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framework of finite elasticity. The new results obtained for the model are
presented with complete proofs. The state variables include the deformations,
temperature and the growth factor matrix function. The existence of global
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models in mechanics and biology.
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1 Introduction

Growth (resp. atrophy) refers to physical processes in which the material of
a solid body increases (resp. decreases) its size by addition (resp. removal)
of mass. The advantages and drawbacks of the existing growth models are
discussed in the recent papers [16] and [18]. A first class of such models are
kinematic models describing the evolution of the material growth towards a
homeostatic state, rely on the kinematic decomposition of the transformation
gradient into a generally incompatible mapping and an elastic mapping; they
were historically introduced in [22] and developed in [26,23,1,27]. Approaches
analogous to elastoplasticity were then developed in a rational framework
basing on the second principle of thermodynamics for open systems, in order
to identify the evolution laws of growth [7,17,19,20] . It is important to
note the prominent role of Eshelby stress in relation to the material driving
forces for growth [5,7,13,14], The mathematical aspects of volumetric growth
models are poorly investigated. The local existence and uniqueness results
were established in [11,12].

Mechanical background. Thermoelastic material. In this paragraph we brief-
ly discuss basic facts from finite elasticity theory. Throughout, we shall as-
sume that 2 C R3 is a bounded reference domain with boundary 92 of class
C*° in the space of variable z. The state of an elastic material is character-
ized by a deformation field u = (uy,ug,u3) : 2 x [0,7] — R? and the Kelvin
temperature 6 : 2 x [0,7] — RT. The elastic distorsion tensor Du is the
Jacobi matrix of the mapping u with entries

(Du)ij(x,t) = Og;ui(x,t), (x,t) € 2x0,T7.

The second derivative (Hessian) of the displacement field is the third order
tensor D?u with entries

(DQu)ijk(z,t) = 0y, 0p, ui(w,t), (x,t) € 2x10,T].

We will assume that the material is hyperelastic and its properties are de-
scribed by a specific free energy density ¥(D?u, Du, #). In this case the en-
tropy v(D?u, Du, ) and internal energy e(D?u, Du, ) are defined by

v = —0p¥(D*u, Du,), e=W(D?*u,Du,d)—009¥(D*u, Du,6), (1.1)

i.e., e = ¥ 4 vf. It is important to note that the density of the Helmholtz
free energy is a concave function of the temperature. In many applications
the dependence of the free energy on D?u is quadratic. In particular, for the
3D Falk model which is widely accepted in the theory of solid-solid phase
transitions (see [10,21,25]), the the free energy density is

U= %|Au|2 + 60W (Du) + ¢10 — co01og 6.
Notice that in this case the free energy density has a weak singularity at

6 = 0. A further simplification is the linearization of problem with respect
to temperature near some average value .. Without loss of generality we
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can assume that 6. = 1. This means that 0 = 1 + ¢ and all terms of order
O(193) are neglected. Thus we get the following expression for the free energy
density:

1
¥ = | Auf’ + (1+ )W (Du) - 30 (1.2)

Here we take for simplicity ¢; = ¢ = 1. If the free energy is in the form
(1.2), then we have the following expression for the entropy v, the internal
energy e, the second order Piola-Kirchhoff stress tensor Ty, and the third
order Piola-Kirchhoff hyperstress tensor T:

v=1—-W([Du), e= %|Au|2 + W(Du) + %192,
Tf = (1 + ﬂ)W’(Du), (Ts)ijk =cAu; 6jk~

(1.3)

Here the notation W’(€) stands for the matrix with entries

(Wl(g))zj = 6&';‘ W(&), (14)

0;k is the Kronecker delta. The problem consists in finding a displacement
field u and a temperature ¥ satisfying the momentum balance equation and
the energy balance equation

Oe 0Du .0D?*u

— +divg="T;: T,: . 1.5

ot +divq ey + 1 ot +9 (1.5)
Here ¢ is an exterior heat source. In view of the Fourier law we can take
q = —V4. The energy balance equation can be rewritten in the equivalent

form
o= —0"tdivg+6~1g.

Linearization of this equation near the equilibrium temperature 6§ = 1 leads
to the equation
Ow =AY +g. (1.6)

Mechanical backgrounds. Growing material. The main axiom of the theory of
volumetric growth for elastic materials is the hypothesis that the distorsion
tensor admits the representation

Du = F.F,, (1.7)

where the growth factor (implant) F is responsible for the material growth
and F. corresponds to the elastic deformations. In the important particular
case of isotropic growth the growth factor has the representation F, = wl
where w(z,t) is a scalar. Notice that the multiplicative decomposition of the
distorsion tensor is often used in finite deformation continuum mechanics as
a basis for treating mechanical effects including plasticity, biological growth,
material morphogenesis, and dislocations [6].

The second assumption of volumetric growth theory is that the Helmholtz
free energy ¥, of the growing material has the form

Uy(D*u, Du,d),Fy) := det Fy ¥(Q., DuF, ")
=detF, ¥(Q.,F.,9). (1.8)
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Here ¥ is the basic Helmholtz free energy of the original thermoelastic ma-
terial, and Q. is the third order tensor with components

(Qe)ijk = 0z Oy wi (Fy oy (Fy ) pi (1.9)

In the isotropic case with F, = wI we have Q. = w™2D?u. The entropy of
the growing material is defined by the relation

vy = —det Fga% ¥(Qc, DuF, ", 9).

As shown in [5,7], the Clausius-Duhem inequality and the principle of inde-
pendence of motions imply the following expressions for the stress tensors:

(Ty)ij = det FgL__ ¥(Q., DuF,", 9),

a(Dg)” (1.10)
(Ts)ijr = det Fy m@(Qe, DuF;I’ 9).
Moreover, the Clausius-Duhem inequality yields the relation
b: (0, F,F,") <0, (1.11)
where b is the material Eshelby tensor (cf. [8]) given by
b=l — Fj% - 2{% Q)" (1.12)

In particular, for the isotropic growth we have the following expressions for
the Helmholtz free energy density and the entropy:

3,92
¥,(D*u, Du,d,w) = 2i|Au|2 + (1 +9)w*W(w ' Du) — w;g , (1.13a)
w

vy = wv, where v =19 — W(w 'Du). (1.13b)
In this case the stress tensors are defined by the relations
T;= 1+ W (wDu), (Ts)ijr=cw " Au; 5. (1.13c)
The total Helmholtz free energy is given by
¥,(u,d,w) = / ¥,(D*u, Du, 9, w) dz. (1.14)
0

The system of the governing equations includes the momentum balance equa-
tion and the entropy balance equation. Since the characteristic time of growth
of biological materials is about days or weeks, we can neglect the inertial
forces and take the momentum balance equation in the quasi static form

div (T — divT,) +f =0, (1.15)
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where f is a given exterior force. For simplicity we discard the exterior heat
source and take the linearized entropy balance equation in the form

8tvg = Av. (116)

In order to obtain a closed system of equations for the displacement field
u, the temperature 9, and the growth factor Fg, we need an extra equation
for Fy. We assume that the evolution of the growth factor is described by
a nonconservative model. This model is based on the assumption that 0,F,
is a function of the deformation gradient, the temperature and the growth
factor. The specification of such a function is the most important question of
the theory. As noted in [5,7], the Clausius-Duhem inequality (1.11) and the
covariance principle lead to the following evolution equation for the implant
Fy:

OF, F,' = —cftrbI—cf b, (1.17)

where ¢ = ¢ (I;,9) are nonnegative functions of the temperature and the
invariants I; of the Eshelby tensor. Notice that the right hand side of (1.17)
is the only tensor function satisfying (1.11). We restrict our considerations

to the case of the isotropic growth with Fy = wl. In this case we have
Sw=trFy=1;, I = 3w?, Iy = w?, cf =0.
Hence we can rewrite equation (1.17) in the form
30w = —wcg (¥,trb) trb. (1.18)

It follows that the simplest version of the evolution equation for the growth
factor is the ordinary differential equation

Oyw = —w H(trb) (1.19)
where H : R — R is a smooth function such that H(s)s > 0.
Problem formulation. Results Combining momentum equation (1.13¢)-(1.15)
and entropy balance equation (1.16) with the evolution equation (1.19) we

arrive at the following system of differential equations which describe the
isotropic volumetric growth of the thermoelastic material:

eA(w™ Au) — div (w?(1+ )W/ (w™'Du)) =f in 2x (0,7) (1.20a)

0y (wiv) = AV in 2 x (0,7), (1.20b)
Ow = —wH(p) in 2 x (0,T). (1.20¢)

Here the temperature ¢ is given by
¥ =v+W(w 'Du). (1.204d)

Formulae (1.12) and (1.13a) imply the following expression for the trace of
the Eshelby tensor ¢ :=trb:

v = —i|Au\2 + (1+9)w® (3W (w™ " Du)—
2w
303 (1.20e)

2
219.

W/'(w™'Du) : (w™'Du)) —
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Equations (1.20a)-(1.20c) should be supplemented with boundary and initial
conditions. We take them in the form

u=h, Au=0, g—ﬂ—i—ﬂ:O on 02 x (0,T), (1.20f)
n

v =vy, w =wy in 2, (1.20g)
t=0 t=0

where n is the outward normal to 0f2. The boundary condition for ¢ is the
standard radiation condition. The boundary condition for the displacement
means that the growing material is surrounded by the duct membrane whose
shape is defined by the function h. The equations and the boundary and
initial conditions (1.20) form a closed boundary value problem for the defor-
mation field u, entropy v, temperature ¢, and the growth factor w. Further
we assume that the stored potential energy W, the function H, and the
boundary data satisfy the following conditions.

H.1 The function W is in C°°(R?) and there is k € [2, 3) such that

0 < W(E) < c(1+[E)", W(E)] < c(1+[€)*, [W"(€)] < C(1+|€P'{*2)~
1.21
H.2 The function H € C*°(R) satisfies the conditions

H'(s) 20, H(0)=0, [H'(p)l<c, [H'(p)<cl+]o])" (1.22)

H.3 For simplicity we assume that 0;h = 0, 9;f = 0. We also assume that the
given data satisfy the conditions
vo € WH2(02), feL>®(2), heC*N),

1.23
wo € WH(02), 0<ct<wy<c<oo. (1.23)

We are looking for a weak solution to problem (1.20), which is defined as
follows.

Definition 1.1 (Weak formulation) Denote by W?? 1 < p < oo, the
Banach space which consists of all functions u € W, *(£2) such that

1
lallyer = </ | Aul? dm) : <oo, u=0 on 0.
Q

The space W?P is topologically and algebraically isomorphic to the space
W2P(02) N WyP(£2). A tuple of functions (u,v,w,) is said to be a weak
solution to problem (1.20) if

(i) For a.e. t € (0,T) the function u(t) — h belongs to the class W2 N
W2’6(Q),
v,w,¥ € L0, T;Wh2(2)), wh' € L®(02 x (0,T))

9 (1.24)

v, 9 € L=(0,T; L*(£2)).

(#) The function w satisfies equation (1.20c) and initial condition (1.20g).

The temperature ¥ and the trace of the Eshelby tensor ¢ are connected
with the growth factor w and the entropy v by the relation (1.20d).
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(iii) The integral identity

T
/ / (wPvdis — VI - V<) dadt
0o Je
— / Js ds + / wives(x,0)dr =0 (1.25)
a9 o)

holds for all ¢ € C*°(§2 x (0,T')) vanishing on 2 x {t =T7}.
(iv) The integral identity

/Q <iAu(t) CAE

+ (1+9)W (w™ ' (t)Du(t)) : DE — f - g) de =0 (1.26)

holds for all & € C?(£2) vanishing on 92 and for almost all ¢ € (0,7).

Definition 1.1 does not determine a solution to problem (1.20) in a unique
way. Notice that there is a disparity between the unknown functions in equa-
tions (1.20). These equations involve time derivatives of the entropy v and of
the growth factor w, i.e., v and w are evolutionary variables. The displace-
ment vector field satisfies static equation (1.20a). The properties of solutions
to this equations are completely determined by the stored elastic energy den-
sity W. In nonlinear elasticity, W is polyconvex but it is not convex, see [3]
for discussion. Moreover, if the free energy density is in the form (1.2), then
it is not convex and it is not bounded from below even if W is convex. It
follows that in the general case the momentum balance equations represented
by the integral identity (1.26) has multiple solutions. Hence, for given v and
w there are many temperatures ¢ and traces ¢ satisfying relations (1.20d)-
(1.20e), and the number of these quantities depends on the time variable. In
order to diminish this arbitrariness, it is necessary to supplement equations
and boundary conditions (1.20) with additional selection rules. We intend to
prove that such rules can be formulated as follows. Introduce the functions

6(Du,v,w) = v+ W(w 'Du), V(Du,d,w)=19—W(w *Du). (1.27)

Denote by E = ¥, + VYw? the density of the internal energy as a function
of the temperature and growth factor, and denote by & the density of the
internal energy as a function of the entropy and growth factor. Calculations
show that

192

E=— |Au)? + wW (w™ Du) + w® —,

QEw . 2 (1.28)
&= %|Au|2 + w3 W (w™ Du) + §w3@(Du,v,w)2.

We denote by E the total internal energy as a function of the displacements,
temperature, and growth factor, and denote by £ the total internal energy
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as a function of the displacements, entropy, and growth factor, i.e.,

E(u,ﬁ,w):/ E(D?u, Du,d,w) dz, E(u,v,w):/ E(D*u, Du, v, w) dz.
2 2
(1.29)

Definition 1.2 (Work and marginal function) Introduce the functional

H(u,v,w) = E(u,v,w) — /Qf -udz. (1.30)

We define the marginal function M of the functional H by the relation

M(v,w) = uf&g\f;v“ H(u,v,w, f). (1.31)

Notice that M(v,w) is well defined if v € L?(£2), f € L>(£2), and wt' €
L>®(0).

Definition 1.3 (Selection principle 1) Suppose a weak solution to prob-
lem (1.20) satisfies all conditions of Definition 1.1. We say that the dis-
placement field u satisfies the first selection principle if H(u(t), v(t), w(t)) =
M(v(t),w(t)) for a.e. t € (0,T). In other words the displacement field u(¢)
is a minimizer of the functional H (-, v(t), w(t)).

Denote by I the total dissipation rate

H(ﬂ,ga)/ﬂ(|V19|2+H(ga)<p) d:z:+/(mz92 ds. (1.32)

It is convenient to represent I1 as the sum of two forms

HMt%v)z/gVﬂVvdm—l—/a Jvds, Hl(ap,w):/ﬂipcpdx.

Definition 1.4 (Admissible set) For given v € W12(2) and strictly pos-
itive w € L*(42), denote by P(v,w) the set of all couples (9, ) with the
following property: There is u € W2 + h such that

9 =v+W (w™'Du), ¢ = ¢(D*u, Du,¥,w), H(u,v,w)=M(v,w). (1.34)

2

Definition 1.5 (Selection principle 2) Suppose a weak solution to prob-
lem (1.20) satisfies all conditions of Definition 1.1. We say that the functions
¥ and ¢ satisfy the second selection principle if the inequality

I((t), p(t)) < o(3,9(t)) + I (H(p(t)), §)- (1.35)
holds for every (9, %) € P(v(t), w(t)) and for a.e. t € (0,T).
The following theorem is the main result of this paper.

Theorem 1.1 Under the above assumptions, problem (1.20) has a weak so-
lution which meets all requirements of Definition 1.1. For a. e. t and v = v(t),
w = w(t), the functions u(t), 9(t), and @(t) satisfy the selection principles
giwen by Definitions 1.8 and 1.5.
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Mathematical background. The proof of Theorem 1.1 is based on compactness
and monotonicity arguments. There are three aspects of our method which
deserve brief mention. The first is the implicit time discretization scheme
for problem (1.20). Using this scheme we construct approximate solutions
to this problem as saddle points of the “action” functional. The second as-
pect is the formulation of monotonicity inequalities for the sequence of the
approximation solutions in terms of the marginal function. These inequali-
ties allow us to eliminate the displacements from the further analysis and,
by doing so, cope with the nonconvexity of the free energy with respect to
the displacement field. The third aspect is the systematic application of the
theory of sliced measures in Banach spaces to the problem of compactness of
approximate solutions.

