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Dynamics of multivariate default system in random environment

Nicole El Karoui* Monique Jeanblanc! Ying Jiao*
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Abstract

We consider a multivariate default system where random environmental information is
available. We study the dynamics of the system in a general setting and adopt the point
of view of change of probability measures. We also make a link with the density approach
in the credit risk modelling. In the particular case where no environmental information is
concerned, we pay a special attention to the phenomenon of system weakened by failures
as in the classical reliability system.

MSC: 91G40, 60G20, 60G44

Key words: Multiple defaults, prediction process, system weakened by failures, change
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1 Introduction

In the reliability system, we consider a finite system consisting of multi-components and study
the probability distribution and the mutual dependence of the survival lifetime lengths of the
components. The failure times of the system are considered as events in the so-called failure
process and their dynamics are based on the conditional distributions with respect to the

history of the processes. In the literature, we are particularly interested in the behavior of the
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system upon failures (see for example Arjas and Norros [2, 3, 19] and Knight [17]), such as
the stochastic orders of the conditional distribution, which is called the prediction process, at

failure times and whether the system is weakened by failures.

In the credit risk analysis, we are also interested in the “failure time” of firms, i.e., the
defaults, on the financial market. However the environmental information appears to be an
important factor. Besides the dependence structure among the underlying firms, we need to
investigate the role of other market information upon the system of multiple defaults, and
vice versa, the impact of default events on the market. In literature such as Bielecki and
Rutkowski [4] and Elliott, Jeanblanc and Yor [8], the information structure concerning the
default risks is described by the theory of enlargement of filtrations. In general, we suppose
that the environmental market information is modelled by a reference filtration F = (IF¢)¢>0
and the default information is then added to form an enlarged filtration G = (G;);>0 which
represents the global information of the market. The modelling of the dependence structure
of multiple default times is then diversified in two directions by using the so-called bottom-
up and top-down models. In the former approach, one starts with a model for the marginal
distribution of each default time and then the correlation between them is made precise (see
Frey and McNeil [11] for a survey). While in the top-down models which are particularly
developed and adapted to the portfolio credit derivatives, we study directly the cumulative loss

process and its intensity dynamics.

In this paper, we consider a multivariate system of default times in a general setting of
enlargement of filtrations in presence of environmental information and we study the dynamics
of the system. In order to fully investigate the key elements in the modelling, we use a general
random variable y to describe default risks and to study the dependence between the multi-
default system and the environmental information. This general setting can be applied flexibly
to diverse situations, including bottom-up and top-down models. We begin by concentrating
on the system itself and then study some important properties of reliability. We introduce
the prediction process of the system and compare its behavior before and after default events
by using statistics orders. We show that, upon the observation of all previous defaults, the
multi-default system is in general only partially weakened by the past failures, which is different
from the case of a single-default system. We present some special cases where the multi-default

system is indeed weakened.

When we take into account the environmental information, the market is represented by
an extended probability space and the information structure is described by larger filtrations.
Our main and original idea is to characterize the dependence between the multi-default system
and the remaining market by using a change of probability method with respect to the product

probability measure under which the multi-default system y and the environmental information



F are independent. In this setting, the dependence structure between the default system
and the market environment under any probability measure can be described in a dynamic
manner and represented by the Radon-Nikodym derivative process of the change of probability.
We will provide estimations and evaluation formulas under different information levels. The
methodology of change of probability is of a similar nature with the density approach developed
in El Karoui, Jeanblanc and Jiao [9, 10]. In the classical literature on enlargement of filtration
theory, the density hypothesis is first introduced by Jacod [14] in an initial enlargement of
filtration and is fundamental to ensure the semi-martingale property in the enlarged filtration.
We show that the density process and the Radon-Nikodym derivative can be deduced from each
other and the two approaches are closed related. We also obtain a very general martingale
characterization result which can be applied in many special cases such as the progressive
enlargement of filtrations setting with ordered and non-ordered defaults, which are useful for

financial applications.

The following of the paper is organized as follows. In Section 2, we give the general pre-
sentation of the multivariate default system and we study its dynamics given the history of
the system. We consider the interaction between the system with environmental information
in Section 3 and present the change of probability measure methodology. In Section 4, we
investigate the link between the density approach in the theory of enlargement of filtrations

and we present the martingale characterization results.

2 The multi-default system

In this presentation, we introduce a general variable to describe all uncertainty related to the
multi-default system such as default or failure times, occurrence orders and associated losses or
recovery ratios. We also explain how to adapt this general framework to the classical models
in credit risk and reliability system and investigate the dynamics of the multi-default system

when the information concerned is the history of the system.

2.1 Basic setting

We consider a finite family of n underlying firms and describe the default uncertainty of these
firms by a random variable y which is defined on a probability space (€2,.4,P) and takes
values in a Polish space E. The default times of these firms are represented by a vector
T = (71, -+ ,7,) of random times. Since x contains all information of the default uncertainty,
there exists a measurable map f : E — R’} such that 7 = f(x) and this map f specifies the

default times 7. In this general framework, the random variable x can be chosen in a very



flexible manner, which allows to consider bottom-up and top-down models in the credit risk
literature. For example, one can choose x to be the default time vector 7 itself: in this case the
Polish space E is just R} and f : ' — R is the identity map. One can also take into account
the information of associated losses, namely £ = R’} x R™ and x = (73, L;)j—; : @ — R x R",
where L; denotes the loss supported by the " firm at default time. In the top-down models,
we consider the ordered default times o1 < --- < g,,. We can choose E to be the subspace
{(ut,- ,un) € R} Jug <--- < wuptof R and x to be the successive default vector o = (0;)1 ;.
If we intend to take into account the label of each defaulted firm in the top-down setting (in
this case the successive default vector o consists of the order statistics of the random vector

T), we can choose x = (o, J) valued in
E={(u1,...,up) €RY Ju; <--- <y} x Gy,

where J takes values in the permutation group &,, of all bijections from {1,...,n} to itself and
describes the indices of underlying components for the successive defaults. The default time

vector T can thus be specified by the measurable map from E to R’ which sends (u1, ..., u,,T)

to (uﬂ,—l(l), ce ,uﬂ—l(n)).

2.2 Prediction process

Note that the complete information on y is not accessible to the market participants at an
arbitrary time. We denote by (NV;);>0 a filtration on A, which represents the information flow
of the market observation of the default events. Typically it can be chosen to be the right
continuous and complete filtration generated by a counting process. The (N;);>o-conditional
probability law of the random variable x can thus be described as a P(E)-valued cadlag (N:)i>o-
adapted process (n,t > 0), where P(E) denotes the set of all Borel probability measures on
FE, equipped with the topology of weak convergence such that for any bounded continuous

function h on E, the map v +— | g hdv is continuous.

