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Abstract

In this paper, we derive and analyze a compartmental model for the control of arboviral diseases
which takes into account an imperfect vaccine combined with individual protection and some vec-
tor control strategies already studied in the literature such as the use of adulticides, destruction of
breeding site, and reduction of eggs and larvae through chemical interventions. After the formulation
of the model, a qualitative study based on stability analysis and bifurcation theory reveals that the
phenomenon of backward bifurcation may occur. The stable disease-free equilibrium of the model
coexists with a stable endemic equilibrium when the reproduction number, Ry, is less than unity. Us-
ing Lyapunov functions theory, we prove that the trivial equilibrium is globally asymptotically stable;
when the disease-induced death is not considered, or/and, when the standard incidence is replaced
by the mass action incidence, the backward bifurcation does not occur. Under a certain threshold
condition, we establish the global asymptotic stability of the disease—free equilibrium of the full model.
Through sensitivity analysis, we determine the relative importance of model parameters for disease
transmission. Numerical simulations show that the combination of several control mechanisms would
significantly reduce the spread of the disease, if we maintain the level of each control high, and this,
over a long period.

Keywords: Compartmental model, Arboviral diseases, Vaccination, Vector control strategies,
Stability, Backward bifurcation, Sensitivity analysis.

AMS Subject Classification (2010): 34D20, 34D23, 37N25, 92D30.

1 Introduction

Arboviral diseases are affections transmitted by hematophagous arthropods. There are cur-
rently 534 viruses registered in the International Catalog of Arboviruses and 25% of them have
caused documented illness in human populations [1, 2, 3]. Examples of those kinds of diseases
are Dengue, Yellow fever, Saint Louis fever, Encephalitis, West Nile fever and Chikungunya.
A wide range of arboviral diseases are transmitted by mosquito bites and constitute a public
health emergency of international concern. According to World Health Organisation (WHO),
Dengue, caused by any of four closely-related virus serotypes (DEN-1-4) of the genus Flavivirus,
causes 50-100 million infections worldwide every year, and the majority of patients worldwide
are children aged 9 to 16 years [4, 5, 6]. The dynamics of arboviral diseases like Dengue or
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Chikungunya are influenced by many factors such as human and mosquito behaviours. The
virus itself (multiple serotypes of dengue virus [5, 6], and multiple strains of chikungunya
virus [7, 8]), as well as the environment directly or indirectly affects all the present mechanisms
of control [9, 10].

For all mentioned diseases, only yellow fever has a licensed vaccine. Nonetheless, consid-
erable efforts are made to obtain the vaccines for other diseases. In the case of Dengue for
example, the scientists of French laboratory SANOFI have conducted different tries in Latin
America and Asia. Thus, a tetravalent vaccine could be quickly set up in the coming months.
The tries in Latin America have shown that vaccine efficacy was 64.7%. Serotype-specific vac-
cine efficacy was 50.3% for serotype 1, 42.3% for serotype 2, 74.0% for serotype 3, and 77.7%
for serotype 4 [11]. The tries in Asia have shown that efficacy was 30.2%, and differed by
serotype [12]. In any case, it is clear that this vaccine will be imperfect.

Host-vector models for arboviral diseases transmission were proposed in [13, 14, 15, 16,
17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30] with the focus on the construction of the
basic reproductive ratio and related stability analysis of the disease free and endemic equilibria.
Some of these works in the literature focus on modelling the spread of arboviral diseases and its
control using some mechanism of control like imperfect vaccines [23, 24, 30] and other control
tools like individual protection and vector control strategies [13, 14, 19, 25, 27, 28].

In [19], Dumont and Chiroleu proposed a compartmental model to study the impact of vector
control methods used to contain or stop the epidemic of Chikungunya of 2006 in Réunion island.
Moulay et al. [27] studied an optimal control based on protection and vector control strategies
to fight against Chikungunya. In [24], Rodrigues et al. simulate an hypothetical vaccine as
an extra protection to the human population against epidemics of Dengue, using the optimal
control theory. In those models [19, 24, 27],

(i) the population is constant,

(iii) the complete stage progression of development of vectors is not considered,

1)
(i) the disease-induced death in humans is not considered,

i)

) none of the above mentioned models takes into account the combination of the mechanisms
of control already studied in the literature, such as vaccination, individual protection and

vector control strategies (destruction of breeding site, eggs and larvae reduction).

(iv

The aim of this work is to propose and study a arboviral disease control model which
takes into account human immigration, disease-induced mortality in human communities, the
complete stage structured model for vectors and a combination of human vaccination, individual
protection and vector control strategies to fight against the spread of these kind of diseases.

We start with the formulation of a constant control model, which is an extension of the
previous model developed in [30]. We include the complete stage progression of development
of vectors, the waning vaccine, and four others controls (individual protection, the use of
adulticides, destruction of breeding site, and reduction of eggs and larvae through chemical
interventions). We compute the net reproductive number A, as well as the basic reproduction
number, Ry, and investigate the existence and stability of equilibria. We prove that the trivial
equilibrium is globally asymptotically stable whenever N' < 1. When N > 1 and Rq < 1,
we prove that the system exhibit the backward bifurcation phenomenon. The implication of
this occurrence is that the classical epidemiological requirement for effective eradication of the
disease, Ry < 1, is no longer sufficient, even though necessary. However, considering two
situations: the model without vaccination and the model with mass incidence rates, we prove
that the disease-induced death and the standard incidence functions, respectively, are the main
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causes of the occurrence of backward bifurcation. We find that the disease—free equilibrium is
globally asymptotically stable under certain threshold condition. Through local and global
sensitivity analysis, we determine the relative importance parameters of the model on the
disease transmission. By using the pulse control technique (the control is not continuous in
time order is effective only one day every T' days [19]) in numerical simulations, we evaluate
the impact of different control combinations on the decrease of the spread of these diseases.

The paper is organized as follows. In Section 2 we present the transmission model and
in Section 3 we carry out some analysis by determining important thresholds such as the net
reproductive number A/ and the basic reproduction number Ry, and different equilibria of the
model. We then demonstrate the stability of equilibria and carry out bifurcation analysis. In
section 4, both local and global sensitivity analysis are used to assess the important parameters
in the spread of the diseases. Section 5 is devoted to numerical simulations. A conclusion
rounds up the paper.

2 The formulation of the model

The model we propose here is an extension of the previous model studied in [30], and is based
on the modelling approach given in [19, 20, 21, 22, 23, 27, 28]. It is assumed that the human and
vector populations are divided into compartments described by time-dependent state variables.
The compartments in which the populations are divided are the following ones:

~For humans, we consider susceptible (denoted by S}), vaccinated (V}), exposed (Ej),
infectious (/) and resistant or immune (Ry,); So that, N, = S, + V}, + Ej, + I, + Ry,. Following
Garba et al. [23] and Rodrigues et al. [24], we assume that the immunity, obtained by the
vaccination process, is temporary. So, we denote by w, the waning rate of vaccine. The
recruitment in human population is at the constant rate Aj, and newly recruited individuals
enter the susceptible compartment S,. Are concerned by recruitment people that are totally
naive from the disease. Each individual human compartment goes out from the dynamics at
natural mortality rates . The human susceptible population is decreased following infection,
which can be acquired via effective contact with an exposed or infectious vector at a rate

_ aﬁhv(ﬁva + L})
Ny

An (23],

where a is the biting rate per susceptible vector, [, is the transmission probability from an
infected vector (E, or I,) to a susceptible human (S;). The expression of A, is obtained as
follows: the probability that a vector chooses a particular human or other source of blood to bite

. N, .. ) .
can be assumed as N Thus, a human receives in average aﬁv bites per unit of times. Then,

h h
the infection rate per susceptible human is given by aﬁhv%%Ej\fJ. In expression of Ay,
the modification parameter 0 < 7, < 1 accounts for the assflllmed reduction in transmissibility
of exposed mosquitoes relative to infectious mosquitoes [23, 30] (see the references therein for
the specific sources). Latent humans (E},) become infectious (I},) at rate ;. Infectious humans
recover at a constant rate, o or dies as consequence of infection, at a disease-induced death
rate 0. After infection, immune humans retain their immunity for life.

— Following [27], the stage structured model is used to describe the vector population dy-
namics, which consists of three main stages: embryonic (E), larvae (L) and pupae (P). Even
if eggs (E) and immature stages (L and P) are all aquatic, it is important to dissociate them
because, for the control point of view, drying the breeding sites does not kill eggs, but only
larvae and pupae. Moreover, chemical interventions on the breeding sites has impact on the
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larvae population, but not on the eggs [27]. The number of laid eggs is assumed proportional
to the number of females. The system of stage structured model of aquatic phase development
of vector is given by (see [27] for details)

. 1)
E = <1_F_> (So+E,+1,)— (s+pp)E
E

. L
L :sE(l——) — (I 4+ p)L
I

P =IL— 0+ pup)P

Unlike the authors of [27], we take into account the pupal stage in the development of the vector.
This is justified by the fact that they do not feed during this transitional stage of development,
as they transform from larvae to adults [10, 31]. So, the control mechanisms cannot be applied
to them.

With a rate 0, pupae become female Adults. Each individual vector compartment goes out
from the dynamics at natural mortality rates u,. The vector susceptible population is decreased
following infection, which can be acquired via effective contact with an exposed or infectious

human at a rate
_ aBon (M En + 11,)

Ny,

where [, is the probability of transmission of infection from an infectious human (E}, or Ij)
to a susceptible vector (.S,). The modification parameter 0 < 7, < 1 accounts for the relative
infectiousness of exposed humans in relation to infectious humans. Here too, it is assumed that
susceptible mosquitoes can acquire infection from exposed humans [16, 23, 30]. Latent vectors
(E,) become infectious (I,) at rate ,. The vector population does not have an immune class,
since it is assumed that their infectious period ends with their death [21].

Then, we add new terms in the model to assess the different control tools studied:

)\v [23] )

(i) « represents the efforts made to protect human from mosquitoes bites. It mainly consists
to the use of mosquito nets or wearing appropriate clothes [28]. Thus we modify the
infection term as follows:

A= (1 —a)A, and X =(1—a),with 0< oy <1; (1)

(ii) 7, and 7 are respectively, egg and larval mortality rates induced by chemical intervention,
(iii) ¢, is the additional mortality rate due to adulticide,

(iv) s is the parameter associated with the efficacy of the mechanical control.
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;

\

= A +wVi — (NS + &+ pn) Sk
— €851~ [(1— X 40+ ] Vi

=En — (un + 0+ 0)I,

:h =0l — pn Ry
=0P — XS, — (i + ) Sy
= Azc)SU - (Mv + Yo + Cm)EU

= ’Yva - (Mv + Cm)jv

ol g
:3E<1—

Qol
=IL—(0+ up)P

= N, [Sh 4+ (1 = e)Vi] — (o + 1) B

)= b+

E
F )(S’U+EU+I’U)_(S+/~’LE+T]1)E

The description of state variables and parameters of model (2) are given in table 1 and table

2, respectively.

