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-SUPERCYCLICITY
S. CHARPENTIER, R. ERNST, Q. MENET

ABSTRACT. We characterize the subsets I' of C for which the notion of I'-supercyclicity
coincides with the notion of hypercyclicity, where an operator 1" on a Banach space X is
said to be I'-supercyclic if there exists z € X such that Orb(I'z,T) = X. In addition we
characterize the sets I' C C for which, for every operator 7' on X, T is hypercyclic if and
only if there exists a vector € X such that the set Orb(I'z,T) is somewhere dense in
X. This extends results by Leén-Miiller and Bourdon-Feldman respectively. We are also
interested in the description of those sets I' C C for which I'-supercyclicity is equivalent to
supercyclicity.

1. INTRODUCTION AND STATEMENTS OF THE MAIN RESULTS

1.1. Introduction. Let X be a complex Banach space and let L(X) denote the space of
bounded linear operators on X. For T in L(X), x in X, and T" a non-empty subset of
the complex plane C, we denote Orb(I'z,T) = {yT"x: v €', n > 0}. We say that x is
[-supercyclic for T if Orb(I'z,T') is dense in X and 7" will be said to be I'-supercyclic if
it admits a [-supercyclic vector. In particular, if I' = C, x I'-supercyclic for T reads x
supercyclic for T" and if I' reduces to a single nonzero point, x I'-supercyclic for T reads
x hypercyclic for T'. The notion of hypercyclicity was already studied by Birkhoff in the
twenties but it really began to attract much attention in the late seventies. The terminology
follows that of supercyclicity, introduced by Hilden and Wallen [14] in the early seventies,
and the former notion of cyclicity. While the latter is directly connected with the well-known
Invariant Subspace Problem, hypercyclicity is connected with the Invariant Subset Problem.
To learn much about linear dynamics, we refer to the very nice books [3], 12].

One of the first important results was Kitai Criterion [15], refined by Bes [6] in the following
form and known as the Hypercyclicity Criterion.

Theorem (Hypercyclicity Criterion). Let T' € L(X). We assume that there ezist two
dense subsets Xy, Yy C X, an increasing sequence (ng)r C N, and maps Sy, : Yo = X such
that for any v € Xo and y € Yy the following holds:

(1) Tz — 0 as k — oo;

(2) Spy — 0 as k — oo;

(3) T™ S,y =y as k — oo.
Then T s hypercyclic.

We mention that there also exists a so-called Supercyclicity Criterion due to Salas [23],
which is easily seen to be non-necessary for supercyclicity. The Hypercyclicity Criterion
gives an effective way of proving that an operator is hypercyclic and covers a wide range of
concrete hypercyclic operators, allowing to directly recover historical examples of hypercyclic
operators exhibited by Birkhoff [§], MacLane [I8] or Rolewicz [22]. A long-standing major
open question was to know whether the Hypercyclicity Criterion is necessary for an operator
to be hypercyclic. Bés and Peris [7] observed that satisfying the Hypercyclicity Criterion is
in fact equivalent to being hereditarily hypercyclic or weakly mixing and, in 2008, De La
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Rosa and Read built a Banach space and a non-weakly mixing hypercyclic operator acting
on this space, giving a negative answer to the above mentioned question. A bit later, Bayart
and Matheron [2] provided such an example on many classical Banach spaces, including the
separable Hilbert space. We also refer to [5] where the authors show equivalence between the
Hypercyclicity Criterion and other criteria, and unify different versions of the Supercyclicity
Criterion.

Anyway the existence of effective characterizations of hypercyclicity and supercyclicity
has been a wide subject of interest and several results have been given. In this direction,
Herrero [13] conjectured that an operator T' needs to be hypercyclic if we only assume that
the orbit under 7" of some finite set of vectors is dense in X. In 2000, Peris [21] and Costakis
[10] independently gave a positive answer to Herrero’s conjecture. In 2004 Leén and Miiller
proved another result in the same spirit [I7, Corollary 2].

Theorem (Leén-Miiller Theorem). Let T' € L(X). Then x € X is hypercyclic for T if
and only if x is T-supercyclic for T.

Here, it is remarkable that we can replace the orbit of a single vector by the orbit of
an uncountable set of vectors. Nevertheless it is worth noting that this uncountable set of
vectors is one dimensional and that a specific group structure is underlying. We mention
that, as a corollary of this theorem, Ledén and Miiller proved that for any complex number
A with modulus 1, T is hypercyclic if and only if AT is hypercyclic (with same hypercyclic
vectors), answering another question posed by Herrero [13].

