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INCOMPATIBILITY-GOVERNED SINGULARITIES IN LINEAR
ELASTICITY WITH DISLOCATIONS

NICOLAS VAN GOETHEM

ABSTRACT. The purpose of this paper is to prove the relation ince = Curl & relating the
elastic strain € and the contortion tensor k, related to the density tensor of mesoscopic
dislocations. Here, the dislocations are given by a finite family of closed Lipschitz curves
in Q@ C R3. Moreover the fields are singular at the dislocations, and in particular the
strain is non square integrable. Moreover, the displacement fields shows a constant jump
around each isolated dislocation loop. This relation is called after E. Kroner who first
derived the same formula for smooth fields at the macroscale.

1. INTRODUCTION

Let © be a simply-connected smooth and bounded subset of R3. Let £ be a set of
dislocation lines in €, and the dislocation density Az € M(Q,M?) be given as a Radon
measure concentrated in £, defined as

Ap:=7® BH|,,

with 7, the tangent vector to £ and H{ . the one-dimensional Hausdorff measure concentrated
in £, and where B stand for the Burgers vector of the line, constant for a given line.

It is well known that as soon as dislocations are present, i.e. as soon as their density is
nonvashing, the strain can not be a symmetric gradient of a vector field.

At the macroscopic scale, that is, at a scale where the fields are assumed smooth, Kroner
has indeed shown that the incompatibility of the elastic strain € is related to the curl of the
contortion tensor x. Here the contortion is a symmetric tensor related to the dislocation
density A by the relation K = A— % trA, with A the macroscopic dislocation density. Kroner’s
identity reads

ince = Curl &.

This relation was to the knowledge of the author first introduced in [7] though it strictly
spoken appeared first in [11] in a simple geometrical setting. The geometrical meaning of
the contortion tensor in a differential geometry approach to dislocations is also to be em-
phasized, as discussed in e.g., [5,7,8,10,15].

However, the concept of dislocation line is related to another scale of matter description,
namely the mesoscale, where it appears as the set of singularity for the elastic strain e and
stress field o = Ae, with A = 2uly + Ay, the elasticity tensor. It is indeed well known
that these fields are not square intagrable at this scale. Proving a Kroner identity at the
mesoscale such as

I
ince = Curl kg, ke == Ap — ;trAL,

was carried on by the author in a series of works [16-18] for some simple families of lines.
Though, a proof of such relations for general lines was still missing. It is the purpose of this
paper to propose a proof by studying pointwise and distributional properties of fields which
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2 NICOLAS VAN GOETHEM

posses a jump around dislocation lines, and are thus understood by means of functions of
bounded variation.

Notations and conventions. Let M? denote the space of square 3-matrices, and S? that
of symmetric 3-matrices. Let E € S® and 3 € M?.
E = E(o)< div(AE) =0, o=AEFE, (1)
E = D(kg) < incE = Curl kg, 2
B = B(Az) e Curl = AL (3)

—~
~—

The divergence and curl of a tensor E are defined componentwise as (divE); := 0;E;; and
(Curl E);j = €10k Ey, respectively. The incompatibility of a tensor E is the symmetric!
tensor defined componentwise as follows:

(inCE)ij = (CU.I'I (Curl E)T)ij = €ikm6jlnakalEmn = (Curl T( Curl E)T)z] (4)

The symmetric and skew-symmetrci parts of a tensor M are denoted by M® and M4, re-
spectively. Similarly, the symmetric and skew-symmetrci parts of a gradient Vu are denoted
by V3u and V4u, respectively.

The functional space of (finite) vector-valued Radon measures, M (£, R3), is defined as
the dual space of C.(£2,IR?), that of tensor-valued Radon measures, M(2,M?), as the dual
space of C.(Q2,M3). A function u is said of bounded variation if v € L*(Q2) and if its
distributional gradient Du is a Radon measure. Moreover, one writes

u € SBV(Q)

to mean that w is of bounded variation and that Du is decomposed additively in two terms,
the first which is absolutely continus w.r.t. Lebesgue measure on €2, and the second which
is concentrated on the jump set of u. Moreover,

”AHM ‘= Sup |<A7§O>M‘7
PECL(Q):
H‘PHooSl

where (A, Yo stands for the duality pairing. We refer to [1] for an introduction to the
mathematical properties of these functions.

2. PRELIMINARY RESULTS

The aim of this section is to prove that in the presence of a dislocation line in linear
elasticity, there exists a strain E such that (2) and (3) are satisfied. To this aim, a series of
results about fields of bounded variation and deformation must be proved.

