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Abstract: When dealing with non linear trading costs, e.g. fixed costs,
the usual tools from convex analysis are inadequate to characterize an
absence of arbitrage opportunity as the mathematical model is no more
convex. An unified approach is to describe a financial market model by
a liquidation value process. This allows to extend the frictionless models
of the classical theory as well as the recent proportional transaction
costs models to a large class of financial markets with transaction costs
including non linear trading costs. The natural question is to which
extent the results of the classical arbitrage theory are still valid when
the model is not convex, in particular what does the existence of an
equivalent separating probability measure mean ? Our contribution is a
first attempt to characterise the absence of arbitrage opportunity in non
convex financial market models.
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1. Introduction

In classical financial market models, the main assumption is the absence of
friction, i.e. risky assets can be traded at their instantaneous prices without
taking into account transaction costs or liquidity costs as in practice. Arbi-
trage theory is well developed for such models and one of the main results is
the fundamental theorem of asset pricing by Dalang—Morton-Willinger in a
discrete-time setting [23, Theorem 2.1.1]. This is a list of equivalent condi-
tions characterising the absence of arbitrage opportunities NA, i.e. RpNLY =
{0} where Ry is the set of all terminal real-valued portfolio processes at time
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T > 0 starting from a zero initial endowment at time ¢ = 0 and LY is
the set of all non negative random variables. It is based on the Kreps—Yan
theorem which allows to characterise the condition NA as equivalent to the
existence of a risk neutral probability measure under which the price process
is a martingale. For frictionless continuous-time models, the classical theory
was developed by Delbaen and Schachermayer, see [10]. The main result is
that there is no arbitrage if and only if there is an equivalent local martingale
measure.

Arbitrage theory for financial market models with transaction costs was
initiated by Jouini and Kallal [15] for stock markets. Risky assets are mod-
elled by bid-ask intervals [S?, S%]. The bid price S® (resp. the ask price S?) is
the cash (expressed in some numéraire) the agent obtains (resp. pays) when
selling (resp. buying) one unit of risky asset. This is a generalisation of fric-
tionless models where it is supposed that S® = S¢ = S contrarily to what it
is observed in practice, e.g. in presence of order books. When S? < S%, we
may introduce the mid-price S := (S° + §%)/2 so that S® = (1 — €)S and
S = (1+¢€)S where € := (S—5%)/(25). The coefficient ¢ may be interpreted
as a proportional transaction costs coefficient, see [13], i.e. the agent needs
to pay the proportional transaction cost €S when selling or buying one unit
of risky asset at price S.

Nowadays, there are many papers on financial market models with propor-
tional transaction costs as introduced by Schachermayer and Kabanov. Their
approach has been successfully developed and leads to interesting problems
due to the tractability of the model, such as hedging and pricing [7, 14], op-
timal consumption [9, 30]. The arbitrage theory for financial market models
with proportional transaction costs is a topic of growing interest. One of the
main results is the generalisation of the work due to Jouini and Kallal with
one risky asset [15], i.e. the equivalence between absence of arbitrage opportu-
nity and the existence of a martingale evolving in the bid-ask spreads [13, 31].
Kabanov provided an unified approach by introducing geometrical financial
market models, [23, Chaper 3], where it is possible to exchange any risky
asset to another one paying proportional transaction costs. The portfolio po-
sitions are vector-valued as they are expressed in physical units contrarily to
frictionless models where the liquidation value is a random linear function
of the financial position. The important concept in this framework is the so-
called solvency cone of all solvent positions, i.e. portfolio positions that can
be liquidated without any debt. The usual no arbitrage conditions exclude
the possibility of an agent obtaining a solvent terminal portfolio position
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(resp. a non negative liquidation value) when starting from the zero initial
endowment except the zero terminal value. Versions of the fundamental the-
orem of asset pricing was obtained in [19] and [31] for discrete-time models
and in [12] for continuous models. Absence of arbitrage opportunity is mainly
characterised by the existence of martingales evolving in the positive dual of
the solvency cone [23, Theorems 3.2.1 and 3.2.2], see also [21, 20, 22, 24].

In practice, transaction costs may be decomposed into two parts: a bro-
kerage fee and a liquidity cost. Typically, when the trading volume is small,
the liquidity cost is negligible while the unit brokerage fee is relatively large
compared to the portfolio value. The unit cost tends to gradually decrease
as trading volume increases, provided that the trading volume is of moder-
ate size. This can be understood as a kind of order size priority and can be
observed at most of security exchanges nowadays. As a result, the brokerage
fee is in general a concave function of the trading volume. It is therefore
reasonable to study financial market models with concave transaction costs.
There is a number of papers in this direction, but they do not study no ar-
bitrage conditions, see for example [27] and [32]. When trading volume is
large compared to the total market volume, transactions may be realized at
prices far from the best bid-ask prices, due to the lack of supply or demand of
securities. Consequently, the liquidity costs appear to be far from being non
negligible and should be a convex function of the trading volume. Moreover,
not only large transactions make prices executed higher but might also have
a significant lasting effect on future prices.

Modelling market impact and liquidity risk has become a very active re-
search subject in mathematical finance. In their seminal paper [1], Almgren
and Chris suppose that market impact is the result of temporary and per-
manent impacts, both depending on the trading intensity. Therefore, risky
assets are traded through infinitely small orders so that block trades take
time to set up when avoiding substantial, if not infinite, transaction costs.
On the other hand, Bank and Baum [3] assume that the price process is
continually impacted by the cumulative holdings of the large trader while
Cetin, Jarrow and Protter [6] suppose that it is only temporarily impacted
by the instantaneous traded volume. In the latter model, the dependence of
liquidity cost on trading size is modelled by a stochastic supply curve which
represents unit prices depending on trading sizes. This approach allows block
trades to be instantaneously executed with finite cost. This is extended in
presence of permanent price impact in [4].

To our best knowledge, the main contribution to arbitrage theory for fi-
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nancial market models with fixed costs is due to Jouini, Kallal and Napp
[16]. The authors establish the equivalence between an absence of arbitrage
opportunity, the no weak arbitrage condition of our paper, and the existence
of an absolutely continuous martingale probability measure, at least for a fi-
nite probability space. However, they restrict themselves to financial market
models with only fixed transaction costs.

In this paper, we consider the general discrete-time model of [25] defined
by a liquidation rule which takes into account both transaction and liquidity
costs in line with [6]. As we are mainly interested in instantaneous liquidity
costs rather than spreading effect of order executions, the liquidation function
is assumed to be super-additive, i.e. L(z + y) > L(x) + L(y). The intuition
is that a smart trader should look for all possible manners in splitting the
quantity z = x + y to minimize the trading costs. It is equivalent for him to
work with the optimal liquidation rule given by the super-additive liquidation
function

L(z) =sup{L(z) 4+ -4+ L(z,) : 21+ +2, =2}

Note that by trading at marginal prices of the supply curve with bounded
variation strategies, it is shown in [6] that traders may avoid all liquidity
costs if the supply curve is smooth enough. In fact, trading at marginal
prices amounts to use the optimal liquidation rule which should avoid the
discrepancies in hedging prices between discrete and continuous models [11].
Our model is also related to the models with convex liquidation rule [2],
[28] but it includes many types of friction as proportional, fixed and concave
transaction costs.

The main contribution of our paper is the characterisation of some no ar-
bitrage criteria for a non convex financial market model defined by a super
additive liquidation function. We relate the arbitrage opportunities in our
model to the arbitrage opportunities appearing in an enlarged market de-
fined as the smallest conical market containing the initial one. Intuitively,
this enlarged market is obtained by ruling out any non-linear liquidation
costs in the initial market. If the initial market includes both fixed and pro-
portional transaction costs, then the enlarged market should only contain
proportional transaction costs. This is motivated by the natural idea that,
when an arbitrage opportunity may be realized in one of the two markets,
we may sufficiently rescale the associated strategy for the non-linear liqui-
dation costs to be negligible compared with the linear liquidation costs. The
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immediate consequence is that the weak absence of arbitrage opportunity we
study is equivalent in the two models and is characterised by the existence
of a separating probability measure, i.e. as in the frictionless case.

