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Large deviations for the empirical measure of random
polynomials: revisit of the Zeitouni-Zelditch theorem.

Raphaél Butez*

September 30, 2015

Abstract

This article revisits the work by Ofer Zeitouni and Steve Zelditch on large devia-
tions for the empirical measures of random orthogonal polynomials with i.i.d. Gaussian
complex coefficients, and extends this result to real Gaussian coefficients. This article
does not require any knowledge in geometry. For clarity, we focus on two classical
cases: Kac polynomials and elliptic polynomials.
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1 Introduction

We study three different models of random polynomials, orthogonal polynomials, Kac
polynomials, and elliptic polynomial, the two last being examples of orthogonal polyno-
mials. The coefficients are i.i.d. random variables which can be either:
. . . b
Complex Gaussian coefficients ar = b + ic, where ck ~ N(0, %12)
k
Real Gaussian coefficients ap ~ N(0, %)

We will always refer to those two possibilities as the complex and real case. In all the
article, we assume that the a;’s are independent. Given (R, ..., R;,) a basis of C,[X] we
consider the random polynomials:

Py =agRo+ a1Ry + -+ + anRy. (1)

In order to study the zeros z1,..., 2, of the random polynomials P, we introduce their
empirical measure:

1

We will focus on three classes of random polynomials corresponding to different choices of
the polynomials R;’s:

Orthogonal polynomials Ry, orthonormal family in L2
Kac polynomials Ry, = XF
Elliptic polynomials Ry = /() XF

The study of the zeros of random polynomials started with articles by Kac [Kac48],
Littlewood and Offord [LO39|], Hammersley [Ham56] which focused on the number of real
zeros. The literature about random polynomials is vast, we refer to the book by Bharucha-
Reid and Sambandham [BRS86] and the article by Tao and Vu [TV14] for a nice account
of the classical results. The study of the complex roots was initiated by Polya, Sparo and
Sur. Recently, the minimal condition to obtain the convergence of (i, )nen Was given by
Kabluchko and Zaporozhets [KZ13].

The purpose of this article is to revisit the article of Zeitouni and Zelditch [ZZ10]. They
prove that the empirical measures of the zeros of random orthonormal polynomials with
respect to a scalar product in L? and complex Gaussian coefficients satisfy a large deviation
principle in the projective space CP!. Here we revisit their proof of their theorem in an
elementary way although the techniques used are mainly a reformulation of their work.
Using a compactification technique based on inverse stereographic projection, we prove a
large deviation principle for the push-forward problem on a sphere of R3 and then obtain
the result in C. The proof adapts to the case of real coefficients, which allows us to extend
the theorem. The compactification technique was first introduced by Zelditch in [ZZ10],
and discovered again independently by Hardy [Harl2] in order to prove a large deviation
principle for Coulomb gases with weakly confining potential. The compactification method
was also used by Bloom in [BLW14] in a more general framework.

Large deviations for empirical measures of random polynomials are only known for
Gaussian complex coefficients [ZZ10], which is the subject of the present work, and for
exponential coefficients in the Kac case studied by Ghosh and Zeitouni in [GZ13]. All



these cases rely on the ability to compute the law of the roots of F,,. These results should
be compared with their equivalent in random matrix theory: the Ginibre ensemble, real or
complex. Many authors used the link between Coulomb gases and eigenvalues of random
matrices to obtain large deviation principles as in Ben Arous and Guionnet [BAGIT],
Ben Arous and Zeitouni [BAZ98], Hiai and Petz [HP00]. In a more general setup, large
deviation principle for empirical measures of a Coulomb gas are valid. See for example
[CGZ14] for a similar result in any dimension with general repulsion, Hardy [Harl2], or
Bloom [BLW14].

Orthogonal polynomials

Given a probability measure v and a continuous function ¢, we consider the scalar products
on C,[X]:

(P,Q) = / P(2)Q(2)e @ dy(z). (3)
Let Ry, ..., R, be an orthonormal basis for this scalar product, we define
n
k=0

We call K the support of v. We assume that its compactification by inverse stereographic
projection is non-thin at all the points of its closure. This notion comes from potential
theory and is detailed in [Ran95 p. 78]. We can understand it as the requirement that
the support of v is not too degenerated. For instance, if the support of v is connected and
has more than one point, it is non-thin at all its points [Ran95, Thoerem 3.8.3 p 79]. It
also holds if it has a finite number of connected components with more than one point.
On the other hand, a polar set is thin at every point. We define the Berstein-Markov
property which was introduced in [ZZ10]. This property is the key of the proof of the
large deviations upper bound.

Definition 1.1 (Bernstein-Markov property). We say that the couple (¢, ) satisfies the
Bernstein-Markov property if, for every € > 0, there exists a constant Cz > 0 such that,
for any n € N and for any polynomial P € C,[X]| we have:

sup{|P(z)|’e "9} < Cee™|| P72
zeK

where K is the support of the measure v.

We define the Hamiltonian:

Ho(z1,. - ) = —— Zlogyz,—zJH log/H|z—zZ|2 dv(z).  (5)

i#]
In the complex case, the distribution of the roots (z1,...,z2,) of P, is given by:
1
76Xp (_/BRHO(Z17"'7Z’VL)) dE(Cn(Zl,...,Zn). (6)
n

where fcn is the Lebesgue measure on C", and Z,, is a constant. [, is the inverse of
a temperature, so we can see 1/, as a cooling scheme. In this article, we will always
consider:

5n:n2



which corresponds to the distribution of the roots of random polynomials. We can see

(21,...,2n) as a system of particles in interaction. The term
1
——5 2 _log |z — z|
i#]

corresponds to a repulsion between the particles and is compensated by the confinement

1 n
nt log/ H |z — zi2e ) du(2).
i=1

n2

This model is very close to the classical Coulomb gas model, where the confinement takes
the simpler form ;" ; V/(z;), which does not involve any interaction between the parti-
cles. This non-interaction property can be seen as linearity with respect to the empirical
measure via the relation:

S V) = [ Vwdi(w) = (V, ).
=1

The confinement term associated to the Hamiltonian is more complicated, but can still
be compared to a classical potential thanks to the Jensen inequality.

The study of the real case is interesting only if the polynomials Ry’s are real. In
the real case, the distribution of the roots is not absolutely continuous with respect to the
Lebesgue measure of C" as the probability to have a real root is positive. This distribution
is given by the following mixture:

[n/2]

D

k=0

1
7 exp (—anHo(zl, ol zn)> dly (21, .., 2n)- (7)
n,k

)

where we defined, fg and /¢ being the Lebesgue measures on R and C,

Al (215 .., 2n) = dlr(21) ... dlr(2n—2k)dlc(2n—k) - . . dlc(2n) (8)

and where Z,,  are constants. The first n — 2k particles are on the real line and with k£
pairs of complex numbers and their conjugates. In the complex case, all the results of this
article are valid for any sequence satisfying

Bn > n.

In the real case, additional assumptions are needed, they are given in , and .
Those asumptions correspond to a uniform control of the normalizing constants

In this article, the term weak topology corresponds to the topology of convergence
in distribution, which is the weak topology associated to continuous and bounded test
functions. This topology is associated to the Bounded Lipschitz metric d defined as:

Vv d(p,v) ZSL}p‘/fu—/de

where the surpremum is taken over functions bounded by 1 and 1-Lipschitz.



Theorem 1.2 (Large deviation principle for complex orthogonal polynomials). Let u, be
the empirical measure of the gas (6). Let us define Ip : M;(C) — RU {oo}:

// <1og |z —w| - *10g(1 +2)?) — log( + yw\2)> dp(z)dp(w)

+sup | [log |z = wf? ~log(1 + fuP)du(w) - 6(2)].

When /log(l + Jw]?)du(w) < oo then we have:

lo() = ~ [ 1og |z~ wlu(:)dp(u) + sup [ [ 10812 = wldp(w) - ¢<z>]

If the couple (¢,v) satisfies the Bernstein-Markov property (1.1) then (un)nen satisfy a
large deviation principle in M1(C) with the weak topology, speed By, and good rate function
Io —inf Ip . This means that for any Borel set A C M1(C) we have:

— inf (Io—mfIO) < lim ilogIP’(,un €A < hm BllogIF’(un €A <— 1nf (Io—lanO)

IntA n—oo POn

Theorem 1.3 (Large deviation principle for real orthogonal polynomials). Let u, be the
empirical measure of the gas . If the couple (¢,v) satisfies the Bernstein-Markov prop-
erty, then (pun)nen satisfies a large deviation principle in M1(C) with the weak topology,
speed B, and good rate function:

- B $(Io(p) —inf Io)  if p is invariant under the map z — z
Io(u) =

00 otherwise.

This means that for any Borel set A C M1(C) we have:

— inf Ip < lim ﬁ—logp(un €A)< hm ﬁ—logP(Mn € A) < — inf Ip.

IntA n—oo n CloA

Those last two theorems imply that, in both cases, almost surely:

d(pn, Argmin(lp)) —— 0 (9)

n—oo

where Argmin(Ip) is the unique minizer of function Ip. This is a consequence of the
Borel-Cantelli Lemma used with the sets {u € M1(C) | d(p, Argmin(lp)) > €}. The
minimizer is the equilibrium measure of the support of v, see [Z2Z10, Lemma 30).

