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Abstract

We deal with positive cop-semigroups {U(¢);¢ > 0} of contractions
in LY(Q; A, 1) with generator T' where (Q; A4, i) is an abstract measure
space and provide a systematic approach of compactness properties of
perturbed semigroups {e!("T="");¢ > 0} (or their generators) induced
by singular and bounded below potentials V' : (2;u) — R. The re-
sults are precised further for metric measure spaces (€,d, ). This
new theory relies on several ingredients: new a priori estimates pecu-
liar to L'-spaces, local weak compactness assumptions on unperturbed
operators, “Dunford-Pettis” arguments and the assumption that the
sublevel sets Qs 1= {z;V(z) < M} are “thin at infinity with respect
to {U(t);t > 0}”. We show also how spectral gaps occur when the sub-
level sets are not “thin at infinity”. This formalism suits cg-semigroups
with integral kernels, for instance most sub-markovian semigroups aris-
ing in the theory of Markov processes in general state spaces, and com-
bines intimately the kernel of {U(¢);¢ > 0} and the sublevel sets Q.
Indefinite potentials are also dealt with. We illustrate the relevance of
some aspects of this theory by giving new compactness and spectral
results on convolution semigroups, magnetic Schrédinger semigroups,
weighted Laplacians (in particular the Poincaré inequality for proba-
bility measures e~ ®(*)dz on RY) and Witten Laplacians on 1-forms.

1 Introduction

We deal with perturbed semigroups in L' (1) spaces generated by
T-V



where T is the generator of a substochastic semigroup and V is a singular
indefinite potential; the meaning of “T" — V” will be explained below. The
object of this paper is to give new functional analytic tools and results on
spectral theory (full discreteness or spectral gaps) of perturbed semigroups
or perturbed generators. In particular, we are concerned with resolvent
compactness of T'— V' and also with existence of spectral gaps for perturbed
generators, i.e.

Sess(T' = V) < s(T'=V)

where

s(T—V):=sup{Re\; A €o(T -V)}
is the spectral bound of T'— V and

Sess(T'— V) :=sup{Re\; X € 0e5s(T — V) }

is the essential spectral bound of T'— V'; we note that s(T'—V) € o(T' — V)
by standard theory of positive semigroups. We study also weak spectral
gaps of perturbed generators, i.e. when the peripheral spectrum of T'— V,

o(T - V)N {s(T — V) + iR},

consists of isolated eigenvalues with finite algebraic multiplicities; this spec-
tral picture does not prevent a priori the existence of sequences of eigenvalues
of T — V with real parts going to s(T"— V') and imaginary parts going to
infinity; note that the spectrum (7" — V') need not be real.

Similarly, we study the compactness of perturbed semigroups {et(T*V); t> O}
and also the existence of spectral gaps, i.e.

Toss (et(TfV)) <71y (et(TfV))

HT=V)) HT—V)

where 7, ( is the spectral radius of e and

TeSS(et(T_V)) = sup {|M| RS UeSS(et(T_V)>}
is the essential spectral radius of et(T_V), (0ess refers to essential spectrum).
We are mainly interested in the situation where a priori T is not resolvent
compact and has no spectral gap, i.e. full discreteness or spectral gaps are
induced by the presence of a potential V. A new and general theory dealing
with many aspects is provided. While most of the known literature on full
discretenes or spectral gaps is concerned with hilbertian results and (quite
often) by self-adjoint semigroups, we provide here a new point of view relying



on a new circle of ideas peculiar to L'-spaces and without any connection
with self-adjointess. A systematic approach of the underlying compactness
background is given. We show also how this general formalism fits with sub-
stochastic semigroups arising in the theory of Markov processes in metric
spaces; in particular, various examples from Stastistical Mechanics are dealt
with. In the case where {e'’;t > 0} operates on all LP(€2; ) spaces (e.g.
for sub-Markov semigroups) then so does {et(T*V);t > O}; we show then

Vit > 0} determines its LP spectral

how the L' spectral structure of {et(T
structure.

The particular role of positive operators and L!'-spaces in linear per-
turbation theory appeared a long time ago in the classical Kato’s paper
[44] on well-posedness of Kolmogorov’s differential equations and also later
in the important analytical and probabilistic role played by the so-called
Kato class potentials used currently in the theory of Markov processes, see
e.g. [1][77][83][21]. Recently, essentially from the beginning of the 2000’s,
there has been a renewal of interest in perturbation theory of substochastic
semigroups in L'-spaces where the generator of a substochastic semigroup
{etT;t > 0} is perturbed additively by a positive T-bounded operator V
(see [9] and references therein); this so-called “honesty theory” is motivated
by various problems from fragmentation theory or kinetic theory and has
a probabilistic counterpart in the concept of non-explosive processes [81].
More recent developments on “honesty theory” are given in [61] while a
non-commutative version of [61] (in the Banach space of trace class opera-
tors in a Hilbert space), of interest for quantum dynamical semigroups (see
e.g. [16] and [25]), is given in [58]; an ultimate extension (with new develop-
ments) to general ordered Banach spaces with additive norm on the positive
cone is given in [6]. In another direction, it was realized in [59][60][63] that
the use of weak compactness arguments in L' allows a significant generalisa-
tion of the (extended) Kato class potentials for Schrédinger-type operators
and provide also new (hilbertian) form-bound estimates; these ideas have
also useful applications to kinetic theory [62]. The main goal of the present
paper is to show how L' weak compactness arguments, combined to new L'
estimates, allow a systematic spectral analysis of perturbed substochastic
semigroups in the case of negative unbounded multiplication operators —V;
we show also how to combine those ideas to another ones (inspired by trans-
port theory [56]) to cover also indefinite potentials V' = V — V_; in both
situations, local weak compactness tools play a key role. Thus, following
the spirit of [59][60][63], this paper continues the exploration of the role of
the space L' and its weak topology in well-posedness of perturbed evolu-



tion equations, their spectral analysis and also their relevant applications to

various sub-markovian equations arising e.g. in classical probability theory.
Let (€;.A, 1) be a measure space and let {U(t);t > 0} be a positive co-

semigroup of contractions on L(£2; A, 1) with generator 7. We denote by

Vo (Q5p) — [0, +00]

(or more generally bounded from below) a measurable potential and denote
by {Uy(t);t > 0} the (appropriately defined) perturbed semigroup gener-
ated by Ty :=“T'—V?”. The main object of this paper is to give a general and
systematic theory of full spectral discreteness or spectral gaps for perturbed
generators Ty :=“T" — V” or perturbed semigroups {Uy(¢);t > 0} and to
illustrate this theory by significant examples of applied interest. More pre-
cisely, we focus on the underlying compactness background. The interplay
between the singular potential and the unperturbed semigroup which is in
the heart of such compactness or spectral gaps results is finely analyzed in
this paper. We give here a point of view on the subject relying on new tools
peculiar to L' spaces; a completely new formalism is provided. In our general
context, the relevant technical tools we need will be different depending on
whether we deal with Ty, or {Uy (¢);t > 0} . Thus, in our study of perturbed
generators Ty :=“T — V7, we take advantage of the quite unsuspected fact,
in comparison to L%-space setting, that V is always Ty-bounded in L' spaces
[66][83]. On the other hand, to study perturbed semigroups {Uy (t);t > 0},
we provide two different strategies: the first approach consists in assuming
that {U(t);t > 0} is norm continuous, in showing the norm continuity of the
perturbed semigroup {Uy (t);t > 0} and in taking advantage of the proper-
ties of perturbed generators and “spectral mapping tools”. In the second
strategy, we show a “weak type” estimate for almost all £ > 0

el |
[y OO Nm) <

under the assumption (on the perturbed semigroup) that

UH(t+e)1 = Uy ()1
9

N feLl(Qpu), VM >0

Vvt >0, sup
€€]0,1]

< 400
Loo (Ssp)

where Uy (t) is the dual operator of Uy (t). (This last assumption is much
weaker than a differentiability condition on {Uy(t);¢t > 0} and is satisfied
e.g. if

Ve LY Qs u), 10, +oo[ >t — /Uv(t)f is differentiable

4



or if
10, +00[ 3t — Uy (t) € L(L*(Q;p)) is locally lipschitz;

S
in particular it is satisfied if {U(¢); ¢ > 0} is holomorphic because {Uy (¢);t > 0}
is then holomorphic too [4][41].) These L!-estimates combined to local weak
compactness assumptions on unperturbed operators, to properties of sub-
level sets

Qun ={y; V(y) < M},

more precisely their “size at infinity with respect to unperturbed operators”,
and to “Dunford-Pettis” arguments, play an important part in our formalism
and provide us with new relevant tools in spectral theory of perturbed sub-
stochastic semigroups and their generators. Our local L' weak compactness
assumptions on unperturbed operators are very weak ones and are trivially
satisfied by most examples occuring in the literature.

We also deal with indefinite potentials V' =V, — V_ (with nonnegative
Vi), i.e. with operators T'— (V. — V_) considered as perturbed operators

TV+ +V_.

This second perturbation theory combines the previous one and different
ideas inspired by transport theory [56].

Before explaining more precisely the content of this work, some related
information in Hilbert space setting is worth mentioning. According to a
classical result going back at least to K. Friedrichs [26], Schrédinger op-
erators —A + V in L2(RY) (defined by means of quadratic forms) have
fully discrete spectra, or equivalently —A 4+ V' has a compact resolvent, for
nonnegative potentials V € L} (RY) such that lim, o V(2) = +o0. Of

course, it is also known since a long time that this condition is not necessary
since F. Rellich [70] already observed for example that for the potential

V(z1,z0) = 2322, (1)

—A + V is still resolvent compact in L*(R?) even if V(x1,z2) fails to go
to +oo at infinity near the axes. Besides K. Friedrichs [26], the literature
on discreteness of the spectrum of Schrodinger operators goes back to A.M.
Molchanov [64] and is now considerable; we refer to the survey [74] and
also to the more recent paper [53] for more developments. This literature
deals with Schrodinger operators on more general non-compact Riemannian
manifolds and provides optimal (i.e. necessary and sufficient) conditions of
discreteness in terms of Wiener capacity of suitable sets. Such sharp results
are not always of simple practical use but sufficient or necessary conditions



in terms of measures are also available; among the various statements we
note A.M. Molchanov’s necessary condition of discreteness

/ V(y)dy — 400 as z — oo (2)
B(z,r)

(which is also sufficient in one dimension) and also the sufficient criterion:

Theorem 1 ([7}] Corollary 10.2, p. 268). We assume that for any M > 0
the sublevel set Qp = {y; V(y) < M} is “thin at infinity” in the sense that
for some r >0

|B(x,r) N Q] — 0 asxz— 00 (3)

where B(x,r) is the ball centered at x with radius r (and || refers to Lebesgue
measure). Then —A +V in L*(RN) has a discrete spectrum.

In ([28] Lemma 5 and Remark 2) it is observed that the sublevel sets of
a nonnegative function V are “thin at infinity” if and only if

1
— dy— ; 4
Sy T =0 e ®

the argument relies on the simple double inequality (for arbitrary M > 0)

1
1+ M

1
|B(z,7) N Qs §/ dy

B(z,r) 1+ V(y)

1 1
—————dy < |B(z,r) N Qpr| + B(0,7)].
L T S B 0wl + gy 18O
One realizes then that Theorem 1 was already known in 1978 under As-
sumption (4) [11]; it seems that this has not been noticed in the literature
on the subject. One sees also how the necessary condition (2) follows from
“thinness at infinity” of sublevel sets {2,; since

V14 V(y)

BO,r)] = xr\—/ N

S TV dy>2</Bm<1+v )

[N

IN

and then
1B(0, )]

fB(a:,r) ﬁ(y)dy '

/ V(y)dy > — |B07)] +
B(a:,r)



More recently, it was shown in [48] that 7" — V is resolvent compact in
L?(RN) when T is the relativistic a-stable operator

T=—(-A+ma)s +m

provided that limj,., V(2) = +oc. This result was extended in [84] (for
sublevels sets Q); having finite measure only) to much more general sym-
metric Markov generators in L?(; i) satisfying the so-called intrinsic super
Poincaré inequality and such that the Markov semigroup has a density with
respect to p. The proof given by the authors is however quite involved
and combines various technical arguments; shortly after, a simpler proof
was given in [78] and other developments, still for self-adjoint operators in
Hilbert spaces, were also given in [28][51]. Even the finiteness assumption
on the measure of the sublevels sets (2); has been dropped. For instance,
we find in [78] that if T is a self-adjoint operator in L2(;u) such that
{etT;t > 0} is an ultracontractive semigroup in the sense that (for ¢t > 0)
eI maps L2(€2; p) into L°°(2; 1) then T—V is resolvent compact in L2(€2; 1)
provided that V € L} (RN ) and V' > 0 is such that its sublevels sets are

loc

r-polynomially thin (for some r > 0), i.e. for any R > 0
/ Qa1 B(x; R)[" pu(dar) < +o0.
Qs

We note that in RY, r-polynomially thin set is necessarily thin at infinity in
the sense (3) (see [28] Lemma 7). On the other hand, it is known (see e.g. [8])
that the discreteness of the spectrum of the magnetic Schrodinger operator
in L2(RY) is strongly connected to that of the Schrodinger operator via the
diamagnetic inequality. Finally, there exists also an important literature
on Poincaré (or spectral gap) inequalities for Markov semigroups arising in
Probability and Stastistical Mechanics

var ()= [ Pdu= ([ fan? < c(a3f. 430, fe DA}

of interest e.g. for exponential trend to equilibrium, where (€2, ) is a prob-
ability space, A is a nonnegative self-adjoint operator in L?(€2, 1), 1 € D(A)
and Al = 0; (such inequalities are sometimes derived from Log Sobolev
(or Gross) inequalities; see [33][72][3][37][85]). Note that a spectral gap ex-
presses simply that 0, the bottom of o(A), is an isolated eigenvalue with
finite algebraic multiplicity; as such, the notion of a spectral gap is mean-
ingful in much more general situations but, of course, cannot be formulated



in terms of variance inequality. Actually, this notion amounts to strict posi-
tivity of the bottom of the essential spectrum o.ss(A); we refer to [68][55] for
the location of essential spectra of Schrodinger operators —A+V in L2(RY)
when the sublevel sets of V' are not “thin at infinity”. We point out that all
the results above are hilbertian; in particular no L' compactness result nor
spectral gap result in L' space can a priori be derived from the literature
above. We mention also the paper [29] on spectral gaps for bounded positive
operators in LP-spaces with p > 1 and various applications. This very brief
overview shows various contexts where full discreteness or spectral gaps are
worth studying.

As far as potentials bounded from below are concerned, we provide here a
new point of view on discretenes and on spectral gaps relying on a different
circle of ideas. Neither selfadjointness nor L? spaces play a role in our
approach. By contrast, the functional space L'(£2; 1), the positivity of the
unperturbed semigroup under consideration (this could be relaxed by relying
on its modulus [45], see Section 6), the fact that V' is always Ty -bounded in
L' spaces and the “weak type” estimate

/{V>M}(Uv(t)f)“(dx) < Ct]|\|4f||vv feLi(Qp), VM >0,

valid under suitable assumptions (or the norm continuity of {Uy (t);t > 0}
valid under other suitable assumptions) provide us with the starting point of
a completely new formalism. By complementing these L'-estimates by local
weak compactness assumptions on (A — 7)~! or {U(¢);t > 0} and taking
advantage of “Dunford-Pettis” arguments, we can build a general theory
where various related functional analytic results are given; the stability of
essential spectra by weakly compact perturbations (see e.g. [49]), combined
to the above ingredients, turns out to be the right tool to deal with spectral
gaps. We provide thus a pure L! theory on full discretenes or spectral gaps
where most of the results are new. Moreover, our construction has the
advantage of being conceptually simple and self-contained. We note that
in the special case where the semigroup operates in all LP spaces (1 < p <
+00), e.g. for sub-Markov semigroups, our L' compactness results imply,
by interpolation, compactness results in LP for p > 1, providing us e.g. with
hilbertian results, while converse statements are not true a priori, see e.g.
Markov semigroups generated by weighted Laplacians which are compact
in LP for p > 1 but fail to be so in L' [18] Section 4.3. We point out
that our primary goal here is not a priori to obtain hilbertian results by
means of L' techniques; it is rather to build and explore an L' theory for
its own sake and this program is undertaken here for the first time. We



note also that our L? results (p > 1) are new since they are deduced from
an L' theory; in a sense, LP spectral theory of perturbed submarkovian
semigroups becomes a sub-product of the L' theory which acquires thus a
special status. Our results are given for general measure spaces (£2; A, 1) and
precised further for metric measure spaces (£2,d, ). In addition, a special
section is also devoted to more specific results on convolution semigroups
on euclidean spaces (e.g. on subordinate Brownian semigroups) because
of their importance in applications. Finally, various related examples from
Statistical Mechanics are revisited: thus, Markov semigroups steming from
Dirichlet forms in weighted L? spaces turn out to be unitarily equivalent
to usual Schrodinger semigroups (with potentials) that can be dealt with
by our L' formalism while various spectral results on Witten Laplacians
on 1-forms (of interest for Helffer- Sjostrand’s covariance formula) are also
given. Our approach of the subject suits semigroups exhibiting integral
kernels; this happens under our local weak-compactness assumptions (see
Remark 15 (ii)); e.g. ultracontractive symmetric Markov semigroups for
separable measure spaces meet our conditions. Thus, for L' spaces over
metric measure spaces (£2,d, ), our compactness or spectral gap results
combine intimately integral kernels of unperturbed semigroups and sublevel
sets Qp7 := {y; V(y) < M} of the singular potential. For instance, this
provides us with sufficient conditions in terms of heat kernel and sublevel
sets of Vo|* - 2 A®) for a probability measure e~ ®@)dz on RN to satisfy
the Poincaré inequality. A last section is devoted to indefinite potentials

V=V,-V..

Actually, all the paper shows how fruitful is the L' treatment of perturbed
sub-Markov semigroups provided some reasonable upper estimate on their
integral kernels is available.

Of course, various kinds of upper estimates of transition kernels appear
in the literature on Markov processes in metric spaces. For instance, the
Heat kernel associated to the Laplace Beltrami operator on non-compact
complete Riemannian manifolds (€, d, ) of dimension n (d is the geodesic
distance and p is the Riemannian volume) with Ricci curvature bounded
below and having the so-called “bounded geometry” (see [18] p. 172) satisfies
a Gaussian estimate for each t > 0

T 2
(o) < Clesp(~ 2240, (5)

see e.g. [18][30][31]. However, Brownian motions on some fractal spaces lead



to transition kernels with sub-Gaussian estimates

a9), o
(o) < S expl—(E o) (©

where o > 0 is the Hausdorff dimension and 8 > 2 is “a walk dimension”,
see e.g. [10]. On the other hand, the study of kernel estimates for non local
Dirichlet forms, in connection with Markov processes with jumps, devel-
opped also in the last decades and typical kernel estimates of jump Markov
semigroups are polynomial

1+ M)*(Oﬁrﬂ), (7)

pi(z,y) < T
5B

~
| Q

see e.g. [39]. (We refer to [7][32] for much more information on the very rich
subject of “Heat kernels”.) This “ubiquity” of integral kernels suggests that
there is a room for a general theory of compactness (and spectral) properties
for a large class of perturbed cy- semigroups which is the object of this work.