The paper is organized as follows. In section 2, the model is introduced
with basic properties and it is illustrated with several examples. Section
3 is devoted to the existence of an separating probability measure for our
model. We show that it is equivalent to an absence of asymptotic arbitrage
opportunity as well as the existence of an separating probability measure for
the associated enlarged conic model. In Section 4, we study a weak absence
of arbitrage opportunity which is well adapted to financial market models
with both fixed and proportional transaction costs. We show that this weak
no arbitrage condition holds in our model if and only if it also holds in the
associated enlarged conic model. The implication is that fixed costs may be
considered as negligible as we may sufficiently rescale the trading strategies.

More interesting, we show that the traditional no arbitrage condition (NA)
of the frictionless arbitrage theory ! holds in the non convex model if and
only if the weak no arbitrage condition holds. In particular, under some mild
conditions, we finally deduce in the two dimensional case that NA holds if and
only if the enlarged conic model satisfies the classical no free lunch arbitrage
condition or, equivalently, there is a martingale evolving in the associated
bid-ask interval.

At last, we propose to compare the super-hedging price of an European
option for the non convex model we consider to the price in the enlarged
market, i.e. with only linear costs. The conclusion of our work is that the
general non convex financial market model we study is strongly related to
the enlarged conic model obtained by neglecting any non-linear liquidation
costs, i.e. with only proportional transaction costs.

Notations.

e1 =(1,0,---,0) e RY, d > 1.
Q is the set of all rational numbers.

For some subset G C R4, z >y ez —y € G.

I The NA condition means that the only non negative portfolio terminal liquidation
value when starting from the zero initial endowment is zero.
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R‘i is the set of all vectors in R? having only non negative components and
we set R%, = (R4 \ {0})%

E designates the expectation of a random variable. When necessary, we de-
note it by Eq if considered under ) ~ P where P is a probability measure.

If F is a topological space endowed with its Borel o-algebra and F is a o-
algebra, LO(E, F) (resp. —LY (E, F) ) is the metric space of all E-valued ran-
dom variables (resp. non negative random variables) which are F-measurable.
More generally, LP(E, F,P), p € [1,00) (resp. p = o0), is the normed space
of all E-valued random variables which are F-measurable and admitting a
moment of order p under the probability P (resp. bounded).

For any subset X of L°(R,F), we denote by X", where p € [1,00) U {0},
the closure of X7 := X N L’(R, F,P) with respect to the LP-topology (the
topology of convergence in probability if p = 0). If Q@ ~ P, we denote by
X7 (Q) the closure under Q.

2. Model and basic properties

In the sequel, we present the model which is defined by random solvency sets
or, equivalently, by a liquidation value process, see [25]. Let us consider a
probability space (2, F,P) and let (F;)i—.. 7 be a discrete-time filtration.
We suppose that the portfolio processes we consider are expressed in physical
units, i.e. the number of assets an agent holds. Moreover, we suppose that the
first component of such portfolios corresponds to a cash account. Precisely,
we assume without loss of generality that the first asset is a bond S! =
so that the first component of a portfolio position is an amount of cash.
The financial market model we consider is defined by a sequence of random
set-valued mappings (Gy)i—o... r We interpret as solvency sets satisfying the
following conditions.

Condition G°:
(i) Gy is a.s. a closed set of R? 0 <t < T,
(ii) G is adapted, i.e. {(w,z): z € Gy(w)} € F; x BR?Y) ,0<t < T,
(i) RE C Gy, as., 0 <t <T,
(iv) G¢+ Gy C Gy, as., 0<t<T,
(V) NGy C Gy, A >1,as, 0<t<T.
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The random set G, is interpreted as the set of all solvent portfolio posi-
tions at time t. Condition (iv) means that an aggregation of several solvent
positions is still solvent. This implies that nG; C G, for all integer n and
t € [0,T]. However, Condition (v) cannot be deduced in general from the
first ones. For instance, consider a market with two assets: one risk free bond
B; and one risky stock S; whose values are strictly positive. Suppose that
the minimal amount of stock allowed to trade is one unit, i.e. the liquidation
value of a portfolio position (x,y) is L(z,y) = By + |y| Si. Then G, is the
set of all portfolio positions (z,y) at time ¢ such that L;(x,y) > 0. We may
verify that G satisfies the conditions GY except (v) . In this paper we suppose
that Condition (v) holds for every A > 1 as we do not restrict ourselves to
integer-valued portfolio positions.

Definition 2.1. A self-financing portfolio process (V;)i=o.... 1 is an (Ft)i=o,... 7-
adapted process such that

Vii—-V,eGy, as, t=0,---,T. (2.1)

This definition is natural. When the agent changes the last position V;_;
into the new one V; at time ¢, he lets aside the position —AV; :=V,_; — V
which is required to be liquidated without any debt. This is possible as soon
as —AVj is a solvent position ,i.e. —AV, € G4, t =0,--- ,T. Associated to G,
we define a liquidation rule (L;);—.... 7 such that G; = {z € R?: L(2) > 0}.

Definition 2.2. The liquidation value process associated to the process G is
Li(z) :=sup{a € R: z—ae; € Gy}, t=0,---,T. (2.2)

Intuitively, L;(z) is the maximal cash obtained by liquidating the portfolio
position z at time ¢. Similarly, we may also define the cost process (C;);—,... 1
as

Ci(z) =infla €R: ae, —2€G}, z€R? t=0,---,T. (2.3)

By definition, C;(z) is the minimal amount of cash that allows to purchase the
portfolio position z at time ¢. We may verify that L;(z) = —Cy(—=z). Recall
that, if the random set G satisfies Condition G°, then G is fully characterised
by L since G; = {z € R% : L;(z) > 0}, see [25]. Moreover, L; is uper-
continuous and super-additive, i.e.

Li(z +vy) > Li(x) + Li(y), z,y € Rd, t=0,---,T.
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These conditions are satisfied by a large class of financial market models
with friction such as proportional, fixed and concave costs. For instance, in
the presence of fixed costs, executing an aggregated order x+y is cheaper than
splitting it into two orders x,y and then making them executed separately
as we avoid the payment of the fixed costs once again.

In presence of liquidation costs, this also holds provided that the optimal
liquidation rule is assumed. An example is where the orders are executed at
the best price in the queue of an order book which, by definition, takes into
account the impact of orders on prices. Notice that the agent’s execution ask
price is an execution bid price of the counterpart. Then, we should require
that for all y;,y, € RS, C(0, 91 +12) < C(0,91) + C(0,3,). Indeed, instead
of ordering to buy the quantity y; +ys of risky assets, the agent could send two
successive orders respectively of y; and y, risky assets. In this case, he takes
the risk that other orders in the queue be executed before his second order y,
so that the execution bid price’s counterpart is higher in the order book than
the one he should benefit from by sending only one order y; + ¥, as there
is no room for intermediate orders. In the case where y,ys € —Ri’l, this
means that the agents sells |y;| + |yo| risky assets and obtains the amount
of cash |C(0,71 + y2)] = —C(0,y1 + y2). By a similar argument than the
previous one, we deduce that |C(0,y; + y2)| > |C(0,91)| + |C(0,y2)| since
the execution of only one order avoids the insertion of other orders making
the ask price’s counterpart decreasing. Therefore, we also have the inequality
C(0,y1+12) < C(0,41)+C(0, 15). Otherwise, for instance when y; € —R*™,
Yo € Rﬁlr_l and y; + Y2 € Rflfl, the answer is not so clear. The agent has
the choice between sending a unique order y; + 2, here a buy order, or
simultaneously sending a sell order y; and a buy order y,. In the second case,
the agent meets respectively the ask prices of the buyer counterpart of the
order book and the bid prices of the seller counterpart so that the possibility
for another order to insert between the two orders is excluded. The costs
are respectively C(0,y;) < 0 and C(0,y2) > 0 so that the agent is inclined
to compare the net cost C(0,7;) + C(0,y2) to the cost C(0,y; + yo) of the
unique order. This is why it is optimal for him to replace the cost function
by

C(z) :==inf{C(z)) 4+ +C(zn): 2=z + -+ 25, n>1}.

We then deduce that L(z; + 2z2) > L(21) + L(z2) as supposed in this paper.

The following result summarises the properties satisfied by L and confirms
the role of the liquidation rule as defined in (2.2).
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Proposition 2.3. Let G be a random set satisfying Condition G° (i)-(iii)
and L be an associated liquidation value process such that:

(a) L; is F; x B(R?)-measurable,

(b) Gy = {z € R%: Ly(z) > 0},

(c) Ly(aer) = a, Yo € R.

