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Curved space-times by crystallization
of liquid fiber bundles

Frédéric HELEIN? Dimitri VEYT
August 11, 2016

Abstract — Motivated by the search for a Hamiltonian formulation of Einstein equa-
tions of gravity which depends in a minimal way on choices of coordinates, nor on a choice
of gauge, we develop a multisymplectic formulation on the total space of the principal
bundle of orthonormal frames on the 4-dimensional space-time. This leads quite naturally
to a new theory which takes place on 10-dimensional manifolds. The fields are pairs of
((a,w), ), where (a,w) is a 1-form with coefficients in the Lie algebra of the Poincaré
group and w is an 8-form with coefficients in the dual of this Lie algebra. The dynamical
equations derive from a simple variational principle and imply that the 10-dimensional
manifold looks locally like the total space of a fiber bundle over a 4-dimensional base man-
ifold. Moreover this base manifold inherits a metric and a connection which are solutions
of a system of Einstein—Cartan equations.

1 Introduction

General Relativity postulates among other things that the space-time is homogeneous, in
the sense that the neighbourhoods of all of its points are endowed with the same physical
laws (i.e. an extension of the Galilean inertia principle). However the space-time should
also be isotropic, since the physical laws are independent of the point and of the pseudo-
orthonormal or reference frame in which they are expressed. Hence we should be able to
formulate physics and, in particular, General Relativity, in the total space of the bundle
of pseudo-orthonormal frames on the space-time, thus replacing the local geometric model
of Minkowski space by the Poincaré group.

This description may be physically relevant: as noted by M. Toller [35, 36] most
local measurements in classical fields physics makes sense if a point and a local frame are
specified. Moreover, as F. Lurcat [34] proposed in 1964, this could be a natural framework
to interpret the relationship encoded in the Regge trajectories between the mass and the
spin of hadron particles and resonances.
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A mathematical and geometrical analogue of these considerations appears if we start
from a formulation of gravity which involves the choice of a moving frame, which is hence
subject to a gauge ambiguity which, somehow, spoils the coordinate independence of the
theory. A cure' for that consists, as in [22], in lifting the problem on the total space
of the principal bundle involved, as pictured by C. Ehresmann. We then rely on ideas
and points of view developed by E. Cartan [5, 6], including his theory of the equivalence
problem.

However the total space of the principal bundle of pseudo-orthonormal moving frames
of a space-time satisfies a priori constraints, namely the axioms of the definition of a
principal bundle and of a connection, which impose a rigidity of each fiber. Since this
rigidity assumption does not fit in the spirit of General Relativity (breaking a priori the
symmetry of the total space of the principal bundle), we would like to release a priori
the 10-dimensional total space of the principal bundle and the connection from these
constraints and, instead, to recover them from the dynamical equations. It amounts to
start from a 10-dimensional manifold P (the dimension of the Poincaré group) which can
be considered as a white sheet: we don’t draw on it the fibers of the principal bundle,
nor a fortiori the way to quotient out this manifold to get a 4-dimensional space-time.
Then we look for a variational principle which imposes dynamical equations, from which
one can derive, at least locally, a fibration and the existence of a metric and connection
on a 4-dimensional quotient manifold X which satisfy some Einstein—Cartan system of
equations. (Hence the terms crystallization of liquid fiber bundles in our title, by analogy
with nematic liquid crystals.) Such a goal was addressed and achieved by Toller in [36]
(where additional matter fields are also treated). In this paper we propose an alternative
approach.

In our approach and in Toller’s one the gravitational field is encoded in the data of
a moving frame (eq,---,e3,uy, -, ug) defined on P or, equivalently, its dual coframe
(% -, a® wh -+ w?), which can be interpreted as the expression of a section ¢ of
the bundle p ® TP, where p is the Lie algebra of the Poincaré group and TP is the
tangent bundle to P. In both approaches we end up with a variational principle on
(% -, a® wh -+ w?) or on ¢ which leads to dynamical equations which forces locally P
to be the frame bundle over a 4-dimensional space-time manifold, satisfying an Einstein(—
Cartan) system of equations. But our variational formulation differs radically from Toller’s
one.

Toller’s variational formulation is a non standard one. Indeed the Lagrangian is built
out of a 4-form A\ defined on the first jet bundle J'(P,p @ TP) which is everywhere
pointwise proportional to a 4-form on the base manifold P. The dynamical equations on
a section ¢ of p ® TP over P follow then from the requirement that, for any arbitrary
4-dimensional submanifold S C P with boundary, the quantity fs(jlgo)*)\ 18 stationary
with respect to all first order variations of the field ¢ and to all first order variations
of S which keep its boundary fized (here jly is the first jet of ¢). One may figure the
submanifold S as playing the role of a local section of the bundle P over a 4-dimensional

L An alternative approach would consist in building a suitable reduction of the geometry of connections
on a &-principal bundle as for instance in [2, 3].



space-time X', although the fibration P — X is not defined a priori.

In our approach the Lagrangian is defined by using a 10-form € on a bundle over P (see
below) and the dynamical equations follow by requiring that a section ¢ of this bundle is
a critical point of the action functional fp ©*0 in the usual sense. But in comparison to
Toller’s principle, this raises difficulties in order to achieve a local fibration from such a
principle. We first need to add extra fields which play the role of Lagrange multipliers for
the equivariance constraints which are at the origin of a local fibration and of well-defined
metrics and connections on the local quotient. One then faces the difficulty of finding the
right definition of such Lagrange multipliers fields. A second difficulty is that Lagrange
multipliers fields create in general sources for the gravitational fields, i.e. in the r.h.s. of
the Einstein—Cartan system of equations that we shall find.

We answer to the first difficulty as follows: our theory is not based on some ad hoc
construction, but on a study of the Hamiltonian structure of Einstein equations, starting
from the variational Weyl-Einstein—Cartan formulation (called WEC in this paper and
erroneously known as the Palatini one, see [13]). In this study we systematically privilege
formulations which are as covariant as possible, which means mathematically that we
look for a formulation which depends in a minimal way on choices of coordinates. (This
was already one of the reasons for replacing the space-time by the total space of its frame
bundle.) While several alternative theories exist for describing the Hamiltonian structure,
we favour here the multisymplectic approach, since it simultaneously respects in a natural
way the locality of physical theories. In a few words (see also below) the basic idea of
the multisymplectic formalism, which goes back to V. Volterra, is to consider all first
order derivatives of the fields as analogues of the velocity in Mechanics and to perform
the Legendre transform with respect to all these first order derivatives. Here we use this
theory on the total space of the frame bundle. The result is that this method produces
naturally dual multimomenta fields, among which we find the Lagrange multipliers.

Concerning the second difficulty we observe that, under some compactness hypotheses,
a miracle occurs and the right hand side of the Einstein—Cartan equation on the quotient
4-manifold simply vanishes. This holds e.g. either if we replace the local structure group
SO(1,3) (the Lorentz group) by the rotation group SO(4), or if we assume that the dual
multimomenta fields have decay properties at infinity. An interpretation of these phe-
nomena raises subtle and challenging questions.

Aknowledgements: we thank Friedrich W. Hehl for indicating us the nice paper of F.
Lurcat [34], to the Referee for drawing our attention to the very interesting work of M.
Toller [35, 36] and to Igor Kanatchikov for comments on a first version of this paper.

1.1 Overview of the paper

The origin of the multisymplectic formalism goes back to the discovery by Volterra at
the end of the ninetieth century [38, 39] of generalizations of the Hamilton equations for
variational problems with several variables. These ideas were first developped in particular
by C. Carathéodory [4], T. De Donder [12], H. Weyl [40], T. Lepage [32], and later by



P. Dedecker [10, 11]. In the seventies of the past century, this theory was geometrized
in a way analogous to the construction of symplectic geometry by several mathematical
physicists. In particular, the Polish school formulated important ideas and developed the
multiphase-space formalism in the work of W.M. Tulczyjew [37], J. Kijowski [28], Kijowski
and Tulczyjew [31], Kijowski and W. Szczyrba [29, 30]. Parallel to this development,
the paper by H. Goldschmidt and S. Sternberg [19] gave a formulation of the Hamilton
equations in terms of the Poincaré-Cartan form and the underlying jet bundles geometry;,
and a related approach was also developed by the Spanish school in P.L. Garcia [17],
Garcia and A. Pérez-Rendén [18]. This theory has many recent developments which we
cannot report here (see e.g. [7, 8, 14, 15, 20, 21, 25, 26, 27, 33]). Today the Hamilton—
Volterra equations are often called the De Donder—Weyl equations for reference to [12, 40],
which is inaccurate [24]. In this paper we name them the HVDW equations for Hamilton—
Volterra-De Donder-Weyl.

A multisymplectic manifold is a smooth manifold N endowed with a multisymplectic
(m + 1)-form w, i.e. w is closed and one often assumes that it is non degenerate, i.e.
that the only vector field £ on the manifold such that ¢ 1w = 0 is zero. Here m refers
to the number of independent variables of the associated variational problem. An extra
ingredient is a Hamiltonian function H : ' — R. One can then describe the solutions
of the HVDW equations by oriented m-dimensional submanifolds I" of A/ which satisfy
the condition that, at any point M € N, there exists a basis (X, -+, X,,) of T\yI' such
that X3 A--- A X,,, Jw = (—1)"dH. Equivalently one can replace w by its restriction to
the level set H~1(0) and describe the solutions as the submanifolds " of H~*(0) such that
X1 A+ AN Xy, Jw =0 everywhere (plus some independence conditions, see e.g. [24]).