Following the terminology of Knight [17] and Norros [19], the process (n;,t > 0) is called the
prediction process of the random variable x with respect to the observation filtration (NV)i>o.
We refer the reader to [19, Theorem 1.1] for the existence of a cadlag version of the process
(ne,t > 0) and the uniqueness up to indistinguishability. Moreover, the process (1, t > 0) is an
(Mi)¢>o-martingale with respect to the weak topology in the following sense : for any bounded

Borel function h on E, the integral process ([ h(2z)n:(dz),t > 0) is an (N;)i>o-martingale.

Observation of default counting process. We consider the case where the observation

filtration (N¢)¢>0 is generated by the counting process which is associated to the occurrence



sequence of default events
n
Ny = Z ﬂ{OiSﬂ? t>0.
i=1

Note that N; identifies with the o-algebra generated by the vector oG = (01, ,0;) on the

set {Ny =i} = {o; <t < 0;41}. Moreover, as we have mentioned, the vector o = (o1,...,0,)
can be written in the form o = (fi1(x),..., fn(Xx)) where fi,..., f, are measurable functions
on I.

The prediction process (1t > 0) at time ¢ > 0, i.e. n(dzr) = P(x € dz|N;) can be
calculated by using the Bayesian formula and taking into consideration each event {o; < t <
oi+1} on which 7, is obtained as the conditional distribution of x given o (;) restrained on the
survival set |t,00[ and normalized by the conditional survival probability of o;,1 given o ;),

that is,

(]l{t<ui+1(ar)} ’ dx) . 77|U(Nt)(]1{t<uNt+1(lB)} ) d.%')

- Mo,
Wt(dx) - Z ﬂ{0i§t<o¢+1} - ) (1)

i=0 mo'(i)(]l{t<u¢+1(-)}) B 77|U(Nt)(]l{t<uNt+l(')})

where 75, is the conditional law of x given o ;), namely, 7,5, (Mpcusrr())) = Ploipr > tlo),
and Mo (Lg¢<u;yr ()} - dv) denotes the random measure on E sending a bounded Borel function

h:E —Rto
/Eh(fﬂ) Mooy Mt<ui 1 (2)} - dx) = E[R(X) <o, 3 [o0)]-

At each default time, the new arriving default event brings a regime switching to the prediction

process, which can be interpreted as the impact of default contagion phenomenon.

In the particular case where y coincides with o and the probability law of o has a density
a(+) with respect to the Lebesgue measure, as in [10], we obtain a more explicit form of the
prediction process as follows :

a(u) du(igpp)

Wt(du) = Il [ox} [ox} 50'1' (du 7 )]1 Ujg [ee] Y
Z'Z:; { <t< +1} (i) () {t< +1}ft a(u) du(i+1;n)

where w(;) = (U, i), U(ip1m) = (Wit1,- -+, Up), and

/t a(u) duip1.y) ::/t /t a(u) dujyq - duy,.

2.3 System weakened by failure

Inspired by the results in the theory of reliability system, especially the concept of a system
weakened by failure, it is a natural question to ask if the faith of the market is always weakened
by the observation of default events. We begin by introducing some important notions of

stochastic orders.



Stochastic order. We assume that the Polish space E is equipped with a partial order <. A
bounded Borel function h on FE is called non-decreasing if it preserves the partial order, namely
h(z) < h(y) for  and y in E such that < y. We can then define a preorder < on the set
P(E) (see e.g. [7]) such that for all u,v € P(E), p < v if and only if [Lhdu < [, hdv for
any non-decreasing bounded Borel function h on E. The classical stochastic order on the set
of all Borel probability measures on R is a particular case with &£ = R equipped with the usual

order.

Example of one default. We first consider only one default event and the random variable
X is just the default time 7. The corresponding preorder on P(R ) is nothing but the stochastic
order =g as in [19]. In this case, the observation filtration (N;)¢>¢ is generated by the default
process (< ,t > 0), then
Bl (A7) = 2 [ b n(da) + 1 <ghtr),
P(r > t) It 400
where 7 is the probability law of 7. In other words, one has

o) = 1rg L ) 4 10, 0), @)
where ¢, (dz) denotes the Dirac measure at 7 and S(t) := P(7 > t) is the survival probability.
One observes that the nature of the prediction process (n,t > 0) changes at the default time
7: in the case where 7 is absolutely continuous with respect to the Lebesgue measure, the
random measure 7; is absolutely continuous before the default event, but degenerates into a
Dirac measure after the default. Moreover, since the random measure 7),_ is supported on the

interval [7, +00), for any non-decreasing function h on R4, one has

5 @) b oo (@)(de)

"= St
Therefore,
]1[7— +00) (CC)
r = 57’ st Nr— = 7 d
U ¢ 1 S(r—) n(dz)

and the system is actually weakened upon the default event.

Multi-default system. We are interested in whether a multi-default system is weakened
by failure. As we shall explain below, in this case, even if the default times are assumed to
be ordered, the problem becomes much more subtle. In general, the system is only partially

weakened by the observation of default events.

We consider a family o = (01,...,0,) of ordered random times such that o1 < -+ < g,,.

The random variable o takes values in
E={u=(u, - ,up) €RY |u; < - <upl.
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We assume in this case that the random variable x identifies with . By convention, let g = 0

and 0,11 = +00. The space FE is equipped with the following partial order
(up, - yup) < (vi,-+ o) <= Vie{l,--- ,n}, u; <o (3)

Consider firstly one single default time o for any j € {1,--- ,n} and let 77t be the j*" marginal
distribution of 7, i.e. ng(duj) =P(0j € duj |N;). By (1), one obtains

7j—1
P(O'@'Jrl > t,O'j € duj |U(l))
duj ; ]l{az<t<az+1}]l{t<u1} P(oipy >t U(i)) + ]I{ngt}(soj (duj)_

Therefore, similar as in the single-name case, one has 773,;]- =st 773;].,, namely the j*" marginal
system is weakened upon the observation of the j'™ default. Moreover, it stabilizes at the Dirac

measure d,; after 5™ default.

