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AN EFFECTIVE HAMILTONIAN FOR THE EIGENVALUE
ASYMPTOTICS OF THE ROBIN LAPLACIAN WITH A LARGE
PARAMETER

KONSTANTIN PANKRASHKIN AND NICOLAS POPOFF

ABSTRACT. We consider the Laplacian on a class of smooth domains 2 C R”, v > 2
with attractive Robin boundary conditions:

qu: —Au, g_u =au on 02, a > 0,
n

where 7 is the outer unit normal, and study the asymptotics of its eigenvalues E; (Qg) as
well as some other spectral properties for a tending to +0o0. We work with both compact
domains and non-compact ones with a suitable behavior at infinity. For domains with
compact C? boundaries and fixed j, we show that

Ej(Qa) = —a® + pj(a) + O(log ),

where p; () is the jt eigenvalue, as soon as it exists, of —Ag—(v—1)aH with (—Ag) and
H being respectively the positive Laplace-Beltrami operator and the mean curvature on
0€). Analogous results are obtained for a class of domains with non-compact boundaries.
In particular, we discuss the existence of eigenvalues for non-compact domains and the
existence of spectral gaps for periodic domains. We also show that the remainder estimate
can be improved under stronger regularity assumptions.

The effective Hamiltonian —Ag — (v — 1)aH enters the framework of semi-classical
Schrodinger operators on manifolds, and we provide the asymptotics of its eigenvalues
for large o under various geometric assumptions. In particular, we describe several cases
for which our asymptotics provides gaps between the eigenvalues of Q for large a.

2010 Mathematics Subject Classification: 35P15, 35J05, 49R05, 58C40.
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1. INTRODUCTION

Let Q C R”, v > 2, be an open set with a sufficiently regular boundary S := 0€2. For
a € R, denote by Qg the operator qu = —Au acting on the functions u defined in 2
and satisfying the Robin boundary condition

g—Z:auonS,

where n is the outer unit normal at S. More precisely, Qg is the self-adjoint operator in
L?(Q) associated with the quadratic form ¢ defined on the domain D(¢f}) = H'(Q) by

qg(u,u):/ |Vu|2dx—oz/u2d5,
Q S

where dS stands for the (v — 1)-dimensional Hausdorff measure on S, which is closed
and semibounded from below under suitable assumptions (e.g. if S is compact or with a

suitable behavior at infinity, see below), and we denote by E](Qg) the jth eigenvalue of
Qg below the bottom of the essential spectrum, as soon as it exists. The aim of the paper
is to obtain new results on the asymptotics of the eigenvalues as « tends to 4o0.

The problem appears in various applications, such as reaction-diffusion processes [26]
and the enhanced surface superconductivity [14], and the related questions were already

discussed in various previous works. Let us present briefly the state of art for compact
1
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domains. It was shown in [26,27] that for piecewise smooth Lipschitz domain one has
F(QY) = —Cqa® + o(a?) as a — 400, where Cq > 1 is a constant depending on the
geometric properties of (2. In particular, Cq = 1 for C' domains, see [5,28]. More detailed
asymptotic expansions for some specific non-smooth domains were considered in [18,27,32].
As for smooth domains, a more detailed result was obtained first in [9,31] for v = 2 and
then in [33] for any v > 2: if the domain is C® and j € N is fixed, then

Ej(QS) = = — (v — 1) Hyaxr + O(a?3), (L1)

where Hyax is the maximum of the mean curvature H of the boundary (the exact defi-
nition will be recalled below). Remark that this asymptotics together with isoperimetric
inequalities for the mean curvature have played an important role for the so-called reverse
Faber-Krahn inequality, see [11,33]. The asymptotics (1.1) was also obtained in [8] for a
class of non-compact planar domains.

Although the asymptotics (1.1) shows the influence of the geometry on first orders,
it is not sufficient to distinguish the influence of the number j of the eigenvalue and to
estimate the gap between eigenvalues. For v = 2, a complete asymptotic expansion of the
eigenvalues of the form

[H"(s0)] s

E/(Q2) = ~a? — e + (25 — 1)1 00 que
N | ) (1.2)
pi
+ ij7ka_5 +o(a™2), ik €R,
k=0

where j € N is arbitrary but fixed, was proved in [16] under the assumption that the
curvature s — H(s) admits a unique non-degenerated maximum at sy and the second
derivative is taken with respect to the arc-length s. Such a hypothesis is reminiscent of
several works about the first eigenvalues of the magnetic Laplacian in the semi-classical
limit, see [17], which involves the localization of the eigenfunctions at the boundary and
allow expansion of the associated eigenvalues. In the informal discussion [15] it was pointed
out that, under the assumptions made, the leading terms in the asymptotics (1.2) appear
to coincide with those obtained through the harmonic approximation of the operator
—a? — 9? — aH on the boundary, see [7]. It is our principal objective to show that such
a correspondence can be made rigorous in any dimension and that it does not need any
particular assumptions on the geometry.

In order to describe our results, let us introduce the necessary notation and the class
of domains we consider in this article. Recall that s — n(s) is the Gauss map on S, i.e.
n(s) is the outward pointing unit normal vector at s € S. Consider the shape operator
L at s € S, which is defined by Ls := dn(s) : TsS — TS, and let K1(s),...,k,—1(s) be
its eigenvalues, called the principal curvatures. Our results will be valid for the so-called
C*-admissible domains defined as follows:

Definition 1.1. Let k > 2. A domain Q C R is called C*-admissible, if its boundary is
C*, and, in addition, the following holds:

(H1) There exists § > 0 such that the map ® defined by
Y= 8% (0,0) 3 (s,t) = ®(s,t) := s — tn(s) € D(S x (0,9)) (1.3)

s a diffeomorphism and its image is contained in §2.
(H2) The curvatures s — k;(s) are in L>°(S). Moreover, if k > 3, their gradients are
also bounded.
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The assumption (H1) is quite standard if one deals with non-compact domains, and it
is sometimes called the non-overlap condition, cf. e.g. [3]. We remark that any C* domain
with a compact boundary is C*-admissible.

In what follows we denote by K (s) the sum of the principal curvatures:

K(s) =kr1(8) 4+ -+ kp—1(s) = tr L.

Remark that the quantity H := K/(v — 1) is exactly the mean curvature on S. We will
denote
Kax :=sup K(s).
ses

Note that the operator Qg can have a non-empty essential spectrum, and it is more conve-
nient to work with the Rayleigh quotients instead of the eigenvalues. For this purpose, re-
call the min-max principle for the eigenvalues of self-adjoint operators, see e.g. [6, Sec. 4.5]:
Let @ be a lower semibounded self-adjoint operator in a Hilbert space H and ¢ be its qua-
dratic form. Denote

E(Q) := infspecy @ (we use the convention inf () = +00),

. q(u,u)
E. = f €N 14
Q)= b sy JEN (L4
dim L=j 40

then:

o if [;(Q) < E(Q), then E;(Q) is the jth eigenvalue of Q,
e if £5(Q) > E(Q), then E(Q) = B(Q) for all k > j.

Our main result gives a comparison between the quantities E; for QS and for an aux-
iliary Schrodinger operator with a curvature-induced potential on the boundary and in
which the Robin coefficient « appears as a coupling constant:

Theorem 1.2. Let v > 2 and Q C RY be a C?-admissible domain. Furthermore, let —Ag
denote the positive Laplace-Beltrami operator on S wviewed as a self-adjoint operator in

L?(S,dS). For any fived j € N one has
Ej(Q) = —a® + Ej(-As — aK) + O(loga), o — +oc. (1.5)

The proof is presented in Sections 4 and 5. Furthermore, in Section 6 we show that the
remainder estimate can be improved under additional assumptions:

Theorem 1.3. Let the assumptions of Theorem 1.2 hold. In addition, assume that € is
C3-admissible and that K reaches its mazimum, then for any fixed j € N one has

Ei(Q) = —a® + Ej(~As —aK) + O(1), a — +oo. (1.6)

The improved remainder estimate in (1.6) allows one to identify a class of domains
for which the variable curvature K gives a non-trivial contribution with respect to the
first-order asymptotics (1.1), see Remark 8.1 below. Let us emphasize on the fact that
no assumptions are made on the behavior of K near the set K~!(Ky.x) for the above
results. Using numerous methods available for the study of the effective Hamiltonian
—Ag— aK one can deduce more precise asymptotics under various additional hypotheses,
which improves the results of preceding works or weaken the respective assumptions. In
particular, as a generalization of (1.1) in Section 7 we obtain:

Corollary 1.4. Let Q C RY be a C?-admissible domain, then for each fized j € N we have
E;(Q%)) = —a? — Kpaxa + o(a).