Before applying the multisymplectic formalism and in order to describe the theory in
a way which does not depend on any choice of gauge, in Paragraph 2.2 we first translate
and lift the 4-dimensional WEC (Weyl-Einstein—Cartan) variational principle to the total
space P of the principal bundle. Note that this kind of approach shares some similarities
with the use of Cartan geometries as e.g. in [41]. Denoting by p the Lie algebra of the
Poincaré group, the connection and the vierbein are both represented by a p-valued 1-form
n on P which satisfies normalization (2), (1) and equivariance (3), (5) hypotheses. We note
that the equivariance condition has the drawback of being a non holonomic constraint,
i.e. on the first order derivatives of the field. Another preliminary step is, in Paragraph
2.3, to forget the normalization condition and to express the equivariance condition in a
way which is independent on it, but relies on Cartan’s theory of the equivalence problem.
The subsequent computations will confirm that the normalization condition, as its name
suggests it, is not essential and can be recovered by a suitable choice of coordinates.
Similar considerations were done in [36], although in a slightly different setting.

Then, in Section 3, we apply the multisymplectic machinery for m = 10 and compute
the Legendre transform by treating connections as equivariant p-valued 1-forms on P.
We find that the natural multisymplectic manifold can be built from the vector bundles
pRT*P and p* @ A¥T*P over P, where p* its dual vector space of p. These vector bundles
are endowed with a canonical p-valued 1-form n = (1, - -+, n?) and a canonical p*-valued 8-
form ¢ = (1)g, - - - , 1g) respectively. Then the multisymplectic manifold is the submanifold



M of the total space of the vector bundle (p ® T*P) ®p (p* @ AST*P), defined by the
equations n* AnP Ay = %n° A+ A0 Va, b, Ast. 0<a,b<3and 0 < A <9, where
the coefficients k% are some fixed structure constants. The manifold M is equipped with
the 10-form 6 = ¢ A (dn+mn A n), where the duality pairing between p* and p is implicitly
assumed. The solutions of the Hamilton equations are sections ¢ of M over P which are
critical points of the action Alp] = [, ¢*0. At this stage we will decide to remove the
unnatural equivariance constraints (on ¢*n) and we derive the corresponding generalized
Hamilton equations in Section 4. We note that the resulting theory is manifestly a gauge
theory with gauge group the Poincaré group, whose importance for gravity theories is
stressed in [1].

Then several interesting phenomena occur. The first one is that the dynamical equa-
tions force the manifold P to be locally fibered over a 4-dimensional manifold, with
6-dimensional fibers. This is the content of Lemma 5.1 in Paragraph 5.1 (which follows
from similar mechanisms as in [23], see Lemma 2.1): a metric and a connection emerge
spontaneously from the solution on the 4-dimensional quotient space. Moreover we can
recover the normalization conditions by a suitable choice of coordinates adapted to this
local fibration and, as in [22] for the Yang—Mills fields, the dynamical equations force the
fields to satisfy the equivariance conditions along these fibers. The second phenomenon
appears after a long computation in Paragraph 5.2, done in order to write the equa-
tions in coordinates adapted to these fibration. The metric and the connection on the
4-dimensional quotient space satisfy an Einstein—Cartan system of equations (87)

Eba = %p] -pabj / , ) (1>
T = — (haed®0¢ + 365(8%hee — 0%hae)) pj - perc®d

where E’, is the Einstein tensor, T%, is the torsion tensor, (pj)a<j<o is a left invariant
moving frame on the 6-dimensional fiber and p; - f is the derivative of f with respect
to p;. The right hand sides of (1) are covariant divergences involving derivatives with
respect to coordinates on the fibers of the tensors p,* and p.°¥, which are components
of p*1. They play here the role of a stress-energy tensor and an angular momentum
tensor, respectively. The tensors p,” and p.°“ satisfy also non homogeneous Maxwell
type equations (88) which involve space-time partial derivatives and are defined up to
some gauge transformations (see Section 7).

At this point come some difficulties but also some challenging questions, discussed in
Section 6. A natural question is to know in which circumstance the r.h.s. of (1) vanish,
in order to recover the standard vacuum Einstein equations of gravity. This is actually
the case if we replace the Lorentz group by SO(4) (or its universal cover Spin(4)): then,
as shown in Theorem 6.1, under reasonable hypotheses, one can show that the r.h.s. of
(1) vanish and hence we recover exactly all the orthonormal frame bundles of Einstein
manifolds. The main reason here is that SO(4) or Spin(4) are compact, as in [22] for
Yang—Mills. This is also the case if the structure group is SO(1,3) or Spin(1,3) and if
we have some control on the dual fields p,% and p,’¥ at infinity. However, without such
an hypothesis, since SO(1,3) is not compact we cannot conclude that the r.h.s. of (1)
vanish in general. Thus we are led to consider a larger class of solutions than the classical



Einstein metrics in vacuum. One needs for that purpose to understand Equations (88) and
to know whether one could assume physically relevant hypotheses on p,* and p,*“ which
would imply that the r.h.s. of (1) vanish or, at least, satisfy some equations (besides the
usual conservation law satisfied by the stress-energy tensor and the angular momentum
tensor). It would be also interesting to see whether the r.h.s. of (1) could be interpreted as
a dark matter and/or a dark energy source. In a broader framework, it would interesting
to study similar models coupled with matter fields and to understand the possible role of
the extra fields ¢*1 (or their generalizations) in the interaction between gravity and the
other fields.

1.2

Summary of notations

M is a 4-dimensional real affine space and M is the associate vector space endowed
with a non degenerate symmetric bilinear form h (either the Minkowski metric or

—

the standard Euclidean one); (Ey, E1, Ea, F3) is an orthonormal basis of (M, h).

@ is the group of linear isometries of (M, h) or its universal cover (either SO(1,3)
or SL(2,C) if h is the Minkowski metric or SO(4) or Spin(4) if h is the Euclidean
metric); g is the Lie algebra of &.

(uy, us, ug, ur, ug, ug) is a basis of g and cfj (4 <i,j5,k--- < 9) are the structure
coefficients of g in this basis, so that [u;, u;] = c}us.

If R : & — GL(M) is the standard linear representation, then Vg € &, (9%)o<ab<3
are the coefficients of the matrix of R(g) in the basis (Ey, E1, Es, E3),i.e. R(g)(Ep) =
Eagab-

—

Similarly, if R : g — gl(M) is the standard linear representation, V& € g, (£%)o<ap<3
are the coefficients of the matrix of R(€) in the basis (Ey, £y, Es, E3). We then have
€9b 4 gba — (), where €% = £9,h"°, for 0 < a,b,¢,d,--- < 3.

In particular, for 4 <i <9, (u})o<ap<3 are the coefficients of the matrix of R(u;);
we set uf® = ufb,hb,b (see Paragraph 8.1). Then, for 0 < a,b < 3 and 0 < A <9,
/ﬁ‘}_,b is defined by: ngb =0for 0 <e¢<3and /@?b = 2u§‘b for 4 <i<9.

T is the Abelian Lie group of translations on the Minkowski space, and t is its trivial
Lie algebra, with basis (to, t1, s, t3).

P = & x T is the group of affine isometries of M (or its universal cover), with Lie
algebra p = g @ t. We denote by (I4)o<a<o = (fo, -, t3,us- -, ug), a basis of p. If
M is the Minkowski space, R is the Poincaré Lie group.

g*, t* and p* are the dual vector spaces of respectively g, t and p.



o If (¢, ¢!, €% ¢€?) is a coframe on a 4-dimensional manifold X (i.e. a collection of four

1-forms €%, e!, €2, €? defined on an open subset of X which is everywhere of rank 4)
and if we denote by (660, agu £2, 863) the dual frame, we set e® := €0 A el Ae? A e
and p 9 5
B . Y (4) @ ._ Y (4) . “ ®3)
Ca =g J€, ey = o deg Cate = Foz - Cab
(note that eg}))c = €apeac?).
o if (e -+, e* 7% -, 7") is acoframe on a 10-dimensional manifold P and if (25, - - -, 525,
is its dual frame, we set:
6(4) = 60/\ “‘/\63, 7(6) = 74/\.../\79
3 5
- 8& Je®, fyz-( - 821- 1~©
(2 ._ ) (3) 4 d (5)
IS 368 deq’, Vij = 7 1y
O - ) (2) B . d (4)
€abe ‘=  dec JCabr ik = gyF 2 Vi
e Similarly, if (a°,---, a?, w4 -+, w?) is another coframe on P, if o := a® A o' A
a?Aad, w = wt A Aw? and if (a O s 829) is its dual frame we
use the same conventions 0483) =2 1o, a(2) =2 A5 JaW =2 o),
etc., wz@ =2 1w, w(4) =LA S Jw® = 2 wl@, etc.

2 The starting point of the approach

Our first task consists in recasting the usual Weyl-Einstein—Cartan formulation of gravity
on the total space of the principal bundle of lorentzian frames on space-time in an invariant
way.

2.1 The Weyl-Einstein—Cartan action

Consider a 4-dimensional manifold X', the space-time. Dynamical fields in the Weyl—-
Einstein—Cartan formulation can be defined locally as being pairs (e, A), where e =
(e el, €% €3) is a moving coframe on X (defining the metric hype® @ e’ on the tangent bun-
dle TX) and A is a g-valued connection 1-form on X. The WEC (Weyl-Einstein—Cartan)

action then reads

1 1
Apwele, Al = / §eabcde“ Aed A (dA+ANA); = / §eabcdea Aeb A Fel
X X

where F :=dA+ AN A and F := F¢,h®™ . Alternatively, by Lemma 8.3,

Apwele, A] = / () 7 pob _ / e A
X X



It is possible to understand pairs (e, A) in a more global and geometric way by assuming
that a rank 4 vector bundle VX has been chosen over X, equipped with a pseudo-metric
h. Then A represents a connection of VX which respects the pseudo-metric A and e
represents a solder form, i.e. a rank 4 section of the vector bundle over X whose fiber
over x € X is the set of linear maps from TxX to VxX. By choosing a family of four
local sections of VX that forms an orthonormal basis of VX, we may decompose locally
e and A in terms of real valued 1-forms e* and A°; and recover the previous description.
Note that this description still has the drawback that it rests on the a prior: choice of a
vector bundle VX over X. This drawback will be removed in the model proposed in the
following.