Consider the liquidation value ft defined by

L(2) :=sup{Ly(z1) + -+ Ly(za) : 2=21 4420, n>1}  (24)

1. Suppose that Ly is finite and G, = {z : Ly(z) > 0} is a closed set.
Then, Gy contains Gy and satisfies Condition G° (i)-(iv). Moreover, L;
satisfies (2.2) with Gy in place of Gy.

2. Moreover, if L, satisfies the additional condition
(d) & = Ly(§)er € Gy, V€ € LY(RY, Fy),

then ét is the smallest set dominating Gy that satisfies Condition G°

(i)-(iv), i.c.

ét:é\t:: {ZZka GGt}

The proof of this proposition is given in Appendix. Note that condition
(c) means that the first asset is chosen as the numéraire, while condition
(d) means that the portfolio after liquidating £ is L;(£)e;, which are natural
requirements for a liquidation rule. In the special case where G is convex, G
is conic i.e. models a so-called Kabanov financial market model with propor-
tional transaction costs as shown in the following proposition.

Proposition 2.4. Suppose that the solvency sets (Gy)i—o,... 7 are conver and
satisfiy conditions GO (i)-(iii). Let L be an associated liquidation process sat-
isfying the conditions (a)-(b)-(c) of Proposition 2.3. Moreover, assume that
L.(-) is concave a.s. and L;(0) =0, t =0,--- ,T. Then, the following state-
ments hold:

1. For every x € R4, it(x) defined by (2.4) coincides with the right direc-
tional derivative of Ly at 0 in the direction x, i.e.
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provided that the limit is finite. The function it is concave, positively
homogeneous of degree 1 and satisfies (2.2) with Gy in place of Gy.

2. The solvency set Gy := {z : Ly(z) > 0} associated to L, is the smallest
closed cone containing Gy, i.e. Gy = R, Gy.

The proof of this proposition is given in Appendix. The above result is
consistent with the model of [6]. Indeed, the authors show that, when the
supply curve is smooth enough (i.e. L; is smooth), by trading at marginal
prices 2, the trader may avoid the liquidation costs, in particular the super
hedging price of an European claim is the same with or without liquidation
costs, [6]. As shown in the last proposition, trading at marginal prices is ex-
actly trading with the optimal liquidation rule. Moreover, when L; is smooth
around zero, the solvency cones (G;)i—o.... 7 are half-spaces as Ly(-) is a linear
form. Therefore, the extended market is frictionless.

Remark 2.5. In the definition of L, the numéraire is the first asset. We
could also define a liquidation process (Lg) associated to some numéraire
¢ = (G)i<r, i-e. a portfolio process such that L$((,) = 1 after normalization.
Precisely,

L; (&) :=sup{a € R: & — al € Gy}

In the sequel, we assume that the initial market (G¢)i—..r of interest
satisfies Condition G® and the liquidation function L is defined by (2.2). We
introduce an enlarged market associated to G as follows:

Definition 2.6. Let G = (G})i—o.... v be such that Condition G° holds and let
the associated liquidation process L = LY be defined by (2.2). The enlarged
market is defined by the solvency sets

Kt = R+Gt’ t= O, cee ,T. (25)

In the following, L® denotes the liquidation process defined by (2.2) with
K in place of G. Observe that, if the market G satisfies Condition G°, then

K; =convGy =coneGy, t=0,---,T, (2.6)

where conv Gy and cone G, respectively designate the convex and the conic
hull of G;. By definition, the enlarged market (K3);>o is the minimal conic

2 i.e. trading with infinitesimal amounts of assets at any moment
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market that contains (G;)¢>o. For instance, if (G;)i>o models a financial mar-
ket with both fixed and proportional transaction costs, then (K)o is the
market model with only proportional costs (see the examples below). It is
shown in [25, Proposition 2.6 (iv)] that LE is the concave hull of L for all
t=1---T. More precisely, we have

lim —LtG()\Z)

A—00

L (2) = :

where the function in the right hand side is increasing in . So, when LX(2)
is finite, we have the decomposition

LE(\z) = ALE(2) — A6, (N, 2). (2.7)

Here, the function §; : R, x R? — R, is non-increasing in the first argument
and satisfies limy ., 0(A, z) = 0. Moreover, §;(\, 5z) = §,(\3, z) for all g €
R, . This simple decomposition says that the liquidation value of a portfolio
position z consists of two parts: a linear liquidation value part minus a non-
linear costs part. Moreover, by sufficiently rescaling the portfolio position,
the non-linear part vanishes. Therefore, the liquidation values of the same
large portfolio position in the two markets G and K should be comparable,
which will be confirmed when comparing the arbitrage opportunities between
the two markets.

Example 2.7 (Financial market model with fixed and proportional trans-
action costs).

Let us consider a financial market model with two assets: the first one is
a bond By = 1 for all t, and the second one is risky and defined by a bid-
ask interval given by [S®, S4] where S* and S° are two adapted processes. We
suppose that for each transaction such that a non null quantity of risky assets
1s exchanged, the agent is asked for paying a positive fized cost defined by a
process (¢t)i—o.... 7 which is assumed to be bounded. Moreover, we suppose that
when the quantity y of risky asset the agent holds is non negative and too
small to compensate for the fived cost, i.e. y > 0 and yS? — c¢; < 0, then he
prefers to give up his risky position. This means that the liquidation value of
the position (x,y) is given by

Li((z,9) =2+ (yS? — c) " 1m0 + (¥SE — 1) 1y<0.
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Therefore, the solvency sets of the model are given by Gy = (K;+Cy)U[0, Cy]
where Cy = cieq, while K 2 Ri 15 the closed proper cone generated by the
bid-ask interval [S®, 5%, i.e. the solvency cone in the Kabanov model:

K, = cone(S%; — ey; —S%e; +e3), t=0,---,T.

Observe that, for € > 0, €G; coincides with the solvency set with the fized
cost ec; in place of ¢;. Therefore, Condition G° holds for this model and

Kt = U6>0€Gt = R+Gt.

Example 2.8 (Financial market with concave transaction costs).

Let us now consider a financial market model with two assets: one riskless
asset whose value is constant over time: By = 1 for all t, and one risky
asset whose book values are defined by an adapted process (S¢)i—o... 7. We
suppose that, when the trader liquidates a non null quantity y of risky asset,
he obtains ySy — Bely|*Si, where a € [0,1] and (Bt)i—o,... 7 i a non-negative
adapted process, i.e. the agent has to pay an extra cost Bi|y|®S; which is a
concave function of y. The liquidation function is then given by

Lt((xu y)) =z +(y — 5t|y|a)+ Silyso + (?J - 5t|y|a) Sily<o.

Observe that this model also satisfies Condition G° except (iv). Note
that, if a = 0, this corresponds to fized transaction costs and if a = 1, the
transaction costs are proportional. In general, the enlarged market has no
friction, i.e. solvency sets are half-spaces. This model is a special example of
the concave liquidity model considered in [206].

Example 2.9 (Financial market with piecewise proportional transaction
costs).

We still consider a financial market model with two assets: one riskless
asset whose value is constant over time: By = 1 for all t, and one risky asset
whose price is defined by an adapted process (St)i—o.... 7. We suppose that the
transaction costs are piecewise proportional to the exchanged volume, 1i.e.

Lt<<x7y)) =T+ (1 - ﬁ(ya t)) ySh

where B(y, t) is a piecewise function, i.e. there exists a sequence (k) g=—(n+1), k=n+1
n € N, such that

iy =-—0<a,<--<a1<aq=0<a < <a, < app = +00,
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and proportional transaction costs coefficients
By << B, 0= < By <--- < B,

such that = B, on [a_k+1),a—y) and B = B on (ay, ags1], k=0,--+ ,n. In
this model, the agents benefit from lower proportional transaction costs when
the traded volume s larger. It is straightforward to check that Condition
GO holds in this model. Moreover, the enlarged market is defined by the cone
associated to the bid-ask spreads [Si(1 — B,7), S:(1 — B,,)] or equivalently by
the proportional transaction costs coefficients B and ;.

We denote by RY. the set of all terminal values Vr of portfolio processes V
such that the initial capital is V_; =0, i.e.

R} :=RUG) = Y L(-Gy, F).
0<t<T
We also define the associated liquidation values
LVY .= LVY(G) := {Ly(Vy) : Vp € RY},
and, more generally, we define R} =} _ ;. L°(—Gy, F;) and, similarly,
LVY%. Observe that L°(—R., Fr) C LVY.

The following condition coincides with the no arbitrage condition (NA) of
the frictionless arbitrage theory.

