H1(ω, γ0).

We are now in a position to write the decoupled flexural and thermo-piezoelectric mem-
brane problems into their differential form by using Green’s formulae on ω.
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The transversal displacement u3 solves the following flexural differential problem:

Field equation:
2h3

3 ∂αβM1
αβ −

2h3

3 ρ∂ααü3 + 2hρü3 = F3 in ω × (0, T ),

Initial conditions:
u3(0) = u3,0, u̇3(0) = u3,1 in ω × (0, T ),

Boundary conditions:
2h3

3 {ρ∂αü3να − ∂αM1
αβνβ − ∂τ (M1

αβνατβ)} = G3 on γ1 × (0, T ),

M1
αβνανβ = 0 on γ1 × (0, T ),

u3 = ∂νu3 = 0 on γ0 × (0, T ),

(FDP )1

where F3 := f̃3 + ∂αmα and G3 := g̃3 −mανα + ∂αnα.
The thermo-electro-mechanical state (uH(t), φ(t), ϑ(t)) solves the following thermo-

piezoelectric membrane differential problem:

Field equations:

2h(ρüα − ∂βN 1
αβ) = f̃α + R̃1

3αβ [[∂βζ]] in ω × (0, T ),

2h∂αD̃
1
α = ρ̃e + α̃1

α3[[∂αζ]] in ω × (0, T ),

2h(
˙̃S1 + ∂αq̃

1
α) = r̃ + m̃1

3[[ζ̇]] in ω × (0, T ),

Initial conditions:
uα(0) = uα,0, u̇α(0) = uα,1, ϑ(0) = ϑ0 in ω × (0, T ),

Boundary conditions:

2hN 1
αβνβ = g̃α − R̃1

3αβνβ [[ζ]] on γ1 × (0, T ),

2hD̃1
ανα = d̃+ α̃1

α3να[[ζ]] on γ1 × (0, T ),

2hq̃1
ανα = %̃ on γ1 × (0, T ),

uα = φ = ϑ = 0 on γ0 × (0, T ).

It is important to remark that the information regarding the piezomagnetic behavior of
the plate is now contained in the source terms appearing on the right-hand side of the
equations, depending on the jump of the applied magnetic potentials at the upper and
lower faces of the plate.

3.2. The Actuator Model

Theorem 3.3. Under assumption (3.2), the sequence {U(ε)}ε>0 weakly converges to the
limit Ũ := (ũ, ϕ̃, ζ̃, θ̃) in the space L2(0, T ; H1(Ω)) × L2(0, T ;X(Ω)) × L2(0, T ;X(Ω)) ×
L2(0, T ;H1(Ω)).

Theorem 3.4. The weak limit Ũ(t) = (ũ(t), ϕ̃(t), ζ̃(t), θ̃(t)) is the solution to the limit
variational problem:

Find Ũ(t) ∈ VKL(Ω)× X(Ω)× X(Ω)×H1(Ω,Γ0), t ∈ (0, T ) such that
Ã3(Ũ(t),V) = L̃3(V), for all V ∈ VKL(Ω)× X0(Ω)× X0(Ω)×H1(Ω,Γ0),

ϕ̃ = ϕ±, ζ̃ = ζ± on Γ±,

(3.16)
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where

Ã3(Ũ(t),V) :=

∫
Ω

{(
C̃3
αβστ eστ (ũ(t)) + P̃ 3

3αβ∂3ϕ̃(t) + R̃3
3αβ∂3ζ̃(t)− β̃3

αβ θ̃(t)
)
eαβ(v)+

+
(
−P̃ 3

3αβeαβ(ũ(t)) + X̃3
33∂3ϕ̃(t) + α̃3

33∂3ζ̃(t)− p̃3
3θ̃(t)

)
∂3ψ+

+
(
−R̃3

3αβeαβ(ũ(t)) + α̃3
33∂3ϕ̃(t) + M̃3

33∂3ζ̃(t)− m̃3
3θ̃(t)

)
∂3ξ+

+
(
β̃3
αβeαβ( ˙̃u(t))− m̃3

3∂3
˙̃
ζ(t)− p̃3

3∂3
˙̃ϕ(t) + c̃3v

˙̃
θ(t)

)
η+

+K̃1
αβ∂β θ̃(t)∂αη + ρ¨̃ui(t)vi

}
dx,

L̃3(V) := (f ,v) + (g,v)
L2(Γ̂)

+ (r, η)− (%, η)
L2(Γ̂)

+ (ρe, ψ).