2.2 Lifting to the principal bundle

It is well-known that the previous action is invariant by gauge transformations of the form

1

(e,A) — (g 'e,g7'dg + g " Ag),

or, in indices,
e — (g—l)aalea’7 Aab N (g—l)aa/dga’b + (g—l)aalAa’blgb’b

where g : X — 6. One way to picture geometrically this ambiguity is to lift the
variational problem on the total space P of the principal bundle of orthonormal frames
on VX (with the right action of & denoted by P x & > (z,9) — z-¢g € P). This
amounts roughly speaking to consider all possible gauge transformations of a given field
(e, A) simultaneously. We then represent each pair (e, A) by a pair of 1-forms («,w) on
P with values in the Poincaré Lie algebra p, i.e. « takes values t and w takes values in g.

The price to pay however is that we need to assume that the p-valued 1-form (o, w) sat-
isfies normalization and equivariance constraints. To write them, use the basis (uy, - - -, ug)
of g and, for any + = 4,---,9, let p; be the tangent vector field on P induced by the right
action of u; on P. Indeed we assume that the lift w of A satisfies the following normal-
ization and equivariance properties respectively (see [22])

pi Jw =y, (2)

L,w+ [u;,w] =0, (3)

where L, denotes the Lie derivative with respect to a vector field p. Similarly o satisfies
respectively the normalization and equivariance properties

piJO[:(L (4>

Lo+ v =0. (5)

The relationship with the previous description is as follows: for any p-valued 1-form
(cr,w) on P which satisfies (2), (3), (1) and (5) and for any local section o : X — P, we
obtain a pair (e, A) on X simply by setting e = 0"« and A = o*w.

8



Conversely, given a pair (e, A) on X and a local section o : X — P, this provides us
with a local trivialization

T: P — Xx6®
z — (x9)

where (x, g) is s.t. z = 0(x)-g. We can then associate to (e, A) a p-valued 1-form (o, w) on
P which satisfies (2), (3), (4) and (5) given by a = T*(g 'e) and w = T*(g ' Ag + g 'dg)
(see [22]).

Lastly let us define vy := T*(¢g~'dg) and denote by v*,---,~? the components of 7 in

the basis (ug, -+, ug), i.e. s.t. v = u;y*. We can lift the action Agy ¢ to a functional on
the space of p-valued 1-forms (o, w) by setting:
1T 1 d a b c 1 6
Apwela,w] = SCabc’ AN’ A(dw+wAw)qg Ay A AP,
P

A(lt)ernatively, by setting aﬁ) = %eabcdac Aol Q= dw+ wAw, Q% = Q4h?* and
6) . 4 9 .
AP =t A AT, we can write

A\EWC’ o, w] = /

ol 1070 = [ a0l A4, ©)
P

P

Then critical points of Agw ¢ correspond to critical points of A\EWC under the constraints
(2), (3), (4) and (5).

2.3 Forgetting the fibration

A key step for our purpose is to translate the previous conditions on (a,w) in a situation
where the fibration P — X’ is not given a priori. For that we claim that the normalization
conditions (2) and (4) are not essential (this will be confirmed by the following). We hence
translate the equivariance conditions (3) and (5) without reference to the normalization
conditions.

We first observe that, if (2) holds, then L,w = p; Jdw + d(p; Jw) = p; Jdw +
du; = p; Jdw and p; Jw A w = [w(p;),w] = [u;,w]; hence the Lh.s. of (3) is equal to
L,w+ [uj,w| = p; Jdw+ p; Jw Aw. Thus, assuming (2), (3) is equivalent to

pi J(dw+wAw)=0, Vi=1,---,6. (7)

Similarly, if (2) and (4) hold, L, a = p; Jda + d(p; 2 a) = p; Jda+ d0 = p; Jda and
pi Jw A= u;,a]. Hence, if we assume (2) and (4), (5) is equivalent to

pi J(da+wAa)=0, Vi=1,---,6. (8)

Now both equations (7) and (8) are linear in p; and so are also valid if we replace p; by
any tangent vector field p on P which is a linear combination of pg4,-- -, pg. Such vector
fields are tangent to the fibers of P — X or, equivalentely, are characterized by the
property p Ja® =0, Ya = 0,---,3. Hence (7) and (8) are equivalent to the implication

9



pla=0=[pJ (dw+wAw) =p J(de+wAa)=0]. This is also equivalent to claim
that there exists functions Q%,_, and Q*_, on P s.t.

1 1
(do+wA o) = éQ“Cdac Aa? and  (dw+wAw)”, = iQ“bcdaC Al (9)

Note that, if we set Q*°_, := Q“b,cdhb/b, we have Q*_,+Q" _, = 0 and that we may assume

w.lg. that Q*, , + Q%4 = @y + Q%4 = 0.
Now let us return to the action. A key observation is that, since w = v+ T*(g ' Ag)
and since T*(g 'Ag) is a linear combination of o', a!, a? and o?, we have

dDAVAN A =D AW A AW, Ve d, (10)

where the w’ are the coefficients of the decomposition of w in the basis (w4, - -, ug).
But if we assume that (9) is satisfied we have Q% = %Q“bcda"’/\ad and hence osz) AQ =
Q® ,a® (see Lemma 8.2). Hence, by using (6) and (10), it follows that, if (a,w) satisfies

(9);

Apwolo,w] = / 04((;) AQPAWEA - AW = / u?baﬁ) A A WO, (11)
P P
where w(® = w* A--- Aw?. Thus we are led to study critical points of the action defined

in (11) under the constraints (9). As in [22] such constraints are non-holonomic and thus
a source of difficulties. We will follow a similar approach to the one in [22] and per-
form a Legendre transform of the former variational problem within the multisymplectic
framework.

3 Towards a multisymplectic formulation

3.1 The canonical 1-form on p ® T*P

In order to facilitate the computation, we introduce the vector bundle p @ T*P over P,
whose fiber at point z € P is the tensor product p®75P and can be canonically identified
with the space of linear maps from 77 P to the Poincaré Lie algebra p. A point in p @ T*P
will be denoted by (z,y), where z € P and y € p ® T;P. This bundle is equipped with
the canonical p-valued 1-form 7 (a section of p ® T*(p ® T*P)) defined by

V(z,y) €EpR TP, Vv € Tizy)(p @ T*P), nzy)(v) = y(dmzy (v)),

where m = mpgrep 1 pRT*P — P is the canonical projection map. This p-valued 1-form
can be decomposed as n = [4n?, where each n? is a 1-form on P.
We introduce the following coordinates on p @ T*P:

o (2! )Ji<r<10 are local coordinates on P; thus they provide us with locally defined

functions 2! o7 on p ® T*P. In the following we write abusively 2/ ~ 2/ o 7.
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e for any z € P, we can define the coordinates (n7')o<a<o.1<r<10 On the space p @ T3P
in the basis (I4 ® dz')o<a<o1<1<10-

Hence p @ T*P is endowed with local coordinates (2!, 77'). In these coordinates n reads
n=Lanjdz".

We may split n = 77 + 7} accordmg to the decomposition p = g & t. Note that 77 =nl, =
N*q, where 0 < a < 3, and77—77[ = n'u;, where 4 < i < 9. We also set 77 b —ulbﬁ’
Any pair (o, w) as considered in the previous section is a section of p @ T*P over P. In
the following we identify such a pair with a map ¢ from P to the total space of p @ T*P
(a manifold of dimension 110) such that 7 o p(z) =z, Vz € P, by letting

(o,w) =™ or a:<p*717 andwzw*ﬁ. (12)

As for 717 and 7% we denote by (w')1<;<¢ the components of the decomposition w = w;w" and
we set w?, = ufw’; similarly we write (a*)o<,<3 the components of a.
We now recast the action Agy ¢ as follows. We define the following 10-form on p&7T*P
(i.e. a section of AT*(p @ T*P)):
(0}

L=u®n 4@ Adn+1A0)AD©), (13)
where 1 42 = €anean® A and ne© .— n* A --- An°. Note that the definition of £
does not require a fibration on P over some manifold X": it is canonically defined on any
manifold of the form p @ T*P, where P is any 10-dimensional manifold. We can now give
another expression for the action (11):

A\EWC[OGW] :/90*5, (14)
P

where ¢ is such that (12) holds.
The constraints (9) then translate as the following conditions on :

1
IQ°., € C™(P), (da+wAa)" = éQ“Cdac Aad. (15)
1
3Q%,., €C(P), (dw+wAw)", = §Q“bcdac Ao (16)
Conditions (15) and (16) are equivalent to
* 1 1 */ ¢
Q"L €C*(P), ¢ (dn+ g Am)t = 5Q% e (0" An) (17)

(compare with (18) below).

3.2 The Poincaré—Cartan form 60r,;

Among the many possible multisymplectic manifolds, we need to choose a convenient one
as a framework for the Legendre transform of our problem, i.e. a suitable submanifold
of the manifold” A'°T*(p @ T*P). Inspired by [22] we choose the total space of the fiber

The (110 + 7332 )-dimensional universal Lepage-Dedecker manifold A1°T*(p ® T*P) is far too big.
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bundle over P
Mo =R &p (p" @ A°T*P) @p (p @ T*P).

We introduce the following coordinates on Mpy:

e we extend in a natural way the coordinates (2!, 1) on p ® T*P to functions on

MTot-
e we let (I1)g<a<g be the basis of p* which is dual to (I4)g<a<o; for any z € P, let
dz(9 = dz! A+ Ad2 and d2\) = -2 152 1dz"Y. We define the coordinates
17— — ¢} on the space p* @ ASTP in the basis (14 ® d2\%))o< a<o1<1<s<10. Then
p* ® ABT*P is endowed with local coordinates (27, ¢17).

e cndow the real line R with the coordinate h.