We remark that the paper [33] discussed various eigenvalue optimization problems using
the quantity Kpax, hence, Corollary 1.4 extends the discussion of [33] to C2-domains.
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Remark 1.5. If the boundary S is compact, then either spec. Q% = (if Q is bounded)
or 8pecys QS = [0, 400) (if Q is unbounded). In the latter case, it is standard to check
that Q%! has finitely many negative eigenvalues. On the other hand, for any fixed j one
has E;(QS}) < 0 if a is sufficiently large, in particular, F;(Q%}) < F(Q). Therefore, by
the min-max principle, each E](Qg) is an eigenvalue of Qg if «v is sufficiently large.

The preceding observation does not hold for domains with non-compact boundaries. In
particular, in [8] one can find various examples of domains  with curved non-compact
boundaries such that the respective operators Q! have a purely essential spectrum for
any « > 0. Nevertheless, the existence of eigenvalues can be guaranteed by an additional
assumption:

(H3): Ko = limsup K(s) < Kmax, (1.7)

5§—00

which allows one to prove the following result extending several estimates of [§]:

Corollary 1.6. Let Q C RY be C*-admissible with non-compact boundary and satisfy
(1.7), then for any N € N there exists ay > 0 such that for o > ax the operator Q%! has

at least N eigenvalues below the essential spectrum. The behavior of the jth etgenvalue
E;(QS}) with a fized j is given by (1.5) or, if Q is C°, by (1.6).

The proof is given in Section 7.

More detailed asymptotic expansions for the eigenvalues can be deduced by using the
toolbox of the semi-classical analysis of Schrodinger operators on manifolds, where the
mean curvature acts as a potential. In Section 8 we describe the results involved by
standard hypotheses on the potential K. In particular, the following hold:

Corollary 1.7. Let Q C RY be a C°-admissible domain. If O is non-compact, assume
(1.7). Furthermore, assume that K admits a unique global mazimum at so and that the
Hessian of (—K) at sg is positive-definite. Denote by uy its eigenvalues and set

5:{22;1\/%(2%—1),%61\1}.

Then for each j € N there holds, as o — +00:

EJ(QS) = —042 - Kmaxa + ejOél/Q + (’)(al/4),
where e; is the jth element of €, counted with multiplicity. Moreover, if Q is C® and if e;
is of multiplicity one, the remainder estimate can be improved to O(1).

Corollary 1.8. Let Q C R? be a C*3-admissible domain with some integer p > 1, and
assume (1.7) if OQ is unbounded. Assume that the curvature of the boundary admits a
unique global maximum at so, which is degenerated in the following sense:

K(s) = K(s0) — Cp(s — s0)* + O((s — s0)**"), Cp >0

where s denotes the arc length of the connected component I' of the boundary where K 1is
maximal, then for each j € N there holds, as o — +00:
1
Eij(-Ag — aK) = —Kpaxo + ejaﬁ + O (a?@ D),

where e; s the jth eigenvalue of the operator —9%+C\ps?P acting on L*(R). If 99 is C*P T4
smooth, then the remainder can be replaced by O(1).

Finally, in Section 9 we consider the case when 2 is periodic with a compact elementary
cell. In that case, the above main results show that the spectral bands of Qg are deter-
mined, up to a error term, by the spectral bands of the periodic operator —Ag — aK. In
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particular, we prove some sufficient conditions guaranteeing the existence of gaps in the
spectrum of Qg.

The machinery used for the proof of the main results is quite different from the previous
papers on the Robin eigenvalues and is based on a detailed global analysis of the quadratic
form and appears to be ideologically very close to the one for the Laplacians in thin
domains, cf. [12,13,21,22]. In fact, the main results are obtained using a kind of separation
of variables in tubular neighborhoods of the boundary with suitable boundary conditions at
the free side, and the thickness depends on « in a special way. The reduced operator —Ag—
aK appeared already in [22] in the study of suitable Laplacians in thin neighborhoods of
hypersurfaces, and the results from Section 8 provide improvements of [22, Theorem 1.1]
under the respective geometric assumptions.

2. AUXILIARY ESTIMATES

We remark first that, as we deal with real-valued operators only, we will work everywhere
with real Hilbert spaces. Let us prove some technical estimates which will be used in the
proof of the main results.

Lemma 2.1. For a > 0 and 6 > 0, denote by TP the operator f + —f" acting in L*(0,0)
on the domain

D(TP) = {f € H*(0,0) : f'(0) = —af(0), f(6) = 0}.
Then, as da tends to +oo, the operator TP has a unique negative eigenvalue EP, which
satisfies
EP = —a® + O(a?e™%). (2.1)
Furthermore, if " is an associated normalized eigenfunction, then
YP(0)% = 20 + O(ae ™).

Proof. The assertion was partially proven in Lemma A.2 of [18] by direct computations:
it was shown that the operator T° has a unique negative eigenvalue, that EP = —k?
with k = a + O(ae™%), and, finally, that ¢ (t) = C(eFt=9) — ¢=k(t=0)) where C is a
normalizing constant. We have then

2%k —2k O —20k

e e
1= ||7/)DH%2(0,5) = 02( % - 25)’ C? = 1 — d5ko—20k _ o—B0k>
which gives
Do (1 — e=20k)2 2_—25k —da
P (0) :2k1—45ke*25k—e*45k =2k + O(dk%e ) =2a + O(ae™°%). O

Lemma 2.2. Let 8 > 0 be fized. For o > 0 and § > 0, denote by T? the operator f — —f"
acting in L?(0,68) on the domain

D(T?) = {f € H*(0,8) : '(0) = —af(0), f'(5) = Bf(6)}-

Then, as dav tends to +oo, the operator TP has a unique negative eigenvalue EP, which
satisfies

EP = —a? + O(a?e™9). (2.2)
Furthermore, if ¥® is an associated normalized eigenfunction, then

1P(0)% = 20 4 O(ae ™), (2.3)

YP(8)? = dae™ 2% 4 O(ae™9), (2.4)

1W7Y 12205 = o + Oae™*). (2.5)



In addition,
117209 — f(0)* = BF(6)* > O for any f € H'(0,8) with (f,4") 12005 =0. (2.6)

Proof. Once again E? is clearly negative, and we denote by k the positive number such
that F? = —k2, so that

W)= C( (14 )M+ (1= P)ete),

with C' a normalizing constant. Then the condition ¢'(0) = —a)(0) is equivalent to

sinh (k) — s cosh(dk)
ok k = da.

cosh(0k) — %sinh(ék)

Following literally the proof of [18, Lemma A.1] treating the case § = 0, we get the
existence of a unique solution as a gets large, which satisfies k¥ = a + O(ae™°®), which
gives the asymptotics of E# = —k%. Moreover, the other eigenvalues of T# are positive,
and since the quadratic form for 7% is

(f, F) = 117205 — @ (0)* = BF(6)%, D7) = H'(0,0),

the assertion (2.6) follows from the spectral theorem for self-adjoint operators. Then (2.3)
and (2.4) are obtained as in the the proof of Lemma 2.1. Finally, substituting this estimate
into the equality (1, 1) = E? we obtain (2.5). O

Finally, we will need a suitable form of the Sobolev inequality, see e.g. Lemma 8 in [25]:

Lemma 2.3. For any 0 <{<a and f € H*(0,a) there holds, with & € {0, a},

fe)? < f/oa f(t)2dt + % /Oaf(t)th.

3. REDUCTION TO THE ANALYSIS NEAR THE BOUNDARY

3.1. Dirichlet-Neumann bracketing. The first steps of the analysis are essentially the
same as in [33]. For § > 0 denote

Qs :={zeQ: inf |z —s| <0}, O5:=0\0s,
ses

and let qg N9 and qg D9 he the quadratic forms given by the same expression as ¢! but
acting on the domains
D(g™?) = H'(Q) & H'(05), D(¢5"") = Hy(Q) & Hy(O5),
Hy(Q5) = {f € H'(Q5) : f=0at 005\ S},

and denote by QS’N’(S and QS’D’(S the associated self-adjoint operators in L?(Q2). The

inclusions D(¢F7°) € D(¢?) C D(gi™°) and the min-max principle imply, for each
7 € N, the inequalities

E; Q™) < E;(QF) < E;(Q9P7).
Furthermore, Q4" = B @ (~A)Y and Q0" = B @ (~A)g., where BE™ and

Bg D0 are the self-adjoint operators in L?(£)s) associated respectively with the quadratic



forms
02430, u) = [
Qs
DOEN0) = HY(Q5), DOBLP?) = Hi (),

\Vu|*dz — a/ u?*dS, %€ {N,D},
S

and (—A)g(S and (—A)g(s denote the Neumann and the Dirichlet Laplacian in Og, re-
spectively. As both Neumann and Dirichlet Laplacians are non-negative, we have the
inequalities

Ej (BN < Bi(QY) < Ej(BEP?) for all j with Ej(BSHP?) < 0. (3.1)
The preceding inequalities are valid for any value of § > 0, but for the rest of the paper
we assume that § depends on « in a special way:

the value of 0 tends to 0 and the value of da tends to +o0o as « tends to +oo,  (3.2)
and the precise dependence will be chosen later.