The reduced magneto-electro-thermo-elastic coefficients C̃3
αβστ , X̃

3
33, M̃

3
33, P̃

3
3αβ , β̃

3
αβ , p̃

3
3,

m̃3
3, R̃

3
3αβ , α̃

3
33 and c̃3v are listed in Appendix 1.

3.2.1. The limit evolution problem

The primary unknowns Ũ = (ũ, ϕ̃, ζ̃, θ̃) ∈ VKL(Ω)×X(Ω)×X(Ω)×H1(Ω,Γ0) are defined
by:

ũα(x̃, x3) = uα(x̃)− x3∂αu3(x̃), uH := (uα),
ũ3(x̃, x3) = u3(x̃),

θ̃(x̃, x3) = ϑ(x̃).

(3.17)

We consider the case of a homogeneous material. The limit evolution problem decouples
into two variational subproblems, namely, the flexural problem, which gives u3, and the
thermo-elastic membrane problem, which gives the couple (uH , ϑ). Moreover, the charac-
terization of the limit electric and magnetic potentials ϕ̃ and ζ̃ is:

ϕ̃(x̃, x3) =

2∑
k=0

fk(x̃)xk3 , ζ̃(x̃, x3) =
2∑
k=0

zk(x̃)xk3 , (3.18)

where

f0 = 〈ϕ〉+
h2

2
Λαβ∂αβu3, f

1 =
[[ϕ]]

2h
, f2 = −1

2
Λαβ∂αβu3,

z0 = 〈ζ〉+
h2

2
Γαβ∂αβu3, z1 =

[[ζ]]

2h
, z2 = −1

2
Γαβ∂αβu3.

with

Λαβ :=
M̃3

33P̃
3
3αβ − α̃

3
33R̃

3
3αβ

M̃3
33X̃

3
33 − (α̃3

33)2
, Γαβ :=

α̃3
33P̃

3
3αβ − X̃

3
33R̃

3
3αβ

M̃3
33X̃

3
33 − (α̃3

33)2
.

The limit magnetic and electric potentials depend on the transversal displacement u3 of
the plate and on the values of the known boundary magnetic potentials ζ± and electric
potentials ϕ±.

Thanks to the characterization (3.18) of the limit magnetic and electric potentials, we
can now rewrite the limit evolution problem. After an integration by parts along x3, we
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obtain a two-dimensional problem defined over the middle surface ω of the plate:



Find Ũ = (uH(t), u3(t), ϑ(t)) ∈ VH(ω, γ0)× V3(ω, γ0)×H1(ω, γ0), such that

2h

∫
ω

{
N 3
αβ(uH(t), ϑ(t))eαβ(vH) + ρüα(t)vα

}
dx̃+

+2h

∫
ω

{
˙̃S3(uH(t), ϑ(t))η − q̃1

α(ϑ(t))∂αη
}
dx̃+

+
2h3

3

∫
ω

{
M3

αβ(u3(t))∂αβv3 + ρ∂αü3(t)∂αv3 +
3

h2
ρü3(t)v3

}
dx̃ = L3(Ṽ),

for all Ṽ = (vH , v3, η) ∈ VH(ω, γ0)× V3(ω, γ0)×H1(ω, γ0), t ∈ (0, T ),

with

L3(Ṽ) :=

∫
ω

{
f̃ivi −mα∂αv3 + ρ̃eψ + r̃η

}
dx̃+

∫
γ1

{g̃ivi − nα∂αv3 − %̃η} dγ−

−
∫
ω

{(
R̃3

3αβ [[ζ]] + P̃ 3
3αβ [[ϕ]]

)
eαβ(vH)−

(
p̃3

3[[ϕ̇]] + m̃3
3[[ζ̇]]

)
η
}
dx̃.