It is then interesting to know the behavior of this system upon the observation of all previous
defaults. Unfortunately, as we show in the following example, in general the prediction process
is not always weakened by the observation of default events. For simplicity, we consider the
case where n = 2 and the probability law of o = (01,02) has a density function «(-) with
respect to the Lebesgue measure. Note that the density hypothesis implies that there is no

joint default so that the density function is assumed to be supported on
E = {(ul,uQ) €R2’O <up < ug ST}

and is continuous on this set, T being a constant horizon time. Then one has

Ngycwoy [ a(z, uz) dx
nf(dm) = ]1{t<0—1}< {i<ua} ft 2) ) dus
ft [ oz, y) dedy

Ljcupyor(on, uz)
ST alor,y)dy

Both random measures 72 , and n? . are supported on the interval [0y, T] and have continuous

+ ]I{JISIKJQ} duy + ]I{JQSt}(S@ (dUQ)

densities with respect to the Lebesgue measure on this interval. We denote by p,, and ps, —

the densities of ngl and 773,1_ respectively, namely

11{01<u2} qu o(z, up) de Doy (u2) Lo <upy(01, ua)
= ) o 2) — .
fal o a(z,y) dedy ' f:; a(o1,y)dy

We have ps,—(01) = 0 and ps, (01) > 0 when « is strictly positive on the diagonal {(¢,t) |t €
(0,7)}. Therefore n2 _ Ag n2,. In fact, for any fixed w € €, there exists € > 0 such that
Doy —(u) < pgy (u) on [o1(w),01(w) + ). Hence one has

/ ( - ]1[0,01 (w)+e) (u)) Noy (du) < / ( - ]1[0,01 (w)+e) (u)) nal—(du)'
R, R,

Poy— (u2)

7



Similarly, one has 12, Zs 72, _ if po,(T) > po,—(T). This inequality is fulfilled for example
when 7" =1 and

_ +
a(ur,uz) = Clygcy, <up<1ye™ ",

where C' is a normalizing constant such that fE a(uy,uz) duydug = 1.

Although we cannot compare the random measures 7),,— and 7, at each default time in
general, the following proposition shows that in some particular cases, the system is weakened

upon the observation of defaults.

Proposition 2.1 Assume that the increments of default times (X; = 0;—0;—1)}_, are mutually

independent. Then one has

770]' j nojf fOT any ] € {1, o an}a

where the stochastic order =g on P(E) is induced by the partial order (3) on E.

ProOOF:  We denote by v; the probability law of X; for j € {1,...,n}. Since (X;)7_; are

mutually independent, for any bounded Borel function f on F, one has

E[f(o1, - ,on)|o] :/ flog)y,o5+xi1, - 05+xi++xn) vigi(drj) - vn(dy).

n—j
R+

Therefore, by (1) we obtain

/fd f{mjszj—aj_l} flog_ry,05-1+x), 051+ x4+ + xp)vi(day) - - - vp(day)
Noj— =

vj(loj — 0j-1,+00])

and
/fdnoj = /f(U(j)an +Tj1, 0 F T o+ 2V (dTe) o vn(dan).
If f is non-decreasing with respect to the partial order on F, then
flog-ry, 01+ @), o+ @i+ Fwn) = f03),05 + Tjpr, 05+ Tjpn o+ 2n)

for z; > 0; — oj_1. Therefore [ f dne; < Ir dne;—. The proposition is thus proved.

3 Interaction with the environment information

We now consider the general framework in presence of random environment which contains
market information other than observations on the default system. We are interested in the
impact of the environment information on the dynamics of default times and also in the inter-

play between the default information and the reference environment information.



3.1 Basic setting and different information levels

In this section, we model the global market structure including different risk factors by a
product probability space. Besides the default variable yx taking values in (E, £) with £ = B(E)
and the related information, we represent the random environement market risks by an auxiliary
filtered probability space (Q2°, (F7)e>0,P°). The global market is then described by € := Q°x E
equipped with the o-algebra A := F5 @ & where 75, = 0(U;5q F7). For any ¢t > 0, let F;
be the o-algebra 7Y @ {@, E}. Then F = (F;);>0 forms a filtration on A. In this model, the
default variable xy : @ — E is given by the second projection, i.e. x(w,z) = x. If Y is a
random variable on the product space ) = Q° x F, sometimes we omit the first coordinate
in the expression of the A-measurable function Y and use the notation Y (z), z € E, which

denotes in fact the random variable Y'(-, z).

The full information on the random environment market is given by Foo = o(|J;~( F¢), and
the full information on the default risks is given by o(x). The case where the two sources of
risks are independent is important and will serve as the building stone of the general case in

our paper. The probability measure in this case corresponds to the product measure

P(dw, dz) = P°(dw) ® n(dzx)
where 7 is a Borel probability measure on E. Note that the law of x under the product
probability P is 7, and x is independent of Fn, under P.

In the general case, we describe the interaction between the two sources of risks as follows.
We characterize the dependence between y and F by a change of probability with respect to
the product probability measure P. We suppose that there exist a horizon time! 7" > 0 and a

positive Fr ® E-measurable random variable S7(-) such that
Epo[Br(x)] =1, VzeE. (4)
This condition implies Eg[f7r(x)] = 1 . Let us define the probability measure P on (£2,.A) by
P(dw, dv) = fr(w, z)P(dw, dz) (5)
Under the probability measure P, the dependence between the default variable y and other

market environment is characterized in a dynamic manner.

We next present the different levels of information including the total information and the
accessible information evolving with time. The accessible information at time ¢ > 0 on the
random environment is given by F;. The observable default information on FE is described by

a filtration of the o-algebra o(x) which we precise later.

!"We can consider the more general case where T is a finite F-stopping time in a similar way.



The first natural filtration associated with this framework is the right continuous filtration

H = (H¢)t>0, which is the regularization of the filtration
FLRE=FVo(x),t>0

Note that under the density hypothesis, H; = F; V o(x). The o-algebra H; represents the
global information and is not totally observable since the default variable y is not known
by the investors at an arbitrary time ¢. In the literature of enlargement of filtration, this
filtration is called the initial enlargement of F by y. We recall that (e.g. [15, Lemma 4.4])
any H;-measurable random variable can be written in the form Y;(x) where Y;(+) is an F @ E-

measurable function.

The observable default information of an investor can be induced by some filtration (M) >0
of the Borel o-algebra & which is right continuous. In the case where (NF )e>0 is generated
by an observation process (IV¢,t > 0), the inverse image (see e.g. Resnick [20, §3.1]) filtration
(Mi)i>0 on Q is generated by the process (N; o x,t > 0). Similar as we have described in the
previous section, (N );>o can be generated by an observation process defined on (E, &) such
as the default counting process or the cumulative loss process except that here the observation
process is defined on the Polish space E. For example, when E' = R}, the observation process

on (E, &) of the default events is given by
(@1 mn)) €Ry X B) = STy
i=1

The filtration (NF);>0 determines a filtration on (€2, .A) by its inverse image by y as
Nei=xTNE) = {x 1(4) | A e M} (6)

By abuse of notation, we also use the notation (N;)¢>¢ to denote the completion of the filtra-
tion (x~1(N¥))i>0, which satisfies the usual conditions. The filtration (N;);>o represents the
observable information on the default system on the product space (€2,.4). To describe both
default and environmental risks at ¢, the global accessible market information is given by a

progressive enlargement of filtration G = (G;)¢>0 with
Gt = Nest (Fs VANG), t>0.
Note that the following relation holds

Fi C Gy C Hy.