3.2. Change of variables. In order to study the eigenvalues of the operators Bg} N3 and

Bg} D3 we proceed first with a change of variables in )5 with small §. The computations

below are very similar to those performed in [3] for a different problem.
By assumption, for § > 0 sufficiently small, the map ® defined in (1.3) is a diffeomor-
phism between ¥ and €)s. The metric G on ¥ induced by this embedding is

G =go (I, —tLy)* +dt?, (3.3)

where I, : T3S — TS is the identity map, and ¢ is the metric on S induced by the
embedding in R”. The associated volume form d¥ on ¥ is

A% = | det G|Y2ds dt = ¢(s, t)| det g|'/?ds dt = o dS dt, (3.4)
where
dS = |det g|*/?ds
is the induced (v — 1)-dimensional volume form on S, and the weight ¢ is given by
©(s,t) := | det(l; — tLs)| = 1 —ttr Ly + p(s, 2 =1 — K(s)t + p(s, t)t%, (3.5)

with p being a polynomial in ¢ with coefficients which are bounded and continuous in s.
In particular,

lo(s,t) — 1| < ||0pp||ocd for all (s,t) € X. (3.6)

Let us recall that for a function f : S +— R, the boundedness of the gradient Vf, as
stated in Definition 1.1, is understood for the norm on the tangent spaces: ||Vsf|lco =

supseg [|Vsf(s)ll1.s, with

||V8f(5)||%ss = ngﬂ(s) (Z gpk(s)akf(3)> (Z QM(S)(%f(s))
Py k 7
=" g"(s)0,f ()0, f(s) with (g°*) =g .
Pt

For future uses, we summarize some obvious properties of :

Lemma 3.1. Let Q be a C?-admissible domain, the for 6 small, the functions Ly, K are
bounded on S, and the functions yp, 02, Oy~ Y2, (DY) /2, and at((&ggp_l/z)gol/z)
are bounded on X. If, in addition, Q is C®-admissible, then ¥V ;0;(p~1/?) is bounded on X.



In particular, for some C' > 0 we have

| @00 00,07 < O (s € (37)
psbt

Now consider the unitary map
U:L*(Qs5) = L*(2,dY), Uf=/fo®d,
where ® is the map from (1.3), and the quadratic forms
W (f, 1) =0g ™ (U FUTN ), D(hE) =UD®bG™), € {N,D}.

We have then, by adopting the Einstein summation rule for indices,

A (u,u) = /ZijBju Opudd — a/s lu(s,0)?dS, DY) = H'(%),

hP (u,u) = the restriction of hY to D(hD) = H} (%)
with

HY(Z) = {uec H\() :u(-,8) =0}, (G7%) =G~ L
Due to (3.3) we can estimate, with some C; > 0, depending only on || Lg||oo:
(1-Cyd)g ' +dt? <GP < (1+Cyd)g " +dt*.
Therefore, we have the form inequalities
hy <hY and AP <hl (3.8)

with

hg (uyu) = (1 — Cgé)/ g™ Opu 0y udy +/ |Oul?dy — a/ u(s,0)%ds,
b b 5

D(hy) = D(hy) = H'(%),
Rt (u,u) == (1 + Cgé)/ g™ Opu 0y udy +/ |Oul?dy — a/ u(s,0)%ds,
b b 5
D(hf) = D(hY)) = Hy(%),

where, as usually, (¢°*) = ¢g~!. In particular, if H, and H_ are the self-adjoint operators
acting in L?(X,dY) and associated with the forms h,, and hJ respectively, then it follows
from (3.1) and (3.8) that

E;(H}) < E{(QY) < E;(H) for all j with E;(H,) < 0. (3.9)

4. PROOF OF THEOREM 1.2: UPPER BOUND

Recall that the operator TP has been defined in Lemma 2.1. We have denoted by E”
its lowest eigenvalue, and in this section we denote for shortness ¢ := ¥ an associated
normalized eigenfunction. The function ¢ will be used to construct test functions for H .
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4.1. An estimate for product functions. Recall that everywhere we assume that ¢ is
a function of « satisfying (3.2). We have the following estimate:

Lemma 4.1. For v € H'(S), consider a function u defined by u(s,t) = v(s)w(t), which
belongs to D(hY). There exist positive constants caL and cf such that, as o — +oo, for
any v € H'(S) there holds

ha (u, u)

_gPb
||UH%2(2 ax)

(1+cf9) /Sgp“ 0pv Oyvds — afv, Kv)12(5.4s)

< (1+¢fé) e
12(8,dS)
+O(1 +ae ), (4.1)

Moreover, the remainder depends only on ||Ls|loo, | K |los 10:¢lloo, and ||02¢|leo, and it is
independent of v.

Proof. Through the estimates we denote by C; various positive constants. Using (3.6), a
direct evaluation provides

hY (u,u) =(1+ C, 5)/ PY(t)2 g7 Dpv(s) D, (s) (s, t)dSdt
S5%(0,9)

/ /¢ ©(s,t)dt dS — arp(0)? /SUQdS

§(1+015)// Y(t)? g7 Opv(s) O, (s)dtdS

/ /w ©(s,t)dt dS — arp(0)? /SdeS

:(1+C'15)/gp“(9pv(9uvd5

/ / Y (t)%p(s, t)dt dS — arp(0)? /SUQdS.

Moreover, the constant C; depends only on ||Ls||s and [|0p¢||ec. Using a repeated inte-
gration by parts together with the boundary conditions satisfied by v, we obtain for all
ses:

/ v

:[ () () /w (s, t)dt — /w () (s, t)dt

— (O (0)p(s.0) + EP / 502,00~ 5 [ 000 apte.Dar

—aw0) + 57 [ wi0plsn 1([¢ 2augto )]~ [ wirorets t)dt)
(5

S

§
=ap(0)? +ED/ Y(t) (s, t)dt — K2 / V(t)20% (s, t)dt
0

(4.3)
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The substitution of (4.3) into (4.2) gives

ht(u,u) < (1+ 015)/ g v dyvdS
S

$(0)?
2

+ B |lul T2 a5y — —5— (v, K0) [2(5.a) + / / t)207 (s, t)dtdS. (4.4)

As the functions 0?¢ and K are bounded, we estimate with the help of Lemma 2.1:

h (u,u) — ED”UH%Q(Z,U‘[Z)
< (14 Cy0) / 97" Opv Opv dS — afv, Kv) 12 (5.4s)
S

+O(1+ae ) o] 2a(5as) (45)

where the O-coefficient depends only on ||0? g0||OO and || K||so. Furthermore, due to (3.6), we
have the estimate Hu||L2 5.d5) = > (1—-0C% )H1)HL2 (s,ds)» Where C depends only on ||0¢¢||so-

This gives
h;r(u7u) . ED
HUH%%Z,@)
(1+Ch9) /Sgp“ 0pv Opv dS — a(v, Kv)r2(g.45) + O(1 + ae_‘so‘)HvH%g(&ds)
< :
(1- CQ(S)HUHIQ (S,dS)

and we deduce the lemma by choosing ¢ = Oy, and cg > 0sothat (1-Cy8)7 1 <1 —1—035,
which is possible since § becomes small as « tends to +o0. O

4.2. Proof of the upper bound. Now for each j we can use the definition (1.4) by
testing on the subspaces L C D(h!) of the form
L ={u:u(s,t)=uv(s)y(t) with v e A},

where A are the jth dimensional subspaces of H!(S), which is the form domain of —Ag —
aK. Lemma 4.1 then implies

Ej(HY) - E? < (1 +cf0)E;j(— (1 +c¢f0)As —aK)+O(1+ae®).  (4.6)
The right-hand side can be estimated as follows:
Lemma 4.2. For any fixed j € N there holds, as o — +0,
(I+c¢fd)E;j(— (1+¢0)As —aK) < Ej(-Ag — aK) + O(da),

where ¢ is a function of « satisfying (3.2). The constants depend only on || Ls||ocs || K| oo,
1eelloc 1107 #lloc -
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Proof. We have

(1+cfO)E;j(— (14 ¢ 6)As — aK)
(1+ ¢ 8) (B3 (= (L4 e} 9)As + alKmax — K)) = aKonax)
1+l O)E; (= 1+ ¢f0)Ag + a(Kmax — K)) — aKpax + O(0a)
1+ cfOE;j(— (1 +¢f0)As+ (1+¢f 0)a(Kmax — K)) — aKpax + O(0cr)
(1+ CHE(—As + a(Kmax — K)) — aKpax + O(0a) (4.7)
=E;(— As + a(Kmax — K)) — aKas

+ O(SEj(~As + a(Kax — K)) ) + 0(60)

IN N I

—B;(~Ag — aK) + 0(5Ej( — Ag + a(Kmax — K))) +O(ba).
As K is bounded, we have the rough estimate E;( — Ag+ a(Kmax — K)) = O(a), and the
remainder depends on the constants cf, ¢f and || K|« only. O
Finally, combining Lemma 4.2 with (4.6) and Lemma 2.1, we get
Ej(HS) < EP + E;j(~Ags — aK) + O(1 + da + ae %)
= -’ + Ej(~Ag — aK) + O(1 + da + a?e™%). (4.8)

In order to have an optimal remainder we take

5— bloga’ b> 9.
o

then E;(H,) < E;(HY) < —a? + E;(—Ag — aK) + O(log a).