Lemma 1. Let £ be a Lipschitz closed curve in R3 and S a bounded Lipschitz surface with
boundary £ and unit normal N. Let B € R3. The solution of

div(AVw) =0 in R3\S
[w] :=wt —w™ =B on S (5)
[(AVw)N] := (AVw)N)* — (AVw)N)" =0  on S

is given componentwise by
wile) = =B; [ (AVT(—IN W), i), (©)

for x € R3\ S, where T is the solution in R3 of div(AVT) = §l.

1Symmetry is intended with (incFE) seen as a distribution tenor.
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Proof. Let S C Q) be a smooth surface of discontinuity bounded by L. Let S~ # S be
another smooth surface bounded by £ and staying below S. Let V be the volume comprised

between S and S~ and Sy := S U S~ with outer unit normal N be such that 9V := Sy.
Supposing that w is smooth enough, we have the following identities in V:

/ 0 (0w (2" (2" — 2))da" = Aw;(z\Tip(a’ — )Ny (2")dH?(2)

Sv

and
/ O (w; (2", Tip(z' — 2))dz" = / w; (2" )0 ip (2’ — ) Ny (2" )dH? (2').
1% Sv
Thus by subtraction it holds
/ 00w, (z (z' — x))dx’ — / )00y (z" — z))da’
= [ @y @) ol ~ N )~ [ AT~ )N )
Moreover, the same identities in R3 \ V' yield
/ 00w (2" Lip(a’ — x))da’ — / w;(x") 0,0/ ip(a’ — x))da’
RNV RN 7
= —/ (Ofw;(2)) " Tip(a’ — ) Ni(a')dH? (2) +/ wi (¢ Dip(x" — )Ny (2")dH? ('),
SV SV
and hence, by summing,
/ 0, 0jw; (z" T (a' — z))dx’ — / w;(z")0,0/Lip(z" — x))da'
RS\SV RS\SV
= [ I~ DN + [ [T - )N ).
SV SV
Contracting with Ay;z; yields
/ (div(AVw);(z")I'(z' — x))dz’ — / wj(a")(div(AV) (2" — z))da’
R3\ Sy

R3\ Sy

= — [AV'w(2')N];iTip(a" — x)dH? (z") + [w;(@")] (AV'T (2" —z)N),, dH?(z'),

Sv Sy
(7)
that is, for € R3\ Sy,
/ (div(AVw);(2)Tip(z" — z))da’ — w,(z)
R3\ Sy
I /S [AV w(@')NiTsp (2" — o)dH2(2')
+ / [w;(z")] (AVT (2" — z)N);, dH*(2).
Sv
(8)

Taking the particular

w = /S(AWF(y— ) N(y)BdH?(y),
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w satisfies div(AVw)(x) =0 for x € R3\ S, and hence, by (8) and for z € R3\ Sy,
wy(z) = / [AV'w(z")N]iTyp (2’ — z)dH? (")
Sv

— /S [w;(2")] (AV'T (' — 2)N),, dH?(2')H?(z').

Consider now any smooth tensor test fuction ¢ with compact support in place of the
tensor T'. By (7), it holds

[ o) (@ @i’ = [ e (div(aTe), @)
R3\ Sy

R3

- / [AV w(z') N]ipip (') AH2 (") — / [1;(2")] (A (&) V), dH2(a).
Sv Sv

(9)
Define the distribution vg concentrated on S as
(o) 1= = [ OneB)H).
By definition, w(z) = — [¢ OnL (2 — y)BdH?*(y) = —(vB,T(x — -)). Observe that
div(AVw) = —vp (10)

holds in the distribution sense, since for any smooth test function with compact support ¢,
by definition of the convolution between distributions [14], one has

(div(AVw), ) = (w, div(AVy)) = —((yp,I'(z —")), div(AVp)(x))
= —(yB, (div(AVD)(z — ), p(2)))
= —(B,p)- (11)

Substracting (11) from (9) yields

0 = / [AV'w(z")N]ipip(2')dH? (x / [w;(x [ (AV'o(a')N),, dH(z")
Sv
= [ @ AN, i), (12)
which since it holds for any test function ¢, yields (5) by (10), achieving the proof. O

Remark that taking an arbitrary Oy on S~ while Oyp = ¢ =0 on S in (12) yields the
continuity of w on S~. By (6), it holds

dpwi(z) = B /S O (AVT(y — )N (), dH2(2"). (13)

More results on this topic can be found in [4].