In order to make predictions and estimations of the system given different levels of informa-

tion, we are interested in conditional distributions of x with respect to corresponding filtrations.

10



Our idea is to begin from the product probability measure P under which y is independent
with Foo. Then the general case under an arbitrary probability measure P can be achieved by

a change of probability.

3.2 Conditional default distributions under P

Under the product probability P = P°®, the o-algebras Fo, and o(x) are independent so that
the calculations on H are simple applications of Fubini’s theorem. We also fix some notation

which will be useful in the sequel.

Default information. Denote by 77{\/ the conditional probability law of y given N;. In other
words, (77{\/ ,t > 0) is the prediction process of y. Since y is independent of F,, under P, for

any bounded or positive A-measurable function ¥ on € = Q° x E, one has
N (0) = / (-, z)n (dz) = B[V | Fao VNI, P-a.s.
E

By Dellacherie and Meyer [6, VL.4], there exists a cadlag version of the martingale (¥ (¥),t >

0) as conditional expectations.

Complete information H. The case for the complete information H is more delicate since
we have to take care about negligible sets. In full generality, the equality X (-,x2) = Y (-, x),
P°-a.s. for all z € E does not imply X(-,x) = Y (-, x), P-a.s.. We need here a suitable version
for such processes. This difficulty can be overcome by Meyer [18] and Stricker and Yor [22].

(i) Given a non-negative A-measurable function ¥ on €, from [18], there exists a cadlag
H-adapted process (¥f (+),t > 0) such that, for any # € E, and for any ¢ > 0,
W (&) = Bpo[W(, )| 5], Peaus.
In particular, if X; is an F-measurable random variable valued in F, then one has
\Ilt]:(Xt) = Epo [\IJ(7 Xt)‘ff]a P-a.s.

We call (¥ (z)).er a parametrized (F°, P°)-martingale depending on a parameter x € F,
to emphasize that the conditional expectation property is valid for all values of x and ¢

outside of a null set.

(ii) This parametrized version of F°-conditional expectation as a function of both variables
(w, z) is the basic tool for studying projections with respect to H, since under the product
measure P = P° ® 7,

Epl0[H,] = 07 (x), Pas. (7)

11



Furthermore, we can extend 7V to a G;-random measure on (€2, 7Y ® £) which sends any
non-negative #;-measurable random variable Y;(-) to n)N (Yi(+)) = | 5 Yi(z) nN (dz). In the
following, by abuse of language, we use n{\[ to denote the conditional laws with respect
to both N; and G;.

(iii) From the point of view of processes, these results can be interpreted as a characteriza-
tion of (H,P)-martingale in terms of a parametrized (F°,P°)-martingale depending on a
parameter x € E. We shall discuss the martingale properties in more detail in Section
4.2.

Accessible information G. For the observable information G, the projection is firstly made
on a larger filtration which includes more information than G either on 2° or on FE.

(i) We note that the conditional law of x given G under P coincides with n/\/ , which is a
consequence of the independence property between y and F. More precisely, for any non-

negative H;-measurable random variable Y;(x), we have
Bl (016 = [ Vit (de) = i (). (%)

(ii) Consider now a non-negative A-measurable random variable Y on €. The calculation of

its Gy-conditional expectation can be done in two different ways as shown below :

Hi=F:Vo(x)

Y E@[Y | H4] 9)
fooVML lgt
EsY | Foo VN ———— B[V | G/]

On the one hand, using the notation introduced in (7),
E5[Y|Gi] = Es[Es[Y|He] | Ge] = E5lYy” ()| G
which, by (8), equals
BalY 10 = i (7 () = [ Y7 @) (o) (10)

On the other hand, as shown in (9), the above result can also be obtained by using the
intermediary o-algebra F., V N;. Note that by the monotone class theorem, it suffices to
consider Y (w, z) of the form Y°(w)h(z) where Y° is F3 -measurable and h is a Borel function

on F, then

EplY |Gi] = EglEs[Y °h|Fos V N] | Gi] = Eg[Y 0 (1)|G:)
= i (h)Eps [Y°|F7] = i (Bpe [Y°R|FF]) = 1Y (Epo [Y]F7))
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which equals (10).
(iii) We have from (10) a characterization result for any uniformly integrable (G, P)-martingale
which can be written as the integral of a parametrized (F°,P°) martingale Y7 (z), = € E, with

respect to the random measure 7V (dz).

3.3 Change of probability measures

We now concentrate on a probability measure P on (2,.4) whose Radon-Nikodym derivative
with respect to P is given by Br(x) on Hr. We still examine the different information levels.
The conditional law of y given A; remains invariant under P and P because of (4). In fact,
for any bounded function h and any A € Ny(E), Ep[h(x)1a(x)] = Eph(x)1a(x)Br(x)] =
S5 Epe [Br(x)]h(x) 14 (x)n(dx) = Ep[h(x)1a(x)]. We use the notation nV for the conditional

law of x given N; under both probability measures.

Complete information H. The Radon-Nikodym density of P with respect to P on #;
is specified by the parametrized (F°,P°)-martingale 3{ (z) = Epo |37 (z)|F;] depending on the
parameter = € E. We use the notation f; to denote 5{ (x) when there is no ambiguity. In the
following, we suppose that g; > 0 for all ¢ > 0.

(i) Let us first consider the H;-conditional expectation of a non-negative A-measurable ran-
dom variable Y on Q. By the change of probability and Fubini’s theorem under P,

ElY B[] _ (YB)F
B ﬁt

Ep[Y [H] = (11)

where the last equality is from (7).

(ii) In this setting, by the equality (11), an H-adapted process is an (H,P)-martingale if
and only if its product with 3 is an (H,P)-martingale, or equivalently, a parametrized

(F°,P°)-martingale depending on a parameter x € E.

Accessible information G. We use the notation 19 for the conditional law of y given G,

under the probability P.

(i) The Bayes formula allows to calculate directly the conditional law 19 by

W{\/(/Bt(x) ~dz)
N (B(+))

where for a non-negative A-measurable function ¥ on €, the notation 7V (¥(z) - dx)

0 (da) = (12)

denotes the A-random measure on E which sends a positive Borel function f on E to
[ @ ) do) = i (r0¥0) (13)
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(ii) The G;-conditional expectation of a positive Hi-measurable random variable Y () is
Beli(016] = [ Yilan? (do) = (() (14)

(iii) For a non-negative A-measurable random variable Y on Q, we first project on the larger

o-algebra H; and then use (11) and (14) to obtain

Ep[Y[G] = Es [Es[Y[H:]|G] = / 7 (d). (15)

E 515(96)

An equivalent form can be obtained by using the Bayes formula as

N (YT
) (16)

The equality between (15) and (16) can also be shown by (12).