It is important to note that no intervention measure is performed to kill the pupae for two
reasons: the first reason is the fact that at this stage, no food is absorbed by the insect, so
it is impossible to make her ingested a toxic substance; the second reason is that the soluble
products in the water deposits by contact are not selective for mosquito nymphs and act on all

aquatic wildlife.

Ry,

Adult Immature
vectors vectors
Sy |[e—— P
¢,V N A

Figure 1: A compartmental model for the transmission dynamics of vector-borne diseases,
which takes into account a waning vaccine and the complete phase of aquatic development of

vector.
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Table 1: The state variables of model (2).

Humans Vectors
Sp: Susceptible E: Eggs
V4. Vaccines L: Larvae
Ej:  Infected in latent stage P: Pupae
I,: Infectious Sy Susceptible
Ry Resistant (immune) E, Infected in latent stage

I, Infectious

2.1 Well-posedness of the model

We now show that the system (2) is mathematically well defined and biologically feasible. Let
us set

k=& pn; ko= w+ pn; k3= pp+ 0y kg i= pp + 0+ o0;
ks :=s+pup +m; ke =1+ pup+mn; ky =0+ up; ks := iy + cm; (3)
kg := iy + Yo + Cm; Kp = aolp; K = anl'pymi=1— 6,7 := a(l — ay).

System (2) can be rewritten in the following way

X
WX AX)X+F (4)
dt
3 _ T . Al (X) 0
with X = (Sh7vh7Ehvlhuthsquvulquu L7 P) ) A<X> - < 0 A4<X)
with
N — Ky w 0 0 0
£ ANk 0O 0 0
A(X) = A T ks 00
0 0 v —ky 0
0 0 0 o —Up
and
—(Xe+ks) O 0 0 0 0
AS —ky O 0 0 0
0 Yo  —ksg 0 0 0
As(X) =
2(X) Ags Ags  Ags —Agr 0 0
0 0 0 Alog —A10 0
0 0 0 0 l —ko
F N, L sk
where A96 = Up (1 — K—E), A97 = (M;(E + k5), A109 =S (1 — K—L) and AIO = ?L + kﬁ,

and F' = (A;,0,0,0,0,0,0,0,0,0,0)".

Note that A(X) is a Metzler matrix, i.e. a matrix such that off diagonal terms are non
negative [33, 34], for all X € RI'. Thus, using the fact that F' > 0, system (4) is positively
invariant in R}, which means that any trajectory of the system starting from an initial state in
the positive orthant R!!, remains forever in R}'. The right-hand side is Lipschitz continuous:
there exists a unique maximal solution.

By adding the first four equations of model system (2), it follows that

Nh(t) = Ny — pn Ny — 00 < A — pp Ny,

6



Table 2: Description and baseline values/range of parameters of model (2).

Parameter Description Baseline Sources
value/range
Ay, Recruitment rate of humans 2.5 day™! [23]
i Natural mortality rate m day™"  [23]
in humans
13 Vaccine coverage Variable
w Vaccine waning rate Variable
€ The vaccine efficacy Variable
a Average number of bites 1 day™! [13, 23]
B Probability of transmission of 0.1, 0.75 day™'  [13, 23]
infection from an infected vector
to a susceptible human
Vh Progression rate from Ej, to I, [, %] day™! [19, 32]
) Disease-induced death rate 1073 day ™! 23]
o Recovery rate for humans 0.1428 day~* [13, 23]
MhsTo Modifications parameter [0,1) [23]
Ly Natural mortality rate of vectors =, 15| day™* [13, 23]
Yo Progression rate from E, to I, o5 day™! (19, 32]
Bon Probability of transmission of 0.1, 0.75 day™"  [13, 23]
infection from an infected human
to a susceptible vector
0 Maturation rate from pupae 0.08 day~* [19, 27, 28]
to adult
i Number of eggs at each deposit 6 day ! [19, 27, 28]
I'g Carrying capacity for eggs 103,10° [13, 27]
ry Carrying capacity for larvae 5x10%,5 x 10°  [13, 27]
IE Eggs death rate 0.2 or 0.4 [28]
r Larvae death rate 0.2 0r 0.4 [28]
p Pupae death rate 0.4 Assumed
s Transfer rate from eggs to larvae 0.7 day™* [28]
l Transfer rate from larvae to pupae 0.5 day™? [27]
M1, M2 Eggs and larvae mortality rates 0.001,0.3 [28]
induced by chemical intervention
o Human protection rate [0,1) Assumed
Qi Efficacy of the mechanical control (0, 1] [19]
Cm Adulticide killing rate [0,0.8] [19]
So that
0< Nu(t) < A + (Nh(o) — ﬂ) e Hnt
Hh Hh

Ap

155 Thus, at t — 00, 0 < N (t) < —

Hh
By adding the equations in S, E, and I, of system (2), it follows that

N,(t) = 0P — u,N,
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So that op op
0 < N,(t)=—+ <Nv(0) — —) e Ht

v v

L since P < —=,
vhv7 7
Therefore, all feasible solutions of model system (2) enter the region:

OlK IK
Thus, at t — 00, 0 < N,(t) < L

A IK LK
D= {(Sh,vh,Eh,Ih,Rh,SU,EU,LJ,E,L,P) eERYN:N, < L E<Kp L<Kp;P< k—L;Nv < k—lf}
Hh 7 7R8

which is a positively invariant set of system (2).
Furthermore, the model (2) is well-posed epidemiologically and we will consider dynamic
behaviour of model (2) on D.

3 Mathematical analysis

In this section, we focus on the qualitative analysis of our model. We determine the different
equilibrium points which are governed by two epidemiological thresholds, the net reproductive
number denoted by N and the basic reproduction number denoted by Ry. Then, with respect
on the values of these thresholds, we study the stability (local as well as global) of the different
equilibrium points, and also we test the occurrence of the backward bifurcation phenomenon.
These stability analysis are also done for the different corresponding models (model without
vaccination and model with mass-action incidences), to determine the causes of the occurrence
of backward bifurcation phenomenon.

3.1 The disease—free equilibria and its stability

In the absence of disease in the both population (human and Adult vector), i.e. Af = A\ =
(or B, = I, = E, = I, = 0), we obtain two equilibria without disease: the trivial equilibrium
(equilibrium without vector and disease) & = (Sy, V,2,0,0,0,0,0,0,0,0,0) and the diseasefree
equilibrium (equilibrium with vector and without disease) & = (52, V2,0,0,0, N?,0,0, E, L, P)
with

SO _ Ath 0 _ gAh 0 _ KEKLkSk:G (N - 1)
Pk + 8T T (ke + ) e (Kgs + ke Kp)
_ KEKkag,k?Gk?g (/\/ — ].) _ KEKLk:EJk:Gk:?kS (/\/ — ].) (5)
,LLbe (KES —+ kﬁKL) ’ ,LLbel (KES —+ kGKL) ’
_ KpKpkskehrks (N —1)
S (Ul K10 + kskrksKp)
where N is the net reproductive number [27, 35, 36] given by
wpfls
— e 6
N kskekrks (6)

3.1.1 Local stability of disease—free equilibria
The local asymptotic stability result of equilibria & and &; is given in the following.

Theorem 1. Define the basic reproductive number [37, 58]

Ry = a?(1 — 01)*BoBontinksks (yn + kamn) (o + ksiw) (7€ + ko) ol gl (N — 1) (7)
kskakskoupAp (f + kg) (/{?GPL + SFE)

Then,
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(i) if N <1, the trivial equilibrium &y is locally asymptotically stable in D;

(i1) if N > 1, the trivial equilibrium is unstable and the disease—free equilibrium &, is locally
asymptotically stable in D whenever Ry < 1.

Proof. See appendix B. O

The basic reproduction number of a disease is the average number of secondary cases that
one infectious individual produces during his infectious period in a totally susceptible pop-
ulation. The epidemiological implication of Theorem 1 is that, in general, when the basic
reproduction number, Ry is less than unity, a small influx of infectious vectors into the com-
munity would not generate large outbreaks, and the disease dies out in time (since the DFE is
locally asymptotically stable) [23, 37, 38, 39]. However, we will show in the subsection 3.2 that
the disease may still persist even when Ry < 1.

3.1.2 Global stability of the trivial equilibrium
The global stability of the trivial equilibrium is given by the following result:
Theorem 2. If N < 1, then &, is globally asymptotically stable on D.

Proof. To prove the global asymptotic stability of the trivial disease—free equilibrium &, we
use the direct Lyapunov method. To this aim, we set Y = X — T'E with
X = (Sh, Vi, En, I, Ry, Sy, Ey, I,, E, L, P)T and rewrite (2) in the following manner

dy
— = B)Y.

The global asymptotic stability of & is achieved by considering the following Lyapunov function
L(Y)=<g,Y > where

ks ksks kskek
9:(1,1,1,1,1,1,171’_8’ﬁ 568)'

' s sl
See appendix C for the details. O

3.1.3 Global stability of the disease—free equilibrium

We now turn to the global stability of the disease—free equilibrium &£;. we prove that the disease—
free equilibrium & is globally asymptotically stable under a certain threshold condition. To
this aim, we use a result obtained by Kamgang and Sallet [40], which is an extension of some
results given in [38]. Using the property of &;, it is possible to rewrite (2) in the following
manner .