The initial conditions are given by


ũ(0) = ũ0 = (uα,0 − x3∂αu3,0, u3,0),
˙̃u(0) = ũ1 = (uα,1 − x3∂αu3,1, u3,1),

θ̃(0) = θ̃0 = ϑ0.

(N 3
αβ), (M3

αβ), S̃3 and (q̃1
α) represent, respectively, the membrane stress tensor, the mo-

ment tensor, the reduced thermodynamic entropy and the reduced heat flow vector of the
plate, whose components are defined by the constitutive laws below:


N 3
αβ := C̃3

αβστ eστ (uH)− β̃3
αβϑ,

S̃3 := β̃3
αβeαβ(uH) + c̃3vϑ,

M3
αβ := Ã3

αβστ∂στu3,

q̃1
α := − 1

T0
K̃1
αβ∂βϑ,

(3.21)

where Ã3
αβστ := C̃3

αβστ − P̃
3
3αβΛστ − R̃3

3αβΓστ .
The variational problem above can be split into the flexural problem and the thermo-

elastic membrane problem. The flexural problem reads as follows:



Find u3(t) ∈ V3(ω, γ0), t ∈ (0, T ) such that

2h3

3

∫
ω

{
M3

αβ(u3(t))∂αβv3 + ρ∂αü3(t)∂αv3 +
3

h2
ρü3(t)v3

}
dx̃ =

=

∫
ω

{
f̃3v3 −mα∂αv3

}
dx̃+

∫
γ1

{g̃3v3 − nα∂αv3} dγ,

for all v3 ∈ V3(ω, γ0).



22 F. Bonaldi, G. Geymonat, F. Krasucki, M. Serpilli

The two-dimensional thermo-elastic membrane problem takes the following form



Find (uH(t), ϑ(t)),∈ VH(ω, γ0)×H1(ω, γ0), t ∈ (0, T ) such that

2h

∫
ω

{
N 3
αβ(uH(t), ϑ(t))eαβ(vH) + ρüα(t)vα

}
dx̃+

+2h

∫
ω

{
˙̃S3(uH(t), ϑ(t))η − q̃1

α(ϑ(t))∂αη
}
dx̃ =

=

∫
ω

{
f̃αvα + ρ̃eψ −

(
R̃3

3αβ [[ζ]] + P̃ 3
3αβ [[ϕ]]

)
eαβ(vH) +

(
r̃ + p̃3

3[[ϕ̇]] + m̃3
3[[ζ̇]]

)
η
}
dx̃+

+

∫
γ1

{g̃αvα − %̃η} dγ,

for all (vH , η) ∈ VH(ω, γ0)×H1(ω, γ0).

By using Green’s formulae on ω, we can derive the differential formulations of the above
problems. The transversal displacement u3 solves a flexural differential problem (FDP )3

analogous to (FDP )1 withM1
αβ replaced byM3

αβ defined in (3.21)3.
The thermo-elastic state (uH(t), ϑ(t)) solves the following thermo-elastic membrane

differential problem:

Field equations:

2h(ρüα − ∂βN 3
αβ) = f̃α + R̃3

3αβ [[∂βζ]] + P̃ 3
3αβ [[∂βϕ]] in ω × (0, T ),

2h(
˙̃S3 + ∂αq̃

1
α) = r̃ + m̃3

3[[ζ̇]] + p̃3
3[[ϕ̇]] in ω × (0, T ),

Initial conditions:
uα(0) = uα,0, u̇α(0) = uα,1, ϑ(0) = ϑ0 in ω × (0, T ),

Boundary conditions:

2hN 3
αβνβ = g̃α − R̃3

3αβνβ [[ζ]]− P̃ 3
3αβνβ [[ϕ]] on γ1 × (0, T ),

2hq̃1
ανα = %̃ on γ1 × (0, T ),

uα = ϑ = 0 on γ0 × (0, T ).

As in the sensor-actuator problem, the piezomagnetic and piezoelectric behaviors are con-
tained in the load terms on the right-hand side of the equations.