EplY |Gi] =

(iv) Accordingly, a (G,P)-martingale can be characterized as follows: a G-adapted process
is a (G,P)-martingale if and only if its product with 7V (3;(-)) is an integral of the
parametrized (F°,P°)-martingale (Y 3)7 (x), z € E with respect to 7V (dz), or alterna-
tively, if and only if it can be written as the integral of the quotient of two parametrized
(F°, P°)-martingales (Y 3) (x)/B(z) with respect to 1Y (dz).

The following proposition summarizes the previous results.

Proposition 3.1 Let Yr(x) be a non-negative or bounded Fr V o(x)-measurable random vari-

able and t < T.
(i) Under the probability P,
EglYr(0IG:] = " (Bee [Yr(-)| 7)) = /EEPO [Yr(2)|F¢ ] (dx) (17)

(i) Under the probability P,

R R e A (18)
or equivalently,
BalYr(0lG) = T BT OO OIF7) (19)

Y (Bi(-))

PROOF: (i) By using the independence between y and F,, under the probability measure P
and the fact that P = P° on F,, one obtains

Ep[Yr (X)[He] = Epo [Y1 ()| F7 ]|o=- (20)
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Therefore, by (8), we obtain

EplY7(x)|G:] = Eg[Es[Yr () Hel|Gi) = m (Bpe (Y7 (-)| 7)) = /EEIP’O Y (2)| F )Y (de).

(ii) By the change of probability measures from P to PP, one has

(/Bt ‘Ht} :EP"{ (ﬁt ‘f }

We then deduce the equality (18). Finally, by (12), the equality (18) leads to

B[V (0[] = B[

=X

1 [Yr(@) Y e [Yr()Br()IF))
Ber 0016 = oy B || e ) = T
which completes the proof.

3.4 Density condition in the product space framework

O

In this subsection, we show that the density hypothesis of Jacod is satisfied in the framework

of the product space. We give an explicit formula of the conditional density process in terms

of the Radon-Nikodym derivative process (5.

Proposition 3.2 Fort >0, let n/ be the Fi-conditional probability law of x under the prob-

ability measure P. Then nf is equivalent with respect to the probability law n of x. Moreover,

we have

d77t_ ()
dn [ Be(x)n(dx)

PROOF: Since Y is independent of F under the probability P, one has

B0l = | B s
E
Let f be a non-negative Borel function on E. By Bayes formula, we obtain

(OBIF] _ i f(@)Bi(w) n(da)
[515‘-7:15] fE,Bt n(dx) .

Belf (0)1F] = 2L

The proposition is thus proved.

4 Multi-default system and density approach

In practice, the investors obtain different types of information on the financial market modelled

by a probability space (€2, .4, P), which is not necessarily given in a product form of an auxiliary

measurable space with (E, £). However, the product space framework which we have described
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provides useful ideas and tools for the study of the problem in the general setting. Recall
that in the previous section, we have established a product space framework to describe the
financial market and used a change of probability measure for the dependence between the
default risk variable y and the underlying market information filtration F. The argument of
change of probability is closely related to the density hypothesis in the theory of enlargement
of filtration.

In the enlargement of filtrations, Jacod’s density hypothesis plays an important role. In the
credit risk analysis, the default density approach has been proposed in [9] to study the impact
of a default event and in [10] for ordered multiple defaults. In this section, we are interested
in the link between the conditional density and the Radon-Nikodym derivative of change of
probability measures in the general setting of a multi-default system, and we investigate the

martingale properties.

4.1 The general framework: density and change of probability measure

We now discuss the density approach in a general multi-default system. Let us consider a
measurable space (€2,.4) which describes the financial market, equipped with a probability
measure P. We note that (£2,.4) is not necessarily a product space as in Section 3. Let y be
a random variable taking values in a Polish space (E,€) with &€ = B(E). Let F = (Fi)t>0
be a filtration of A which represents the environmental information of the market which is
not directly related to the default events. For convenience, we assume that Fy is the trivial

o-algebra. We present below the density hypothesis in this general setting.

Hypothesis 4.1 The conditional probability law of y given the filtration F admits a density
with respect to a o-finite measure v on (E,E), i.e., for any ¢t > 0, there exists an F; ® &-

measurable function (w,z) — a4(w, z) such that for any non-negative Borel function f,
Epl[f () |Ft] = / f(@)ay(z)v(dz), P-a.s.
E

We suppose moreover that ay(z) is strictly positive. Under the probability P, for any x € F, the
process (ay(x),t > 0) is an F-martingale. The probability law n of x is absolutely continuous

with respect to the measure v, more precisely,
n(dx) = ap(z) v(dx).
The density process a(:) can be interpreted using the language of change of probability

measure. To establish the link between the density and the change of probability, we use the

auxiliary product space {2 x E and we introduce the following map I'y as a useful tool. Let I'y
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be the map from Q to Q x E sending w € Q to (w, x(w)). The composition of I'y : @ — Q x E
with the second projection Q x E — E, (w,z) — z coincides with the random map x : Q@ — E.
Moreover, if Y(-) is a function on € x E, then the expression Y (x) denotes actually Y (-) o T

as a function on 2. We next make precise the measurability of the application:

o aoxe R (21)
Y(x)
Lemma 4.2 Let F be a sub-c-algebra of A on Q and &y be a sub-c-algebra of € on E. Then
1) themap Ty : (Q, FVx~1(&)) = (UxE, FR&) is measurable, where x 1 (&) = {x (B)| B €
Eo} is a o-algebra on Q)
2) if the map Y(-) : @ x E — R is F @ E-measurable, then Y(x) : Q@ — R is FV x 1(&)-

measurable.

PRroOF: For 1), it suffices to prove that for all A € F and B € &, one has
I‘;l(A x B) € FVx &)
since F ® & is generated by the sets of the form A x B. Indeed,

~1
I (AxB)={weQ|(w,x(w) € Ax B} ={w € Al x(w) € B}
=ANxH(B) € FVx (&)
which implies the first assertion. The second assertion 2) results from the fact that the com-

position of two measurable maps is still measurable. ]

To investigate the different types of information, we are interested in the corresponding
filtrations. Let us consider an arbitrary filtration N¥ = (MF)0 on (E, &), which leads by the
inverse image to the filtration (NV)i>0 on (2,.A) where Ny = x~1(NVF), assumed to satisfy the

usual conditions. Then the filtration G = (G;)¢>0 denotes an enlargement of F by
gt:ms>t(—7:s \/Ns)7 tZO

Here the filtration G can be viewed as a progressive enlargement built in a general way: we

enlarge [F with an arbitrary filtration which is not necessarily generated by an indicator process.