Then a complete system of coordinates on My, is (27, b, nt, ¥17).
On p* ® AST*P is also defined a canonical p*-valued 8-form 1) defined by: V(z,Mm) €
p* ® ABT*'P,

vwh cee,Ws € T(Z,M) (p*®A8T*P>7 77D(Z,1\/[) (w17 e 7w8) = M(dﬂ-(Z,M) (w1)7 e 7d7T(Z,M) (w8))7
where m = Tyegpsrep 1 P @ APT*P — P is the canonical projection map. This p*-valued
8-form decomposes as 1) = 1414, In local coordinates (2, 9%’) v reads

1

= ez,
We now define define the Poincaré—Cartan 10-form on My,
1
Oror = hn" + Ya A (dn + 50 An))?,

where 719 := n* A .- A !0 Alternatively,

Oror = T by A (AN +0AD) + b A (dT+T AT

3.3 The first jet bundle on p ® T*P

We now need to introduce the first jet bundle of the bundle p ® T*P over P, which plays
a role analogue to the tangent bundle in Mechanics. Recall that a section ¢ of the fiber
bundle p @ TP can be seen as a map ¢ : P — p@T™*P such that mpgr«pop = Idp. Such
a section is completely characterized by the functions n; op. The jet space JY(P, pRT*P)
is the manifold of triplets (z,y,y), where (z,y) € p®T*P and y is the equivalence class of
local sections ¢ of p®T™*P over a neighborhood of z such that p(z) =y, for the equivalence
relation: @1 ~ ¢, iff d(n7' 0 1)z = d(n}' 0 p2)z, VI, A. We then write [¢]zy the class of .
Local coordinates on J'(P,p ® T*P) are (2!, ni',ni;), where

L Onfop .
s = VLD o) where §= [glay.
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or alternatively
N ()dz” = d(nf' 0 9)z = (¢"dn)z.

=g t=dJ =

and (AABC)OSAB,CSQ on JY(P,p ® T*P), defined respectively by
. 1 . .
Sta¥) = 5 (m5,9) + s (9))
(note that S%; = S;) and, for Apc, by the conditions A%pe + Adcp = 0 and:

1 o . 1
§AABC(Y)SO (P ARz = <d77A +3 nA n]A) :
Z

We remark that
: : 1 :
a9) = $50) ~ 1A%l !
Hence a system of coordinates on p @ T*P is:

(Zl)lglgl()a (n?)0§A<9-1<I<107 (S?J>O<A<9'1<I<J<10 and (AABC)O§A§9;0§B<C’§9‘

>yl x4 > SAxdhyl L xd >

In fact, all relevant quantities (the constraints, the Lagrangian density and the Poincaré—
Cartan form) depend only on 2!, 7t and A4 o (and not on the S7,’s). Indeed for instance
the pull-back of dn + %[n An| by any section ¢ has the a priori decomposition (for com-
parison the analogous decomposition in Toller [36] reads p*dn® + L Ffo¢*(n® An®) =0,
where the coefficients Fjj. play the role of generalized structure constants).

1 1 1 |
o (dn+ S A" = SAT ot Aat+ A% ot AWt 4 DA% W AW,

so that (17) amounts to impose that

QY e C®(P), A, =Q",(z) and A" =AY, =0, VAc.djk (18)

3.4 The Legendre transform

Let (z,y,y) € J'(P,p ® T*P) and let ¢ be a section such that [p]zy = y. In order to
compute the Legendre transform at (z,y,y, h, p) we need to evaluate p*(6r, — L) and to
determine the value of the quantity W(z,y,y, h,p) which is defined by ¢* (07, — L) =
W(z,y,y, h,p)e*(a™® A w®) (see [26] for details).
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3.4.1 Computation of ¢*Or,

We decompose®

1

ba = o Cd)/\w ~gata® Aw® 1 2 Flaa® A w) (19)
1 . . 4

b= gt 0@ A w® — 4% a® A w® 4 W’“ AWl (20)

Moreover the pull-back of 67, by a section ¢ : P — p @ T*P reads

@ 070 = (h o ©)e ") + (™Y) A (da+w A ) + (") A (dw +w Aw)'.

Hence, in view of the constraints (15) and (16) and of Lemma 8.2, this gives us

* 1 c a 1 Ci i *
#"0ror = |(ho @) + 5 (e Y0 0)Q%a + 5 (i 10 0)Q | @1,

for some functions Q%.; and (‘.4 which depends on .

3.4.2 Computation of p*L
Using Formula (13) for £ and the constraints (15) and (16) we find that

YL = (u agb A chda A« ) Aw® = = uQ' o 10,
Hence
¢ (b1 — L) = {(h o) + %(wacd 0 )Q%a+ (%w@-cd o - u§d> de] o,
Note that this form takes into account the constraints imposed on vy.

3.4.3 Conclusion: the Legendre transform

From the following we deduce that
. 1 c a 1 c c %
W(Z7 Y, Y, h7p> - (h © SO) + §(¢a ¢ © SD)A cd T <§77Z)z ¢ oY — uz‘d) A cd- (21>

The Legendre correspondence holds on the points with coordinates (h,z,y,y,) which
are critical points of W with respect to infinitesimal variations of y which respect the
constraints, i.e., such that

ow ow
_— = d — =0.
BAL 0 an 85}“] 0

3Beware that sign conventions below are different from [22].
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The second relation is trivially satisfied and the first one is equivalent to:
Vo =0 and ;" o= 2u (22)

The value of the Hamiltonian function is then the restriction of W at the points where
(22) holds, i.e. simply:

H(z,y, h,p) = h. (23)
Our final multisymplectic manifold will be the submanifold M of M, which is the inter-
section of the image of the Legendre correspondence —precisely defined by the constraints
(22)— with the hypersurface h = 0. By denoting 6 the restriction of 67, to M:

i@ 0B 1 i@ o) Lo
0 = ~$aNe AT g A | A (d 1A

1(2)  0(6) kL 3)  o(d) 1 1(4) 0(4)) 0

(24)
+ <ufdncd AN =N, AN+ §¢ijk77 Ay, | A (dn+ 73 A ?7)1

Note that taking into account that n and v are respectively p- and p*-valued, our Poincaré—-
Cartan form has the simple structure:

0:= 4 Adn+ 5l A, (25)

where the duality pairing between coefficients of 1 and 7 is implicitely assumed.

4 The Hamilton equations

Let k% be defined for A = a and A =i by:

k=0 and k5= 2u.

We can summarize the previous computation as follows: we work in the manifold M
which can be identified with the submanifold of (p* ® AST*P) &p (p @ T*P) defined by
the equations

P = Kk (26)
or equivalentely by
e AT A s = k510, YA, ¢, d, (27)

The manifold M will be our multisymplectic phase space: it is endowed with the pre-
multisymplectic 11-form df. Solutions of the Hamilton equations can be described as being
10-dimensional oriented submanifolds I' of M which satisfy the independence condition

e # 0 (28)
and the Hamilton-Volterra-De Donder-Weyl (HVDW) equations
YMm e ', V€ € Ty M, (f _ d9>|TMF =0. (29)
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4.1 The solutions as critical points of an action functional

In order to determine Equation (29) we will use the fact that it is also the Euler-Lagrange
equations satisfied by the critical points of the functional A[l'] := fr 0. For that purpose
we will compute the first variation of this action in (p* @ AST*P) ®p (p @ T*P) and
write under which condition on a submanifold I' this first variation of A vanishes for all
variations of I which respect (27).

First because of the independence condition (28) we can always assume that, lo-
cally, I is a graph over P or, in other words, the image of a section ¢ of the bundle
(p* @ AT*P) @p (p @ T*P) over P. Thus we can write A[l'] = [}, ¢*# and we can coor-
dinatize an infinitesimal variation of I' by maps on P én and 0 with compact supports.
The first variation of A can then be written:

SAr(0m, 6¢) = /P Stha A ©* (dnA + %[n A n]A) + (0" a) A (d(n™) + [on A ™) ?) .

We note that
(" a) Ad(on™) = d(On™ A ™ a) + o0 A dipa

and
(" ha) Ao A ™ )t = (9*a) A cpedn® Ag*n© = —on" A g (ad) A )5,

where (ady A1) = ctipn® Atba (see (94)). Thus, assuming that (7, 1) has a compact
support,

8 Ap(on, 01p) = /7)51/% A @* (dnA + %[n A U}A> + ot A (dy —adi A)a. (30)

Solutions to the HVDW equations are the submanifolds I" which satisfy the constraints
(27) and which are such that d.Ar(dn, 61)) vanishes for any infinitesimal variations (7, 1) =
(0av, 0w, 01p) which respect this constraint, i.e. which satisfy

Sa Aot A by 4+ af NSt A p*hs +al Aot A Sy = kP A @*ng). (31)

In other words the solutions are characterized by the fact that Condition (31) implies the
following

5ha A" (dnA + %[n A n]A> + o At (d — adl Ap) 4 = 0. (32)

4.2 Parametrization of infinitesimal variations satisfying (31)
In the following we still note (v, w) := ¢*n and we set @ := p*1). Let us pose
ot = Mot + A\,

1 1.
0ha = §XACda((jl) Aw® —x4%ald) A w,(;’) + EXAJkaM) A wj(é)

16



CD

where A4, x 4¢P are smooth function with compact support on P, and

1
WA =P s = %lscjaf} AW — (4% 0 p)al® A w( )42 (1/1Ajk o p)a® A w(4) (33)
33
1
= §”CAd04£d) Aw® —,%a® A cu,(c )+ §w,4]koz(4) A w](k)
Thus we may write (31) as:
Aok = Nwa™) + AGRE + Awa™) + xa® = (A + M)
Hence we can express x4°¢ in terms of the other quantities:
= N0V ke — 0RY L — 02RY) + A (55 4% — e 4F) 4+ Al
Thus (31) means that we can express 61 in terms of A%, x4* and y 7%
a = 3 [)\b/ (52’&?{10[2 — Y%y, ) ﬁﬂ’@i?)
+A8 (w dkaéd) wA° a )+)\Z/<;Cdoz( )} A w®
ot ()AWUJr Ly ata@ A o
= [N (3 mtal) — Wit} + Nwatall) + Iikgial] Aw®
—xa%al ) A w,i )¢ xata® A wj(.i).
4.3 The Euler—Lagrange equations
On the one hand, setting ) := ¢* (dn + = [77 A n]), we can decompose
1 1 .
04 = §QAcdac Aot + Q4 pat AWk + §QA]-W3 AWk, (34)

so that, taking into account (31), the first term on the Lh.s. of (32) reads:

52/}14 A QA — |:)\b/ < 6(,/ chA g — HAdQAbd> + )\kwAdeAbd + 2)\; cd Acd
FxaQ e + XAijAjk} o).