Lemma 2. Let £ C Q be the union of a finite number of smooth dislocation (i.e., Lipschitz
and closed curves) and S C Q a smooth surface enclosed by L. Referring to Lemma 1, let
w be the solution of

—div(AVw) =0 in R3\S, [w]=DB, [(AVw)N]=0 on 8.
Then w € SBV(Q,R3), Vw € LP(Q,R3) for 1 <p <2 and
— Curl Vw = A%,
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in the distribution sense, where ﬁwfis the absolutely continuous part of the distributional
derivative Dw in Q (that is, Vw = Vw almost everywhere). Moreover —div(AVw) = 0 in
R3\ L, w e C®(Q\ L,R3) and it holds

1

2
Vu@)] < dBl(lec o L1+ 5o 75)

(14)

with cg the line curvature, and |L| its length.

Proof. The second part of the statement, namely (14), is proven as in Lemma 4 of [13]
by estimating |0;u(z)| by means of formula (13), and up to a positive factor given by the
uniform bound of A. Let us now prove the first part of the statement in the case of a smooth
L. Let u be a solution to (5). By (14), Vw € LP(Q,R3*3) for p < 2. It has been shown that

w is smooth outside S where it has a jump of amplitude b := |B|. In particular w belongs
to SBV(Q,R?) and its distributional derivative is given by
(Dw, p) := —(w, divp) = S(¢) + (Vw, ), (15)

for all ¢ € D(Q, R?*3), where S denotes the distribution S(¢) = — [¢ N; Bipi;dH?.
Let us prove that — Curl Vw = £ ® B. To this aim let us take ¢ € D(Q, R3*3) and write

—(Curl Vw, ) := —(Vw, Curl ¢) = —(Dw, Curl ¢) + S(Curl )
= / 71 B zdH*, (16)
c

where the second equality follows from (15) with ¢ = Curl ¢, and the third one by Stokes
theorem. We now prove that Div Vw = 0. Let S D S such that S separates €2 in two parts
Q~ and QF. Then for every test function ¢ € C2°(£2, R?) it holds

/ VwVedr = VwVodr + VwVedr =
Q

Qt Q-

— / Div Vwedz — / Div Vwedz + InwT pdr — ONw ™ pdr =0,
Q+ - S+ S-
achieving the proof.

3. MAIN RESULT: KRONER RELATION

In the following theorem we first prove Kroner relation ince = Curl k.. The condition

€ € LP(Q), with 1 < p < 2, yields a-priori that ince € W~2P(Q). We also prove that the
sharper result ince € W=22(Q), 1 < p < 3/2 holds true, due to the regularity of x, and
Kroner’s relation.
Theorem 1. Under the hypotheses of Lemma 2, there exists i € SBV (Q,R3) such that
Vi € LP(,R3) for 1 < p < 2 and satisfying V= E(o) € L2(,S?) and Vu = B(Az) €
LY(Q,S?). As a consequence, V= D(kz). It also holds that ke € WHP(Q) with 1 < p <
3/2. Moreover, ko € W=22(Q) if and only if divkz = 0. In particular, this condition holds
true for pure edge dislocations.

Proof. Let w be the vector of Lemma 2. Then
— Curl Vw = AL.
Let v € WHP(Q,R3) solution to
—div(AVS0) = —f in Q, (AVo)N =—g— (AVw)N on 0.
Then, @ := —(v + w) satisfies

—div(AV%a)=f in Q, (AV@®)N=g on 0. (17)
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Remark that if instead, one poses v = —w on 95, then 4 = 0 on 9f2. Since [u] = —B on

S and [(AVu)N]] = 0, one has
Curl Vi = — Curl Vw = AL,
with Va € L'(Q) by virtue of Theorem 2, ‘and recalling that Vo = Dv is intended in the
distribution sense, and [v] = 0. Moreover, V@ € L?(Q) since by ellipticity,
- 1
0 < ¢ V5l 2 < 5/ AVSa - Vadz < oo,
Q

for some ¢ > 0. Now, by identity Va = V@ 4+ V44, one has
Curl Vi = AL — Curl VA4 = AL — VTw + Tdivw,
where one has componentwise (?Aﬁ)ij = €jpwi and w; = —%qkl(%)kl. Note that w; €

L'(Q,R?)) and hence Vw = Dw is intended in the distribution sense. Moreover, divw =
—% tr Curl Va = —% trAz. Thus,

Curl V9 = kL - V7w (18)
and hence - -
incV%a = Curl Curl "V%a = Curl (k — Dw) = Curl .