The above Lemma 4.2 implies directly the following result.

Corollary 4.3 Let (Y;(-),t > 0) be a process adapted to the filtration F @ N, then (Yi(x),t >
0) is a G-adapted process.
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Remark 4.4 1) In the case where N¥ coincides with the o-algebra & for all ¢, we have N =
X HE) = o(x) for all t. So the filtration G coincides with H = (H;)i>0, Hit = F¢ V o(x), which
is the initial enlargement of filtration IF by x. Therefore, we consider a more general setting
than the classical initial enlargement of filtrations as in Amendinger [1] and Grorud and Pontier
[12]. In the corollary above, if Y;(+) is F; ® E-measurable, then Y;(x) is H;-measurable which
is similar to the situation described in Section 3.1. The martingale processes in this case will
be re-examined in Proposition 4.8.

2) In the general setting, (NV;¥)i>0 can be any filtration on (F, £) and the corresponding (N} )0
is a filtration of o(x). We note that the notation Y;(x) represents a Gi-measurable random
variable where Y;(-) is F; ® NP-measurable. Hence the measurability of Y;(-) in this general
case is possibly different with the classical initial enlargement setting. We shall give a general
characterization of the G-martingale processes in Theorem 4.9.

3) In the particular case where the filtration (N{);>¢ is generated by an indicator process, for
example, let x = 7 and N} be generated by the functions of the form ljp,) with s <1 for any
t > 0. Then G is the classical progressive enlargement of F by 7 where N; = O'(]I{TSS}, s < t).
Under the density hypothesis 4.1, any G-optional process Y (7) = (Y(7),t > 0) can be written
as Yi(1) = Yilyery + ]l{tzT}f/t(T) where Y is O(F)-measurable and Y (-) is O(F) @ B(R,)-
measurable, O(F) denoting the optional o-algebra of F (see Song [21]).

We now reformulate Proposition 3.1 in the general setting of multi-default system under
the density hypothesis 4.1. The probability measure P’ on the product space (2 x E, A® &)
which is induced by the map I'y will play a useful role. More precisely, let P’ be the probability

measure which sends a non-negative A ® £-measurable function f on Q x E to Ep[f(x)], i.e.

£ (@, 2)P(dw, d) = / (f o Ty)(@)P(dw) = Ep[f(x)] (22)
OxE Q

We call P’ the induced probability measure of P by y on the product space (2 x E, A® &).
We denote by P the product probability measure P@n on (2 x E, A®&). The following result

gives the relationship between P’ and P.

Proposition 4.5 For anyt > 0, the restriction of the induced probability measure P’ on F; Q&
is absolutely continuous with respect to P. Moreover, the Radon-Nikodym density of P’ with
respect to P on F; @ & is given by ay(-)/ao(+).

PRrROOF: Let f be a non-negative F; ® E-measurable function. By definition, the expectation
of f with respect to the induced probability measure P’ is

- f(w,2)P'(dw, dz) = Ep[f (-, x)] = Ep[Ep[f (-, X)|F]]

=8| [ 160285 @) = [ ) 245 Pl o

ap(z) QxE ao(z)
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which implies the proposition. O

We now compute the conditional expectations in the general setting. Recall that in the case
of one default where x = 7 where the filtration G is the classical progressive enlargement of F
by 7. For any non-negative Fr ® B(R )-measurable function Y7(-), one has (c.f. [9, Theorem
3.1])

Ji ™ Ep[Yr(x)ar (2)| Filv(dz) Ep[Yr(z)ar(2)]

I (@) (de) =0 ar(@)

Ep[Y7(7)|Gt] =

A<y

The general case is treated by using the auxiliary probability measure P’ in the lemma
below. The proposition which follows can be compared with Proposition 3.1, which provides
very concise formula for computations and applications. Moreover, it shows that to make

estimations with respect to the filtration G, the key term is the prediction process nN .

Lemma 4.6 For any non-negative A® E-measurable random variable Y (-) on Q2 x E, we have

Ep[Y (x)|G¢] = Ep[Y ()IF @ ") (x) (23)

PROOF: By Lemma 4.2 and the definition of I/, for any sub-o-algebra F of A and any sub-o-

algebra & of £, we have
EplY (X)|F VX~ (€0)] = Ee [Y ()| F @ Eo)(x)

where the expression Ep/[Y (-)|F ® &](x) denotes the composition Ep[Y (-)|F @ &) o I'y as
indicated by (21). Hence, we obtain for G; = F; V x~H(N{) the equality (23). O

Proposition 4.7 Let Yp(-) be a non-negative Fr ® E-measurable function on Qx E andt < T.

e [y EelYi (@) B (@)| il Y (da)
BelYr (010 = = s (24)

where 77,{\/ denotes the conditional probability law of n given N, and

Bi(x) := ay(z)/ap(x), t>0, x € E.

PrOOF: By Lemma 4.6 and Proposition 4.5, one has

Ep|Yr ()81 ()| F: © NP
Eg |87 @ N

Ep[Y7(X)|Gi] = Ep[Yr ()| F: @ NF](x) =

which implies the equality (24) since P is the product probability measure P @ 1. O
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We consider several particular cases of multiple defaults in the following.

(i) Case of multiple ordered defaults: x = o = (01, ,0,) where 01 < --- < g, and
E={(u1, - ,up) € R? |ug <--- < u,}. Suppose that the filtration (NV{);>o is generated by
the process (Ny = > 1" gy, <4y, t > 0). Assume in addition that the F-conditional law of x
has a density ay(-) with respect to the Lebesgue measure v(du) = du. Then the conditional

distribution is given by

N I wis1 YOO (5 (i 1:m) ) 0() (AU () )dU iy 1:m
n{\[(du) _ Z {t< +1}+OO ( ))90) () ( ) llE;' (25)
i=0 ft aO(-au(iJrl:n))du(iJrl:n)
where
E = {(u1,...,u) € E|u; <t <y} (26)

Then by Proposition 4.7, we obtain

[ Ep[Yr(u)ar (u) | Fi] duy )
I a(w) dugy g (i) =0 (i)

Ee[Yr(o)|Gi] =Y Uoi<tcoss)
=0

which corresponds to [10, Proposition 2.2].