Definition 2.10. We say that the financial market model defined by G sat-
isfies the NA condition, i.e. there is no arbitrage opportunity, if the property
VY. N L°(Ry, Fr) = {0} is satisfied.

Let us introduce the convex cone

A =D NXi: A >0, X; € V) }.
=1

Recall from [25] that
AL :={\X: A€[0,1], X € LV}}.

Therefore, Condition NA is equivalent to A% N L°(R%, Fr) = {0}, i.e. the
condition NA for the financial market model defined by the enlarged conic
set AY. This is convenient since AJ is a convex cone, as we shall see in the
next section.
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3. Equivalent separating probability measure (ESPM)

For classical models without friction, but also for the Schachermayer model
[13], portfolio processes are liquidation values of portfolio positions expressed
in physical units and absence of arbitrage opportunity is equivalent to the
existence of an equivalent separating probability measure (ESPM), i.e. a
probability measure ) ~ P such that Eq[V7] < 0 for all liquidation values Vr
of terminal portfolio processes starting from the zero initial endowment. Since
these models are convex, this allows to formulate a dual characterization of
prices super-hedging an European contingent claim. We refer readers to [23,
Chapter 2] for a brief review of the literature.

The natural question is whether the existence of such an ESPM also char-
acterizes an absence of arbitrage opportunity in our model. We show in this
subsection that the existence of an ESPM for our model is equivalent to the
absence of an asymptotic arbitrage opportunity as well as the existence of
an ESPM for the convex enlarged market model defined by (K})i<7.

Let us introduce, for any P’ ~ P and p € [1,00), ¢ € (1,00] such that
p~ 1+ ¢! =1, the set

dQ

DUXP) = {Q~P: 5 € LR, Fr,P'), EgX <0, VX € A7},

where X is a convex cone in L°(R, Fr) containing —L>* (R, Fr) *. We denote

by X" the closure in probability of X in L° and by X" 1 < p < oo, the closure
of XN LP for the L” norm topology. For sake of completeness, we provide the
proof of the following classical result.

Lemma 3.1. The following conditions are equivalent
(i) X' N L°(R., Fr,P) = {0},
(i) For all P’ ~ P, X' (P")NLP(Ry, Fp,P)) = {0}, 1<p< oo,
(iii) For all P’ ~ P, 1 <p < oo, DI(X,P’) # .

Proof. The implication (i) = (i7) is straightforward. The implication
(17) = (i7i) is deduced by using the Kreps—Yan theorem based on the Hahn—
Banach separation theorem, [23, Theorem 2.1.4.].

Let us prove the implication (i7i) = (7). Suppose that (i) does not hold
and let (1,,),>0 be a sequence in X' converging a.s to ¢ € L°(R., Fr, P)\{0}.

3This condition is sufficient for the Kreps—Yan theorem to be valid, [23, Theorem 2.1.4],
as we may observe when repeating the proof.
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Therefore, ¥, — 0 hence sup,[i,]” < oo, P- a.s. We then choose P’ ~ P
such that sup,[v,]” € LP(R4, F,P') and ¢, € LP(R,F,P’) for all n. By
assumption, there is Q ~ P’ such that dQ/dP’ € LY(R, F,P’) and Eg, <0
for all n. Observe that sup,[¢,]” € Li(Q) . Therefore, we may apply the
Fatou lemma and deduce that

Eot < liminf Egih, < 0,

i.e. a contradiction. O

Let us denote by A®" the closure of A® := A% N L®(R, Fr) with respect
to the weak-star topology o (L*(R,F,P), L*(R,F,P)). We introduce the
set of equivalent separating probability measures as

d
D'(P):={Q~P: d—g € L'(Ry,F,P),EQX <0,VX € LV}, (3.8)

where
LWVyr ={X € LV} : | X || < 00}

Applying the lemma above to X = A%, we deduce the following theorem
that characterizes the existence of an ESPM.

Theorem 3.2. The following conditions are equivalent
(i) A0 A LO(R., Fr,P) = {0},
(i) AF" N LRy, Fr, P) = {0},
(iii) There exists an ESPM, i.e. D'(P) # ().

Proof.

(i) = (i1) : Applying Lemma 3.1 with p = 1, condition (i) implies the
existence of Z € L*(R,,Fr,P) such that E[ZY] < 0 for all Y € Al.
By definition of the weak-star topology, we deduce that E[ZY] < 0 for all
Y € A®", hence, AX" N L®(R,, Fr) = {0}.

(i7) < (iit) By virtue of the Kreps-Yan theorem [23, Theorem 2.1.4], we
get that (i) is equivalent to D'(P) # () where

~ d —w

D'(P):={Q ~P: % e L'R,F,P),EoX <0,VX € AF"}.  (3.9)
We claim that D'(P) = DY(P). Indeed, if Q € D(P), then EoX < 0 for
all X € A¥. Moreover, if Z € LV 1, then Z An € AF, n € N. Using the
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Fatou lemma, we get that EgZ < liminf,, Eg(Z An) < 0 which implies that
Q € D'(P). Reciprocally, consider @ € D!(P). By definition, EgX < 0 for all
X € LVP. Since A¥ = {AX, X € LV], X € [0,1]}, we deduce that EgX <0
for all X € A%. Notice that the mapping X — EgX is a continuous linear
mapping with respect to the o(L%, L')-topology. Since the inclusion

AT CX(Q) :={X :EgX <0},
holds and X(Q) is o(L>®, L')-closed, this implies that A%~ C X(Q) hence
EoX <0 for all X € A%", i.e. Q € D'(P) and finally D'(P) = D'(P).

(13i) = (i) : Recall that, if P’ ~ P and X is a convex set in L, then
X"(P) = X"(P). Applying this to X = A%, we then conclude as in the
proof showing that (i7i) = (¢) in Lemma 3.1. O

When G is convex, we get that A% = LV} and we immediately deduce the
following result.

Corollary 3.3. Suppose that G is a.s. convex. The following conditions are
equivalent:

—0
(Z) ng“ N LO(R-‘M*FT) = {0}7

(i) IV N L= (R, Fr) = {0},

(iii) There is an equivalent separating probability measure, i.e. D'(P) # 0.

The following result implies that the sets of ESPMs coincide for both the
initial market G and the enlarged one K.

_ 0 0
Theorem 3.4. We have the equality A%(G) = AY(K) .

Proof. Tt is trivial that A%(G) C AJ%(K) . Let us prove the inclusion
AY(K) € A%(G) . To do so, consider £ € A%(K), i.e. &1 € Rep as. and
ey = ZtT:o & where & € LO(—K;, F;), t < T. Consider

(" = fey— (T+1)n"tey,
o= &—nte, t<T, n>1.

We have (" — ey as n — oo.

Let us introduce K? := Uy>oAGy, and let us show that ¢ € LO(—K?, F;)
for all t <T'. As K, is a convex cone and e; € int K}, K, +n"te; Cint K, by
29, Theorem 6.1]. Moreover, since K; = K} by [29, Theorem 6.3], int K; =
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int K. Consequently, K; +n"'e; C K}, and finally (' € L°(—K}, F;) for all
t<T.

Since (' € LO(—K?, F;) for all t < T and (" — £ as n — 00, we may
assume without loss of generality that & € LO(— K}, F;) for all t < T'. Let us
define, for every t < T,

)\t = ll’lf{)\ Z 1: —)\gt S Gt} = mf{)\ S Q N [1, OO) : —>\§t € Gt}

The second equality holds since uG; C G, for all 4 > 1. We deduce that
A€ LO([1,00), F;) and AP € —Gy as. for all ¢ < T. Let us define

T
gn = LT (Z ngtl)\tgn> , n Z 1.
t=0

Observe that on the set {\* < n}, we have n§; € —G, since uG; C G, for all
p>1and t < T. We deduce that £ € A%(G). Moreover, a.s. for every n
large enough, we have sup,. A! < n so that £" = né hence ¢ = n=1£". Recall
that the distance in the metric space L° between ¢ and n'€" is given by

A€ n 1€ = E (1€ = 1 louppaon A1)

Therefore, by the dominated convergence theorem, d(&,n=1£") — 0 as n goes

— 0
to oo since lgyp,_, at>n = 0 if n is large enough. Since n™'¢" € A%(G) , we

finaly deduce that £ € A%(G) . O

A natural problem arising from Theorem 3.4 is the characterization of the
existence of an ESPM in the Kabanov model K or, equivalently, when G is
a closed convex cone. In this case, the liquidation value function z — L;(x),
t = 0,---,T, is a.s. concave and AY. = LVYJ.. We show in the following
theorem that, when G is a.s. a closed convex cone, D'(P) # () is equivalent
to the No Free Lunch condition (NFL) RF¥" N LR, Fr) = {0} in the
approach where the attainable claims are expressed in physical units. Recall
that NFL is equivalent to the existence of a Consistent Price System (CPS)
Z, i.e. Z belongs to the set Mp(K*\{0}) of all martingales with Z; in the
positive dual cone K;\{0}, t < T, [18].