Let ¢ € Woz’pl (Q) with p’ > 3. Then by Sobolev embedding, Vi € C%(£2). Let r be
the radial variable such that » = 0 corresponds to points of £, and 6 the azimuthal angle
in the planar section at # € £. Then, taking ¢ € W2? (Q) N C(Q), it holds for some
K € L*°(L£,M3), that

R
(2, V)] = | /L KV (€)dH! (€)] = | /ﬁ KdH! (€) / 0,V (r,0.€)dr|

1 [ R
=| [ RKaH'(&)|= | db | =0,.V(r,6,6)rd
| [xals [ a0 [ Lol rr

< C||D230||LP’(Q)||d('a£)71||LP(Q) < CH@HWz.p'(Q),
for R large enought and where the constant in the RHS is finite since p < % where 1/p+1/p' =
1 with p’ > 3. By density the result holds in Wg P /(Q), and thus it has been established that

3
divkg, € W2P(Q), 1<p< 3 (19)
On the other hand, let ¢ € HZ(£2), then
[{Curl w2, )| = (V74 incp)| < C|[Vall 20l oll 2 (),
proving that
Curl ke € W™22(Q). (20)
We now claim that k, € W=2P(Q) for 1 < p < 3. In fact, following [6], for every ¢ €

Wol’p/(ﬂ), one has ¢ = Vi) + Curl W with ¢ a vector in W2 (Q) and W a solenoidal
tensor-valued W22 () (hence in W22 as Q is bounded). Therefore, by (19) and (20), one
has

()| = [{z, Vib + Curl W)| < [(divig, )| + [ Curl kg, W)
< C (IWllwe @ + IWlwaae) < € IVl @) + 1| Curl Wil s )

< Cllellwrr )
where in the 2nd inequality we made use of Friedrich-Poincaré-type inequalities in bounded
simply connected domains [6], taking into account that ¥y = W x N = 0 on 9.
Lastly, for a pure edge dislocation, recalling that divA; = 0, it holds divk, = %D trA, =
0, since trA, vanishes identically for edge dislocations. Moreover, by (18), Vw = Kk, —
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(Curl V5a), while by (17), pdiv(Voa) + AV trVoa = —f € L*(Q,R?). The result then
follows by the regularity of w solution to —Aw = — Curl divV®u = 1/uCurl f € W=12(Q).
The proof is achieved. g

Corollary 1. Under the hypotheses of Theorem 1, there exists a flur j € LP(Q,R3X3%3)
with 1 < p < 2 such that

Az =divj and [Agllw-1o = [jle < [[Azllm, 1 <p<3/2. (21)
Moreover, there exists 8 € LP(Q,M3) with 1 < p < 2 such that
A7 =Cwl B and |B||lr <C|Az|lm, 1<p<3/2. (22)

Proof. One has Ay = k. + treg € W™LP(Q,M?3) by Theorem 1. It is a classical result that
by Riesz theorem there exists f € Wy *(Q,M?),j := Vf € LP(Q, R3*3*3) such that AT =
[+ divyj, and satisfying [|Az||5, -1, = [IfI7. + 7]|7». Moreover, letting p € Hg(Q,M?) N
C(Q2, M?) be such that its support is away from £ and on which ¢ = 1 by a partition of unity,
one has 0 = (Agz, p) = (f, ¥), since A is concentrated in £, and hence f = 0. Moreover

[Acllw—re = sup  [Ag,9)| < sup  [(Az, )| < [[Azlmllellos < [[AL]m,
wew P (o) pecl(Q):
”WHV:,)l,p/Sl H‘P”WLP/ <1

by Morrey embedding, since 1 < p < 3/2 and hence p’ > 3. This achieves the proof, since
the second claim is proved in Theorem 1 with 3 = V#. Note that the bound in the RHS
of (22) was proved in [12], recalling that AL is divergence free. Another reference for this
bound can be found in [3]. O

4. CONCLUDING REMARKS

Kroner relation is often mentioned in the literature but a complete proof was missing. By
means of this formula, it was the aim of this paper to make the link between functions of
bounded variation, viz., the displacement field %, and dislocations at the mesoscopic scale.
This formula shows several important features. First, the role of the contortion, in place, or
in parallel, of the dislocation density. It turns out that the contortion has a clear geometrical
meaning related to the metric torsion in the presence of dislocations [8,15]. Second, it shows
the crucial role of the incompatibility operator. Indeed, this operator is related to the
Beltrami decomposition of symmetric tensors, namely € = V@ + incF (see, e.g., [9]), where
incF is the part of the elastic strain, which is incompatible. Note that once such a relation
is proved, the strain satisfies

ince = incincF = Curl &,

putting light on a special 4th-order operator, incinc, whose mathematical properties, among
which coercivity (that is, ellipticity) were studied in [2].