Roughly speaking the two previous results refer to the general problem of how big can be a
set with dense orbit in order to still ensure hypercyclicity. So, in the context of Ledén-Miiller
Theorem the following question arises.

Question 1. Is it possible to characterize the sets I' C C such that T is hypercyclic if and
only if T is I'-supercyclic?

The proof of Leén-Miiller Theorem heavily relies on the group (or rather semigroup)
structure of T with respect to the complex multiplication. This group-theoretic approach
has been deeply developed by Shkarin [24] and Matheron [I9] (see also [3| Chapter 3]) in a
much more general and abstract setting, tending to suggest that it is inevitable.

A different approach for characterizing hypercyclicity in an (apparently) weaker way may
consist in considering how small can be the orbit of a given vector under T' to still ensure
that 7" is hypercyclic. The first result in this direction is obtained by Feldman [11] in 2002
who proved that an operator is hypercyclic if and only if there exists d > 0 and a vector
x € X having a d-dense orbit, where a set is said to be d-dense if it intersects any open ball of
radius d. Moreover, Feldman also proved that a vector with d-dense orbit is not necessarily
a hypercyclic vector. In the same year Bourdon and Feldman [9] proved a very nice result:

Theorem (Bourdon-Feldman Theorem). Let X be a Banach space, T € L(X) and
x € X. Then x is hypercyclic for T if and only if Orb(z,T) is somewhere dense in X.

We remark that Peris and Costakis’ result is a corollary of the latter. Later on, Bayart
and Matheron [3] used the group-theoretic approach initiated by Leén and Miiller to extend
Bourdon-Feldman Theorem to a general framework involving semigroups. We just quote
their result in a peculiar case, that is 7 = {\T"; A\ € T,n € N} using their notations.

Theorem (Theorem 3.13 of [3]). Let X be a complex Banach space, T € L(X) and x € X.
Then x is hypercyclic for T if and only if Orb(Tx,T) is somewhere dense in X .

Here again, the following question naturally arises.
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Question 2. Is it possible to characterize the sets I' C C such that x is hypercyclic for T if
and only if Orb(I'z, T') is somewhere dense?

Similar questions have been addressed in the context of supercyclicity where it makes sense
to consider the finite dimensional setting. A reasonable question is to find a small set I' C C
such that T is supercyclic if and only if T is I'-supercyclic. However supercyclicity allows
more exoticism, for example in terms of spectral properties of supercyclic operators. We
recall that if 7" is supercyclic then the point spectrum o,(7™) of the adjoint of 7" contains at
most one nonzero point and that for any nonzero complex number « there exists a supercyclic
operator T with 0,(T*) = «a. In 2001, Montes-Rodriguez and Salas [20] proved that if T
satisfies the Supercyclicity Criterion then o,(7*) is empty and T needs to be R*-supercyclic
(sometimes called positive supercyclic [16]). Later, in [17], the same crucial tool used to prove
Leén-Miiller Theorem allows the authors to show the equivalence between supercyclicity
and RT-supercyclicity whenever o,(7*) = ). This result complemented the previous work
of Bermudez, Bonilla and Peris [4] who proved that T' is R-supercyclic if and only if T is
R*-supercyclic, whatever the spectrum of 7%, and also provided counterexamples to the
equivalence with supercyclicity when o,(7*) # ). Finally, answering a question by Ledén and
Miiller, Shkarin used his abstract group-theoretic approach to characterize the operators for
which the equivalence between R*-supercyclicity and supercyclicity holds [24].

Theorem (Shkarin Theorem). Let X be a complex Banach space and T € L(X). T is
R*-supercyclic if and only if T is supercyclic and either the point spectrum o,(T*) is empty
or a,(T*) = {re?®}, withr #0 and 6 € (R \ Q).

More generally the following question arises, an answer to which would involve the spec-
trum of T™.

Question 3. For which I' C C is supercyclicity equivalent to I'-supercyclicity?

1.2. Statements of the main results. The purpose of this article is to discuss Questions
1, 2 and 3. In order to deal with Questions 1 and 2 we introduce two properties that a subset
of C can enjoy or not.

Definition 1.1. Let I be a subset of C.

(1) T is said to be a hypercyclic scalar set if the following holds true: For every
infinite-dimensional complex Banach space X, every T' € L(X) and every z € X

Orb(I'z, T) = X if and only if x is hypercyclic for T.