Theorem 3.5. Assume that G is a closed convex cone and G strictly domi-
nates RY 4. The financial market model defined by G satisfies the no arbitrage
condition IN® NL®(Ry, Fr) = {0} if and only if RF“NL=(RY, Fr) = {0}.

“The set Gr strictly dominates R if R%\{0} C int Gr.
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Proof. By definition of the liquidation value process L, A%¥e; C R¥ which
implies that A% e; C RF". The reverse implication of the equivalence
immediately follows. Suppose that LV N L*(Ry, Fr) = {0} holds. Set
¥ = supy, <1 |Lr(z)] < oo and let us define dP" = pe™dP where > 0 is a
constant such that P’ is a probability measure equivalent to P. By Theorem
3.2 and Theorem 3.1, we deduce the existence of @) ~ P’ with dQ/dP € L*®
such that EqLy(X) < 0 for every X € Rf satisfying Ly (X) € L. Observe
that v € Lg(R, Fr) for every p > 1. Moreover, recall that Ly is positively
homogeneous since G is a cone. It follows that

Lr(@) <7lzll, Vre R (3.10)
We then have R7 C I where
I''={X € L*: Lp(X) € Lyand Eq[Ly(X)] < 0}.

Consider the family C of all convex subsets of [' we endow with the partial
order: C; = Cy if and only if C) C Cy. Observe that any chain (C;);es of C
admits the upper bound Cy, := U;¢;C; which is convex since any two elements
of (C;)ier are comparable. Therefore, by the Zorn lemma, C admits a maximal
element and, by the Hausdorff maximal principle, R C C* C I' where C* is
a maximal convex element. Let us show that C* is o(L>, L')-closed. To do so,

first consider the norm closure T of C* in L3 Let X € " and let (X™)
be a sequence of C* such that X™ converges to X in L2Q. We may also assume
that X™ — X a.s. hence Lp(X") — Lp(X) as. By (3.10), Lp(Y) € Ly, for
every Y € L (R, Fr). Moreover, for every M > 0,

EqLr(X") — Lr(X)| < Eq|Lr(X™) — Le(X) 1L,y (xm)<m (3.11)
+ Eq|Lr(X™) 1Ly (xnysar + Eql L (X) 1Ly (x> -

Applying the Cauchy-Schwarz inequality, using (3.10) and, finally, using the
Bienaymé-Tchebychev inequality, we obtain that

EqQ Lr (X)L, (xm)> 0

IN

Sup || X" l2\/EQ1? . (emy o

sup [| X" |z/| 7 [la (P(Lr(X™)] > M),

1 5/4
i (w17l )

IN

IN
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Similarly, we obtain that

1X ]2 a7 5/4
Eo|Lr (X)L (xmysm < A Sl;PHX 2 ([Ivlla)>"

Therefore, for every € > 0, there exists M large enough such that
sup (EqLr(X™) Ly (xmysar + EolLr (X)L, xmsar) <€

Moreover, applying the dominated convergence theorem, we deduce that
Eq|Lp(X™) — Lp(X) 1L (xny<m — 0 as n — oo. Using (3.11), we finally
deduce that Lr(X") = Ly(X) in L1 hence EgLy(X) < 0. This implies that
Cc* C C* ﬂ L°° C I'. Since C’* is convex and C* is maximal, we deduce
that C* = C*" N L.

Let us show that C* is o(L*>, L')-closed. By [23, Proposition 5.5.1], it is
enough to show that C} = C*N{X € L™ : || X]|w < R} is closed in
probability for all R > 0. If X" € C}, converges a.s. to X, then || X|s <
R. Moreover, by the dominated convergence theorem, we also deduce that

X" = X in L2 We deduce that X € C*~ N L™ = C*. Therefore, X € Cj
and the conclusion follows. Therefore, Rg? C C* CT'. By definition of I', we
then deduce that R N L=(R%, Fr) = {0}. O

4. NA condition for non convex financial market models

In this section, we study the relationship between the classical absence of
arbitrage opportunity NA in the market defined by G and the enlarged one
defined by K through a new notion of absence of arbitrage opportunity called
No Weak Arbitrage opportunity (NWA). This condition is motivated by the
financial markets with both proportional and fixed costs, see Example 2.7. If
there is an arbitrage opportunity in the model with fixed transaction costs,
there is a first moment u = ¢ when the agent holding the portfolio pays
the fixed cost ¢; with a positive probability. Indeed, otherwise, the terminal
liquidation value of the portfolio process is non positive. Therefore, the ter-
minal value of the portfolio process generated by the same strategy but for
the model without fixed transaction costs is larger than ¢; with a positive
probability, i.e. it realizes what we call a weak arbitrage opportunity in the
market without fixed costs. On the other hand, the fixed costs are typically
bounded and do not depend on the size of the transactions. This leads to
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the fact that, if there is a weak arbitrage opportunity in the market without
fixed costs, we may scale the associated strategy by a large coefficient, so
that the fixed costs are negligible compared with the proportional transac-
tion costs induced by the bid-ask spread, i.e we asymptotically obtain an
arbitrage opportunity in the market with fixed costs.

Definition 4.1. In a financial market model defined by a liquidation value
process L, we say that a portfolio process V' starting from the initial en-
dowment Vo_ = 0 realizes a weak arbitrage opportunity if there exists t €
{0,1,--- T} such that V,, = 0 for all w < t — 1, there exists B, € F; with
P(B;) > 0 such that V,1g\p, = 0 for allu =t,--- ,T and Ly(Vy) > my on
B; where m; € L°((0,00), F;). When there is no weak arbitrage opportunity,
we say that the property No Weak Arbitrage (NWA) holds.

Notice that, if Ly(Vy) > my on By, then we may change the portfolio
position Ly (V7)1p,e; into the Fi-measurable terminal position m;1p,. More-
over, t is necessarily less than 7" — 1. Indeed, otherwise Vpr_; = 0 hence
Vr € (—=G7) N Gr and therefore Ly(Vy) = 0. The result below is immediate:

Lemma 4.2. The following conditions are equivalent:
i) Condition NWA holds,
i) ING N LY (R, Fy) = {0}, for allt <T —1,
i) RN LO(Ryey, Fr) = {0}, forallt <T —1,

i) For all t < T — 1, and every g, € L°(Gy,Fy), u = t,---,T, the
condition 0 = g, + - -+ + gr a.s. implies that Li(g;) = 0.

Remark 4.3. It is immediate that Condition NWA is weaker than Condition
NA. Moreover, Condition NWA is strictly weaker than Condition NA in
general. Indeed, consider a finite probability space @ = {w;,ws} such that
P(w;) = %, 1 = 1,2. Consider a two step frictionless financial market model,
t =0,1, given by a bond By = B; = 1 and a risky asset Sp = 1,51 =1+¢
where £(w1) = 0,£(wy) = 1. This model admits infinitely many arbitrage
opportunities. Indeed, consider the buy and hold strategy (—z,z), x > 0.
At time T = 1, the liquidation value is Ly ((—z,x)) = x1.,;. However, this
model satisfies NWA. Indeed, Fy = {0, 2} hence there exists a weak arbitrage
opportunity if and only if there exists a constant m > 0 and a terminal
portfolio position Vi = (—z,z) € R}, x € R, such that Ly(V}) = zlg,,; > m
a.s. which is impossible. Observe that there exists an equivalent separating
probability measure given by the Dirac measure ¢; < P.
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Recall from (2.7) that, for all A > 0 and 2z € R?,

LE(Az) = ALE () — A, 2),

where J; : R. x R? — R, is non-increasing in the first argument and
limy o0 0:(A, 2) = 0. Moreover, 0;(\, z) = §;(A\G,2) for all 5 € Ry. In the
sequel, we consider the following conditions.