We outline now some of our main results:

In Section 2, we consider a measure space (£2;.4, 1) and a positive co-
semigroup of contractions {U(t);t > 0} on L'(Q;A, ) with generator 7.
Let

Vi (@5 p) — [0, +o0]
be measurable and let {Uy (t);t > 0} be the contraction semigroup defined
by
Uy(t)f := lim eT=Valy
n—-+00

where V,, := V An. We note that this semigroup need not a priori be strongly
continuous at the origin but we restrict ourselves to the case where it is so
and denote by Ty, its generator. We show that 77, has a compact resolvent
if and only if for all M > 0 the operator

A =Ty)" Lt LY 1) — LY Qs ) is weakly compact

(we mean the operator: f € L'(Q;pn) — [(A— TV)_lf]‘QM € LY Qs p))
where Qs := {y; V(y) < M} are the sublevel sets of V. It follows from the
domination (A —Ty)~! < (A —T)~?! that a sufficient condition for T, to be
resolvent compact it that

A=T)"1: LY p) — LY (Qyr; p) is weakly compact; (8)

under a technical additional assumption (which is satisfied e.g. in denumer-
able state spaces), we show that (8) is also necessary.

10



If
{Uy(t);t > 0} is norm continuous

- 10, o0 3 — Uy (t) € L(L (9 1))

is continuous in operator norm, then (8) implies the stronger result that the
perturbed semigroup {Uy (t);t > 0} is compact on L'(; ). The question
about when this norm continuity assumption is satisfied is also dealt with:
we show first the stability estimate

sup [0 7 — Uy ()7 < IV =Vl (1 = To) | ¥F € LA (@)

for arbitrary C' > 0 (where {[V — V;,] (1 — TV)*l}n is a sequence of bounded
operators going strongly to zero as n — +o00) which has its own interest
and which implies that {Uy(¢);¢t > 0} is norm continuous provided that
{U(t);t > 0} is norm continuous and

H[V -Vl (1 — TV)_IHL(Ll(Q;M)) — 0 as n — +00;

in particular, if (1 — Ty)~! is an integral operator with kernel Gy (z,y)
then {Uy (t);¢ > 0} is norm continuous provided that {U(¢);¢ > 0} is norm
continuous and

Sup/ Gy (z,y)V(x)u(dr) — 0 as n — +oc. (9)
yeQ J{V=n}

On the other hand, if for all M > 0
U(t) : LY(Q; ) — L (Qup; p) is weakly compact (¢ > 0) (10)
and if the dual operator Uy, (t) satisfies

Us(t+ €)1 — U (t)1
13

Vvt >0, sup
€€]0,1]

< 400 (11)
Lo ()

(the latter holds e.g. if
Ve LY (Q;p),]0,+o0[ 5t — /Uv(t)f is differentiable

or if
10, +00[ 3t — Uy (t) € L(L'(Q; p)) is locally lipschitz)

11



then {Uy(t);t > 0} is a compact semigroup on L'(; ). Thus the norm
continuity condition on {Uy (t);t > 0} (e.g. (9)) and (11) (which are not
comparable, see Remark 4(ii) below) provide us with two independent ap-
proaches of the compactness of the perturbed semigroup {Uy (t);t > 0}. For-
tunately, all the assumptions above are satisfied if {U(t);t > 0} is holomor-
phic because {Uy(t);t > 0} is then holomorphic too [4][41]. Condition (11)
is of particular interest since we show that it implies the “weak-type” esti-
mate for almost all £ > 0

[ wvonuan < My s e i@, varso
{V>M} M

which turns out to be a key tool in the study of spectral gaps for {Uy (¢);t > 0}.
We note that (11) is much weaker than a differentiability condition on the
perturbed semigroup {Uy (¢);t > 0} and does not even imply its norm con-
tinuity, see Remark 4(ii).

We show also that Ty is resolvent compact if (10) is satisfied. Moreover,
Assumption (10) is shown to be stable by subordination; the proof of this
relies on the fact that a strong integral (not necessarily a Bochner integral)
on a finite measure space of a strongly measurable bounded operator-valued
mapping with values in W(FE, F') (the space of weakly compact operators
between Banach spaces E and F') belongs to W(E, F) [75]; see also [57]
when F is an L!(v)-space. This result has significant applications e.g. to
subordinate Brownian semigroups on euclidean spaces (see below).

In the special case where {U(t);t > 0} operates on all LP(Q; i) spaces
then so does {Uy(t);t > 0} (we note them respectively {Up(t);t > 0} and
{Upv(t);t > 0} when acting in LP(£2; 1)) and then various compactness re-
sults in LP(£2; u) are also obtained by interpolation; in particular, under As-
sumption (8) only, if {Us(t);t > 0} is symmetric in L2(Q; p) then {U,y (¢);t > 0}
is a compact semigroup in LP(Q2;u) for p > 1 (but is not a priori so in
LY ).

Because of their applied interest, we devote Section 3 to specific results
on convolution semigroups (related to Lévy processes) on euclidean spaces.
We show first that if h € LY(RY) and if

H:peL'(RY) — | @ e)dy

then, for a Borel set = C RY, H : LY(RY) — L'(Z) is compact if and only
if

sup/ h(z —y)de — 0 as c— oo
yeRN JEN{|z|>c}

12



7

and the latter condition is satisfied if = is “thin at infinity” in the sense (3).

This allows us to deal with convolution semigroups
U € LRY) — [ 1o = ymldy) € L'®)

where {m;},- are Borel sub-probability measures on RY such that mgy = dg
(the Dirac measure at zero), my * ms = myys and m; — mg vaguely as
t — 0. The sub-probability measures {m},, are characterized by

_N

() = (2m) % / ety (dz) = (2m) e O ¢ e RY

where F'(C) is the so-called characteristic exponent; (see e.g. [42] Chapter

3). The resolvent of the generator T is also a convolution with a measure
A

m

(A-T)1f = / £z — y)ym*(dy)

where m?* = f0+°° e Mmydt (A > 0) is a vaguely convergent integral such
that

— +o0
mA(C) = /U e N (C)dt

Thus, if m* is a function (i.e. is absolutely continuous with respect to
Lebesgue measure), in particular if e () ¢ LY(RN) for ¢t > 0, then Ty has
a compact resolvent provided that the sublevel sets 2, are “thin at infinity”
in the sense (3). We show also the compactness of perturbed semigroups in
LP(RYN) (p = 1) for all subordinate Brownian semigroups; this covers for
example the relativistic a-stable semigroup generated by

T:_(_A+m§)%+m(0<a<2, m = 0).

In Section 4, we deal with sub-stochastic semigroups in L! spaces over
metric measure spaces, i.e. metric spaces (€2, d) endowed with a Borel mea-
sure p which is finite on bounded Borel subsets of Q. This framework is
motivated by Markov processes in metric spaces, (see e.g. [32] and refer-
ences therein). The existence of a metric d allows to precise further some of
the results in Section 2. We show that if (11) is satisfied (e.g. if {U(¢);¢ > 0}
is holomorphic) and if U(t) is such that U(t) : L (; u) — LY(Z; ) is weakly
compact for any bounded Borel set = C Q then {Uy(¢);t > 0} is a compact
semigroup in L(£2; 1) provided that for some x¢ €

lim sup pe(z,y)pu(dr) =0

C—=to0oyeq /{zeQM; d(z,20)>C}

13



where p;(x,y) is the kernel of U(t) (the existence of this kernel is a conse-
quence of the weak compactness assumption, see [24] p. 508); we express
this by saying that the sublevel sets 5, are “thin at infinity with respect to
{U(t);t > 0}”. In particular, if

v(r) :=sup u(B(z,r)) <oo Vr =0
e

and if py(.,.) satisfies an estimate of the form

pe(z,y) < fild(z,y))

where f; : Ry — Ry is nonincreasing and such that (for large r) the function
r — fi(r)v(r+1) is nonincreasing and integrable at infinity then the sublevel
sets Qps are “thin at infinity with respect to {U(t);t > 0}” if they are “thin
at infinity” in the sense there exists a point 7 € {2 such that for any R > 0

p{Qy N B(y; R)} — 0 as d(y,y) — +00;

thus if we consider e.g. the typical examples of kernel estimates (5), (6) and
(7) occuring in the study Markov processes in metric spaces, one easily sees
which volume growth r — wv(r) (for large r) is compatible with the above
assumption on r — fi(r)v(r + 1). Other statements in terms of the kernel
of (1 —T)~! are also given when {Uy (¢);t > 0} is norm continuous.

In Section 5, we relax the assumption that the sublevel sets {25; are “thin
at infinity with respect to {U(t);t > 0}”. We show, under suitable kernel
estimates involving the sublevel sets ;s that the essential spectral radius
Tess(Uy (t)) of the semigroup Uy (t)) is less than its spectral radius, i.e. Uy (t)
exhibits a spectral gap. To this end, we take full advantage of the stability
of essential spectra by weakly compact perturbations in L' spaces (see e.g.
[49]). More precisely, if (11) is satisfied (e.g. if {U(t);¢ > 0} is holomorphic)
and if for some ¢ > 0, U(t) : L}(Q) — L'(Z) is weakly compact for any
bounded Borel set = and the kernel p;(x,y) of U(t) satisfies the estimate

sup lim sup pe(x, y)p(de) < Mv?

M>0 0=+ yeq /{erM; d(x,20)>C}

(for some xg € Q) where \y := s(Ty) is the spectral bound of Ty then
Wess < Ay where wegs is the essential type of {Uy (t);t > 0}; note that

eWesst — Tess(Uy (1)) Vt > 0,

14



see e.g. [65] p. 74. We observe that Ay is also the type of {Uy(¢);t > 0}
since the latter is a positive semigroup in L' space ([65] Theorem 1.1 p. 334)
and then

AV =16 (Uv(8)) < [Uv(O)ll pray < NU ey = Sgg/ﬂpt(%y)u(dﬂf)-
Y

One can avoid the use of the (a priori unknown) parameter Ay and obtain a
slightly different result formulated as an alternative: Indeed, using A; (the
spectral bound of T") instead of Ay we show that if

t

sup lim sup pe(x, y)p(dz) < eM

M>0C—+00yeq /{xeﬂM; d(z,20)>C}
then either \yy < A1 or Ay = A1 and wess < Ay where wegs is the essential
type of {Uy(t);t > 0}. In particular, if {U(t);t > 0} is a stochastic semi-
group i.e. is mass preserving on the positive cone and if

sup lim sup pe(x,y)pu(de) < 1

M>0C—+00 yeQ /{wEQM; d(z,z0)>C}

then either A\yy < 0 or Ay = 0 and wess < 0. In the case where {U(t);t > 0}
operates on all LP(2) (p > 1) and if we denote by A, (resp. Apv) the
spectral bound of the generator of {Up(t);t > 0} (resp. of {Upy(t);t > 0})
then, under the estimate

sup limsup Pl y)u(da) < P,

M>0C0—=+00 yeq /{zEQM; d(z,20)>C}
we have either A,y < A, or A\pjy = A, and wpess < Apy where wpess is the
essential type of {U,y(t);t > 0}.

We can also avoid such alternatives for symmetric semigroups. We show
then that {Uy (¢);t > 0} has a spectral gap (i.e. wess < Ay) provided that

Y’

sup lim sup pe(z,y)p(de) <e

M>0C—=+0 ye /{erM; d(z,20)>C}

where \ := lim, o XT (increasing limit)

—//\\T = inf H\/ —Tgnp’

w€Dr, ||<PHL2(Q;M):1

2
+ Viz z)? dx),
e /B Ve

Di={e e DOVT), [V loto) o) < +x
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and D, is the subspace of D consisting of those elements with supports
included in B(zg,r). Note that A < A and that the left hand side of the
above strict inequality depends on the values of the potential “at infinity”
while the right hand side depends on its values at finite distance only. We
point out that there exists an important literature on spectral gaps in L2
setting in terms of Poincaré inequalities, (such inequalities are also related to
Log Sobolev (or Gross) inequalities, see e.g. [33][72][3][37][85][14][29]). We
provide here a new point of view in L' spaces in terms of kernels estimates
of unperturbed semigroups and sublevel sets of the potential.

We also study weak spectral gaps for generators Ty . Indeed, we show
that if the kernel Gy (x,y) of (1 —T) ™! satisfies the estimate

1
1— Ay

sup lim sup Gi(z,y)p(dr) <

M>0 C—+o0 yeN ~/{CE€Q]\4; d(z,x0)>C}

(for some xo € Q) then the peripheral spectrum of Ty, i.e.
o(Tv) N {Av + iR},

consists of isolated eigenvalues with finite algebraic multiplicities (see Theo-
rem 33 for a more precise statement). This spectral picture does not prevent
a priori the existence of sequences of eigenvalues of T3, with real parts going
to s(Ty) and imaginary parts going to infinity. However, if {Uy (t);t > 0}
is norm continuous then we show that above estimate implies the much
stronger conclusion that this semigroup has a spectral gap.

Sections 6,7 and 8 illustrate the practical usefulness of some of previ-
ous functional analytic results by providing new results in three directions
of applied interest: Magnetic Schrédinger operators (Section 6), weighted
Laplacians (Section 7) and Witten Laplacians on 1-forms (Section 8); we
revisit some important examples of the subject by exploiting in particular
L' techniques.

Section 6 is devoted to magnetic Schrodinger semigroups; (besides its
mathematical and physical interest, this class of semigroups illustrates sig-
nificantly the fact that, in the above general theory, the positivity assump-
tion on the unperturbed semigroup could be relaxed by using domination
arguments; in principle, this strategy could even be used in full general-
ity by exploiting the existence of a modulus of the unperturbed semigroup
i.e. a minimal dominating positive contraction semigroup [45]). According
to a classical result, see e.g. [8], the spectrum of the magnetic Schrédinger
operator in L? is discrete if this is the case for the Schrodinger operator with-
out magnetic potential; the pointwise diamagnetic inequality being the key

16



point. Thus, the L? compactness results for Schrédinger operators are auto-
matically translated into L? compactness results for magnetic Schrodinger
operators. By following our L' approach and using the diamagnetic inequal-
ity, we give a compactness result in L' setting when the sublevel sets Qs are
“thin at infinity”. This L' point of view complements the known hilbertian
results on discreteness of magnetic Schriodinger operators. On the other
hand, as far as we know, the situation where the sublevel sets ;s are not
“thin at infinity” has not been dealt with yet; we show here the existence
of a spectral gap for magnetic Schrédinger operators under a condition in-
volving the heat kernel and the sublevel sets of the potential, (see Theorem
45).

In Section 7, we deal with some aspects of weighted Laplacians, (see e.g.
[18][31][38] for the interest of the subject); in particular, we revisit some
problems which were considered in [38] in connection with Fokker-Planck
operators. We consider the weighted Laplacian

AP = % div(h?V) = A + 2?

which is (minus) the self-adjoint operator in L?(R¥Y; u(dx)) associated to
the Dirichlet form [y \Ve|? u(dax) where pu(da) = h2(z)dx with h € C2(RN)
and h(x) > 0 Vz € RY. (We have restricted ourselves to A for simplicity but
more general elliptic operators with smooth coefficients can be dealt with
similarly.) This operator is unitarily equivalent to the Schrédinger operator
A — % on L?(RY:dz). In particular, if h(z) = e~ 2@ where @ is a real
C? function on RY then % =1 IV (x)|? — $A®(z). Then, assuming that
1 IV (z)]> — $A®(z) is bounded from below, we can exploit our previous
L' results on Schrodinger operators to give new (compactness) results on
the subject. Thus, we consider the (non-convex) potential

with the convention zy11 = 21 where h > 0, A > 0, v <0, I > 0 (which
appears e.g. in [36][43]) and show that A— (% IV (z)]>— $A®(z)) generates
a (holomorphic) compact semigroup in L'(RY; dz).

When @ is a uniformly strictly convex potential then by a classical result
of D. Bakry and M. Emery (see e.g. [72] Théoreme 3.1.29, p. 50) a loga-
rithmic Sobolev inequality holds implying in particular the spectral gap (or
Poincaré) inequality; we complement this result by showing that actually
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— (1 IV (z)]* — 1 A®(z)) generates a (holomorphic) compact semigroup
in L'(RY; dz).
We consider also the case of (nonpositive) polynomial potential

201, 2 2
E Cax M a5 ayN, (ca >0)
la]<C

where @; > 0 Vi for at least one multi-index @; it is known (see [38] Theorem
11.10 (ii), p. 120) that A — (3 |[V®(z) — 3A®(z)) is resolvent compact in
L?(R¥; dz); we show here that actually A— (% [V® () 12— $A®(z)) generates
a (holomorphic) compact semigroup in L'(RY; dx).

The homogeneous (nonnegative) case

2
g Ca3 ™ 232N (o > 0)

|a|=r

is also dealt with but only in the simplest “elliptic” case V®(x) # 0 Vx # 0,
(we refer to [38] for a systematic analysis of polynomial potentials in L?
setting).

We deal also with spectral gaps when 1 IV (x)> — 3A®(z) is bounded
from below; we give a sufficient condition for the existence of a spectral gap
for A" in L?(RY; u(dx)) under kernel estimates involving the sublevel sets
of L|V®(z)]* — LA®(z). In particular, if 1|V®(z)]* — LA®(z) > 0 and
e @) ¢ LY(RY;dx), the existence of a spectral gap for A* is garanteed
under the condition

1 _ 2
sup lim sup/ exp(—‘x yl Ydx < 1.
M>0C—+00 yejgN J{zeu; 2120} (47t)2 4t

Thus, this condltlon prov1des us with a sufficient criterion in terms of sub-
level sets of 1 [V®(z ) — $A®(z) for a probability measure e~ ®@dz on RN
to satisfy the Poincaré inequality.

In Section 8, we deal with Witten Laplacians, i.e. weighted Hodge Lapla-
cians, on 1-forms associated to the Witten Complex (i.e. the exterior differ-
ential d of the De Rham Complex is replaced by dg := e~ 7@ de3@) where
® is a suitable smooth function; see e.g. [79][43] and [37] Chapter 2). The
Witten Laplacian on O-forms is unitarily equivalent to

AP = AO 4 2 Vef - ne

(where A(®) = —A) while the Witten Laplacian on 1-forms is unitarily
equivalent to
AY = AD @ 1d + Hessd

18



where 1-forms are identified with vector functions; both Laplacians are non-
negative and the spectral bottom of AEI?) is zero when e~ ®@)dz is a proba-
bility measure. The interest of Witten Laplacians in Statistical Mechanics

stems in particular from the beautiful Helffer- Sjostrand’s covariance formula

JU@ =@ - ) @ds = [ ((A0) dr.dg) =",

where (f) = [ f(z)e”®@dx (see [79][43] and [37] Chapter 2). The invert-
ibility of Ag ) is of course a key point; actually, it suffices that the restriction

of Ag) to exact 1-forms be invertible; (see [43] for the details). By combin-
ing L' results and hilbertian tools (Glazman’s Lemma) we show here that
if ® is convex (no strict convexity is needed) then the essential lower bound

)

of ASI? ) is less than or equal to that of Ag ); in particular Ag is resolvent

compact if ASI?) is. We show also, for convex @, that if ASI?) has spectral gap
and if Hess® is not degenerate, i.e. its lowest eigenvalue is not identically

) (0)

zero, then the spectral bottom of Ag is strictly bigger than that of Ag

(and consequently Agbl) is invertible if e=®@)dz is a probability measure).
Regardless of any convexity assumption, we show also that if Ag is the low-
est eigenvalue of Hess®, if %\V@P — LA® + \g is lower bounded and if

Ag) ) + Ao is resolvent compact then Ag ) is also resolvent compact; in par-

ticular Ag ) is resolvent compact if the sublevel sets of % V| — %A@ + Ao
are “thin at infinity”. When such sublevel sets are not “thin at infinity”,
we show the existence of a spectral gap for Ag ) in terms of the heat kernel
and these sublevel sets, (see Theorem 64).