On the other hand, setting V”w = * (dw—ad*/\w) for short, and using the decomposition

(V12)4 = (V)% A w® + (V1m)a® A w , the second term in the Lh.s. of (32)
taking into account (31) reads

ot A (V)4 = (MG (V'@)G + X (V) ) .
In conclusion [(31) = (32)] is equivalent to the condition that

Ay ( 0 KA Q" ca — KHQMpa + (V"w)b) + )\b (wAdeAbd + (V"w)f)
—l—)\J,(V"w)I]’-, + A ( (5’“/—@‘3‘1 Acd + (V”w)?)
+XARQA + xAF Q4 =0
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be satisfied for all A2, A2 X, ALy 4% and x 47*
Hence the HVDW equations or, equivalentely, the Euler-Lagrange equations of the
action [, 0, are

(Vo)) = &3'Q%a - 5’%“1 Ao (35)

(V”w)lg - —wAdeAbd (36)

(V'=)? = 0 (37)
1

(V"w)? = —55;%%@’4&1 (38)

Q% = 0 (39)

Q% = 0 (40)

5 Study of the solutions of the HVDW equations

The first four equations (35) to (38) can be translated into the following relations on
(V)4 = (V1)%al) Aw® + (V1)o@ A w ) for A = a or j:

(Vnw)a = ( ?46 Aac - 852)0% VAN CL)(6) - wchQA CY(4) A (.U(»E)) (41>
(V'w); = - Sa® A w(S)
where .
S = 5%% Acd.

Alternatively we can also introduce coefficients uj* (see, in the Appendix, (89), (90) and
(91)) and replace (V"w); by:

(V@) = (V') ull.
(then (V'w); = 5(V"w), u$,). Then equations (41) are equivalent to

5) (42)

(V1) = (K5Q% — S Aw® — @,9Q4 .0 Aw!
(Vw),t = - Su?’al )/\wj( :

On the other hand, by using (34), we see that Equations (39) and (40) are equivalent to:

* 1 1 (&
o' (dn + 5l At = 5Q%aat Ao, (43)
or equivalentely
1
(dao+wAha) = QQ“CdaC At (44)
. 1 .
(dw+wAw)" = iQ’Cdac Aol (45)

In the following we first exploit Equations (44) and (45). Then we analyze the content of
Equation (42).
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5.1 The spontaneous fibration lemma

Lemma 5.1 Let n = (a,w) be a 1-form defined on 10-dimensional manifold P with
coefficients in p. Assume that the rank of n is maximal, equal to 10 everywhere and that
there exist functions Q%,. on P such that (//) and (/5) are satisfied.

Then, for any point m of P, there exists a neighborhood Pm of m on which there exist
local coordinate functions (z,g) = (a°, ', 22, 2%, ) with values in R* x &, such that

a® = (g%, where e = eZ/(x)d:c“ (46)

and

wy = (g’l)g,AZ,/ggl + (gfl)g/dgf,‘l, where A,‘f,/ = g,lu(x)dx“. (47)
As a consequence the set Xm of submanifolds of Pm of equation x = constant has a
structure of 4-dimensional manifold and the quotient map ™ := Pm — Xm s a local

fibration. Moreover o and w are the lifts on the total space of his local fibre bundle of
respectively a solder form and a connection form of a pseudo-Riemannian structure on

Xm.

Note that similar results were obtained in [36] in a different setting.
Proof — Step 1 — Consider the Pfaffian system

a’lg=0, Va=0,1,2,3, (48)

where the unknown f is a 6-dimensional submanifold of P. Because of (44) we have:
a a 1 a c b
da® = —wb+§cha Ao,

which means that the Pfaffian system (48) is integrable and satisfies the hypotheses of
Frobenius’ theorem. By applying this theorem we deduce that through any point m € P
there exists a unique 6-dimensional submanifold f which is a solution of the system (48).
This defines a fibration 7mm : Pm — Xm of a neighborhood Pm of m in P with values
in a neighborhood Xm of the space of leaves which are solutions of (48). We choose local
coordinates z° - - -, 2% on Xm. Abusing notation we will set 2# ~ a* o mm. We also choose
6 extra local coordinate functions y',---4® on a neighborhood of m (which we still call
Pm) such that the submanifolds of equation y* = constant, Vi = 1,---,6 are transverse
to the leaves f. Hence we can assume without loss of generality that the 10 functions
20, - a3yt - - 9% form a system of local coordinates on Pm.

Step 2 — Let us denote by ¥ the submanifold of equation y' = -+ = % = 0. We deduce

from (34) and (45) that
dw®y + wle A, = %Q“bcdac Aot (49)
and hence, in particular, by restriction to a leaf f:
(dw“b + W A m’b> e = 0. (50)
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This means that the Pfaffian system in f x &

(dg — gw)lg=0 (51)

is integrable and, in particular, there exists a unique solution which is equal to 1g at the
intersection point of f and . We hence obtain a map ¢ : Pm — & which is equal to
lg on ¥ and which satisfies (51). Since the family (w®|f), caches form a coframe on f,
we deduce from (51) that the components v, - -+, ~%|¢ in a basis g of the restriction of
:= g~ 'dg to f form also a coframe on f.

Step 3 —Relation (51) also means that w — g~'dg is a linear combination of the forms
a®, -+ o or equivalentely of the forms da®,---,dxz®. Thus there exist real valued func-
tions Aj, of z and g, for 0 <y < 3, or, equivalentely, functions A, with values in g such
that

w=g 'dg+g Az, g)gdx".

But then dw 4+ w Aw =g ' (dA+ AN A)g and w satisfies (19) iff A, does not depend on

g, i.e.
w =g 'dg+g ' Au(x)gdat (52)

r (47). Similarly if we set o := g 'e,(x, g)dat, we get da +w A a = g '(de + A Ne).
Hence the relation )
da® + w" Ao’ = iQ“bcab A af

implies that e, does not depend on g, thus (46) follows. (]

5.2 Change of unknown functions

To summarize the result of the previous section we can build local coordinate (x, g), where
r € R* and g € & and we can write

a® = (g7 Hwe” and wh = (g7 )udgy + (978 A vy, (53)
where e and A%, are 1-forms which depends only on the x variables. Equivalentely,
(e, w) = (0,97 'dg) + Ady-1 H,

where H = (e, A) is a p-valued 1-form whose coefficients depend only on the z variables.
For analyzing Equations (42) it will be useful to express them using coordinates (z,g)
and functions adapted to these coordinates.

5.2.1 Replacing the 8-forms w
We replace the 8-forms w defined in Section 4.2 by

pi=Ad @ (54)
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and we set:
Vp = dp — ad}; A p. (55)

By using (93) in the Appendix this definition reads

(VHp)a = dpa A Aba (56)
(VIp)a" = dp” + A Apa® = pe’ N A%a+ 2pa A €. (57)
Recall (Section 4.3) that V'@ = ¢*(di) — ad) A¢) = dw — ad(, ,) A @. It follows from

(101) that
Vi =Ad} 1 (V'w). (58)

This means that (V7p), = (¢7)% (V@) and (Vp),b = (g7 ¢4 (V@) Hence
(42) translates as

(va)a = (’%46(971)3,@14@’6 - S(gil>2)al(;3) Aw® — WACJ( ) QAa e YA wg(s)
(Vip),b = - S(g7H¥ g, Y@ A wj(-5
(59)

5.2.2 Replacing coefficients Q4

Let us define the tensors T%.; (torsion) and R%.; (Riemann curvature) such that
a 1 a c d a 1 a c d
(de + ANe) =§TCd€ Ae” and (dA+A/\A)b::§Rdee N e, (60)
which clearly depend only on 2 (and not on ¢). Using (53) we compute that (da+wAa)® =

(g% (de + AN e)” and (dw +w Aw)% = (g71)%g) (dA + AN A)%y. Hence, by using
(44) and (53), we find that

1 1 —1\a rpa’ o ’ 1 “1\a rra’ o d ¢
§Q“Cdac/\ad = 5(9 1)a,T vare’ Ae? = —(g 1) T vargs gfila A a®
1 1
§Qabcdc‘éC ANa? = 5(9 N gV R yogre® Ne? = 5(9 N9y R yeargS g3 a Aol
Thus
Q%= (g% g3 T v, (61)
Q% = (971207 ¢ 9% R yorar. (62)

Now consider the following term, which appears in the r.h.s. of (59):
bc( ) QAa .= 2ubc( —1) QZCL .= 2u ,hc c( )Z,Qia’c _ 2hc’C(g—1)g’chla/c’

it follows from (62) that

/!

bc( ) QAac - 2hcc( _l)a (g )2’95 ga’//gcR c’a”d — 2h° d(g_l)g/Rb/c’/ada
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= hed . Thus, by posing R% 4 := hbb/R“b/Cd, we obtain that

’fbAC(g_l)Z’QAa’c = Q(Q_I)g’Rb,dad

where we used h““¢<'g

/ c

We recognize the Ricci tensor: set Ric?, := R",,, then the previous relation reads
wi(97e Q@ we = 2(g7 Y Ric”. (63)

We can also express the quantity S = 2x%Q4,.: (63) is equivalent to % Q%,. = 2¢% (g7 1)sRic” o
hence

S = Ric",, (64)
which is nothing but the scalar curvature. Lastly using again (62) and (61) we have
wACj<g_1)ngAa’c = <g—l)g' (lwdijQC‘lbaic —i_/wdeQda/c) )
- (9_1)2/92 (%wdbmgg Rd Vac + wdCJTd ac’)
Using (63) and the previous relation we transform the first equation of (59) into