We now explain the organization of the paper. In Section 2 we employ the
time discretization scheme in order to construct a sequence of approximate so-
lutions uy, vy, wy, I, and @y to problem (1.20). We deduce estimates for
the approximate solutions. In particular, we show that the uy are bounded
in the space L>(0,T;W?2%(£2)) and that the strictly positive functions wy
are uniformly bounded from below and above. We also prove that the se-
quences U and ¢y are bounded in the Lebesgue spaces L™ (0, T; LP({2)) and
L#(0,T; L1(£2)) for all exponents satisfying inequalities (2.20).

In Section 3 we investigate the compactness properties of the approximate
solutions. We show that the sequences vy, and wy contain subsequences, still
denoted by vy and wy, such that vy converges to some v in L"(0,T; LP(£2))
and wy converges to some w a.e. in £2x (0, T"). Moreover, in Section 3 we show
that for every n > 0 there is a compact set 7,, C (0, T) with meas((0,T)\7,) <
7 such that the totality of the functions (¥n(t), pn(t)) belongs to a compact
set X, C LP(£2) x LI(12).

Sections 4 and 5 are the heart of the paper. In Section 4 we derive the
monotonicity relations. We prove that for a.e. 0 < t; < ty < T, the approxi-
mate solutions satisfy the energy dissipation inequality

M(u(to). w(ta)) ~ M(u(t)w(tr)) + limsup { [ u(H(pn), )
N —o00 t1+T/N

1 to tg*T/N . _
+7/ o0, In) ds + 7/ H(19N,19N)ds} <0,  (1.36)
2 t1+T/N t1+T/N

where the auxiliary functions ¥y satisfy the conditions 9y — 9y — 0 in
L?(0,T; L?(£2)) as N — co. We also prove that the complementary inequality

lim inf
t1 /‘to to - tl

{M(o(to), w(to)) = Mv(t), w(tr)) }

+ o (0,9%(to)) + I (p, H*(t0)) = 0 (1.37)
holds true for every (¢, ¢) € P(v(to), w(to)). Here ¥*, H* are weak limits of
the sequences 9 and H(py). Notice that the monotonicity relations (1.36)

and (1.37) do not involve the displacement field. In Section 5 we obtain a
representation for the weak limits of the sequences (9, pn). We prove the
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existence of a measurable family of probability measures y; on the compact
set X, C LP(§2) x L4(S2) such that

lim / /F(t,ﬂN,cpN)dzdt:/ {/ F(t,ﬂ,go)dut(ﬂ,cp)}dt (1.38)
N—oo o) . =,

for every continuous function F : [0,T] x X, — R. Here 7, is a compact
set such that meas (0,T") \ 7,, <, where 7 is an arbitrary positive number.
Representation (1.38) has some advantages over the standard representation
of weak limits via the Young measure, since F' in (1.38) is a general nonlinear
functional. It may be an integro-differential form like IT or a nonlinear inte-
gral operator. It is a remarkable fact that the support of yu; is contained in
the set P(v(t), w(t)) given by Definition 1.4. This means that for u;-almost
every (9,¢) there is a displacement field u such that u, ¥, and ¢ satisfy
relations (1.34).

In Section 6 we use inequalities (1.36)-(1.37) and representation (1.38)
in order to prove that pu; is the Dirac measure concentrated at the point
(9%, ¢*) € LP(§2) x L1(2). This result yields the strong convergence of the
sequences Yy and @p. In Section 7 we prove that the limits 9*, ¢*, v and
w serve as a weak solution to problem (1.20). This completes the proof of
Theorem 1.1.

2 Approximate solutions. Time discretization

In this section we construct sequences ¥y, vy, uy, wy, N > 1, of approx-
imate solutions to problem (1.20) by using time discretization. For given
bounded functions w,_s, w,_1, vn_1, and a vector field f, we denote by
S, (9, u) the integral functional

Sn(ﬂ,u) = u'/g(u,ﬂ,wn_l) — gﬂo(ﬁ, 19) +/ (wi_Qvn_lﬂ —f. u) dz,
2
(2.1)

where the free energy functional ¥, is given by (1.14) and the tempera-
ture energy dissipation rate I is given by (1.33). We are looking for the
approximate solution to problem (1.20) in the form

In(z,t) =9 (), on(z,t)=0v,(2)

un(z,t) =u,(x), wn(z,t) =w,(z,t) (22)
for
te((n—1)rnr], 1<n<N, 7=TN .
Set
wy(z) = wy(x, ). (2.3)

The functions 9, v,, and u,, are defined by the following recurrence relations.
We assume that vg, wo are given by the initial data (1.20g) and

90 = @(’Uo, 0, w())7 w_1 = 0. (24)
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If9,_1, vn_1, and w,—1 = wy(z,7(n — 1)) are already determined for some
n > 1, we define 4,, and u,, as solutions to the variational problem

Sn(On,uy) = ufﬁréif/lvm ﬁlenwa/c);z S, (9, u). (2.5)

Then we define v,, by
Uy, =0y — W(w;ﬁlDun) =V (Duy, O, wp_1). (2.6)

Next, we define wy on the interval [7(n — 1), 7n] as a solution to the Cauchy
problem

OwN = —H((p(DQun,Dun,é‘n,wN))wN, T(n—1) <t < Tn,

wy(T(n —1)) = wp_1. (2.7)

Then we define w,, by (2.3) and repeat the process until n = N = T/7.
Finally, we define the approximation ¢y of the trace of the Eshelby tensor
by

YN :go(DzuN,DuN,ﬁN,wN), (28)

where ¢ is given by (1.20e). Notice that uy, Y5 and vy are piecewise con-
stant functions of the time variable. In contrast, wy is a Lipschitz continuous
function of ¢. Relations (2.4)-(2.7) form a closed system of recurrent equa-
tions for the definition of approximate solution. The next theorem asserts
the existence of solution to this system. In order to formulate this result, it
is convenient to introduce the auxiliary functions

Wn(t) =wn_1, Uy =71, for (n—1)7 <t <nr, (2.9)
where 9, is a solution to the variational problem

Snt1(up,¥,) = ﬂeVIlI/l%((Q) Snt1(un, 9). (2.10)

Theorem 2.1 Let conditions (H.1)-(H.3) be satisfied and T > 0. Then there

are 19 > 0 and a positive constant c with the following properties. For every
integer N > T /19, problem (2.4)-(2.6) has a solution satisfying

sup/ (JAuy|* + W (wy' Duy) + |9n?) dz
t J

T
+/ H(’l9N,<pN)dt§C, (2.11)
0

0<c ! <wy(zt)<ec, |[Dwn(z,t)]<cae inx][0,T], (2.12)

T—71
|lwy —wn| < e, / / [0y —In|* < cr. (2.13)
0 Q
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Moreover, for every 0 <t < tqg <T, we have

to
limsup { Hn(t1) — Hn(to) + II (H(en), oN)
N—o00 t1+7
1 to 1 to—T _ _
+ - Ho(ﬁN,’LS‘N)dS—F*/ Ho(ﬁ]v,’t?]v)ds} <0. (2.14)
2 t1+7 t1+71
Here
(1) = E(un(t), vn (b), Tx (1)) —/ £y (t) dz, (2.15)
2

the total internal energy € and the forms II; are given by (1.33) and (1.32),
and the trace of the Eshelby tensor ¢y is given by (2.8).

Proof The proof is in Appendix A.

+1

Theorem 2.1 implies that the functions (wy)™** are uniformly bounded

and the functions uy, ¥y satisfy the estimates
Jun Lo 0,722y + 1IN 201w 2(2)) + 198 Lo 0,7522(2)) < e (2.16)

where ¢ is independent of N. Now we use bootstrap arguments to obtain
stronger estimates. In particular we estimate uy in L>(0,T; W2°(§2)) and
estimate the derivatives of wy. The corresponding result is

Theorem 2.2 Under the assumptions of Theorem 2.1,

S[up} (Ilan @) lw2s(0) + [Dun ()] L (2)) < ¢, (2.17)

sup |[@n(t) " Aun(t)||wrzio) < ¢ (2.18)
te[0,T]

sup [lwn (t)|lwr22) + [10:wn| L2 0,m5w12(2)) < 6 (2.19)
t€[0,T)

where the constant c is independent of N.

The following proposition gives estimates of the approximate solutions in
Lebesgue spaces. It is a straightforward consequence of Theorem 2.2. Intro-
duce the exponent (r,p) and (s, ¢) satisfying the relations

l<s<oo, 1<q<6s/(6s—4),

r=2s, p=24q. (2.20)
It follows that
2<r<oo, 1<p<6r/(3r—4).
Proposition 2.1 Under the assumptions of Theorem 2.1,
lonllLeso,502(2) + lonllL20,mwr2(2) < ¢ (2.21)
195 L 0.1:0 () + lvn |l Lr 0,120 () < € (2.22)
lonllzs o, 1iLa(2)) < ¢ (2.23)

where ¢ is independent of N.

The rest of this section is devoted to the proof of Theorem 2.2 and Propo-
sition 2.1.
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Proof of Theorem 2.2. We begin with the proof of estimate (2.17). The proof
is based on the fact that the growth exponent s € [2,3) in (1.21) is less than
3. Since the case » = 2 is trivial, we assume » € (2,3). By the definition of
the approximate solution, we have

Sn(u,,¥,) = min_ S(u,d,).

It follows that

. 1 . . _
lim § (Sn(un 5q, 0,) Sn(un,ﬁn)) 0

for every q € W?2. This relation can be rewritten in the form

Wn—1

/ ( c Au, Aq 4 w2 (1+9,)W(w,*,Du,) : Dq — fq) dx = 0.
Q

Now choose & € L?(§2) and set q = A~'¢, where the inverse A~ is defined
as the solution to the Dirichlet problem
A(A_lé) =¢( inf2, A'€=0 ondf.

Thus we get

/ ( € Au, — AN div (wi_ (1 + ﬁn)W(w;ilDun)) - f){da? =0,
Q

2wn—1

which yields the equation

e

Au, = A~ div {wg_la + ﬂn)W(w;ilpun)} LAY (2.24)
2U}’nfl

Since u,, — h € W?2, we also have
u, =h on 2. (2.25)

It follows from the general theory of elliptic equations [15] that for all q €
WkE=Lr(2), k> 1, p € (1,00), we have
A= diva [lweso) < cllallwe—1r0), (2.26)
+1

where c is independent of q. Since the functions w3~ are uniformly bounded,
it follows from the growth condition (1.21) that

wp 1 (14 0n)W (w2 Du)| < (1 + [9n])(1+ [Dug)7, (2.27)
where v = s—1 € (1,2). Now set By = 2, g = 6. The energy estimate (2.16)
implies
”AunHLﬁo(Q) <c¢,  |[[Dupllpeo(n) < e
It follows from this, estimate (2.16), and the Hélder inequality that
11+ [In (L + [Dun )| Lro (2)
< eI+ [9nllL2@) (L + [[Dunllzo2)” < e, (2.28)
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where po~! = 27! 4 467! < 5/6. Combining this estimate with (2.26) we
arrive at the inequality

1A™H div{w; (1 + 0n)W (w2 Dug) Hlwma o) < c

Since the embedding W10 (£2) < L3Po/B=Po)(()) is bounded we conclude
from this and (2.24)-(2.25) that

[Au,[|Ls: (o) < e, where (81 = 3po/(3 — po).
Since the embedding W2/t < W1381/3=51)(()) is bounded, we have
| Duy o1 (o) < ¢, where ai =3p31/(3— B1).
Applying the Holder inequality we arrive at
1L+ [0n[) (1 + [Dun|) || o1 ()

< (U4 [[9nllL2 @) (X + [Dun|Ler (2))” < e,

1

where p;~! = 27! + ya; ~!. Arguing as before we conclude that

| Aoy S ¢ 1D o0y < e (2.29)
Here the sequences «y, pg, and B are defined by the recurrent relations
ar =3B-13 = Br1) " B =3pk—1(3—pr—1) " pp =271 +ya; .

Estimates (2.29) hold provided 1 < Sr_1 < 3 or equivalently 1 < p; < 3/2.
Notice that the quantities p, are defined by the recurrent relations p,gl =
vpity +1/2 — 24/3, which lead to the equality

(-3 o Lk gy 4y - )
Pe =P Loy Sy s A AR v —3)).

Since v € (1,2), the sequence p,;l decreases and tends to —oco as k — oo.
Hence there is a minimal k such that py—; < 3/2 and p; > 3/2. It follows

that Bry1 > 3. In this case the embedding W28r+1 — L>(£2) is bounded,
which yields

[Dun|lL2) < e, [[(1+]9.])(1+ [Dug|) |20 < e (2.30)
We thus get
A~ div{w]_(1+ ﬂn)W(w;LDun)}llwmm) <ec.
From this and (2.24) we conclude that
ngilﬂunnwmm) <c (2.31)

and hence
lunllw2s2) <c (2.32)
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It remains to note that estimates (2.17) and (2.18) obviously follow from
(2.30)-(2.32).