Kac polynomials

The most important example of orthonormal polynomials are Kac polynomials:
Po=a,+a1 X+ +a, X" (10)

The canonical basis is orthonormal with respect to the scalar product on C,,[X]:

(P,Q) = /P Q(2)dvs(2) (11)



where vg is the uniform measure on S, the unit circle of C. The sequence (g, )nen converges
almost surely weakly towards the measure vg. Although this result is quite ancient, we
can deduced it from @ We define the Hamiltonian:

+1
H(z1,...,2n Zlog[zl—z]]—i— 1 g/H’Z—ZZ‘QdVS (12)
i#£]

In the complex case, the distribution of the roots is given by the Gibbs measure:
—exp (=BnH(z1,...,2n)) dlcn (21, ..., 2n) (13)

In the real case, the distribution of the roots is the mixture:

[n/2]

D

k=0

o (—mimzl, - zn)> Al (21, 2) (14)
n,k

where the Z,, ;. are constants.

Theorem 1.4 (Large deviations for complex Kac polynomials). Let p, be the empirical
measure of the gas (13). Let us define I : M;(C) — R U {oco}:

= [ (108l = wl - log(1 + |2) = Jlog(1 + ) ) du(:)du(w)

+ sup/ <log |z — w|* — log(1 + ]w|2)) du(w).
zes

When /log(l + |21%)du(2) is finite, this function can be simplified to:

~ [ [1081: = wlan(z)n(w) +sup / log |z — w|?dp(w).

The random sequence (fin)nen satisfies a large deviation principle in M1(C) with the weak
topology and with speed (3, and good rate function I. For any Borel set A C M;(C) we
have:

1 1
—inf I < lim —logP(u, € A) < hm —logIF’(un € A)<-— inf I. (15)
IntA n—oo n CloA
Theorem 1.5 (Large deviations for real Kac polynomials). Let u, be the empirical mea-
sure of the gas , then the random sequence (fin)nen Satisfies a large deviation principle
in M1(C) for the weak topology with speed (5, and good rate function I where:

I(u) =172

() LI(w) if p is invariant under the map z — 2
00 otherwise.

This means that for any Borel set A C M1(C) we have:

1 1
—inf I < lim ﬂ—logIF’(,un €A < hm B—logP(un € A) < — inf I.

IntA n—oo n CloA



Elliptic polynomials

We will see how the study of Kac polynomials can be adapted to prove a large deviation
principle for the empirical measure associated to the roots of polynomials of the form

n 1/2
n
P, = k.
k=0
2\ /2
The polynomials v/n + 1 ( k> X" are orthonormal for the scalar product on C,[X]:

1 dle(z)
(FQ) = /P 1—1—\2\ )P (14 |z12)?

As multiplying a polynomial by a constant does not change the zeros, the factor v/n + 1

is omitted. It is known that the random sequence (p,)nen converges almost surely weakly

towards
dlc(2)
m(1+[2[?)?
which is called the complex Cauchy measureﬂ It can be seen as a consequence of @D We
define the Hamiltonian:

1
HE(Zl,...,Zn):—f 10g|zi—zj|+ H
n? n2
i#j

and the Gibbs measure associated to the distribution of the roots in the complex case:

iz |z —zil®  dle(z)
(L4122 w1+ [2*)?

(16)

1
Z—exp(—ﬁnHE(zl,...,zn)) dlen (21, -+ 2n)- (17)
In the real case, the roots form a mixture of Coulomb gases distributed with respect to:
[n/2] 1
Z exp (—,BnHE(zl,...,zn)> dlp (21, .., 2n) (18)
im0 “nik 2

where the Z,, ; are constants.

Theorem 1.6 (Large deviation principle for complex elliptic polynomials). Let p,, be the
empirical measure of the gas . Let us define I : M;1(C) - RU {oco}:

1 1
— // <10g |z = wl = S log(1+ |2*) — 5 log(1 + |w|2)> dp(z)dp(w)
+ sup [/ (log |z — w|? —log(1 + ]w\2)> du(w) —log(1 + |z]2)} )
zeC
When /log(l + [23)du(z) < oo, we can write:

o) = = [[ 0|z — wldu()dw +sup[/ log |2 — wdu(w) ~log(1 + |21}

(tn)nen satisfies a large deviation principle in My (C) with the weak topology and with
speed By, and good rate function Iy —inf Ig. This means that for any Borel set A C M;(C)
we have:

- 1nf (IE—lnf Ig) < lim ﬂ—logP(,un €A < hm FlogIP’(un €A <— 1nf (IE—lnf Ig).
n—o0 Mn
Lor Fubini-Study measure




Theorem 1.7 (Large deviation principle for real elliptic polynomials). Let u, be the
empirical measure of the gas (18)). (un)nen satisfies a large deviation principle in My (C)
with the weak topology, speed B, and good rate function:

Ip(p) =

- $(Ip(p) —inf Ig) if p is invariant under the map z — z
00 otherwise.

This means that for any Borel set A C M1(C) we have:

= 1 — 1 -
—j < lim — < Tim — < .
inf Ip < lim 5 log P(pp, € A) < Jim 3 log P(py, € A) < Clnf Ig

IntA n—oo n IOA

Outline of the article

We will give a full proof of the results for Kac polynomials, and then we will show how
to adapt the proof for elliptic and orthogonal polynomials. The proofs of the previous
theorems are similar, and will follow these steps:

1) Compute the distribution of the roots on C";

2) Use of inverse stereographic projection to push-forward every object on &2, the
sphere in R? centered on (0,0, 3) and of radius 1/2;

3) Prove a large deviation principle in M1 (S?);
4) Use of contraction principle to obtain the large deviation principle in M;j(C).

We use inverse stereographic projection because, as Mj(S?) is compact, a weak large devi-
ation principle is equivalent to a full large deviation principle, without proving exponential
tightness. [DZ09, Lemma 1.2.18]

In Section 2 we introduce the objects that will be studied in the article. In Section 3
we give a dettailed proof of the result for Kac polynomials following the steps given above.
Section 4 is about elliptic polynomials. As the proof is nearly the same, we focus on what
should be changed to import the proof from the previous section. In Section 5 we prove
the general result that was originally proved by Zeitouni and Zelditch in [ZZ10] and we
extend it for real Gaussian coefficients.

In contrast, the article [ZZ10] has a more geometric and intrisinc approach. The scalar
product is related to a notion of curvature on CP'. The zeros are seen as elements
of CP' and the rate function is expressed in terms of Green function and Green energy
associated to this geometric setup.

2 Definitions and notations

We give some definitions that will be useful in the article.

Definition 2.1 (Logarithmic potential, logarithmic energy). We call the logarithmic po-
tential of a measure p € My (C) the function:

Utz /—log |z — w|dp(w).
We also define the logarithmic energy of a measure u € M;(C):

£ =~ [ [ 1og |2~ wldn(z)n(w)

8



and J : M1(C) —» RU{oc} defined by
J(p0) = sup [ log |z~ wlu(w)
z€S
where S is the unit circle in C.

Definition 2.2 (Discrete logarithmic energy.). Let p, = > J,, then we write:
1
&wﬁz—ﬁzﬂgm—ﬁz—/MQWWMM@MMW) (19)
i #
where / stands for the off-diagonal integral .
#

We will use the same notation for measures on C or on S2.
Let us define now the inverse stereographic projection that will be the key tool in this
article.

Definition 2.3 (Inverse stereographic projection). Let S? be the sphere in R3 of center
(0,0,1/2) and radius 1/2. We call the point N = (0,0, 1) the north pole. Let T : C — S?
the inverse stereographic projection

z S(z z|?
T(Z):<%<> () I )

L4227 14 2271+ |22

We have the following relations, valid for any z and w in C:

e () -T@)?
S Y T TR O 15 (20)
L [T(z) = 1+1|| 21)

where if x € R3, |x| is its Euclidean norm and when z is a complex number, |z| is its
modulus. The same notation holds for the norm in C and the norm in R3.

The first relation can be found in [ANQ7, lemma 3.4.2], and the second relation is
obtained from the first one by squaring, taking the limit as w tends to infinity and using
the Pythagorean theorem.

To avoid confusions between what lies in C and what lies in R, we will only use the
letters z, w for complex numbers and the letters z, y for vectors in R3.

Definition 2.4 (Push-forward of the objects on the sphere). We define the push-forward
by T of the empirical measure:
1 n
=T hn = 0D 01(y)-

ni4

Let € M1(8?), we call its logarithmic potential on the sphere the function:
Uks(w) = [ ~logla ~ yldu(y).

UL, takes its values in [—00,00). We define on M1(S?) the function:

S
Es+(v) =~ [ [ 10go = yldv(w)du()

The function U 52 is called logarithmic potential. It inherits its name from U* as it is
the analog formula on the sphere. The name logarithmic potential is not really appropriate
as this notion is already defined on the sphere in potential theory, but it is convenient as
the formulas are the same.



N =(0,0,1)

(0,0,0)

Figure 1: Inverse stereographic projection.

3 Large deviations for Kac polynomials

This section deals with the Coulomb gases and . We prove Theorems and

3.1 Step 1: Distribution of the roots

Theorem 3.1 (Distribution of the roots in for the complex case). Let P, = Y7o ar X*,

the law of (21, ..., 2n) is absolutely continuous with respect to the Lebesgue measure on C™
with density:

1 Ilic; 2 — 2 1 n+1 5 2

— =—exp|— £ + ——1Io / z — zi|°dv(z

A (IH£1‘Z—Zi|2dVS)n+1 A p Bn #(.Un) n2 g g| i (2)

where Z, is a normalizing constant.

n
Proof. Let p(z) = 2" +b,_12" ' +--- + by = [[ (2 — ;). Then the transformation
i=1
F o cn — cn
(2’1, .. .,Zn) — (b[), . 7bn—1)

has Jacobian determinant [],_; |z — z;[? [HKPV09, Lemma 1.1.1]. We compute the law
of the random vector (z1, ..., 2n,a,). The density of the law of (ag,...,ay) is

1+1 o g laxl?
,R—TL

We consider now the change of variables:

G - (Cn+ 1 N Cn—l—l
H

(215« 2, Gp) (agy .-y Gn-1,0an)

whose Jacobian determinant is |a,,|*" [Licjl2i — zi|?, as b; = a;/a,. Hence, the law of
(21,...,2n,ay) is absolutely continuous with respect to the Lebesgue measure on C"*1.