(VIp)e = (20g7hRicY, —S(g7))ay” Aw®
—(g7")4g¢ (‘ g8 RY oo + w9 T, ) ()/\w]@

Thus introducing the Einstein tensor
b R P
E’, := Ric’, — =S4,
2
and observing that (¢~)% gb,u = (Ad)-1u?)," (see (92)) we can write (59) as:

(Vip), = 2(g~ )b,Eb aa(s) A w®
(g% 98 (EwagY R yoer + w4 T 4or) & A w0 (65)
H\Nb _ * (5)
(V)" = —S(Ad} 1/ ), Pa® A w;

5.2.3 Replacing the forms (a,w)

The previous equations give the decomposition of the 9-form V#p in the basis (04((13) A

w® o) /\wz@). Let e be the forms defined by (53) and let v = v'u; := g~ 'dg. We want

to use the coframe (€%, - -+, e3 4%, -+ 4%) and to replace o Aw©) = 2 1aWAw® and

a® A w® = 2 oW AW in terms of e A0 = 2 e A~® and e® A ~O) =
a%i Je® A 40 (see Section 1.2 for the notations). For that it suffices to note that
eW A0 = 0 = o® A WO (because in particular w = v + Ad,—1A) and to use the
relations

0 a’ e)

dar = Ya (a 7 — (Adg1A4y) W) :

{ o g (66)
owt Oyt
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where (Ad,-1Ay)" = u'(Ad,-1 A, ). Hence

af? Nw® = 2 g0 = g (655’)M(6)—(Adg—lAa/)ie(“)/\vf))
a®AW® = 20— @) A0

(2

Thus substituting these expressions in the r.h.s. of (65) we obtain

(Vip), = 2E aeé A A©) — 2B, (Ady-1 Ay) e A ,yj(5)
(g Vg (B gy B e + T ) e A 4 (67)
(Vp)" = —S(Ad: ), be /\7;5)

5.2.4 Replacing all the components of w

We need to go further and also to compute

aif) Aw® = 05 | al Nw® = =0 gt (e(,) AY® — (Ad,-1Au)el /\’yl( )>
_ gg’(ad,—(Ad 1Ad,)aj> Jg§<()/\7(6)—(Ad LAYl W)
= gg¢ (6((;/6)1/ A~ 4 (Adg_lAd,)jeS)) — (Ad,—1 A, )Zegf’ A %( )
(Ad ALY (A, _lAd,)Je Y Aq)
= gC0f (2 A7 + (A Ap)iel) — (A Ay ) Aqf
+(Adg—1Ac/)l<Adg—1Ad/)]€(4) A fyz(;l)> )
second
a® A w§5) = aac _ a(4) A w(5) 2 Je@A ’yj@
5
= ¢ (5% (Ad AR ) Je® AqP)
= g7 (e A = (Adyr A0)e® A4 Y)
and lastly
o A w](.i) = a%k JaW A w]@ = % e® A 7(5)

4
e® A 7]('k)-

Now we can relate two decompositions of @wy. On the one hand, starting from (33):

Wy = %wACdozgl)/\w() wA° 04(3)/\(,0,2)—1- 5T A gk (4)/\w(i)
= Lmygdgd (e((:,c)l, AyO + ((Ad A ) e?) — (AdyAg)iel ) A 7(5)
+(Ady 1 Aw ) (Ady-1 Ag)kel /\W))
—w g < ()/\7j — (Ad,1 Ay )*e /\75,3) + 1w yike® /\7()

Jk
ed o d (2 ¢ 3
= twa“gt g4 e?) Ay© 4 (walge g4 (Ad, _1Ad/)3 —wa9g) i)/\fyj()

+ (1 Cdgg gg/(Adquc) (Adgflld/) + wACJgC (AdgflAc/) + 2@ Jk) 4) 7(4)
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; 4
/\%535) 4 %ijk€(4) /\'Yg('k)

On the other hand if we decompose py = %pACde((fl) A~© —pACkegg)

and we develop the relation w = Ade, we get

. Lo .
@a = (Adgp)a = 5(Adjp)aey A — (Adjp)atel? Ay + (Adgp)A e Ay,

J

By identification we deduce the following
(Ad;p)a® = @A glgi, (68)
and (Ad;p)a” = %795 — wa®? g5 g% (Ad,-1Ag), from which we deduce by using (68)
(Adip)a” = @47 g5 — (Adjp) a“(Ady1 Ag). (69)

We could also derive a relation between p4’* and w4’*, but we don’t need it. Relation
(68) is equivalent to
pa = (Ad @)Y g5 g4

It gives us for p,*? := u’p;“

bed b v'c'd v'cd

P = (97 ghma gcgd;—(g /)/gb/gcgd/ffa
= (972 ghgsgd(0oh" Y — 62 hP)
5chbd 5dhbc =K bed.

and for p,“%: p, = (7)Y @Y g% 9% = (971 g% 9%k = 0. Hence we deduce that the
coefficients of p satisfy
Pt =0 and p, =k, (70)

Moreover Relation (69) is equivalent to
wa? = (g7 (Adgp)a™ + (7)o (Adgp) 4 (Ady—1 Ag)’ (71)

and give us for ws% = w,":

wa"? = (g7)ags (97 Nppa” ! + (97 )ags (97 Ny (Ady-140)!
and thus by using (70)
(975 g germa” ) = pa" + k" (Adg-1 Ag)’. (72)
Similarly (71) gives us for ws¥ = @,%
@a = (g7 1)oge pa + (97l et (Adgr Ag)!

and hence by using (70)

’

(971>Z gg'wa’C/j = paCj' (73)
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We now use Relations (72) and (73) for eliminating @y and w;*¥ in the r.h.s. of (67)
and write

— c Ly cj pd cimd’ 1 cj ce j cj
(g 1)2’90 (592 wdb JRd Vac T @Wd JTd ac’) - §(pdb T+ /{db (AdgflAe)])Rdbac + Pda ]Tdac
But since 14" R%q. = (650" — 05h*) R%y,. = —2Ric®,,
_ J 1 . ci ’ ci ’ . . 1 i i
(g 1)2’90 (592 wdb ]Rd b ac + Wq ]Td ac’) = _Rlcba(AdgflAb)] - §pdb ]Rdbca — Pd ]Tdca-

Hence we can write (67) as

(va)a = 2Ebael()3) A 7(6) — 2Eba(Adg*1Ab)je(4) A 7](5)
+ (29" R%eq + pa? T, + Ric?y (Ady-1 Ap)) e® A~ Y (74)
(VEp)" = ~S(Adj- ) el )

5.2.5 The left hand side
We first prove a preliminary lemma.

Lemma 5.2 Let '}, (Christoffel symbols) be the functions depending on x such that A%, =
['¢.e’. Then

1 / !
de® = <§ T g — Fz,d/) e Ael (75)
and, as a consequence,
de® = Y.eW, (76)
where Y, := Tl.q — 1%, +T9 .

Proof — By (60) we have de® + A% A e? = %T“C/d,ecl A e hence by substituting A%y =

% e, we obtain (75). Then we compute
1 / U
de®) = de? A eg) = <§Tdcxd/ - Ff,d,) e Net A egl)
from which (76) follows. O

In the previous section we have collected the algebraic constraints which have to be
imposed in p, namely Relations (70). It remains to compute the Lh.s. of (74) taking into
account these constraints. We start from the decomposition:

1 1
DA = §Z9A6d€£(2i) A 7(6) _ pAcke((JB) A %25) + §ijke(4) A 71('?

which, taking into account (70), reads equivalentely as

c 1 j 4
Pa =0 — pa®el? A 7,&5) + Epajke(‘” A 'y](k) (77)
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and, using /@ab‘:deg) = 2hbceg2c),
C C 1
pab — Kt 6220) /\7(6) b k (3) A 7](C ) + 2pabgk HON %(k) (78)
Using (56) and (77) we get
(va>a — _dpaCk A 6(3) A 7(5) Ck:de(3 A 7(5) +pa 3 /\ dfy]E;E))

+3dpa’" A e( S A 7(4) + 3P’ det A 7(4) + oo™ A dy)

Hence using Lemmas 5.2 and 8.4 and using the notation df = f.,,e®+ f.;7* for any function
f, this gives us

(VHp)a _ _pack;ce(4) A’71g5) +pack;k€£3) A 7(6) _packY’ce(4) /\%25)
+pajk;ke(4) A 73(5) _ %pajk6(4) A Cé’k%(B)
+ppFT8 e A 7,25).
Thus

(VP = (=pae = paYet To, + pal*s = gpaiey) O A g
_i_pabk:.kel()?)) A~

We now turn to the computation of (Vp),” (using (57)). As a preliminary, consider
(

q, the p*-valued 2-form such that ga = /i‘ife( ) (hence (qa) = (¢a,q.") with ¢, = 0 and

7.0 = hbceﬁ)), and compute (V#q),> = dq.® + A% A q.¢ — ¢© N A%, + 2, A €’ by using
del? = ded A ei)cd, we get

(Vig),b = h'* (Tdcde((zg) + Téel® + Tdaceg)) Ady A e — AN eda Al A 6(2)>
+hel AP A el) —htAc, Al

Setting A% := h* A%, and noting that A% 4+ A% = 0 and A%; = 0, we have

(V)b = h* (Tdc el + Tgel + T4, e ﬁf’)) h' Ay A e — A A e® — htead, pe?
+Ab A e — h¥Ad, A e&c)
= h* <Tdcd€((13) + Thgeel” + Tdaceg’))
= (YT — hPT% + KT ,5¢) e,
Thus
(VEG A +®),b = (hdecad — hbeTd_, 4 hbeTd 50) ) A~©) (80)

Note that ¢ A is the ‘first part’ of p, i.e. the component which is a multiple of 4. Tt
remains to compute the other part, i.e. (VD). where p := p—qA~©. This computation
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is similar to the one for (VHp),.
(VH]—?)ab _ _dpabck A eS’) A %25) _pabckde£3) A 7](€5) +pabckec A d%g
+%dpabjk Ae@ A 7(4) + 1p bik Jo(4) A 7(4) + p bjko(4) A d%(é)
—|—F’c’,,ec/A< e (3)/\7’2)4_ Ly, a'ik (4 /\dv
_ (—p bek o (3) /\’y( )y p ik () A d%k) ATY, o
+2 ( —pa el A + Lpgdhe® A dyj(i)) Aeb