5. PROOF OF THEOREM 1.2: LOWER BOUND

5.1. Minoration of the quadratic form. The operator 77 of Lemma 2.2 with 8 = 0
will play a special role and it will be denoted by TV. The first eigenvalue and the first
normalized eigenfunction will be denoted in this section by EV and v respectively. Recall
again that J and « obey (3.2).

We represent any function u € D(h;,

«

u(s,t) = v(s)yY(t) +w(s,t) (5.1)

) in the form

with s
v(s) ::/ Y(t)u(s,t)dt, v e HY(S). (5.2)
0

Remark that the both functions (s,t) — v(s)1(t) and w are in D(h;). The following
proposition gives a lower bound on the expression h_, (u,u) — ENHUH%Q(Z ay) 0 terms of
this decomposition.

Proposition 5.1. There exist positive constants cy and ¢ such that, as o — 400,
- N 2
ha (uau) - B HU’HLQ(Z,dZ)

> (1—¢y0) /Sg”“ Dpv v dS — v, Kv) 2(5,a5) — e (14 ae ) [[v[|72(5 45

a2 6
+—// w(s,t)?dtdsS
2 JsJo

for any u € D(h;). The constants depend only on || Ls||so, |0:0]lce and ||02¢]|so-

(5.3)
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The rest of this subsection is devoted to the proof of Proposition 5.1. Using the decom-
position (5.1), we clearly have

hg (uyu) = (1 — Cgé)/ g™ Opu 0y udy +/ |Opu|?dY — a/ u(s,0)%dS (5.4)
b by S
=11+ 1o+ I3+ Iy, (55)

where we have set
§
( L =(1- Cg5)/ / g’ 0,u dyup dSdt,
I = / / W (62 (s, )L dS,
Is = 2[/51)(3)/0 V' (s)Opw(s,t)p(s, t)dtdS — aw(O)/Sv(s)w(s,O)dS}

d
= wls 2 S — 2 ’l}82 — wl(s 2 .
L= [ [ (s, et dtds —av(0” [ o(s2as—a [ wisopas

We estimate the four terms separately.

Lemma 5.2. There exists Cy > 0 such that, as o — 400,
I > (1-Ch0) / g’ 0,v0,vdS. (5.6)
S

Moreover, the constant Cy depends only on ||0pp||cc and ||Ls||co and is independent of w.

Proof. Following the decomposition (5.1), we get by using (3.6) a constant C' > 0 such
that

/(S /gp“ Opu(s,t) Ouu(s,t) (s, t)dSdt
0 JS
§ é
:/0 /Si/)(t)zgp“ 0,v(s) Ouv(s) p(s,t)dSdt + 2/0 /Si/)(t)gp“ 0,v(s) Opw(s,t) pdSdt
§
—i—/o /Sg"“ Opw(s,t) Ouw(s,t) pdSdt
6 6
>(1— 05)/0 /g¢(t)ng“ 0,v(s) Oyv(s)dSdt + 2/0 /Si/)(t)gp“ 0,v(s) Opw(s,t) p(s,t)dSdt
§
+(1- 05)/0 /Sgp“ dpw(s,t) Oyw(s,t)dSdt
6
=(1- C(S)/Sgp“ 0pv(s) 0yv(s)dS + 2/0 /Sw(t)g"“ 0,v(s) Ouw(s,t) (s, t)dSdt

+ (1 —C9) /Oé/sg’)“ dpw(s,t) yw(s,t)dSdt,
(5.7)

where the constant C' depends only on ||0;¢||~c. Remark that for the function w we have

/ P(t)w(s,t)dt = 0 and, hence, / P(t)opw(s,t)dt =0, seS. (5.8)
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We deduce:
3
/ /¢gp“ Dpv Oyw pd Sdt
0o JS
J J
:/ /¢9p“3pvauwd5dt+/ /T,Z)gp"ﬁpv(?uw (p —1)dSdt
0 JS 0 JS

é
:/ /wgp“ Opv 0w (p — 1)dSdt. (5.9)
0 JS

Using again (3.6), we estimate with the same constant C, using the Cauchy-Schwarz
inequality for the metric (g”*),

‘/6/ P(t)gP* Opu(s) Ouw(s,t) (¢(s,t) — 1)det‘
0 JS 5
§05/0 /S‘gp"w(t)apv(s) 8Mw(s,t)‘d5dt
< @/5/1#@)29”“ d,v(s) auv(s)det—l—@/6/9”“8,,10(5,@ dw(s,t)dSdt (5.10)
026/5 PEO v@,ﬂ)dS—i——/ / PR Opw(s,t) Opw(s,t)dSde
which gives
2[/05/51&@)9’)“ 0,v(s) auw(s,t)ap(s,t)det}

§
< 06/ g d,v(s) Opv(s)dS + C’(S/ / g Opw(s,t) O w(s, t)dSdt. (5.11)

S 0 JS

Substituting the last inequality into (5.7) we obtain,

é é
/ /gp“ Opu 0yu pdSdt > (1-2C9) / g’ O, auvd5+(1—205)/ /g‘)“ 0pw O, w dSdt
0 JS S 0 JS

and, therefore, for sufficiently small o:

1)
(1-— Cgé)/ / g’ 0pudyu pdSdt > (1 — Cyd)(1 — 26’5)/ g 0pv Oy vdS.
0 Js S

The result follows as Cy depends only on ||Ls|/~, and C' depends only on ||0;¢]|oc- O

Lemma 5.3. There exists Cy > 0 such that, as o — 400:

Iy > aip(0)? /SU(S)zdS + EN|u — w”%?(z,(m)

— a(v, Kv) 12(5,45) — Ca(1 + ae™*)||v] 725,45 (5.12)
The constant Cy depends only on || K||lso, [|0:¢llce and |02¢|loo and is independent of u.
Proof. Asin (4.3), an integration by part leads to

[ 0Pets, e = a0 + B [ piwets - @wof
0 0

Btgo( / P(t) 8t2ap (s,t)d
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The additional term in comparison with (4.3) comes from the fact that ¢(4) # 0. We

deduce:
/ / 1/1 (s, t)dtdsS

= ay(0)? /SUQdS + ENlu— wliasas)

(9)?
2

2
@<%K1}>L2(57d5) (513)

1 6
<U73t@('75)U>L2(S,dS)+§/SU(3)2/0 ¥(t)*0f (s, t)dtdsS.

Due to (2.4), 1(6)? = O(ae™2%%), and there exists C' > 0 such that for « large enough one
has
¥ (9)°

5 (00 (,0)v) 125,05 < Cae™||v72(g,a5); (5.14)
where the constant C' depends only on ||0;¢||oc. We also have:

6

| [ wterotots. o] <108l (5.15)
0

Moreover, (2.3) provides C’ > 0, depending only on ||K ||, such that for a large enough:

YO, k <alw, K Clae™||v]f3 5.16

9 (v, U>L2(S,dS) < a(, U>L2(s,d5) +Cae ||U||L2(s,d5)- (5.16)

The lemma follows by combining (5.14)—(5.16) with (5.13). O

The crossed term I3 needs a parametric estimate:

Lemma 5.4. There exists C5 > 0 such that for any r > 0 for large o one has

1 é
Ig > 2EN<’LL — w7w>L2(27d2) — C37°a2HUH%2(S7dS) - Cg;/s/o ’U}(S,t)thdS

Moreover, the constant Cs depends only on |0yl and does not depend on u.