3.3. The Sensor Model

Theorem 3.5. Under assumption (3.2), the sequence {U(ε)}ε>0 weakly converges to the
limit Ũ := (ũ, ϕ̃, ζ̃, θ̃) in the space L2(0, T ; H1(Ω))×L2(0, T ;H1(Ω))×L2(0, T ;H1(Ω))×
L2(0, T ;H1(Ω)).

Theorem 3.6. The weak limit Ũ(t) = (ũ(t), ϕ̃(t), ζ̃(t), θ̃(t)) is the solution to the limit
variational problem:


Find Ũ(t) ∈ VKL(Ω)×H1(Ω,Γ0)×H1(Ω,Γ0)×H1(Ω,Γ0), t ∈ (0, T ) such that
Ã4(Ũ(t),V) = L̃4(V),

for all V ∈ VKL(Ω)×H1(ω, γ0)×H1(ω, γ0)×H1(ω, γ0),

(3.25)
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where

Ã4(Ũ(t),V) :=

∫
Ω

{(
C̃4
αβστ eστ (ũ(t)) + P̃ 4

σαβ∂σϕ̃(t) + R̃4
σαβ∂σ∂σ ζ̃(t)− β̃

4
αβ θ̃(t)

)
eαβ(v)+

+
(
−P̃ 4

αστ eστ (ũ(t)) + X̃4
αβ∂βϕ̃(t) + α̃4

αβ∂β ζ̃(t)− p̃
4
αθ̃(t)

)
∂αψ+

+
(
−R̃4

αστ eστ (ũ(t)) + α̃4
αβ∂βϕ̃(t) + M̃4

αβ∂β ζ̃(t)− m̃
4
αθ̃(t)

)
∂αξ+

+
(
β̃4
αβeαβ( ˙̃u(t))− m̃4

α∂α
˙̃
ζ(t)− p̃4

α∂α ˙̃ϕ(t) + c̃4v
˙̃
θ(t)

)
η+

+K̃1
αβ∂β θ̃(t)∂αη + ρ¨̃ui(t)vi

}
dx,

L̃4(V) := (f ,v) + (g,v)
L2(Γ̂)

+ (r, η)− (%, η)
L2(Γ̂)

+ (ρe, ψ)− (d, ψ)
L2(Γ̂)

− (b, ξ)
L2(Γ̂)

.

The reduced magneto-electro-thermo-elastic coefficients C̃4
αβστ , X̃

4
αβ , K̃

1
αβ , P̃

4
σαβ , β̃

4
αβ ,

p̃4
α m̃4

α, R̃4
σαβ , M̃

4
αβ , α̃

4
αβ and c̃4v are listed in Appendix 1.

3.3.1. The limit evolution problem

In this section we present the variational and differential formulations of the evolution
problem for a sensor magneto-electro-thermo-elastic plate. The primary unknowns Ũ(t) =
(ũ(t), ϕ̃(t), ζ̃(t), θ̃(t)) ∈ VKL(Ω)×H1(Ω,Γ0)×H1(Ω,Γ0)×H1(Ω,Γ0) satisfy the following
kinematical assumptions

ũα(x̃, x3) = uα(x̃)− x3∂αu3(x̃), uH := (uα),
ũ3(x̃, x3) = u3(x̃),
ϕ̃(x̃, x3) = φ(x̃),

ζ̃(x̃, x3) = ς(x̃),

θ̃(x̃, x3) = ϑ(x̃).

(3.26)

The limit evolution problem for a homogeneous material decouples into the flexu-
ral problem, which gives u3, and the magneto-electro-thermo-elastic membrane problem,
which gives the quadruplet (uH , φ, ς, ϑ). After an integration by parts along x3, we obtain
a two-dimensional problem defined over the middle surface ω of the plate:

Find (uH(t), u3(t), φ(t), ς(t), ϑ(t)) ∈ VH(ω, γ0)× V3(ω, γ0)× [H1(ω, γ0)]3, such that