Now our task is to estimate wp. Recall that wy satisfies the ordinary
differential equation and initial condition (2.7). Notice that the differentia-
bility of wy with respect to x follows from the differentiability of w,, ¥,,
and general results on the differentiability of solutions to ordinary differen-
tial equations with respect to parameters. It is necessary to prove (2.17).
Differentiation of both sides of (2.7) with respect to z gives

0y (Vwy) = —H(¢)Vwy — H' ()wn Ve for 7(n —1) <t < n,

2.33
Vwn(T(n —1)) = Vw,_;. (2.33)
Next, formula (1.20e) for ¢ implies
o(D*u,, Du,, 9, wy) = —ew?_,(2wy) to?
3
+ (1 + 9w} (3W(wy' Duy,) — W (wy' Duy,) : (wy'Duy,)) — SwTNﬁi,
(2.34)
where
on =w,  Au, = (Wy () Aun(t), te((n—1)7,n7]. (2.35)
It follows that
Ve =MVwy + NVw,_1 + L, (2.36)
where
€ 9 EWy—_1
M = w12\/(1 + ﬁn)R(E) + m(Aun)z - 5’11)]2\;19?,, N= 7W0n7
L = wi (1 +9,)P(&n) +wiy (3W(£) — W'(£) : )V,
cw? |
— 15, Vo, — 3w, V,.
wN
(2.37)

Here the matrix valued function € and the vector-matrix valued function n
are given by

£= w&IDum n=m;)i<i<z, M= wﬁlaxiDun,

and the scalar function R and the vector function P = (P;)1<i<3 are given
by

R =9W (&) —5W'(€) : €+ W' (§)[¢, €],
P =2W'(¢) :m; — W"(§)[& n;]-

Since the functions wy and Du,, are uniformly bounded we have

(2.38)

€l <c, Inl<cVPul, [R|<c, [P]<c[Viu,l. (2.39)
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It follows that
M| < c(1+ |[9,* + |Au,?), |N| < c|Au,l, (2.40)
IL| < (1 + [9n])(1+ |V2u,|) + c|Aw,||Vou| + (1 + |9,]) |V,
On the other hand, representation (2.34) implies
—@(D*u,, Duy, 9y, wy) > ¢ H(|0,)% + |Au,|?) — ¢,

where ¢ > 0 is independent of N. From this and |H'(p)| < ¢(1 + |p])~! we
conclude that
[H'(9)] < e(1+ [0n]? + | Auy )7

Combining this with (2.41) we arrive at
[H'(p)M| < ¢, [H'(¢)N|<c,
H()L] < o1+ [Vou| + [V + [2u,). 241
Next, substituting (2.37) into (2.33) we obtain
O (Vwy) = —(H(p)+H'(@)wnM)Vuy —wy H' (¢)N)Vw,_1 —wy H' (¢)L,
which along with (2.41) yields
0| Vwn| < 10:(Vwy)| < e|[Vuy| + ¢|Vwp—1| + cG,. (2.42)

Here
G, =14 |Viu,| + |VI,| + |Vay,|. (2.43)

Multiplying both sides of (2.42) by exp(—ct) we obtain

(e Vwn|) < ce™ (|Vwn_1] + c(1 4+ |V2u,| + [VO,| + Vo). (2.44)

Choose any ¢ € [r(n — 1), 7n]. Integrating this inequality over [r(n — 1),t]
and multiplying the result by e, we arrive at

[Vuy (t)| < |[Vw,—1| + (etf(”fl)T - 1) 2|lVwp—1| + Gn)
< |Vwp-1|(1+er) + e G,

where c is independent of N. Applying the Cauchy inequality we obtain
|Vwn () < Vw12 (1 +e7) +erG2 for 7(n—1) <t < 7n.
Integrating both sides over (2 and recalling estimates (2.17)-(2.18) we obtain
/ |Vwy (t)* de < (1 + CT)/ Vw1 | dx + CT/ G? da
7 o) I7;
<(1 +CT)/Q |an1|2dm+07/g(1 + V9,2 dx.  (2.45)

Since wy (n7) = wy, we conclude from this that

/ |Vw,|? de < (1+c7')/ \an_l\de+m'/(1+\V19n|2)da:.
0 0 7
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It follows that

/ |Vw,|* dr < (1+CT)"/ |Vw0|2dx+072(1+07)"_k/(1+|V19k|2dx.
2 Q P 17

In view of the relation 7 = TN~! we have

(I+er)"<(Q+en)V ={1+ CT)I/(CT)}CT < e,

Thus we get

/ |Vw,|? dz < eCT/ |Vwol|? dx + ceCTTZ/ (1 + |VO|?) dz
2 e o’
nTt
= eCT/ |Vwo|? dz + ceCT/ / (14 |V |?) dedt < ¢ (2.46)

fo) 0o Jo
for all 1 < n < N. Combining this result with (2.45) we obtain

/ |Vwy (t))? de < ¢ for all t € [0,T]. (2.47)

fo)

From this, (2.46), and (2.42) we conclude that

/ |0:(Vwy (1)) dz §c—|—c/ VN |* dx
fo) 7}

for 7(n — 1) < t < 7n. Noting that ¥ (t) = ¥, on this interval, we obtain

T T
/ / |0:(Vwn (1)|? dedt < ¢+ c/ / |VIn|?da < c. (2.48)
0 0] 0 2

It remains to note that the desired inequality (2.19) clearly follows from
(2.47) and (2.48).

Proof of Proposition 2.1. We first observe that estimate (2.21) obviously
follows from (2.16)-(2.19) and the identity vy = 9y — W (wx' Duy).

Let us prove estimate (2.22). Since the embedding W12(£2) — L5(£2) is
bounded, the energy estimate (2.16) yields

19N Lo (0,722 (2)) + 19N || 20,7528 (2)) < €.
By the interpolation inequality, for every « € (0,1) we have
||19N||L"'(O,T;LP(Q) < ”ﬁNHi;OZO,T;L?(Q)||19N||%2(0,T;L5(Q) <ec, (249)

where
af2=1/r, (1-a)/2+a/6=1/p.

Estimate (2.22) for ¥ obviously follows from (2.49). Repeating these argu-
ments and using (2.21) we obtain (2.22) for vy.
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It remains to prove estimate (2.23). Recall representation (2.8) for ¢n.
Since wi! and Du, are uniformly bounded, it follows from (2.8) that for
almost every t € (0,7,

lon (D] < ¢+ |l Auy ()] + clin (). (2.50)
Notice that in view of (2.16) we have

I(Auy)?|

Ls(0,7;L3(2)) < cl|Aun||r0,m;L8(02)) < c. (2.51)

Next, relation (2.20) yields 2s = r and 2¢ = p. From this and estimate (2.49)
we obtain

193 | e 0.7:L0(2)) < lINITr (0,010 () < € (2.52)
Combining (2.50)-(2.52) we arrive at estimate (2.23).

3 Compactness

In Section 2 we proved the existence of approximate solutions uy, Jn, vn,
wy to problem (1.20). Our goal is to prove that this sequence has a limit point
which is a weak solution to (1.20). Hence, the key question is the compactness
of the set of approximate solutions in appropriate Banach spaces. In this
section we give a preliminary analysis of this problem. Notice that among the
thermodynamical and mechanical quantities in (1.20), only the entropy v and
the growth factor w satisfy evolution equations. Therefore, the compactness
properties of the sequences vy and wy can be established by applying the
Dubinski-Lions Lemma. The corresponding result is given by the following
theorem, which is the first main result of this section.

Theorem 3.1 Let all conditions of Theorem 2.1 be satisfied. Then there is
a subsequence of (v, wy), still denoted by (vn, wN), and functions v, w with

wrt e L®(0,T; L>=(2)) N L=(0,T; WH2(2)), duw € L*(0,T; WH2(02)),

v e L0, T; Wh2(2)) N L>(0,T; L*(2)) (3.1)

such that
wi — wE in C(0,T; L (92)), (3.2)
vy — v in L7(0,T; LP(12)) (3.3)

as N — oo for all a € [1,00) and all (p,r) satisfying (2.20).

We cannot guarantee the strong convergence of the sequences uy, 9y
and @ since these functions have no smoothness with respect to the time
variable. However, they have some smoothness with respect to the spatial
variables. Hence we can expect that these functions map the interval (0,7)
onto some relatively compact set. The corresponding result is given by the
following theorem, which is the second main result of this section.

Theorem 3.2 Let exponents s, q and r,p satisfy conditions (2.20). Then for
every n > 0 there is a compact set T, with the following properties:
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(1) Ty < (0,T), meas((0,T) \ Ty) <.

(i) The mappings v : T, — LP(§2) and on : Tr = LP(£2) are continuous and

un(t) = v(t) in LP(£2) uniformly on T,. (3.4)
(1ii) For every a € [1,00),

wn(t) = w(t) in L(2) uniformly on T,. (3.5)
(iv) The set

) ={Wn (), on(t) : N =1, t € Ty}, (3.6)

is relatively compact in LP(§2) x L9((2).

The rest of this section is devoted to the proof of Theorems 3.1 and 3.2.

Proof of Theorem 3.1. We begin by proving (3.2). It suffices to show that
the sequence {wn(t)}n>1 is relatively compact in C'(0,T; L*(2)) for every
€ [1,00). Set
M, = {wn(t):t€[0,T], N > 1}.
It follows from (2.17) that 90, is bounded in W12(£2) and hence in L"({2)
for every r € [1,6). In particular, it is relatively compact in measure. On
the other hand, inequality (2.17) yields the boundedness of 9%, in L>°(42).
Hence M, is relatively compact in L¥(2) for all a € [1,00).
Next, it follows from estimate (2.19) that for 1 < a <6, h € (0,T"), and
0<t<T—h,

leon (¢ +B) = wx (8) | ey < cllwn(t+ ) — wn@llwieg)

t+h
/ Oswp(s)ds
t

If @ > 6 we apply the interpolation inequality to obtain

<c < h1/2||8t’l,UN(t)||L2(0_’T;W1,2(_Q)) < ch'/?. (3.7)

lwn (t+h) —wn ()| Le(2)
< cllwn (t+ h) — wn ()55 lwon (t+ h) — wn () 2

(3.8)
< c|lwn(t+h) — ()HLG(Q < ch3/e,

Estimates (3.7) and (3.8) show that the sequence wy is equicontinuous
in C(0,T;L*(£2)). Recall that wy takes values in the relatively compact
set M. Application of the Ascoli Theorem completes the proof of (3.2).
Our next task is to prove (3.3). Recall that (u,,v,) is a solution to the
variational problem
Sn n719n = Sn n,19.
(s 0n) = ) 2 ) Sn ()
Calculation of the variation of S,, at the point ¥J,, leads to the linear elliptic
boundary value problem for 4,,,

—T7AY, + wi_lV(Dun,ﬂn, Wp—1) = wi_zvn_l in £,

3.9
On¥y +19, =0 on 0f2. (3.9)
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Here V is given by (1.27), i.e
V(Duy, O, wp—1) =9, — W(w;ilDun) = ,.
It follows that
Vp—Vp_1 = Wn_1 (TAV,+R,), where R, = (w?_,—w?_)v,_1. (3.10)

Recall that w,—2 = wy((n — 2)7) and w,—1 = wy((n — 1)7). From this and
(2.19) we conclude that |w3_, — w3 _;| < c¢r and hence

|R,| < T |vp—1]. (3.11)

In view of (2.19), we have |wX!,| < ¢ and IVwn_1ll2(2) < c. Fix A > 3.
Since the embedding WOM‘(.Q) — L*(§2) is bounded, we have

w2 1 Cllwrzgo) < eli¢lying, forall ¢ e Wy (9). (3.12)

Obviously Cw;, 3, € Wy*(£2). Thus we get

/ Cwn 1A’l9nd£li— / V C’LU V’l9 dz < C”v'ﬂn”L?(Q)”C”Wl/\

This means that
iz ADllw— 1) < el V0l oy for all = A(A— 1) € (1,3/2),
which along with (3.10)-(3.11) yields
[on = vn1llw-1m(0) < 7l VUnllL2(2) + |1 RnllLe(2)
< er||Onllwrzo) + eTllva—1llLe(2)-

Thus we get
N N
> lvn = vtllw-ree) < em Y _(Wallwrz) + vn-1llLe(2)
n=1 n=1

T
<e / (9 (0)llwraqe + o (t — 7)1 e ey) dt < c.
0

It follows that the total variation of the piecewise constant function vy :
[0, 7] — W~L#(§2) is bounded by a constant ¢ independent of N. Thus

T—h
/ ||”L}N(t+h) 7'UN(t)||W*17M(Q) dt <ch forO<h<T.
0

On the other hand, estimate (2.21) yields
T—h
/ lon (t)[lwi2(2) < ch for0<h <T. (3.13)
0

As the embedding W12(2) — L*(£2) < W~L#(£2) is compact, Theorem 5
in [24] implies that the sequence vy is relatively compact in L(0, T; L*(£2)).
Hence it is relatively compact in measure. On the other hand, in view of
Proposition 2.1 this sequence is bounded in L"(0,T; LP(£2)) for all r and p
satisfying (2.20). Since the set of admissible r and p is open, we conclude that
the sequence vy is relatively compact in L™ (0,7T"; LP(§2)). This completes the
proof of Theorem 3.1.
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Proof of Theorem 3.2. Since LP({2) is separable, the piecewise constant map-
pings vy : (0,T) — LP(§2) are strongly measurable on (0,7). On the other
hand, they converge strongly to v in L™(0,T; L?(S2)), Hence vy converges to
v in measure in (0,7), and the sequence vy meets all requirements of the
Egoroff Theorem. We conclude that for every n > 0 there is a compact set
T, satisfying (i) and (ii). Item (iii) obviously follows from (3.3).

In order to prove (iv) notice that in view of (2.6) and (2.9) we have

In(t) =on(t) + W(@n(t) " Duy(t)), (3.14)
where Wy () is defined by (2.9). It follows from (3.3) that
|lwn — wn|lco,r;Lo(2)) — 0 uniformly in N as N — oc. (3.15)

Now choose a sequence t,, € T,, m > 1. After passing to a subsequence
we may assume that t,, — t9 € 7, as m — oo. It follows from (3.3) and
(3.15) that Wy (tm) — w(ty) in LY(2) as m, N — oo. After passing to a
subsequence we may assume that

WN (tm, ) = w(to,z) a.e. in 2. (3.16)

Next, it follows from (2.17) that the sequence u, (t,,) is uniformly bounded in
W?25(§2). Recall that the embedding W?256(£2) — C(§2) is compact. Hence,
after passing to a subsequence we may assume that Duy(t,,) converges
uniformly in 2. Recalling (3.15) we deduce that W (wn (t,,) ' Dun(tm))
converges in measure in (2. Since the functions W (W (t,,) " Dun(t,n)) are
bounded, it follows that this sequence converges in L”({2). On the other hand,
(ii) implies that vy (t,,) converges to v(tg) in LP(£2). From this and (3.14) we
find that ¥y (t,,) converges in LP(§2) as (m, N) — oo. Hence, every sequence
In(tm) contains a subsequence which converges in LP({2). Next, in view of
(2.8) and (1.20e),

cwa [ Aup 2 5 39%
N = 2wN< wN ) N 2
+w} (1 +98){3W(wy' Duy) — wy' W (wy' Duy) : Duy}. (3.17)

Consider now ¢y (). By (2.18) the sequence Wy Auy(t,,) is bounded in
W12(£2). Hence, after passing to a subsequence, we may assume that this
sequence converges a.e. in 2. We have proved that Wy (t,,), Un(tm) and
Duy(t,,) converge a.e. in {2 as (N, m) — oo. Hence pn(t,,) converges a.e.
in £2.

Next, since wﬁl and Duy are uniformly bounded, relation (3.15) implies
that for every t € (0,7,

lon ()] < e+ clAuy (1) + cldn (t)*. (3.18)
Notice that in view of (2.20) we have
[ Aun ()] o) < cllAun]|poo.r:Lo(02)) < ¢ (3.19)

We have already proved that the sequence ¥n(t,,) is relatively compact in
LP(£2). From this and 2¢ = p we conclude that the sequence 9y (t,,)? is
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relatively compact in L9(§2). Recalling (3.18) and (3.19) we conclude that
the sequence ¢ (t,,) is bounded in L4(£2) for all ¢ satisfying (2.20). Since
this sequence converges in measure in {2 and the set of admissible ¢ is open,
we conclude that ¢y (t,,) converges strongly in L9(§2). Thus we prove that for
every t,, € T,, the sequence ¢y (t,,) contains a subsequence which converges
in L1(S2). Hence the set T(n) is relatively compact in LP(§2) x L2({2). This
completes the proof of Theorem 3.2.

4 Marginal function. Energy dissipation inequalities

In this section we deduce the energy dissipation inequalities which play a
crucial role in the further analysis. In Sections 2 and 3 we have built the
sequence of approximate solutions uy, ¥y, wy, and vy to problem (1.20)
and investigated their properties. In particular, we have proved the strong
convergence of the evolutionary variables vy and wy. Now we start a long
way in order to prove the convergence of ¥ and . Our tool is the mono-
tonicity method, which is based on a careful analysis of the energy dissipation
inequality and works well for problems with a convex free energy functional.
In our case the main difficulty is that the free energy density is a nonconvex
function of the displacement vector field u. However, it is a concave function
of the temperature 9. Moreover, the right hand side of equation (1.20c) for
the growth factor w is a monotone function of the trace ¢ of the material
Eshelby tensor. The idea is to eliminate the displacement vector field and to
focus on the sequences ¥ and . The key observation is the following.

Substituting the approximate solution into expressions (1.28)-(1.29) for
the internal energy we get the approximate value of the total internal energy
&€ n as areal valued function of the time variable. Since the free energy and the
internal energy depend on the displacement vector field u, it is hard to expect
that the sequence €y converges for a fixed ¢. It is a remarkable fact of the
theory is that the sequence of internal energies converges almost everywhere
on (0,7) and its limit can be expressed in terms of a marginal function
depending only on the evolutionary variables v and w. This fact immediately
leads to the desired energy dissipation inequality. Recall Definition 1.2 for
the functional H and the marginal function M. Now we are in a position to
formulate the first main result of this section.