Lastly, this formula teaches us that under the assumption of linearized elasticity, where the
skewsymmetric part of Vi (recall that Va stands for the absolutely continuous part of D
w.r.t. Lebesgue measure in 2) is not taken into account, the relation between deformation
and dislocation density might be given by the incompatibility of V1, precisely by Kréner’s
formula, in place of the classical Curl Vi = AL, valid for finite as well as for infinitesimal
elastic strains, which would require to also consider the skewsymmetric part, for which no
Poincaré-Korn-types of bounds do exist.

REFERENCES

[1] L. Ambrosio, N. Fusco, and D. Pallara. Functions of bounded variation and free discontinuity problems.
Oxford Mathematical Monographs. Oxford, 2000.

(2] S. Amstutz and N. Van Goethem. Analysis of the incompatibility operator and application in intrinsic
elasticity with dislocations. https://hal.archives-ouvertes.fr/hal-01150071, 2015.



8 NICOLAS VAN GOETHEM

[3] J. Bourgain and H. Brezis. New estimates for the Laplacian, the div-curl, and related Hodge systems.
C. R., Math., Acad. Sci. Paris, 338(7):539-543, 2004.
[4] M. Costabel. Boundary integral operators on Lipschitz domains: Elementary results. SIAM J. Math.
Anal., 19(3):613-626, 1988.
(5] H. Kleinert. Gauge fields in condensed matter, Vol.1. World Scientific Publishing, Singapore, 1989.
[6] H. Kozono and T. Yanagisawa. L"-variational inequality for vector fields and the Helmholtz-Weyl de-
composition in bounded domains. Indiana Univ. Math. J., 58(4):1853-1920, 2009.
[7] E. Kroner. Continuum theory of defects. In R. Balian, editor, Physiques des défauts, Les Houches
session XXXV (Course 3). North-Holland, Amsterdam, 1980.
[8] M. Lazar and F. W. Hehl. Cartans spiral staircase in physics and, in particular, in the gauge theory of
dislocations. Foundations of Physics, 40:1298-1325, 2010.
[9] G. Maggiani, R. Scala, and N. Van Goethem. A compatible-incompatible decomposition of symmetric
tensors in LP with application to elasticity. Math. Meth. Appl. Sci, 2015.
[10] G. Maugin. Geometry and thermomechanics of structural rearrangements: Ekkehart Kroner’s legacy.
ZAMM, 83(2):75-84, 2003.
[11] J. F. Nye. Some geometrical relations in dislocated crystals. Acta Metall, 1:153-162, 1953.
[12] R. Scala and N. Van Goethem. Dislocations at the continuum scale: functional setting and variational
properties. (preprint: www.cvgmt.it), 2014.
[13] R. Scala and N. Van Goethem. Graphs of torus-valued harmonic maps with application to a variational
model for dislocations. https://hal.archives-ouvertes.fr/hal-01183365, 2015.
[14] L. Schwartz. Théorie des distributions. Hermann, Paris, 1957.
[15] N. Van Goethem. The non-Riemannian dislocated crystal: a tribute to Ekkehart Kroner’s (1919-2000).
J. Geom. Mech., 2(3), 2010.
[16] N. Van Goethem. Strain incompatibility in single crystals: Kroner’s formula revisited. J. Flast.,
103(1):95-111, 2011.
[17] N. Van Goethem. Kroner’s formula for dislocation loops revisited. Mech. Res. Commun., doi:
10.1016/j.mechrescom.2012.08.009, 2012.
[18] N. Van Goethem. Fields of bounded deformation for mesoscopic dislocations. Math. Mech. Solids,
19(5):579-600, 2014.

UNIVERSIDADE DE LISBOA, FACULDADE DE CIENCIAS, DEPARTAMENTO DE MATEMATICA, CMAF, Av.
PrOF. GAMA PINTO 2, 1649-003 LisBOA, PORTUGAL
E-mail address: vangoeth@fc.ul.pt