2h

∫
ω

{
N 4
αβ(uH(t), φ(t), ς(t), ϑ(t))eαβ(vH) + ρüα(t)vα

}
dx̃+

−2h

∫
ω

{
D̃4
α(uH(t), φ(t), ς(t), ϑ(t))∂αψ + B̃4

α(uH(t), φ(t), ς(t), ϑ(t))∂αξ
}
dx̃+

+2h

∫
ω

{
˙̃S4(uH(t), φ(t), ς(t), ϑ(t))η − q̃1

α(ϑ(t))∂αη
}
dx̃+

+
2h3

3

∫
ω

{
M3

αβ(u3(t))∂αβv3 + ρ∂αü3(t)∂αv3 +
3

h2
ρü3(t)v3

}
dx̃ = L4(Ṽ),

for all Ṽ = (vH , v3, ψ, ξ, η) ∈ VH(ω, γ0)× V3(ω, γ0)× [H1(ω, γ0)]3, t ∈ (0, T ),

with

L4(Ṽ) :=

∫
ω

{
f̃ivi −mα∂αv3 + ρ̃eψ + r̃η

}
dx̃+

∫
γ1

{
g̃ivi − nα∂αv3 − d̃ψ − b̃ξ − %̃η

}
dγ.

The initial conditions are given by
ũ(0) = ũ0 = (uα,0 − x3∂αu3,0, u3,0),
˙̃u(0) = ũ1 = (uα,1 − x3∂αu3,1, u3,1),

θ̃(0) = θ̃0 = ϑ0.
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(N 4
αβ), (M4

αβ), (D̃4
α), (B̃4

α), S̃4 and (q̃1
α) represent, respectively, the membrane stress

tensor, the moment tensor, the reduced electric displacement vector, the reduced magnetic
induction vector, the reduced thermodynamic entropy and the reduced heat flow vector
of the plate, whose components are defined by the constitutive laws below:

N 4
αβ := C̃4

αβστ eστ (uH) + P̃ 4
σαβ∂σφ+ R̃4

σαβ∂σς − β̃
4
αβϑ,

D̃4
α := P̃ 4

αστ eστ (uH)− X̃4
αβ∂βφ− α

4
αβ∂βς + p̃4

αϑ,

B̃4
α := R̃4

αστ eστ (uH)− α̃4
αβ∂βφ−M

4
αβ∂βς + m̃4

αϑ,

S̃4 := β̃4
αβeαβ(uH)− p̃4

α∂αφ− m̃4
α∂ας + c̃4vϑ,

M4
αβ := C̃4

αβστ∂στu3,

q̃1
α := − 1

T0
K̃1
αβ∂βϑ,

(3.28)

As previously announced this variational problem can be split into the flexural problem
and the magneto-electro-thermo-elastic membrane problem. The flexural problem reads:



Find u3(t) ∈ V3(ω, γ0), t ∈ (0, T ) such that
2h3

3

∫
ω

{
M4

αβ(u3(t))∂αβv3 + ρ∂αü3(t)∂αv3 +
3

h2
ρü3(t)v3

}
dx̃ =

=

∫
ω

{
f̃3v3 −mα∂αv3

}
dx̃+

∫
γ1

{g̃3v3 − nα∂αv3} dγ,

for all v3 ∈ V3(ω, γ0).

The two-dimensional magneto-electro-thermo-elastic membrane problem is:



Find (uH(t), φ(t), ς(t), ϑ(t)),∈ VH(ω, γ0)× [H1(ω, γ0)]3, t ∈ (0, T ) such that

2h

∫
ω

{
N 4
αβ(uH(t), φ(t), ς(t), ϑ(t))eαβ(vH) + ρüα(t)vα

}
dx̃+

−2h

∫
ω

{
D̃4
α(uH(t), φ(t), ς(t), ϑ(t))∂αψ + B̃4

α(uH(t), φ(t), ς(t), ϑ(t))∂αξ
}
dx̃+

+2h

∫
ω

{
˙̃S4(uH(t), φ(t), ς(t), ϑ(t))η − q̃1

α(ϑ(t))∂αη
}
dx̃ =

=

∫
ω

{
f̃αvα + ρ̃eψ + r̃η

}
dx̃+

∫
γ1

{
g̃αvα − d̃ψ − b̃ξ − %̃η

}
dγ,

for all (vH , ψ, ξ, η) ∈ VH(ω, γ0)× [H1(ω, γ0)]3.