Theorem 4.1 Let all conditions of Theorem 3.1 be satisfied and v, w be the
limits of vy and wy defined by Theorem 3.1. Then

H(upn(t),vn(t),wn(t) = M(v(t),w(t)) as N = oo for a.e. t € (0,T).

(4.1)
Moreover,
to
M(v(tg), w(to)) — M(v(t1),w(t1)) + lim sup { II (H(¢n), ¢n) ds
N—o0 ti+T
1 to 1 to—T _ _
+7/ Ho(ﬁN,ﬁN)dS—F*/ H(’ﬁN,ﬂN)dS} <0. (4.2
t1 471 t1+7
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for a.e. 0 < t1 < t9 < T. Here the energy dissipation rate II is given by
(1.33), the function Oy is given by (2.9), (2.10).

Inequality (4.2) estimates M(to) — M(¢;) from above. Our next task is to
estimate this difference from below. We will thus obtain an estimate which
is complementary to the energy dissipation inequality. Such estimates are
essential ingredients of the monotonicity method.

In order to formulate the corresponding result we introduce some nota-
tion. In view of Proposition 2.1 after passing to a subsequence we may assume
that there are functions

9* € L2(0,T; Wh2(02)) N L*°(0,T; L*(12)),
©* € L*(0,T; LY(R)), H* e L>®(N2 x(0,T)) (4.3)

such that

In — 9* weakly in L"(0,T; LP(2)) and in L*(0, T; W'2(12)),
pN — " weakly in L*(0,T; LI(£2)), (4.4)
H(py) — H* star weakly in L>(£2 x (0,T)).

Here (r,p) and (s,q) are arbitrary exponents satisfying (2.20). Since the
spaces W2(02) and L%(£2), 1 < a < oo, are separable, the mappings v, 9* :
(0,7) = Wt23(2) and H* : (0,T) — L%(£2) are strongly measurable. It
follows that there exists a set £ of full measure in (0,7") such that for all
to,t1 € L we have

1 to * *
! / ([o(to) — v(s)llwraqe + 110° (t0) — 9% () lwr2(e
to 1 t1

+||H*(t0)—H*(S)||La(Q)) ds — 0 aSt/to. (45)

For every n > 0, the set £ contains a compact subset £, with meas([0,T7] \
L,) < n/2. Next, it follows from the Lusin theorem that there is a compact
set C,, C [0,T] such that meas([0,7]\ C,) < n/2 and

tﬁ}j{{}iecn ([lv(to) = v(t)llwre() + 10*(t) — 0 (t1) w120
H (t0) = B (0]l oy ) = 0. (46)
Theorem 4.2 Let ty,t1 € L, NC,. Furthermore, assume that
ue W(0Q)n (W*»? +h)
is a minimizer of the functional H(-,v(to), w(to)), i.e.,
H(u,v(to), w(te)) = M(v(to), w(to)). (4.7)
and
0 = w(to) = W(w(to) ' Du)) € WH(12),
© = o(D*u, Du, 9, w(ty)) € LI(N).
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Then

lim inf
t1 to tO — tl

{M((to), wito)) — M(v(tr), w(t1)) |

+ o (9, 9" (to)) + I (p, H" (to)) 2 0. (4.9)
Here the bilinear forms II; are given by (1.33).
The rest of the section is devoted to the proof of Theorems 4.1 and 4.2.
Proof of Theorem 4.1. Proof of (4.1). Recall representations (2.3) and (2.9)

of the approximate solution in terms of u,, v,, ¥,, and w,. Fix u such that
u—h € W22 and define ¢ € WH2(£2) as a solution to the variational problem

Sn(¢,u) = el o) Sn(9,n),

where S,, is given by (2.1). It follows from (2.5) that
Sn(On,u,) < Sp(d,u). (4.10)

Note that

Sn(Wn,un) = sup S,V u,).
PEWL2(Q)

It now follows from Lemma A.1 in the Appendix that

Sn(ﬁnyun) = E(un/ﬁnawnfl) - /
(9

= H(up, Vn, Wn_1) + %Ho(ﬂn,ﬁn). (4.11)

f.u, ds+ gnowmn)

Next, expressions (1.13a) and (2.1) for ¥, and S,, imply

Su(dyu) = /Q 0,(D?0, D, 6, wn_y) di + /Q (W _yon16— fu)da

56,9, (1.12)

Now set
O = O(Du, vy, wp—1) = vy + W(wy—1Du). (4.13)
Obviously we have
V(Du,®,w,_1) =60 — W(w,—1Du) = vy, (4.14)
and
%Wg(Dzu,Du,Q,wn_l) =—w) ,V(Du,6,w, 1) = —w_,v,. (4.15)

Since ¥, is a concave function of the temperature, we have
@,(D*u, Du, ¢, w,_1)

< ¥, (D*u, Du, O, w,_1) + %%(DM Du, 0, w,_1)(¢ — O).
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Substituting this in the right hand side of (4.12) and using (4.15) we arrive
at

Sn(p,u) < / Wg(DQU,Du,@,wn_l) + wfb_lvn@) dx —/ fudz
Q 12,
+ [ (W o — wd v)ode - Jio(e,0). (416)
e

Next, (4.13) and expression (1.28) for the density of the internal energy give
the identity

¥,(D*u, Du,0,w,_1) +w_1v,0 = E(D*u, Du,v,, wy_1),

which along with (1.30) implies
/ (¥y(D*a, Du, 0, w,—1) +wy_1v,0 — £ 1) do = H(u,v,, wy—1). (4.17)
0]

Multiplying both sides of (3.9) by ¢ and integrating the result over 2 we
obtain

[ (st =l ) de = 19, 0). (4.18)
Substituting (4.17) and (4.18) into (4.16) we obtain
S (1, @) < H(W, gy wamr) + THo(Pn, 6) = 5 (6, ). (4.19)
Combining (4.10) with (4.11) and (4.19) we arrive at
H(tp, U, Wn—1) < H(W, 0y, W) — gnown — 6,0 — )

for all integers n € [1, N]. Recalling the definition (2.2) of uy and vy and
the definition (2.9) of Wy we deduce that

H(uy (1), on (1), wn (1) < H(w, on(t), wn (1)) (4.20)

for all t € (0,7) and all u € W?? + h. By (3.3) there exists a set Q of full
measure in [0, T] such that 7,, C Q and for every ¢t € Q,

un(t) = v(t) in LP(2), wy(t) = w(t) in LY(£2).
Letting N — oo in (4.20), we obtain

lim sup H (uy (t), vn (1), Wi (1)) < H(w, v(t), w(t))

N —oo

for all u € W22 + h which along with the definition of the marginal function
M gives

lim sup H(uy (t),vn(t), Wn(t)) < M(v(t), w(t)) for all ¢t € Q.

N—o0
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It remains to prove that

liminf H(uy(t),vn(t), Wn(t)) > M(v(t), w(t)) for all t e T,. (4.21)

N—oc0

To this end, we fix n > 0 and t € 7, where 7, is given by Theorem 3.2.
Next, choose a sequence N such that

l}gilcfﬂ(uN(t),UN(t),wN(t)): lim H(uNk(t),UNk(t),ﬁNk(t)).

N —00

Since uy(t) is bounded in W?26(£2), we can assume, after passing to a sub-
sequence, that there is u* € W25(£2) such that

uy, (t) — u* weakly in W25(£2), uy, (t) — u* strongly in C*($2).
Next, the inequality [@Wy, (t) — wn, (t)| < ¢T'/Nj, and relation (3.5) imply
@, (t) — w(t)||La(2) — 0 as Ny — oo for all a € [1,00).
Letting Nj — oo and using (3.4) we obtain

Hu", o), w(t) < lim H(un, (1), vn, (1), 0N, (1))

N —o0

On the other hand,

M(uv(t), w(t)) < H(u*, v(t), w(t)),
which yields (4.21). Hence the desired relation (4.21) holds for every ¢ € 7.
Letting n — 0 we conclude that it holds for a.e. t € (0,7). This completes
the proof of (4.1).

In order to prove (4.2) it suffices to note that the desired inequality ob-
viously follows from (2.14) and (4.1).

Proof of Theorem 4.2 The proof is based on the following lemma.

Lemma 4.1 Let ¢ € L>®(0,T;W12(02)), 0;s € L>®(2) and s(t) = 0 in a
neighborhood of T'. Then

T T
/ /(wgvatg—Vﬂ*Vg)dxdt—/ / ﬂ*gds—l—/ wivos(0) dr = 0. (4.22)
0o Jo o Joan Q

Moreover,
to
/ (w(to)3v(to) — w(ty)*v(ty))n dx +/ V*Vndzdt
02

t1 (9]
to
+/ / 9*ndsdt =0 (4.23)
t1 o002

for allm € WH2(02) and all to,t1 € L, NC,.
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Proof The variation of the functional S, (9, u,) at the critical point ¢ = ¥,
leads to the equality

1
;{E‘?\,(t)vN(t) —w(t—T)on(t —T)} — Adn(t) =0 (4.24)
for t € (0,T). Notice that
wy({t—T)=w_1=wy, vn({E—7T)=1v9 forte(0,r7]

Multiplying both sides of (4.24) by ¢ and integrating the result over £2x (0,7,
we obtain

/()T/Q{wN(t)an(t)ww*vg} e
_/OT /(,m 19*<d$+/0w8’voc(0) dz = 0.

Letting N — oo and using (3.3) and (4.4) we arrive at (4.22). Next choose
n e T/VO1 ’2((2) and t; € £,NC,. Then choose a compactly supported continuous
function ¢ such that

(=1 forte (t1,to —9), (=0 forte (—oo,t; — U tg,00),

and ( is linear on the intervals (1 —9,¢1) and (tp — 4, o). Substituting ¢ = (9
into (4.22), letting 6 — 0, and using (4.5) we obtain (4.23).

Let us turn to the proof of Theorem 4.2. We assume that ¢1,tg € £, NC,,.
By abuse of notation we will write v; and w; instead of v(¢;) and w(t;).
Recall relation (4.7). By the definition of the marginal function, we have
M(v1,w1) < H(u,v1,wq), which leads to

M (v, wo) — M(v1,wr) > H(u, v, wo) — H(u, vy, wr)
= (‘:(LL’U(),’[U()) - g(uv vlawl)' (425>

Here the total internal energy functional £ has the integral representation
by (1.29) with the integrand £ given by (1.28). The Taylor formula implies

E(D*u, Du, vy, wp) — E(D*u, Du, vy, w;) = 9,E(D*u, Du, vy, wo) (v — v1)
+8w5(D2u, Du, vy, ’wo)(’wo — ’LU1) + R + Ry + R3, (426)

where

1
R1 = —(’U)() - wl)gl/ aiE(DQu, Dll, Vo, )\wl + (1 — )\)'wo) d)\,
R2 (’LU()*’wl)( Vo — U1 / 86 g(D u, Du ’Uo,)\wlﬁ*(l*)\)wO)dA

R3 ’UO — 111 / 82 11, Du, )\Ul + (1 — )\)Uo,wl) d\. (427)

Now the task is to let {3 — to in expansion (4.26). Our considerations are
based on the following lemma.
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Lemma 4.2 Let n € Wh2(2) and g € LP(R2), B > 1. Then

totl/977(11’@0)3”@0)—w(t1)3v(t1))d:c+/!2V19*(t0)vndx

—l—/ 9 (to)nds = 0 asty —to, (4.28)
on

and

t i i /Qg(m)(w(to)—w(h))dx—i—/QgH*(to)w(to)dac —0 asty — to.

(4.29)

Proof In view of (4.23), we have

to i t /[Zn(x)(w(to)gv(to) —w(t)3v(ty)) dx

+/QVﬁ*(to)Vndxdt—i—/8019*(t0)77ds
_ toitl/to {/Q(Vﬁ*(to)—VzS‘*(t))Vndxdt
+ /a RCXOEENOY ds} dt  (4.30)

for all n € W12(£2). Since the embedding W2(§2) < L?(9£2) is bounded,
it follows from (4.5) that

(9" (to) — 9" (6))n ds|dt
a2

1 o
§C||T]||W1,2(Q)t0_t1 / C||19 (to) 719(t)||W1,2(Q) dt — 0 as tl —)to,
t1

which obviously yields (4.28). Next, we have

to
wy — w1 = —

H*(s)w(s)ds and |w; —wo| < e(to — t1).
t1

(4.31)
We thus get

to i ty /Qg(l‘)(w(to) —w(ty)) dx

= —/Qg(x)H*(to)wo dx + i itl /tlo /Qg(x)(H*(to) — H())wo dadt
1 to )
to—t1 /t /ng(x)H (t)(wo — w(t)) daudt. (4.32)

+
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Next, for a > 5/(8 — 1) we have

1
to — t1

[ e o) 1y

to
< floller / VE*(t0) — H*(O)l| o (s dt — 0
to—t1 Jy,

as t; — to. Now, estimate (4.31) implies

1 [t )
/ /Q lg(x) H*(t)(wo — w(t))| dadt

to—t1 Jy,
gc(to—tl)/ lg(x)| dx — 0 as t; — to.
I7;

Combining this with (4.32) we arrive at (4.29).

Let us turn to the proof of Theorem 4.2. Our first task is to estimate the
quantities R; in expansion (4.26). Since w; and |Du| are bounded, it follows
from formula (1.28) for £ that

162 £(D?u, Du, v, Awy + (1 — Nwo)| < e(|vol? + |[Au?| +1).  (4.33)

From this and inequality (4.31) we obtain

(to — tl)’l/ |Ry|dx < c(to — tl)/ (Jvo|? + |Aul?| + 1) da (4.34)
! <cto—t1) —(:0 as t; — to. (4.35)
Let us estimate Rs. It follows from the boundedness of w; and Du that
10,0, E (D*u, D, vg, Mwy + (1 — Nwp)| < (1 + |v),
which along with (4.31) yields
(to — t1) 7| Ra| < ¢(|vo| + 1)|vo — v1]. (4.36)
Next, (4.6) implies
lvo = villwrze) = 0, [loillwrze) = llvollwrze) (4.37)

as t; " tg. From this we obtain

(to—tl)_l/ ‘R2|d$ < CHUOHLZ(Q)H'UO_'U1||L2(_Q) — 0 ast; — to. (4.38)
2

It remains to estimate R3. To this end notice that
02E(D*u, Du, My + (1 — N, wy) = w}.
Thus we get

1 1
Rz = _§(Uo — 1) (wivo — wivy) + 5(00 — 1) (wy = wi)vg = I + L.
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We have
(to — t1) ™[I < e(to — t1) ™ ool [v1 = vol w1 — wo| < e(1+ |vo|) o1 — wo.