{ XS = Ai(X)(Xs — Xprg) + An(X) X (8)

X[ - AQ (X)X[

where X is the vector representing the state of different compartments of non transmitting in-
dividuals (Sy, Vi, R, Sv, E, L, P) and the vector X represents the state of compartments of dif-
ferent transmitting individuals (Ej, I, E,, I,,). Here, we have Xg = (Sy, Vi, Ry, Sy, E, L, P)T,
X;=(Ep, In,E,, I,)", X = (X5, X1) and Xppg := & = (S, VP,0,0,0,N2,0,0, E, L, P)T,

1 2
AW AP)

A(X) =
1(X) ( Ag?’) A§4)



— (X + k1) w 0 0
) (1) & —(mA§ +ky) 0O 0
0 0 0 —(X+ kg)
00O FE
000 pupll——
@yy_ | 000 (3) ( KE)
00 6 000 0
SO
— <k35 + == ) 0 0
@ (x) LKE E
A = sE*
1—— — | k 0 ’
’ ( KL) ( ‘ KL)
0 l —k7
Ny, 0 ﬂNhVO
TBhoMem™V), TPV},
0 0 fT fTh 0 0 0
0 o 0 0 0O 0 O
A2(X) = _Tﬁvwhsg _TﬁuhSS ,
N, N, 0 0 0O 0 O
0 0 ’“’<1K_> ’“’<1K£> 00 0
E
0 0 0 0 0 0 O
0 0 0 0 0 0 O
_k 0 TBhoo(Sh + 7Vh)  7Bho(Sh + 7V4)
’ Ny, Ny
_ Vh —ky 0 0
AQ(X) - Tﬁvhnth Tﬁvhsv —/{? 0
N, N, ’
0 0 Yo _kS

25 A direct computation shows that the eigenvalues of A;(X) have negative real parts. Thus the
o system Xg = A;1(X)(Xs — Xprg) is globally asymptotically stable at Xprgr. Note also that

20 Ay(X) is a Metzler matrix.
208 We now consider the bounded set G:

2

=]

=1
N

G = {(Sh,Va, En, In, Rp, Sv, Ey, I, E, L, P) € R} : S < Ny, Vi, < Ny, B, < Np,, I, < Njy, Ry < Ny,

] A A IK 01K
=" _ <N, <N =L E<KpL<Kp;P<—L N, <L
(un +9) Hh k7 Frks

20 Let us recall the following theorem [40] (See [40] for a proof in a more general setting).

o Theorem 3. Let G CU = R” x RY. The system (2) is of class C*, defined on U. If

2

=

i (1) G is positively invariant relative to (8).
22 (2) The system Xg=A (X)(Xs — Xprg) is Globally asymptotically stable at Xprp.
a3 (8) For any x € G, the matriz Ay(z) is Metzler irreducible.

24 (4) There exists a matriz Ay , which is an upper bound of the set
215 M = {Ay(z) € My(R) : x € G} with the property that if Ay € M, for any T € G, such
that Ay(z) = Ag, then T € R” x {0}.

2

=
o

10



ar (5) The stability modulus of Az, a(Az) = mazsespia,)Re(N) satisfied a(Az) < 0.
28 Then the DFFE is GAS in G.

For our model system (2), conditions (1-3) of the theorem 3 are satisfied. An upper bound
of the set of matrices M, which is the matrix A, is given by

7B (S + 7V2) 7B (S) 4+ 7VP)

—ks 0

N, Ny,
A, — Th —ky 0 0
27| 1BunmnSy TBwmSe e 0 ’
Ny, Ny, ’
0 0 Yo _kS
. A
20 where N, = h
(b + 0)
20 To check condition (5) in theorem 3, we will use the useful lemma [40] in appendix A. To

21 this aim, let
7B (Sy + 7V2) 781 (S) + 7VY)
() ey ;

222 . Nh Nh )
Yh k4 0 0
Tﬁvhnhsg Tﬁvhsg —k 0
» (O = Nh Nh ,andDz( 9 )
Yo _k8
0 0
224 Clearly, A is a stable Metzler matrix. Then, after some computations, we obtain D—CA™'B

2

N

s is a stable Metzler matrix if and only if
R.<1 (9)

26 Wwhere

Re= \/a2(1 — 01)* B Bunkskis (v + kann) (o + k) KKy (ks + 7N — 1) (1 + 5)2- (10)

B kskakskopp(k2 + &) (ke K1 + Kps)Ay, fh
227

228 We claim the following result

20 Theorem 4. If N > 1 and R, < 1, then the disease—free equilibrium &, is globally asymptoti-
o cally stable in G.

2

w

1 Remark 1.

(pn +9)

(i) From (10), we have R. =
Hn

233 threshold parameter.

2 Ro > Ry, showing that R. is not necessarily an optimal

W
(S

+  (ii) Note that inequality (9) is equivalent to

2

W

Hh
Ro < R = <1, 11
nene (Mh + 5) (1)
235 which means that for
Ro < R, (12)
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the disease—free equilibrium & is the unique equilibrium (no co-existence with endemic
equilibria). If
Ra < Ro <1, (13)

then it is possible to have co-existence with endemic equilibria and thus, the occurrence of
the backward bifurcation phenomenon.

(i1i) Note that in the absence of disease—induced death, i.e. § = 0, inequalities (9) and (11)
become
Ro < 1. (14)

This suggests that the disease—induced death may be a cause of the instability of the
disease—free equilibrium & when Ry < 1, and thus, one cause of the occurrence of the
backward bifurcation phenomenon.

Remark 2. The above results show that if, at any time, through appropriate interventions (eg
the destruction of breeding sites, massive spraying, personal protection, vaccination, effective
treatment,...), we are able to reduce N or Rg and R, less than 1 for a sufficiently long period,
then, the disease may disappear. The same remark is done in [19)].

The backward bifurcation phenomenon, in epidemiological systems, indicate the possibility
of existence of at least two endemic equilibria when Ry is less than unity. Thus, the classical
requirement of Ry < 1 is, although necessary, no longer sufficient for disease elimination [23,
41, 42, 43]. In some epidemiological models, it has been shown that the backward bifurcation
phenomenon is caused by factors such as non-linear incidence (the infection force), disease—
induced death and vaccine (perfect or not) [23, 43, 44, 45, 46, 47]. To confirm whether or not
the backward bifurcation phenomenon occurs in this case, one could use the approach developed
in [38, 46, 48], which is based on the general centre manifold theorem [49]. We will explore this
method in the next section.

3.2 Endemic equilibria and bifurcation analysis
3.2.1 Existence of endemic equilibria

We turn now to the existence of endemic equilibria. Let us introduce the following quantity
R1 = Ros=0. We prove the following result

Theorem 5. We assume that N' > 1, then
(1) In the absence of disease—induced death in human population (6 =0), model system (2)
have

1. A unique endemic equilibrium whenever Ry > 1.

2. No endemic equilibrium otherwise.

(ii) In presence of disease—induced death in human population (6 > 0), model system (2) could
have

3. At least one endemic equilibrium whenever Rg > 1.
4. Zero, one or more than one endemic equilibrium whenever Ry < 1.
Proof. See appendix D. O

Note that case 4 of Theorem 5 indicate the possibility of existence of at least one endemic
equilibrium for Ry < 1 and hence the potential occurrence of a backward bifurcation phe-
nomenon.
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3.2.2 Backward bifurcation analysis

In the following, we use the centre manifold theory [25, 38, 46, 48] to explore the possibility of
backward bifurcation in (2). To do so, a bifurcation parameter g}, is chosen, by solving for S,
from Ry = 1, giving

k3k4k8kgﬂbAh (f + /{72) (/{Z6KL + SKE)
a*(1 — an1)?Bunpinkske (v + kamn) (o + ks mo) (7€ + ko) KpKr(N = 1)

Let Jg: denotes the Jacobian of the system (2) evaluated at the DFE (&, ) and with 8, = ;.

Bho =

(15)

Thus,
J1 S
Jae = 16
Bho (J3 I ) (16)
where
e 0 0 o ks O 0 0 0 8
0 —kg 0 0 0 0
13 —ko 0 0 0
J = 0 0 —ks O 0 Jy = 0 Yo —ks 0 0 0
' 0 0 —k 0 ’ K, K1 K —-Ky 0 0
o o o 0 0 0 Ky -Ki 0
Hh O 0 0 0 I —ky
77_5;;7177@52 77_5;;71’92 Tﬁvhnhsg TﬁvhSS
0 A N 00000 00— et 0
Tﬂ}tvﬂnv‘/}? Tﬂ}tvﬁvf? Tﬁvhnh 510; TﬁuhSS
0 - ! “IPmPh g0 0 0 0 / v
Jy = N N J3 = Ny Ny
0 T/BZUUUHO Tﬂ}tUHO 0 0 ’ 0 0 0 0 0 ’
NO ND 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0

Jon L
withH0:52+7TVhO,K1:ub<1— ),K2zk5+ﬁ50. ngs(l— ),and

Kg
sE*
K,=1[k )
4 (6+KL>

Note that the system (2), with S, = B;,, has a hyperbolic equilibrium point (i.e., the
linearised system (2) has a simple eigenvalue with zero real part and all other eigenvalues
have negative real part). Hence, the centre manifold theory [49, 50] can be used to analyze
the dynamics of the model (2) near £, = S;,. The technique in Castillo-Chavez and Song
(2004) [48] entails finding the left and right eigenvectors of the linearised system above as
follows.

The left eigenvector components of Jg- , which correspond to the uninfected states are zero
(see Lemma 3 in [38]). Thus a non-zero components correspond to the infected states. It follows

that the matrix Jg: has a left eigenvector given by v = (v1,v9,...,v11), where
0 ks N}
V] = Uy =U5 = Vg = Vg = V19 =01 =0; v3= vg;
1 2 5 6 9 10 11 ;U3 a(l — on) By, HO 85
a(l - al)ﬁvhso(nka + ’71)) (%’fs + ’71))
vy = = vg, Uy = ———=1g, vg > 0.
4 k?4]€9N]g 8, Ut kg 8 8
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The system (2) has a right eigenvector given by w = (wy, ws, ..., wi1)? , where

wip > 0, wg >0,

ke K0 kg 0 ko
Wiy = — W11, W —w,w:—w,w = —wi — —ws,
10 ;Wi We = oakis 11 7 o 8 6 = s 11 o 8
ws = %gk:Sngh wg, W4 = th Wy = k4w4
5 — 8 — - Whs, 3 — ;
a(l (I 041)5;@%(%? (?7th4)+ V) o Vh
a — O ;;v T8 + Yo 0 0
- _ SY + Kk V,
“ VUN?“hhznfugo (&85 + ka Vi s,
w l—«o
wy = k_1w2 k;ljl\fo Bl (mywr + ws) .

Theorem 4.1 in Castillo-Chavez and Song [48] is then applied to establish the existence of
backward bifurcation in (2). To apply such a theorem, it is convenient to let fj represent the
right-hand side of the k' equation of the system (2) and let z; be the state variables whose
derivative is given by the k™ equation for £ = 1,...,11. The local bifurcation analysis near
the bifurcation point (5, = B;,) is then determined by the signs of two associated constants,
denoted by A; and A, defined by

N 0° 1(0,0) L 92£,(0,0)
Al—kizj:lvkwiwj Dridir, and Ay = Z VWi - 90 (17)

with ¢ = Bh, — Br,. It is important to note that in f(0,0), the first zero corresponds to the
disease—free equilibrium, &;, for the system (2). Since B, = B, is the bifurcation parameter,
it follows from ¢ = By, — B, that ¢ = 0 when B;, = §;, which is the second component in
fx(0,0).