In the last section (Section 9) we come back to the general theory and
deal with operators “T'— (V. —V_)" with indefinite potentials V =V, —V_
and consider them as perturbed operators

TV+ + V_

provided that V_ is Ty, -bounded. The tools behind their treatment are
different from the ones above used for Ty, . According to [22] (see e.g. [9]
Chapter 5),

Ty, +V_: D(Tv,) — L} )

generates a positive semigroup {W (¢);¢ > 0} if and only if

)\EI-EOOTU VoA =Tv,) '] < 1.
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We show that if {e'”;¢ >0} is holomorphic then so is {W(t);t > 0}. We
show also that if {e'”;¢t >0} is norm continuous then so is {W(t);¢ > 0}
provided that

sup / Gy, (2, y) Vi (2)u(dz) — 0 as j — +o0
yeQ J{Vi>j5}

where Gy, (z,y) is the kernel of (1 — Ty, )~*. In both cases, {W(t);t > 0}
is shown to be a compact semigroup under (8) (where Qs are the sublevel
sets of V4). We study also stability of essential types (or essential spec-
tral bounds). Indeed, we assume that Q is a locally compact metric space
endowed with a locally finite Borel measure g > 0 and that Q = U,=,
where Z,, is a nondecreasing sequence of compact subsets. We show that

{et(TV++V*);t > 0} and etTVJr;t > 0 have the same essential spectrum
and consequently the same essential type provided that

lim sup /:C V_(2)Gy, (z,y)u(dx) = 0;

n—00 yecQ)

this stability of essential type implies that {et(T"+ +V’); t> 0} has a spec-

tral gap if {etTV+;t > 0} has since the type of the latter is less than or

equal to that of the former. We deal also with L? spaces when {etT; t> 0}
operates on all LP spaces and restrict ourselves for the sake of simplicity
(see Remark 82) to the case where {etT;t > 0} is symmetric, i.e. when

{e;t > 0} coincides with its dual {etT/;t > 0} (on L*®(£2)) on the space
LY(2) N L*°(£2); then both {etTVﬂt > 0} and {W (t);t > 0} interpolate on
all LP(Q) (1 < p < o0) providing positive strongly continuous semigroups
{etT”V+;t > O} and {etAP;t > 0} in LP(Q) where Tpy, and Ay are self-

adjoint in L?*(©2). We note that V_ is not a priori Ty, -bounded in LP({2);
it is shown in [63] that in L?(Q), V_ is form-bounded with respect to —Thy,
with relative form-bound less than or equal to limy_, oo 7o [V_(/\ — TVJF)*I]
and (minus) As turns out to be a form-sum

—Ay = (-Tov,) + (V).

Finally, we show by interpolation arguments how {etAP; t> 0} inherites from

{et(TV++V*);t = 0} various compactness results and spectral stability re-

sults.
An abridged version of this paper will be published soon.
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2 Compactness properties of sub-stochastic semi-
groups in L'(Q; )

In all this section (£2;.A, 1) denotes a measure space and {U(t);t > 0} is
a positive cg-semigroup of contractions on Ll(Q; u) (i.e. a sub-stochastic
co-semigroup) with generator 7. Let

V(9 1) — [0, 400]

be a measurable function. (Indefinite potentials will be dealt with in Section
9.) Let V,, :==V An and {et(T*V”);t > 0} be the cg-semigroup generated by
T — V,. Tt is elementary to see that e!(T=Vn+1) f < HT=Va) fyf ¢ LY (5 )
so that

Uy(t)f := lim TValy

n—-+oo

defines a semigroup. The semigroup {Uy (¢);t > 0} is a priori strongly con-
tinuous for ¢ > 0 only. We say that V is admissible for {U(¢);t > 0} if
{Uy(t);t = 0} is a cp-semigroup, i.e. is strongly continuous at the ori-
gin. In such a case, Ty, the generator of {Uy(¢);t > 0}, is an extension
of T —V :D(T)ND(V) — LY(Q; ). A sufficient condition of admissibility
is that D(T) N D(V) be dense in L*(Q; 1) ([83] Proposition 2.9). Actually
the above considerations hold also in all L? spaces. On the other hand, the
following known result is peculiar to L!-setting [66][83]; for reader’s conve-
nience, we recall briefly its proof (as given in [83] Lemma 4.1) in a slightly
different form.

Lemma 2 Let V' > 0 be admissible for {U(t);t > 0}. Then D(Ty) C
D(V) and V is Ty -bounded.

Proof: For a bounded potential W and f € D(T) N LY (€ ) we have

d

%He‘”Uw(t)fH = & [ v du:/i[e—”UW(t)f}du

_ / (T = A= W) [e U ()f] du

_ / (@~ X [e U (0)f] du— / W e Ui (0)f | dy
—e M | WUw (t)f]

IN

and consequently
+o00 Y +o0 d Y
o sias — [ G e vw o ]| de =11
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Thus oo
| e Wt @l e < 171 v >
0

since Uy, (t) < Uy, (t). Letting m — +o0, by monotone (decreasing) con-
vergence we get f0+°° e M|V Uy (t) f]ldt < ||f]| and then, by monotone
(increasing) convergence, we obtain f0+°° e MIVUy () f|| dt < ||f|| which
is nothing but HV()\—TV)_lfH < ||f|l for f € D(T)N LYL(Q;p). Finally
the density of D(T') N L} (Q;p) in LY () and the fact that L'(Q;pu) =
LY () — L (Q; p) show that V(A—Ty)~! is a bounded operator or equiv-
alently V is Ty/-bounded. B

It seems that we cannot hope a priori (see Remark 5 below) that Uy (t)
maps continuously L'(€; u) into D(V) for ¢ > 0. We show however a cru-
cial “weak type” estimate under a suitable assumption on the perturbed
semigroup {Uy (t);t > 0} itself.

Lemma 3 We assume that L'(Q; i) is separable and that {Uy (t);t > 0} is
such that

U (t+ €)1 — Up (6)1
g

Vt >0, sup
€€]0,1]

< 400 (12)
Lo (Qsp)

where Uy (t) is the dual operator of Uy (t). Then, for almost allt > 0, there
exists a positive constant ¢; such that

[, ronua) <My e o, varso.

In particular, (12) is satisfied if
Vfe LY (Qu), 10,4+00[>t — /Uv(t)f is differentiable (14)

or if
10, +00[ 2 t — Uy (t) € LIL(Q; ) is locally lipschitz.

Proof: As in the proof of Lemma 2, we have

d
= Uy, &) fl < = IVaUv, () £l

so that, for any 0 < a < b < 400,
b
/ [VaUy,, (s) fll ds < [|Uv,, (a) fI| = Uy, (0) £l
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and, for n > m,

b
/ ViU, (s) f | ds < |Uv, (a) fI| = |Uv, (0) f1] -

Letting n — +o00 gives

b
/ VinUy (s) fll ds < [|[Uv (a) fI| = |Uv (D) £

so that letting m — 400 we get by monotone convergence theorem

b
/ VU (s)fllds < [[Uv(a) f]| = [Uv (0) f]

showing in particular that Uy (s)f € D(V) for almost all s. We note that
s = |[VUy(s)f]| is lower semicontinuous (and thus measurable) as an in-

creasing limit of continuous functions and is locally Lebesgue integrable.
Hence, for any f € L'(; ),

t
[0,+0][>t— / \VUy(s)f||ds is differentiable a.e.
0

(on the set E¢ of Lebesgue points of s — [[VUy(s)f||) with derivative
VU (t)f|, see e.g. [73] Théoréme 6.1.23, p. 30. Taking f € L) (s pu),
te ky

t+e
D[ vue@sas < LoV - 10y + e

_ / Us ()1 — Up(t+¢)
g

Lr<allfl

where ¢; := sup.¢jo 1] e U (t+e)1 — Uy (£) 1| oo (0 » SO that letting & —
0 we get
VU@ fII < celfll (€ Ey).

If L'(Q; p) is separable then so is L (Q; p). Let D C L1 (Q; 1) be a denu-
merable set dense in Li(Q; p) and let E := NrecpEy. Finally

VU@ fll <clfll, feD, teE

where the complement set (in Ry) £ = Uy pE$ has zero Lebesgue measure.
It follows that for all f e D
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M / Uy (t)f < / VU f < [VUR0) ]| < e /]
{V>M} {V>M}

and then

ct || £l
(Uv () f)plde) < =7

, feLL(Qp)
{V>M}

since D is dense in L1 (Q; u) and Uy (¢) is a bounded operator on L'(€2; p).
The differentiability of 0,400 2 t — [Uy(t)f for all f € LY(Q;p)

amounts to

U (t+¢e)1 — U (t)1
e

exists

Vvt >0, lim
e—0
in the weak star topology of L°(;u) which in turn implies the bound-

edness of e 1||U(t + )1 — U{",(t)l”Loo(Q,u) for € € ]0,1] by the uniform
boundedness principle. Finally

[Uv(t+e)1 = Up (O ooy < UV(E+2) = Up (Dl 2200 ()
= [Uv(t+e) = UvOllgrrpuy

show the last claim. W

Remark 4 (i) The separability of L'(; ) holds e.g. if p is a o-finite
reqular Borel measure on a separable metric space €.

(ii) We note that the condition that ]0,+oo| >t — Uy (t) € L(L' (% p))
be locally lipschitz is weaker than a differentiability condition on the perturbed
semigroup {Uy (t);t > 0} because the differentiability of a bounded semigroup
{S(t);t = 0} in a Banach space X is equivalent to global Lipschitz conditions

Ve >0, 3C. > 0; [|S(t) — S(S)HL(X) <Celt—s|, Vt,s > ¢,

see e.g. [40] Lemma 2.1. Note that (14) is also much weaker than a differen-
tiability condition of the perturbed semigroup {Uy (t);t > 0}. For instance,
if we consider the translation semigroup U(t)f = f(x —t) in L' (R, dx) then
(14) is satisfied by the (non differentiable) perturbed semigroup

Uy (t)f = e Jot Vs g )

provided that V' is differentiable and

+t

Vt>0, y— V(y+te J Vs _ Viy +t)e” BTVEs i pounded.
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Actually, in this example, {Uy(t);t > 0} is not even norm continuous; this
shows that a priori there is no connection between Conditions (12) or (14)
and norm continuity of the perturbed semigroup. Such conditions deserve to
be investigated more deeply for their own sake. In particular, sufficient con-
ditions in terms of {U(t);t > 0} and V' would be very important; note that
{Uv(t);t = 0} is holomorphic if {U(t);t = 0} is [4/[41]. A natural condition
to be investigated is of course the differentiability of the perturbed semigroup
{Uy(t);t = 0}; we mention that in general the differentiability property of a
semigroup is not stable by bounded perturbations [71], see however [23][40]
for the positive results in this direction; the case of unbounded perturbations
seems to be open.

(iii) We note finally that if Uy (t) is an integral operator with kernel
p (z,y) then Uy (t)1 = [op) (z,.)u(dz) and (12) is satisfied if

10, +o0[ 3t — / pY (z, )u(dz) € L°°(Q; ) is locally lipschitz.
Q

Remark 5 Despite the denseness of D in L}r(Q;,u), it 1s unclear whether
the estimate |VUy (t)f|| < || fll, f € D, t € E implies that VUy(t) is a
bounded operator on L*(Q; i) for t € E which is a stronger conclusion than
(13).

We give now:

Lemma 6 Let {V(t);t >0} be a co-semigroup on L' (% u) with generator
G. If the resolvent (A — G)~! is a weakly compact operator for some (or
equivalently all) X € p(G) then it is a compact operator for all X € p(G).

Proof: The resolvent identity
A=) = (b= == NA=G)(u—-G)" Apuep@)

shows that the weak compactness of (A — G)~! implies the the weak com-
pactness of (1 — G)~L. By the classical Dunford-Pettis’ theorem (see e.g. [2]
Corollary 5.88, p. 344) the product of two weakly compact operators on
LY(; 1) is a compact operator so that

[A =6 = (1= N = 6) M= G)7| = (5= )| — 0 as gy +00

shows that (A — G)~! is a compact operator. B
We note that if (A — T')~! is weakly compact (or equivalently compact)
then (A — Ty/) ! is also weakly compact by domination. Similarly if U (#) is
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compact for ¢ > 0 then so is Uy (). Thus, in all this section, it is understood
that (A —T)~! and U(t) are not (weakly) compact in L!(Q; u). We are now
ready to show:

Theorem 7 Let {U(t);t > 0} be a sub-stochastic co-semigroup on L' (€); )
with generator T and let V' : (Q; u) — [0, +00] be admissible for {U(t);t > 0}.
Then Ty is resolvent compact if and only if for all M > 0

A =Ty)" LY p) — LY Qg ) is weakly compact. (15)
A sufficient condition for (15) to hold is that
A=T)"1: LY p) — LY Q) is weakly compact. (16)

Proof: According to Lemma 6, it suffices to show that 7y is resolvent
weakly compact. Let s(Ty) be the spectral bound of T,. Let f = (A—=Ty/)"1g
with A > s(Ty) (g € B) where B is the unit ball of L!(Q; 11). Since D(Ty/) C
D(V) and V is Ty-bounded (Lemma 2) then there exists a constant ¢ > 0
such that ||V f|| < ¢||g|| so that

M /W )| pldz) < /m V@1 @
< /V x)| p(dx) <e¢, Vge B

so that f{v(x)>M} |f(z)| p(dz) — 0 as M — +o0 uniformly in g € B. Thus
we have decomposed f = (A —Ty) tg as flq,, + flas, where flge can be
made as small in L'-norm as we want (uniformly in g € B) and flg,, is a
relatively weakly compact set by (15). This shows the first claim. Finally,
the domination (A — Ty)~! < (A — T)~! shows that (16) implies (15). B

Under an additional technical assumption (which is satisfied e.g. in
denumerable state spaces, see Remark 9), we can show that (15) and (16)
are equivalent. Indeed, a bounded measurable function ¢ : (Q;u) — R is
said to operate on D(T) if ¢y € D(T) fo any ¢ € D(T) and ¢ € D(T) —
© € D(T) is continuous for the graph norm.

Theorem 8 We assume that for each M there exist M > M and a bounded
measurable function @, : (Q;pn) — R operating on D(T) with support in
Q57 and equal to one on Q. If Ty is resolvent compact then for all M,
A—=T)"1: LY p) — LY Qs ) is compact.
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Proof: Let (A —Ty)~ ' : LY(Q; ) — LY(; 1) be compact. Consider the
equation

Af=Tf=h HhHLl(Q;,u) <L

Note first that < f; ||h]|;1/0.,y) < 1¢ is bounded in D(T") endowed with the
LY (Qsp)

graph norm. Let ¢,, : (€; 1) — R operating on D(T") with support in Q7
and equal to one on §2;7. Then

Moy —euTf +euVi=eopuh+eyuVF
and k := fy,; satisfies the equation

We note that by assumption ¢y,h+ 0V f+ 0T f — Tk lives in a bounded
subset of L1(£2; 1). The set {fcpM; 17l 1y < 1} is relatively compact in

LY(9; 1) by the compactness of (A —T}/)~! and ﬁnally{f; ”hHLl(Q;,u) < 1}

is relatively compact in L'(Q; i) since ¢, is equal to one on €y, i.e.
A=T)"1: LY ) — LY(Qpr; 1) is compact. W

Remark 9 Let L'(N;u) endowed with the counting measure u. Consider
an infinite matriz {a;;,1,7 € N} such that a;; <0, a;; > 0 for i # j and

>oiai; =0. Let T be the multiplication operator by {a;;},c with domain

{{ui}; € '(N); {aziui}; € I'(N)}

and A : D(T9) — IM(N) with (Au); = > jzi Gijuj. Note that 32, a;; =
—ajj. If imy_, 1 sup; Zz#)\fiaj“ < 1thenT =T+ A : D(T°) —
IY(N) generates a stochastic (i.e. mass preserving on the positive cone) co-
semigroup {U(t);t > 0} on I1(N) (see e.g. [44]). Then D(T) = D(T°) is
obuviously invariant under the multiplication by any sequence {z;}, € 1°°(N).
Consider now a nonnegative V.= {V;},. For any M > M, the bounded
sequence ¢ = {p;};cn defined by ¢, = 1 if V; < M and v; = 0 otherwise,
satisfies the conditions on ¢, in Theorem 8.

We show now how to reach the conclusions of Theorem 7 (and also more
stronger ones) by different means.
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Theorem 10 Let {U(t);t > 0} be a sub-stochastic co-semigroup on L' (€2; i)
with generator T. Let V : (Q; u) — [0, +00] be admissible for {U(t);t > 0}.
We assume that for M >0 and t > 0

U(t) : LNQ; p) — LY Qs ) is weakly compact. (17)

Then:

(i) Ty is resolvent compact.

(ii) If moreover the conditions (12) or (14) are satisfied then {Uy (t);t > 0}
18 a compact Semigroup.

Proof: (i) Let Pa,, : L'(; u) — LY(Qas; 1) be the restriction operator.
Note that
—1

+oo €
Pa,, (A= T)_l = Pay, /0 e_AtU(t)dt = Eh_r% Poy, / e_AtU(t)dt
€

where the convergence holds in operator norm. Let us show (16) or equiva-
lently that Po,, (A — 7)1 is weakly compact. It suffices to show that

-1 -1

Po,, / e MU(t)dt = / e MPq,, U(t)dt
S 15

is a weakly compact operator. This is a strong integral (not a Bochner
integral) of a bounded, strongly continuous W (L!(Q; i), L (Qr; it))-valued
mapping where W (L' (; u), L' (Q; 1)) is the Banach space of weakly com-
pact operators from L(; p) into L (Q; ). By [75] or [57] f;_l e MPqg,, U(t)dt
is a weakly compact operator. Then the first claim is a consequence of The-
orem 7.

(ii) We can choose t as small as we want such that (13) is satisfied with
t =t. Let f = Uy(t)g with g € B the unit ball of L*(£2; ). We note that
(13) implies that f{v(x)>M} |f(z)|p(dx) — 0 as M — +oo uniformly in
g € B. On the other hand

[fl = [Uv(®)g] <Uv(@) |9l <U®@) gl

so that, by (17), the restriction to Qu of {Uy(f)g; g € B} is relatively
weakly compact by domination and then, by arguing as in the proof of
Theorem 7, one sees that {Uy(f)g; g € B} is a relatively weakly compact
subset of L1(Q; ), i.e. Uy (t) is a weakly compact operator for all ¢t > ¢
and consequently for all ¢ > 0. Actually, Uy (¢) is a compact operator for all
t > 0 since Uy (t) = Uy ($)Uy (%) and the product of two weakly compact

28



operators on L'(€; i) is a compact operator (see e.g. [2] Corollary 5.88, p.
344). W
We give now an alternative proof of Theorem 10(ii).