10



We want to rewrite the density of the random vector (ag,...,a,) with the new variables
(21,.- -, 2n,an). We notice that if P = >"7_,a,X* then:

n

> lanl? = [P Pdvs(z) = [ laaf* ] Iz~ 2edvs(2) 22)

k=0 k=1

where vg is the uniform probability measure on the unit circle of C. This relation comes
from the fact that the canonical basis of C[X] is orthonormal for the scalar product .
The density of the law of (z1,..., 2z, ay) is:

2n 77, L2 n
|an| Hz<k |2 ZJ’ exp <_’an|2/ H ’z — zk’2dl/5<z)> .
k=1

ﬂ-n
We only have to integrate in the variable a, to obtain the law of (z1,..., z,). O

Theorem 3.2 (Distribution of the roots in the real case.). The distribution of the random

vector (z1,...,2yn) of the roots of P, in the real case is given by:
anm 2ICy) iy 1 ~ 2] dlni(21, -, 2n).
2 Fi(n — 20) a0 D2 ([T |2 — 2 Pdw) 0D/ ko 2
This law can be re-written as:
[n/2]
Z exp (=BnH (21,...,2n)) dlp (21, ..., 2n)

im0 Znk

where -
7 kl(n — 2k)ln =
7k =
SEEUNCS

The density in the real case is nearly the same as in the complex case, except for the
factor 1/2 in the exponent. In the complex case, the vector of the zeros is an element of
R?" while in the real case, we can see the zeros as an element of R™.

Proof. As the random vector (a, ..., ay,) has a joint distribution:
——7 XD —Z|ak| dag . .. day,.
™) 2 k=0

we can use Zaporozhets’ computation [Zap04] in order to express the distribution of
(21, -+, 2n,ayn). We use again the relation in order to simplify the expression of
the distribution of the roots and we obtain:

In/2] ok —/ |a,|? H |z — 2z|?dvs(2)

Z i lan|” H |zi—zjle i=1 dly (21, ..., 2n)dlc(an).
k=0 k:'(n — 2](3)'7’[' 2 i<j
We integrate with respect to a,, which ends the proof. O

Remark 3.3 (Symmetries of the problem). It is easy to check that the law of the zeros is
invariant under rotation as a Gaussian vector is invariance by rotation. The distribution
of the zeros is also invariant under the mapping z — 1/z. This comes from the fact that
(ao, - .,ayn) has the same distribution as (an,...,ap), but if we call z1, ..., z, the zeros of
> k=0 ap X%, then the zeros of > k=0 Ak X* are 1/21,...,1/2,.

11



Proposition 3.4 (Uniform control of Z, j for 3, = n?). Let Zn k. given in we have:

lim  sup llogZ k=0
N ket n) N2 "

which implies that

1 1
Ji)rgoﬁ—logmgx Lk = hm Elogmkm Zn i = 0.

Proof of Proposition[3.7. Using the triangular inequality and bounding k by n gives:

n+1
5 )

1 1 1

—[log Znk| < —logn! + — logn! + log7r + log2 + logI‘(
n n n

The upper bound is uniform in & and tends to 0 as n goes to infinity, which proves the
result. O

This control over the Z,, ; constants is very important. This is the reason why we
are able to prove large deviations in the real case. For general 5,, we cannot prove lage
deviations without assuming that those limits exist and are equal, not necessarily to zero.
This will become clearer in Section See [BAZ9§| and [GZ13] for similar results.

3.2 Step 2: Large deviations on the unit sphere

In order to prove the large deviation principles, we are going to use a compactification
method introduced in [Harl2]. When the potential does not grow faster than a logarithm
at infinity, the standard proofs of large deviations principles do not hold. More precisely,
exponential tightness of the sequence of measures cannot be proved using the standard
techniques presented in [BAGI7|, [BAZ9S]|, [HP00]. The gas we are studying is also weakly
confining as the confinement term grows at infinity like log(1 + |2|?) in each variable.

Using the inverse stereographic projection 7' (2.3) we will push the problem on the
sphere S? in R3. As the sphere is a compact set, it is sufficient to prove a weak large
deviation principle instead of a full one.

Remark 3.5 (Push Forward). In this article, we will use the notation T*u for the push-
forward of the measure u by the function T.

Definition 3.6 (Measure on S?). We call L¢ the push-forward of the Lebesque measure
of C on S? by T and Ly the push-forward of the Lebesgue measure on R by T, where R is
seen as a subspace of C. We will use the notation:

dLy (1, .., 2p) = dLr(1) ... dLr(Zp—2k)dLc(Tp—t) - . . dLc(zy).

Proposition 3.7 (Pushing the complex case on the sphere). Let (z1,...,2,) be the zeros
of P, in the complex case, then the law of (T(z1),...,T(2n)) is absolutely continuous with
respect to the push forward by T of the Lebesque measure on C with density:

I[Li<; |z — $j|2 .

(JTIy o — a[22ndT s (z))n [T — i)

i=1

We call k,, the finite measure:

n

Kp = H(l — |z4)*)2dLe(zy) . .. dLe ().
i=1

12



This law can be written in the form:

Zlnexp( B, [e;( vs(x )]) . (23)

Remark 3.8 (Identification of the uniform measure on S?). The measure (1—|z|?)?dLg(z)
on S? is proportional to the uniform measure on the sphere. Indeed if we push forward this
measure by the stereographic projection T~' we obtain the measure 1+\ B) Qdﬁ(c( ) which
s proportional to the complex Cauchy measure, which is known to be the projection of the
uniform measure on the sphere.

Proof of proposition[3.7. We will now push the zeros of P,, on the sphere S 2. We compute
the law of the vector (T'(z1),...,T(z,)). We use the relations to obtain:

5 — 2|2 = [ T(z:) = T(z)?
H‘ 7 ]| H (1 _ |T(zz)‘2)(1 — ‘T(Z])|2)

1<j 1<j

and that:

n+1

N n+1 . )
(/ H!z—zilzdus(@) i1 (1= |T(z)%)
o / H|T 2)P(1 = |T(2)]*) "dvs ()

We notice that on the unit circle of C, the function z +— |T(z)|? is constant equal to 1/2,
so we can write:

[licjlzi — 2l [Lic; IT(2i) = T(2) o “ro N[22
(T - — = Pdvs (2~ (T [1(6) — T Perdvseyeet L= TR
(24)

O

Proposition 3.9 (Pushing the real case on the sphere). Let (z1,...,2,) be the zeros of
P, in the real case, then the law of (T(z1),...,T(zn)) is:

ln/2] 4 [Tic; | — 2] x TTie (1 — |2]2)
Z N 2 1 2dLn,k(ZL‘1,...,acn)
=0 Znge (JTIY, |o — @5[22ndTug) 1)/

We call py, 1 the finite measure:

n

dpn,k = H(l — |xi|2)dLn,k($'1, o ,xn).
=1

This law can be written:

n/2) 1 n+1 N
Z exp | —fn 875(/;”) - = log/ H |z — z]?2"dT*vg(x) dpn ;- (25)
o Ik 2n i=1

The proof of this proposition is exactly the same as the one of Proposition [3.7]
The measure T*vg is the uniform measure on the equator of the sphere S2. Seeing
those measures on the sphere emphasizes the symmetries of the problem as the invariance

13



with respect to inversion corresponds to the exchange of north and south pole of the
sphere.

pn is a finite measure. As p, is a product measure, we only have to see that every
measure is finite. There are two types of measures in this product:

1

1 —|z))dLg(z) = ———d
(1 — |z]*)dLg(z) T+ 2™

which is finite on R and

1
(141221 +[2%)

(1~ [z[)(1 ~ y[*)dLe(x) = dlc(z)

where = and y are the inverse stereographic projection of
We now state the large deviation principle on the sphere S2.

Definition 3.10 (Rate function in M;(S8?)). For any measure v € M1(S?) we define:

Je2(v) = sup / log | — y|2du(y) + log 2 (26)
z€T(S)
Is2(v) =E(v) + Js2(v) (27)

Proposition 3.11 (Complex Kac case on the sphere). Let ji,, be the empirical measure of
the gas , then (fin)nen satisfies a large deviation principle in M1(S?) with the weak
topology, speed B, and good rate function Ig2. This means that for any Borel set A in
M;(8?)

1 — 1
. < 1im L _ <0 L _ < '
IlnI%g Ig2 < nh_}ngo - logP(fi, € A) < Jim 3 logP(i1, € A) < Culr(lf4 Iso

Proposition 3.12 (Real Kac case on the sphere). Let ji, be the empirical measure of
the gas (25), then (fin)nen satisfies a large deviation principle in M1 (S?) with the weak
topology, speed B, and good rate function Ig2 where:

TIs2(p) if T~ ds invariant under z — z

Is2(p) = {

o0 otherwise.
This means that for any Borel set A in M1(S?)

e .1 _ — 1 _ e 7
—nf Is2 < lim ——logP(p, € A) < lim, i log P(pn € A) < — inf g2,

n—oo On

3.3 Step 3: Proof of the Large Deviations Principles
We now prove the Proposition and Proposition We start by studying the rate

function, then we prove the lower and upper bound for the gas without the normalizing
constants Z, and Z, ;. Finally, we obtain the full large deviation principle.