It follows then, after some algebraic computations, that

Al - Fl - FZ
with
765, (2V0w; + 78w TBon S 1 1
Iy, = Bi( fE 5)2 h 2)(77vw7 + wg)vz + o ho {(Uhua +w4)@ (mws + % SO )} We U7,
h v
5 5
5T SO 7B, (S) + V) (NP 4+ 1)
I 6 h (Z w1> Nhws + wa)v7 + B (NO) I Z (Mowr + ws)vs,
i=1 =3
and

a(SY + 7V2)

Ay = Y,

(mywr + ws) vs.

Note that the coefficient Aj is always positive. Thus, using Theorem 4.1 in [48], the following
result is established.

Theorem 6. The model (2) exhibits a backward bifurcation at Ry = 1 whenever Ay > 0. If
the reversed inequality holds, then the bifurcation at Rog = 1 is forward.

The associated bifurcation diagrams are depicted in Figures 2 and 3. Parameter values used
in figure 2 correspond to those in Table 3, except A, =10, e =1, B, = 0.8, n, =1, n, = 1,
o =0.01428, § = 1, oy = 0.001, ay = 1, ¢,,, = 0.0001, 'y = 10°, 'z, = 50000. In this case the
conditions required by Theorem 6, are satisfied: A; = 0.0114 > 0 and A, = 1.1393 > 0.
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310 Parameter values used in figure 3 correspond to those in Table 3, except A;, = 10, B,, = 0.8,
m Ny =1=0=0=c,=0a;=0,a, =1, g =10 T';, = 50000. We also have A; = —2.4223 <
sz 0 and AQ = 0.8333 > 0.

150 ‘
o, Stable EE
§\\
100 ]
Eh Unstable EE
50r ' b
Stable DFE Unstable DFE
O I TTITTIET IR T T T
0 0.5 1 1.5
Ro
12000r Stable EE l
10000~ ]
E* 8000r- b
v H
6000 H 7
3
4000 % Unstable EE ,
| .
%
2000 \\. 1
Stable DFE s SN Unstable DFE
O | .'m --------------
0 0.5 1 1.5
Ro

Figure 2: The backward bifurcation curves for model system (2) in the (Ro, E}), and (R, E})
planes. The parameter [, is varied in the range [0, 0.2810] to allow R to vary in the range
[0, 1.5]. Two endemic equilibrium points coexist for values of Ry in the range (0.2894, 1)
(corresponding to the range (0.0105, 0.1249) of fSp,). The notation EE and DFE stand for
endemic equilibrium and disease—free equilibrium, respectively. Solid lines represent stable
equilibria and dash lines stand for unstable equilibria.
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0O 0.5 1 15 2 2.5 3

Figure 3: The forward bifurcation curves for model system (2) in the (Ro, E}), and (R, E})
planes. Solid lines represent stable equilibria and dash lines stand for unstable disease—free
equilibrium.

The occurrence of the backward bifurcation can be also seen in Figure 4. Here, Ry is less
than the transcritical bifurcation threshold (Ry = 0.29 < 1), but the solution of the model 2 can
approach either the endemic equilibrium point or the disease-free equilibrium point, depending
on the initial condition.
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Figure 4: Solutions of model (2) of the number of infected humans, Ej,, and the number of
infected vectors, FE,, for parameter values given in the bifurcation diagram in Figure 2 with
Bry = 0.0105. So Ry = 0.29 < 1, for two different set of initial conditions. The first set
of initial conditions (corresponding to the solid trajectory) is S, = 700, V}, = 10, E;, = 220,
I, = 100, R, = 60, S, = 3000, E, = 400, I, = 120, £ = 10000, L = 5000 and P = 3000.
The second set of initial conditions (corresponding to the dotted trajectory) is S, = 489100,
Vi, =10, By, = 220, I, = 100, R, = 60, S, = 3000, E, = 400, I, = 120, £ = 10000, L = 5000
and P = 3000. The solution for initial condition 1 approaches the locally asymptotically stable

endemic equilibrium point, while the solution for initial condition 2 approaches the locally
asymptotically stable DFE.

3.3 The different causes of the backward bifurcation

From theorem 5, item (i), it follows that the disease-induced death in human (§) may be a
cause of the occurrence of the backward bifurcation phenomenon. In the following, we prove
that the backward bifurcation phenomenon is caused by the disease-induced death in human
and/or the standard incidence functions (A§ and AS). To this aim, we will consider, in this

section, two variants of the model (2): the corresponding model without vaccination and the
corresponding model with mass action incidence.
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3.3.1 Analysis of the model without vaccination

The model without vaccination is given by
[ Sh = An— (A5 + ) S
By = XS — (pn + ) B
['h =Ly — (i + 6+ 0)1
Ry =oly— pnRy
Sy =0P — XS, — (py + cm)Sy
.EU = )\f,Sv - (Uv + Yt Cm)EU (18)
[v = ’vav - (,uv + Cm)[v

. E
E :,,Lb<1— F)(SU+EU+IU)—(s+uE+n1)E

Q2l g
L :SE(I— )—(Z+ML+T]2)L
) Qol
P =IL—(0+up)P
where A and \¢ are given at (1). Model system (18) is defined in the positively-invariant set

K K
Dlz{(ShaE}th;RhaS’UaE’U7I’UaE7L7P)ERlO:NhSAh/:u’h;ESKE;LSKL;PSlk—L;NUSeklkL}-
e TR

Without lost of generality, we assume that AV > 1. The corresponding disease—free equilibria of
model (18) are given by £ = (N7, 0,0,0,0,0,0,0,0,0) which correspond to the trivial equilib-
rium and £ = (NP,0,0,0, N?,0,0, E, L, P) which correspond to the diseasefree equilibrium,
with N} = A—Z and N, E, L and P are the same, given by (5). The associated next generation
matrices, F} and Vi, are, respectively, given by

\

0 0 0 0 00
Fi=| 78umnN® 78, N? and V; = |~ M
0 0 0 0 ke O
Ny Ny 0 0 —v ke
0 0 0 0 v

It follows that the basic reproduction number for the model without vaccination, denoted
by Ry = p(F1Vi™), is given by

_— \/a2<1—al)%/ﬁvh<%+k4nh><%+ksm>N8

19
ksksksko NJ (19)

Using Theorem 2 of [38], we establish the following result:

Theorem 7. Assumed that N > 1. For basic arboviral model without vaccination, given
by (18), the corresponding disease—free equilibrium is locally asymptotically stable (LAS) if
Ruo < 1, and unstable if Ry, > 1.

Existence of endemic equilibria. Here, the existence of endemic equilibria of the model
(18) will be explored. Let us set the following coefficients

R {2ks(ksks — 6vn) + (Muka + vn)apn(l — a1)Bon}
c1 9
kakyks

dy = —kopuAn(sKp + ke K1) (ksks — 0vn) (Muka 4+ yn)apn (1 — o) B, + (kska — 0yn)ks) < 0,
dy = k3kiksko(sKg + ke Kp)mAnpn(Ry, — RZ),
do = k’gk’ikﬁgk}g(SKE + kﬁKL),ubAh,u,Ql (sz — 1) .

(20)

18



341

342

343

344

345

346

347

348

349

350

351

352

353

354

355

356

357

358

359

360

361

362

363

364

365

366

367

368

369

370

371

We claim the following:

Theorem 8. The arboviral diseases model without vaccination (18) has:
(i) A unique endemic equilibrium if dy > 0 < R, > 1;
(ii) A unique endemic equilibrium if dy > 0, and dy = 0 or d? — 4dydy = 0;

(iii) Two endemic equilibria if dy <0 (Rpy < 1), di >0 (Ruy > Re,) and d3 — 4dydy > 0;
(iv) No endemic equilibrium otherwise.

Proof. Solving the equations in the model (18) in terms of A\;™* and A\%*, gives

A Ay S Ay S \* Sy
S;;: hc*’ E;;: h h’ [;;:fyh h h’ R;::OVYh h‘s'h7 (21)
pn + Ay ks Fsky pnksky
and
G OP 0PN P
VW ks) Y koM k) Y kgko (AT + k) (22)
F— ,ubHKEP ,ubHSKEKLP

L =
<k5]€8KE -+ ,Ltbep)7 k6KL<k5k8KE + Mbep) -+ s,ubGKEP’

Substituting (21) and (22) into the expression of Ay”" and A\%* and simplifying, lead the nonzero
equilibria of the model without vaccination satisfy the quadratic equation

da(AS)2 + di NS +dy =0 (23)

where d;, i = 0,1, 2, are given by (20).
Clearly, dy < 0 and dy > 0 (resp. dy < 0) if R,,, > 1 (resp. Ry, < 1). Thus Theorem 8 is
established. O

It is clear that cases (ii) and (iii) of theorem 8 indicate the possibility of backward bifurcation
(where the locally-asymptotically stable DFE co-exists with a locally asymptotically stable
endemic equilibrium when R, < 1) in the model without vaccination (18).

This is illustrated by numerical simulation of the model with the following set of parameter
values (it should be noted that these parameters are chosen for illustrative purpose only, and
may not necessarily be realistic epidemiologically): A, =5, By, =0.03, 9, =1, =1,0=1,0 =
0.01, ¢, = 0.1, By, = 0.4, a7 = 0.7 and a = 0.5. All other parameters are as in Table 3. With
this set of parameters, R., = 0.0216 < 1, R, = 0.2725 < 1 (so that R, < R, < 1). It follows:
dy = —0.0263 < 0, d; = 4.8763 x 10~* and dy = —3.5031 x 1077, so that d? — 4dydy = 2.0093 x
1077 > 0. The resulting two endemic equilibria €™ = (S}, E;, I}, R}, S5, E*, I*, E, L, P), are:
E = (281,70,5,1207,5739, 182, 44, 22180, 10201, 9977) which is locally stable and
Eyv = (6333,67,4,1147,5936, 37, 2,22180, 10201, 9977) which is unstable.

The associated bifurcation diagram is depicted in figure 5. This clearly shows the co-
existence of two locally-asymptotically stable equilibria when R,, < 1, confirming that the
model without vaccination (18) undergoes the phenomenon of backward bifurcation too. Thus,
the following result is established.