Theorem 11 Let (16) be satisfied and let {Uy(t);t > 0} be norm continu-
ous. Then Uy (t) is compact for all t > 0.

Proof: 1t is a standard fact from semigroup theory (see e.g. [65] Theorem
1.25, p 41) that under the norm continuity of {Uy (¢);¢ > 0}, the compact-
ness of (A — Ty/)~! is equivalent to the compactness of Uy (t) for t > 0. We
can give here a different argument adapted to our particular context. We
have (for large A and) for any £ > 0 and € > 0

+o00 t+e
AN=Ty) = / e MUY (t)dt > / e MUy (t)dt
0 t

so that, for any ¢ > 0, e~* fztﬁ e*)‘th(t)dt is a weakly compact operator
by domination. Letting ¢ — 0 and using the right continuity of ¢ — Uy (t)
in operator norm we obtain that Uy (t) is a weakly compact operator for all
t > 0 and consequently, as previously, Uy (t) is compact for all t > 0. B

One sees then how important is the norm continuity of {Uy (¢);t > 0};
it provides us with a useful mean to translate compactness properties from
the resolvent (A — Ty/)~! to the semigroup Uy (t). It is an interesting open
problem to decide whether the norm continuity of {U(t);¢ > 0} implies that
of {Uy(t);t > 0}. This problem is not covered by the paper [52] dealing
with unbounded perturbations preserving immediate norm continuity of the
semigroup. We provide here a solution to this open problem.

Theorem 12 Let V : (; 1) — [0,+00] and V,, :=V An.
(i) Then for all finite C > 0

sup Het(T’V")f - Uv(t)fH <OV =Vl (1= Ty) Yf||, ¥f € LL(Q ).

t<C
In particular, if H[V - Val (1 _TV)_lHL(Ll(Q.#)) — 0 as n — +o0o and if
{U(t);t = 0} is norm continuous then {Uy (t);t = 0} is also norm continu-
ous.

(ii) In particular, let (1 — Ty)~! be an integral operator with kernel
Gy (z,y). If {U(t);t > 0} is norm continuous and if

sup/ Gy (z,y)V(x)pu(dx) — 0 as n — +0o0
yeQ J{V>n}

then {Uy (t);t > 0} is also norm continuous.
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Proof: Note first that both V' and V,, are Ty-bounded so that the se-
quence {[V —Vul (11— TV)_l}n of bounded operators converges strongly to
zero. According to the general theory etT=Ve)f — Uy(t)f for all f €
LY(Q; 1) uniformly in ¢ € [0,C]. We start with the Duhamel formula (for a
positive bounded perturbation) and f € L}r (Q; 1)

HTVR) T Vi) f / LTV [y ] TV s,
0
By letting k — 400, Vik(x) — Vi (2)—=V (z) — Vi (x) a.e. and then
TV f = Uy (8) f + /0 t Uy (t —s) [V — V] Uy (s) fds.
The additivity of the norm on the positive cone shows that

s —vvtos| = | [ ovt-9w - vilvvssa

t
_ /0 Oy (t — 5) [V = V] Uy (5) £ ds

< [ -viveesias = | [ v -viovs

_ H[V—Vn]/oth(s)fds < H[V—Vn]/OCUv(s)fds

eC

IN

C
V-V /0 Uy (s) fds

for all t < C where C' > 0 is arbitrary. Hence

sup [T 1 - vy of| <V - vl @ - 1)

, Vf e L (1)

and

sup Het(T_V") - Uv(t)H < e’ H[V - Va1 - TV)_1H :

t<C
Finally, if {U(¢);¢t > 0} is norm continuous then so is {et(T_V"); t >0} be-
cause Vj, is a bounded perturbation [69] so that the last operator norm
estimate ends the proof of (i). If (1 — Ty)~! is an integral operator with
kernel Gy (x,y) then an elementary calculation shows that

IV = Val (= T) 7 11 = seo /{V>n} Crlr Vi)
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and this combined with (i) end the proof of (ii). W

The category of holomorphic semigroups is also particularly interesting
since the holomorphy of {U(t);t > 0} implies that of {Uy (¢);t > 0} [4][41]
and therefore Theorem 11 implies:

Corollary 13 Let (16) be satisfied. If {U(t);t > 0} is holomorphic or under
the conditions of Theorem 12 (ii), {Uy(t);t = 0} is a compact semigroup.

Remark 14 [t is not difficult to see that (\—Ty) ™! is compact if and only if
fg Uy (s)ds is for all t > 0 (the argument holds for general co-semigroups in

Banach spaces). Thus fg Uy (s)ds is a compact operator on L' (Q; 1) under
Assumption (16) only.

Remark 15 (i) The assumption that (A —T)~ ! (resp. U(t)) : L*(Q; pu) —
LY (Qar; i) is weakly compact is trivially satisfied if the sublevels sets have
finite measure and (A — T)~! (resp. U(t)) maps continuously L*(§%; u) into
LP(Z; ) for some p > 1 for any Borel set Z with finite measure, (e.g. for
ultracontractive symmetric Markov semigroups); this follows from the fact
that for p > 1, a bounded subset of LP(Z; u) is equi-integrable.

(ii) When LY(2;u) is separable, such weak compactness assumptions
imply that (A — T)~1 : LY Qs ) — LY(Qur;p) (resp. U(t) : LY Qs p) —
LY(Qu;p)) is an integral operator with a measurable kernel (see the re-
mark in [24] p. 508) and this clearly implies that (A —T)~! : LY (Q;p) —
LY Q) (resp. U(t) : LY p) — LY(Q;p)) is an integral operator with
a measurable kernel (provided that UpQpr = Q, ice. 'V is finite a.e). In
particular, this is the case of ultracontractive symmetric Markov semigroups

(see also [77] Corollary A.1.2).

In the special case where {U(t);t > 0} operates on all LP spaces, we
can extend the above results to LP spaces by interpolation. Suppose that
{U,(t);t > 0} are co-semigroups on LP(§2; ) with generator T}, (p > 1) such
that Up(t) and Ugy(t) coincide on LP(€; p) N L9(82; ). We note {U (¢);t > 0}
instead of {Uy(t);t > 0}. Then, as in the L' case, we define the semigroups
{Upv (t);t > 0} with generator T,y and {Upy(t);t > 0} are strongly contin-
uous if and only if {Uy(¢);¢t > 0} is ([83] Proposition 3.1). (We point out
that in T,y and Upy(t), the subscript pV is not the product of p and V'
) Then using the compactness interpolation theorem for o-finite measures
(see e.g. [18] Theorem 1.6.1, p. 35) we obtain immediately:

Theorem 16 Let ;i be o-finite. If (16) or (17) is satisfied then T,y is
resolvent compact in LP(2; p). Moreover if (12) or (14) are satisfied (e.g. if
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{U(t);t = 0} is holomorphic) or under the conditions of Theorem 12 (ii),
the semigroups {Upy (t);t > 0} are compact in LP(S); ).

If {Us(t);t > 0} is self-adjoint, we obtain more precise results:

Theorem 17 Let (16) be satisfied. If {Ua(t);t > 0} is self-adjoint then the
semigroup {Upy (t);t = 0} is compact in LP(S2; ) for p > 1.

Proof: By interpolation (see e.g. [18] Theorem 1.6.1, p. 35), the gener-
ator of the self-adjoint semigroup {Uay (t);t > 0} is resolvent compact and
then the semigroup itself is compact for ¢ > 0. Actually this result can also be
obtained as follows: being self-adjoint, ]0, +oo[ > t — Usy (t) € L(L*(Q; 1))
is continuous in operator norm topology and then we can argue as in the
proof of Theorem 11 by using compactness results by domination in L?
spaces when p > 1 (Dodds—Fremlin’s Theorem); see e.g. [2] Theorem 5.20,
p. 286. The case p # 2 (p > 1) follows by interpolation again. H

Remark 18 Note that if {Uz(t);t > 0} is self-adjoint then, under (16) only,
the semigroup {Uy (t);t = 0} is not a priori compact on L' (; ).

We end this section by showing that the basic assumption (17) is stable
by subordination. We recall first some notions on subordinate semigroups.
Let f € C*°((0,+c0)) be a Bernstein function, i.e.

kdkf(m)

Ik <0 VkeN.

f>07 (_1)

It is characterized by the representation e~*/(#) = f0+°° e " (ds) (t > 0)
where (7,)i>0 is a convolution semigroup of measures on [0, 4+00) (see e.g.
[42] Theorem 3.9.7, p. 177). Let {U(¢);t > 0} be a contraction semigroup.
We can define (see [42] Chapter 4 for the details) the so-called subordinate
semigroup {U/(t);¢ > 0} acting as

+oo
o € LIRY) — U (t)p = /0 (U(s)p)ni(ds) € LI(RY).

Theorem 19 Let {U(t);t > 0} be a positive contraction semigroup satisfy-
ing (17). Let f be a Bernstein function such that f(x) — +00 as x — +oo.
Then the subordinate semigroup {U7(t);t > 0} satisfies also (17).
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Proof: Note first that f(x) — 400 as x — 400 (or equivalently: for all
t>0,e @) - 0as z — 400) amounts to 7,({0}) = 0 V¢ > 0. This implies
that

-1

[ vema -l

-1

It suffices then to show that [~ Pq, U(s)n;(ds) is a weakly compact op-
erator. By assumption, Vs > 0, Pq,,U(s) is a weakly compact operator.
Moreover

< n,([0,e]) + my(Je™!, 400[) = 0 as e — 0,

so that

— 0 as ¢ — 0.

[ Poutomas) - R, 070

s>0— Pg,,U(s) € LILYRYN), LY (Qar))

is strongly continuous and bounded. It follows from [75] or [57] that the
—1
strong integral [ Pq,,U(s)n;(ds) is a weakly compact operator. B

3 Applications to convolution semigroups

This section is devoted to specific results on convolution semigroups in
euclidean spaces because of their importance in applications. More gen-
eral situations are dealt with in Section 4. Let Q@ C RY be a Borel subset.
We say that €2 is “thin at infinity” if

2N B(z;1)| -0 as z — o0 (18)

where B(z;1) is the ball with radius 1 centered at z € RY and || refers to
Lebesgue measure. We start with a basic result.

Lemma 20 Let H: ¢ € LY(RY) — [h(z — y)p(y)dy € LY(RY) be a con-
volution operator with h € LY (RY). Then H : ¢ € L'(RY) — LY(Q) is
compact if and only if

sup / h(z —y)dz — 0 as ¢ — 400. (19)
QN{|z|>c}

yeRN

Moreover (19) is satisfied if Q is “thin at infinity”.
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Proof: We note first that the continuity of y € RV — h¥(.) € LY(R")
(where h¥(.) : © — h(z — y) is the translation of h(.) by a vector y) shows
that H : LY(RV) — LY(Z) is compact for any bounded Borel set Z. On the
other hand, if H : ¢ € L*(RY) — LY(Q) is compact then

HXQ”{‘”|>C}HHc(Ll(RN),LI(Q)) — 0 as e oo

(we still denote by Xongjz|>¢} the multiplication operator by the indicator

function Xon{|z|>c}) because ||X{jq>eyf L) — 0 as ¢ — +oo uniformly

in f in a compact set of L}(Q), i.e. (19) holds. Conversely, under (19),
H: ¢ e L'RY) — LY(Q) is a limit in operator norm (as ¢ — -+o0) of
Xon{|e|<c}H Which is compact since 2N {|z| < ¢} is bounded. Let us show
now that (19) is satisfied if 2 is “thin at infinity”. To show (19) it suffices
that

lim h(z — y)dxz = 0. (20)
lyl—=+o0 /o

Indeed, let € > 0 be arbitrary and let D > 0 be such that
/ h(z —y)dx < e for all |y| > D.
Q

It suffices to show that for any D > 0

sup / h(z —y)dx — 0 as ¢ — +00
ly|<D JQn{|z|>c}

i.e.

sup / hY(x)dx — 0 as ¢ — +00. (21)
ly|<D JQn{|z|>c}

Since y € RY — hY(.) € LY(RY) is continuous then
{hY(.); |z| < D} is compact subset of L*(RY)
and consequently {hY(.); |z| < D} is an equi-integrable subset of L!(R") so
that (21) is true. It suffices now to show that (20) is satisfied if  is “thin
at infinity”. We observe first that (18) is actually equivalent to
VR>1, 9N B(y;R)| —0 as y — o0 (22)

where B(y; R) is the ball with radius R centered at y € R™. It suffices
to observe that |2 N B(y; R)| < Z;]jl |2 N B(yi; 1)| where we have covered
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B(y; R) by a finite number Jr (depending on R only) of balls B(y;; 1) with
radius 1. We write

/h(x—y)dw = / h(z)dz:/ h(z)dz—l—/ h(z)dz
Q Q—y (Q—y)NB(0,R) (2—y)NB(0,R)e

/ h(2)dz + / h(2)dz
(Q—y)ﬁB(O,R) B(O,R)c

where B(0; R)¢ is the exterior of the ball B(0;R). The invariance of
Lebesgue measure by translation yields

IN

[ —y) N B(0; R)| = |20 B(y; R)|- (23)

Finally, for any ¢ > 0 we choose R large enough so that fB(o-R)C h(z)dz < e
and then f(Q—y)mB(O;R) h(z)dz — 0 as |y| — +o0 by (22) and (23). B
We consider now the convolution semigroups

Uy(t) : f € IP(RY) — / f(z — y)m(dy) € IPRY)

defined in the Introduction. Such convolution semigroups, related to Lévy
processes, cover many examples of practical interest such as Gaussian semi-
groups, a-stable semigroups, relativistic Schrodinger semigroups, relativistic
a-stable semigroup etc. (see [42] Chapter 3). The semigroups {Up(t);t > 0},
are strongly continuous positive contractions on LP(RY ) for 1 < p < 400
with generator T},. We recall that

A—T)'f = / F( — yym? (dy)

where
— +o0 . 1
Q) = [ eNmOd =
0
We make the assumption that
B 1
CAFF(O)

Note that (24) is satisfied if, for all ¢ > 0, m; is a function, i.e. U(t) is
a convolution operator with a kernel p;(.) € LY (RY). As a consequence of
Lemma 20 we have:

3G, € Li(RN) such that éj\(ﬁ) (24)

Theorem 21 Let (24) be satisfied. If the sublevel sets Qpr are “thin at
infinity” then Ty is resolvent compact.
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Since {Us(t);t = 0} is self-adjoint for real characteristic exponent then
Theorem 17 implies:

Corollary 22 We assume that the characteristic exponent is real. Let (24)
be satisfied and Qpr be “thin at infinity”. Then {Upy(t);t > 0} are compact
semigroups for all p > 1.

The fact that m* is a function if (€ € LY(RN) (¢ > 0) implies:

Corollary 23 We assume that e *(©) ¢ LYRN) (t > 0). Then Ty is re-
solvent compact if the sublevel sets Qpr are “thin at infinity”.

Thus, the semigroups generated by (non-selfadjoint) second order el-
liptic operators with constant coefficients, the a-stable semigroup, the rela-
tivistic schrodinger operator or more generally the relativistic a-stable semi-
group are all covered by Corollary 23. These examples are also covered by
the following theorem with a stronger conclusion.

Theorem 24 Let f be a Bernstein function such that f(x) — 400 as
T — 400 and let {Uf(t);t > 0} be the corresponding subordinate Brown-
ian semigroup on LY(RN). Then {U‘J;(t);t > 0} is a compact semigroup if
the sublevel sets Qpr are “thin at infinity”.

Proof: Let {U(t);t > 0} be the heat semigroup. Since (17) be clearly sat-
isfied, then Theorem 19 shows that (17) (and consequently (16)) is satisfied
by its subordinate semigroup {U f (t);t > ()}. The latter being holomorphic,

Theorem 11 shows that {U‘J;(t);t > 0} is a compact semigroup. W

Remark 25 We note that the geometric a-stable semigroup corresponding

_ : —tF 1N N
to F(¢) = In(1+¢|%) where 0 < o < 2 satisfies e F'©) € LYRYN) fort > &
only so that Corollary 23 does not apply a priori. However, by subordination
to heat semigroup, this case is covered by Theorem 24.

Remark 26 (i) Note that we have now a stronger version of Theorem 1
since, under (3), A —V generates a (holomorphic) compact semigroup in
LY(RN). In particular, this is the case in L*(R?) for the potential (1). Indeed,
in this case, Qpp = {(.7}1,.7)2); |xa| < %} It suffices to restrict ourselves
to

M
QL = QN {(x1,22);21 > 0,29 > 0} = {(xl,xg); T9 < 1131}
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and to consider for instance the case where we move the ball B(z; 1) (centered
at z = (z1,22) with z1 > 0) by letting 21 — +o0o. The set B(z;1) NQ}, is
included in {(z1,22); 21— 1<z <z +1}N QL whose Lebesgue measure
18 equal to

z1+1 1
/ —dml:Mln(Z1+ ) — 0 as z — +oo.
-1 T1 z1—1

(ii) Similar arguments apply to A — (22y? + 2222 + y?2?) in L' (R3); see
Section 7 for much more examples arising in the study of weighted Lapla-
cians.

Remark 27 We note that we can easily deal with non translation-invariant
positive semigroups {U (t);t > 0} on L' (% dx) where Q C RN by using dom-
ination arguments provided that {U(t);t > 0} admits a kernel estimate of
convolution type. More systematic results, including spectral gaps, are given
in the next two sections in the more general context of L' spaces over metric
measure Spaces.

4 Metric measure spaces and compactness

The interest of Markov processes in metric spaces (see e.g. [32] and refer-
ences therein) suggests naturally to investigate the compactness (or spectral
gap) problems in Lebesgue spaces over metric measure spaces. Let (€2, d) be
a metric space and pu be a Borel measure on §2 which is finite on bounded
Borel sets. We assume in this section and in the next one that L!(€;p) is
separable. Let {U(t);t > 0} be a sub-stochastic co-semigroup on L*(; )
with generator 1. We show here how the existence of a metric allows us to
precise further some results of Section 2.

Theorem 28 We assume that (1 — 7)1 : LYQ;u) — LYZ) is weakly
compact for any bounded Borel set Z. Let G1(x,y) be the kernel of (1—T)~".
If

lim sup Gi(z,y)u(dz) =0, YM >0 (25)

C—+o0 yeQ /{\Ieﬂjw; d(x,x0)20}

(for some xo € Q) then Ty is resolvent compact.