Condition L% The non-linear costs functions §;(\,2), t = 0,--- ,T uni-
formly converge to zero as A tends to infinity in the sense that

~0. (4.12)

o0

sup sup [6;(Ao, 2)|
Xo€ELO([X,00),F¢) |2]<1

lim
A—00

The above condition is satisfied for financial market models with both fixed
and proportional costs as in Example 2.7, where fixed costs are supposed to
be bounded. In this case, §;(), z) = & < O(A™'), A = oo. In Example 2.8,
we have 0;(), 2) = \*71z]* 3,S; when ) is large enough. Condition LY is then
satisfied provided that o < 1 and that the process S is bounded (e.g. when
By = Sﬁt, i.e. the non-linear costs depend on transaction volume). Finally, in
Example 2.9, Condition L is always satisfied because §(), z) = 0 as \ is large
enough.

The following theorem is the first main result of this section.

Theorem 4.4. Suppose that the market G satisfies Condition L°. Then, G
satisfies (NWA) if and only if K does.

Proof. Since every G-portfolio is also a K-portfolio, we deduce that G
satisfies NWA if K does. Conversely, suppose that K does not satisfy NWA.
By definition, there exists B; € F; with P(B;) > 0 and a portfolio process
V starting from V,_ = 0 at time ¢, i.e. V, = Zﬁ:té} for all u > ¢, & €
L°(—K,,F,), such that ‘N/ulg\Bt = 0 for every instant v = t,---,7T and
LX(Vy) > my on By where m; € L°((0,00), 7). Without loss of generality,
we may suppose that m; > ¢ > 0 and we may replace Vo by LE (Vr)e;. Let
us define, for £ > 1,

u

VE = > &g, u>t,

r=t

& = k& + L8 (—k&)er, t<r<T.
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Since LY(—&F) = 0 for all r > ¢, this implies that V¥ is a G-portfolio.
Moreover, under Condition G°, we get that

Lf(_kg") > Lﬁ((—]{?é;) - kér(kv _g“) > _kfsr(k’ _gf>7 r>t.

Therefore, LG (VE) > k [L?(VT) — > s Or (K, —£&,)|. Moreover, by using the
property 0,(\, 5z) = 6,(AB, 2), we may suppose without loss of generality by
the normalization S(w) = 1+ ||&-(w)|| with Sk > k that |||l < 1 for all

r > t. Hence, by choosing k large enough, since Sk > k and Condition LY
holds, || 3,5, 0-(k, =& [loo < 5. We deduce that on the set B,

LY(VE) > kLE (V) — k% > k:% > 0.

This implies that V} realizes a weak arbitrage opportunity in the market
defined by G, i.e. G does not satisfy NWA hence a contradiction. O

We introduce two conditions of absence of asymptotic arbitrage oppor-
tunity which are the asymptotic versions of the conditions NA and NWA
respectively.

Definition 4.5. We say that the condition No Arbitrage with Vanishing Risk
(NAVR) holds if, for all sequence ™ € RY. such that Ly(§") > —B,, By € R,
for all n where 5, — 0, we have liminf, Ly (") = 0.

The market satisfies the No weak Arbitrage with Vanishing Risk (NWAVR)
condition if, for all t = 1,...,T and all sequence £" € RgT such that
Lp(&") > —p, for all n where B, — 0, the property liminf, Ly(§™) > iy,
Yy € LY (Fy), implies that 1, = 0.

Condition L': There exists an adapted process (¢;);<r such that ¢; > 0 a.s.
and
LY (z) < LE(z) — ¢, Yo ¢ Rye.

Condition L! means that the non linear costs the agent pays when liqui-
dating a risky position is non degenerate. This condition holds for the models
in Example 2.7 and Example 2.8.

Theorem 4.6. Suppose that the market G satisfies Condition L° and Condi-
tion L. Then, the conditions NA, NAVR, NWA and NWAVR are equivalent.
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Proof. First, observe that the implications NAVR = NA = NW A and
NAVR = NWAV R = NW A are trivial. Therefore, it suffices to show the
implication NW A = NAV R. Suppose, on the contrary, that NAV R does
not hold. Then, there is a sequence V;* € RY such that Ly(V}) > —p, for
all n where 3, — 0 and

lim inf Ly (V') = X7 € L°(R, Fr)\{0}. (4.13)

Replacing 3, by sup{fx : k > n}, we may suppose without generality that
the sequence (f3,) is non increasing,.

Suppose that V2 = 327 ¢ where ¢ € LO(—=G,,, Fu), u < T. We replace
V" by the G-portfolio V;* := 2! _ €" where £ := Enleng Roe, u < T. We
have ‘A/t" >a, V', Vt < T, so that we may suppose without loss of generality
that £ = §'lepg_R,e,- By virtue of (4.13), we may choose ng large enough
such that Lp(V}) # 0 for every n > ng. Let us define, with the convention
min() = T + 1, the stopping time:

7 (n) :=min{t > 0: & # 0},

and

t*(n) == min{t > 0: P(7*(n) =t) > 0}.
Observe that, by (4.13), t*(n) < T and V' = ZtT:t*(n) ¢'. We may assume, by
a compactness argument, that t*(n) — t* € {0,--- ,T'}. Since the sequence
(t*(n))nen only takes discrete values, we deduce that t*(n) = t* for n > ng
where ng is large enough. Set By, = {{(,) # 0} so that P(Bf,)) > 0.
First case. Suppose that there exists n! large enough such that ¢« — 8,1 > ¢
for some € > 0 on a non null set of B! that we denote by B;«. We rewrite
V=V = ZtT:o &' where & = " € LY(—Gy, Fy), t < T. We may replace
without loss of generality Vi by Ly (V})e;. By construction and assumption,
we have —¢. ¢ R ey on By+. Let us define

T
Vo= [ +LE(=&)ellp,., t"<r<T.
t=t
Observe that V is a K-portfolio process since & = & 4+ LI (—£)e; satisfies
LE(=&) =0forall t* <t < T. Since & # 0 on By, we deduce by Condition
L' that LE(—¢&) > LY (&) + ¢+ > ¢+ on the event Bj«. Since we suppose
that V5 = LS (V;)e; and LE(VE) > —f, for all n, we get that

LY (V) = (cp — Bur)lp,. > elp,..



Let us now define .

Vi =) k& + LY (—kéen].
t=t*
By a similar argument as in Theorem 4.4, we can find k£ large enough such
that LE(VE) > % > 0 on B, i.e. V¥ realises a weak arbitrage opportunity
for the market defined by G. This is a contradiction.
Second case. For n > ng, suppose that ct*le* < ﬁnlB; a.s. Since ¢ > 0,
we deduce that 1pn (w) = 0 a.s.(w) for every n > fig(w) and some fip(w) € N.
Let us define the sequence (7, )m>1 of Fy+-measurable integer-valued random
variables:
N (w) :=inf{ng > (ngVm): lgn (w)=0,Vn>np} < 0,

t*(n)

and let us define

T T
=i =3 g = 3

t=t* t=t*+1

Observe that for all ¢ > ¢*, & = >2° ¢k, € LY(—Gy, Fi). Moreover,
since (B,) is decreasing, Lo(Vi' ™) = 000 Lp(VF1a,,—k) > —fm. Clearly,
we also have lim inf, Ly (V7" 1) > liminf, Ly(V2) € LO(Ry, Fr)\{0}. As
fm — (), the initial situation is reproduced with the new sequence Vi L
We then repeat the whole procedure and conclude with the first case by a
contradiction. Indeed, otherwise, we construct similarly step by step V",
u > t* 4+ 2. When u = T, the assumption of the first case holds. In the
contrary case, we get that 1pn — 0, i.e. & — 0. This implies that the
terminal liquidation value Lp(V}) = V.ey = f.e; — 0 in contradiction
with the property that liminf, Ly(V}*) > Ly(Xr) > 0,Lp(X7) # 0. This
shows that NWA = NAVR and the lemma is proven. O

By Theorem 4.4, we deduce the following result which says that the clas-
sical no-arbitrage condition NA for a non convex model including fixed costs
holds if and only if the same market with only the proportional transaction
costs satisfies a weak absence of arbitrage opportunity.