3.3.1 Study of the rate function on the sphere
Next proposition is the key of all the rest of the work and comes from [ZZ10, Lemma 26].

Proposition 3.13 (Rate function Is2).
1)Jg2 is continuous for the weak topology of M1(S?) and is bounded.

14



2)I% is well defined on M1(S?), takes its values in [0, 00].

3) Is2 is lower semi-continuous.

4) Ig2 is strictly conver.

Proof of Proposition[3.13 First, we notice that since S 2 is a compact set in R, the function
(z,y) — log|z — y| is bounded above on S? x S%. Hence, the function s> is bounded
from below and Jg2 is bounded from above. We cannot conclude yet that the function
I is well defined. We will see that since Js2 is continuous on the compact Mi(S?), it is
bounded and Ig2 is well defined and takes its values in (—oo, oo].

Fix M € R and define log,,(x) = log(z) V (—M). The function (x,y) — log,; |z — y|
is continuous on S? x S2. We define:

Ugpla) = = [ logu | — yldv(y)

E¥w) =~ [[ogar 1o — yldv(a)v(y)

J¥w) = sup [logys o — ylPdv(y) + log2
z€T(S)

M) = M) + Js: (v).

We will now prove the upper semi-continuity and lower semi-continuity of the function
Jg2.

e Upper semi-continuity

The map W : (z, p) — Ul (2) is continuous because the function (z,y) — log,, |z — y|
is uniformly continuous. As T'(S) is compact, J é\g is also continuous. Indeed, if p, — p
weakly, then there exist a sequence (z,,)nen such that for any n, W (2, pn) = J3 (1n). Let
¢ be an accumulation point of the sequence (J g/zl (ttn))nen. One can extract a convergving
subsequence of (z,,)nen and call 2 its limit. Taking the limit of the inequality

W(xnv Mn) Z W(Iﬂ, Mn)

for any fixed x shows that ¢ = J gg (). Hence, J é‘é’ is continuous. Now let p, — p weakly
in M1 (S8?), we have:

Js2 (n) < Jga (pn) —— Jgi ()
If we take the limit superior of the last inequality we obtain:
T Js:(1n) < JE(0)

To conclude, we want to let M go to infinity, but we have to justify the exchange between
the limit and the supremum. In order to do that, we use a short lemma given below:
Lemma 3.14. Let (far)yer+ be a decreasing sequence of continuous functions defined on
a compact set K, converging point-wise towards a function f. Then we have:

lim sup fas(z) = sup f(2).
M—o0 zcK zEK
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Proof. 1t is easy to show that the function M +— sup,cx fu(z) is decreasing and is
bounded below by sup,cr f(z). Hence we obtain ]\}im sup,ex fr(z) > sup,ex f(2).
—00

To prove the other inequality, fix £ > 0, then, as fas(x) decreases towards f(x), we have:
Vo € K,3M, > 0 such that VM > M, f(z) > fu(z) > f(x) +e.

As fpr, is continuous at x, there is an J, such that for all y € B(z,0;) : f(z) —e <
far, (y) < f(x) + 2e. As the sequence fj is decreasing, this relation is also satisfied for
all M > M,. As K is compact, we can extract a finite family {x1,...,z,} such that
K C UB(z;,0;). We set Moo = max;—1.p M,, so we have:

VM > Moo, Vy € K, Ji € {1,...,p} | f(z:) —e < fu(y) < flai) + 2.
This last statement implies that supy fas(z) < supg f(z) + 2e and ends the proof. O

We apply the lemma and we end the proof of the upper semi-continuity:
Tim Jse(pn) < Js2(p)-
e Lower semi-continuity

This is where the notion of non-thinness is involved. We will use the fact that the support
of T*vg is non thin at all its points. Suppose that p, — We want to show that
lim, o Js2(pn) > Js2(p). We know that Jgz2(p) < oo. If Jg2(p) = —oo then there is
nothing to prove. For any € > 0 we introduce the set:

A ={z € 8% | —2U*(z) +log2 > Js2 (1) — €}

For any e, A, is closed by upper semi-continuity of —U*. Let zg be a point where —U*
reaches its maximum on the equator 7°(S). We want to find a measure of positive and
finite mass v supported on A. NT(S) such that U” is a continuous function, for any . We
can find such a measure as soon as the capacity of A. NT'(S) is positive [ST97, Chapter 1,
Corollary 6.11]. If for some €9 > 0 the set Ac NT'(S) had zero capacity, it would be thin at
any point [Ran95, Theorem 3.8.2 p79]. By the definition of the set A.,, the complement
of AcNT(S) in T'(S) is thin at xy. Then, as the union of two thin sets at xg is thin at zo,
T'(S) is thin at xg. This is absurd as the equator is non-thin at all its points (as connected
set, [Ran95, Theorem 3.8.3)).

Now that we obtained the existence of v, we can end the proof. Thanks to Fubini’s
theorem, we have:

JL\IEO/—U“"(x)dV(:c) :nlgngo/—U”(x)dun(x)
= [ -U*(@)dn(a)
— / UM (z)dv(x).

Since the support of v is included in A, we have:

lim Jg2 (ua)dv(z) > lim [ ~20 (@)dv(a) +1og2 > [ (o2 (1) = ) dv(a).

n—o0

We end the proof by noticing that v has positive mass and that ¢ is arbitrary.
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e Conclusion

As Jg2 is continuous on the compact M;i(S?), it is bounded and the function Ig» is
well defined.

For each fixed , the functions p — U} () and p — EX (1) are continuous on M (S?).
Since £g2 = infpr € é‘é’ , Eg2 is a lower semi-continuous function. Ig2 is lower semi-continuous
as the sum of a continuous and lower semi-continuous functions.

It is well known that the classical interaction energy £ is a convex function [Dei00)],
[HP0O0, Proposition 5.3.2]. For an measure with finite energy, we can write:

Es2() = E(T1)) + [log(1 -+ [)d(T )

Since the function v — /log |1 + |z|?|dv is linear we have the convexity of £s2. On the

other hand, Jg2 is the supremum of linear functions so is convex.

O]

3.3.2 Large deviations upper bound

We will prove the upper bound for the non-normalized measures, the normalizing constant
will be treated once we have both upper and lower bound.

e Bernstein-Markov inequality
We need to prove a Bernstein-Markov inequality for the measures vg and T*vg.

Theorem 3.15 (Bernstein-Markov for vg). Let N € N, then for all P € Cn[X] we have:

sup [P(2)] < VNP2

z€S

where ||P|3, = [|P(2)[*dvs(z). In particular, for all € > 0, there is a constant C. such
that for all P € Cn[X] we have:

sup |P(2)| < CEB€N||PHL2.
z€SL

Proof. We start from the following identity:

/P szwkdyg( ).

Then by the Schwarz inequality we obtain:

sgg!P n(2)] < Sup Z 12120 Pall L2 ws) < V0l PallL2ug)
® k=0

Lemma 3.16. For alle > 0, there exists an integer Ny such that for all n > Ny we have:

O]

1
- log/eQ”fC log [a=wldyn(w) g, () > QSup/ log |z — w|dpn (w) — €.
n z€S JC

17



Proof of Lemma[3.16,
/eanC log\z—wwﬂn(w)dys(z) — /H |Z — zi|2d1/3(z).
i=1

Thanks to the Bernstein-Markov inequality, we have:

n 1/n n 1/n
(/ IIl=- z-|2d1/s(z)> (SUPZES iy = = zi‘2> .
i=1

Cg /2 e—"ne/2
We take the logarithm of this expression to obtain:

v

1 _ log C./2
—log/eQ"fclog|Z w‘d“”(w)dug(z) > 2sup/ log |z — w|dpn,(w) —e/2 + - /
n ze5JC n

taking n > Ny sufficiently large ends the proof of the lemma. O

In fact, this inequality is used to prove the large deviations upper bound on C. To
prove the large deviations upper bound on 82, we need an analog of this inequality.

Lemma 3.17. For all € > 0, there exists an integer Ng such that for all n > Ny we have:

1 _ *
—log/e%fclog'“ vldr “”(y)dT*ys(x) > 2 sup /log |z — y|dT™ un(y) — e.
n z€T(S)

Proof. We start from Lemma [3.16] and lift it up on the sphere:

1 o n |T(2) — T(z)|? -
n g/il_ll (1=1T(2)»)( - |T(zi)|2)d s(2) >

T(2) — T(w)[? log C-
sup/ log dpin(w) — e + .
zesJo T (1= |T(=)?)A = [T (w)[?)
In terms of push-foward measures we obtain:
log C'.

1 n
—log/H |x — x;|dT*vg(z) > sup / log |z — z;|dT™ pp(w) — e + .
n i=1 z€T(S) C n

e Large deviations upper bound in the complex case

We prove the upper bound part of the large deviation principle in the complex case.
Let o € M;(S?), we prove that:

— 1
i i — [ < — .
5]1_{% Jim 5 log P(ji,, € B(0,0)) < —Is2(0)
Proving this inequality is sufficient to obtain the upper bound as S? is a compact set.
Indeed, a weak large deviation principle implies a full large deviation principle when we
have exponential tightness, which is automatic on a compact set.