Proof: Note that (25) is zg-independent. As in Remark 15 (ii), the
existence of the kernel Gy (z, y) follows from the separability of L(Q; i) and
the weak compactness assumption, see the remark in [24] p. 508. One sees,
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by domination, that (1 —Ty)~!: LY(Q;u) — LY(Z) is also weakly compact
for any bounded Borel set = and then (1 —7Ty,)~! has also a kernel G (, ).
We decompose (1 — Ty)~! as

A=Tv)"" = xag, (1 =Tv)" + Xweaud@ao)=cy (1 = Tv) ™

+X{:EEQM,d(sc,xo)<C} (1 - TV)_l

where €4, is the complement of the sublevel set £2,;. Since

1 _
X{xEQM,d(:c,mo)<C}(1 - TV) < X{:cEQM,d(:c,zo)<C}<1 - T) !
then, by our assumption, X(yc0,; d(zz0)<c}(l — Ty)~! is weakly compact.
Moreover, we saw in the proof of Theorem 7 that the norm of xqe (1-Ty) !
goes to zero as M — +oc. The norm of X,cq, d(z,z0)>c} (1 — Ty)~ 1 is less
than or equal to that of X(zcq,, d(@z0)=c} (1 — T) lie.

sup G1(z,y)pu(dz).

yeQ AIEQN[; d(xﬂ:o)ZC}

Thus ||(1- 1) - 1-1)7 is arbitrarily small
us ||( ) X{erM,d(x,a:O)<c}( V) L () 1s arbitrarily sma

for M and C large enough. Hence (1—Ty/)~! is weakly compact and Lemma
6 ends the proof. B

We note that under the conditions of Theorem 12 (ii) {Uy(t);¢ > 0}
is norm continuous and then Theorem 28 implies the compactness of the
semigroup {Uy(t);t > 0} (see Theorem 11). We can also derive this result
differently under other conditions.

Theorem 29 We assume that (12) or (14) is satisfied. Let U(t) : L*(; p) —
LY(Z) be weakly compact for any bounded Borel set = and t > 0 and let
pe(x,y) be its kernel. If for all t > 0

lim sup pe(@, y)pu(dz) =0 (26)

C—+o0 yeQ /{erM; d(az,xo)2C}

(for some xo € Q) then {Uy(t);t > 0} is a compact semigroup.

Proof: Note that (26) is xg-independent. Arguing as in the previous
proof, one sees that U(t) and Uy (t) have kernels p;(z,y) and p} (x,y). We
decompose Uy (t) as

Uy(t) = XQ?VIUV(t)+X{zeQM,d(ac,zo)>C}UV(t)
+X{mEQM,d(m,zo)<C}UV(t) (27)

38



where ), is the complement of the sublevel set €25;. Since

X{zeQard(z,20)<CYUV (1) < X{zeu d(zme)<cyU (t)

then, by our assumption, the third operator in (27) is weakly compact.
Moreover, by the weak-type estimate (13) (a consequence of (12)), the norm

of Xqz Uy (t) goes to zero as M — +o0. Finally, the norm of X (,eq,, d(xz0)>03 Uv (£)
is less than or equal to that of X(zcq,,.d(z,20)>c1U () i-e.

sup

/ pel, y)u(de).
yeQ J{xeQns; d(z,x0)>C}

Thus HUV(t) - X{meﬂMﬁd(w,moKC}U‘/(t)Hﬁ(Ll(Q,#)) is arbitrarily small for M

and C large enough. Hence Uy (t) is weakly compact for all ¢ > 0 and
finally {Uy (t);t > 0} is a compact semigroup since Uy (t) = UV(%)UV(%) by
Dunford-Pettis theorem. B

We rely now Theorem 28 and Theorem 29 on the notion of sublevels sets
“thin at infinity”. We introduce first:

Definition 30 We say that a Borel set 2 C Q) is “thin at infinity” if there
exists a point § € 0 such that for all M > 0

WAEN By M)} — 0 as d(y, ) — +o0 (28)
where B(y; M) is the ball centered at y with radius M.
This definition is j-independent. We give now a basic preliminary result.
Lemma 31 We assume that
v(r) :=sup u(B(z,r)) < +oo, Vr > 0. (29)
zeN
Hipe D@m= | hgelutd)

with a kernel estimate of the form h(z,y) < f(d(x,y)) where f : Ry — Ry
is nonincreasing and such that (for sufficiently large v) r — f(r)v(r + 1) is
nonincreasing and integrable at infinity. Then:

(i) H is bounded operator on L'(Q; ).

(i) If a Borel set = C § is “thin at infinity” in the sense (28) then
operator H : ¢ € LY(Q; u) — LY(Z; p) is weakly compact.
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Proof: (i) By domination, it suffices to show that

o€ LY ) — / £z, y))p(w)uldy) € IO ) (30)

is a bounded operator. This holds if and only if there exists C' > 0 such that

[ st utan) < ¢ e

We have

[ feputis) ~ /{d(  fd )

o0

+

n=1

< OBy 1))+ Y f(n) 1By, n+ 1)) = u(B(y,n))]
n=1

= [£(0) = f(1)] u(Bly 1)) + F(1) = F@Iu(B(y,2) +- -

o0

= > [f(n) — fn+ D] u(Bly,n+1) (31)

n=0

/ F(d(.y))n(de)
{n<d(z,y)<n+1}

which is finite if

> fmu(Bly,n+1)) <oo, Y fn+1)u(Bly,n+1)) < oo
n=0

n=0

and then (31) is finite if
> fnpun+1) <oo, > f(n+1v(n+1) < oo
n=0 n=0

or equivalently > >° ; f(n)v(n+1) < oo (since v(n) < v(n+1)) which follows
from the condition f1+°° f(r)v(r 4+ 1)dr < oo because 7 — f(r)v(r + 1) is
nonincreasing.

(ii) We decompose the integral operator (30) by decomposing its kernel
as

fld(z,y)) = 1= () f(d(z, ) + 1z (2) f(d(z, y))

where

[1]

c:=2N{z;d(z,7) = ¢} and E. := EN {z;d(z,7) < ¢}
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since z € E. Note that f(d(z,y)) < f(0) so that
pe L@ — [ 1z @) () eludy) € I(Eip)

and (since u{ c} is finite) the imbedding of L®(Z.;p) into L*(Ze;p) is
weakly compact because a bounded subset of LOO(EC; w) is equi-integrable.
It suffices to show that the norm of the second part goes to zero as ¢ — +o0,
i.e.

sup/ fld(z,y))u(dz) — 0 as ¢ — +oo.
yeQ JEN{d(z,5)>c}

Consider first the integral

Lo e )uis)
=En{d(z,y)=c}

o0

>/ (e, ) ()
{n<d(z,y)<n+1}N=EN{d(z,7)>c}

< Zf pw{n <d(z,y) <n+1}NnEn{d(z,y) > c}].

We note that

Y fmpl{n <d(e,y) <n+1}NEN{dz.5) > c}]

n=m
o0

< Y fmplfn < d(x,y) <n+1}]

= > f(n)[u(By,n+1)) — u(B(y,n))]

< N Fm) pBlyn + 1) + p(Bly.n))]
< ¢ f(n)pn+1)+o(n)

n=m

so that, for any € > 0 there exists an integer m such that

> f)pln <dz,y) <n+1}NEN{d(z,7) > ¢}] < uniformly in y € Q.

n=m
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It suffices to show that

> fm)pl{n < d(x,y) <n+1}NEN{d(z,7) >c}] — 0 as ¢ — +oo

n=0

uniformly in y € Q, or equivalently for any n <m
pwl{n <d(z,y) <n+1}NnEn{d(z,y) > c}] -0 as c— +o0 (32)
uniformly in y € Q. The inequality
d(y,y) = |d(z,7) — d(z,y)| Z c— (n+1)
for ¢ > (n+ 1) shows that either the set
{z;n <d(z,y) <n+1}N{z;d(z,7) > c}

is empty (and then p[{n <d(z,y) <n+1}NEn{d(z,y) >c}] = 0) or
d(y,y) = ¢— (n+1). On the other hand, by assumption, for any n

pl{z;d(z,y) <n+1}NE] -0 as d(y,y) —

and then (32) follows. B
As a consequence of Theorem 7, Theorem 10 (i) and Lemma 31 we have:

Theorem 32 Let (Q2,d, 1) be a measure metric space. Let {U(t);t > 0} be
a sub-stochastic co-semigroup on L'(Q; u) with generator T and let (29) be
satisfied.

(i) We assume that (1—T)~1 is an integral operator with a kernel G(x,vy)
satisfying an estimate of the form G(z,y) < f(d(x,y)) where f : Ry — R4
is nonincreasing and such that (for large r) r — f(r)v(r+1) is nonincreasing
and integrable at infinity. If the sublevel sets Qpr are “thin at infinity” in
the sense (28) then Ty is resolvent compact.

(ii) Let LY(Q; i) be separable and let (12) or (14) be satisfied. We as-
sume that for each t > 0, U(t) is an integral operator with a kernel py(.,.)
satisfying an estimate of the form pi(.,.) < fi(d(z,y)) where f; : Ry — Ry
is nonincreasing and such that (for large r) r — fi(r)v(r+1) is nonincreas-
ing and integrable at infinity. If the sublevel sets Qyr are “thin at infinity”
in the sense (28) then {Uy(t);t > 0} is a compact semigroup.

Note that under the conditions of Theorem 12 (ii) the conclusion of
Theorem 32 (ii) follows also from Theorem 32 (i). Note also that if we
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consider the different examples of kernel estimates (5)(6)(7) arising in the
theory of Markov process

C r? C rf-1 C r
= 0 ~ o -~ L y—(a+B)
fe(r) = Py exp( Ct)v t% exp( 3 B8 Jor —(1+—) )

one sees which volume growth r — w(r) is compatible with each f;(.) in
order to meet the conditions in Theorem 32. .

5 Metric measure spaces and spectral gaps

We recall first that the spectral bound s(A) := sup {Re X\; A € 0(A)} of the
generator A of a positive semigroup on a Banach lattice X belongs to o(A)
(see e.g. [65] Theorem 1.1, p. 292) and this spectral bound coincides with
the type of the semigroup when X is an LP(u) space (see [86]). Moreover,
a co-semigroup {S(t);t > 0} in a Banach space has an essential type wess
such that —00 < wess < w (where w is the type of {S(¢);t > 0}) and

Tess(S(t)) = evesst >0

where 7.5 refers to the essential spectral radius (see e.g. [65] p. 73-74).
Thus Ay € o(Ty) where Ay is the spectral bound of Ty and Ay is also
the type of {Uy(t);t > 0}. Note that Ay < 0 by the contraction of the
semigroup. A spectral gap for a generator Ty refers to

Sess(Tv) < s5(Ty) (33)
where
Sess(Ty) :=sup{Re\; X € 0es5(TV) }

is the essential spectral bound. We give first a weak spectral gap result for
generators.

Theorem 33 Let (2, p1,d) be a metric measure space. Let (1 —T)7 1 :
LY(Q) — LY(E) be weakly compact for any bounded Borel set Z. We as-
sume that the kernel G1(z,y) of (1 — T)~! satisfies the estimate

sup lim sup

/ Gz, y)uldar) <
M>0C—+00 yeQ J{zeQy; d(z,20)>C}

T (34)
(for some xoy € Q). Then the peripheral spectrum of Ty consists of isolated
eigenvalues { A}, with finite algebraic multiplicities. Moreover, there exists
a positive constant € such that for any k, o(Ty)ND(\g,€) consists of isolated
eigenvalues with finite algebraic multiplicities (D (A, €) is the disc centered
at A\, with radius € ).
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Proof: Note that (34) is zp-independent. As previously, the existence
of the kernel G1(z,y) follows from our local weak compactness assumption.
Let A = Ay +iq € o(Tv) be a peripheral spectral value. According to a
standard result (see e.g. [65] Proposition 2.5, p 67), for any A € p(Ty),

1

Te [(X— Tv)il] - m.

In particular the choice of A = 1 + iq leads to

1 1
- dist(1+iq,0(Ty))  1— Ay

e [(1+1ig —Tv) ']
because Ay + iq € o(Ty). We note the standard domination

—+00 .
}(1 +iq — TV)_1f| _ / e—(1+lq)t6—tTVfdt
0

IN

+oo
| et ™ ipa = - 1)),
0
We decompose (1 +iqg — Ty)~! as

(1+ig—Ty)" = Xas, (1 +iq — Ty) ™" + Xwean dwze)>cy (1 +ig — Ty) ™"
X (weQard(zzo)<ct (L +ig — Ty) ™! (35)

where €4, is the complement of the sublevel set £2,;. Since

X{z€Qs d(z,a0)<C} (1 +1q — Ty)!

is dominated by X{zeq, d(z,z0)<c} (1 — Ty)~! which is itself dominated by

T,x0

X{xEQM,d(a:,xo)<C’}(1 - T)il

then, by our assumption, the third operator in (35) is weakly compact.
Moreover, we saw in the proof of Theorem 7 that the norm of XQ?M(l —
Ty)~! goes to zero as M — +oo so that, by domination, the norm of
XQfM(l +iq — Ty)~! goes to zero as M — +oco as well. Finally, the
norm of X(zeq,, d(zz)>c} (1 + ¢ — Ty)~1 is less than or equal to that of
X{zeQard(z,z0) >} (1 — Ty)~! which is itself less than or equal to that of

X{IEQM,d(x,xo)gC}(l - T)_l 1.e.

sup

/ G (2, y) ().
yEQ {I‘EQ]\/[; d(m,x0)>C}
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It follows that for M and C large enough the norm of Xas, (1+iqg—Ty) L+

X{zeQard(z,z0)>C} (1 +iq—Ty )~ ! is less than 1—1)\\/' In L' spaces, the essential

spectrum is stable by weakly compact perturbations (see e.g. [49]) so that

Tess [(1 +iq — TV)_l] = Tess [(XQgM + X{meQM,d(;v,a:O)>C})<1 +1iq — TV)_l}

< H(XQCM + X {zeQurd(z,z0)=c}) (1 +iq — Tv)_IH

1 —
1— )y N
Since A is an isolated eigenvalue of Ty with finite algebraic multiplicity if

and only if ﬁ is an isolated eigenvalue of (1 +iq — Ty/)~! with finite

algebraic multiplicity, then any spectral value A of T3, such that
1
|1 +1ig — A
is an isolated eigenvalue of T' with finite algebraic multiplicity. Thus, any
spectral value A of T3, such that

< ro [(1+iqg—Ty) "]

> Tess [(1 +iq — TV)_l]

1
ess [(L+1iq — Ty) 1]
is an isolated eigenvalue of T" with finite algebraic multiplicity. The fact that
1
Tess [(1+iqg — Ty)~1]

shows that Ay +iq is an isolated eigenvalue of T' with finite algebraic multi-
plicity; actually there exists a whole disc D(Ay + iq,€) centered at Ay + ig
(with radius ¢ independent of ¢) whose intersection with o(7y ) consists at
most of finitely many eigenvalues. Wl

The result above shows that there exists an open neighborhood of the
axis Ay + iR whose intersection with o(7y) consists at most of isolated
eigenvalues with finite algebraic multiplicities. However, a priori this neigh-
borhood does not contain a strip of the form {A\y — a < ReX < Ay} since
we cannot prevent the existence of a sequence of eigenvalues with real parts
going to Ay and imaginary parts going to infinity, i.e. (33) does not oc-
cur a priori. We derive now a stronger result when {Uy (¢);t > 0} is norm
continuous.

|1 4+ig— A\ <
,

(1 4iq) — (A\v +ig)| =1 - Ay <

Theorem 34 Let the conditions of Theorem 33 be satisfied. We assume
that {Uy (t);t = 0} is norm continuous (e.g. the conditions of Theorem 12
(ii) are satisfied). Then {Uy(t);t > 0} has a spectral gap, i.e. wess < Ay
where wess is the essential type of {Uy(t);t = 0} .
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Proof: Let us show first that (33) holds. By the norm continuity of
{Uy (t);t = 0}, we have a Bochner integral

“+o00
A=Ty) = / e MUy (t)dt (ReX > \y)
0

(instead of simply a strong integral) so that Riemann-Lebesgue Lemma holds
H(/\ — TV)*IH — 0as [ImA| — oc.

Suppose now that there exists a sequence of eigenvalues vy = oy + i}
such that ap — Ay and |G| — oo with normalized eigenvectors xy. Then
Ty, = (g + 16)) Tk so that

(1 41ify — Tv)zg = (1 — ag)zy

and then

H
I

|kl = [(1 — ar)l||(1 4By, — Tv) " o]
(1 — ap)] |1+ 8, — Tv) 7!

IN

which is impossible if |3,| — oo. This shows (33), i.e. that there exists
some a > 0 such that o(Ty) N {A\y —a < ReA < Ay} consists of isolated
eigenvalues with finite algebraic multiplicities. Actually the same reason-
ning shows that this strip cannot contain eigenvalues with imaginary parts
as large as we want and finally this strip contains only finitely many eigen-
values {v1,...,vs}. Let P be the (finite dimensional) spectral projection
corresponding to this finite set of eigenvalues. Note that this projection
commutes with Uy (t). We denote by Y its finite dimensional range. We
decompose L1(Q) as
') =XaY

where X = (I — P)(L*(Q)). Then
o(Ty) = {v1,...,vs} Uo(Tyx)
where Ty x is the restriction of Ty to X (with domain D(7y) N X) and
o(Ty|x) = o(Tv) N{Re A < Ay — a}.
We decompose then Uy (t) as

Uy(t) =Uy(t)P + Uy (t)(I — P).
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It follows that
Tess(Uy (1)) = 0ess(Uv (1)(I — P)) C o(Uy(t)(I = P))

where {Uy (t)(I — P);t > 0} is identified to the semigroup on X with gen-
erator Ty |x. Thus

Tess(UV(t)) < TG(UV(t)(I - P))

Since {Uy (t)(I — P);t > 0} is also norm continuous then the spectral map-
ping theorem
o(Uy(t)(I — P)) — {0} = e'"Tv1x)

holds (see e.g. [65] p 87) so that o (Uy (t)(I — P)) < eAv=®t and finally we
get Wess < Ay. A

We give now a second (quantitative) approach to spectral gaps for per-
turbed semigroups relying on the weak type estimate (13).

Theorem 35 Let (2, 1, d) be a metric measure space. We assume that (12)
or (14) is satisfied (e.g. {U(t);t = 0} is holomorphic). Let t > 0 be fized
and let U(t) : LY(Q) — LY(Z) be weakly compact for any bounded Borel set
=. We assume that the kernel pi(x,y) of U(t) satisfies the estimate

sup lim sup pe(z, y)u(dr) < e (36)

M>0C—=+00 ye /{xEQM; d(z,z0)>C}
(for some g € Q). Then wess < Ay; (more precisely, wess < [ where
et is the left hand side of (36)). In particular, for any € < Ay — Wess,
{NReA > wess + e} No(Ty) is a finite and non empty set of eigenvalues
with finite algebraic multiplicities.

Proof: Note that (36) is xo-independent. We decompose Uy (t) as

Uv(t) = X, Uv(t) + X{zeau .z >0 Uv (1)
+X{z€QM,d(:c,zo)<C}UV(t) (37)

where 2 is the complement of the sublevel set Q7. Since X (zc0,, d(z,20)<c} UV ()
is dominated by X(zcq,, d(z,c0)<c}U () then, by our assumption, the third
operator in (37) is weakly compact. Moreover, by (13) (a consequence of
(12)), the norm of xq¢ Uy (t) goes to zero as M — +oc. Finally, the norm of
X{zeQard(z,00)>C}Uv (t) 18 less than or equal to that of X (zcq,, d(w,20)=c1U ()

ie.

sup

/ pe(z, y)pu(dz).
y€Q J{xeQys; d(z,20)>C}
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For M and C large enough, the norm of X Uv (t) + X {ze d(z,20)>03 UV (1)

vt

is less than e*v*. Then the stability of the essential spectrum by weakly

compact perturbations in L' spaces (see e.g. [49]) shows that

Wesst

€ = Tess [UV(t)] = Tess (XQ?M + X{mGQM,d(x,zo)>C})UV(t)]

< Mt

< H(XQ?M + X {2 d(z,z0)=c}) UV ()

i.e. Wess < Ay. More precisely,

evesst < H(stgu + X{erM,d(x,xo)>C})UV(t)H VM, C

and letting M — oo and C' — oo yields

evesst < qup  lim  sup

/ pe(z, y)pu(dz).
M>0C—=+00 yeQ J{zeQy; d(z,x0)>C}

The remaining part follows from standard semigroup theory, see e.g. [65].
[ |

Actually, the proof of Theorem 35 suggests an interesting alternative.