Corollary 4.7. Suppose that the market G satisfies Condition L° and Con-
dition L. Then, NA holds for G if and only if the condition NWA holds for

the Kabanov model K with only proportional transaction costs.
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Let us examine the NWA condition for the Kabanov model. In the case
where () is a finite probability space, the condition NWA for the Kabanov
model G = K, i.e. RE N LR ey, Fr) = {0}, for all t < T — 1, trivially
implies that R_tTO NL°(Ryep, Fr) = {0} for all t < T — 1. Therefore, adapting
the proof of the Kreps—Yan theorem, [18, Theorem 3.1], there exists for all
t < T a consistent price system in the class M7(G*) = MZ(G*,P) of all
P-martingales (Z,),>¢ such that 7, € L(GL, F,) for all u > t and Z; €
Gi\{0} a.s. Reciprocally, by the proof of [23, Lemma 3.2.4], for every P~ P,
there exists a bounded element Z* in MvtT(G*, ﬁ), t < T. We deduce that
NWA holds. Indeed, if ¢ € RL(K) N L°%(R. ey, F;), we may suppose that &
is integrable under some P ~ P. As EsZ7¢ < 0 by duality, we get that
EsZ5°¢ = EsZ°¢ = 0. Since Z° € G;\{0} C R?,, we finally deduce that
£=0.

More generally, we show below that this result still holds in the two di-
mensional case even if () is infinite by following the proof of the Grigoriev
theorem [23, Theorem 3.2.15]. Recall that MT(G*\{0},P), ¢t < T, is the class
of consistent price systems Z, i.e. P-martingales such that Z, € G:\{0} a.s.
for all u € [t,T7.

Theorem 4.8. Let d = 2. Consider the Kabanov financial market model
defined by a proper cone G such that R4\{0} C int G. Then, the following
statements are equivalent:

i) Condition NWA holds,

ii) RE N LO(Rer, Fy) = {0}, forallt <T —1,

iti) For everyt <T —1, MT(G*,P) # 0,

) Foreveryt < T—1 and P ~ P, there exists a bounded Z € MtT(G*, P),
v) MT(G*\{0},P) # 0 i.e. NFL holds,

vi) There is an equivalent separating probability measure, i.e. DY (P) # 0.

Proof. To show the equivalence between the fourth properties, we adapt
the proof of [23, Theorem 3.2.15], using the same notations, but we write R
in place of A% and we work with NWA instead of NA®. The most delicate
implication is (i)= (ii). To do so, we replace the set denoted by T'Y in [23,
Theorem 3.2.15] by

IT:={¢ € L®Rer, Fo) : EpéZy <0, YZ e M (G*,P)}.
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Recall that in the definition below, Fy could be different from the trivial
o-algebra as we use an induction argument based on the number of steps.
Moreover, the proposition [23, Proposition 3.2.16] is replaced by the follow-
ing:

Proposition 4.9. Suppose that (Gi)i—o.. v satisfies the NW A property.
Then,

(a) IT C RY,

(b) If ¢ € T'T is such that EpéZy < 0, for all Z € va(G*,P), then there
ise € LO(R'Ye, Fy), € #0, such that € + € € RL.

Let us introduce the condition T, N > 1, meaning that Theorem 4.8
holds for a N + 1 steps model (Gy,)i—o,... v with ¢; € 0,--- ,T and G may be
different from the initial cone of the model. The condition Py means that
Proposition 4.9 holds for a N 41 steps model. It is clear that P, and 77 holds.
Following the arguments of [23, Theorem 3.2.15], we show the implication
(Tn, Pn+1) = Tny1. We also need to show that (Tyi1, Pvy1) = Pyie. To
do so, we follow the same idea. The condition (a) of Py is similarly shown.
For the condition (b), the first and second cases in [23, Theorem 3.2.15],
i.e. Case 1 and 2, are respectively replaced by the assumption that the Fy-
measurable sets {{ € int Gy} and {¢ € —int Gy} are non null. Following
the same arguments, we conclude in the first case by increasing £ by an Fy-
measurable random variable as {{ € int Gy} € Fy. The second case appears
to be impossible because, in the contrary case, there exists § € L°(R ey, Fo),
0 # 0 on T, such that £ — 6 € L°(Gy, Fy). So, as £ € Ry,,, we deduce that
0 € R}, in contradiction with NWA for the N+3 steps model. Therefore, we
may suppose that P({{ € int Go}) = P({{ € —int Gy}) = 0 and we deduce
that the components of ¢ have different signs. By Case 2 of [23, Theorem
3.2.15], we also obtain that P({{ € —int G;}) = 0. Then, we proceed as in
Case 3 of [23, Theorem 3.2.15]. It is worth noticing that in this proof, the
random set Gy = R¢ + R? is Fy-measurable. So, as the same arguments

shows that NWA does not hold for the N + 2 steps model é, we apply by
the induction hypothesis Theorem 4.8 with the filtration (Fo, Fa, -+, Fyi2),
Gy being Fo-measurable. We then find € € LO(Rer, Fy), € # 0, such that
€ € R}VH(CN;). We then follow the proof of [23, Theorem 3.2.15]. As any
B8 e L°(R2,F;) may be changed into Lo(8)e; € L°(Ryer, Fy), we then
conclude as in [23, Theorem 3.2.15].

Notice that in the proof (T, Pnvi1) = Tny1, Case 2 is excluded. If we
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have a detailed look on Case 1, an element Z € /T/l/tT(G*, P) is constructed as
Zy = 3,270 K(Z1| F), u € [t,T) where A; € F, and Z' € ME,,(G*, P)
for all i € N. In particular, Z, = Y, 2715,E(Z},|F;) € G} a.s. By defini-
tion, Z;,, € Gy,,\{0} a.s. hence Z;,, € R%, a.s. It follows that E(Z;,,|F;) €
R?2 . as. hence Z; € G;\{0} a.s. Therefore, starting from Zr in the set
ME(G*,P) = ME(G\{0},P) = L°(G:\{0},P), we may construct back-
ward a consistent price system Z € MT(G*\{0},P) # 0. We deduce that
NWA=- (v). Since (v) implies (iii), the five statements are equivalent. At
last, (v) and (vi) are equivalent by virtue of Theorem 3.5. O

5. European option pricing

In the Kabanov market model with proportional transaction costs, contin-
gent claims are vector-valued random variables, i.e. they are expressed in
physical units as in our paper. Using convexity, the superhedging prices of
an European option are dually characterized by the set of consistent price
systems, see for example [22]. For non convex models, an alternative approach
is suggested in [25].

When dealing with a liquidation value process, it is natural to suppose
that an European claim is a terminal wealth expressed in cash. Similarly, it
is also natural to seek for the minimal amount expressed in cash (the bond
defining the first position of the portfolio processes, e.g. a currency) allowing
to start a portfolio process ending up with a terminal value the liquidation
value of which is greater than the payoff. This approach makes sense as it
allows to take into account liquidation costs at both initial and final trading
dates.

Let £ € L°(R, Fr) be a real-valued European contingent claim which is
bounded from below. Let us define

F{ = {.1' € R‘ HVT € ng . 5L'+LT<VT) Z f}
We define the super hedging price of the contingent claim ¢ as VO5 = infT'¢.

In the case where GG is the closed convex cone of the Kabanov model,
consider
dQ)

Q'(P) == {Q~P: =5 =75, 7 € MYG\{0},P). 75 = 1},
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where G* is the positive dual of G and M%(G*\{0},P) is the set of all P-
martingales Z (called consistent price systems, CPS) such that Z; € G;\{0}
for all t = 0,---,T, see Chapter 3 [23]. When Z € MY (G*\{0}) satisfies
Z; € int G, we say that Z is a strictly CPS. By virtue of Lemma 3.3.2. [23],
observe that Q'(P) C D'(P) where D! is given by (3.8). Therefore,

VE > sup{Eqgé - Q € D'(P)} > sup{Eoé: Q € Q'(P)}. (5.14)

When the market is convex and there exists a strictly consistent price sys-
tems, the superhedging price of an European option is given by the following
result.

Theorem 5.1. Assume that G is the solvency cone in the discrete-time Ka-

banov model. Suppose that MY (int G*,P) # 0. Then, D' (P) # () and

VE= sup Egé= sup Egt. (5.15)
QeD!(P) QeQ!(P)

Proof. 1t suffices to verify that VOg = supgeor(p) E@§. To do so, observe
that
FgZ{JIERi HVTGR%Z.T€1+VT€§61+GT}.

Define
De:={z€R: Zyx >EZ}E,VZ € ML (GH\{0})}.