Hence I admits estimate (4.36). Arguing as in the proof of (4.38) we obtain
(to — t1)71\/ |IQ| dr — 0 as t1 — to.
2
Next, applying Lemma 4.2 with n = v9 — v; and noting that

(/ w*(to)vndzdt+/ 9*(to)n ds
(%} ofn

< |9 (to)[lwr2(2)lvo — villwrz2) — 0

as t; — tg, we obtain
(t() — t1)_1/ |Il| dr — 0 ast; — to,
o}

and hence
(to — t1>_1/ |R3| dr — 0 ast; — tg. (439)
7]

Thus we have proved that the limits of all second order terms in the Taylor
expansion (4.26) equal zero. In order to find the limits of the first order terms,
notice that in view of (1.28) we have

DvE(D*u, Du, vy, wo)(vo — v1) = wid,
DwE(D*u, Du, vy, wo)(vg — v1) = walcp + 3wivd,
where ¥ and ¢ are given by (4.8). It follows that

D,E(D*u, Du, v, wo) (v — v1) + 0wE(D*u, Du, vy, wo ) (we — w1)
= (wgvo —wivy ) + wal(wo —wi)p + (W — wg’)(vl — vg)¥

4.40
+ vo (W] — wi + 3w (wo — wy)) Y. (4.40)

Now set n =9 € Wh2(2) and g = wy "¢ € L1(£2). Applying Lemma 4.2 we
obtain

1
/ ((wg’vo — wi’vl)ﬁ + wgl(wo — wl)cp) dox —
to—t1 Jo

—/ Vﬁ*(to)Vﬁdm—/ ﬁ*(to)ﬁds—/ ©H*(tg)dz as t; — tg. (4.41)
2 Ye; 2

Next, (4.31) and (4.37) imply

1
to — 1

/ [(w — wd)(vy — v)d| dx < c/ [(v1 —vo)d| dx
2 2

< C||’19||W1,2(Q)HUO — U1||W1,2(_Q) — 0 ast; — tp. (442)
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Finally, we apply estimate (4.31) to obtain

1
to— b /Q oo (w} — wp + 3w (wo — w1))V| dz <
C

/ |19’U0|(U)1 — w0)2 dr < C(ﬁo — tl) — 0 as t1 — to. (443)
lo—ti Jp

Combining (4.41)-(4.43) with identity (4.40) we arrive at

1
to — 11

/ {GUE(DQmDu, vo, wo ) (vo — v1)
19,

+ 0wE(D*u, Du, vy, wo) (wo — wl)} dx

ﬁ/QVﬂ*(tO)Vﬂda:[)Qﬁ*(to)ﬂds/(z¢H*(to)dx (4.44)

as t1 — to. Substituting this relation along with the limiting relations (4.34),
(4.38), (4.39) for the second order remainders R; into the Taylor expansion
(4.26) we obtain
1
to — 11

(8(u, Vo, Wp) — S(u,vl,wl))

1
to — 11

/ {€(D2u, Du, vy, wp) — 5(D2uDu7017w1)} dx
I?)

—>—/ Vﬁ*(to)Vﬁdm—/ ﬁ*(to)ﬁds—/ ©H*(to)wo dz
o) BYe; Q

as t; — to. This result along with (4.25) implies the desired relation (4.9).

5 Sliced measures in Banach spaces

In this section we develop a theory of sliced measures in Banach spaces.
Using this theory we will prove the strong convergence of the sequences ¥y
and ¢py. For technical reasons, it is convenient to introduce the following
notation. Fix exponents s, g and r, p satisfying relations (2.20) and set

X =1P(0) x LI(N).
Further we will denote by wy and w* the couples
wy = (N, pn), w' = (9", 0") (5.1)

where the approximate solutions ¥y, ¢y are defined by Theorem 2.1, and
the weak limits ¥*, ¢* are given by (4.4). Next, recall the definitions of the
compact set 7, in Theorem 3.2 and of the compact sets £,,, C, in Theorem
4.2. Choose 1 > 0 and set

Fo=TyNCyN Ly, Fy={wnt):teF, N>1}, X, =dF, (52

In view of Theorem 3.2 the set §, is relatively compact in X and the set X,
is compact in X. The following theorem gives the desired representation for
the weak limits of the sequences Jx and ¢y .
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Theorem 5.1 There exists a Borel measure v on JFp, x X, and a subsequence
of wn, still denoted by wy, with the following properties. For every F €
C(F, x X)) we have

lim / /F(t,wN)d:cdt:/ F(t,w)dv(t,w). (5.3)
N—oo Jr, Jo Fpx 5

Moreover, there is a measurable family of Borel probability measures p,
t e F,, on X, such that

/fnxﬂn F(t,w)dv(t,w) = /ﬁ{/EU F(t,w)dut(w)}dt_ (5.4)

There is a set F C F;, of full measure such that

. 1 B ) )
lim /(mmx& F(w)du(w)—/ F(w) dpgy (w) — (5.5)

n—oo meas (I, N F,) =,

for alltg € F, for all continuous functions F' : X, — R, and for all intervals
I, = [tn, to] such that t, — to.

The following theorem specifies the structure of the support of the measure
e Recall that, in view of Theorem 2.17, there is a constant ¢y independent
of t and N such that

lun () |lw2s(0) < co forall N>1andte[0,T]. (5.6)

Theorem 5.2 There is a set D of full measure in F, with the following
property. For every ty € D and w = (9, ) € supp juy,, there is u € W6(1)
such that |[ullw2.6(0) < co and

9 =v(tg) + W(w(to) *Du), ¢ = @(D*u, Du,9,w(ty)), (5.7)
H(u,v(to), w(te)) = M(v(to), w(to)). (5.8)

Here p(D*u, Du, 9, w(t)) is given by (1.20e), and the functionals H, M are
given by (1.30) and (1.31).

The rest of this section is devoted to the proof of Theorems 5.1 and 5.2.

Proof of Theorem 5.1. Observe that the space C(F, x X)) is separable; let
Fi, k> 1, be a dense set in it. Applying the diagonal process we may assume
that there is a subsequence of wy, still denoted by wy, such that the limit

lim/ /Fk(t,wN)da:dt ZZFk
N—o0 F, )0

exists for every k > 1. Since the set {F}} is dense in C(F, x X,), the limit

lim / /F(t,wN)dxdt::F
N—o0 T, Jo



Nonconvex Model of Material Growth. Mathematical Theory 33

exists for every F € C(F, x X,)). Obviously the quantity F linearly depends
on F' and satisfies

IF| < |FlleF,xx,), F>0 for F>0.

Hence the mapping F' — F define a continuous functional on C(F, x ). By
the Riesz representation theorem, there exists a nonnegative Borel measure
v on F, x X, such that

F = / F(t,w)dv(t,w).
F XXy

This leads to representation (5.3). If F' = F(t) is independent of w, we have

A

n

F(t)dt = /f | POt w),

This means that the projection of the measure v on F;, coincides with the
restriction of the Lebesgue measure to J,,. Hence we can apply the disinte-
gration theorem (see [2]) to obtain representation (5.4). It remains to note
that (5.5) is a standard result of the theory of measure derivatives.

Proof of Theorem 5.2. The proof falls into three steps.

Step 1. Consider the following construction. By (4.1) the piecewise constant
functions H(un(t),vn(t),wn(t)) converge to M(v(t),w(t)) as N — oo for
a.e. t € F,. Applying the Egoroff and Lusin theorems we conclude that for
every § > 0 there is a set G5 C F,, such that meas(F, \ Gs) < ¢ and

H(uy, vy, Wy) = M(v,w) in C(Gs). (5.9)

Step 2. Choose 6 > 0 and let tg be a Lebesgue point of Gs. Next, choose
wo = (J9, o) € supp py, C X. Let us prove that there are sequences Ny, and
ti € Gs such that t, "ty and N — oo as k — oo, and

wn, (ty) > wp in X as k — oo. (5.10)
In other words, we have to prove that

o -1
ming o (6) - ol =0 (5.11)

for t € Gs and ¢ < to. Suppose that (5.11) is false. Then there are m > 0 and
€ > 0 such that

lwn(t) —wollx >€ for N>m,0<tg—t<m ' teqs. (5.12)
Choose a continuous nonnegative function g : X — R such that
glw) =0 for |lw—wpllx > € and g(w)=1 for |w—wol|x <e/2.
It follows from (5.12) that

gwn(#) =0 for N>m,0<to—t<m ' teqs. (5.13)
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Now choose n > m and set I, = [to — 1/n,to]. It follows from (5.13) that
glwn(t)) =0 fort € I, NGs and N > m.

Noting that I,, C (I, \ G5) U (I, N G5) we obtain

/ glwn(t))dt < g(wn(t))dt <meas(I, \ Gs) =0, (5.14)
I,nF, (I\Gs)

for all sufficiently large N. Letting N — oo and recalling (5.3) we arrive at

/ g(w)dv(t,w) = lim gwn (1)) dt < oy,. (5.15)
(I.NFy)x N=0 J(1,nFy)

Since tg is a Lebesgue point of G5, we have lim,, ., no, = 0. Combining this
with (5.5) we obtain

n—oo

[ o) dufeo) = 1m0 [ g(w) dv(t,w) =0,
by (Inﬁ}',])XE,,

n

Since ¢ is positive in a neighborhood of wyq, this equality contradicts the
inclusion wg € supp p,, thus proving (5.10).
Step 3. Let Ny, and ty, € Gs satisfy condition (5.10). It follows from definition
(2.2), (2.8) of the approximate solution that
O, (k) = oy (t) + W (@, (8) ™ Dun, (1)),
PNy, (tk) = @(DzuNk (t)a DuNk (t)’ 1‘9Nk (t)7 WNy, (t))

Since G5 C Ty, relations (3.4) and (3.5) in Theorem 3.2 imply

(5.16)

on, v in C(Gs; LP(R2)), Wi, wy! = w™ in C(Gs; L¥(R2))  (5.17)

for every o € [1,00) and every p satisfying (2.20). In particular, these rela-
tions hold for every p € [1,6). Moreover the mappings v : G5 — LP({2) and
v : Gs — L*(£2) are continuous. It follows that

UNy, (tk) — U(to) in LP(Q), @Nk (tk)il,’ka (tk)il — ’w(to)il in LQ(Q)
(5.18)
After passing to a subsequence we may assume that

VN, (tk) — ’U(to)7 W, (tk)il — ’w(t())il, WN,, (tk)il(t) — ’w(t())il a.e. in 2.
(5.19)
Next, estimates (2.17) and (2.18) in Theorem 2.2 imply

[an, () llwzs () < cos  [Tng (tr) ! Aun, () [wrz) <. (5.20)

Notice that the embeddings W2:%(£2) < C1(§2) and WH%(2) — L*(2) are
compact. Since the functions wy, (t;)*" are uniformly bounded and converge
to W(to)il, we can assume after passing to a subsequence that

Aup, (tx) — Au weakly in LG(Q), Dupy, (t;) = Du in C(2),

5.21
Auy, (tg) — Au a.e.in 2 (5:21)
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for some u € W20($2) satisfying (5.20). Letting k — oo in identities (5.16)
and using relations (5.19) and (5.21) we arrive at

In, (tr) — v(to) + W(w(te)"tDu) =9 a.e. in 12, (5.22)
on, (tr) = o(D*u, Du, 9, w(to)) a.e. in £2.
On the other hand, relations (5.10) imply
wn, (tk) = (O, (k) N, (tr)) = w(to) = (Yo, ¢0) iIn X as k — oo.
Thus we get 9 = 9. It follows from this and (5.22) that
Jo = v(to) + W(w(te) "' Du), ¢y = @(D*u, Du, ¥, w(ty)), (5.23)

which gives the desired relation (5.7). It remains to prove that u is a mini-
mizer of the functional H(-, v(to), w(to)). Notice that

H(uN}c (tk‘)7 UNy, (tk)v WNy, (tk)) =

/Q (m|AuNk (te)* + wn, (t2)* W (wy, (t) ' Dun, (tk))) da+

1
5 (om0 om0+ W o, (00) D () = £ -, (1)) e
Q
(5.24)
Relations (5.17) and (5.21) imply
1 1
liminf/ —— | Auy, (¢ 2d:c>/ ——|Au)? dz,
fminf | ka(tk)| N (t)|" d > ) w(t0)| |

lim Q(ka (te))* (v, (tx) + W (wn, (tr) ' Duy, (t)) do =

NS00
/Qw(to)B(v(to) + W (w(ty) "t Du)? da.

From this and (5.17) we conclude that

H(u,v(tg), w(ty)) < likn_1>ior3f’)-t(uNk (tk), vn, (tk), wh, (t))

= 1iknggf H(upn, (tr), vn, (tk), W, (tr))-

On the other hand, relations (5.9) yield

lim inf H (un, (t), o, (1), Wh, () = M(v(to), w(to))-
Combining these results we arrive at the inequality

H(u,v(to), w(to)) < M(v(to),w(to)). (5.25)

Hence u is a minimizer of H(-, v(to), w(to)) and we have H(u, v(to), w(to)) =
M(v(to), w(to)). It follows that the desired relation (5.8) holds for all ty € Gs.
Letting 6 — 0 we conclude that (5.8) is fulfilled for a.e. ¢ty € F,. This
completes the proof of Theorem 5.2.
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6 Strong convergence of temperature and Eshelby tensor

In this section we employ the results obtained in Sections 4 and 5 in order to
prove the strong convergence of sequences ¥y and ¢p. This result is given
by the following

Theorem 6.1 Let exponents (r,p) and (s,q) satisfy inequalities (2.20) and
(0%, ¢*) be defined by (4.4). Then

On — 0%in L7(0, T, LP(2)), @n — ¢* in L*(0,T;LI(2)).  (6.1)

For almost every t € (0,T), there is a function u € W*2 + h such that
HUHW2,6(_Q) S Co and

0(t) = v(t) + W(w(t) ' Du), ¢*(t) = ¢(D*u, Du,9*(t),w(t)), (6.2)
H(u,v(t),w(t)) = M(v(t), w(t)), (6.3)
i.e., u is a minimizer of the functional H(-,v(t), w(t)).

The rest of the section is devoted to the proof of Theorem 6.1. We split the
proof into the sequence of lemmas. First we prove that the dissipation energy
rate I given by (1.32) is integrable with respect to the measure y;. Notice
that g is defined on the compact subset X, of space X = LP(2) x L1({2),
while IT is defined on the space W12(£2) x L4(£2). The energy dissipation rate
IT can be considered as a discontinuous unbounded functional defined on the
dense subspace of X. However, we intend to prove that II(¥, ) is integrable
over the measure p;. The proof is based on the special approximation of IT
which is defined as follows. Recall decomposition (1.33) of IT,

11(9,) = o (0,9) + IL(H(p), ¢), (6.4)

where the bilinear forms II; are given by

Ho(ﬁ,v)—/QVﬁVvdx—F/émﬂvds, H1(1/),<P)—/01/190d$- (6.5)

In view of the general theory of the second order elliptic equations, see [9],
the spectral problem

—AC=Xin 2, 0,4+ C=0ondN (6.6)

has a countable set of eigenvalues Ay > 0, k > 1, and eigenfunctions (; €
W?22(0), k > 1. The eigenfunctions form an orthonormal basis in L?(£2)
and an orthogonal basis in W12(§2). Every element ¥ € L?(£2) admits the
representation

9= UG, U= / I da. (6.7)
= 0
In particular, the Bessel identity implies the relations

1912200y = D912 Mo(9,0) = > Nelvil. (6.8)
k k
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Now set
o™, ) = 0§ (9, 9) + Mi(H (), 9), (6.9)
where :
15" (9,0) = Ho(Pad, Pyv),  Pod =Y 0kl (6.10)
k=1

For every v € W12(02) and ¢ € L>(£2) define the linear forms

F(ﬁ,SD) = HO({&?,U) + Hl(’lpvcp)v

(6.11)
I'™ 9, ) = Iy(Pyd, Pyv) + I (1), ).

The following Lemma describe the properties of II and I" and their approx-
imations.

Lemma 6.1 The functions I, " : W2(2) x L' () — R and 1™, 1™ .
LY(2) x L' (2) = R are continuous. In particular, II™ and '™ are con-

tinuous on the Banach space X . For every w = (9,¢) € X we have
™ (w) /I (w) when 9 € WH2(2) and IT™ (w) oo otherwise (6.12)
I'™(w) = I'(w) when ¥ € W2(2) (6.13)

as n — Q.

Proof The continuity of functions IT, I" is obvious. The continuity of I7(™, (")
LY(02) x L'(£2) — R obviously follows from the representations

n 2
(n) _
" (w) = ; )\k(/_()ﬂCk dl’) + /Q H(p)pdz,
i — / (W™ + o) de, o™ = Z MenCr € C(£2).
2 1

Since IIy(9,9) determines the norm in W12(£2), relation (6.12) obviously
follows from representations (6.9) and (6.10). Since (; form the orthogonal
basis in W12(£2), the sequence P, converges ¥ in W12(§2), which along
with (6.11) yields (6.13).