By means of Green’s formulae on ω, we have that the transversal displacement u3 solves a
flexural differential problem (FDP )4 analogous to (FDP )1 withM1

αβ replaced byM4
αβ

defined in (3.28)5, whereas the membrane state (uH(t), φ(t),ς(t), ϑ(t)) solves the following



An Asymptotic Plate Model for Magneto-Electro-Thermo-Elastic Sensors And Actuators 25

magneto-electro-thermo-elastic membrane differential problem:



Field equations:

2h(ρüα − ∂βN 4
αβ) = f̃α in ω × (0, T ),

2h∂αD̃
4
α = ρ̃e in ω × (0, T ),

2h∂αB̃
4
α = −(b+ + b−) in ω × (0, T ),

2h(
˙̃S4 + ∂αq̃

1
α) = r̃ in ω × (0, T ),

Initial conditions:
uα(0) = uα,0, u̇α(0) = uα,1, ϑ(0) = ϑ0 in ω × (0, T ),

Boundary conditions:

2hN 4
αβνβ = g̃α on γ1 × (0, T ),

2hD̃4
ανα = d̃ on γ1 × (0, T ),

2hB̃4
ανα = b̃ on γ1 × (0, T ),

2hq̃1
ανα = %̃ on γ1 × (0, T ),

uα = φ = ς = ϑ = 0 on γ0 × (0, T ).

(3.31)

Conclusions

We set forth an asymptotic two-dimensional plate model for linear magneto-electro-
thermo-elastic sensors and actuators, under the hypotheses of homogeneity and anisotropy.
A validation of the results obtained comes from the weak convergence theorems 3.1, 3.3
and 3.5. Each of the four plate problems originating from the four different boundary
conditions presented decouples into a flexural problem and a partially or totally coupled
membrane problem, depending on how the plate is supposed to behave. As in [14], the four
models differ between one another in the scaling assumptions on the electric and magnetic
potentials (see (2.4), (2.9), (2.12), (2.15)). The formulae in Appendix 1 giving the reduced
material coefficients appear complex, however numerical values of such coefficients can be
easily computed, as reported in Appendix 2 for the usual BaTiO3-CoFe2O4 composite.

Concerning directions for future research, a first important issue to deal with is, of
course, coming up with efficient numerical methods to perform simulations, based either on
the two-dimensional plate problems or on the three-dimensional problem. Then, another
problem of interest is to extend our results to shell-like bodies; in situations where the
geometry is particularly simple, as in the case of cylindrical shells, one should probably
be able to determine analytical solutions by separation of variables, as in [12]. Finally,
a further interesting problem is the study of a whole laminated structure (plate-like or
shell-like) including a thin magneto-electro-thermo-elastic layer (see, e.g., [10]).

Appendix 1

In the sequel we define the reduced magneto-electro-thermo-elastic coefficients character-
izing the different models. We recall that (dij) is the inverse of a second-order tensor whose
ij components are Ci3j3. The tensor (K̃1

αβ) is the same throughout the models. In the list
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below, we give at first the definitions of the general reduced coefficients.

C′αβστ := Cαβστ − dijCαβi3Cστj3,
X ′p3 := Xp3 + dijP3i3Ppj3,

M ′p3 := Mp3 + dijR3i3Rpj3,

α′33 := α33 + dijP3i3R3j3,
P ′pαβ := Ppαβ − dijPpi3Cαβj3,

R′3αβ := R3αβ − dijCαβi3R3j3,

β′αβ := βαβ − dijCαβi3βj3,
p′3 := p3 + dijP3j3βi3,
m′3 := m3 + dijR3i3βj3,
c′v := cv + dijβi3βj3,

K′α3 := Kα3
K33

,

K̃1
αβ := Kαβ −K′α3Kβ3,

k′ := 1
X′33

,

`′ := 1
M ′33

,

c′ := 1
M ′33X

′
33−(α′33)2

,

d′ij := dij − c′di`
(
M ′33P3`3P3j3 +X ′33R3`3R3j3 − α′33

(
R3`3P3j3 + P3`3R3j3

))
.