If we write
Ay = Z,P(pay, € B(o,0))
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then we have for any M > 0 and for any § > 0, using Lemma [3.1

_ n+1 u n gk
A :/1ﬂn€B(a,6) exp <—ﬁn [575(,[%) + log/H |z — z|*2"dT VS(OC)D din
=1

n2

< /exp <—ﬁn l5¢(ﬂn) + —2 L log/ H |z — :L‘j\22"dT*I/5(ac)]> dky,
i=1

n
) dkn,

(o) + ©)| ) i

1 n+1
S/GXP <—5n [—nQZlOgM\xi — x|+ (Js2(pn) + )

— n
i#]

< [exo (-5 L 108y [ — yldfin(2)dfin (y) +

n+1

We now observe the following:

1 _ _ M _
> log foi — s = | /¢ logay | = yldin(2)din(y) — — = EX(m).  (28)
i#]

We also notice that: 1
Bnlog/ldﬁn — 0. (29)

Indeed, as k,, is a product of finite measures, we have %log J 1dk,, = log [ 1dky. Then, by
taking the logarithm and the superior limit we obtain:

— 1
lim ﬁ—log Z,P(jin, € B(0,6)) < sup —I5 +¢

n—=00 bOp B(o,d)

As T gg is a continuous function, we have when § converges towards 0:

. T 1 — M
%1_1}(1) Jim B log Z,P(jin € B(0,6)) < —Ig:(0) +¢.

We end the proof of the upper bound by letting M — oo (and using the monotone
convergence theorem) and then letting € — 0. We will get rid of the normalizing constant
once we have proved the lower bound.

e Large deviations upper bound in the real case

We prove the same bound as previously in the real case. The proof is nearly the same
and we will omit what is exactly the same in the two cases. The only difference is that
the law of the roots of P, in the real case is not absolutely continuous with respect to a
product measure, but is a mix between such measures.

As in the complex case, we want to prove that:

1 1
lim lim — logP(i, € B(0,0)) < —5132(0).

§—0n—oo (B,

We begin with

/2l
P(ﬂn € B(U7 5)) = Z Tln,k,é
k=0 TL,]’C

where
I - [ Hi<j |z — ]
n.k,0 — pn€B(0,6) (T, |z — zi[22ndT*vg) (v +1)/2 Prk-

19



We will prove the upper-bound for each of the I, ; s uniformly in k& which will be
sufficient to prove the upper bound for the non-normalized measure. The constants will
be treated once we will have the full large deviation principle.

The estimates used in the complex case do no rely on the complex structures but only
on “algebraic” inequalities so the same computations on the I,, ;s can be done. As the
formulas are the same, we obtain the same bounds.

1., . n+l N -
Ings S/lﬁneB(a,é) exp (—ﬂn [25¢(Mn) + o2 log/ H |z — xi|22 dT l/s(.ﬂ}) dpn
=1

1., . n+l N -
g/exp <_Bn [25¢(Nn) + on2 log/H |z — xi|22 dr VS(Z')‘|> dpn
i=1

) dpn,k
n+1

< fexp (<8 |5 [ tomar o = vl ) ) + "5 U e) +9)] )

1 n+1
< [exp (—m [—an > logas i = 5] + 25— (U2 (a) + )
7]

We need to check that 1
BnlOg/pn’k e 0.

Just like in the complex case, this is only a consequence of the fact that p, is a product
measure.
Using again , we apply logarithm to both sides of the inequality, divide by 3, to
find:
T log(Inps) < sup —I% +¢
1m — ko) > —1c2 .
n—oo 3, " B(0.5) S
By the monotone convergence theorem, we let M — oo and then € — 0 which ends the

proof of the inequality. As the upper bound is uniform in &, it ends the proof of the lower
bound.

3.3.3 Large deviations lower bound.

In this section we prove the lower bound of the large deviation principle. We notice that
the rate function is the sum of a lower semi-continuous function £g2 and of the continuous
function Jg2. The continuity of Jg2 allows us to treat only the logarithmic energy, which
is well known in potential theory.

e Large deviations lower bound in the complex case

Let 0 € M;(8?), we prove that:

1
lim lim — log Z,P(fi, € B(0,0)) > —Is2(0).

60—0 n—oo Pn

We can assume that the measure o satisfies Is2(0) < oo as if the rate function is infinite
this bound holds clearly. We notice that it is equivalent to have £g2 < oco. In particular,

such a measure ¢ has no atom (and o({N}) = 0). For any (z1,...,2,), we have:
1 L " _
y 1og/i:H1 & — 222" dT* vs(2) < Jg2 (jin). (31)
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If we write:
Ay = Z,P(py, € B(o,9))

then we have, for any € > 0, if § is small enough, using :

_ n+1 - n *
Aq :/1[%63(075) exp (—ﬁn [@g(pn) + — log/H |z — ij‘22 dT V5($)]> dky
i=1

n

1
TL;L— Js2 (Nn)]> dfin

Us2(0) +9)] ) [ Lacnios) 0 (~Bas(in) din

2/1nneB(a,5) exp (—5n {83,&(%) +

1
> exp (—5n {n :;

The last inequality comes from the continuity of Jg2. To study the right integral, we will
use the stereographic projection 7~!. Thanks to the relation we obtain:

> loglai —ajl =Y log [T~ (i) = T~ ()| — (n— 1) Y _log(1 + [T~ (x)[?).
i#j i#j i=1

Pushing back the measure &, leads to:
[ Vo) ex0 (~Buts(Gin)) i

= /1unET—1B(J,5) exp <_/Bn

n

575 (Hn) -

n

+1¢
5 Zlog(l + ]21]2)]> dlen (21, ..y 2n).
=1

We reduced the problem to prove the large deviations lower bound for a Coulomb gas in
C with potential V(z) = log(1 + |2|?) and temperature £3,. We will prove in Proposition
that T* is an homeomorphism from M;(C) to M;(S?) | u({N}) = 0} so the set
T~B(0,6) is a neighborhood of T~ ¢

The proof of the lower bound can be found in [HPOO, chapter 5 page 220]. We give a
proof for the sake of completeness.

We can restrict the proof to the case where o is absolutely continuous with respect
to the Lebesgue measure and with density bounded from above and below with rectangle
support. Indeed, as the function —log |z —w| + 1 log(1 + |2|?) + 1 log(1 + |w|?) is bounded
from below, we can assume that o is supported in a rectangle, as we can approximate o

1
with #”2;)0. Convolution with a smooth probability density ¢. supported in [—¢, £]?
ensure us the existence of a positive density with respect the Lebesgue measure. The

functional:
1 2 1 2
E:p— // —log|z —w| + §log(1 + |2]°) + ilog(l + |w|*)dp(z)dp(w)
is lower semi-continuous, hence we have for € small enough:
E(¢:x0) > E(0)

so we can restrict to measures with positive densities. Those two remarks put together
allow us to assume that the measure o is supported in a rectangle [a,b] x [¢,d] with a
density h with respect to the Lebesgue measure on C satisfying for all z € [a, b] X [c, d]:

<h(z)<C

Q-
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Figure 2: Division or the support in rectangles with n = 17. So we divide the support in
4 columns which we divide in 4 or 5 rectangles to obtain the total number of 17 pieces.

for some constant C' > 0. For each n € N, let m = [\/n]. Let zp =a <z <+ < xp, =
such that for each j € {0,...,n — 1}

1
o(las, 2] X [ed) = —
We have cut the support in vertical slides of equal mass. We divide each slide in rectangles
of equal mass (see Figure 2)and we adjust their number in order to have a total of n parts.
As m? < n < m(m+ 2), we can find Iy, ..., 1, satisfying S}7_;lx = n and for each
j € {0,n — 1} a set of points yjo = ¢ < y;1 < -+ < y;j;;, = d such that for every
i€{0,...,n—1} and every j € {0,]; — 1} we have:

1
mli '

o([zim1, @] X [yj—1,y5]) =

This construction gives us a set of rectangles. For each one of them, we consider the
1

smaller rectangle with same center as the original one but homothetic with ratio 5 (see
Figure 2 for an illustration). We call them R; j = [x;_y, (] X [y;_1,yj]. As the density h is
bounded from above and from below we see that the diameter of the rectangles uniformly
tends towards 0 as n goes to infinity. More precisely we have:

lim max diam(R; ;) — 0.

n—oo 2,7
We will need to control the area of each rectangle, we want this area no to go to zero too
fast such that the product of the areas of the rectangles is negligible compared to e #».

One can easily check that for each 4, j we have, for some constant C'y depending only of h:
C
/ do(z) > =1
Riyj n
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We label the n rectangles Ry, ..., R, (and Rj,..., R} )and we define:
Ap={(21,...,2,) €C"|V1 < i<,z € R}

Let f be a bounded 1-Lipschitz function. For any n and any (z1,...,2,) € A, we have:

JECLCE - ZERIED W ANHCEF RIS
< Z /R Iz — zi|do(2)

< max(diamR; ;) —— 0
1, n—oo

and for any bounded function f:

1 1
- Z f(zig) — Z mf(zi,j) —= 0
0. 0.
Hence, for any fixed ¢, if n is large enough, for any (z1,...,2,) € Ay
= Z&Zl € B(o,9).
i=1
We define
U { Z1y...4 % G(C ‘ (zp(l),...,zp(n))eAn}.

pPETR

We only made the definition of A,, symmetric, as there was no reason for z; to be at the
top left corner of the support. It is clear that we still have, for any ¢ and n large enough,
and for any (z1,...,2,) € A", 132, §., € B(0,6). Notice that:

Vol(A™) = nlVol(A,) > n! (%)

which implies, as 8, > n
1 n
7}1_)1130 B log Vol(A™) = 0.
Then we have, for n large enough:

n

Ex(pin)

1+ ]zz] ]) dlen (21, ...y 2n)

]) dﬁ@n(zl, oo ,Zn)

/lunGT 1B(0,5) eXP( Bn

/ Lan exp ( Bn [S;é (pin)

1 1
>exp | —fn nt Z max log(1 + |z|%) — — min log|z — w|| | Vol(A").
i1 Z€R; n oy ZER WER,,
To obtain the lower bound, it is sufficient to prove that we have:
2
lim Z maslog(1-+ 2 2) / log(1+ |2|2)do(2) (32)

i
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and that
lim ﬁ Z min _log |z —w| > / log |z — w|do(2)do(w) = E(0). (33)

n—00 zeR’ ER;.