The next Lemma constitutes the differentiability of the marginal function.

Lemma 6.2 There is a set Q of the full measure in (0,T) with the following
properties. For every ty € D we have

1
to— 1t

(M(U(tO)vw(tO)) - M(”(t)a w(t)) - M/(tO) € (7003 0]7 (614>

ast Sty andt € Q.
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Proof Since Il is nonnegative, inequality (4.2) in Theorem 4.1 implies that
M(v(to), w(to)) — M(v(t), w(t)) <0

for almost all 0 < t < tg < T'. In other words, there is a set Q1 of full measure
in [0, 7] such that this inequality holds true for all ¢ < ¢¢ in this set. Hence
the function M(v(t), w(t)) decreases on Q;. Obviously, it can be extended to
a decreasing function to the whole interval [0, T']. Hence there is a set Q C Q;
of full measure in (0,7') such that the extended function has the non-positive
finite derivative M’ () at every point of Q.

Without loss of generality we can assume that Q contains the set D given
by Theorem 5.2. To this end, it suffices to replace D by D N Q. Thus we
can assume that the marginal function is differentiable on D. The following
lemma constitutes the integrability of the functions IT and I" with respect to
the measure ;.

Lemma 6.3 For every ty € D and all v € W12(02), ¢ € L>(82), the func-
tions
(0, 0) = 1I(9, ) and (9,¢) = I'(Y,¢) (6.15)

are integrable with respect to the measure py, given by Theorem 5.1. More-
over, we have

[ 1) dp o) < <200 (6.16)

Proof Choose ti,tg € D with 0 < ¢; < to. Recall definition (2.9) of the
function 9. Since 0 < H(()") < Iy, we have

/ 115 (9, 0x) + / 115 (G, )
(t1+47,t0)NFy

(tr+7,to—7)NFy

1 1 _
< / Iy(In,IN) + 5/ IIh (YN, IN))-
(tlJrT,t())

o 2 (t1+7',t077')ﬁ
It follows from this and inequality (4.2) in Theorem 4.1 that
M(v(to), w(to)) = M(v(tr), w(t1))+

1imsup{/ I (H(¢n), oN)
(tlJrT,tg)m]:-,,

N—oc0
1 n 6.17
+§/ H(g )(’L9N,19N)d8+ ( )
(t14+7,t0)NFy

1 o
7/ H(()”)(ﬂN,ﬁN)ds} <0.
2 J(ts+rto—1)NF,

Notice that the quadratic form Hén) . L2(2) x L?(2) — R is continuous.
Next, estimate (2.13) in Theorem 2.1 implies that

to
0
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In particular, we have

to
/ Hén)(ﬁNng,ﬂNng)dtﬁo as N — oo.
0

Since the quadratic form IT(™ is nonnegative, the Cauchy inequality implies
the estimate

115" O, On) = 105" W, O) <
5170(191\[,19]\[) + 671]7(()”)(191\/ —ﬁN,’ﬁN —51\/).

It follows from this and energy estimate (2.12) that
to i _ to _ i
/ IS (O, ) =TS (O, O dE < c6+67" / 1" (N =0, In—Dn).
0 0
Letting N — oo we obtain

to
limsup/ |Hén)(5N,5N) - Hén)(ﬁN,ﬁNﬂdt <cd—=0 asd—0.
0

N—o00

It follows that

lim (I (D, On) — TV (O, 9n))dt =0.  (6.18)

N=00 J(ty 4r,t0—7)NF

Combining this relation with (6.17) we arrive at the inequality

M(v(tg), w(to)) — M(v(ty), w(t1) —|—hrnsup{/(lt R I (H(pN), ©N)

N —oc0
L (n) ! (n)
+5 HO (19N719N)d5+7 HO (19]\[,191\/)(15} <0.
2 (t1+7,t0)NFy 2 (t147,to—T)NF,

(6.19)

In view of (5.2) and Theorem 3.2 the functions wy(t), t € F,, belong to
the set §(n) which is relatively compact in X. Hence for a fixed n, the func-

tions 11" (I (t), pn (t)) are uniformly bounded on F,,. Hence the functions

H(()n)(ﬁN,ﬁN)(t) and I, (H(¢n),pn) are bounded on F, uniformly in N.
Since 7 — 0 as N — oo, we have

. 1 n
hmsup{/ II(H(¢n), oN) + 5/ H(g )(19N,19N) ds
N—o0 (t1+7',t0)ﬂ.7:n (t1+'r,t0)m}',,

1 n :
+7/ 11 )(ﬂN,ﬂN)ds} :hmsup/ ™y, on) dt.
2 (t1+7',t0*7‘)m]'-77 N—oo (tlatO)m}-n

Here we use the identity

I8 (9, 9y) + I (H(on ), on) = T (W, o).
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Combining this result with (6.19) we arrive at the inequality

lim sup / I (W (1), o (1)) dt < —{M(v(to), w(to))~M(v(tr), w(t1))}.
(t1,to)NFy

N—o00

In view of Lemma 6.13 IT(")(w) is continuous in X. Hence we can apply
Theorem 5.1 to obtain

lim oM™ WOy, on)dt = / ™ (w) dv(w),

N—oo [tl’to]m}—n [to,tl]ﬁ]:nxxn

where w = (¢, ¢). Thus we get

/ ™ (w)dv < —{M(v(to), w(te))—M(v(t1), w(t1))}.  (6.20)
[to,t1]NFyx 2y

Since to € D C F we can apply the relation (5.5) in Theorem 5.1 to obtain

1
im / ™ (w)dv = / ™ (W) dpg, (w).  (6.21)
ti—to tO - tl [to,tl]ﬁT,,xE,,, 271

On the other hand, Lemma 6.3 yields

. 1
lim
t1—to to -t

{M(v(to), w(to)) — M(v(t1), w(t1))} = M'(to). (6.22)

Combining relations (6.21) and (6.22) with inequality (6.20) we obtain
[ 1) ) < M) (6.23)
277

Relation (6.12) in Lemma 6.1 implies that the sequence IT("")(w) increases
and converges to IT(w). Letting n — oo in (6.23) and applying the Fatou
theorem we conclude that the function II is integrable with respect to the
measure py, and satisfies inequality (6.16).

Let us prove the integrability of I". Choose v € W12(£2) and ¢ € L>(£2).
It follows from the Cauchy inequality that

o (9, v) < Ho (0, 9)!/* o (v, 0)' 2 < ello(9,9)'/? < elI(9,0)'/*.
It follows from this and the representation (6.9) that
[T(9, )| < (1 +11(9, ).

Hence I has the integrable majorant. Since ¥ € W12(£2) almost everywhere
on the support fy,, it follows that the continuous functions rm - r Mty
almost everywhere. Hence the function I is measurable and integrable withy
respect to pug,.

The following lemma plays a key role in the proof of Theorem 6.1.
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Lemma 6.4 The inequality

[ oy, < [ (M7 @) + M (0).9)) dueys - (620
=, =,

holds true for every tg € D. Here ¥* and H* are the weak limits of Yn and
H(pn) defined by (4.4).

Proof . Choose ty € D C F,,. Recall that F,, € C,,, where C,, is given by (4.6).
It follows from (4.6) that 9*(tg) € W12(£2). By virtue of Theorem 5.2, every
element w = (¥, ) € supp i, has representation (5.7). Moreover, it follows
from Lemma 6.3 that 9 € W12(£2) py,- almost everywhere. Hence w meets
all requirements of Theorem 4.2 y;,- almost everywhere. In view of relation
(4.9) in this theorem the inequality

1o(9,9"(t0)) + I (H" (t0), ) =

— liminf
t1,to t() — tl

{M(v(to), w(to)) = M(v(t), w(tr)) |

holds true for all ¢; € D. From this and relation (6.14) in Lemma 6.2 we
obtain

I (9,97 (to)) + I (H (to), ¢) > —M'(to)

for pe,- a.e. (9, ). Integrating both sides of this inequality with respect to
the probability measure p;, we obtain

[ (109" 00)+ T (10).9)) d o) > ~M (),

Combining this result with (6.16) we arrive at desired inequality (6.24).

We are now in a position to prove that p;, is the Dirac measure.

Lemma 6.5 Let to € D be a Lebesgue point of D. Then the measure i, s
the Dirac measure concentrated at point w* = (9*(tg), ¢*(tg)). Moreover, the
functions ¥*(tg) and ¢*(tg) admit representations (6.2) and (6.3).

Proof First we prove the identities

[, 100,900 di, = 0" (). 1) (6.25)

/ I (H (1), ) dpr, = IT (H* (t0), " (f0)) = / 11, (H (). " (t0)) dyu,
B " (6.26)

/E Ty (H (), ) dyuy = I () (to), 1), (6.27)
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Here (Hp)* is a weak limit of the sequence H(pn)pn in L*(0,T; L1(£2)). In

order to prove (6.25) notice that the function Hén) given by (6.9) admits the
representation

H(()n)(ﬁvﬁ*(t())) = / ’U(n)’l?dﬁl,‘7 U(n) = Z)\kcka c C(Q)v
2 1

where ¢, are the Fourier coefficients of ¥*(tg) in the basis (. Since the

sequence ¥y converges to ¢¥* weakly in L"(0,T; LP(§2)) with r > 1 and p > 2

we have

lim I (95 (1), 9% (o)) dt = / / oMY (t) dadt.
[t1,to]NFy [t1,to]NFy J 2

N —o00
(6.28)
In view of Theorem 4.4 the function ¥* belongs to the space C(F,; L?(2)).
Since t¢ is a Lebesgue point of D C F,,, we conclude from this that

1
lim / / VY (t) dedt =
t1—to tg — 11 [t1,to]lNFy /2

/ VMG (tg) do = IS (9% (to), 9 (o). (6.29)
2

On the other hand, relation (6.28) implies that Hén) (9, 9*(t0)) is a continuous
function of ¢ on X Hence we can apply relation (5.3) in Theorem 5.1 to obtain

lim I (O (), 0% (to)) dt =

N=00 Jit1 o))
/ 5" (9, 0" (ty)) dv(w).  (6.30)
[tl,to]ﬁ]-',,xﬂn
Next, relation (5.5) in Theorem 5.1 yields

1

1m
ti—to tg — 11

/ 1157 (0,0 (10)) do(w) =

[tl,to]ﬁ]:nxzn
/ 1§ (9,9* (o)) dpsy (). (6.31)
2”

Combining (6.28)-(6.31) we finally arrive at

/2 115 (9, 0% (t0)) dyugy (w0) = I (9 (1), 07 (1)) (6.32)

n

Recall that IIj is integrable with respect to measure j;, and Hén) N in
W12(02). Notice that ¥ € W12(02) for py, almost every point (9, ). Letting
n — oo in (6.32) and applying the Fatou theorem we arrive at (6.25). Now
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our task is to prove the first equality in (6.26). Recall that o — ©* weakly
in L*(0,T; L9(£2)) and H* € L*°(§2). Thus we get

lim I (H*(to), en(t)) dt = / / H*(to)p™ (t) dadt.
N=oo [tlvto]m}—n [t1 to]ﬁ]:

On the other hand, relation (6.28) implies that IT;(H*(to), ) is a continuous

function of ¢ on X. Hence we can apply relations (5.3) in Theorem 5.1 to

obtain

lim Hl(H*(t0)7cpN(t))dt:/ I (H*(tg), ) dv(w).
N—=oo Jit) to]NT;, ([t1,to]NTy) x &
Thus we get
/ /H* to dl‘dt
tl,to]ﬁ]‘-
/ T, (H (to), ) dv (). (6.33)
([t1,t0]NTy) x X

Since the mapping F,, 3 t — ¢*(t) € LI({2) is continuous and ¢¢ is a Lebesgue
point of F,, we have

1
lim / / H*(to)¢* (t) dadt =
t1—to tg — 11 [t1,to]NTy J 2

/Q H* (to) o (to)dar = I (H* (1), " (t0)). (6.34)

Next, relation (5.5) in Theorem 5.1 implies

1
- / I, (H* (t), ) dv(w)
ti=to to — 1 J((t, t0]nT;) ) x 5

= /2 I, (H*(to), )dps, (w). (6.35)

Combining (6.33)-(6.35) we arrive at the first equality in (6.26). Arguing as
before we obtain

[tl,to NF,

N=00 J14) to]lnF,

and

lim IL(H(gw), ¢ (t0)) dt = / IT(H(9), 9" (to) dv(w),
([E1,t0]NTy) x 2y

N—oo [t1,t0]NTy
/ / H* (to)¢" (1) dadt —
[t1,to]NF,

which leads to
/ I (H(9), " (t0)) dv(w). (6.36)
([t1,t0]NTH) x Xy
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Relation (5.5) in Theorem 5.1 implies

1

1m
ti—to tg — 11

/ I (H (), " (to)) dv(w) =
[t1,t0]NTy) X 2y
L I (H (), " (t0) iz, ()- (6.37)

Combining (6.34), (6.36), and (6.37) we obtain the second equality in (6.26).
The proof of inequality (6.27) is similar.

We are now in a position to show that i, is the Dirac measure. Using
identities (6.25)-(6.26) we rewrite the right hand side of inequality (6.24) in
the form

[ (1000.9° o))+ M (00).9)) e, = = / o0 (t0), V" (t0)) dpe, +

> / (9,9 (t0)) daey + IT (" (1), " (t0)).

Next, using identity (6.27) and recalling that u;, is a probability measure we
rewrite the left hand side of (6.24) in the form

[ oy, = [ ma(0.9)du, + () o), .
27 277
Substituting these results in (6.24) we arrive at the important inequality

/2 (9 = 9 (ko). ¥ — V" (t0)) diteg + (6.38)
I ((H)* (to), 1) — I (H* (1), " (t0))) < 0.

Since Il > 0, it follows that

I ((He)*(to), 1) — 11 (H" (to), ¢™t0)) =

/Q((Hgo)*(x,to) — H*(x,t0), " (v, t0))) dx <0 for all ty € D.  (6.39)

Let us prove that H*(tg) = H(¢*(to)). The proof of this fact is based on
the representation of the weak limits in terms of the Young measure. Notice
that on — ¢* star weakly in L*°(F,; LY({2)), ¢ > 1. Since the function H
is bounded and continuous, it follows from the fundamental theorem on the
Young measures that there is a measurable family of probability measures
04, such that

o = / Mo o(A / HO) doyi(N), (Hp)* = /R HO)Ados o (V).
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almost everywhere in {2 x F,,. Since 0, is a probability measure, we have

(Hep)*(z,t0) — H* (2, t0), " (2, %0) = /R(H(A))\ — A H)dog4(N) =

JHO-DOR) dosi = [ BOO-R dow = [ (HO)-HEO)A-) dow.
R R R

a.e. in 2 x F,,. It follows from this and (6.39) that

[ HO) = HOYO =) dos <0
R

almost everywhere in {2 x F,,. Since the function H is strictly monotone, it is
possible if and only if ¢, ; is the Dirac measure for a.e. (z,t) € 2 x F,,. From
this and general theory of the Young measures we conclude that ¢y — ¢ in
measure in {2 x F,,. It follows that H*(t9) = H(¢*(to) for a.e. t € F,). Thus
we get

IL(H (to), ) = IL(H(¢" (1)), ), IL(H (t), 9" (to)) = IL(H(#" (t0)), " (t0))-
From this and (6.26) we obtain

/Hl(H*(to)»SD)dum:/ {IL(H(¢"(to)), )+ (H (), ¢ (t0)) } dpse,
=, b

- /E Iy (H (" (t0)), " (t0)) } dpry. (6.40)

On the other hand, equality (6.25) implies
[ (0.0 ) diey =2 [ 11000, (00
=, =,

- /E o(0" (t0), 9" (t0)) dpiey  (6.41)

Substituting (6.40) and (6.41) into inequality (6.24) we may rewrite this
inequality in the equivalent form

/E o (8 — 9% (to), & — 9* (t)) dpig, +

/2 I ((H(9) — H(g" (t0))) (9 — " (t0)) dry < 0.