Lemma 1. The model without vaccination (18) undergoes backward bifurcation when Case (iii)

of Theorem 8 holds.
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Figure 5: The backward bifurcation curves for model system (18) in the (R, E;) and (R, E})
planes. The parameter [, varied in the range [0, 0.9090] to allow Ry to vary in the range [0, 1.5].
Two endemic equilibrium points coexist for values of Ry in the range (0.2286, 1) (corresponding
to the range (0.0211, 0.4040) of f,). The notation EE and DFE stand for endemic equilibrium
and disease—free equilibrium, respectively. Solid lines represent stable equilibria and dash lines
stand for unstable equilibria.

Non-existence of endemic equilibria for R,, <1 and 6 =0. In this case, we have the

following result.

Lemma 2. The model (18) without disease—induced death (6 = 0) has no endemic equilibrium
when Ry s=0 < 1, and has a unique endemic equilibrium otherwise.

Proof. Considering the model (18) without disease-induced death in human, and applying the
same procedure, we obtain that the non-zero equilibria of the model without vaccination satisfy
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the linear equation
PN +po =0,
where p; = KkgkioKraappAppin(1 — 1) Bon + ks(pin + 0)ksko K2 A, and
po = —pnkskaksko KiappAn (R2, 5—9 — 1).
Clearly, p1 > 0 and py > 0 whenever R,,s5-0 < 1, so that \;" = _20 < 0. Therefore,

1
the model (18) without disease—induced death in human, has no endemic equilibrium whenever
an,(S:O S 1. ]

The above result suggests the impossibility of backward bifurcation in the model (18) with-
out disease-induced death, since no endemic equilibrium exists when R, s—o < 1 (and backward
bifurcation requires the presence of at least two endemic equilibria when R, 5—0 < 1) [23, 43].
To completely rule out backward bifurcation in model (18), we use the direct Lyapunov method
to prove the global stability of the DFE.

Global stability of the DFE of (18) for ¢ = 0.
Define the positively-invariant and attracting region

DQ - {(ShaEhalhaRhasvaEva-[vaEa La P) S Dl : Sh S N]gvsv S NS} .

We claim the following result.

Theorem 9. The DFE, 1", of model (18) without disease—induced death (6 =0), is globally
asymptotically stable (GAS) in Dy if Ry s—o0 < 1.

Proof. See appendix E. O

3.3.2 Analysis of the model with mass action incidence

Consider the model (2) with mass action incidence. Thus, the associated forces of infection, A
and AS, respectively, reduce to

)\mh = Ch(nUE’U + -[’U) and )\mv — Cfv(nhEh + Ih)? (24)

where, Cj, = a(l — a1)fp, and C, = a(l — ay)Byn. The resulting model (mass action model),
obtained by using (24) in (2), has the same disease—free equilibria given by (5). Without lost
of generality, we consider that N' > 1. The associated next generation matrices, F}, and V,,
are given by

0 0  CwnH° CLH° ks 0 0 0

P 0 0 0 0 | k00|
ConS® C,S0 0 0 0 0 k& O
0 0 0 0 0 0 —7 ks

where H® = SP + 7V}2. Tt follows that the associated reproduction number for the mass action
model, denoted by Ro ., = p(F,,V,, '), is given by

RO,m =V R%Rglbw (25)

CnAp (v + kanp) (w€ + /<72)> <Cu (Yo + ko) 9P>
R = d R = .
h ( pnksky (§ + ko) 20 Fon k3 ko
Using Theorem 2 of [38], the following result is established:

Theorem 10. Assume that N > 1. For the arboviral disease model with mass action incidence,
given by (2) with (24), the DFE, &, is LAS if Rom < 1, and unstable if Ro.m > 1.
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Existence of endemic equilibria. Solving the equations in the model (2) with (24) in terms
of A7, and Ay . gives

. An(T X + ) . &S,
mh NG (ks (R F A )+ Rk —wE T kAT
)\73* k m)\c,*S* )\C,* * m (26)
D mh™~mh A Yoy Pmn - IV AP mh
mh ks mh ksky mh pnksky
and op 0P e 0P
S* S E* — muv * fyv muv (27)

M G+ ks) T ke + Es) ™ Kk + ks

Substituting (26) and (27) in the expression of A\*, and Af, and simplifying, shows that the
nonzero equilibria of the model (2) with (24) satisfy the quadratic equation

ea( A3 )? + el +ep =0, (28)
where e;, 1 = 0,1, 2, are given by

€y = k‘gk‘gﬂ'Q[(’}/h + k’4’l7h) CUAh + k?gk?4k‘8]
k3k4k’8k’9/{ﬂ'
— RQ _ RQ ,
€1 (7T§ T /{?2) ( cm O,m)
eo = kskakikor (1 —RE,,) .

with kK = k1kos — Ew > 0 and

R \/[(% + kanp) (7€ + ko) ApCy + (kam + ko)kskks] (7€ + ks)
o k3k4]€8:‘iﬂ'
ey is always positive and ey is positive (resp. negative) whenever Ry, is less (resp. greater) than
unity. Thus, the mass action model admits only one endemic equilibrium whenever Rg,, > 1.
Now, we consider the case Rg,, < 1. The occurrence of backward bifurcation phenomenon
depend of the sign of coefficient e;. The coefficient e; is always positive if and only if Ry, <
Rem. It follows that the disease—free equilibrium is the unique equilibrium when A > 1 and
Rem < 1. Now if Rep, < Rom < 1, then in addition to the DFE &, there exists two endemic
equilibria whenever A,, = €2 — 4eyeq > 0. However, Ren < Rom <1 = Rem <1 &
6 < _ k:3k4k:8(§w7r + k’17T2€ + k’g(ﬂ'g + k?g))
T a(l = o) (v + kamn) (76 + k) (7€ + ko) Ay,
negative, we conclude that the condition R, < R, < 1 does not hold. And thus, the model
with mass-action incidence does not admit endemic equilibria for Ry,, < 1. We claim the
following:

< 0. Since all parameter of model are non-

Lemma 3. The arboviral diseases model (2) with mass-action incidences (24) has:
(i) a unique endemic equilibrium if Rom > 1;
(ii) no endemic equilibrium otherwise.

Global stability of the DFE for the model with mass action incidence.

Since the DFE of the model with mass action incidence is the unique equilibrium whenever
the corresponding basic reproduction number Ry, is less than unity, it remains to show that
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the DFE is GAS. To this aim, we use the direct Lyapunov method. Let us define the following
positive constants:

i . ChHO<T]U/{78 + ’YU) CUSS
ks P2 Fisko ks

Consider the Lyapunov function

b1 = y P3 :p1ChH077 Pa =

L =pi By, + paIy + psEy, + pal,.
The derivative of L is given by
L= plEh + p2fh + p3Ev + P4fv
= (P1CpnuH + payy — p3ko) Ey + (01 CrhH — paks)I,
+ (p3ConnSy + p2yn — piks) En + (p3C0 Sy — poka)ln

Replacing p;, ¢ = 1,...4, by their respective term, and using the fact that H = (S, + 7V},) <
H° = (S) +7V?) and S, < N? in

D3 = {(Sh,Vh,Eh,Ih,Rh,SU,EU,LJ,E,L,P) €eD: Ny < %,Sv < NS =0P,FE<Kgp,L<Kp,P< ]lfij }7
h 7h8
we obtain £ < (R%,m — 1) Ej.

We have £ < 0 if Rom < 1, with L£=0if Rom = 1 or Ej = 0. Whenever E}, = 0, we
also have I, =0, E, = 0 and I, = 0. Substituting £, = I, = F, = I, = 0 in the first, fourth
and fifth equation of Eq. (2) with mass action incidence (24) gives Sy, (t) — SY, Vi(t) — V2,
Rp(t) = 0, and S,(t) — S? = N2 as t — oo. Thus

[Sh(t), Vi (t), En(t), In(t), Ru(t), Sy (1), By (t), I, (t), E(t), L(t), P(t)] — (SY,V,0,0,0,N2,0,0, E, L, P)

as t — o0.

It follows from the LaSalle’s invariance principle [51, 52, 53], that every solution of (2) with
mass action incidence, with initial conditions in D3 converges to the DFE, as ¢ — oo. Hence,
the DFE, &, of the model with mass action incidence, is GAS in D3 if Ry, < 1.

Thus, we claim the following result.

Theorem 11. The DFE, &, of the model (2) with mass action incidence, is globally asymp-
totically stable (GAS) in Ds if Rom < 1.

Thus, the substitution of standard incidence with mass action incidence in the arboviral
model (2) removes the backward bifurcation phenomenon of the model. It should be mentioned
that a similar situation was reported by Garba et al. in [23] and by Sharomi et al. in [43].

We summarize the previous analysis of subsection 3.3 as follows:

Lemma 4. The main causes of occurrence of backward bifurcation phenomenon in models (2)
and (18) are the disease—induced death and the standard incidence rates.

4 Sensitivity analysis

As shown in the previous sections, model (2) may admit single or multiple steady states accord-
ing to the value of the basic reproduction number Ry. In turn, Ry depends on the parameters
of the model. The various uncertainties encountered in data collection and the estimated val-
ues lead us to evaluate the robustness of the model predictions with the parameter values and,
in particular, to estimate the effect on Ry of varying single parameter. To this aim, we use
sensitivity analysis and calculate the sensitivity indices of Ry to the parameters in the model
using both local and global methods.
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Table 3: Parameter values using to compute the sensitivity indices of R,.

Parameter value Parameter value Parameter value

Cm 0.01 s 0.7 Bon 0.75
L 6 o 0.3 g 10000
0 0.08 € 0.61 Qs 0.5

l 0.5 Ay, 2.5 s et
a 1 Bho 0.75 Mo 0.35
Lo = Ur 0.4 o 0.1428
T = h 0.35 VYo =

3 0.5 w 0.05 m 0.001
) 0.001 a; 0.2

4.1 Local sensitivity analysis

The local sensitivity analysis, based on the normalised sensitivity index of Rq (see [54]), is given
by
U IRy
- R OV
where U denotes the generic parameter of (2).
This index indicates how sensitive Ry is to changes of parameter W. Clearly, a positive (resp.
negative) index indicates that an increase in the parameter value results in an increase (resp.
decrease) in the Ry value [54].

For instance, the computation of the sensitivity index of Ry with respect to a is given by

Sy

S, = i% =1>0.

Ro 8@

This shows that R is an increasing function of a and the parameter a has an influence on the
spread of disease.