The fist limit is easy to prove as z + log(1 + |z|?) is uniformly continuous on the support
of o (which is a rectangle) and is deduced from the definition of the Riemann integral

As d,, = max; j diam(R; ;) is of order f and ming; gr |z —w]| is also of order f’ then,
thanks to the bound:
max |z — w| < 2d,, + min |z — w| (34)
i R;7R;.
there exists a constant A > 0 such that
A min |z—w|> max_ |z—w|. (35)

ZER;,UJER;- zERi,wGRj

This relation is the reason why we reduced the sizes of the rectangles in the construction
so that we can control the distance between the rectangles. To end the proof we notice
that, for any € > 0, we have:

lim —#{2

n—oo n2

max
. ‘ 2ER;, WER; | ’ ’ <1+ g} =1. (36)
min,ep/, we R, |z — wl

Indeed, for any fixed € > 0, the cardinal of the complement of the set considered above is
O(n) as this condition is verified as soon as the rectangles are not too close.

We call
. 1
—Zlog min |z —w| | ——.
it zERQ,wGR; ml; X mlj
Since )
/ log |z — wldo(z)do(w) < % log zél%l,%;}éRj |z — w|m (37)

then for every ¢, n < ml; then, for every € > 0, then we have :

1
B<) lo al - lo i - _—
- ; & (zelg},w}él%j |2 w|> ml; X ml Z & (zelggune}%; |2 w|> ml; x ml;

< Z log (mészRuweRj ’2 - w’) 1

7 MiNe R wer) |z —w| | ml; x ml;

<7 Zlo <mé’XZ€Ri,'LU€Rj ’Z - w|>

it M€ R} weR) |z — w)

. ’ maX,eR;,weR; ‘Z - w‘

minzéRé,wGR} |Z - w|

gﬁ#{z‘ £ <1+e}log(l+e)

MaxX.eR; weR; |2 —

mlanR’ weR) |z — w|

1
+ﬁ L—#{i#j|

il }] log A.
Then we take the limit superior in both sides, and the limit when ¢ — 0

E(o) —hm2210g< min ]z—w[) !

n—soo M zeR;,weR; ml; x ml;
maxzcRr; weR; ’Z - w’
< h_)m — E lo ( - : J =0
n o —
n ] mlanRé,wER} |Z UJ‘

which ends the proof of the lower bound in the complex case.

24



e Large deviations lower bound in the real case

In this section, we prove the lower bound of the large deviation principle of Proposition
[3.121 We define the non-normalised measures:

1
Ppi(x1,...,2n) = exp (—ﬁn2H(;1:1, . ,xn)> ALy k(z1, ..., %)

and

[n/2]

P=>" P
k=0

These measures are not probability measures, as we omitted the factors Z,, ;. We will
recover the lower bound for the initial measure afterwards, using a uniform control over
the constants Z, ;. We prove that for any o € M;(S?):

lim lim —P(un € B(0,0)) > —1s2(0).
0—=+0 n—oo Pn

We can assume that the measure o satisfies Ig2(0) < oo as if the rate function is infinite
this bound holds clearly. We notice that it is equivalent to have £s2(0) < oo and the push-
forward of ¢ by the inverse stereographic projection is invariant under conjugation.

The strategy adopted here is very similar to what was done in [BAZ98]| for the real
Ginibre ensemble. The distribution of (z1,...,2,) is a mixture between several distribu-
tions, each distribution being related to the number of real zeros. For any € > 0, if § is
small enough, using and as Jg2 is continuous:

P(fi, € B(o,6)

)
[n/2] N
_ n+1 n jr%
Z / ( Bn [ Ex(fin) — 5,2 10g/H v — a;|*2"dT l/s(x)D 14, eB(0,6)dPn.k
=1

B [167&(@”) ntl

o Js2 (1t )DluneB(aﬁ)dﬂn,k

> exp (—Bn {n—i— 1(J52 D anm /eXp( Bz 5;&( )) 1,€B(0.6)@Pn k

n+1

> exp ( Bn [ (Js2(0) + 6)]) / exp (—5n25¢(un)> e B(0.6)@Pn,[n/2)-

As we deal with a lower bound, we can only consider the last term of the sum, correspond-

ing to zero or one real root (if n is even or odd). Like in the complex case, we use the
inverse stereographic projection to express the last integral:

1 _
/1ﬂnEB(U,5) exp (—&25;&(%)) dpp,in/2|

n+1g
:/1un€T 1B(0,5) exp( ﬁnl g#(ﬂn _anZIOg(l"HZiQ)])dfn,tn/QJ(zl""’Z")'
i=1

Notice that when n is odd, the first coordinate is always real. Like in the complex case,
we reduced the proof of the lower bound to the proof of the lower bound for a Coulomb
gas in the plane with potential log(1 + |z|?), except that this gas must have at most one
particle on the real axis (depending on n). Strategy of the proof is exactly the same as
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previously: for regular measures (supported in a rectangle with density with respect to
the Lebesgue measure bounded from above and from below), we prove the lower bound
by approximating the measure with an atomic measure whose atoms can be anywhere in
well chosen rectangles. To perform the approximation, we have to show that we can still
make this construction respecting the invariance under conjugation and the fact that we
must have at most one real root.

When n is even, we cut the upper half of the support in boxes of mass ﬁ and take
the half-sized sub-boxes (the R;’s and the R}’s), illustrated in Figure 3. Then we describe
the lower part of the support by considering the conjugates of the rectangles R; and }_%;.
We define

Ap={(z1,...,2,) €C" V1 <i<n,z € R}

and the rest of the construction is exactly the same.

A
d | ___
v L2157 e
Y10, -1+ - - —
Ry R,
0.0 L] L] | Ao
i [ (]| B
Ry
w 0= 10U s
c=—d]l ___
a1 :L’l1 b1 >

Figure 3: Division or the support in rectangles, n even. Here n = 18, we divide the
support in 4 columns. Then we divide the columns in order to obtain a total number of
18 rectangles.

When n is odd, the construction is nearly the same, except that we must place one
point on the real line. We divide the upper half of the support into columns of equal mass
ﬁ, then we divide each column in rectangles of equal mass such that the total number
of rectangles is ”T‘H We consider the conjugates of the rectangles so that we have cut the
support of o in rectangles of known mass respecting the symmetry by conjugation (Figure
4). Finally, on the 1st column, we consider the union of the two rectangles touching the
real axis. Hence, we have a partition of the support in n rectangles. Now we can consider
the smaller rectangles like we used to do, except for the one crossing the real axis for which
we only keep the intersection of the smaller rectangle with R, represented by a thicker line
in Figure 4.

We can also define A,, = {(z1,...,2,) € R x C"1 | V1 <i < n,z € R;} which differs
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from the previous construction only by the fact that the first variable is real, and
A" ={(z1,...,20) ERxC" 1 |Ipeco{2,...,n}, (21, 2p(2)s - - + 5 Zp(n)) € An}.

The rest of the inequalities are valid for this construction and it allows us to end the

A
d 1 ___
Ry, | [
Rm,lm
Y11 4+ - - -
0,0 R Fm,1
( ) ) 1,1 >
Rm,l
_ R,
R, | T m
c=—dl ___
| | |
| | |
| | |
[ [ [

a T b

Figure 4: Division of the support in rectangles, n odd. Here n = 17 we divide the support
in 4 columns. The thick line corresponds to the first rectangle, which is flat.

proof of the lower bound in the real case.

3.3.4 Large deviation principle for normalized measures.

In this subsection we obtain the full large deviation principle on the sphere by treating the
normalizing constants. This technique is classical in large deviations for Coulomb gases.
Unfortunately, the real case is less direct than the complex case and requires some control
over the Z, j, constants. Here we have an explicit formula for the constants Z, and Z,,
in Theorem

As limy, o ,B%L log Z,, = 0, the large deviation principle holds for the normalized mea-

sures. For any open O set in M1(S?), we have:
. 1 _ — 1 _ .
— %f Is: < n% i log Z,P(fin, € O) < Jim i log Z,P(fi, € O) < _clloI%g) Is2.  (38)

By taking O = M;(S?) we get:

o1 :
Jim ElogZ = —Vej\l/{llf(SQ)ISQ(l/) = 0. (39)
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In this case, we know that the rate function I reaches its minimum for the uniform measure
on the equator as we know that the random sequence p,, converges almost surely weakly
towards the uniform measure on the unit circle. As Is2(T"vg) = I(vs) = 0 it will imply
the (already known) almost sure weak convergence of (pn)nen towards vg. This ends the
proof of Proposition [3.11
In the real case, we have to check that
nhﬁngo mkan k= lLrglo max Ing = —infIg2 = 0. (40)

This is true when 3, = n? (see Proposition . For general 3,,, we have to assume that
is true. Then for any set A € M;(S2) we have:

ln/2]

1
— 1 1 < b B
7~}I—>H§o 3 log ;:0 Zn P ix(A) < nh_)ngo 3 log mk}n Ik mf Iso (41)
and
ln/2] 1
li —1 ) > lim ——1 Zny — inf I 42
lim 5108 3 7 Pes() 2 lim g logmpx Zos— il Tor - (42)

7

which proves the full large deviation principle in M;(S?).