Notice that the integrands in the left hand side of this inequality are nonneg-
ative and equal zero if and only if ¥ = 9*(tp) and ¢ = ¢*(to). Hence py, is
the Dirac measure concentrated in (9*(to), ©*(to)). This completes the proof
of Lemma 6.1. In remains to note that in view of Theorem 5.2 representa-
tions (5.7) and (5.8) hold for every element of supp p,. Hence they hold for
(9*(to), *(to)) which yields (6.2) and (6.3).
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Finally we prove the strong convergence of the sequences 95 and ¢y

Lemma 6.6 Let exponents (r,p) and (s,q) satisfy condition (2.20). Then
we have

In = 9%in L0, T; LP(R)), ¢n — ¢ in L3(0,T;LI(R2)).  (6.42)

Proof Choose v > 1 satisfying the inequality v < min{r, p, s, q} and notice
that the mapping

F:(d.¢) = /Q (107 + lel") da

is continuous on X. Lemma 6.5 implies

/ F(0, ) duey = F(0° (o), ¢ (t0)) = / (10 @ to)|7 + " (@ to)]") d.
X (93

n
(6.43)
for a.e. ty € F;). Applying Theorem 5.1 we obtain that

N —o0

/f {L F(ﬂ,w)d,ut}dt:/ﬂ/Q(|19*(:E,t)7+|<p*(t)|7)dwdt. (6.44)

n n

lim / /(|19N|7+|30\"’)dxdt: lim FOn(t), on(t))dzdt =
F, /0 N—00 Fy

Recall that the sequence (9y,@n) converges to (9%, ¢*) weakly in LY (2 x
(0,T)). Since F is strictly convex, it follows from this and (6.44) that (9, pn)
(9%, ¢*) in LY(£2 x F,). In particular, the sequence (9y,¢n) converges in
measure in {2 X F,. Letting n — 0 we conclude that this sequence con-
verges to (9%, ¢*) in measure in {2 x (0,7). It follows from (4.4) that the
sequence U is bounded in L"(0,T; L?(§2)) and the sequence ¢,, is bounded
in L*(0,T; LP(£2)) for all exponents (r,p) and (s, q) satisfying the inequal-
ities (2.20). Since these sequences converge in measure and the set of ad-
missible exponents (r,p) and (s,q) is open, we conclude that ¥y — 9* in
L™(0,T; LP(£2)) and oy — ¢* strongly in L*(0,T; L({2)).

It remains to note that Theorem 5.2 is a straightforward consequence of
Lemmas 6.5 and 6.6.

7 Proof of Theorem 1.1

In this section we complete the proof of the main Theorem 1.1. Let us consider
the sequence of the approximate solutions 9,,, v,, and wy defined by Theorem
2.1. We begin with the observation that Theorems 3.1 and 6.1 imply the
relations

wit — wt in C(0,T; LY(2)),
(vn,9Nn) = (v,9%) in L7(0,T; LP(12)), (7.1)
ON = gp(DzuN,DuN,ﬁN,wN) — ©*in L*(0,T; LY($2)),
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which hold true for all a € [1,00) and for all (p,r), (s,q) satisfying (2.20).
The limits satisfy the conditions

wrl € L°°(0,T; L°°(2)) N L>=(0, T; Wh2(12)), 0,w € L2(0,T; Wh2(82)),
v,9* € L*(0,T; WH2(£2)) 0 L>=(0,T; L*(R2)). (7.2)

Moreover, Theorem 6.1 implies that for almost every ¢ € (0,7), there is a
function u(t) € W*2(£2) + h such that |[u(t)||w2s(0) < ¢o and

97(t) = v(t) + W(w(t)~ Du(t)), ¢ (t) = o(D*u(t), Du(t), 9" (t), w(t<)7)73)
H(u(t), v(t), w(t)) = M(v(t), w(t)). (7.4)

Let us prove that the functions v, w, u, ¥* meet all requirements of Definition
1.1 and serve as a weak solution to problem (1.20). It suffices to prove that
these functions satisfy equations (1.20¢),(1.20g) and integral identities (1.25)
and (1.26). Notice that equation (2.7) in the definition od the approximate
solution yields

Oywn = fH(cp(DzuN,DuN,ﬂn,wN))wN, 0<t<T, wy(0)=wp.

Letting N — oo and using relations (7.1)-(7.2) we conclude that w satisfies
equation and initial condition (1.20c) and (1.20g). Next, integral identity
(4.22) implies that w and ¥* satisfy integral identity (1.25) with ¥ replaced
by 9*. In view of the definition (1.31) of the marginal functional the vector
field u(¢) is a minimizer of the functional H(u,v(t), w(t)). Hence, the equality

lim, A H(a+ & o), wt) — H(u,v(t), w(t)) =0 (7.5)

holds for every function £ vanishing at df2. Recall that the functional # is
defined by

Al o(0) w(t))) = £ v(®).0(0) + [ u-ts
7
where the integral functional & is given by (1.29). Substituting the expres-
sions for H into (7.5) we obtain the integral identity

9
/Q (W)Au(t) AE+
w(t)?(1+O(Du(t),v(t)) )W (w ' (t)Du(t)) : DE+ f - 5) dx = 0.

Noting that ¥* = ©(Du(t),v(t)) we conclude that u, w and ¥* satisfy integral
identity (1.26). Next, notice that in view of (7.4) the displacement field u(t)
satisfies the first selection principle given by Definition 1.3.

It remains to prove that ¥*(¢t) and ¢* = (D?u(t), Du(t),9*(t), w(t)
satisfy the second selection principle formulated in Definition 1.5. To this
end choose a minimizer @ € W2 +h of the functional H (-, v(to), w(tp)) and
set

15 :U(to) +W(1,U(t0)71Dl~1)7 95: QO(DQﬁa Dﬁ71§7w(t))
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It follows that (9,3) € P(v(ty), w(te)), where the set P(v,w) is given by
Definition 1.4. Notice that the function t meets all requirements of Theorem
4.2 with u replaced by @. Recall that the function M(v(tg), w(to)) is differ-
entiable at a.e. point ¢y € (0,7'). From this and relation (4.9) in Theorem 4.2
we obtain

IIo(9,9* (to)) + IT1(p, H* (to)) = —M(v(to), w(to)) for a.e. to € (0,T).
(7.6)
Obviously we have Jy — ¢* weakly in L2(0,T;W12(02)). Let us consider the
sequence of the functions Jx given by (2.9)-(2.10). In view of Theorem 2.1
they are bounded in L2(ty,to; WH2(02)) and Iy —In — 0in L2(tq, to; L*(12)).
It follows that ¥x — ¥* weakly in L?(ty,to; W2(£2). Thus we get

1 t() 1 to—T _ _ t()
liminf{f H0(19N,’19N)d8+*/ Ho(’l?N,ﬂN)dS} > Ho(ﬁ*’ﬁ*)
N—oo th+T 2 Jey4r t1

(7.7)
It obviously follows from (7.1) that
to tO
lim II(H(YN),On)ds = II (H(9%),9%) ds. (7.8)
N—oo b t

Letting N — oo in relation (4.2) in Theorem 4.1, and using (7.7) and (7.8)
we get the inequality

1
to — 1

1 to

tO _tl t1

(M(v(to), w(to)) — M(v(t1), w(t1))) + (9", %) dt < 0.

Letting t; — tg we arrive at the estimate
IT(9*(tg), ™ (to)) < —M'(v(to),w(to)) for a.e. tq € (0,T).

Combining this estimate with (7.6) we conclude that ¥* and ¢* satisfy in-
equality (1.35). Hence ¥* and ¢* satisfy the second selection principle. This
completes the proof of Theorem 1.1.

A Proof of Theorem 2.1

Stepl. First we prove the solvability of problem (2.4)-(2.6). Our task is to show
that there exist functions u,, ¥, wy, and v,, 1 < n < N, satisfying (2.5)-(2.6).
We proceed by the induction principle. Assume that

v € L2(92), s e WH(2), wi' € L®(2), up—heWw??

are defined for all ¥ < n — 1. We aim to show that there are (u,, v,, 9n, wfl)

satisfying (2.5)-(2.6). We begin with the observation that the functional W'2(2) 3
¥ — S,(u,¥) is strictly concave, continuous, and bounded from above for every
u € W?22(02). Hence there exists a unique 9, (u) € W2(£2) such that

Sn(u, ﬂn(u)) = 19€$13§((Q) Sn(u, 19) (Al)

The following lemma gives the explicit expression for the left hand side of this
relation.
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Lemma A.1 Letu—h e W?? and 9, = In(u). Then we have
S0 (1, 90) = B,y wn 1) + 2 1To(Fr, D) —/ £ uda. (A.2)
Q

Proof Calculation of the variation of S, at the point ¥, = ¥,(u) leads to the linear
elliptic boundary boundary value problem for 9J,,

—T Ay 4wy On = Wy _oVn—1 + w1 W(w, 11 Du) in 2,

A3
On¥pn +9, =0 on 9. (A-3)

Since wp—1,wn—2 are uniformly bounded and W(w;ilDu),vnfl S L2(.Q), it fol-
lows from the general theory of elliptic boundary value problems, see [9], that
problem (A.3) has a unique solution ¥, = ¥, (u) € W*2() and the mapping

W22(2) 5 u — ¥,(u) € W»?(Q) (A.4)

is continuous. Multiplying both sides of (A.3) by ¥, and integrating the result by
parts we arrive at the identity

/ Wh_ o 19, dx = / wi_ V(Du, 9, wn_1)0n dz + 7T (9, Or).
Q Q
Combining this result with the expression (2.1) for S, and noting that
By (W, Oy wn 1) = B(u, 9, wn_1) +/ w? V(D O, wn1)9n da
Q

we arrive at (A.2).

It follows from (A.2) and the continuity of the mapping (A.4) that the functional
W*?(2)3u — S,(u,9,(u)) €R

is the sum of the strictly convex and weakly continuous parts. It is obviously
bounded from below. Hence there is u,, € W??2 + h such that

Sn(un, ¥ (u,)) = ufr?éivlt?v? Sn(u, ¥, (u)) = u—}IlIéilI/l\/Q»Q hax, Sn(u,¥). (A5)

Thus we prove the existence of functions (u,,¥,) € W*2(2) x W2?(§2) satisfying
(2.5).

Now our task is to find w,. We begin with the observation that u, and ¢,, are
independent of ¢. From this and equality (1.20e) we conclude that for a.e. z € {2,

the functions @(Dzun, Du,,,¥,,w) and H(g@(Dzu7L7 Du,,9,,w)) are continuously
differentiable with respect to w on the interval (0,00). Since the functions w>!,
are uniformly bounded, the Cauchy problem

at’w = —H(@(ﬁn,D2un7Dunyw))7 w((n - 1)T) = Wn-1,

has a unique solution defined in a neighborhood of (n — 1)7. Moreover, since the
function H is uniformly bounded and ¢ € (0,7'), this solution admits the estimates

(lwn-1llze (@) + lwptillzee (@) ~te” T < wi(t) <
—1 C
(lwn—1llLoe (@) + llwplill oo (2))e ",

where C' = sup |H|. Hence it can be extended to the interval ((n — 1)7, n7|. Denote
this extension as wy(z,t). By construction, it satisfies (2.7). Let us show that w,



50 J.F. Ganghoffer & P.I. Plotnikov & J. Sokolowski

is uniformly bounded from below and above. To this end, notice that the function
wn (z,t) given by (2.2) is defined on the interval (0,77 and satisfies the equation
and initial condition

dwn = —H(o(D*un, Du,, I, wn))wy for t € (0,n7),w(0) = wo.
Since |H| < C, the function wy satisfies the inequalities

O<071§wN(a:,t)§c<oo for 0 <t <nr,

A6
|Orwn (z,t)| < c< oo for 0 <t < nr. (4.6)

Thus we find un, ¥, and w, satisfying (2.5)-(2.7). It remains to note that v, is
given by the formula (2.6). Since in view of growth condition (1.21) we have

W (wy,' Du,,)| < ¢(14 |Dul)® and u—h e W??,

it follows from the embedding theorem that W(w,'Du,) € L?*(2) and hence

v, € L2(£2). Applying the induction principle we conclude that problem (2.4)-(2.6)
has a solution

uy € L=(0,T;W»*(2)), 9n € L=(0,T; W (2)), (A7)
wE' € L0, T; L (2)), wn € L=(0,T; L*(12)). ’

Moreover, in view of (A.6) the growth factor wy satisfies the inequalities
0<c ' <wn(z,t)<c<oo, |wn(z,t)]<c<oo for0<t<T. (A.8)
Step 2. Our next task is to derive energy estimate (2.11). First we derive the

auxiliary inequality (A.18) which leads to the desired energy estimate. The proof
of this inequality is purely algebraic. We begin with the observation that

Sn(Un,¥n) = min max_ S, (u,?)
u—hew?2:2 9ewl.2
< ﬂglvg)f? Srn(un-1,9) = Sn(un-1,%n-1). (A.9)

where ¥,,_1 is a solution to the variational problem

Sn(un_l,ﬂn_l) = 1965\1/13%((9) Sn(un_l,ﬁ). (AlO)

Next, notice that problem (A.10) is a particular case of variational problem (A.1)
with u = u,—1. Arguing as before we conclude that variational problem (A.10) has

a unique solution ¥,_1 € W22(£2). Expression (2.1) for S,, implies

Sn(un—lyﬂn—l) = Qg(un—h1977.—1771)n—1) - gHO('ﬁn—hﬂn—l)‘i‘

/ (wi_zvn,15n,1 —f. unfl) dr. (A.11)
o)
Notice that the integrand ¥, is a concave function of ¥, which leads to the inequality

WQ(DQUnfhDunflyanflywnfl) < WQ(DQUnflyDunfb'ﬁnflfwnfl)‘i‘
aﬁwg(DZUnfla Dunfh ﬁnfl,wnfl)(gnfl - 19”71)‘
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Noting that
819479(D2un717Dunfb'ﬁnflywnfl) = _V(Dunflfﬁnflywnfl)y
E(D2un71,Dunflaﬁnflywnfl) = Epg(DzunfhDunflﬂﬁnfl,wnfl)"'
wi_lV(Dunfl,ﬁnfl,wnfl)ﬁn,h

and recalling representation (1.29) for the internal energy E, we obtain

!pg(unflyﬁnfl,wnfl) S E(unflyﬁnflawnfl)f
/wi*lv(Dunfhﬁnflvwnfl)ﬁnfld-TA
2

Substituting this estimate into (A.11) and noting that v,—1 = V(Dup—1,9%n—1, Wn—2)
we obtain

Sn(un—lagn—l) < E(un—lyﬁn—hwn—l) - %Ho(ﬁn—han—l)

B (A.12)
—/ f- up—1de + / Qn72,n710n71 dﬂ?,
2 2

where
Qn—Q,n—l = wz,QV(Dun_l, 19“_1, wn_g) — wi,l V(Dun_l, 19n—1, wn_1). (A13)
On the other hand, representation (A.2) implies

S (Un, 9n) = E(Un, On, wn_1) — / f-u,dr+ %Ho(ﬂn,ﬁn).
(9]