Corollary 36 Let (2, i1, d) be a metric measure space. We assume that (12)
or (14) is satisfied (e.g. {U(t);t = 0} is holomorphic). Let t > 0 be fived
and let U(t) : LY(Q) — LY(Z) be weakly compact for any bounded Borel set
=. We assume that the kernel pi(x,y) of U(t) satisfies the estimate

sup lim sup t

/ pi(a,y)p(dr) < M
M>0C—+0 yeq JizeQyy; d(z,z0)>C}

(for some xg € Q) where A1 be the spectral bound of T. Then either Ay < A\
or Ay = A and wess < Ay

Proof: We have always Ay < A;. Then either the type of {Uy (¢);t > 0}
(or equivalently the spectral bound of Ty) is strictly less than A\; or then
Av = A1 and we can of course replace Ay by A; in (36) and appeal to
Theorem 35. W

In particular, if {U(¢);¢t > 0} is a stochastic semigroup (i.e. mass pre-
serving on the positive cone) then [ pi(z,y)pu(dz) =1 and A; = 0 so that
we have:

Corollary 37 Let (2, u,d) be a metric measure space and let {U(t);t > 0}
be a stochastic semigroup (i.e. mass preserving on the positive cone). We
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assume that (12) or (14) is satisfied (e.g. {U(t)} is holomorphic). Lett > 0
be fized and let U(t) : LY(Q) — LY(Z) be weakly compact for any bounded
Borel set =. We assume that the kernel pi(z,y) of U(t) satisfies the estimate

sup lim sup pe(z,y)p(de) < 1

M>0C—=+0 ye /{xEQM; d(z,z0)>C}
(for some xg € Q). Then either \y < 0 or wess < Ay = 0.

Remark 38 If V is bounded then Qpr = Q) for large M. In this case, one
shows similarly that if

lim SUP/ pi(z, y)p(dz) < M
C—=+00yeQ J{d(z,20)>C}

then either Ay < A1 or Ay = A and wess < A\y. Actually, the unperturbed

semigroup {U(t);t > 0} itself has a spectral gap and this property is inherited

by {Uy(t);t > 0}.

Remark 39 We note that if the semigroup {Uy (t);t > 0} is irreducible and
Wess < Ay then Ay is a strictly dominant (algebraically simple) eigenvalue of
Ty and limy_, 4 He_k‘/tUV(t) — PH = 0 where P is the spectral projection
associated to the leading eigenvalue Ay (see e.g. [65] p. 343-344); in the
case Ay = 0, this implies the so-called “exponential return to equilibrium?”.

We consider now the case where {U(t);t > 0} operates on all LP(Q) (p >
1); we denote it by {U,(t);t > 0} in LP(§2). We denote by {Upy (t);t > 0} the
corresponding perturbed semigroup in LP(£2) and wonder whether the lat-
ter has a spectral gap. Let )\, be the spectral bound of the generator of
{Up(t);t = 0} and A,y be the spectral bound of the generator of {U,y (t);t > 0}
(note that Ay is the above Ay). We denote by wpess the essential type of
[Up (t);t > 0}

Theorem 40 Let (2, u,d) be a metric measure space and {U(t);t > 0} a
contraction semigroup in all LP(Q2) (p > 1). We assume that (12) or (14)
is satisfied (e.g. {U(t)} is holomorphic). Let t > 0 be fized and let U(t) :
LY(Q) — LYZ) be compact for any bounded Borel set Z. We assume that
the kernel pi(z,y) of U(t) satisfies the estimate

sup lim sup pi(x, y)pu(de) < ePret (38)

M>0 0=+ ye /{erM; d(z,20)>C}

(for some xg € ). Then either A\yy < Ay or Ay = Ay and Wpess < Apy-
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Proof: We note first that A,y < Ay, If Ay < A, there is nothing to prove.
Suppose now that A,y = A,. We resume the idea of proof of Theorem 35
and Corollary 36 but in L? setting with p > 1. We decompose Upy (t) as

U () = Xas,Upv (t) + X{requ dwo)>cy Upv (1)
+X{JEEQM,d(x,:c0)<C}UPV(t)

where ), is the complement of the sublevel set §2;;. We note the com-
pactness of X(zcq,, d(z,z0)<cUp(t) in LP(Q) (by interpolation from the Lt
compactness assumption) and then the domination

X{:}:EQM,d(x,a:o)<C}UPV(t) < X{erM,d(z,azo)<C}Up(t)

shows that Xz, d(z,20)<c}Upv () is compact in LP(£2) by Doods-Fremlin’s
theorem (see e.g. [2] Theorem 5.20, p. 286). Moreover, by (13) (a conse-
quence of (12)), the L-operator norm of Xas, Uv (t) goes to zero as M — +00
and its L°°-operator norm is less than or equal to one. Then, by Riesz-Thorin
interpolation theorem, the LP-operator norm of Xas, Upv (t) goes also to zero
as M — +oo. Finally, the L'-operator norm of x(,cq,, d(.zo)>cyUv (1) is
less than or equal to that of X(zcq,, d(@,z0)>c1U (1) Le.

sup

/ pe(w,y)p(dr)
yeQ J{z€Q); d(z,20)=C}

(and its L®-operator norm is less than or equal to one) so that, by Riesz-
Thorin interpolation theorem, the LP-operator norm of X {;cq,, d(z,20)>c}Upv ()
is less than or equal to

(sup pel, y)u(d))r

yeQ /{erM; d(z,00)>C}

It follows that for M and C'large enough the LP-operator norm of Xqs, Upv (t)+

1
X{2€Qu d(z,z0)>C} Upv (t) 18 less than (ePr!)p = Mt Then the stability of
the essential spectrum by compact perturbations shows that

eWpesst Tess [UpV(t)] = Tess (XQ?M + X{xEQM,d(x,aco)>C})UpV(t)]
< H(XQ?VI + X{‘TEQMvd(zva)>C})UpV(t)H < e>\pt — 6)\th

so that wpess < Apy. B
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Remark 41 If the spectral bound X\, of T, is p-independent (which occurs
for some Schridinger type semigroups [80]) then, unless A, = 0, Assumption
(38) is stronger and stronger as p increases. Does this suggest that the ex-
istence of a spectral gap may depend on p ? Note that a priori the spectrum
need not be p-independent (see e.g. Laplace Beltrami operator on hyperbolic
space [18] p. 177); this is however the case (in metric spaces with polyno-
mial volume growth and) under Gaussian estimates, see [19] and references
therein.

We come back to the L!-theory. We can avoid the use of the (a priori)
unknown parameter Ay at least for symmetric sub-Markov semigroups. We
restrict ourselves to Theorem 35. A basic observation is that the parameter

sup lim sup pe(x, y)p(dr) (39)

M>0 0=+ ye /{erM; d(z,20)>C}
depends only on the values of the potential V' “at infinity”, (i.e. it is inde-
pendent of the value of V' on the balls B(zo, ) with finite radius). It suffices
then to estimate Ay by suitable parameters depending on the value of V' at
“finite distance” only. In this way, we will be able in principle to check the
validity of (36). We start with:

Lemma 42 Let {Ux(t);t > 0} be symmetric. Let A,y be the spectral bound
of Tpy the generateur of {Upy (t);t = 0} in LP(; p). Then Apy < Ay.

Proof: Since the spectral bound Ay is equal to the type of {Uy(t);t > 0}
then, for any a > Ay there exists co > 1 such that [[Uv ()|l 110, < Coe™
and by symmetry [[Uy ()| z(p00(00)) < ca€®. Then Riesz-Thorin interpola-
tion theorem implies ||Upv(t)||£(L,,(Q;M)) < cqe®. Since the spectral bound
of the generator coincides with the type of the corresponding semigroup for
positive semigroups in LP(€2; i) then the type of {Upy(t);t > 0} (or equiv-
alently Apy ) is less than or equal to « for any o > Ay. Hence A,y < Ay.
|

Thus (36) is satisfied if

sup lim sup

/ pe(@, y)u(dz) < 2!
M>0C—=+00 yeQ J{zeQu: d(z,20)>C}

where Aoy is the spectral bound of Ty . It suffices to derive lower bounds
of Aoy independent of the values of V' “at infinity”. Note that —T5y is the
self-adjoint operator defined by the form

N
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with domain
Di={ e DT [V ot i) < +x
so that

—doy = inf
veD, H<PHL2(Q;M):1

+/wmwmﬁmm»

We define D, as the subspace of D consisting of those elements with supports
included in B(zg,r). We assume that

3F > 0, Dy # {0} (40)

(in our abstract setting, this assumption seems to be necessary). Then
D, # {0} for r > 7 and

—Agy < _B\\T =

/ V@ e ().

»EDr, ||‘PHL2(Q =1

We note that XAT does not depend on the values of V' outside the ball B(zo, )
and that » — ), is nondecreasing. Let A := lim, ;o A\r. (We do not know
a priori whether A= Aov.) We note that X and (39) are in some sense
independent parameters. Hence we can state:

Theorem 43 Let {Us(t);t > 0} be symmetric and (40) be satisfied. We
assume that (12) or (14) is satisfied (e.g. {U(t);t > 0} is holomorphic). Let
t > 0 be fized and let U(t) : LY(Q) — LY(Z) be weakly compact for any
bounded Borel set =. If the kernel pi(z,y) of U(t) satisfies the estimate

pe(z,y)pu(dr) < e

sup lim sup/
M>UC*)+OOy€Q {xGQJM, d(x :Do) C}

then Wess < Ay .

6 On magnetic Schrodinger operators

As noted in the Introduction, it is possible, in our general formalism, to relax
the positivity assumption on the unperturbed semigroup under considera-
tion. Indeed, since a general (i.e. non positivity preserving) contraction
semigroup in L' spaces admits a modulus contraction semigroup [45], we
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could make the appropriate assumptions rather on the modulus of the un-
perturbed semigroup (or at least on some other dominating semigroup); we
do not try to elaborate on this point here in full generality and restrict
ourselves to the significant example of Schrodinger operators with magnetic

fields
N

—(V—ia)’ +V == (9; —ia;)* +V (41)

Jj=1

where

a=(a1,as,...,ay) € (L. (RY))Y, 0<V e L. (RY).

loc

Following [50], (41) defines a self-adjoint operartor —H,y on L?2(RY) by
means of the closed lower bounded form

Wpg) = [ | VafTagdo+ [ Vigds
RN RN
(where V,f := Vf —iaf is the generalized gradient) with domain
D(h) = {f € L2 RN ); Vaof € L2(RY), Vife LQ(RN)}

endowed with the norm

111 = U1+ 191+ 2]

It is known ([8] Theorem 2.7) that H,y is resolvent compact in L2(RY) if
Hy,y is; the key point being the diamagnetic pointwise estimate (42) (see
[46] for more recent developements). We provide here an L' approach which
complements the known hilbertian results. We recall first the diamagnetic
pointwise estimate [50]:

(A= How) | < A= Hov) ' Ifl; feLP®RY) (A>0). (42)
Exponential formula and (42) imply
ety gl < Mo 1|5 f € RY) (43)

we note (symbolically) ‘etHavV‘ < etfov Since etHov = AV Jeaves invariant
all LP(RV) (1 < p < 40o0) then (43) shows that eV extends as a co-
semigroup {Ugv(t);t > 0} in LP(RY) (1 < p < +o0) still satisfying the
estimate (43) with f € LP(RY).

93



Theorem 44 We assume that the sublevel sets Qpp are “thin at infinity”
in the sense (18). Then { (bt = 0} is a compact semigroup in LP(RY)
(1<p<+o0).

Proof: By Corollary 13 and Theorem 21, oV is compact so, (43)
in L' spaces implies that{U%,(t);t > 0} is weakly compact in L'(RY) by
domination. By Dunford-Pettis’ theorem (see e.g. [2] Corollary 5.88, p. 344)
U (t) = U (5)UR, (%) is compact in L' (RY) as a product of two weakly
compact operators. An interpolation argument shows that {Ugv (t);t > 0}

is compact in all LP(RY) (1 <p < +o00). A

We show now the existence of a spectral gap when the sublevel sets
Qur are not “thin at infinity”. As far as we know, this problem has not
been considered in the literature. This result covers both cases a # 0 (the
magnetic case) and a = 0.

Theorem 45 Let Aj, be the spectral bound of H,y and let \g.y be its
essential spectral bound in L?>(RN). We assume that

1 2
sup lim sup/ 7eXp(—u)d$<€/\t, (44)
M>0C—+00 yepn Jizeqy; [z]>0) (47t)2 4

where A 1= limy_, 400 Ay and

~

3 = Vapl@)Pda+ [ Via)lpla) ds

inf /
©€Dr(h), llell2=1./B(0,r) B(0,r)

where D,.(h) are the elements of D(h) with support in the ball B(0,r). Then
AgssV < )‘%/

Proof: The essential spectral bound of H, y coincides with the essential
type of {etHa’V; t> O} . We note that

g = /ww |w+/vwwuﬁm

LPED h) H<p||L2 1

~

< A= inf / \vago(:c)|2dx+/ V() |p(x)|* dx,
B(O,r) B(07T)

€D (h), [lell2=1

and that r(>7) — A is nondecreasing so that 2 < Ay. In particular

1 z —y|?
sup lim sup/ = exp(—‘ Y Ydx < e
M>0C—+00 ycrN Jizequ; |w\>C’}( )2 4t
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We note that the Gaussian estimate behind (43) implies that the (essential)
spectrum of H,y is the same in all LP(RY) (see e.g. [19]); in particular,

M. and \Y are p-independent. Thus, it suffices to deal with the L! case.
Let (47r1t)% exp(— |x2§"2) be the kernel of e’ (i.e. the heat kernel on RY).
Estimate (43) gives
‘etHa,V} < tHov < ot (45)
We decompose efa.v ag
etHav — meetHa,v + X{xeﬂM,|x\>C}€tHa’v + X{a:eQM,|x\<C}€tHa’v (46)

where 29, is the complement of the sublevel set {1;. Since

tH, tA
X{zeans 1<) €7V | < Xquequ zl<cye

and e® : LY{(RN) — L} (RY) is weakly compact then the third operator in
(46) is weakly compact. Moreover, {e"0.v;¢ > 0} is holomorphic in L!(R")
because the heat semigroup is and then {etHO’V;t > 0} satisfies the “weak
type” estimate (13) so that the operator norm of Xqs, etflo.v goes to zero as

M — +oo and this implies that the operator norm of XQ?MetHa’

vV goes to
zero as M — +oo as well. Finally, the operator norm of X{$€QAI7‘$|>C}6’5H“7V

is less than or equal to that of X{$EQM7‘$|>C}6’5A ie.

CJz—y?
4t

sup exp( )dx.

yeRN /{azeﬂM; |0y (4mt)2

Thus, (44) shows that for M and C large enough, the operator norm of

XQijetHayV + X{erM,\x|>C}€tH”’V is less than e*V*. On the other hand, since

X{z€Q, || <C}etHa’V is weakly compact then the stability of the essential

spectrum by weakly compact perturbations implies

eAZsth =

= Tess [etHa’V ]

_ tHu,V tH(L,V
= Tess |:XQ‘I3\46 + X{zeQu,|x|>C}€ ]

tH,, t

< e)‘V

tH,
= HXQ?We vt X{zeQu |z|>C}E v

and this ends the proof. B

7 On weighted Laplacians

In this section, we revisit some aspects of a topic related to some of the
previous results. Let h € C?(RY™) such that h(z) > 0 Vz € RY and let
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p(dx) = h%(z)dz. We define the weighted Laplacian

L . s Vh.V
AP = ﬁdlv(h V)=A+ ZT.
This is (minus) the self-adjoint operator in L2(R™; u(dz)) associated to the
Dirichlet form [px |V|? u(dz), (see e.g. [18] Section 4.7, [31]). It is easy to
see that if V € C(RY) is such that Ah = Vh then

. 1
Nyp = Ap+ 2thVg0 = [hAp +2Vh. Vo + oAh — Vh]
1
= 3 [Aph — Vh]

ie.
1
A“:Eo(AfV)oh.
Thus the weighted Laplacian A* in L2(RY; u(dz)) is unitarily equivalent to
the Schrodinger operator A — % on L2(RY;dz) by the unitary transforma-
tion
I:¢e L*RY; u(de)) — he € LA(RY; dx).

This shows that the weighted Laplacian A* in L2(RY; u(dx)) has the same
spectral properties as the Schrodinger operator A— % on L2(RY; dx); (simi-
lar calculations can be performed by replacing the Laplacian by more general
elliptic operators with smooth coefficients [17] but we restrict ourselves to
this model case). We start with the following result already obtained in [54]
by other means.

Theorem 46 Let h € C2(RYN) with h(z) > 0 Yz € RY. We assume that
% is bounded below. Then the weighted Laplacian A" generates a compact

semigroup on L2(RN; u(dx)) provided that the sublevel sets Qs of % are
“thin at infinity”.

Proof: Let V := %. If we consider the operator A — V then, up to a
bounded perturbation, we can assume that V' > 0. Then, by Theorem 1,
A —V generates a compact semigroup on L?(RY; dz) and we conclude by a
similarity argument. W

Generally the function h is written in the form h(zx) := e~ 2@ where @
be a real C? function on RV, i.e. u(dz) = e~ ®@dz. Note that in this case

RPN\ SN
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in L2(RY; e~ ®®)dz); we do not assume a priori here the finiteness of p(dz),
i.e. we do not assume that e~®®) is integrable. It is well known that
Ah

_Oh 1 21
Vi= 22 = 1 IVO(@) - 580().

The (minus) Schrodinger operators
Ny = —-N+ - \V<I>| - 7A<I>

in L?2(RY;dz) are also known as the Witten Laplacians (on O-forms) and
were studied in particular in [38] in connection with Fokker-Planck opera-
tors. Thus Theorem 46 takes the form:

Corollary 47 Let ® be a real C? function on RY. We assume that % IV®|*—
TA® is bounded below. Then the weighted Laplacian AP on L*(RY; p(dz))

(where p(dz) = e~ ®@)dx) generates a compact semigroup provided that the
sublevel sets of i ]V<I)|2 — %AQJ are “thin at infinity”.

Remark 48 (i) The Omstez’n Uhlenbeck generator A — x.V is a weighted

Laplacian in L?(RN; e~ =2 dm) unitarily equivalent to (minus) —/A+ @ - %
(the harmonic oscillator) in L*(RN;dx) and is known to generate a com-

pact semigroup. We point out that the Ornstein- Uhlenbeck semigroup is not

2
compact in L'(RY; e_%daz) (see [18] Section 4.3) while the semigroup gen-
erated by (minus) the harmonic oscillator is compact in L'(RY;dx) (see
Remark 26(i)).