3.4 Step 4: Going back on the plane

We have proved large deviation principles for the real and complex case on the sphere. The
next proposition is taken from [Harl2l Lemma 2.1]. We recall that the point N = (0,0, 1)
is the north pole of the sphere.

Proposition 3.18 (Correspondence between C and S?\ {N}). T* is an homeomorphism

from My(C) to {pn € M1(S?) | u({N}) = 0}.

Proof. As T is a continuous function, p — T™*u is continuous for the weak topology. As
T is a bijection from C to S\ {N}, it follows that T* is a bijection with inverse (T~1)*.
We only have to prove the continuity of (T71)*. Let (v, )nen be a sequence of measures
in {v € M1(S8?) | v({N}) = 0} that converges in {v € M;1(S?) | v({N}) = 0}. Let vy
the limit of this sequence. By outer regularity of v, and the Portmanteau theorem, for
any ¢, there is an open set B such that:

T p1(B) < u(B) < <.

n—o0

The last inequality shows that the sequence ((T7')*w,), is tight. It is easy to see that
((T~1)*pun)n converges vaguely towards (T~!)*vs, hence weakly. O

Proposition 3.19 (Rate functions). For any measure p € My (C) , Ig2(T*p) = I(1).

Proof of Proposition [3.19
— / log |z — wldp(z)du(w) + 2 sup /log |z — w|du(w)
zeS!t

=[] (10817() = Tw)| - 5 Q0g(1 ~ [T + log1 = [T(w)P) ) du(2)d(w)
+2sup [ (10g]7(2) — Tlw)| - 5 (og(1 ~ 7)) + log(1 ~ [T(w)P) ) du(w).

zeS1!
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Hence we obtain:

- // log |T(z) — T(w)|du(z)du(w) + QSup/log IT(2) — T(w)|du(w) 4 log 2
= Is2(T* ).
O

From the large deviation principles proved on the sphere, we can now deduce the large
deviation principles on the plane for the complex case.

Proof of Theorem[I.4} Thanks to the inclusion principle [DZ09) lemma 4.1.5], the random
sequence (T™ uy,)nen satisfies a large deviation principle in

{1 e Mi(8?) | u({N}) = 0}

with speed f, and good rate function Ig2. Then by the contraction principle [DZ09,
Theorem 4.2.1] along (T~1)*, the sequence (uy)nen satisfies a large deviation principle
with the same speed and good rate function I thanks to Proposition The function [
is a good rate function as we have already proved that Ig2 is a good rate function. O

Proof of Theorem[1.5 In the real case, the proof is exactly the same. We use the inclusion
principle and the contraction principle to obtain a large deviation principle with speed (3,
and good rate function I (using Proposition again). O

4 Large deviations for Elliptic polynomials

In the last section we saw a large deviation principle for the empirical measures of zeros
of random Kac polynomials. In this section, we study the gases and . We prove
Theorems [I.6] and [I.7] following the same steps as previously.

4.1 Step 1: Distribution of the roots.

Theorem 4.1 (Distribution of the roots of elliptic polynomials). The family of polyno-
mials v/n 4+ 1(}, )1/2Xk are an orthonormal basis in C,[X] for the scalar product:

1 dle(z)
(1 + 122 w1+ [22)?

(P,Q) = / P(z
In the complex case the distribution of the roots of P, =Y 1_ (7) 1/2aka is given by:

1 [icjl2i — 2

n n 1 dic(z) \"t!
(S T 2 = 4 ey sty

dlen(z1,. .oy 2n)

where .
Vi

" A2

is a normalizing constant and where |Ay|? is the Jacobian of the change of variables from
the canonical basis of C,[X] to the orthonormal basis (Ry, ..., Ry). This distribution can
be written:

1
-~ €xXp (—=BnHE(21,. .. 2n)) dlen (21, . . ., Zn)-
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In the real case, the distribution of the roots is given by:

S [Li<jlzi — 2l

Z, dt
k=0 ok (f HZ:I ‘Z - Zi|2(1+|i‘2)n ﬂ(lf‘Z%)Q

dly (21, .., 2n)

)(n+1)/2

where -
7 El(n — 2k)Iln =2
7k =
"= (A,

and |A,| is the Jacobian of the changes of variables from the canonical basis of R,[X] to

the orthonormal basis (R, ..., Ry). This distribution can also be written
[n/2) 4 1
Z exp (—ﬂnHE(zl,...,zn)) dly (21, .., 2n).
I,k 2

k=0

These polynomials are handled by the article of Zeitouni and Zelditch [ZZ10] with the
complex Cauchy (Fubini-Study) measure and the weight ¢(z) = log(1 + |z|?).

Proof of Theorem[].1l First we prove that the polynomials v/n + 1(2)1/ 2x* are an or-
thonormal basis in C,,[X]. As the weight and the measure are radial, it is clear that this
family is orthogonal. We only have to compute the norm of each polynomial:

|Z|2k 742k+1
—d/ =2 —d
e e = [t
k
U
= —d
7r/]R+ (1 + u)n+2 u
k ukfl
=7
n+1Jr+ (14 u)nt!

2\
:W(n—i-l)(k) .

The computation of the distribution of the roots of random elliptic polynomials with
complex coefficients is a change of variables.
Let (z1,...,2,) be the zeros of P, = Y1, ax (Z)I/QX’“, then we consider

G(z1y. -y 2n,an) = (g, ..., Gp).
To compute the Jacobian determinant of GG, we use the following decomposition:

G

(215 -y 20, Gn) (ag,...,an)

I

(boy ..., bn)

where U is the function giving the coefficients in the canonical basis of P, from its roots
and leading coefficient and V' is the change of basis from the canonical basis to the basis
() 12Xk We have already seen that Jac(U) = [an|*" [1;<; |z — 2j|*>. We could compute
the Jacobian determinant of V, but we will just call this quantity |A,|?.Hence, the real
Jacobian determinant of G is:

[Jac(@)* = [An[?|an " T |2i — 2.
i<j
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The end of the proof is the same as for Kac polynomials, the density of the random vec-

o2
tor (ag,...,a,) being %, we only have to integrate the distribution of (z1, ..., z,,ay)

to obtain the announced distribution for the complex case.

In the real case, we use Zaporozhets’ computation [Zap04] to obtain the distribution
of (20,...,2n,a,) in function of the distribution of the coefficients in the canonical basis
(bo, .. .,by) and we use the additional change of variables from the canonical basis to the
basis v/n + 1(} )1/ >X*. The real Jacobian determinant of this change of variables is |Anl,
so we obtain the distribution of (z1, ..., zp, ay):

Z ntl |an|nH|Z’i_Zj’

o K!(n —2k)lx = i<j

2
oIlj=1 1z — 7" dic(2)
><exp< /y P T R B ) k(e dle(an)

and we integrate with respect the variable a,,.

4.2 Step 2: Large deviations in M;(S?)

Proposition 4.2 (Pushing elliptic polynomials on the sphere). Let (z1,. .., z,) be the zeros
of P, in the complex case, then the law of (T'(z1),...,T(zy)) is absolutely continuous with
respect to the push forward by T (2.3)) of the Lebesgue measure on C with density:

igjlri —ol” 171 oy
(2
(ST |z — zjPdvge(x))"+t 25
where Vg2 is the uniform measure on S%. Recall that k, is defined in Proposition . This
law can be written in the form:

i#j

Ziexp (—ﬁn [— 5 Zlog\ajZ — xj] + 2T log/ H |z — x;%dvgs (z )]) dkp,.

Proof. The proof is nearly the same as the proof of Proposition We use the relations

@9 and 21): T (=) — T(z)?
Iz === U e —re - rep

1<j 1<j

and

z 2)2 z
/H!T I ACIRIC)

s

/H |Z 2 |2 dE(C( )
(1+ IZI (L ]2)? [T (1= T (2:)?)
to obtain the density:

z<] ‘T(zz') - T(
fH ' T(2) — T(2) |2dy82 n+1 H
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Proposition 4.3 (Pushing the real case on the sphere). Let (z1,...,2,) be the zeros of
P, in the real case, then the law of (T(z1),...,T(zn)) is:

/2] " ?
Z Hl<] |LL‘ :EJ| H 1( |x ‘ )dLn,k(xla"'vxn>'

= Zng (JTIL |2 — 2i|2dvse (2)) (0 1)/2

Where py . is like in Proposition[3.9. This law can be written:

n/2)
27

k=0 n,k

n+1 N 9
exp | —fn 5¢(Mn - o /H|$—ajz| dvgz(x)| | dpn k-
i=1

The proof of this proposition is the same as Proposition[£.3] We can now state theorem
on the sphere.

Proposition 4.4 (Large deviation principle in M1(S?)). In the complex case, the sequence
of empirical measures satisfy a large deviation principle with speed n? in M1(S?) with good
rate function I g2 —inf I'g g2 where

Ips2(p) = / log |z — yldu(z)du(y) Sug/loglxyIZdu( )-
e

In the real case, the sequence of empirical measures also satisfies a large deviation principle
with speed n? and good rate function:

t(Ips2(p) —infIg s2) if p is invariant under the map z v~ z

00 otherwise.