(ii) Case of multiple non-ordered defaults: x = 7 = (71, ,7,) and £ = R"}. The
filtration (V)0 is generated by the counting process (Ny = Y14 Ig,.<py, t > 0). Assume
in addition that the F;-conditional law of x has a density ay(-) with respect to the Lebesgue

measure du. Then the NF-conditional distribution of 1 can be written in the form

1 c>t aO('7uIC)5 . (dUI)d’u,]c
D S AT 1y 1)
Ic{1,+ n} ft Oé()(-, ulc)dulc
where for I C {1,...,n}, é.y(dus) denotes the Dirac measure on the coordinates with indices
in I, ure denotes the vector (u;);ere, the event {use > t} denotes ﬂjelc{uj > t}, and

El = {(u1,...,u,) € E|Vi€ I, u; €[0,t], Vj €I uj >t}

Then by Proposition 4.7, we obtain
7 B Y (w)ar (w) | Fi]du e

f;roo ar(u)duge ur=Tr

Es(Yr(T)|G] = > pri<tresy
Ie{l,+,n}

where 77 := (7i)ier and 17 < 7, >4} corresponds to 1y (1).

4.2 Martingale characterization

In this subsection, we are interested in the characterization of martingale processes in different
enlarged filtrations. We first recall a martingale criterion in the initial enlargement of filtration

H = (Ht)t>0, He = Ns>t(Fs Vo(x)) in [1]. For the ease of readers, we also give the proof.
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Proposition 4.8 An (F; ® &)i>o-adapted process (M(-),t > 0) is an (F; @ E)i>0-martingale
under the induced probability measure P if and only if (o (2) My(x))zep is a parametrized (F,P)-
martingale. Moreover, if this condition is satisfied, then (M(x),t > 0) is an (H,P)-martingale

on (22, A).

Proor: For T' >t > 0, by Proposition 4.5, we have
[MT( Ep[Mr(-)ar ()| ]
() '

Therefore, the process M(-) is an (F; ® &)i>o-martingale if and only if (ay(x)Mi(x))zer is a

Ep [Mr ()| F: @ €] =

‘J—“@S]

parametrized (F,P)-martingale depending on = € E. Finally, since the probability measure P’

is the induced measure of P, by Lemma 4.6,
Ep[Mr(x)[Ht] = Ep [Mr ()| F @ E](x)-
Therefore we obtain the second assertion of the proposition. O
We next deduce from Proposition 4.7 the following martingale criterion for the accessible

information filtration G. Recall that (NV});>¢ is a filtration of the o-algebra € and G = (Gy)¢>0
is the progressive enlargement of F by (AN, = xH(NF))i>0.

Theorem 4.9 Let (My(+),t > 0) be an (F; @ N¥)i>o0-adapted process. Then (M;(x),t > 0) is
a (G, P)-martingale if the process
Oét( )

on Q x Eis an ((F; ® ./\@E)tzo,@)—martingale, or equivalently, if

i (de)(), 120

/E Be [Mr(2)| F i (da) = D(), T >t>0. (28)

PRrOOF: By Proposition 4.7, for T" >t > 0 one has

[ Be[Mr(x)ar () /oo ()| FeJm (dx)

EelMrOole] = ) oy ()

(0)-

By Fubini’s theorem,
| Beldr()ar (@) faola) Flir (de) = Be [( [ Mr(a)ar(@)/aoa)n (@) (|7
= B2 [Mr0)( [ ar(e)/otay (@) O] 7] = Beldfr ()17

where the second equality comes from the fact that Mp(-) is Fr ® N:,E -measurable. Moreover,

under the equality (28), we have by successive conditional expectations

/ Ep[Mr(z)ar () /ao(x)| Filn (dr) = / ( / Ep[Mr(2)orr (), ao(@)| Filn <dx>)<y>nff (dy)
E E E
- /E Ep (M (y)| Filne(dy) = Mi()
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Thus the condition (28) leads to

Mi(x)
([ ou(@)/ao(z)n (dz)) (x)

The theorem is thus proved. O

Ep[Mr(x)|Gt] = = Mi(x)-

The above general theorem allows us to obtain explicit forms of martingale characterization

results in special cases without difficulty.

(i) Case of one default time: Let y = 7 and £ = Ry. The o-algebra N¥ of R, is
generated by the functions of the form 1y, 4 with s <, so that by (2),

Ly 4 oof(@)n(dr)

mY (dv) = S

L 4oo( () + 0 (dx) i 4 (-, (29)

where S(t) = n(]t, +oo[). By Theorem 4.9, we have

(@) Ny - Jitool 04(2) v(da) Ny
L. oy e = i c0(@) vz Vel F gy Moat)
. oo () v(da)
— N ‘ }t7+oo[04t xr)rviax ‘ ‘ at() .
V) = M) O 4 MO S g O 120

where the F @ NF-adapted process M(-) = (My(-),t > 0) can be written in the form
My(+) = Dy qoof () M7 + Djg 4 () ME(),
with M? being F-adapted and M¢(-) being F ® £-adapted. Hence we obtain

f]t,+oo[ at(z) v(dr) (-

t( ) al(.
o c0ta) () 10O G M ot

TN b
Mt() Mt aO(')

Therefore, for T' >t > 0,

Ee (M} [y, oo 0 ()0 (de) ]
\[}T,-f—oo[ ao(z)v(dw)

Ep[Mr(-)|F] = To,77()s

., Eplar () ME()|F]
]T,Jroo[( ) )

ao(-
which implies

Tl N () — Ep[ M5 f}T7+w[aT(x)u(dx)].7—}] .
B A ) = = T )

ftTEP[OéT(x)M%(xﬂft]I/(dx) EP[QT(_)M%(_)]II 0
f}t,+oo[a0($)y(d~’5) ao(-) [0,¢]\")-

Therefore the relation (28) is actually equivalent to the following conditions:

ﬂ}t,qtoo[(') +

1) for any x € Ry, the process (ai(x)Mf(z), t > 0) is an (IF, P)-martingale on [z, +oo],
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2) the process
¢
Mtb/ at(m)u(dx)—i—/ az ()M (x)v(dz), t>0
Jt,+oo[ 0

is an (F,P)-martingale on R,
where the condition 2) is obtained since under the condition 1), one has
T T
| Belar@)Mp@)| Fp(do) = [ Eelos (0)Mz ()| Flv(da)
t t
T
:EP[ / am(az)Mf(:ﬂ)y(d:ﬂ)‘}}].
t

The above martingale characterization conditions correspond to [9, Theorem 5.7].