We tabulate the indices of the remaining parameters in Table 2 using parameter values on
Table 3. The results are displayed in Table 4 and Figure 7a. The parameters are arranged
from most sensitive to least. The model system (2) is most sensitive to a, the average number
of mosquitoes bites, followed by i, €, $, Ap, Bro, Bon, I'e, 'L and as. It is important to note
that increasing (decreasing) a by 10% increases (decreases) R by 10%. However, increasing
(decreasing) the parameters y, by 10% decreases (increases) R by 9.190%. The same reasoning

can be done for other parameters.

4.2 Uncertainty and global sensitivity analysis

Local sensitivity analysis assesses the effects of individual parameters at particular points in
parameter space without taking into account of the combined variability resulting from con-
sidering all input parameters simultaneously. Here, we perform a global sensitivity analysis to
examine the model’s response to parameter variation within a wider range in the parameter
space.

Following the approach by Marino et al. [55] and Wu et al. [56], partial rank correlation
coefficients (PRCC) between the basic reproduction number Ry and each parameter are derived
from 5,000 runs of the Latin hypercube sampling (LHS) method [57]. The parameters are
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Table 4: Sensitivity indices of Ry to parameters of model (2), evaluated at the baseline param-
eter values given in Table 3.

Parameter Index  Parameter Index  Parameter Index
a +1 o -0.2911 19 —0.0566
Ly -0.9190 Cm —0.2757 w +0.0565
€ —0.6223 aq —0.25 g -0.0171
S +0.5172 Nh +0.2067 ) —0.0020
Ay, -0.5 Yh —0.2064 m —0.0000858
BhvaﬁvharEarLa(X? +0.5 U +0.1207

Hh +0.4996 Yo +0.1174

p —0.4810 W -0.1026

0 +0.4810 I +0.0772

) +0.4489 Mo -0.0770

assumed to be random variables with uniform distributions with their mean value listed in
Table 3.

With these 5,000 runs of LHS, the derived distribution of R is given in Figure 6. This
sampling shows that the mean of Ry is 2.0961 and the standard deviation is 2.7910. This
implies that for the mean of parameter values given in Table 3, we may be confident that the
model predicts an endemic state. The probability that Ry > 1 (the disease—free equilibrium is
unstable and there is exactly one endemic equilibrium point) is 55.60%. We also evaluate the
probabilities that condition in Theorem 4 and inequalities (11), (12) and (13) are satisfied. Let
us set P[X] the probability of X, and the sets of parameter values for which (A > 1) is true
by @,

P[-®] = PN < 1] = 0.0096, (292)

P[® and (Ro < 1)] = 0.4440, (29b)

P[® and (Ro < Rg)] = 0.0220, (29¢)
P[® and (Re < Ro < 1)] = 0.4220. (29d)

Therefore, the probability that the trivial disease—free equilibrium is locally asymptotically
stable is 0.0096 (from (29a)), the probability that the disease free equilibrium point is locally
asymptotically stable is 0.440 (from (29b)), the probability that the disease free equilibrium
point is locally asymptotically stable and (i) there are no endemic equilibrium points is 0.0220
((29¢)); and (ii) there are two endemic equilibrium points is 0.4220 (from (29d)). This implies
that for the ranges of parameter values given in Table 3, the disease-free equilibrium point is
likely to be locally asymptotically stable but, the probability of co-existence of a locally asymp-
totically stable endemic equilibrium point (occurrence of backward bifurcation phenomenon) is
very significant.

We now use sensitivity analysis to analyze the influence of each parameter on the basic
reproductive number. From the previously sampled parameter values, we compute the PRCC
between Ry and each parameter of model (2). The parameters with large PRCC values (> 0.5
or < —0.5) statistically have the most influence [56]. The results, displayed in Table 5 and
Figure 7 (b), show that the parameter a;, the human protection rate, has the highest influence
on Ry. This suggests that individual protection may potentially be the most effective strategy
to reduce Ry. The other parameters with an important effect are as, By, Bon and 6.
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Figure 6: Sampling distribution of Ry from 5,000 runs of Latin hypercube sampling. The mean
of Rg is 2.0961 and the standard deviation is 2.7910. Furthermore, P(Ry > 1) = 0.5560.

503 We note that the order of the most important parameters for Ry from the local sensitivity
sa analysis does not match that of the global sensitivity analysis, showing that the local results
sos are not robust, and depend of the parameters values. So, for this kind of situation, we must to
so6 consider the results of the global sensitivity analysis.

Table 5: Partial Rank Correlation Coefficients between R and each parameters of model (2).

Parameter Correlation Parameter Correlation Parameter Correlation

Coefficients Coefficients Coefficients

oy —0.6125 [ 0.3767 Yo 0.0378
Qo 0.5960 € —0.3348 153 —0.0357
B 0.5817 S 0.2945 Cm, -0.0271
Bon 0.5815 o —0.1808 Mh 0.0178
0 0.5078 1p -0.1594 T -0.0161
a 0.4810 Lh 0.1306 IE -0.0113
Ly —0.3911 Y —0.0605 £ -0.0109
r'y 0.4195 Mo 0.0578 0 -0.0077
I'g 0.3888 1y 0.0439 o 0.0037
Ay, —0.3876 w 0.0410

« o INumerical simulations

ss In the previous model [30], we have shown that the use of a vaccine with efficacy of about
s0  60%), should be accompanied by other control measures such as means of individual protection
o (spanning wearing clothes during hours of vector activity, use of repellents,. . .), vector control
su  (combining the use of adulticide to kill adult vectors, chemical control with use of larvicide to

5

=
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Figure 7: Local (a) and global (b) sensitivity indices for R, against model parameters show
that the order of the most important parameters for R, from the local sensitivity analysis does
not match those from the global sensitivity analysis.

kill the eggs and larvae, and mechanical control to reduce the number of breeding sites at least
near habited areas) [19]. Here, we investigate and compare numerical results, with the different
scenario. We use the following initial state variables S,(0) = 700, V,(0) = 10, E,(0) = 220,
I;(0) = 100, R,(0) = 60, S,(0) = 3000, E,(0) = 400, [,(0) = 120, E(0) = 10000, L = 5000,
P = 3000.

5.1 Strategy A: Vaccination combined with individual protection
only

In this strategy, we consider the model (2) without vector control. we set ay = 1 and ¢,,, = =
12 = 0 and vary the parameter related to individual protection, namely «;, between 0 and 0.8.
The values of other parameters are given in Table 3. Figure 8 shows that the increase of the
individual protection level, permit to reduce the total number of infected humans, and the total
number of infected vectors, but has no impact on the populations of eggs and larvae. However,
from this figure, it is clear that, this reduction is significant if the level of protection must turn
around 80% at least, and this, over a long period. Thus, continuous education campaigns of
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Figure 8: Simulations results showing how the total number of infected humans and the to-

tal number of infected vectors decrease when the individual protection increase. All others

parameters values are in Table 3.

5.2 Strategy B: Vaccination combined with adulticide

Nowadays, Deltamethrin is the most used insecticide for impregnation of bednets, because it is
a highly effective compound on mosquitoes, and this, at of very low doses [58]. However, when
sprayed in an open environment, Deltamethrin seems to be effective only during a couple of
hours [19, 59, 60]. Also, its use over a long period and continuously, leads to strong resistance of
the wild populations of Aedes aegypti, for example [58]. The mortality of the mosquitoes after
spraying varied between 20% and 80%. To be more realistic, we will consider the technique
called ”pulse control” (the control is not continuous in time order is effective only one day every
T days) [19]. To this aim, we consider that spraying is done once a week, and this, for 100
days. We set ay =1y =1, =0 and ay = 1.

Simulation results on figure 9 show that a mortality rate induced by the use of larvicide,
Cm, greater than 60% has a significant impact on the decrease of the total number of infected
humans and vectors, and on the decrease of eggs and larvae.
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Figure 9: Simulations results showing how the total number of infected vectors, eggs and larvae
populations decrease when the aldulticide control parameter c¢,, increase. All others parameters
values are in Table 3.

5.3 Strategy C: Vaccination combined with larvicide

Since the efficacy and the duration of a larvicide (Bti=Bacillus thuringiensis var. israelensis)
strongly depend on several factors like water quality, exposure, and even the type of breeding
sites, we thus consider, to be more realistic, that the duration can vary between a couple of
days and two weeks [19, 61]. We consider that the larvicide spraying happens once every 15
days, and this, on a period of 100 days. We set ay = ¢,;, =0 and ay = 1.

The figure 10 shows that the use of larvicide has no significant impact on the decrease of
total number of infected humans and vectors, as well as on the number of eggs and larvae. This
can be justified by the fact that the use of conventional larvicides requires certain constraints
on their use: they can not be used continuously, their duration of action decreases with time.
In addition, eggs of certain populations of vectors such as Aedes albopictus, come into prolonged
hibernation when conditions in the breading sites are not conducive to their good growth (this
is justified by the control rate value 7, = 0.001). Also, the pupae do not consume anything,
until reaching the mature stage.

5.4 Strategy D: Vaccination combined with mechanical control

The effectiveness of this type of control depends largely on awareness campaigns of local people
in the sense that, to reduce the proliferation of vectors, people should destroy and systematically,
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Figure 10: Simulations results showing how the total number of infected humans, the total
number of infected vectors, and the eggs and larvae populations decrease with the larvicide
control associated parameters 7; and 7,. All others parameters values are in Table 3.

potential breeding sites. Thus, we consider that this type of control can be achieved by local
populations, and this, daily. We set ay = ¢, =0 =1y = 9.

The figure 11 shows that this type of control is appropriate in the fight against the prolifer-
ation of vectors. This can only be possible by the multiplication of local populations awareness
campaigns.

5.5 Strategy E: Combining vaccination, individual protection and
adulticide

In this strategy, we consider the model (2) without larvicide and mechanical control. we set
as = 1 and 1y = e = 0 and vary the parameter related to individual protection and the
use of adulticide, namely «; and c¢,,, respectively, between 0 and 0.8. The values of other
parameters are given in Table 3. Figure 12 shows that the use of the combination of these
controls decreases significantly the total number of infected humans, infected vectors as well as
the number of eggs and larvae, when its associated rates, namely «; and ¢,,, are greater than
0.3 and 0.2, respectively.
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Figure 11: Simulations results showing how the total number of infected vectors, eggs and

larvae populations decrease with the mechanical control associated parameter as. All others

parameters values are in Table 3.

5.6 Strategy F: Combining vaccination, individual protection and
mechanical control

Like for strategy E, the simulations results on figure 13 show that the combined use of these
three types of controls has a positive impact in the vector control.

6 Conclusion

In this paper, we have derived and analyzed a deterministic model for the transmission of
arboviral diseases with non linear form of infection and complete stage structured model for
vectors, which takes into account a vaccination with waning immunity, individual protection
and vector control strategies.