I~E782 () = {
Definition 4.5. We define Jg : M;1(C) — R by:

Je(p) = Sgg{ log|z — w|*du(w) — log(1 + [2|*)} (43)

and JE,82 : Ml(SZ) — R by

Tpse() = sup [log | —ydu(y). (44)
Te

4.3 Step 3: Proof of the large deviation principles

Proposition 4.6 (Rate function I s2).

1) The function Jg s> is a continuous function for the weak topology of M1(S8?) and is
bounded.

2) The function I g2 is well defined on M1(S?), takes its values in [0, 00] and is finite as
soon as the logarithmic energy is finite.

8) Ip s> is lower semi-continuous.
4) Ip g2 is strictly convex.
Proof of Proposition[4.6. The proof is exactly the same as the proof of Proposition [3.13

We only have to check that S? is a compact set in S?, which is non-thin at all his points,
which is true. O
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4.3.1 Large deviations upper bound.

The only thing we need to import the proof of the large deviation principle for non-
normalized measures in the Kac case is the Bernstein-Markov inequality that was crucial
to prove the upper bound.

Lemma 4.7 (Bernstein-Markov for elliptic polynomials). Let n € N, then for all P €
Cn[X] we have:
|P(2)[?

sup ——— < (n+1)||P
( ’ ’ )n ( )H HL2

proof of Lemma[f] Let Ky (z,w) = Yi(n+1)(})z"w*. Then we have:

1 dw
VP € Gy /P ) e rs e = (K G w)

Then by the Cauchy-Schwarz inequality we get, for all z € C:

1 dw

AT TPy n (@t e 1l DEa(z2)

PEE < 1Pl [ Kz w)P
Considering that ||[Ky(z,)[|3: = (n+ 1)Kn(z,2) = (n+ 1)(1 + |2[*)" we get:

o PGP
Pl

WPy < (n+1)||P|7-.

O]

From this Bernstein-Markov inequality, we deduce the analogue for this model of
Lemma [3.16]and Lemma [3.17] and we can easily prove the upper bound for non-normalized
measures for elliptic polynomials in both real and complex cases.

4.3.2 Large deviations lower bound

As we know that Jg g2 is a continuous function in M;(8?), the proof of the lower bound
is exactly the same. The same inequalities hold and we can reduce the problem to the
classical lower bound for a Coulomb gas with confining potential log(1 + |2|?).

4.3.3 Large deviation principles for normalized measures.

In the complex case, we use the same trick of using the inequalities for the whole space

(see (39)) to obtain:

lim —loan— hrn —logZ = —inf I s

n—oo Mn n

so we obtain the full large deviation principle for normalized measures in Mj(S?). Due
to the definition of Z,, given in Theorem [4.1] we have:

1 1
lim — log|A,|?> = lim — log|A,|?> = —inf I 2. 45
3 | An| PN | An| E.S (45)

n—oo Pn
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In the real case, we need a uniform estimate of the Z,, . Thanks to the formula given in
Theorem and the limits given in Proposition we notice that equation implies
that:

N S .1 .1 1.
nh—>Holo B min Z, j, = nh_}ngo a3 max Z, j = nh_}rgo B log |Ay| = ) inf Iy g2 (46)

and this allows us to prove the large deviation principle in the real case for normalized
measures like in (41)). For general /3, we need to assume that is true as we canot
obtain a uniform controlin k of the constants Z, . To control the constants Z,,, k we use
(45) which comes from the analysis of the complex case. This proof relies the explicit
formulae for the constants Z,, ; which are not available in general.

4.4 Step 4: Going back on the plane.

The only thing to check is that the rate function given by the contraction principle is the
rate function that was announced in the theorem. Using the relations and in the
definition of the rate function Iy g2 easily ends the proof.

We end the proof of the large deviations principles as in Section [3.3.4] using the uniform
estimates on the Z,, .

5 General result of Zeitouni and Zelditch

In this section, we give the general statement of the result obtained by Zeitouni and
Zelditch in [ZZ10] and we extend it to the case of real coefficients. We deal with the gases
@ and associated to the orthogonal polynomials .

5.1 Step 1: Distribution of the roots

Theorem 5.1 (Distribution of the roots of P,). In the complex case, the distribution of
the random vector (z1,...,2n) is:

ﬂ.n—l
" nlA, R

and |A,|? is the Jacobian of the change of variables from the canonical basis of C,,[X] and

the orthonormal basis (Ro, ..., Ry).
When the polynomials Ry, . .., R, have real coefficients, in the real case, the distribution

of (z1,...,2n) is given by:

ln/2] 4 1

Z Z exp (—BnQHO(zl, .. ,zn)> dly (21, .., 2n)

k=0 “mk
where it

_ kln —2k)In 2

Znp = _ .
26D (24| Ayl

34



Proof of Theorem[5.1] The proof is the same as the proof of Theorem We consider
G(z1,. -+ 2n,an) = (ag,...,a,) where the a; are the coefficients in the orthonormal basis.
Then we use the same decomposition:

(217' . '7Zn7an)

I

(boy ..., bp)
and the same calculation holds to obtain:
[Jac(G)* = [AnlPlan*" [] 120 — 21
1<j

where |A,|? is the real Jacobian determinant of the change of basis of C,[X]. In the real
case, when the Ry’s are real polynomials, we can also do the same calculations, using
[Zap04]. O

5.2 Step 2: Large deviations on the sphere

Proposition 5.2 (Pushing orthogonal polynomials on the sphere). Let (z1,...,2,) be the
zeros of P, in the complex case, then the law of (T(z1),...,T(zn)) is absolutely continuous
with respect to the push forward by T (2.3) of the Lebesgue measure on C with density:

[Ticj i — 25 Y
- <J2 L J 3 % H(l . ’xi’2)2-
(J 1T |z — ajPemo@dT v (x))n+t 2
where ¢(z) = (T~ (z)) +log(1 — |z|?). If Ky is defined as in Proposition then we can
write this law in the form:
) dkn,.

Proposition 5.3 (Pushing the real case on the sphere). Let (z1,...,2,) be the zeros of
P, in the real case, then the law of (T(z1),...,T(zpn)) is:

1 _ontl - —nd(a) g
7 XP <_Bn {‘%é(ﬂn) + 2 log/ H @ — 2 Pe ATy (2)
n j=1

Y1 Mg b=l < = )
= Znk (T |2 — @ 2e 0@ d Ty (a)) (0412

ALy k(x1,...,%n).

If we define py . as in Proposz'tion this distribution can be written:

[n/2] "
! 1 T ntl —nd(z *
D (_5” 3 (in) ~ " o | [ ie =0T vte) )dpn,k.

Definition 5.4. We define Jo : M;1(C) — R by:

Jo(p) = 2161(18{ log |z — w|*du(w) — ¢(2)} (47)

and JO,$2 : M1(82) — R by

Jos2 (1) = sup { [ log |z — y[*du(y) — é(x)}. (48)
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5.3 Steps 3 and 4

o Rate function. If we look at the proof of the large deviation principles for Kac
polynomials and elliptic polynomials on the sphere, we see that the good definition
of the rate function relies on the continuity of the function Jg g2. The proof of the
continuity of this function is the same as in the previous cases under the assumptions
that the support of T%vr non-thin at all its points, which is one of our hypothesis.
We replace the function —U* bu the function —U* + ¢. Note that the set A, would
be replaced in general by the set:

A ={z eS| 2U"(z) + ¢ > Jps2 (1) — €}

o Upper Bound. The proof of the large deviations upper bound relies on the Bernstein-
Markov property (|L.1]), which is assumed to be true.

o Lower Bound. As Jgp s» is continuous, we can reproduce exactly the proof of the
lower bound for Kac polynomials.

In order to prove the large deviation principle for the normalized measures, we use the
same technique as in and . We prove asymptotics for Z,, and we deduce a
uniform control over the constants Z,, . This control is necessary to mimic the work of
Section Using the large deviations principle for non-normalized measures with the
set M1(S?), we have:

1 — 1
lim —logZ, = lim —logZ,, = —inf I 5. 49
Jim 5-log Zn = lim - log 0.8 (49)
Hence, doing exactly as in we obtain the full large deviation principle for normalized
measures in M (S2). We also notice that, due to the definition of Z,, given in Theorem
b.1] we have:
1 — 1
lim — log|A4,|* = lim — log|A4,|* = —inf Ip s2. 50

Remembering the definition of Z,, j, from Theorem and the estimates given in Propo-
sition [3.4] we have:

N S .1 1.
nh_}rgo 3. min 7, = nh_)rgo B max Zy j, = —3 inf I s2. (51)

This allows us to prove the large deviation principle for normalized measures as in Section
For general 3, we need to assume a uniform control over the constants Z,, ;, given
in .

We end the proof of the large deviations principle exactly in the same way as we did
in Section [3.3.4

Once the large deviation principle proved in M;(S?), we can prove Theorem and
Theorem [L3]

Proof of Theorem[1.2 Thanks to the inclusion principle [DZ09, Lemma 4.1.5], the random
sequence (T, )nen satisfies a large deviation principle in

{1 e My(S*) | p({N}) = 0}

with speed 3, and good rate function I s2. Then by the contraction principle [DZ09,
Theorem 4.2.1] along T~1, the sequence (i, )nen satisfies a large deviation principle with
the same speed and good rate function Ip thanks to Proposition [3.19 The contraction
principle ensures that the function Ip is a good rate function as Ip g2 is a good rate
function. O
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Proof of Theorem[1.5 In the real case, the proof is exactly the same as Theorem
We use the inclusion principle and the contraction principle to obtain a large deviation
principle with speed 3, and good rate function I (using again Proposition . O
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