Proof. Using the integration by parts we have:

6
I3 :Q/Sv(s)/o w’(s)atw(s,t)cp(s,t)dtdS—2@1/1(0)/v(s)w(s,O)dS

S

—2 /5 v(s)<[¢’(t) (s,0)p / B (H)w(s, (s, t)dt

0

[ tywls. Dare(s, t)dt)ds 20(0) / o(s)u(s,0)dS

0 (5.17)
= QM/J(O)/ v(s)w(s,0)p(s,0) dS—l—2EN// s, t)e(s,t)dtdS

— 2// (s,t)0¢p(s,t)dtdS — 2a1p(0 )/S v(s)w(s,t)dS
= 26N (u — w, w) [2(5,ds) — 2/ / (s,t)0rp(s,t)dtdsS,

where we have used the boundary conditions ¢/(6) = 0 and ¢’ (0) = —a)(0).
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We estimate now, with any r > 0O:

(2// (5,4)0,0(5, 1) dtdS(
<loele [ /

<H8tcpHoor// " dtds+”a“””°°// J2dtdS  (5.18)

19¢llo0
< 2Hat@Hoo74042H’UH%Q(SAS)+ ’ tTH /S/O ’U}(S,t)thdS,

(s,1) (dtds

where we have used |9’ ||L2(0 5 < 20?2 for a large enough, see (2.5). The substitution of
(5.18) into (5.17) gives the lemma by choosing C3 = 2||0;¢||c- O

We are now able to finish the proof of Proposition 5.1. We use Lemmas 5.2-5.4 in (5.5)
and deduce

hg (uyu) > (1 — 6’15)/ g™ 9pv 9yv dS — afv, Kv) 12 (5.4s)
S
6
+ EN||u — wH%Q(E,dE) +2EN (u — W, W) r2(x,dx) + /S/O {@w(s,t){zgo(s,t)dtdS

C 4
—a/ \w(s,O)\QdS—C4(1+ra2+ae5“)”1)”%2(57(15)—73// (s, )| dt dS,
S S J0

(5.19)
where Cy = max(Cs, C3). We have the equality

lu— w”%?(E,dE) +2(u — w, w) 2 (s ax) = ||u‘|%2(z,dz) - ||w||%2(z,dz)- (5.20)

Due to (5.8), we can use (2.6), so that

6
// {atw(s,t)‘ZdtdS—a/w(S,O)QdS >0,
S J0 S

and, therefore, substituting (5.20) into (5.19), we get
he (u,u) — ENHUH%%Z,dZ) > (1 - C49) /Sgp“ 0pv 9yvdS — alv, Kv)12(5.45)
2 —5ar|[,[2 N[,[2 Cs ’ 2
= Ci(1+ra” +ae™)|vllf2gas) = £ [[wli2sas) — > s ) w(s,t)?dtdS. (5.21)
Due to (3.6), we have

HwHL2(2d2 (1 = [[0pllo0d) // (s,t) 24t ds.

We choose r = 3C3/a? in (5.21), so that the asymptotic expansion (2.2) for EV provides
a constant C'5 > 0 such that for « large enough:

_ 0)?
he, (u,u) — HUHH n,dy) = > (1-C19) /Sgpu Opv OyvdS — ¢(2) <UaKU>L2(S,dS)

2 5
—C5(1+ ae_‘sa)HvH%g(&ds) + % / / w(s, t)?dt dsS.
sJo
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Therefore, the proof is concluded by setting ¢, = C and ¢; = C5. Noticing that Cy and
C5 express with Cy and C5, we deduce that the constants depends only on || Ls||co, ||0¢¢]|co
and |07 ¢lloc-

5.2. Asymptotics of E;. The expression on the right-hand side of (5.3) can be viewed as
a lower semibounded quadratic form defined on D(h;) C L?(X,dSdt). Denote its closure
in L2(3,dSdt) by ¢, and let Q be the associated self-adjoint operator in L?(%,dSdt) =
L?(S,dS) ® L?(0,6). It writes as
2
Q= [ —(1—¢50)As — aK — ¢y (1+ ae%a)]P + % (1-P),

where P : L2(X,dSdt) — L?(S,dS) ® 1 is the orthogonal projector (Pu)(s,t) := v(s)i(t)
with v defined in (5.2). For each fixed j and large o we have

o2
Ej< —(1-cy0)As —aK —c (1+ ae’%‘)‘)) =0(a) < X

hence,
E;(Q) = E; ( —(1—c50)Asg —aK — ¢y (1+ ae*éa)).
Furthermore, using
[ullZ2(s.as) < (14 185l el Z2 (s asary
we have a positive constant Cy,, depending only on [|0;¢l| such that
hy, (u, ) q(u, u)
172 (5 a5 ull

L2(2,dSdt)
As the identification operator f + f defines an injection of D(h,) C L?(X,dY) in D(q) C
L3(3,dSdt), it follows that

~ BN > (1-CL0)

Ej(Hy) > (1 - C,0)Ey(Q) + BV
= —a® + (1= Cpo) B — (1 - g)As — ak ) + O(1 + a%e ™), (5.22)
where we have used the asymptotics (2.2) for EV. In addition, by Lemma 4.2, we get
(1- c¢5)Ej< — (1 - c56)Ag — aK> = Bj(—Ag — oK) + O(6a).
Hence, by substituting in (5.22),
Ej(H;) > —a® + Ej(-Ag — aK) + O(1 + o®e¢7° + ja),

and the constants depend only on || Ls|so, | K|loo, [|0:¢]lec and [|07¢]|s- Choosing

1
goblosa oo (5.23)
(6%

we arrive at the result.

6. PROOF OF THEOREM 1.3

The main idea for improving the remainder estimate is to work in unweighted spaces
from the very beginning. The weight ¢ is indeed C'' with respect to the s variable now,
and this allows for more precise Taylor expansions of ¢ in ¥, so that the comparison
between the Robin Laplacian and the decoupled operator becomes more precise. We start
with the following simple result:

Lemma 6.1. Under the assumption of Theorem 1.3, for any fized j € N one has
E;j(-As —aK) = —aKnax + O(a??) as o — 4o0.
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Proof. Due to (—Ag) > 0 we have the obvious lower bound Ej(—Ag — aK) > —aKpyax.
Let us prove the upper bound. For s,sg € S, let d(s,sg) denote the geodesic distance
between s and sg. Let sg € S be such that K(sg) = Kpax. As K is at least C?, there
exist € > 0 and C' > 0 such that

K(s) > Kpax — Cd(s, sg) as d(s,s0) < e. (6.1)

Now let us choose j functions fi,..., f; € C:°(Ry) having disjoint supports, non identi-
cally zero, and set v;(s) = f; (rild(s, so)), where r > 0 is small and will be chosen later.
For small r, the functions v; have pairwise disjoint supports and belong to the domain of
Ag. In particular, they are linearly independent, and

<vi, (—Ag — aK)vl> =0 for i # 1.
On the other hand,

0;(r) == /Svi(s)QdS = /Sfl (r_ld(s,so))QdS = a4+ o(r*), a;>0.

Using (6.1) we have

<vi, (—Ag — aK)vi> = /Sgp“(?pviauvidS — a/SKv?dS

< bir" ™3 — AR ax0i(r) 4+ ciarb;(r), b, ¢; >0,
which gives
<Uia (—As — aK)Ui>
[[vs][?

Now it is sufficient to take r := o~ /3 and to test in (1.4) on the subspace L spanned by
V1y..., V5. ]

< —aKpax + Ai(r™? +ar), A; >0.

6.1. Toward unweighted spaces. In order to remove the weight ¢, we perform the
unitary transform

O : L*(2,dSdt) 3 u — ¢~ Y2u e L2(2,dY),
and consider the quadratic forms u — hZ(Ou, Ou) defined on © 1 (D(hE)) C L*(X,dSdt).
In order to reduce the analysis to decoupled operators, we prove approximation lemmas:

Lemma 6.2. There exists 69 > 0 and positive constants C' and C' such that for all
§ €(0,80) and u € O (D(hE)) one has

/gp“(9p(gp_l/Qu)@H(gp_l/Zu)gpdet—/g"“(?puﬁuudet‘
P ¥
S%/WW@MW+WM@mwy®%
E K

and the constants depend only on ||¢|lso and ||V s0i (9™ ?)|s0
Proof. We compute

/gp"@p(gp_lﬂu)a“(gp_l/QU)godet—/g"“(?puﬁﬂudet
b b

:/gp“apgo1/2(9ﬂg01/230u2d5dt+2/gp“(9pg01/2ug01/2(9ﬂud5dt. (6.3)
%

Due to (3.5), we have the expansion

(s, t)" 2 = 1+ 1A(s, 1),
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where A and its gradient are bounded. In particular, there exists Cy > 0 with
IV~ ]lo0 < Cob, (6.4)
where Cj is controlled by [|0; Vs /?||s0, see (3.7). We deduce that

/Egpﬂap¢1/23u@1/2<ﬂu2d5dt' < C10°||ullZ2 (s asar), (6.5)

—~1/2

where the constant C; is controlled by ||Vs0,0™ "/ *|lcc and ||¢]/c. Using the Cauchy-

Schwarz inequality for the metric (¢g”*), we get
2/gtw 0,0 20 (o2?0,u det'
JEECEDICED
1/2
<9 </E gpuapgp1/26“901/2u2d5dt/Egp“(?puﬁﬂugodet>
gél/zgp“@pw1/2(9”@1/2u2d5dt+5/29/)“30“8;1“‘?(15(1'5
Sé‘lesw‘WHi@/ quSdt+5/g”“5pu3udeSdt
b} b

< Crdl|ullZe (s asar) + 025/ng“8puﬁuud5dt;

on the last step we have used (6.4). We deduce the lemma by combining the last inequality
with (6.3) and (6.5). Since Cs is controlled by ||¢||o0, we deduce that the constants depends
only on [|¢]lec and [|Vs8:(¢™"?)]|oc- D