Substituting this identity and inequality (A.12) into inequality (A.9) we get

E(un779n7wn) - E(un—l719n—177wn—l) + %(Ho(ﬂnyﬂn) + HO(ETL—17ETL—1)) <

E(un7 7971,, wn) - E(un719n7wn71) +/ f . (un - u'nfl) dx +/ Qn72,nflan71 dx.
2 2

(A.14)
On the other hand, the identity
E(u,9,w) = ¥,(u,d,w) + / w9V (Du, 9, w) dx
7]
implies the representation
E n719774 n —E n,ﬂny n— +/ n—2,n— 5n— dr =
(u wn) — E(u Wn—1) QQ 2,n-10n-1dz (A15)
An - Anfl + Bn + Cn»
where
An = _/ n— ,n’l?n dCL‘7 B, :/ n—2,n— En* _19"7 d.’L‘7
QQ 1 QQ 2,n—1( 1 1) (A.16)

Cn =Y,(upn, O, wn) — Pg(upn, I, wn_1).
Substituting (A.15) into (A.14) we finally obtain

E(un,'ﬁ'ruwn) - E(unfhlﬁnfl,wnfl) + %(Ho(ﬁn,ﬁn) + Ho(gnfhgnfl))

</ f‘(unfun—l)dm‘i’An7An—1+Bn+Cn~
2
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Summing both sides with respect to n and noting that
m m m—1 . T(m—1) L
7> Ho(0n, ) = / Mo, 0x)dt, 73 Ho(@n,Tn) > / o (@, O )dt
n=Il+1 Tl n=l Tl

we conclude that for all integers 0 <l <m < N,
{E(um,ﬁm,wm) —/ f u, da:} — {E(ul,ﬁl,wl) —/ f u dx}—i—
o) Q

1 Tm 1 T(m—1) o m
5/ Ho(In,9n)dt + 5/ Ho(On,In)dt < A — A+ Y (Bn+Cy).
Tl Tl n=I+1
(A.17)
Setting { = 0 in (A.17) we finally arrive at the estimate
E(um,ﬁm,wm)—/ f~umdcc+%/ IIy(In,In) dt <
o) 0

m (A.18)
|Am|+ > (IBa|+Cn) +c

n=1

Step 3. Now our task is to estimate the right hand side of (A.18). Introduce the
quantities

I, = / (|Aun|2 + W (wyt Duy) + 193) dz, n>0. (A.19)
o)
It obviously follows from formula (1.29) for E and the inequality W > 0 that
I, < E(un, ¥n, wm) < cl,. (A.20)

Moreover, since the embedding W?22(§2) < W*5(£2) is bounded and u = h on 942,
we have

6 2 3 3 2
/\Dun| dxgc(1+/ AP dr)” < (1S + 1), /|q9n| do < cl,.  (A.21)
2 2 (9]

Here the constant c is independent of n. Our first task is to estimate A,, in terms
of I,,. Expression (A.16) for A,, implies

Al < [ 19lQuior - do (A.22)
kpj

It follows from (A.13) and (1.27) that
Qun—1,m| < I |[wim, — w1 | + [wi W (wr! D) — wi, W (wy,y Dty
In view of (A.8) we have
lwn|E! + Jwp 1 | < ¢, Jwn —wn_1| <er foralll<n < N. (A.23)
From this and (1.21) we obtain the estimate
|Qum—1,m| < cm[9m| + er(|Dup|® + 1). (A.24)

which along with the Cauchy inequality implies

A < (CT+5)/ |19m|2dx+c(6)7'2/ (|Dum|® + 1) da.
22 (9]
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Here ¢ is an arbitrary positive number. Combining this and (A.21) we arrive at the
desired estimate for A,,:

|An| < (er 4 8L, 4 c(6)7°(1 +12). (A.25)
The derivation of the estimate for B,, is based on the following lemma.

Lemma A.2 The estimate
o (Ont — Tt It — Tnr) +/ On1 — o de < er(1+1,)°  (A.26)
o)
holds true for all 1 < n < N. Here the constant c is independent of n and N.

Proof The variation of the functional S, (un—1,9) at the extremal point ¢ = P
leads to the following equations for Op1:

-5 3 3 3 3 -1 .
—TAYp—1 4+ Wy, _19n—1 = Wy, _oUn—1 + w,, _W(w,_1Dun—_1) in £,

_ _ (A.27)
87{(9”71 + Tgnfl =0.
In view of (A.3) we have
T A1+ w01 = W _3Vp—2 +wh_sW(w, 5 Du,—1) in 2, (A.28)
8n19n_1+19n_1 =0 on 89 ’
Notice that equation (A.28) can be written in the equivalent form
W _ovn_1 — w3 _svn_o = TAY,_1. (A.29)

It follows from (A.27)-(A.29) that the function { = Fp_1 — Un_1 satisfies the
equations and boundary conditions.

—TACH WS _1C = Quosn1 + T 1, OuC+C =0 on 0L, (A.30)

where Qn—2n—1 is given by (A.13). Recall that ¥,_1 € W?2(£2). Multiplying both
sides of this equation by (, integrating by parts and using the Cauchy inequality
we obtain

TITo(C,C) + ¢ /ﬂ (€12 dae < TITo(C, 1) + 6 /Q ¢ o+ 67" /ﬂ Q21| d,

where the positive constant c¢ is independent of n and f. Notice that
o (¢, 0n—1) < 61T6(¢,¢) + 6 Ho(Pn—1,9n—1). (A.31)

Choosing § < min{c/4,1/2} we arrive at the estimate
TIIh (¢, ¢) + /Q [¢|? da < c/Q |Qm—2.m—1]° dz + et ITo(9p—1,9n_1). (A.32)
Next, inequality (A.24) and estimate (A.21) imply that
[ 1@usmas de < (14 Toc). (A.33)

Substituting this estimate into (A.32) we obtain desired estimate (A.26).
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Next, formula (A.16) for the quantity B, along with the Cauchy inequality yields
the estimate

|Bn| S 6_1/ |Qn72,n71‘2 dCL‘ + 6/ (ﬂnfl - anfl)2 diU S
2 (9]
8T A+ ) + cd0rIlo(Vn—1,0n-1),

where § is an arbitrary positive number. Summing both sides with respect to n we
arrive at the desired inequality

m

Z|B | <er 5—12 (14Tn 1) +c5/ Mo (9, 9 dt. (A.34)

Our next task is to estimate C,,. To this end notice that

CnEWg(un,ﬁn,wn)— uny'&nywn 1)_
/ / un7 Du,,, On,n(x, s))(wn — wn—1) dzds,
where
n(z,s) = swp + (1 — s)wn—1, s€]0,1]. (A.35)

Relations (1.13a) and (1.20e) imply the identity

s (9,., D*un, D, (2, 5)) =

2
811} n(iﬁ,s) SD(D u"vDunaﬂnan(s))'

In view of (2.7) we have

W — Wno1 = 7/ H(o(D*un, Duy, 9, wn (t)) ) wi (t) dt.

n—1

Combining the obtaining result we arrive at the identity

ﬂnyunywn —W (’ﬂnvunvwn 1):
/ /./77 un,Dumﬂmn(s))H(cp(Dzun,Dun,ﬁmwN(t)))wN(t)dxdsdt.
(n—1) 2

Recalling the identity
o(D*up, Du,, 9, wn(t) = @n(t) fort € (r(n—1),7n)

we can rewrite this relation in the form

By (Do w0) — B g (D, U tn) = — / / H(pn (M) on (M) dad) + R,
(n—1)

(A.36)
where
™ 1
R":/ / / P(z,5,t)H(on (t))wn (t) dedsdt,
T(n—1)J0o JQ (a3
P = @D, D b (0) — (D, Dun, 0. n(s).
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Let us estimate R,,. We begin with the observation that H is bounded and wy is
uniformly bounded from below and above. Thus we get

™ 1
R, < / / P(z,5,1)| dudsd. (A.38)
T(n—1) JO 2
Next, we have for s € [0,1] and t € [r(n — 1), 7Tn],

Pa,s,t) = (wn (t) — 17(5))/0 a% (g(lT)go(DQum Dun, (V) ) dA,

where
¢ = Awn (t) + (1 = A)n(s) € [wn (t), n(s)].
The rest of the proof is based on the following lemma.

Lemma A.3 Lets: 2 — R satisfies the inequalities ||s**| Lo (o) < c1. Then there
is a constant c¢(c1) independent of n such that

/ (|€0(D2un:Dun7"9m§)| + |6<<P(D2un:Dumﬂm§)‘) dr < c(1+ In)37 (A.39)
(]
/ 10 E(D*tn, Dtn, 0, s)| dz < c(1+ 1), (A.40)
22

Proof Recall that

3092
@(DQun,Dun,ﬁn,g) = —Z%IAun\Q — €37+

G+ 19,1){3W(§71Dun) — "W (s 'Du,) : Du,}.
The growth condition (1.21) implies
|<p(D2un,Dun,19n,§)| + |8<¢(D2un,Dun,19n,g)] <
(AL + [0n]” + (1 + [9a]) (1 + [Dun])?) < c(1 + |Aun|? + |90]?) + c|Dua|®.

Integrating these inequalities over {2 and using estimate (A.21) we obtain desired
estimate (A.39). Next, it follows from the expression (1.28) for the density of the
internal energy E that

|8<E(D2un,Dun,19n,g)’ < c(|Aun\2 + [9n)* + | Du,|?® + 1).
Arguing as before we arrive at (A.40).

We are now in a position to derive the estimate for C,. It follows from (A.35)
that

[n—wn(®)] <|n—wn-1| + |wn(t) — wpn_1] < c7 for t € [(n — 1)TnT],

and +1 +1 +1
O<wy <c¢, 0<n " <¢, O0<s <ec

Applying inequality (A.39) in Lemma A.3 we obtain
/ |P(x,s,t)|dx < ecT /1/ ‘g(iw(Dzun,Dun,ﬂn,g(x\)) ) ’ dzd) <
e} N 0 Jalds\c(A) a
1
< CT/ / (|<p(D2un,Dun719n7c)| + |8§Lp(D2umDun719n,c)\) dxd <
0o Jo

1
CT/ (1+T1)°dr = er(1 +1,)%.
0
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Combining this result with (A.38) we arrive at the inequality |R,| < ¢7?(1+1,,)%.
Substituting this inequality into (A.36) and recalling the expression (A.16) for C,,
we finally obtain the desired estimate for C,,

C, < 7/T" / H(pn (0)on (1) dzdt + er2(1 + 1), (A.41)
(n-1)J0

Summing both the sides of this inequality with respect to n and recalling expression
(1.33) for the form II; we arrive at the estimate

ZCN< / I (H(n), 9n) + o7 ilﬂ (A.42)
Substituting (A.25), (A.34), and (A.42) into (A.18) we get the inequality
E(ttm, O, ) — / £y da+ (1/2 — cf) /Tm o (O, In)+
/ I (H(on)oon) dt < e()7 S (1 + 1)) + c(d).
n=1
Noting that
/Qf ‘U dx < 6/9 [Aup|® de + 6" < 61, + o

we obtain

E(um,ﬁm,wm)—6Im+(1/2—cc5)/ o (O, 9x)+
/ I (H(pn), on) dt < (8 Z (14+1,)%) + ¢(6).

Recalling estimate (A.20) and choosing ¢ sufficiently small we finally arrive at the
inequality

m+/ O(WVn,¢N)d Z (1+1,)°) +ec, (A.43)

where the energy dissipation rate IT is defined by (1.32). Let us estimate the right
hand side of this equality. Set

t
In(t)=1, for (n—1)7r <t<nr, JN(t)z/I:?vds.
0

Since IT is nonnegative, estimate (A.43) implies
¢
In(t) <c+ CT/IN(S)3 ds, for0<t<T. (A.44)
0
It follows that on the interval (0,7") the function Jx satisfies the inequality

d
— <c(1 .
dtJN C( +7'JN)
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Obviously Jn(t) < o(t), where o is a solution to the Cauchy problem

d 3 _ . _l #
%0_0(14_7-0), c(0) =0, given by a(t)—T(\/m—l).

For 7 < 1/(4¢T), the function o is defined and uniformly bounded on the interval
[0,T]. This yields the estimate Jx < o < ¢. Combining this result with (A.44) we
obtain the estimate

I, <c for0<n<N, (A.45)

which along with (A.43) yields energy estimate (2.11). It remains to prove inequality
(2.14). We begin with the observation that inequalities (A.45) and (A.25) implies
the estimate

|AL| < c(6+7) + c(6)r. (A.46)
Next, inequalities (A.45), (A.34), and (2.11) imply the estimate

N N TN
dBal < ey 1+ 05/ Io(On,9n)dt < er6™' + ¢b. (AAT)
n=1 1+1 0

In its turn, inequalities (A.42) and (A.34) imply

; C, < /T l /Q H{ow (8))on () dudt + cr. (A.48)

Substituting (A.46) -(A.48) into (A.17) and recalling the definition (1.32) of the
energy dissipation rate II we obtain

{E(um,ﬂm,wm)—/gf-umdx}—{E(ul,ﬁl,wl)—/nf-uldx}—i—

7(m—1)

5/ HO(ﬁN,’ﬂN) dt+§/ Ho(ﬁN,ﬁN)dt—f— (A49)
Tl Tl

mT

I (H(pn), pn)dt < ¢ + c(d)T.

T

Let us show that we can replace w., and w; in the left hand side of this inequality
by wm—1 and w;—1. To this end notice that for every integer n € [1, N], we have

E(u’m7 197n7 wm) - E(u'rru ﬁm> wmfl)
1
:/ / O E(D* W, DU, O, §) (Win — Wi—1) dzds,
0 2

where ¢(s) = swn + (1 — s)wn—1 satisfies the inequalities ¢*! < ¢. From this, the
inequality |wn, — wn—1] < c7, and estimate (A.40) in Lemma A.3 we obtain

1
|E(un, ¥n, wn) — E(un, On, wn—1)| < cr/ / |8§E(D2un7Dun,Q9n,g)|dwds <
o Jo

er(141,)° < er.

Combining this result with (A.49) and noting that E(Wm, Ym, Wm—1) = E(Wm, Vm, Wm—1)
we obtain

{£(um,vm,wm_1)—/nf~umdx}—{8(ul,w,wl,1)—/nf~uldm}+

1 Tm 1 T(m—1) _ —
5/ Ho(ﬁN,ﬁN)dt+§/ H0(19N,19N)dt+
Tl Tl

mT

II/(H(pn),pn)dt < cd + c(d)T.

iT
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It follows from the definition (2.15) of the functional H n that
Hny(t) = E(un, Un, Wn-1) — / f-u,dz forte ((n—1)7,n].
e
Thus we get

1 Tm
Ho(mr) — Ha(ir) + / o (O, ) dt
1 T(m—1) L mT ™ (A5O)
+§/ Mo(@x, Ox)dt+ [ T(H(pn), on)dt < 8 + c(6)r
Tl

T

Now fix t; < to from the interval (0,T"). For every N, choose [ and m such that
t1 € (I —1)7,l7] and to € ((m — 1)7, m7). We have

1 ™m 1 T(m—1) L mT
5/ Mo (9n,9n) dt + 5/ Mo(@n, On)dt+ [ I (H(on), on)dt >
Tl Tl

158

1 to 1 to—T7 _ _ to
— Ho(ﬁN,ﬁN)dth*/ Ho(ﬂN,’l?N)dt+ Hl(H(LpN),LpN)dt.
2 t1+7 2 ti+T ti+7

Notice that # n(t) is constant on every interval ((n — 1)7,n7], 1 < n < N. From
this and (A.50) we conclude that

1o
Hn(to) _%N(tl)+§ Iy (YN, 9N ) dt+
t1+T1
1 to—T7 _ _ to
7/ Mo(@n, 9x)dt + [ T(H(en), ox)dt < ¢ + c(5).
2 ti+7 ti+7

Letting N — co and then § — 0 we obtain desired relation (2.14).
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