Hence as before

(VHZ_j)ab = pa 06(4) A 7(5) +pa ik (3) A 7(6) - pabCche(Zl) A 'Yl(f)
+pab 6(4) /\%( ) pabike z @ /\%(5)
_Fzéa aa ek o(4) A 7(5) + Fgapb/bcke@) /\%f) . 2pabke(4) A 7125)

Thus , ,
(VHﬁ)ab = (_paij;c - PabCJYC - Fb /paa < + Fb pb’ 2]9
+pab]k . _pabklczl) ) A ’y]( )
. 3
+pab k ( ) 7( )
and, using (80) and p = ¢ Ay +p,
(va)ab — (hdecad . hbchad + hbered(S(cl +pabCk;k) 6&3) A fy(ﬁ)
4 (_pabcj;c o pabch:: o Flcya/paa/cj T Fb’ pb,bcj _ 2p j (81)

_f_pabjk;k . 2 bklcil) ) A 7( )

5.2.6 Conclusion: the HVDW equations

We now can write the dynamical equations completely in terms of the fields A, e and
p. We identify the Lh.s. of (74) by using formulas (79) and (81). This gives us for the

component of (VHp), along el()g) A )
pabk;k - 2Eba7 vav ba (82>

for the component of (V#p), along e® A fyj(.“r’):

_paCj;c - pacjyc + prnga
2o = gpatley = —(2E% — Ric%o)(Ady 1 4,) (83)
+%pdbc] Rdbca + pdcj Tdca; vaa .ja
for the component of (V#p),’ along egi’)) A7)

hPT¢ g — h*T% g 4+ h*T9 008 4 p"* . = 0, Va,b,c, (84)
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and for the component of (Vp),’ along e A 7ﬂ(5):
~pa — PV, — T pa + T py ™ — 2p,% | (85)
pliky — Ip el = —S(Adi-wd),b,  Va,b, ;.

By using the fact that Relation (84) implies T%., = —%hcdpadaj . one can see that (84) is
equivalent to:

/ 1 / !
Tacd - - (hdedglég + 552/(5ghce - 5ghde)) pc’ea];j~ (86)
We can organize these equations into two systems
R = L1y bj .
{ aa 2ba " a Sc 15 (5a a ea'j (87)
T cd — (hde5a/50 + §6a/<5dhce - 50 hde)) P iJ

and
Paic + Pa?Ye = BT, + 598" Rbea + pa? T , |
—(2E%, — Ric%,)(Ady—1 A4, = pry — ip.tlel,
pabcj;c + pabCJ'YC + Fga’paale - I‘Z;pblbcj + 2pabj
—S(Ad;_ﬂﬂ)ab —_ pabjk-k; _ %pabklci;l

)

(88)

6 Consequences of the equations

6.1 Global results

We first remark that, if a basis (I4)4 of p is fixed, we can associate to any p-valued 1-form
(o, w) which is of rank 10 everywhere the Riemannian metric G := (a°)? + -+ + (a?)? +
(wh? + -+ (w?)? on P. In the relativistic case this metric depends on the choice of the
basis ([4)4 and should not have any physical meaning in general. Nevertheless it has the
virtue of being always positive definite and hence, in any case, it defines a topology on P
which does not depend on the choice of the basis (I4) 4.

Proposition 6.1 Assume that & is simply connected (i.e. it is the Spin group). Let
(w,a,w) be a solution of the HVDW equations and assume that the p-valued I1-form
(v, w) is of rank 10 everywhere. Assume that P endowed with the topology induced by the
metric G as above is complete, connected and open. Then any leaf fis a diffeomorphic to
a quotient of & by a group action.

Proof — Since 7 is of rank 10 everywhere we can construct a family of tangent vector
fields (&4, -, &) on P defined by a®(&;) = 0, Va,i and w?(&;) = 67, Vi, 7. We can interpret
Equation (51) as the simultaneous flow equations of these vector fields. Then (50) means
that these vector fields are in involution. These vector fields are obviously uniformly
bounded in the topology induced by G, hence they are complete, since P is complete.
Hence we can integrate them for all time and get a covering map from & to the leaf f. [

In the Riemannian case & is compact. Proposition 6.1 has then further consequences.
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—

Corollary 6.1 Assume that (M, h) is the Fuclidean space and the same hypotheses of
Proposition 6.1. Then P s the total space of a principal bundle over a 4-dimensional

manifold with fibers diffeomorphic to Spin(4) or SO(4).

Proof — We apply the previous Proposition: each leaf has Spin(4) as a universal cover,
hence is diffeomorphic to Spin(4) or SO(4). But these leaves are also compact, which
allows us to apply a result of Ehresmann [9] to conclude. 0

6.2 The Riemannian case

—

Theorem 6.1 Assume that (M, h) is the Euclidean space and that & is simply connected
(i.e. it is the Spin group). Let (w, a,w) be a solution of the HVDW equations and assume
that the p-valued 1-form (o, w) is of rank 10 everywhere. Assume that P endowed with the
topology induced by the metric G as above is complete, connected and open. Then P is the
total space of a principal bundle over a 4-dimensional manifold X with fibers diffeomorphic
to Spin(4) or SO(4). Moreover w defines the Levi-Civita connection associated to the
metric on X defined by o and X is an Finstein manifold.

Proof — We first apply Corollary 6.1. Then the proof follows the same lines as in [22]
for Yang—Mills fields. We know that the left hand sides of (87) does not depend on the
variables g but only on z. Hence the same is true for the right hand sides, e.g. for p,* ;.

Let f be a fiber over the point x € X. We observe that p, ;7 |¢ = d(pabj”y](-s’))\f. Since f
is compact without boundary, we have

Py /fv(G) = /f pa" 7% = /fd(pabj7§5)) =0.

A similar reasoning gives p,°*7.; = 0. Hence the right hand sides of (87) vanish, which
implies the conclusion. O

6.3 The relativistic case: a discussion

—

If (M h) is the Minkowski space, the situation is more complicated, because the structure
group is not compact.

First there is no analogue of Corollary 6.1 in general and we could not exclude a priori
complete, connected solutions (P, «,w, w) for which the leaves of the foliation are dense
and thus the quotient space would not be separated. We will not discuss such solutions,
since they are far from the standard definition of a space-time in General Relativity.
However they could lead to interesting models in the framework of non-commutative
geometry.

Note that, beside the metric G constructed on P in the previous section, we could also
privilege non degenerate bilinear forms on a solution (P, a, w, @) of the HVWD equations
of the type K := hya®a’+K;jwiw?, where K;; is a non degenerate bilinear form on g which
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is invariant by the adjoint action of &. Such forms are not positive definite in general, but
they do not depend on the choice of a basis of p and they may possibly have a physical
sense’. Understanding the geometry of the quotient space of leaves in this framework
seems even more difficult a priori, but it is perhaps more relevant from a physical point
of view.

If we assume that we have a global fibration, several cases could also occur:

e If the fibers are copies of SO(1,3) or Spin(1,3) or not compact quotients but if we
assume that the fields w 4“* have compact support in P or decay at infinity”, then the
proof of Theorem 6.1 works and the right hand sides of (87) vanish. Indeed by (73)
we know that the fields p,* also decay at infinity, hence E’, in (87) vanishes by using
the argument of Theorem 6.1. From (72) we deduce that p,** + r,*(Ad,-1A4)*
decays at infinity and thus that T?.; in (87) also vanishes by the same argument
and because (Ad,-144)"x = —[ug, Ady-1A4F = 0, since g is unimodular. Hence the
quotient X is a solution of Einstein’s equations. A similar situation occurs if, e.g.,
the fibers are isomorphic to quotients of PSL(2,C) by a Kleinian group, i.e. to the
orthonormal frame bundle of a quotient of the hyperbolic 3-space by the Kleinian
group and if this quotient is compact.

e [f the fibers are not compact and if we have no decay assumption on the fields w
or p, then Theorem 6.1 does not hold in general, unless some further hypotheses
are assumed. Equations (87) are then the Einstein—Cartan system of equations
with sources (the stress-energy tensor and the angular momentum tensor) due to
the auxiliary fields p. The main question is to understand the dynamics of the
fields @ or p, governed by Equations 88 and, probably, to understand what kind of
hypotheses one should impose on these fields.

7 Gauge invariances

Am:/rezfpw

and the constraints (26) are invariant by the action of several gauge groups:

The action

e they are invariant off-shell by orientation preserving diffeomorphisms or by reparametriza-
tions: if ¢ : P — P is an orientation preserving diffeomorphism, then fp 'l =

fp(@ © ¢>*9§

4For instance in the degenerate case where K = 0, if («, w) is a solution of the HVDW equations, then
K is locally the pull-back by the fibration map of the pseudo-Riemannian metric on the quotient space
of leaves found in Lemma 5.1.

This holds if, e.g., one assumes that @ 4% — /iixd, @ A% and @ 47* have compact support in P or decay
at infinity.
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e they are invariant on-shell by gauge transformations with structure gauge group
®: assume that ¢*n = («,w) satisfies the two last HVDW equations (44) and (45),
then, by Lemma 5.1, P looks everywhere locally like a principal bundle over a 4-
dimensional manifold X with structure group @. In particular we can find local
coordinates (r,g) in which (a,w) reads a = g7'e and w = g~'dg + g ' Ag, where
(e, A) is a p-valued 1-form which depends only on z. The gauge group is then
described locally as the set of maps v : P — & of the form y(z,g9) = g ' f(x)g,
where f is a map from X to & and any such map ~ acts on (a,w) by

(a,w) — (&,@) = (v ',y Ty + v 'wy) = (0,97 'dy) + Ad-1 (o, w)

and on @ by w — @ = Ad w.