Lemma 6.3. There exists o9 > 0 and positive constants C' and [ such that for all § €
(0,80) there holds

K
Ot Lp_l/Qu 2pdSdt > dpu|?dSdt — (s) u(s,0)%dS
2
b by s

- ﬁ/su(s,é)QdS = CllulZ2(s.asary for allw € ©71(D(hy)) (6.6)

and

/|8t(<p1/2u)‘2<pd5dt§/ latu\Qdet—/ K;S)u(s,O)zdS
) b 5

+ Cllullf2(s.asar) for all w € ©H(D(hY)), (6.7)

and the constants depend on ||0(¢™?)|loos 92 ]l0e and |01 2017 /?)|| 0 only.
Proof. We have

/ 18, (¢ ?u) 2 pd Sdt — / |8yu)?dSdt
) 3

= / 18, (o™ Y?) Pu pd Sdt + 2 / A (o~ V) PududSdt, (6.8)
b)) b

and there exists Cy > 0 such that

/2 ‘825(801/2)‘2“280(15(175‘ < COHUH%?(E,det)' (6.9)
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The second term is treated by an integration by parts:
6
2/ 3t(@_1/2)<p1/2u8tud5dt _ // 0t(<p_1/2)<p1/28t(u2)dtd5
P S J0

t=6
- / [at(gp—l/ﬂ)wl/?u?}t 45 - / A, (8, (o) *)u2dSdt.  (6.10)
S = by
Due to (3.5), we have the expansion
K
0:(e™)(s.0) = ) 1 1Q(s. 1),

where Q is bounded in ¥, so that 9;(p~1/2)(s,0) = K(s)/2, and (6.10) provides

‘2/ at(go_l/Q)gol/zuatudet—l—/ K(s)
) S 2

where

048] < Colul sy + 5 [ a0
S

B = sup |10 1/2) (5, 5)].
ses

By combining this with (6.8) and (6.9), we deduce the lower bound (6.6), and also the
upper bound (6.7) since u(s,d) = 0 for u € ©~1(D(h))). Moreover, the constant C
is controlled by [|0;¢0~/?||2,, the constant 3 by ||0rp~/?¢'/?||s and the constant C; by
10 (™20 1. O

We deduce by combining the last two lemmas that there exist positive constants ¢y and
¢1 such that for all § € (0, do):

hy (Ou,Ou) > (1 — 005)/ g0 ud, udSdt +/ |0pu)?dSdt
b b

K
—L<a+5)Mam%S—@éma®%S—mmﬁmmwt (6.11)
for u € ©~1(D(h)),

and
ht(Ou,0u) < (14 cyd) / 9" 9,ud,udSdt + / |Opu|>dSdt
2 %
o (6.12)
- /S (a + E) u(s,0)%dS + clHuH%g(adet) for u e @71 (D(RY)).
We denote by ¢ the quadratic forms on the right-hand side of (6.11) and (6.12) respec-
tively, defined on the form domains D(¢F) := ©~1(D(hZ)). The associated self-adjoint

operators, both acting on the unweighted space L?(%,dSdt), will be denoted by Q. Due
to (3.9) one has

Ej(Q.) < Ej(Qa) < Ej(QF) for all j with E;(QF) < 0. (6.13)

6.2. Upper bound. Once again we estimate the quadratic form ¢! evaluated on the
functions u that write as a product u(s,t) = v(s)1(t), where 1 is a normalized eigenfunc-
tion of TP associated with EP (see Lemma 2.1) and v € H'(S). Here we have simply

HUHL?(z,det) = ||U||%z(57d5), and

$(0)?
62 () = EP |22 5, 4y = (14 c09) /S 99,00, vdS — (2) /S Kv*dS +ai[|v]7(5.as)-

Using (2.1) we obtain
Ei(QF) < —a® + Ej( — (14 cod)Ag — aK) + O(1 + ae™ ). (6.14)
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To estimate the right-hand side of (6.14) we need an additional assertion:

Lemma 6.4. For any j € N there exist positive constants C', ag and &g such that for
0 € (0,60) and a > «yq the following inequalities hold:

Ej(— (1+cd)As — aK) < Ej( — Ag — aK) + C6a®/?, (6.15)
Ei(— (1 - cd)Ag — aK) > EB;( — Ag — aK) — C5a*/?, (6.16)
Proof. We only prove the upper bound, the lower bound being symmetric. We have
1
14 cod
< (1 + 005)E]( - AS + a(KmaX - K)) - CVI(max
— E]( — AS — QK) + Co5Ej( — AS +05(Kmax - K))a

Ej( — (1 +¢pd)Ag — aK) =1+ coé)Ej( — Ag + a(Kpax — K)) — oK ax

and it is sufficient to apply Lemma 6.1 to the last term. U

Now let us assume that ¢ is a function of « satisfying (3.2). Applying Lemma 6.4 to
(6.14) we deduce, for o — 400,

E{(Qf) < —a® + Ej( — Ag — aK) + 0503 + 1+ a%e%). (6.17)
Choosing § = ™" with xk € [2/3,1) and using (6.13) we obtain the result.

6.3. Lower bound. Similarly to Section 5.1, we decompose any function u € D(q,,) as

u(s,t) = v(s)i(t) + w(s, 1),

where ¢ = 1? is a normalized eigenfunction of the operator T? associated with the first
cigenvalue F?, see Lemma 2.2, and

v(s) = 51,[)(t)u(s,t)dt
It follows that 0
61/1(t)w(s,t)dt =0, ses&, (6.18)
which provides i
/Z v(s)(tw(s, t)dSdt = 0 and /E 971 0,0(s)0b(£)Dw (s, t)dSdt = 0. (6.19)

A direct computation provides

g (u,u) = (1 — ¢od) /Sgp“apvauvds + (1 — ¢p9) /2 g o,w(s,t)0,w(s,t)dSdt
+ / v(s)*Y/ (t)2dSdt + 2 / v(s)Y' (t)dpw(s, t)dSdt
b by
+ /Z Oy (s, t)|2dSdt — /5 <a + @)v(s)%(())?ds
_ 2/ <a + Kés))v(s)q/)(O)w(s,O)dS - /S (a + @)w(s,O)zdS

(6.20)

— B | v(s)*(6)*dS — 25/ v(s)Y(8)w(s,d)dS — 5/ w(s, §)*dS
S S

S
S

- CIHUH%Q(E,det)’
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where we have used (6.19) to get rid of the crossed terms. We also have, using an integra-
tion by part:

/Ev(s)w’(t)atw(s,t)det = /Sv(s) <{1//( / P (t)w(s,t) dt) ds
_ /S o(s) <¢'(5)w(s,5) — ¢ (0)w(s,0) + E° /0 zp(t)w(s,t)dt> ds
_ /5 (Bu(s)(@)w(s, 8) + av(s)p()uw(s,0))dS, (6:21)

where we have used (6.19) and the boundary condition for the eigenfunction . Moreover,
by the definition of ¢ we have

§
| erar - avop - up - £
0
Inserting the last inequality and (6.21) into (6.20), we arrive at

g, (u,u) = (1 — ¢d) / " 0,v0,vdS + (1 — cod) / " 0,wo, wdSdt
S b))
+/ |0yw|?dSdt — / K(s)v(s)y(0)w(s,0)dS
by S
K K
- /S (o + E)w(s,O)QdS - /S 5@(3)21/1(0)2(15

—ﬁéw@®%s+ﬁmﬁ%mﬁ—mwm@wm-

Lemma 6.5. There exist R > 0 and ag > 0 such that for all o > «aq there holds

(6.22)

/|(9tw(s,t)|2d5dt—/K(s)v(s)w(O)w(s,O)dS
2

—/S(a—i-K;) )2dS — /K )2dS — 5/ (s,0)2

> _?‘|w‘|%2(27d5dt) 1,!)(0)2/5 (ﬂ) +E) (s)2dS  (6.23)

2 «

for all w € D(q; ). Moreover, the constant R depends only on || K||sc-
Proof. Denote by J the term on the left-hand side of (6.23). For any £ > 0 we have

/S K(s)v(s)w(O)w(s,O)dS‘ < 2(0)> / dS+— / K(s )2dS,

and there holds, for sufficiently small ¢,

J > / 0pw(s, t)[2dSdt — (a+§)/w(s,o)2ds
b))

S
_ ¢(0)2/S (@ +6)v(5)2d5 - 5/5w(s,5)2d5, (6.24)

with B = supg(K?2 + |K|). Due to (6.18) and to the inequality (2.6) of Lemma 2.2 we
have

6
/ {&gw(s,t)ﬁdt —aw(s,0)* — pw(s,6)> >0, se8.
0
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It follows that for any n € (0,1) we can estimate

/|8tw(s,t)|2d5dt
¥
> 77/E |6tw(s,t)|2d5dt+ (1 —n)a/sw(s,O)QdS—{— (1 —n)ﬁ/gw(s,éfds,

and the substitution into (6.24) gives
2 _ B 270 _ 2
J>n [ |0w(s,t)[*dSdt — (na + w(s,0)°dS —ns [ w(s,d)*dS
by e/ Js s
K
—1(0)? / <ﬂ + E)U(S)st.
5 2

Therefore, choosing ¢ = R/a with R > 0 and then using Lemma 2.3 we obtain, for any
e (0,9),
2 B 2 2 2
J>n [ |0w(s,t)2dSdt — (n+ —)a ¢ [ |ouw(s,t)2dSdt + = [ |w(s, t)2dSdt
= R > tJs
— B (e/ \Btw(s,t)\Qdet—i-g/ w(s,t)2det> - ¢(0)2/ (@ + E)U(S)st
= tJs s\ 2 o
- [n ~la (n + E) - fﬁn] / |0y (s, t)|2dSdt — g(na 4 Ba 776) / w(s, £)2dSdt
R 5 ’ ] R g

- q,z)(())?/S (@ + S)U(S)st.