Reduced Coefficients for the Sensor-Actuator Model

C̃1
αβστ := Cαβστ − Cαβi3dij

(
Cστj3 + k′P3j3P

′
3στ

)
+ k′P3αβP

′
3στ ,

P̃ 1
σαβ := Pσαβ − Cαβi3dij

(
Pσj3 − k′P3j3X

′
σ3

)
− k′P3αβX

′
σ3,

R̃1
3αβ := R3αβ − Cαβi3dij

(
R3j3 − k′P3j3α

′
33

)
− k′P3αβα

′
33,

β̃1
αβ := βαβ − Cαβi3dij

(
βj3 − k′P3j3p

′
3

)
− k′P3αβp

′
3,

X̃1
αβ := Xαβ + Pαi3dij

(
Pβj3 − k′P3j3X

′
β3

)
− k′Xα3X

′
β3,

α̃1
α3 := αα3 + Pαi3dij

(
R3j3 − k′P3j3α

′
33

)
− k′Xα3α

′
33,

p̃1
α := pα + Pαi3dij

(
βj3 − k′P3j3p

′
3

)
− k′Xα3p

′
3,

M̃1
33 := M33 +R3i3dij

(
R3j3 − k′P3j3α

′
33

)
− k′α33α

′
33,

m̃1
3 := m3 +R3i3dij

(
βj3 − k′P3j3p

′
3

)
− k′α33p

′3,
c̃1v := cv + βi3dij

(
βj3 − k′P3j3p

′
3

)
− k′p3p

′
3.

Reduced Coefficients for the Sensor Model

C̃4
αβστ := Cαβστ − Cαβi3

[
d′ijCστj3 + (α′33R3i3 −M ′33P3i3)P3στ + (α′33P3i3 −X ′33R3i3)R3στ

]
+

−c′P3αβ

[
dij(M

′
33P3j3 − α′33R3j3)Cαβi3 −M ′33P3αβ + α′33R3αβ

]
+

−c′R3αβ

[
dij(X

′
33R3j3 − α′33P3j3)Cαβi3 −X ′33R3αβ + α′33P3αβ

]
,

P̃ 4
σαβ := Pσαβ − Cαβi3

[
d′ijPσj3 − (α′33R3i3 −M ′33P3i3)Xσ3 − (α′33P3i3 −X ′33R3i3)ασ3

]
+

−c′P3αβ

[
dij(M

′
33P3j3 − α′33R3j3)Pσi3 +M ′33Xσ3 − α′33ασ3

]
+

−c′R3αβ

[
dij(X

′
33R3j3 − α′33P3j3)Pσi3 +X ′33Mσ3 − α′33Xσ3

]
,

R̃4
σαβ := Rσαβ − Cαβi3

[
d′ijRσj3 − (α′33R3i3 −M ′33P3i3)ασ3 − (α′33P3i3 −X ′33R3i3)Mσ3

]
+

−c′P3αβ

[
dij(M

′
33P3j3 − α′33R3j3)Rσi3 +M ′33ασ3 − α′33Mσ3

]
+

−c′R3αβ

[
dij(X

′
33R3j3 − α′33P3j3)Rσi3 +X ′33Mσ3 − α′33ασ3

]
,

β̃4
αβ := βαβ − Cαβi3

[
d′ijβj3 + (α′33R3i3 −M ′33P3i3)p3 + (α′33P3i3 −X ′33R3i3)m3

]
+

−c′P3αβ

[
dij(M

′
33P3j3 + α′33R3j3)βi3 −M ′33p3 + α′33m3

]
+

−c′R3αβ

[
dij(X

′
33R3j3 − α′33P3j3)βi3 −X ′33m3 + α′33p3

]
,

X̃4
αβ := Xαβ + Pαi3

[
d′ijPβj3 − (α′33R3i3 −M ′33P3i3)Xβ3 − (α′33P3i3 −X ′33R3i3)αβ3

]
+

−c′Xα3
[
dij(M

′
33P3j3 − α′33R3j3)Pβi3 +M ′33Xβ3 − α′33αβ3

]
+

−c′αα3
[
dij(X

′
33R3j3 − α′33P3j3)Pβi3 +X ′33Mβ3 − α′33Xβ3

]
,

α̃4
αβ := ααβ + Pαi3

[
d′ijRβj3 − (α′33R3i3 −M ′33P3i3)αβ3 − (α′33P3i3 −X ′33R3i3)Mβ3

]
+

−c′Xα3
[
d′ijRβj3 − (α′33R3i3 −M ′33P3i3)αβ3 − (α′33P3i3 −X ′33R3i3)Mβ3

]
+

−c′αα3
[
dij(X

′
33R3j3 − α′33P3j3)Rαi3 +X ′33Mα3 − α′33αα3

]
,



An Asymptotic Plate Model for Magneto-Electro-Thermo-Elastic Sensors And Actuators 27