(ii) We note that by construction —A+ % V| — $A® is a nonnegative
operator in L>(RY;dx) even if V|? — $A® is not bounded below. Our
assumption that %|V<I>|2 - %A@ is bounded below is technical and is due
to our L' approach of the problem. In ([38] Proposition 3.1, p. 21) we
can reach the conclusion of Corollary 47 without this assumption (by means
of hypoelliptic techniques) provided there exists some t € (1,2) such that
t|V®(z))? — Ad(x) — +oo as |z — .

The following (non-convex) potential appears e.g. in [36][43]

Z ﬁ% "‘* h22|$] $J+1| (47)

(with the convention zy11 = x1) where h >0, A >0, v <0, I > 0.
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Corollary 49 Let ® be of the form (47). Then —Ag generates a (holomor-
phic) compact semigroup in L*(RY; dx).

Proof: Writing (47) in the form

N N N
CEEED IR WR) SR
j=1 j=1 j=1

where o > 0, >0, v > 0, it is easy to see that
A® = 12a|z|* + (4 — 28)N.
On the other (see [43]) there exists ¢ > 0 such that V®(z).z > c¢|z|* for
|z| large enough. Thus V@(m).ﬁ > ¢|z|® and then [V®(z)| > ¢|z|? for |z]
large enough. Finally
¢ fa|®
4

as |z| — +o0o and we are done. B
Sometimes ® enjoys useful decompositions. We give a result in this
direction and then apply it to uniformly strictly convex ®.

1 1
1 Vo2 — GO0 > —6a)z* +v(2— )N — +o0

Corollary 50 Let ® = & + $y where &1, Py be C? functions such that
2 2
(V2L _1AD)+1VP (2). Vs (2) and Y22EE L AD, are bounded below.

2
If the sublevel sets of M — %A(I)Q are “thin at infinity” then —Ag
generates a (holomorphic) compact semigroup in L'(RY; dx).

Proof: We note that

Vo2 1 Vdo(z) |2
Aé::—AjL(‘l_QA@lH(’Z(M

1 1

We may assume that (%— %A¢1)+%V@1(x),vq>2(w) and \V‘I’Z(l’)\Q _

2
%Afbg are nonnegative. One sees that the sublevel sets of m — %A@ are

2
included in the sublevel sets W — %A@z an then are “thin at infinity”

whence —Ag generates a (holomorphic) compact semigroup in L'(RY; dz).
[ |

A classical result by D. Bakry and M. Emery (see e.g. [72] Théoréme
3.1.29, p. 50) asserts that if ® is uniformly strictly convex with [ e ®@) gy =
1 then the probability measure u(dz) = e ®@dzx satisfies a logarithmic-
Sobolev (or Gross) inequality and consequently (see e.g. [72] Proposition
3.1.8, p. 37) the spectral gap (or Poincaré) inequality holds. We complement
this by the following result which does not rely on the integrability of e~®(®):
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Corollary 51 Let ® be uniformly strictly convex such that % |V¢>\2 — %ACID
is bounded below. Then —Ag generates a (holomorphic) compact semigroup
in LY(RY; dx).

Proof: By assumption, there exists m > 0 such that ®"(z) > mI (®"(z)
is the Hessian of @ at z). Let ®1(z) = ®(z) — % |z|2. Then &} (x)(h,h) =
®"(z)(h,h) — 2 h* > " W% i e ®(2) > %1 so @1 is uniformly strictly
convex and consequently (see e.g. [72] p. 48) z.V®y(z) > |z|> — b where
b is a constant. Thus ®(z) = ®1(x) + $2(z) (where ®o(z) = 7 |z*) with
VP (2).Vy(z) = 223.VP; () > 22 |2 — 205, Tt follows that Y2 —

. . o (x)? 2 .
3A®; is bounded from below since Vo7 _ FADy = s |z — mh s,

4
2
This ends the proof since M — 1A®y — 400 as |z| — c0. A

We find in [38] systematic results on resolvent compactness or spectral
gaps when @ is a polynomial. In particular, if ® is a sum of nonposi-
tive monomials then Ag is resolvent compact in L?(RY;dx) if and only if
> laj>0 | Dg®(@)] — +00 as [x] — +o0, see [38] Theorem 11.10 (ii), p. 120.
We complement this by:

Theorem 52 Let

O(x) = — Z a3 22N (cq > 0) (48)
la]<C

where a; > 0 Vi for at least one multi-index &. Then —/Ag generates a
(holomorphic) compact semigroup in L'(RN).

Proof: We have

0P 20, —1 2
aixj = — Z (Q(cha)xjaj Hi#jf]fial
la]<C
02D 2%0i—9 2%
92 > (205 = 1)(2ajca)a;™ Mg wi® <0
J la|<C
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so that —A® > 0. On the other hand

2
N

200;—1 -
Vel = ST (ajea)at et

la<C

2(2c5—1 ;
Z (204]'611)21']‘( Q; )Hi;ﬁjx?al
lo|<C

WV
M= 1

<
Il
-

2(28,-1)

(2jcq)*; iz ™.

M) =

P>

<.
Il
-

We observe that § V®|* — $A® >0 and {fz:; 1 IVd(z)]* — LAD(z) < M}

2
. 2(2aj_1)HA ) {lai < 4M
{x’z] i#jT; —= (263'@5)2

for any j. It suffices to show that the latter set is thin at infinity. We may
also restrict ourselves to positive coordinates. This set is defined by

is included in

M;
T < 2,
@a;-1)
Wizja; 7
where )
AM ] 2G@a;-D
Mj= 5" :
[(2043004) }
To fix the notations, suppose that j = N and set
20
= 1 <{i< N-—1.
b=y = 150

Note first that if ay is large enough then the interesection of a cube

C:={x;a;—1<z; <a;+1; Vi}

with the set defined by xy < - My __ s empty. On the other hand, it is

N-1_0B;
i=1 ¥
true that the Lebesgue measure of this interesection is always less than
aitl d:l?l an-—1+1 dZL'N_l
[
a1—1 CL’I any_1—1 fol
1 1 1
( B, ] )
(1=51) (ar =1 (a1 + 1)

:MN[

[ 1 ( 1 B 1 )]
L= BNoy) (e = 1P (an—1 + 1A
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when 3, # 1, otherwise replace the corresponding term by ln((aiﬂ) ). One

(a;+1)
sees that . .
M ait d:l?l an-1+ dl‘N_l 0
N B1 Bn-1
a;—1 CBl an—1—1 xN*l

if (at least) one coordinate a; (1 <i < N — 1) tends to infinity. B
The case of nonnegative polynomials

O(z) = Z Cat3M 22 TN (o > 0)
le|<C

is much more involved even for homogeneous polynomials, see [38]. We
restrict ourselves to the simplest “elliptic” case.

Theorem 53 Let ®(z) = 3, _, caxfalxga?..x?\?”\’ (ca > 0). If VO(z) #
0 for  # 0 then —Ag generates a (holomorphic) compact semigroup in
LY(RM).

Proof: It is known (see [38]) that i[V(I)|2 —1A® — 400 as [z] —
oo; this is a consequence of the following facts: The compactness of the
unit sphere SN~! implies the existence of a constant ¢ > 0 such that
|V®(x)| > ¢ Vo € SN-1 and then |V®(z)| > c|z|* " Vo € RY since &
is homogeneous of degree 2r; on the other hand, A® =3", Zé\f:l(Zozj -

1)(2ozjca):c;2x%a1x§a2...x?\?‘N. This ends the proof. B

Remark 54 (i) Theorem 53 covers e.g. the case ®(x) = SN | cix?* (¢; >
0) where k > 1.

(ii) When the set of non-zero critical points of ®(x) is not empty (and
under the non-degeneracy condition 3|, <o |0°®(z)| # 0 for z # 0) A
is resolvent compact in L2(RY) provided that for the critical points w, the
restriction of ®"(z) to (Rw)* is nondegenerate and not of index 0 (see [38]
Proposition 10.17, p. 108). We conjecture that in this case —/Ag generates a
compact semigroup in L' (RN ) provided that % \V@]Q—%A@ 18 lower bounded.

(ii) Let N = 2 and ®(x1,22) = 2323 + e(2? + 23) (¢ > 0). It is known
(see [38] Proposition 10.20, p. 111) that Ag is resolvent compact in L*(R?)
for all e > 0. We can obtain a stronger conclusion for € > 1. Indeed, on
checks that

1 1
1 ]V<I>|2—§ACI> = m%x%(w%+:c%+2€)+(€2—1)(:U%—i—a:%)—Qa > x%x%(w%—i—x%)—%

so that, for (23 +23) > 1, 1 IV®|? — TA® > 2223 — 2¢ and then, by Remark
26 (i), N generates a compact (holomorphic) semigroup in L'(R?). Note
that V| — LA® is not bounded below if e < 1.
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We give now an approach of spectral gaps for weighted Laplacians in
terms of kernel estimates involving sublevel sets of %|V<I>|2 — %ACI). Two
(different) results on the existence of spectral gaps are given. By adding
a positive constant 3 to % |V<I>|2 — %A@ and shifting the Laplacien by —f
if necessary (the heat kernel is then multiplyed by e?*), we may assume
without loss of generality that i |V<I>|2 — %A@ is nonnegative.

Theorem 55 Let ® be a real C? function on RN with % V| — %A@ >0
and let Qpr be the sublevel sets of 1 Vo] — $A®. Then the semigroup
generated by the weighted Laplacian on L?>(RY;u(dx)) has a spectral gap
provided that (for somet > 0)

L @~y B

. At
sup lim sup / — exp(— )dx < e, (49)
M>0C—=+0 ycrN Jizeqy,; |z/>0} (47t)2 4t

where \ 1= limy 4 oo XT and —XT s equal to

1 1
inf / |Vg0(m)|2da:+/ [ |Vo|* — m] lo(z)|? da.
eeH(B(0,1), llell2=1.JB(0,r) B, L4 2

Proof: By unitary equivalence, we have just to deal with the Schrodinger
operator A — (3 V| — $A®) in L*(RY; dz). The corresponding semigroup
is dominated by the heat semigroup so that its kernel admits a Gaussian
estimate and then (see e.g. [19]) its spectrum is the same in all L? spaces.
It suffices then to work in the space L!'(RY;dx) and use Theorem 43. W

In the more usual case where e~ ®®) ¢ LY(RY;dz) we obtain a much
more precise and explicit result relying on Theorem 35.

Theorem 56 Let ® be a real C? function on RN with % |V<I>|2 — %A(ID =0
and let Qpr be the sublevel sets of % IV®|? — %A@. We assume that e~ ®®)

1s integrable. Then the semigroup generated by the weighted Laplacian on
L2(RY; u(dx)) has a spectral gap provided that (for somet > 0)

2
sup lim sup / ! = exp(—‘m_y’ )dx < 1. (50)
M>0C—=+%0 RN J{zeqy,; |20} (4nt)2 4t

Proof: When e~ ®®) ¢ LYRN;dz) then u(dz) is finite and then the
constant function 1 is an eigenfunction of A* associated to the eigenvalue 0
which is then the spectral bound of A#. Then 0 is also the spectral bound
of A—(% IV®|? — 1A®) in L2(RY;dz) and also in L'(R"; dx) because the
spectrum is the same in L?(RY;dz) and L'(RY;dz) (see e.g. [19]) whence
Ay = 0 and we conclude by Theorem 35. B
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Remark 57 One sees that (50) provides us with a sufficient condition in
terms of sublevel sets ofi \VCI)|2 — %A(ID for the probability measure u(dr) =

Z e @) dx (where Z = [e~®®)) to satisfy the Poincaré inequality.

8 On Witten Laplacians on 1-forms

The De Rham Complex is given by

d0) 4
Q- o - 02 - .. 0N =0

where Q7 := QP(RN) (p < N) denotes the space of C* p-forms and dP) :
QP — Pt g the restriction to QP of the exterior differential d. We equip
(the coefficients of the form) QP with an L? structure and obtain the space
(still denoted by QP) of L? p-forms. We extend then d® to L? p-forms as a
closed densely defined unbounded operator d®) : QP — QPt! and denote by
d*®) . Pt — QP its adjoint operator. The Laplacian A®) on QF is defined
as

AP = @) o ) 4 4e=1) o =1 (p > 1)
and A = @*©640) In particular A = —A and AMw = Zj-vzl(A(O)wj)dxj
for w = Ejvzl wjdz;; (see [79][43] and [37] Chapter 2 for the details). By re-
placing the exterior differential d by dg := e 2@ de?@ je. de = d+ %d@/\~
we obtain a new Complex, the Witten Complex. By keeping the above L?
structure we can define closed unbounded operators dg ). p — QP oand
Witten Laplacians on QP

A((I:f) _ d;(p) o dg) + dg—l) o d;(p—l) (p>1)
with ASI?) = d;(o) o dg)). In particular
AD = A0 4 i Vo[ — %A(I)

and
Ag) = AEI?) ® Id+ Hess®d.

We note that Ag)) and A((I)l ) are lower bounded (nonnegative) operators and
CS° (the C* functions with compact support) is a core for both; see [76].

The Witten Laplacian AEI?) on O-forms has been considered in the previous
section. The aim of this section is to show that there exist interesting
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compactness connections between Ag) ) and Ag ) (see e.g. [43] Theorem 1.3

for other kinds of connections). To this end, we recall first a basic functional
analytic result related to Glazman’s Lemma.

Theorem 58 ([67] Proposition 6.1.4, Corollaries 6.1.1 and 6.1.2, p. 72).
Let A and B be two self-adjoint operators in a Hilbert space H such that

(Au,u) < (Bu,u), u € D

where D C 'H is a core for both A and B. Then:

(i) For any real X, if c(A)N(—o0, ) is discrete (i.e. consists of isolated
eigenvalues of A1) then o(B) N (—oo,A) is also discrete (i.e. consists of
isolated eigenvalues of B).

(i) If we denote by A\ <M < -~ <A <-cand \P < AP <. <AP <
-+ - their eigenvalues in (—oo, X), numbered according to their multiplicities,
then At < AP,

For any bounded below self-adjoint operator A, we define its essential
lower bound as Aess = sup{A € R;o(A) N (—o0,\) is discrete}. We start
with two theorems based on a convexity assumption.

Theorem 59 We assume that ® is a conver C* function. Let N, and

AL, be respectively the essential lower bound of A((I?) and Ag). Then A0, <
A, In particular, if AEI?) is resolvent compact then Ag) is also resolvent

compact.

Proof: Let A = A((I? ) ® Id and B = A((I)l ). The convexity of ® implies
that Hess® is a form-nonnegative multiplication (matrix) operator so that
(Aw,w) < (Bw,w) for C° 1-forms w. Note that A is nothing but N copies

of Ag) ) 50 that A has the same spectral strucure as AEIS ). n particular,

the essential lower bound of Ag) ) coincides with that of A. Thus a(A) N
(—o0,\Y.) is discrete and then, by Theorem 58, o(B) N (—o0, A,,) is also
discrete so that A2, < AL... In particular, if Ag)) is compact then A2, = 400
and then o(B) is purely discrete, i.e. B is resolvent compact; (this last
property holds without convexity assumption, see Theorem 63 below). B

Remark 60 Note that below the value N0, , the k-th eigenvalue of AEI?) 18

€8S’
majorized by that of Ag).
We provide now a strict inequality between the spectral bottoms of AEI?)
and Ag).
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Theorem 61 Let ® be a convex C? function and let \° and \' be respec-
tively the spectral bottom of Ag)) and Ag). We assume that X is an isolated
eigenvalue of AEI?). If the lowest eigenvalue Ag(x) of Hess®(x) is not iden-
tically zero then A! > 0.

Proof: We note that for a 1-form w(x) = Z;VZI wj(z)dz; we have

(Hess®(x)w(z),w(z))gy = Aa(x) |w(z)]* = Ao (z ij

i.e. Hess® > A\g(x)Id. It follows that
LYy ag)o1d< AP (51)

and then the spectral bottom of (AEI?) +Ag)®1Id (or equivalently the spectral
bottom of A(O) + Ag) is less than or equal to the spectral bottom of Ag).
It suffices then to compare A the the spectral bottom )\ of A(O) + A\¢. By
the convexity of ¢ we have Agp > 0 and then A( ) < ASI)) + Ap implying the

trivial inequality \° < )\ . Suppose now that \° is an isolated eigenvalue of
AEI?); then there exists a > 0 such that O'(AEI?)) N [)\0, A0 4 «) is discrete and
then, by Theorem 58, U(Ag)) +Aa) N [)\0, A% + @) is also discrete (possibly
empty). Thus, if XO > A + o we are done. Otherwise, XO is an isolated
eigenvalue; by a classical result it is simple and is associated to a normalized

positive (almost everywhere) eigenfunction f By assumption, there exists
also a normalized positive (almost everywhere) eigenfunction f associated

to the eigenvalue \° of Ag)). The fact that (f, Aef) > 0 when Ag(.) is not
identically zero implies

D =01 =000 < (£,09F + xef) = X (1, )
so that \0 < XO. [ ]

Remark 62 In the case where fe*‘b(x)dx =1 then \° = 0 and, by The-

orem 61, \' > 0 so that Ag) 18 invertible allowing thus the derivation of
the “exact” Helffer- Sjostrand’s covariance formula while Brascamp-Lieb’s
mequality

/ () — ()g(x) — {g))e*@da < ((Hessd)df, dg)

is meaningful for strictly convex ® only; see [43] for more information.
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1)

We give a compactness result for AEI)
assumption.

which does not rely on a convexity

Theorem 63 We assume that ® is a C? function. Let \g(x) be the lowest
eigenvalue of Hess®(z). We assume that % V| — FA®+ \g(z) is bounded

below. Then Ag) is resolvent compact if —/+ 1 |V®|? — FAD 4+ Mo (2) is.
In particular, if both 3 Vo|* — AP and Ao(z) are bounded below then Ag)
(0)

is resolvent compact provided that Ag
sets of Ae(x) are thin at infinity.

is resolvent compact or the sublevel

Proof: It follows from (51) and Theorem 58, that Ag ) is resolvent

compact if Ag) )+ Ao (x) is; the remainder is clear. W

We deal now with spectral gaps for Witten Laplacians on 1-forms. We
assume that ® is a C? function such that |V®|? — $A® + g is bounded
below; for simplicity, we assume that V| — AP + Ag > 0 (otherwise
we “shift” the operator by adding a suitable constant). Let D! be the space
of 1-form w = Z;VZI wjdr; with w; € HY(RY) and

N
1 1
Z /(4 Vo[ — 5&@) |w;(z)]? dz + /(Hess@(m)w(m),w(x))RNdx < 00.
j=1
We note that the bottom of the spectrum of A( )i

N = [/|Vw] )2 d:p—i—/(i]V(I)F—;Atb) |wj(x)|2d$]

weD?, kuLg 14

+ /(HGSS(I)(ZL‘)W(I), w(x))gndz

while the bottom of the spectrum of AEI?) + Ap(x) is

1 1
)0 .— 24 SIVR?P— AP+ A 24
rep 21 U Vi@ o+ [ V8 = 50+ 20) (o) ]

where D° = {f e HY(RY); [(% V| — TAD + \p) |f(z)|? dz < oo} . Clearly
—A% < -\l Let —\! be equal to
N

1 1
inf / Vw;(x 2d3:+/ ZIVR? — ZA®) |wi(2)|? dz
> [ o Fei@Pds [ GV - A ()

weDk [l 2=1 4

+/B(0 r)(Hess@(a:)w(a:),w(m))RNdx
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where D! are the elements of D! with support in B(0,r). We note that

AL < AVr >0 and 7 — Al is nondecreasing. Let X = lim, oo AL

Theorem 64 Let ® be a C* function such that % V| — FAD + Ag > 0.