Choose ¢ = p(a+ 3)~! with p € (0,1/2) and R > B(1 — p)~!, then the choice
{Ba pBa

= = € (0,1),
TR farp) @rpRI—p - Y
implies
B
n—€a<n+§> —{Bn =0,
and
2Ba(a+ )  2Ba(a+p) 9 9 K(s) R 9
72 - () 2BC LD iy gy - 000 [ (B2 4 B)uisas.
(6.25)
As R can be taken arbitrary large, we may choose it in order to have
1 1
R > 4B <— + —> ;
IL—p p
then there exists ag > 0 such that for o > o we have
2Ba(a + f3) N 2Ba(a+ ) - o?
R(1—v) Rv 27
which gives the result. O

Substituting the result of Lemma 6.5 into (6.22) and using the equality

HUH%Q(E,det) = HUH%Q(S,dS) + HwH%Q(E,det) (6.26)
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we deduce

e 0.0 = Bl s asag = (1= 00) [ 70,00,005

K(s) R a?

_ 2 His) L 270 _ (B L & _ 2

¥(0) /s ( 5 T a)v(s) ds <E + 5 >HwHL2(E,det) cillullzz s asan- (6:27)
We choose 6 = a™", k € [2/3,1), then Lemma 2.2 provides

EPf = —a®+0(1), (0)% =2a+o(1).

Using again (6.26) and rough estimates, we deduce, as o — —+o0:
q,, (u,u) + 042““”%%2@5@) >(1- 005)/ g 9pv0,vdS
%

2
- [+ 2R+ 1 )olsas + ol asas (629

Now we may follows closely the arguments of Subsection 5.2. The expression on the right-
hand side of (6.28) represents a densely defined quadratic form in L?(X,dSdt), and we
denote by ¢ its closure. The associated self-adjoint operator () writes as
2
Q@
Q = (— (1 — CQ(S)AS — (OZK + C))P+ Z(l — P),

where C':= 2R+ 1+ ¢; and P is the orthogonal projector, (Pu)(s) = v(s)i(t). It follows
from (6.26) and (6.28) that F;(Qy) + o > E;(Q), and as in Subsection 5.2 for each fixed
j € N we have

Ei(Q)=E;j(— (1 —cod)Ag — (aK + C)) for large a.
Using (6.13) we arrive at E;(QS) > —a® + Ej( — (1 — c¢p6)Ag — aK) + O(1), and, finally,
we get the desired lower bound of Theorem 1.3 by using (6.16).
7. PROOF OF COROLLARIES 1.4 AND 1.6

In this section, we assume that § is C?-admissible. Then the function K is bounded, and
an easy adaptation of [10, Proposition 1] to the non-euclidean setting gives the following:

Lemma 7.1. For any fived j € N there holds
Ej(-As —aK) = —Kpaxa+o(a), o — +o0. (7.1)

Proof of Corollary 1.4. It is sufficient to substitute the estimate (7.1) into the asymp-
totics (1.5) of Theorem 1.2. O

To prove Corollary 1.6 we need a rough estimate for the essential spectrum of Q.
Recall that for a self-adjoint operator @), we have denoted by E(Q) the infimum of its
essential spectrum. Then there holds:

Lemma 7.2. Assume that 092 is non-compact and denote Ko := limsup,_, . K(s), then
E(QY) > —a? — Koo+ o(a) for large a.

Proof. Lets us modify a bit the construction of Subsection 3.1. By assumption, for any
Ky > K there exists a compact domain Sy C S such that K(s) < Ky for s € S\ Sy. Set
Sp := 8\ Sp. Now let ¢/, denote the quadratic form given by the same expression as qg
but acting on the domain D(q¢,) := H'(Qf) & H'(Q}) & H'(O5) with

09 := (S0, (0,6)), Qf:=®(51,(0,8)), O5:=Q\ QUL
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and ¢ is sufficiently small. Let @/, be the self-adjoint operator associated with ¢/, and
acting in L?(2). Due to the form inequality Q! > Q’, we have E(Qg) > E(Q). On
the other hand, one represents Q/, = Q% ® QL @ (—A)gé, where @2, j € {0,1}, is the
self-adjoint operator in LQ(Qg) generated by the quadratic form

¢ (uu) = / |VuPde - a / 28, D) = HY(Q)),
o 09Ins

and (—A)g(S is the Neumann Laplacian in ©;. Note that the domain Q2 is bounded, hence,
the operator Q¥ has an empty essential spectrum. It follows that

EQF) = E(Q,,) = min (E(Qy), E(—A)8,)) = min (E(Qy),0).

On the other hand, the analysis of Section 5.1 can be applied to the operator QL. In
particular, the choice (5.23) for ¢ gives

Ei(QL) > —a® + Ei(—AY — aK) + O(log @),

where —Agl is the Neumann realization of the positive Laplace-Beltrami operator on Sj.
As K < Ky in S7, we have

B(Qq) > E1(Qq) > —a® — Koa + O(log )

and, subsequently, E(Q%}) > —a? — Koa + O(log ). As Ky > K, is arbitrary, the result
follows. O

Proof of Corollary 1.6. Let N € N be fixed. Due to Corollary 1.4 and Lemma 7.2 for
large o we have En(QS}) < E(Q%), and Ex(Q%) is the N1 cigenvalue of Q%! due to the
min-max principle. O

8. ANALYSIS OF THE REDUCED OPERATOR ON THE BOUNDARY

In this section we gather various standard estimates on the low-lying eigenvalues of
—Ag — aK, depending on the hypotheses on the dimension v and on K. In this section,
for the cas of an unbounded 02 we assume that the assumption (1.7) holds.

Now note that by setting h = o~ /2 and V = —K, the operator —Ag — aK writes as

—h7? (=h*Ag +V)
and enters naturally the framework of Schrodinger operators in the semi-classical limit
h — 0. The assumption (1.7) writes now
liminf V'(s) > inf V(s),
ses

5—00
and ensures that the asymptotics of the low-lying eigenvalues of the reduced operator can
be determined by the behavior of V' near its minima (that are the maxima of K), under
suitable hypotheses.

Remark 8.1. Assume that the measure of the set K 1({Kpax}) is 0. Then the word-
by-word adaptation of [1, Lemma 3.2] to the non-euclidean setting gives, for any fixed
JeN,
E;(— Ag+ a(Kmax — K)) = 400 as a — +00 (8.1)
If, in addition,  is C3-admissible, then (1.6) can be decomposed as
E5(QF) = —a® — Kuaxa + Ej(— As + a(Kmax — K)) + O(1),

and the term E; (— Ag+a(Kpax —K)) has a lower order with respect to «, see Lemma 7.1,
but is large with respect to the remainder O(1), see (8.1), and hence provides a refinement
with respect to the first order asymptotics (1.1).



25

The aim is now to describe more precise asymptotics on —Ag — ak, in order to see
the possible gap between eigenvalues, in particular we want to compare E;(—Ag — oK) +
Kiaxa to the remainders in Theorems 1.2 and 1.3. The most commonly studied case is
when the maxima of K are non-degenerate, see [34, Theorem 5.1] or [19]:

Proposition 8.2. Assume that Q is C°-admissible and, if non-compact, satisfies (1.7).
Furthermore, assume that the function K admits a unique global mazimum at sy € S and
that the Hessian of (—K) at sy is positive-definite. Denote by uyi the eigenvalues of the

Hessian and
£ = }:,/“k2nk—1_ nkeIN} (8.2)

then for each fixed j € N there holds.
Eij(-As —aK) = —Kpaxa + ejal/Z + O as a — +oo,

where e; is the ]th element of €, counted with multiplicity. Moreover, if Q is C%, and if
ej s of multzplzczty one, the remainder can be replaced by O(1).