Then ¢*(dn+ 5[n An)) is changed in ¢*(dn+ 3[n An)) = Ad,-1 (¢*(dn+ s[n An))).
Hence the Lagrangian density ¢* (¢ A (dn + 3[n A n))) is left unchanged. Moreover
a computation similar to the proof of (70) shows that the constraint (26), which

reads also @w4® = k%, is preserved by this transformation. Note that & = g~'é

and w = g 'Ag + ¢ 'dg, where e = l}iflefmd A = fYAf + f'df and thus
de +ANé=fYde+ ANe)and dA+ANA= fTLHdA+ANA)f.

e Lastly we can write the action density as

1 *
VA (dn+ 5[ An)) = — (d —ady Ad) An+d( An),
which shows that, up to an exact term, the action is invariant off-shell by transfor-
mations of the form

(,w,w) — (,w, @ + X),

where y is any p*-valued 8-form with compact support which satisfies the condition
dx —ad, A x = 0. If we moreover assume that xy A a® A a® = 0, Va,b, then the
constraint (26) is also preserved.

8 Annex

8.1 Lie algebras and their dual spaces

For the notations we refer to Section 1.2. Moreover we denote by (E°, E', E?, E®) the
basis of M* which is dual to (Ey, Ey, Es, F3); (u?,- -+, 1) is the basis of g* which is dual
to (ug, -+, ug) and (I°;---,1?) is the basis of p* which is dual (o, --,ly). The structure
coefficients of p in the basis (I4)o<a<o are denoted by cAp, so that [Ip,lc] = cacla, for
0 < A, B,C <9. In the subcase where A, B,C = i, j,k run from 4 to 9, we recover the
structure coefficients of g in the basis (uy, us, us, uz, us, ug), i.e. such that [u;, u;| = cékuZ
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8.1.1 Tensorial notations for g and g*

Consider Ml ® M, M* ® NJI*, M ® M* and M* ® M and their vector subspaces MAM =
{tEy € M@ M; % + ¢ = 0}, M AM* := {t%E,* € M @ M*; t%h"" 4 tt,h%* = 0},
M* A\ M* = {tabEab < M X M*; tap T the = 0} and M* N M = {tabEab S M* X M; tab/hb/b -+
£, hyq = 0}, where we write for short E,, := E, ® By, B, :== E, ® E*, B .= E* ® E°
and Eab = B X Eb.

To any & € g it corresponds a unique tensor £%E,? € M A M* such that R(&)(Ey) =
E.£% and conversely. Hence we get the following vector spaces isomorphisms

Vg — WANE 0o — WATE
£ Y45, § +— "By,
where §ab = f“ " We have the canonical identifications M* A M ~ (IVJI A M*)* and
M* A M* ~ (M A I\\/[[) by using respectively the duality pairings

/ / 1 AN 1
A" By £ EL") — —Aabé““b and  (AgwE“", P Eqy) — —Aabfab-
Through these identifications, the adjoints of ¢ and ¢ pr0v1des us with isomorphisms

0 M*AM — ¢ and [ : M* A M* — g*. We define v/, and u? = u’,h"* by
(ﬁ*) Yy = uly B and (0*) Y (u') = u®E%, Vi = 4,---,9. We then have

Sk = iy = ;) = o} (59)
and 1
i = S0 = S04 oy, (90)
from which we also deduce
utul, = (53’5;;, —hhyy). (91)

8.1.2 Tensorial notations for p
We can extend the previous isomorphism { to
l:p — (NHAM*)@M
£ — (B EE,)

where, denoting by O the origin of M, R(£)(O + 2°E,) = O + 2°¢%E, + £*E,, Y& € p,
YO + 2°E, € M. We then have

UE, D) = (€76 = C D)L, (€%9¢" = C"4E") E)
As for g* we also get the following vector spaces isomorphism

(0)1: pr — (M*AM) &M
A (ALEY, A E")
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with the duality pairing ((M* AM) & M*) X ((M AM*) @ M) — R,
b rha a a b ¢a 1 bea a
((/\a E ba)\aE )7(6 bEa 7§ Ea)) L 5)‘11 g b+)\a§ :

8.1.3 Adjoint and coadjoint action of &

The standard representation R of & induces the map & — M A I\7JI*, g— g% E.. The
restriction to & of the adjoint representation of 3 on p reads

Vf € p, Adg(éabEabagaEa> = <<gaa’£alb’<gil)blb)Eab7 gaa’galEa> .

The coadjoint action of & on p* is defined by: Vg € &, VA € p*, Ad) ) is the vector in p*
such that:
VEep, (AdA)(§) = A(AdyS).

In our setting this reads

(AdZA) &) = %)‘ab l(gaa’ga/b’ (g_l)b/b) + Aa (;qaa’) ga,
- % (ga a)\a’b (gil)bb’) fab + (ga a/\a’) ga.
Hence .
()1 Ady) = (07 aha (97 0) B, 6" A B (92)

8.1.4 Coadjoint action of p

The coadjoint action of p on p* is defined by: V& € p, VA € p*, ad; ) is the vector in p*
such that:

Ve ep, (adA)(C) == AadeC) = A([¢, C])-

This gives us:

(ad?\)(C) = %Aab (§“cCCb - Cacgcb) + )‘a (5“be - Cab§b>
= % (gca/\cb - /\acé.bc - 2Aa§b) Cab + (fab/\a) Cb
Hence
()7 Hadih) = (€A — A€l — 20aE") By, €A EP) . (93)

An alternative representation uses the basis (I4)4 of p and the dual basis ()4 of p*:
decompose A\ = M\l € = 1464 and ¢ = [4¢4, then [£,(] = lacp£P¢C, we find that
(adgA)(§) = Aa(chesPCY) = (Apcdag?)¢” hence

adiA = (Apcg 891

We can extend this action to p-valued and p*-valued exterior forms. If ¢ is a p-valued
form and A is a p*-valued form, we define

adf A X =g, (€5 A Al (94)
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Lemma 8.1 Let g€ &, £ € p and A € p*. Then

Adgfl (ad(kAdg_lg))‘> = adg(Ad;71)\) (95)

Proof — Take any ¢ € p and start from the identity Ad,-1([¢,¢]) = [Ad,~1&, Ad,-1(],
which implies

A(Ady[6,¢) = A (ad g q ¢ (AdyC))
The Lh.s. of this identity is equal to (Adj-1A)([¢,(]) = (adz (Ad;—l)\)) (¢) and its r.h.s.
is equal to (ad?Adglg))‘) (Ady-1¢) = (Ad;_l (ad?Adglg))\>> (¢). Hence (95) follows.

8.2 Exterior differential calculus

Lemma 8.2 The following relations holds

a®Aal)) = 5&aW a®Aal A a((;}l),, =% aW

a

and
(6

i/

wher@ 6g/bb/ = (53/52/ - 5?/52/ and (577:111/ = 577:/5g/ - 5;/5'31

A w® 5 w® i A AW = 56
W AWy = 88w® ) WA W N Wy = 5i,j,w( ),

The proof is left to the Reader.

Lemma 8.3 Let e := O Ael Ae2 Aed and eﬁ) = % | % Je™. Then
1
ely) = 5 Cabea” et

Proof — We start from e(®) = %ea/b/czd/e"//\eb//\ecl/\ed'. We then compute 61(13) = % e,

/ / ! / / ! / / ! / / /

e((f’) =1/4! [eab’c/dfeb AeC Aet — ecpaeae® NeS Net + eupare® Ne¥ Ne? — eppuae® Ne¥ A ec]
/ / ! / / ’ / / ! / / /
= 1/4! [eabxcld/eb AeS A el + €qarerare® NeS A e? + €aarare® N e’ Ael + €qaryer€® A e’ A ec}

/ / !
== 1/3' €ab/cld/6b VAN e N €d i

(2)

By performing a similar computation for e, we obtain the result. 0J
Corollary — We deduce from the lemma that egzzhd/d = Le,,. 7 e” A€, hence

dd’ (2) c _1
h* e,/ NQ°, =

/
§eabcd e“ NeP ANQCy,.
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Lemma 8.4 Let v := g 'dg be the Maurer—Cartan form on the group Q5 (7)) 1<i<e the

components of v in a basis (t, -, tg) of g, ¥® =y A AAS, 4P 87 _ 7(6), %(j) :

87J . Lastly let cjk be the structure constants of g in the basis (1, -+, ). Then
dy' + ;c]kvj A =0, (96)

9 = (97)

) = 0 (98)

dvy + i = 0. (99)

Proof — Relation (97) is simply due to the fact that v(®) has a maximal degree. Relation
(98) follows from (96) and the fact that g is unimodular:

dv? = dv”A7(4) -3 m Ay A%(g)

= —37 + 3699 = —dpn®
The reasoning is similar for (99):

4 m 3
vy = A A = 1c§ml /\ Y Aigh

= b, [ + alpa® + oy
5 5
= _Cij'Y;E; gk%( ) z‘%(‘ ) = —Cfﬂ;g )
O

Lemma 8.5 Let g be smooth map with values in & and let @ be an exterior differential
form with coefficients in p*. Then

d (Ad;—l’W) = Ad;—1 (dw — CLdZ—1dg A W) . (100)
Proof — Assume that w is of degree g and consider any constant £ € p. We have
d(Ad} @) (&) = d (Ad] 1w(€)) = d[w (Adg-1§)] = (dw) (Adg-1&)+(—1)"wAd (Ady-E) .
But since d (Ady-1&) = —adg-144 (Ady-1€) we deduce

d(Adj @) (€) = (dw) (Adg1€) — (ad; 14y A @) (Ady-1€)
= (dw — ad271d9 AN ’W) (Adg’lg)
= (Adl-: (dw — ad’-1y, A ) (€).

Hence (100) follows. O
Corollary 8.1 If p:= Ad,-1w and (a,w) = (0,9~ 'dg) + Ady— H, then
dp — ady ANp = Ad, -1 (dw — adiaw) A @) . (101)
Proof — From (95) we deduce
adjy A p = adjy A (Ad; 1) = Adjr (ad(aq | A)

which, together with (100), implies (101). O
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