We have begun by calculate the net reproductive number N and the basic reproduction
number, Ry, and investigate the existence and stability of equilibria. The stability analysis
revealed that for /' < 1, the trivial equilibrium is globally asymptotically stable. When
N > 1 and Ry < 1, the disease—free equilibrium is locally asymptotically stable. Under certain
threshold condition, the disease—free equilibrium is also globally asymptotically stable. We
have found that the model exhibits backward bifurcation. The epidemiological implication of
this phenomenon is that for effective eradication and control of diseases, R should be less than
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Figure 12: Simulations results showing the advantage that we have to combine vaccination,
individual protection and adulticide.

a critical values less than one. Thus, we have proved, that the disease-induced death is the
principal cause of the backward bifurcation phenomenon in the full model and the corresponding
model without vaccination. However, the substitution of the standard incidences with the mass
action incidences removed the backward bifurcation phenomenon.

We have proved that the model admits at least one endemic equilibrium, and only one
endemic equilibrium point in the model without disease-induced death, and in the model with
mass action incidences, whenever the basic reproduction number is great than unity.

Using parameters value of Chikungunya and Dengue fever, we have calculated the sensitivity
indices of the basic reproduction number, Ry, to the parameters in the model using both local
and global methods. Local sensitivity analysis showed that the model system is most sensitive
to a, the average number of mosquitoes bites, followed by u,, the natural mortality rate of
vectors. Considering that all input parameters vary simultaneously, we have used the Latin
Hypercube Sampling (LHS) to estimate statistically the mean value of the basic reproduction
number. The result showed that the model is in an endemic state, since the mean of Ry is
greater than unity. We also estimated the probability that the model predicts the occurrence
of backward bifurcation phenomenon and of the likely stability of the disease-free equilibrium
point.

Then, using global sensitivity analysis, we have computed the Partial Rank Correlation
Coefficients between Ry and each parameter of the model. Unlike the local sensitivity analysis,
the global analysis showed that the parameters oy, the human protection rate, has the highest
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Figure 13: Simulations results showing the advantage that we have to combine vaccination,
individual protection and mechanical control.

influence on Ry. The other parameters with an important effect are as, the efficacy of the
mechanical control, (., the probability of transmission of infection from an infected vector to
a susceptible human, (,;,, the probability of transmission of infection from an infected human
to a susceptible vector, and 6, the maturation rate from pupae to adult vectors. This showed
that the order of the most important parameters for R, from the local sensitivity analysis does
not match those from the global sensitivity analysis. So, the local sensitivity results are not
robust.

To assess the impact of combination of different controls, we have conducted several sim-
ulations, using the called ”pulse control” technique. According to the numerical results, we
conclude that the use of an imperfect vaccine with low efficacy combined with high individual
protection and good vector control strategy (reduction of breeding sites by local populations
action, chemical action using adulticides and larvicides), can effectively reduce the transmission
of the pathogen and the proliferation of vector populations. However, due to lack of resources to
implement these control mechanisms, developing countries should focus on the education of the
local populations. Because, unlike diseases such as malaria whose breeding sites of Anophe-
les mosquitoes are known, those of Aedes (aegypti and albopictus) and Culez, for example,
are smaller (old tires, flower pots, vases and other hollow...) and unknown for many local
populations, which favour the development of vectors.

Thus, pending the development of a high efficacy vaccine and long-acting, individual protec-
tion and the various vector control methods are effective ways to combat the spread of arboviral
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diseases, for developing countries. In addition, the realization of the combination of these con-
trols may be too expensive, because it means that, for constant controls, we must keep them
at high levels, and this, for a long time. Thus it is important to know what happens when,
instead of the constant controls, we use time dependent controls, in optimal control theory.
This represents a perspective of this work.
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A Useful result.

We use the following result, which is the characterization of Metzler matrices, to compute the
threshold R., obtained at Eq. (10).

Lemma 5 ([40]). Let M be a square Metzler matriz written in block form ( é g ) with A

and D square matrices. M is Metzler stable if and only if matrices A and D — CA™'B are
Metzler stable.

B Proof of Theorem 1.

The Jacobian matrix of f at the Trivial equilibrium is given by

Df (&) = ( Py ) (30)
where
&k w 0 0 0 0 00000 0
& k00 0 0 00000O0O0
ph=| ¢ o 0 0 0 [pp=|00000um |
Yo ke 000 00000 0
00 0 o =m0 00000 0
0 0 0 0 0 —ke
_Tﬁhvnvsg _Tﬁhvs}? 000
N? N
_Tﬁhvﬂ-nvvho _Tﬁhvﬂ'vho 000 —kg 0 0 0 0
N N? Yo —ks 0 0 0
Df2 = TﬁhvanO TﬁthO 00 0 ) Df4 = Hb Hb _k:5 0 0 )
NY ND 0 0 s —k; O
0 0 000 0o 0 0 I —k
0 0 000
0 0 00 6

and H® = SY + 7V},
The characteristic polynomial of D f(&) is given by:

PA) = = (A4 k3) A+ ka) (A4 Fs) (A =+ ko) (A + pn) 91(X)d2(N)
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where

d1(N) = N2+ (kg + k)X + pn(ky + &) and ¢a(N) = A+ A N3 + A)? + A3\ + Ay, we have set

Ay = ks + ke + kr + ks, Ag = ks(ks + ke + k7) + kr(ks + k) + ksks,
Ag == k5]€6]€7 —|— kg(/{?5/{?6 + ]{?7(]{?5 + k6))7 A4 = k5l{76l{77l{78(1 — N)

The roots of P(\) are A\; = —pp, A1 = —k1, Ao = —k3, A3 = —ky, \y = —ks, \y = —ky, and
the others roots are the roots of ¢;(A) and ¢5(\). The real part of roots of ¢1(\) are negative.
Since N/ < 1, it is clear that all coefficients of ¢o()\) are always positive. Now we just have
to verify that the Routh-Hurwitz criterion holds for polynomial ¢5(\). To this aim, setting

A1 0 0
A 1 0
H,=A, Hy = il Ii , Hy =1As Ay Ay, Hy = %3 ﬁ2 il 2 = A4H;.
3 2 0 A4 A3 0 04 03 A2
4

The Routh-Hurwitz criterion of stability of the trivial equilibrium £° is given by

H, >0 H, >0
Hy, >0 H, >0
Hy>0 T\ Hs>0 (31)
H; >0 A4>0

WehaveH1:A1:k5+k6+k7—|—kg>0,

H2 == A1A2 - Ag
= (k7 + ke + ks) k3 + (k7 + (2ks + 2ks) k7 + k§ + 2kske + k2) ks
+ (ke + ks) k7 + (kg + 2kske + k2) k7 + kskg + kiko

Hs = Ay Ay Ay — A2A, — A2

= (ke + ks) (k7 + (k¢ + ks) kr + kske) kg

+ (ols0 + (ke + ks) k3 + 2(ke + ks)?k? + (ki + 4kskg + AkSke + k3 ) kr + kskg + 2Kk + kike) k3

+ [(2k7 + 2k + 2ks) polsO + (kg + 2kske + k3 ) k3 + (kg + dkskg + AkSke + k3) k3

+ (2kskd + AkZkg + 2k3ke) by + kikg + k3kg| ks + (k7 + (2Kk + 2ks) kr + kg + 2kske + k3 ) 10

+ (kskg + k2ke) k2 + (ksk§ + 2k2kG + kike) k2 + (k2k3 + K3k kr
We always have H; > 0, Hy, > 0, H3 > 0 and H, > 0 if NV < 1. Thus, the trivial equilibrium
& is locally asymptotically stable whenever N < 1.

We assume the net reproductive number N > 1. Following the procedure and the notation
in [38], we may obtain the basic reproduction number Ry as the dominant eigenvalue of the
next-generation matriz [37, 38]. Observe that model (2) has four infected populations, namely
Ey, I, E,, I,. 1t follows that the matrices F' and V defined in [38], which take into account

the new infection terms and remaining transfer terms, respectively, are given by
0 0 TﬁhanHO TﬁthO

ND ND ks 0 0 0
B 0 0 0 0 I T TR (I
P21 oS0 wons? N e
N i(z) N, I(z) 0 0 —Yv k8

0 0 0 0

The dominant eigenvalue of the next—generation matrix FV ! is given by (7). The local
stability of the disease-free equilibrium & is a direct consequence of Theorem 2 in [38]. This
ends the proof.

35



670

671

672

673

674

675

676

677

678

679

680

681

682

683

684

685

686

687

C Proof of Theorem 2.

Setting Y = X — TE with X = (Sy, Vi, En, In, Rp, Su, Ey, I, E, L, P)T, H° = (S + 7V}9),
Sy + By + 1, E : , :
Agg = | ks + p—————— ), and Ayg = | k¢ + s— |. we can rewrite (2) in the following

manner o
— =B(Y)Y 32
o = BY) (32)
A(Y) B(Y )
where B(Y) = ( CEY% DEY% ) , with
—(A, + k1) w 0 0 0 0
13 —(mAf +k2) O 0 0 0
AY) = XS A —ks 0 0o 0|,
0 0 Yh —k4 0 0
0 0 0 o —up O
_Tﬁhvnvsg _Tﬁhvsg 00 0
N, N, 0000 0 —(\+ks)
O Vy TV 00000 XS
_| N N, 00000 0
BY) T Bhoip H" Bh H" 00 0  CY) 00000 b ’
N, N, 00000 0
0 0 000 00000 0
0 0 0 0 O
0 0 0 0 0
—kg 0 0 0 0
Yo _kS 0 0 0
DY) =
¥) My  py —Agg 0 0
0 0 S —Al(] 0
0 0 0 I —ks

It is clear that Y = (0,0,0,0,0,0,0,0,0,0,0) is the only equilibrium. Then it suffices to con-
sider the following Lyapunov function £(Y) =< ¢, Y > were g = (1, 1,1,1,1,1,1,1, @, k5k8, k5k6};8).
' s s

Straightforward computations lead that

LY)=<g YV >¥< g BY)Y >
= —pupY1 — Yo — ppYs — (pp +6)Ys — ppYs

k ksk 1
—K—SE(%+Y7+Y8)— MjKSmeow(l—N) Yii
We have £(Y) < 0if N <land L(Y)=0ifY;=0,4=1,2,...,11 (ie Sy = S?, V}, = V}?
and B, = I, = R, =S,=FE,=1,=FE =L =P =0). Moreover, the maximal invariant
set contained in {£|E(Y) = O} is (0,0,0,0,0,0,0,0,0,0,0). Thus, from Lyapunov theory, we
deduce that (0,0,0,0,0,0,0,0,0,0,0) and thus, &, is GAS if and only if V' < 1.