(ii) Case of multiple ordered defaults: This case can be viewed as a generalization of

the single default case. By (25), we have for any v € E = {(v1, -+ ,v,) € R} |vg < -+ <y},
O‘t(u) S o ”(z Uit 1)) AU (i 1:0)
1 z('U)
</E ao(u) > Z < [ a0V, W) A1)

Since (N )i>0 is generated by the process (N; = i Iy, <y, ¢ > 0), the F @ NF-adapted

process M (u) can be written in the form
Z M (ug) g (u), >0
where M(-) is F @ B(R? )-adapted and EJ is defined in (26), then one has

mm:fj(Mz Je_oddw)d ””’)nEgu).

i—0 ft Oé(] u U(i4+1:n)

Therefore, for T' >t > 0,

i EP[M%(u(l)) ‘/’7?0 aT(u)du(iJrl:n)LFt]

Ee[Mr(u)|F;] = ok
' i=0 fT Qo (u)du(lJrln)

I, (u)
and

</EEP[MT(U)\E]77§V(C[U)>(U)

n

Uz o anul :n]:dv' K
Z(th @) Jr o1 (V) W) ) dW(s 1) | F] GHD Y1, (v),

j=0  i>j ftoo ()d”(j+1:n)

So the condition (28) is equivalent to, for any j € {0,...,n},

Z/ EP MT / ar(w)du iy 1.n)

1>7

ft] dugj i) = M (ug;)) /t ap(w)du(ji1ny, t = uj

(30)

which implies the following characterization result.
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Proposition 4.10 The condition (28) is equivalent to the following: for any j € {0,...,n}
and any uj) €R+, up < - <y,

Mtj(u(j))/ i (w)du(j i) —/ AL (ugie )/ oy (W)du g oydugiy, 2> uy (31)

1
is an (F,P)-martingale.

PrOOF: For any j € {0,---,n}, let (A4;) be the equality (30) for T > ¢t > 0 and u;

(ut,---,uj) € Ri such that u; <--- <wuj; <t and let (B;) be the martingale property of (31).

We will prove by reverse induction on j that

Note that the conditions (4,) and (B,,) are acutally the same. Assume that the equivalence
(32) has been proved for j* > j. We will prove the equivalence for j. By the induction
assumption it suffice to prove (A4;) < (B;) given that (A4;) and (B;) are satisfied for all i > j.
Thus for ¢ > j + 1 and ¢ < uj 41 one has

Ep [M%(U(z’))/T aT(u)du(i+1:n) E] =Ep {E [M%(U(z‘))/T aT(u)du(i+1:n)

.7:15] —/ Ep [Mu +11(u(z+1))/ au¢+1(u)du(i+22n)

i+1

Fuu] 7

=Ep {Mii(u(z))/ Qv (W) dU (g 1:0m)

ft] duiq1.
Therefore the equality (30) is equivalent to

Ep [M (u(g))/T ar(u)duqim) J'"t] _Mtj(u(j))/t ar(w)du (g1

T o)
=¥ ([ m Mt [ i

i>j+1

ft] duji1:)

—/t Ep {Mulfl(u(z-i—l))/ aui+1(u)du(i+2:n) B] du(i—f—Z:n))

it+1

= /t EP [Mi i1 (U(j+1)) / Oéuj+1 (u)du(j+2:n) ft} du]'Jrl.

J+1

Hence we obtain the equivalence of (A4;) and (B;). O

(iii) Case of multiple non-ordered defaults: In the general framework, the cases of

non-ordered defaults and ordered ones can be treated in similar way. For v € R’} one has by

(27) that .

1 ao(u) i n}ft Qg U[,U[c)dU[c ¢

The F ® NF-adapted process M (u) can be written in the form

M= Y Muig ), 20
Ic{1,..n}
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where M!(-) is F ® B(R% )-adapted, then one has

ft th ’U, du]c

Myw) = >0 (M (ur) D s

Ic{1,...,n}

) I (u)

and for T"> ¢ > 0,

Z EP[MIL(’M[) f;o aT(u)du1c|ft]

Ep[M7(u)|F] = L T co(w)dure 1y (w).
Therefore
([ Belitrtu)in <du>)< )
FE
o ]) f;oozT(’U[,u[c)du[c]}}] o) () do ]lEiz('v)
_ch: %‘] / meaO o 1 (v) g (v)d JC)—ftoo N

_ Z (Z ft ]p T ’U]) f;o aT(U],u]c)du[c]_ﬂ]dvl\J)]lEi](v)

Jc{l,.m} Io5J [ ao(v)dv e

Therefore the conditon (28) is actually equivalent to, for any J C {1,...,n}, and uy € R;’L

such that u7'* := majc uj < t,
€

Z/ EP MT u,/ ar(u)due

1>J

]:t] dup j = M (uy) /:o ar(u)du e. (33)

Similar as in the ordered case, we have the following characterization result in the case of

non-ordered system. The proof is analogous with that of Proposition 4.10.

Proposition 4.11 The condition (28) is equivalent to the following: for any J C {0,--- ,n}

and any uy € ]R‘J]r, the process

00 t 00
Mt‘](u])/ a(u)du je — Z/ Mj:{k}(uJU{k})(/ auk(u)dch\{k}>duk, uf* <t
¢ keJge Wi Uk
(34)
is an (F,P)-martingale.
PROOF: We reason by reverse induction on J. For any J C {1,--- ,n}, let (A;) be the equality

(33) for all T >t > 0 and all uy € R7 with w3 < ¢t and (B;) be the martingale property of
the process (34). Let J be a subset of {1,...,n}, we will actually prove the following claim

(VIDJ, (Ap) <= (VI > J, (By)) (35)

Clearly (Agy,... ny) and (Byj,... n3) are equivalent. In the following, we prove the claim (35) for
J € {1,...,n} in assuming that it has been proved for J' 2 J. For this purpose it suffice to
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prove that (A7) < (By) under the assumption that (A7) and (Bj) are all satisfied for I D J.
Note that one can also write the equality (33) as

o0

EP[M;;(W)/T ap(w)du e }'t] — M (uy) /tooozt(u)dujc

= Z/ M (ur) / ar(u)due

12J
/MT ur) / aT(u)du]c>du1\J‘}"t].
12J

where the term on the right hand side of the equality can be written as

T 00
Z [/ EP[MQ{U{k}(uJU{k})/ aT(u)dch\{k}‘ft]duk

keJge L7t
/ / E]p MT ’u,[/ T(u)du[c

I:)JU{k}
By taking the conditional expectation with respect to F,, before the conditional expectation

ft} dup g,

.7-}} duI\(JU{k})) duk] .

with respect to F;, we can reformulate it as

ZEP/ > /Ep ML (ur) /OOaT(u)duIc

keJe 15JU{k} T

]:uk] dup (ju{ky) duk ‘-7'}] :

We then apply the condition (A jyqx)) to obtain

Z/ M7 (u; / ar(u)duge

12J

Uk

keJe

]:t] dup

Hence we obtain the equivalence between the assertions (Ay) and (By). O
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