We denote by Qs the sublevel sets of % V| — FA®+ g We assume that
for some t > 0 we have

? :
)dx < Mt (52)

i / 1 ( z -y
sup lim sup = exp(—
M>0C—+0 yerN JizeQ,; |z=C) (47t)2 4t

Then Ag) has a spectral gap.

Proof: Let 52, be the essential lower bound of Ag)) + Aa(x). By resum-
ing the proofs of Theorem 35, one sees that (52) implies that the essential

~1
type of the semigroup generated by —(Ag) )+ Ap(x)) is strictly less A or

equivalently 3%, > iy > — AL Since U(Ag)) + Ao (2)) N (—o0, BY,) is dis-

€SS

crete, or equivalently 0((&&?) + o (z)) @ Id) N (=00, 82,,) is discrete, then

€SS

(51) and Theorem 58 show that U(Ag)) N (—o0, 82, is discrete. The fact

€SS

that 5%, > —A! shows that Ag) has a spectral gap. B

€SS

9 On indefinite potentials

This last section continues the general theory of Section 2 and deals with
indefinite potentials V=V, — V_, i.e. we consider the more general case

“T _ V?? — “T _ V+ _"_ V_77

where T is the generator of a substochastic semigroup {U(¢);¢ > 0} in L' (; )
and V. are nonnegative and unbounded and are not necessarily the positive
and negative parts of V.

9.1 L! theory

We give first a meaning to “T"— V, + V_". Our general assumption is that
V, is admissible for {U(t);t > 0}, i.e. {Uy, (£);t >0} is a co-semigroup; its
generator is then denoted by Ty 4 (see the beginning of Section 2).

Theorem 65 Let V_ : D(Ty, ) — L*(; ) be Ty 4 -bounded and let

Agrfoorg VoA =Ty,) '] < 1.
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Then

(i) Tvy + V- : D(Tv,) — LY pu) generates a positive semigroup
{W(t);t =0} on LY p).

(ii) Ty, +V_ : D(Ty, ) — L'(; p) is resolvent compact if (16) is satisfied
(where Qpr are the sublevel sets of Vi ).

Proof: (i) The fact Ty 4 + V_ : D(Ty, ) — L'(£%; 1) generates a positive
semigroup {W (¢);t > 0} on L'(Q; u) if and only if

lim r, [Vo(A=Ty,)7 '] <1

AiToor [V ()\ V+) ] <

follows from a known result [22] (see e.g. [9] Chapter 5).
(ii) For A large enough

A=Ty, - Vo) ' =(A-Tv,) 12 (A =Ty, ) 1)

so that Ty, + V_ is resolvent compact if Ty, is. B

Corollary 66 Let limy_.ioo7s [Vo(A =Ty, )"'] < 1 and let (16) be satis-
fied (where Qpr are the sublevel sets of V).

(i) If T generates a holomorphic semigroup then Ty 4 + V_ generates a
(holomorphic) compact semigroup {W (t);t > 0} in L1 (% p).

(ii) We assume that L'(2; ) is separable. Let {U(t);t > 0} be norm
continuous and V. be finite a.e. Let Gy, (z,y) be the kernel of (1 — Ty, )~!
and let

sup [ G p)Ve(hulds) — 0 as j - +ox. (53)
yeQ J{Vi>j}

Then Ty 4+ + V_ generates a compact semigroup {W (t);t = 0} in L*(Q; ).

Proof: (i) We know that Ty 4 generates a holomorphic semigroup [4][41].
The holomorphy of {W(t);t > 0} can be proved for instance as in ([59] The-
orem 43). The compactness of {W(¢);¢ > 0} is then deduced as in Theorem
11.

(ii) According to Remark 15 (ii), (1 — T')~! has a kernel G(z,y). Since
(16) implies (15) then (1 — Ty, )~* has also a kernel Gy, (z,y). By Theorem
12, Ty 4+ generates a norm continuous semigroup. A similar proof shows that
Ty + V_ generates also a norm continuous semigroup and, similarly, the
compactness of {W(t);¢t > 0} is deduced as in Theorem 11. W
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Remark 67 (i) See Theorem 28 or Theorem 32 (i) to check (16) in metric
measure Spaces.

(ii) By the domination (1-Ty, )~ < (1-T)~" we may replace Gy, (z,y)
by G(z,y) in (53).

Remark 68 The semigroup generated by Ty + V_ (under the general as-
sumption Hmy_, o0 r'e [V_()\ — TV+)_1] < 1) is given by a Feynmann-Kac
formula and is attached intrinsically to V' (i.e. it is independent of the
choice of a decomposition V.=V, —V_), see [60] Remark 16.

The above compactness results are due to the part V. of the potential. In
particular, it is not possible that (A—Ty, —V_)~! be compact if (A—Ty, )"
is not ! This stems from the fact that the domination

A=Ty, Vo) ' >(A=Ty,) !

would imply the weak compactness of (A — Ty, )™ and in fact its compact-

ness (see Lemma 6). Similarly {et(T"Jr +Vlw);t > O} cannot be compact if

ety it > O} is not. On the other hand, regardless of V,, the part V_ may

induce different compactness results with different spectral consequences.
To this end, we assume now that 2 is a locally compact metric space en-
dowed with a locally finite Borel measure > 0. Let =, be a nondecreasing
sequence of compact subsets such that (2 = U,Z=,, and let

Ve V_on =,
= —
c.

- Oon =
Let

—=c
V_ on =¢
0on =,.

Ve =V_ V" == {

We note that V_ = V" 4+ V"¢ Our first assumption is

lim sup/ V_(2)Gy, (z,y)u(dr) < 1; (54)

TP yeQ JEg

this expresses simply that lim,,— 4o HVZLC()\ — TVJF)_1 HL(Ll(Q)) < 1. Our sec-
ond assumption is that for any compact sets C; and Cy of Q

lim su /G T dr) = 0. 55
alim s [ G V- @t (55)
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We observe first that (54) implies that Ty, + V"¢ : D(Ty, ) — L'(Q2) gen-
erates a positive semigroup. Secondly (55) expresses that V" is Ty, -weakly
compact or, equivalently, V" is (Ty, + V¢)-weakly compact so that

Jim 7 (VA =Ty, = V™) =0

and Ty, + V™ 4 V" (ie. Ty, + V_) generates a positive semigroup (see
[59] Theorem 4). Let s(Ty, 4+ V") be the spectral bound of Ty, + V™. We
define

o e— 3 nc

S = nEr—lr-loo s(Ty, + V).

Note that {s(Ty, + Vlw)}n is nonincreasing and then

5> S(TV+).
We give now an upper bound of the essentiel type of {et(TV++V‘);t > O} .

Theorem 69 Let (54)(55) be satisfied. We assume that either {e'7;t > 0}
s holomorphic or {etT;t > 0} is morm continuous and (53) is satisfied.

Then the essential type of {et(T"+ JrV’);z‘, > O} 18 less than or equal to s.

Proof: We know that if {etT;t > 0} is holomorphic then so are the
semigroups {et(TV++V1w); t> 0} and {et(TV++V’);t > 0} (see the arguments

in the proof of Corollary 67). On the other hand, the inequality

[{Vnc>j} Gy, (z,y)V"(z)u(dx) < /{V%} Gy, (z,y)V_(z)u(dx)

shows that (53) is inherited by V"¢ so that the two semigroups {et(TVJr +VZ 8); t

and {et(TV+ +V‘);t > O} are norm continuous. In both cases

10, +00[ > t — R(t) 1= TV tV=) _ MTvi+VEY ig norm continuous. (56)

We note that for A large enough

/ [e“TvﬁVJ — I AVEN Mg — (AT, =V ) = (A=Ty, —V") 7}
0
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and

A=Ty, -V_)™' = =Ty, -V -y
+0o0
= (A =Ty, — V") Y (VA - Ty, — V)b
=0

so that
o0 ne too .

/ [tV I VD | 2y — (=T, V)T SO (VE (AT, V)7

0 i=1
is weakly compact. By domination, for any ¢ > 0 and £ > 0,

t+e e
/ [et(TV++V_) _ Ty +V )} e Mt
t

is weakly compact and finally, thanks to (56),

F ¥ nc T %+€ nc
[et(TV++V,) _ Ty v )] M — lim 51/ [et(TV++V,) _ Ty VT )] oMt

e—0 7

is also weakly compact since the limit holds in operator norm. It follows
that {et(TVJrH/lw);t >0y and {et(TVJrH/_);t > 0 have the same essential
spectrum and consequently the same essential type. Note that the essential
type of {et(TV++V1w); t> 0} is less than or equal to its type and the latter
coincides with the spectral bound s(7y, +V"¢) since {et(TV++V1w); t> 0} isa

positive semigroup in L(£2). Finally the essential type of {et(TV+ +V*); t>0

is less than or equal to s(Ty, + V") for all n and this ends the proof. B
If we replace (54) by

lim sup V_(2)Gv, (z,y)u(dx) =0 (57)

=00 ye JEg
then we obtain the following much more precise result:

Theorem 70 Let (55)(57) be satisfied. We assume that either {e'T;t >0}
is holomorphic or {etT;t > 0} is morm continuous and (53) is satisfied.

Then the essential type of {et(TV+ +V‘); t> 0} is equal to that of {etTVJr it > 0} .

In particular if {etT"Jr;t > 0} has a spectral gap then {et(TV++V‘);t > 0}
has also a spectral gap.
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Proof: We note that
V-OA=Ty ) ' =V"A=Ty,) L+ V(A =Ty, )

and (57) expresses that lim, ;o ||[V¢(X — TV+)_1H£(L1(Q)) = 0. It follows
that V_(A — Ty, )~! is weakly compact since V(A — Ty, )~ ! is (as a con-
sequence of (55)). Arguing as in the proof of Theorem 70, one sees that

fooo [et(T"+ Vo) etT‘@} e Mdt is weakly compact and deduce that the dif-

t(Ter +V_)

ference e — eVt s also weakly compact for ¢ > 0 which ends the

proof of the first claim. Finally since the type of {etT"+ it > O} is less than
or equal to that of {et(TV++V’);t > 0} then the latter has a spectral gap if

the former has. W

Remark 71 We have seen in Section 5 how to estimate the essential type
of {etTVJr;t > 0} .

The stability of essential spectral bounds of perturbed generators holds
under weaker assumptions:

Theorem 72 If (55)(57) are satisfied then sess(Tv, + V_) = sess(Tvr, ). In
particular if Ty, has a spectral gap then Ty, + V_ has also a spectral gap.

Proof: The first claim follows from the weak compactness of the differ-
ence (A—Ty, —V_)"1—(A=Ty,) "' and the second claim from the standard
inequality s(Ty, +V_) > s(Ty, ). B

We complement Theorem 70 by:

Theorem 73 Let the assumptions in Theorem 70 be satisfied. If

su lim ro [V =Ty, — V)] > 1
n A—s(Ty, +V7) V2 Y+ )]

then the essential type of {et(TV++V‘);t > O} is less than its type, i.e. the
semigroup {et(TV+ +V‘);t > O} has a spectral gap.

Proof: Suppose there exists n € N such that

li o [V =Ty, — V™)1 > 1.
)\—>s(T\1/£_n+VfC) " [ ( Vi ) ]
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We note that V(A — Ty, — V")~ is positive so that

re [VIA =Ty, — V") € o(V(A =Ty, — V"));

the weak compactness of V*(A—=Ty, —V"¢)~ ! implies that 7, [V(X — Ty, — V)]
is an eigenvalue of V(A — Ty, — V"©)~1 It follows that s(Ty, + V"¢), the
spectral bound of Ty, + V"¢, is (strictly) less than that of

Ty, + V" + V" =Ty, +V_

and the latter is an eigenvalue of finite algebraic multiplicity (see [56] Chap-
ter 5 for details). Finally, Theorem 70 implies that the essential type of

{et(TV++V‘); t> 0} is (strictly) less than its type. B
Similarly, we complement Theorem 71 by:

Theorem 74 Let the assumptions in Theorem 71 be satisfied. If

li s [VeAN=Ty,) ] >1 58
)\—>$1(I;1V+)r [ ( V+) ] ( )
then the essential type of {et(T"++V‘);t > ()} 1s less than 1its type, i.e. the

semigroup {et(T"Jr +V‘); t> O} has a spectral gap.

Remark 75 In the context of Theorem 73, (58) implies the existence of a
spectral gap for perturbed generators, i.e. Sees(Ty, 4+ V_) < s(Ty, + V_).

9.2 [P theory

For the sake of simplicity (see Remark 82 below) we restrict ourselves to
symmetric substochastic semigroups {etT;t > O}, i.e. when {etT;t > 0} co-
incides with its dual {etT/;t > 0} (on L*°(£2)) on the space L'(2) N L>°(Q).
Then {etT; t> 0} interpolates on all LP(€2) (1 < p < oo) providing strongly
continuous semigroups {Uy(t);¢t > 0} in LP(2) (where {Usx(t);t > 0} is self-
adjoint in L?(9)); we denote their generators by 7T, (where T% self-ajoint).
We note that
Upy (0)f = lim_e!Tr—Ver) g

n—-+o0o

(where Vi, := min{V,,n}) defines a positive semigroup which is strongly
continuous in LP(12) if and only if {Uy, (t);¢ > 0} is strongly continuous in
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L'() (see [83]); we denote this semigroup by {Upy, (¢);t > 0} and its gen-
erator by Tp,y, . Moreover Uay, (t) is self-adjoint with (self-adjoint) generator
Tay, . Under the general assumption

Jim 7o VoA =Tv,)7 '] <1,

one shows (see [60]) that the semigroup {et(TV++V‘);t > 0} on LY(Q), with
generator

Ty, +V_: D(Ty,) — LY(Q),

interpolates on all LP(€2) (1 < p < oo) providing positive strongly continuous
semigroups {Wj,(t);t > 0} = {e»;¢ > 0} in LP(Q2) (where As is self-adjoint
in L%(2)). We point out that V_ is not a priori Ty, -bounded for p > 1.
However (see [63]), V_ is form-bounded with respect to =Ty, with relative
form-bound less than or equal to

Jim o V(- Ty) ]
and
—Ay = (=Tov,) + (=V-) (form-sum,).

Theorem 76 Let limy_, oo 7s [Vo(A—Ty,) '] < 1 and (16) be satisfied
(where Qpr are the sublevel sets of V). Then {W)(t);t > 0} is a compact
semigroup in LP(Q) for p > 1.

Proof: We know (see Theorem 66 (ii)) that Ty, + V_ is resolvent com-
pact, i.e. (A — Ty, — V_)"! is compact in L'(Q) for A large enough. By
interpolation (A — A,)™! is compact in LP(Q) for A large enough. Since
{Wa(t);t >0} = {etA2;t > 0} is selfadjoint then it is norm continuous so
that, by interpolation, {etAP;t > 0} are norm continuous too for p > 1.
Then arguing e.g. as in the proof of Theorem 17, one sees that {etAP; t> 0}
are compact semigroups when p > 1. B

Remark 77 Let fB(I,l) mdy — 0 as || — +oo and let V_ € LP(RVN)

for some p > % Then the fact that V_ € LP(RYN) with p > g implies

that Timy_ 4 o0 || Vo (A — TV+)71H£(L1(RN)) =0 (see e.g. [77]) shows that A —

(V,. —V_) generates a compact semigroup in L*(RYN). This result should be

compared with that in [12] according to which —A + Vi — V_ has a discrete
o T2(RpNY 1

spsctrum in L*(RY) if fB(x,l) T — 0 as |z| — 400 and V_ €

L2 (RM).
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We deal now with spectral stability in LP(€2).

Theorem 78 Let (55)(57) be satisfied. We assume that either {e'7;t >0}
is holomorphic or {e'T;t > 0} is norm continuous and (53) is satisfied.

Then {etAP;t > O} and {etT”VJr;t > 0} have the same essential spectrum
and consequently the same essential type. In particular, {etAP;t > O} has a

spectral gap if {etTp‘@ it > 0} has.

Proof: We know that ¢!Tv+ V=) — ¢tTvi ig weakly compact in LY(Q) for
t > 0 (see the proof of Theorem 71). In the new notations, !4t — etTivy

2
is weakly compact in L'(2) and consequently is square [etAl - etT1V+] is

2
T, .
tA2 _ ¢ 2V+] is com-

compact in L!(2). Tt follows by interpolation that [e

T . .
tAz _ oM2Vi implies the compactness

tAp etTpV+

pact in L2(£2); the self-adjointness of e
of et42 — "2y jtself in L2() and then, by interpolation again, e
is compact in LP(Q2) for all p > 1. Thus {etAP;t > ()} and {etTPV+;t > 0}
share the same essential spectrum and then the same essential type. The

fact that the spectral bound of T}y, is less than or equal to that of A, ends
the proof. B

Remark 79 (i) We have dealt in Section 5 with spectral gaps of{etTPVwL it > O} .

(ii) The existence of a spectral gap of {etAP; t> 0} when {etTP‘“r it > 0}
has not a spectral gap is not dealt with here. We note also that it is unclear
in general whether a spectral gap of {et(TV++V‘);t > O} (see Theorem 75)

can be inherited by {etAP; t> 0}

(ii) We can prove under (55)(57) alone that (A — Ap) ™' — (A = Ty, )~*
is compact so that A, and Tpy, have the same essential spectrum and con-
sequently the same essential spectral bound.

Remark 80 We note that if Q = R" and if {etT; t> O} admits a Gaussian
estimate then {etT"+ it > O} admits also a Gaussian estimate since e'1V+ is

dominated pointwisely by e'T. On the other hand, the assumption

Jim 7, VoA-Ty,) ] <1

remains if we replace V_ by pV_ (the product of p and V_) with a suitable
p > 1 so that Ty, + pV_ generates a positive semigroup and consequently
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(see [5] Theorem 3.6) the semigroup {et(TV++V‘);t > 0} admits a Gaussian

estimate; it follows that the spectrum of {etAP;t > 0} is p-independent, see
e.g. [19].

Remark 81 If {etT;t > ()} s not symmetric but its dual {etT,;t > 0} op-
erates also on L' () with limy | o 7o [V,()\ - T{/Jr)_l} <1 (L' spectral ra-

dius) then one can show that {et(TV++V‘);t > O} interpolates on all LP(2)

(1 < p < o0) providing positive strongly continuous semigroups
{W(t);t > 0} = {5t > 0}

in LP(QY) (in the spirit of [60] Theorem 19). If we resume the proof of

Theorem 79, we have that R, := etdr — ot Tovy (for p = 1) is weakly compact

in L*(Q) so that (for |u| large enough), [(n— e"/AP)*lRp]2 is compact in
2

LP(Q) for all p > 1. Similarly, {(,u - etT”VJr)_lRp} is compact in LP(Q)

for all p > 1. Then the analytic Fredholm alternative shows that e'» and

Vi have the same essential radius, see [82] Corollary 1.4. Finally they
share the same essential type.
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