p̃4
α := pα − Pαi3

[
d′ijβj3 + (α′33R3i3 −M ′33P3i3)p3 + (α′33P3i3 −X ′33R3i3)m3

]
+

−c′Xα3
[
dij(M

′
33P3j3 − α′33R3j3)βi3 −M ′33p3 + α′33m3

]
+

−c′αα3
[
dij(X

′
33R3j3 + α′33P3j3)βi3 −X ′33m3 + α′33p3

]
,

M̃4
αβ := Mαβ +Rαi3

[
d′ijRβj3 − (α′33R3i3 −M ′33P3i3)αβ3 − (α′33P3i3 −X ′33R3i3)Mβ3

]
+

−c′αα3
[
dij(M

′
33P3j3 − α′33R3j3)Rβi3 +M ′33αβ3 − α′33Mβ3

]
+

−c′Mα3
[
dij(X

′
33R3j3 − α′33P3j3)Rβi3 +X ′33Mβ3 − α′33αβ3

]
,

m̃4
α := mα −Rαi3

[
d′ijβj3 − (α′33R3i3 +M ′33P3i3)p3 + (α′33P3i3 −X ′33R3i3)m3

]
+

−c′αα3
[
dij(M

′
33P3j3 − α′33R3j3)βi3 −M ′33p3 + α′33m3

]
+

−c′Mα3
[
dij(X

′
33R3j3 − α′33P3j3)βi3 −X ′33m3 + α′33p3

]
,

c̃4v := cv + βi3
[
d′ijβj3 + (α′33R3i3 −M ′33P3i3)p3 + (α′33P3i3 −X ′33R3i3)m3

]
+

−c′p3
[
dij(M

′
33P3j3 − α′33R3j3)βi3 −M ′33p3 + α′33m3

]
+

−c′m3
[
dij(X

′
33R3j3 − α′33P3j3)βi3 −X ′33m3 + α′33p3

]
.

Appendix 2

Numerical Values of Reduced Material Coefficients

The table below shows the calculated numerical values (based on Table 1 in [2]) of the
reduced coefficients in the case of a plate behaving as an actuator, both piezoelectric and
piezomagnetic. One can analogously obtain such values also in the other three cases. In
this particular case, since K33 is the only nonzero component of K, the reduced thermal
conductivity tensor (K̃αβ) is null; this holds true for the other three models as well, since
the expression of K̃αβ is unmodified, as pointed out previously.

Table 1. Reduced coefficients for a magneto-electro-thermo-elastic actuator made up of a BaTiO3–
CoFe2O4 composite with 0.6 volume fraction of BaTiO3.

Elastic moduli Magnetic permeability

C̃3
1111 = C̃2

2222 (GPa) 136 M̃3
33 (10−4 Ns2/C2) 0.75

C̃3
1122 (GPa) 46 Piezomagnetic constants

C̃3
1212 (GPa) 45 R̃3

311 = R̃3
322 (N/Am) 49.5

Piezoelectric constants Magnetoelectric constant

P̃ 3
311 = P̃ 3

322 (C/m2) -9.86 α̃3
33 (10−8 Ns/VC) 1.75

Dielectric permittivity Pyroelectric constant

X̃3
33 (10−9 C2/Nm2) 8.1 p̃33 (10−4 C/m2 K) 2.5

Thermal stresses Pyromagnetic constant

β̃3
11 = β̃3

22 (106 N/Km2) 2.36 m̃3
3 (10−3 N/AmK) 5.91

Calorific capacity

c̃3v (J/m3 K2) 423
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