Since MY.(int G*) # 0, we adapt the proof of Theorem 3.3.3 [23] and deduce
that the set RY is closed in probability and ' = D,. Therefore, we have
V(f = inf D¢ = supge g1 Eg. O

The theorem above gives a characterization of the superhedging price of an
European option based on the set of separating measures in a conical model.
However, the proof relies on convex analysis and therefore cannot be extended
to non convex markets. Nevertheless, we may link the price in the non convex
market to that of the enlarged one which is conical. Precisely, we show under
an extra condition that prices in the two markets are asymptotically equal
when hedging a large number of the same European claim.

Recall from (2.7) that, for all A > 0 and 2z € R?,

LY (A\2) = ALK (2) — A&(\, 2),
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where 0, : Ry x R? — R, is non-increasing in the first argument and
limy o0 0(A, 2) = 0. Moreover, §;(\, z) = §;(AG, z) for all € R,.

The following theorem extends the results of [15] where only fixed costs
are considered. In particular, the option price function appears to satisfy a
similar property than that of the liquidation function.

Theorem 5.2. Assume that the market G satisfies Condition G° and the
liquidation process L satisfies Condition L°. Let VOG’5 and VOK’5 be the super-
hedging prices for the Furopean claim & with respect to the models defined by
G and K = R, G respectively. We have the following decomposition

Vot = A = Ao(A, ),
where (X, ) is non-increasing in A and limy_,o, 0(X, &) = 0.

Proof. We prove that

R AcRt
VOK’£ = lim 22—,

A—00

where \ — VOG’)‘S)\_1 is non-increasing in A. First, notice that if A > 1 and
T > VOG’S then, by definition of the super hedging price, there exists a portfolio
process V starting from the zero initial endowment such that

Therefore,

Consequently, Az > VOG”\E and, finally, we have

VACRNS
Vit > = VA1

A similar argument allows to conclude that the function A\ — VOG”\g)\_l is
non-increasing. We now prove that the limit of this function at infinity is
V9% Notice that VO™ > VM = AVO%. Hence, the limit is at least V;**.
Ifz> VOK’S, there Exists a K-portfolio Vi = Zgzl &, with & € LY(— Ky, Fp),
such that = + LE (V7) > €. Let us define, for A > 1,

t
Vo= )6, 0<i<T,
u=0

& = Mg +LE(=A\)er, 0<t<T.
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Since LY (—¢&}) = 0, this implies that V* is a G-portfolio. Moreover

Mz +e)+LE(VR) = AMa+e)+LEAVD) + Y LE(=)E),

t=0

— Azt o)+ ALE (V) — Aér(), Vi),

T T
+ AY LE(=6) = 2D a6 &)
t=0

t=0

= A (x + L?(\N/T)> + A (8 — or(A, ‘N/T) - Z5t(/\7 _gt)
+ A LE(-8).

Notice that 3., LX(—&) > 0. Moreover, by using the property 8,(), 3z) =
0-(A\B, z), we may suppose without loss of generality by the normalization
B(w) = 1+ ||V (w)]|| with A > X that |[Vz||e < 1 for all ¢ < T (and similarly
for &). Hence, by choosing A large enough and applying Condition L, we
have

16N, —&) + 0r(\, V)| < e

t<T

Consequently,
Az +e) + LE(VR) > Ma + LE (V) > A¢.

This implies that A(z +¢) > VOG’)‘5 for A\ large enough, or equivalently

G AE
Alim 0 <z+e, VI>VE]K’£,V€>O.
—00
.. . ) A K¢ )
This implies that limy ., =5— < Vi and the conclusion follows. O

6. Appendix

Proof of Proposition 2.3
1. We first prove that if A is an arbitrary set in R such that A+R_ e, C A
and f: R? — R U {oo} satisfies the following conditions:



i) f(z) >0,Vz e A.

(

(i) f(x+y) = f(x) + f(y), Yo,y € RY.

(iii) f(aer) > a, Ya € R.

(iv) |f(2)| < oo implies z — f(2)e; € A, Vz € RY,

then f is uniquely defined. Indeed, suppose there exists two functions fi, fo
satisfying Conditions (i)-(iv). Since A + Rye; € A, z — ke; € A for all
k < fo(2) and we get that

f1<Z> Z f1<Z — /{361) + fl(kel) Z k.
We deduce that fi(z) > fa(2) as k — f2(z) and, by symmetry, we deduce

that f1 = f2. . ~
Let us verify that L, satisfies Conditions (i)-(iv) with G; in place of A. The

conditions (i)-(ii) are easily seen using the definition of L; and the property
L;(0) = 0. Since ft is super-additive, we have it(()) < 0. Moreover, I~Jt(0) >
L,(0) = 0 hence L;(0) = 0. By the super-additivity condition, we also have,
for all « € R,

L,(0) = 0 > Ly(—aey) + Ly(ae) > Ly(—ae;) + Ly(aey) = 0.

This implies that Ly(—ae;) = —Ly(ae;) for all a.. As Ly(aer) > Ly(ae;) = o
for all a, Li(ae;) = —Ly(—ae;) < « and finally L;(ae;) = « i.e. (iii) holds.
The condition (iv) follows from the inequality

L.(z — Ly(z)e1) > Ly(z) + Ly(~Ly(2)e1) = 0, z € R%

Similarly, we get that Ly(z + ae;) > Ly(z) 4+ a for all @ € R hence the
inclusion G} + Re; C G; holds. Let us define

Li(z) =sup{a e R: z—ae, € Gy}

It suffices to show that L, also satisfies the conditions (i)-(iv) above. The
condition (i) is deduced directly from the definition of L,.

Since G, is closed, the condition (iv) is satisfied. Moreover, by definition
of Et, we have zt(x +ae) = zt(x) + . Therefore, as © — k%, y — kVe; € G,
for all k* < L,(z) and k¥ < L,(y), we get that

Lz +y) —k* — kY = Ly(z — k%, +y — kY1) > 0.
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The condition (ii) then follows by making k* and k¥ converged to Et(x) and
Ly(y) respectively. Consequently, L;(0) < 0 which implies that L,(0) = 0 and
then L,(ae;) = a. The condition (iii) is satisfied. Since the two functions L,
and L, satisfies the conditions (i)-(iv), they coincide as shown above.

It is clear that the random set G satisfies Condition G (i)-(iv).

2. Let us first define
Li(z) =sup{a € R: z —ae; € G,}.

We have

~

L,(2) > Li(z — Ly(2)e1) + Ly(Ly(2)e1) > Ly(2).

Therefore, Ly > L,. Moreover, since G, satisfies Conditions G° (i)-(iv), we
deduce that L, satisfies the conditions (i)-(iv) introduced in the beginning of
the proof. But Lt is the smallest function dominating L; and satisfying these
properties and Lt < Lt ( since Gt - Gt) Therefore, Lt = Lt hence G, = Gt

(notice that {L, = 0} C 0G,, see [25], Proposition 2.6.).
O

Proof of Proposition 2.4

(i) We first prove that D L;(0) is super-additive, homogeneous of degree
one and dominates L;. Indeed, since L; is concave and L;(0) = 0, we have
L;(A\x) > ALy(x) for all A € [0,1]. Hence, A — @ is a non decreasing
function. The function D.;L;(0) is then well-defined and dominates Ly(-).
Moreover, for ;1 > 0 we have

L;(A\ux L;(A\uz
oy P =, 0 = .10,

i.e. z — D, L;(0) is homogeneous of degree one. Now, consider y,n > 0 and
A > 0 small enough such that 3 + % < 1. Since L; is concave and L;(0) = 0,
we get that

A A
Li(A(z +y)) > ;Lt(w) + ELt(ny)-
Therefore,

Dizty)+Le(0) = lim o ()\ v) > t(,/j ), t(gy).
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Taking the limits as y,n — 0, we conclude that D..L(0) is super-additive.

Since Lt is the smallest super-additive function dominating L;, we deduce
that L,(-) < D.,L;(0). Reciprocally, notice that by definition of L,

>ZLt ) = nLy( )

As n tends to infinity, we get that Ly(z) > D, Ly(0) for all z € R Therefore
f;t = D..L;(0). By Proposition 2.3, the function Lt satisfies (2.2) with Gt in
place of G;.

(ii) It is clear that R+Gt = Gt - Gt Remprocally, since Gt and Gt are
both closed convex cones, it suffices to check that int Gt - Gt, [29, Theorem
6.3]. Let x € int Gy, it is immediate that L,(z) > 0 ( see [25, Proposition 2.6]).
Moreover, since INJt( ) = limy 04 t( ), there exists A > 0 small enough such
that Ly(Az) > 0, hence Az € G, and finally z € G;. We then conclude that
Gy =G, O
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