By combining Proposition 8.2 with Theorem 1.2 we obtain Corollary 1.7. Remark that
for v = 2 one is reduced to

5:{ Zggﬂgn—n,nz1}

and all the elements are of multiplicity one. Therefore, by combining Theorem 1.2 and
Proposition 8.2, we recover the first terms of the asymptotic expansion (1.2), see [16,
Theorem 1.1].

Other cases of extrema are harder to handle, due to the different notions of degeneracy
for the maxima of K, and to the possible interactions with the metric near the maxima.
However, in the case v = 2, we have the following;:

Proposition 8.3. Let v = 2 and Q be C*PT3-admissible with p > 2 and, if O is non-
compact, such that the assumption (1.7) is satisfied. Furthermore, assume that the curva-
ture K admits a unique global maximum at sg with

K(s) = K(s0) — Cp(s — 50)* + O((s — 50)2p+1), 5 — S0,

where C, > 0 and s is an arc-length of the connected component I' of the boundary at
which K takes the mazximal value. Then we have the following expansion

Ej(-Ag —aK) = —Kpaxa + ejaﬁ + O(a2(pl+1) ),

where e; is the jth eigenvalue of the operator —02% + Cp82p in L*(R). Moreover, if OS) is
C?P+4 then the remainder can be replaced by O(1).

Proof. Since we are not interested in exponentially small terms, it suffices by standard
arguments to reduce the analysis to a neighborhood of the minimizer in I', denoted by
Iy, with Dirichlet boundary conditions at the ends, see [19]. Let v : R/|I'\|Z — Ty
be an arc-length parametrization of I'g. Since the parametrization is normalized and
the metrics in local coordinates is g = ||7/]|, we only have to consider —A — aK on
the interval (sop — n,s0 + ), with n > 0 fixed, and Dirichlet boundary condition. The
following asymptotics is then a simple consequence of [29, Theorem 2.1] applied with the
semi-classical parameter h = o 1/2:

_1 __k
Ej(—AS — aK) = qprtl € + Zﬁjyka 2p+D) | 5]',]4: cR.
E>1
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If 90 is C?P*4, then the curvature is C?12, and we have the Taylor expansion

) 2p+2

K(s) = K(s0) — Cp(s — 50)* + Cp(s — s50)PTL 4 O((S — Sp ), C,eR.

Then, by combining the simplicity of the eigenvalues (e;);>1, the parity of the eigenvectors
of —0%+ Cp82p , and the oddness of the remainder C’I’)(s —50)?P*! in the asymptotic expan-
sion of K, it is standard to show that 3;2 = 0 for all j > 1, see for example [7, Theorem
4.23] for the case p = 1. O

The combination of Proposition 8.3 with Theorem 1.2 gives Corollary 1.8.

Remark 8.4. The above statements can be adapted easily to the case where K has several
maxima by using the principle that “each well creates its own series of eigenvalues”.

Corollary 8.5. Let j € N, and assume one of the two following:

e The hypotheses of Proposition 8.2 hold, and e; is of multiplicity 1 in the set £.

e The hypotheses of Proposition 8.3 hold.

Q

o) is a simple eigenvalue.

Then, for o large enough, E;(Q

When we are not in the hypotheses of Remark 8.1, few results exist on the asymptotics
of the first eigenvalues. For example, we can show

Proposition 8.6. Assume that the interior of K~ ({Kmax}) is not empty. Then, for any
fized 7 € N,
E;j(-As —aK) = —aKyax + O(1) as a — +o0.

Proof. Denote by w C 9 an open subset of the interior of K ~'{K .} with a smooth
boundary. Introduce —AZL | the Laplace-Beltrami operator in w with the Dirichlet bound-
ary condition. This operator has compact resolvent and we denote by Ej(—Ag ), J € N, its
eigenvalues, and by u; associated normalized eigenfunctions. Denote by U; the extensions
of u; to 0§ by zero, then

/5 g""0,U;0,U;dS — a /5 KU7AS = —aKmax + E;(—AD).

As U; are mutually orthogonal in L?(S,dS), we deduce from the min-max principle that
Ej(—Ags — aK) < —aKpax + E;(—ALD), and the sought estimate follows. O

In particular, in the situation of Proposition 8.6 Theorems 1.2 and (1.3) does not provide
the gap between the eigenvalues of Q! as a — +oo.

We remark that a particular case of a piecewise constant curvature was recently studied
in [32], and the eigenvalue gaps appear to have finite limits.

9. PERIODIC CASE

The preceding analysis can also be applied to periodic problems. Namely, assume
that there exist linearly independent vectors aq, ..., amy, m < v, such that €2 is invariant
under the shifts + — = + a;, 7 € {1,...,m}, and that the quotient (elementary cell)
w:=Q/(Zar+ - -+Zay,) is compact, and then the quotient surface o := S/(Za1+: - -+Zay,)
is also compact. Such a situation is covered by the Floquet theory [23]. Namely, for
0= (01,...,0) € T™ T :=R/27xZ denote by Q}(0) the self-adjoint operator generated
by the quadratic form

¢ (u,u) = / |Vu|2dx—oz/u2d5,

D(g2%) = Hj(w) = {u € Hhe(Q) s ul- + ) = Pu(), j=1,...,m}.
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It can be easily checked that the operators Q (0) are with compact resolvents, and it is a
standard fact of the Floquet theory that for each fixed j € N the so-called band function

T™ > 0 — E;(0, ) :== E;(QL(9))
is continuous, and that
spec Q0 = | J Bj(a), Bj(a):={E;(6,0): 0 € T"}.
JjeN
The segment Bj(«a) is usually called the jth spectral band of Qf}.
An analogous representation of the spectrum holds for the reduced operator —Ag—a kK.

Namely, denote by T,(#) the self-adjoint operator acting in L?(o) associated with the
quadratic form

t0 (v,v) == /gp“(?pvauvdS—a/KUQdS,
D(th) = Hy(0) = {u € Hbe(S) sul- +a5) = Pu(), j=1,...,m}.
Again, one checks that T, () have compact resolvents and the band functions
T™ 5 6 — (0, ) := E;(To(0))
are continuous and
spec(—Ag — aK) := U Bi(a), Bj(a):={gj(0,a): 6 €T},
JjeN
and the segment [;(a) will be called the jth spectral band of —Ag — aK.

One can easily see that the proofs of Theorems 1.2 and 1.3 also work for the operators
Q(0), which gives the following results:

Theorem 9.1. For any fized j € N there holds, as oo — 400,
Ei(0,a) = —a* +¢;(0,a) + R;j(0,a), O€T,

where R;(0,a) = O(log @) if Q is C? and R;j(0, ) = O(1) if Q is C3, and the remainder
estimate is uniform in 0 € T.

Corollary 9.2. If j € N is fized and o — 400, then the jth spectral band of Q! + o and
the jth spectral band of —Ag — aK are located in a (’)(R(a))—nez’ghborhood of each other,
where R(a) = log a for the C?-admissible case and R(a) = 1 for the C3-admissible one.

The result of Theorem 9.1 can be used to study some spectral properties specific for
periodic operators. Recall that a non-empty interval (a,b) C R is called a (spectral) gap
of a self-adjoint operator A if (a,b) Nspec A = () but a,b € spec A. The existence of
spectral gaps is one of the principal questions in the spectral theory of periodic operators,
cf. [2,4,20,24]. In view of Theorem 9.1, the existence of sufficiently large gaps for the
reduced operator —A — oK (i.e. having the length of order o with some x > 0) implies
the existence of gaps for the Robin Laplacian Qg, and the reduced operator was studied in
numerous preceding works, cf. [30,35]. For, example the semiclassical analysis of periodic
operators of the form —hAg + V/h carried out in [35, Theorem 1.1] gives the following
result:

Corollary 9.3. Assume that ) is C*° and periodic as described above. Furthermore,
assume that the function o > s — K(s) admits a unique mazimum at sg, and that the
Hessian of (—K) at sg is positive-definite. Let j1; be the eigenvalues of the Hessian and
the numbers e; be defined as in Proposition 8.2, then



(1)

(2)
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for each j € N there exists C > 0 such that
spec(Qg +a?+ Kpaxa) N [ejal/z — Ca2/57 ejal/Q + C’aQ/S] £ 0

for large o, and
for each C1 > 0 there exist Co,C3 > 0 such that

SpeC(Qg + 0?4 Kpaxa) N [ — Chal’?, Clal/z]

- U [eja1/2 — C’ga2/5, eja1/2 + C’ga2/5]

e;<Cj3

as o — +00.

In particular, for any N € N there exists any > 0 such that the operator Qg has at least

N gaps

for a > an.

The localization of the spectrum given in the preceding corollary is not expected to be
optimal for periodic domains. Furthermore, it would be interesting to understand some
questions related to the location of the extrema of the band functions, cf. [2]. We hope to

analyze
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the periodic case in greater detail in subsequent works.
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