D Proof of Theorem 5.

In order to determine the existence of endemic equilibria, i.e., equilibria with all positive com-
ponents, say

& = (Sp, Vi, By 1y, By, S5, By 15 EL L P,

v v
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we have to look for the solution of the algebraic system of equations obtained by equating the
right sides of system (2) to zero. In this way we consider two case:

(i) Special case: Absence of disease-induced death in human (6 = 0).
Note that in the absence of disease-induced death in human population, we have N; =
N]? = Ah/ﬂh- Let

a(l — a1) B (e By + 1)
N; ’

a(l — o) Bon(m Ej; + 1)

)\C,* —
h *
Nh

[
Ay =

(33)

be the forces of infection of humans and vectors at steady state, respectively. Solving the
equations in (2) at steady state gives

o An(mAS” + k) .S
T R i T M ) "
B — NSy 4 V) I YA, (Sy + V) R oAy, (Sy + V)
" ks Pk k3ky o pnksky
and
o oP - OPXS* . WOPAYT
S W k) Re(WT HEs) T T kskg(AYT + k) (35)
E— ,ubHKEP _ ,ubHSKEKLP
(k’5k’8KE + ,ubHP)’ k?@KL(k’5k8KE + ,ubHP) + s,ubHKEP’
where P is solution of the following equation
f(P) = —k¢P[ub(sKg + ke K1) P + kskeks K K, (N — 1)] =0 (36)

k5]€6]€8KEKL(N - 1)

ubH(SKE —+ kGKL)
Note that P = 0 corresponds to the trivial equilibrium &,. Now we consider P > 0 i.e.

N > 1. Replacing (34) and (35) in (33) give

A direct resolution of the above equation give P =0 or P =

C,% a(]- - O‘l)ﬁhv:uh ( 0PN, ’YUHPA* )
A = ) Ly v 37
h An ko + ks)  Fsko(N: + k) (37)
a(l — a1)Bonpin ( A(SE+7VE) | mAL(SE +7V)
\OF —
v A T T b (38)
Substuting (38) in (37) give
(keK1 + sKg) N, [az(A})? + a1\, +ag] =0 (39)
where as, a; and ag are given by
Ry — (€ + k) ((kl7T + k2) n a(l — a1)Bun(yn + kamp) (7€ + k2))
ﬂ-(f + k2) 273 k3k4]€8 ’
as = (a(l — %)&hiéh(% +) kann) + kskyks) kopu A, (40)
kskykgkoppAp (§ + ko) ppm
- Ry — Ry,
“ (m& + k2) (R = Ra)

ag = th3k4k8k9,ubAh<§ + /{72) (1 — Rl) .

The trivial solution A} = 0 of (39) corresponds to the disease—free equilibrium &;. Now, we
just look the equilibria when A; > 0. Note that coefficient ay is always positive and ag is
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negative (resp. positive) if and only if Ry > 1 (resp. R; < 1). Thus model system (2),
in absence of disease-induced death in human population (§ = 0), admits only one endemic
equilibrium whenever Ry > 1. Since the sign of coefficient a; depend of the value of parameter,
we investigate the possibility of occurrence of backward bifurcation phenomenon when R, < 1.
Furthermore, consider the inequality

Ri < Ry. (41)

Since ao is always positive and agy is always positive whenever Ry < 1, then, the occur-
rence of backward bifurcation phenomenon depend of the sign of coefficient a;. The co-
efficient a; is always positive if and only if condition (41) holds (i.e Ry < Rp). It fol-
lows that the disease—free equilibrium is the unique equilibrium when NV > 1 and R; < 1.
Now if Ry, < Ri < 1, then in addition to the DFE &, there exists two endemic equi-
libriz; 2Whenevezr A = a% — 4asag > 0. I—ZIowever, Ry < Ri <1 =Ry <1< By <
_[TE A (nm F (w t jin) W) €+ (@ F pin)] ] Rshabs < 0. Since all parameter of model (2)
a(l — a1)pn(7€ + ka2)*(yn + Kanp)
are nonnegative, we conclude that the condition R, < R; < 1 does not hold. And thus, the

backward bifurcation never occurs in the absence of disease-induced death in human.

(ii) Presence of disease induced death in human (§ # 0).

Ay — oI
In this case, we have N; = Sh T Applying the same procedure as case (i), we obtain

h
that \; at steady state is solution of the following equation
FOR) =N, [eali)* +es(N)? + e2(N)* + ey, + o] =0, (42)

where

ey = —mkoKiopiy Ay, (kaka — 6y1) (kroapn (1 — 1) Bon + ks(kaka — 6y1))

cs = m(kskakskskioki1a®uy, (1 — a1)? BronmBun Ke K1, + 2kok1oK12apu Appinynm(1 — a1) Buné
— kskakokio K1oappAppinm(1 — o) Buné — 2ksko K12pp0° Apyimé + 2kskaksko K1ap6 Apyamé
— kikskakokio K12appAppnm(1 — 1) Bon + 2kakokio K12appd Appinyn (1 — a1)Bon
— 2kokskakokio Kioapy Appin (1 — a1)Bon + 2k1kskaksko K1oppd Apynm — 2k1 k3kiksko KioppApm
— 2koksko K12pp0* Apyis + dkokskaksko K1ap0 Apyn — 2kok3 ki ksko K12 An),

ca = kakakskekioki1a®p3 (1 — a1)?Bronm® By Kp Ky,
+ kikskakskekioki1a®pij, (1 — a1)? Bronm®Bun Kp K1
+ 2kokskakskekiok11a® i (1 — 1) BronmBon Kp K1 + kok1o K12ap60Ap pavam? (1 — a1) Byné?
— kgko K125 0° Apyim2€? — kikskakokioK12aup Appnm> (1 — 1) Bunt
+ kskakok1o K12app Apptrwn (1 — a1)Boné + 2kakokio K12appdAp pnynm(l — a1)Buné
— kokskakokioK12apupAppnm(1 — 1) Byné + 2k1k3k4kgk9K12ub6Ah'yh7r2§
— 2kskaksko K120 A pynwmé + 2k3k2ksko K12y Apwré — 2kokgky K12u502 Apyime
+ 2kokskaksko K12pupdApynmE — 2k1kokskakokio Ki2appy Appn (1 — a1)mByn
+ k3kokioK12aps0Appunyn (1 — a1)Bun — k3kskakokio Kizapy Ap s (1 — a1)Bun
— k2k2k3 ks ko Koy Ap w2 + Ak kokakaksko K124, 0Apypm — 4k1kok3 k2 kghko K12pupApm
— k2ksko K12p1,02 Apy?2 + 2k2kskaksko K12py0Anyn — k3k3k3ksko K1opy A,
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c1 = ((kikskakskekioki1a® iy, (1 — a1) Bronm® + kskakskekioki1a® i (1 — 01)? Bron(key — w) ) Buné

2ky kokskakskekioki1a®py (1 — o) Bronm + k3kskakskekiokiia® i (1 — a1)Bron)(1 — o) Bun ) KE KL
kskakokio K12appAppnwm(1 — a1)Bon — 2kskaksko K120 Apyaw)&?

(kakskakokio Kroapp Appnw — k1kokskakokio K120 Appnm)(1 — 1) Bon

k1 k3 ki ksko KioppAnw + 2k kakakaksko K126 Apyn)m

+ (2kok3 k3 ksko KapwAn — 2kokskaksko K121p0 Apyn )w)é

— kik3kskakokio K12apMppin (1 — o) Bon — 2kikak3kiksko KiopinApm

+ 2k1 k3 kskaksko K1op,0Anyn — 2k1k3k3kiksko KiopinAn,

+(
+(
+(
+(

co = kakiksko Ko Anpiy (ka + €)* (R§ — 1) ,

with k19 = v, + nnka, ki1 = Yo + noks, K12 = (sKg + k¢K ) and n = N — 1. Notes that ¢4 is
always negative and ¢ is positive (resp. negative) if Ry is greater (resp. less) that the unity.
It follows, depending of the sign of coefficients c3, ¢o and ¢, that the model system (2) admits
at least one endemic equilibrium whenever Ry > 1 and the phenomenon of backward (resp.
forward) bifurcation can occurs when Ry < 1 (resp. Ry > 1). This ends the proof.

E Proof of Theorem 9

Consider the Lyapunov function

G=qFE,+ q@l,+ E, + ql,,

where
LGS (A ksm) _GS) (Yo + ks G255 _GS),
PR P T ks ke P T ks ik 0 T ks
T i Bho T tn Bon

and we have set (; = and (o = . The derivative of G is given by

Ap
G =qFEy+ @l +aE, +aul,
= q1(A,Sh — k3En) + @2(vnEn — kalp) + @3(A5 Sy — ko Ey) + qa(vo By — ksl)
= 1S Ey + 1) — qsko By + qayw By — qaksly + @3Sy (B + In) — qiks B + qevnEp — q2kaly
= (q1C1ShM + Qu Yo — @3k9) By + (q1C1Sh — qaks) Ly + (q3C2Sunn + @2vh — @1k3) En + (q3C2Sy — q2ka)In
< (@1G1Spnw + @ave — asko) By + (1C1S), — aaks) Ly + (q3C2S0mn + @2y — aiks) En + (a3(2Sy — q2ka)In,
since S, < S92, S, < SY

Ap

Replacing ¢;, i = 1,...,4, by their value gives after straightforward simplifications
g < (R%w,&:o - 1) Eh
We have G < 0 if Ruvs=o0 < 1, with G=0if Ruvs=0 = 1 or B = 0. Whenever £}, = 0, we also
have I, = 0, E, = 0 and [, = 0. Substituting E, = I;, = F, = [, = 0 in the first, fourth and
fifth equation of Eq. (18) with § = 0 gives Si(t) — Sp = N}, Ry(t) — 0, and S,(t) — S) = N,
as t — oo. Thus
[Sh(t), En(t), In(t), Rn(t), Su(t), By (1), L(t), E(t), L(t), P(t)] = (N}, 0,0,0, N, 0,0, E, L, P)

as t — oo.

It follows from the LaSalle’s invariance principle [51, 52, 53] that every solution of (18) (when
Ruws—o < 1), with initial conditions in Dy converges to £, as t — co. Hence, the DFE, ",
of model (18) without disease-induced death, is GAS in Dy if R, 5-0 < 1.
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