(2) T is said to be a somewhere hypercyclic scalar set if the following holds true:

For every infinite-dimensional complex Banach space X, every T' € L(X) and every
reX

Orb(T'z, T') is somewhere dense in X if and only if x is hypercyclic for 7.

Obviously, if I' is a somewhere hypercyclic scalar set then I' is a hypercyclic scalar set and
if I" is a hypercyclic (resp. somewhere hypercyclic) scalar set then any smaller set is also a
hypercyclic (resp. somewhere hypercyclic) scalar set. According to Leén-Miiller Theorem
and the refinement of Bourdon-Feldman Theorem stated above, T is a somewhere hypercyclic
scalar set.

We provide complete answers to Question 1 (Theorem A) and Question 2 (Theorem B):

Theorem A. A non-empty subset I' of C is a hypercyclic scalar set if and only if T'\ {0} is
non-empty, bounded and bounded away from 0.

In Theorem B below, we denote by I'T the set {vz: v €T, |z| = 1}.
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Theorem B. A non-empty subset T' of C is a somewhere hypercyclic scalar set if and only
if T'T\ {0} is non-empty, bounded and bounded away from 0 and has an empty interior.

In view of Theorems A and B, T" is a somewhere hypercyclic scalar set if and only if I is
a hypercyclic scalar set and I'T has an empty interior.

Remark 1.2. (1) Theorems A and B can be stated in a slightly different way in the real
setting, namely for real Banach spaces. Since it makes no particular difficulties to adapt the
above statements and the corresponding proofs given in the remaining of the paper, we leave
the details to the reader.

(2) Using Theorem A and counterexamples given in Section 2, we can observe that I' is a
hypercyclic scalar set if and only if it satisfies the following: For every infinite-dimensional
complex Banach space X, every T' € L(X),

T is hypercyclic if and only if T" is I'-supercyclic.

(3) Similarly T" is a somewhere hypercyclic scalar set if and only if it satisfies the following:
For every infinite-dimensional complex Banach space X, every T' € L(X),

T is hypercyclic if and only if Orb(I'z, T') is somewhere dense in X for some z € X.

For example any ring {u\, p € [a,b], A € T} with 0 < a < b < 400 is a hypercyclic scalar
set but not a somewhere hypercyclic scalar set. The same holds for any closed paths in C
which do not contain 0, different from a nonzero multiple of the unit circle T. Moreover a
union of circles centered at 0 with bounded and bounded away from zero radii is a somewhere
hypercyclic scalar set if and only if the family of these radii has an empty interior.

Furthermore we give a general anwser to Question 3 when o,(7™) is non-empty.

Theorem C. Let X be a complexr Banach space.

(1) For every 8 € R, I' C C satisfies the property: "For every T' € L(X) with o,(T*) =
{e®} and every x € X

x is U-supercyclic for T if and only if x is supercyclic for T'”

if and only if Gy is dense in C, where Gg stands for the subgroup of T generated by

6@9

(2) For anyr # 1 and any 0 € R, there exist T € L(X) with 0,(T*) = {re®} and ' C C
satisfying UGy = C, such that T is supercyclic but not I'-supercyclic.

Remark 1.3. (1) For every § € R, Theorem C provides a complete understanding of the
problem of describing those subsets I' of C such that for every X, every T € L(X) with
0,(T*) = {e?} and every z € X,

x is I'-supercyclic for T if and only if x is supercyclic for T.

Nevertheless such a problem for every T' (namely for those T such that 0,(7*) = 0 or
0,(T*) = {re?} with r # 1) remains unclear.

(2) One shall notice that, when @ € 7(R\Q), the condition 'Gy = C is equivalent to I'T = C.
(3) It is worth observing that the equivalence between I'-supercyclicity and supercyclicity
for T with 0,(T*) = re, § € (R \ Q), depends on r. This differs from the particular case
of the R, -supercyclicity which is treated in Shkarin Theorem.

(4) It may also be interesting to notice that, in (1), the equivalence between = I'-supercyclic
and z supercyclic not only depends on the fact that # is a rational or an irrational multiple
of 7 (as in Shkarin Theorem) but also depends on every 6 € 7Q. Indeed if 0,60 € 7QN]0; 7|
with § < 0 and T = {re’®, r € Rt a € [0;0]}, then T'Gy = C while TGy # C.

(5) Observe that contrary to Theorems A and B, it makes sense to also consider finite
dimensional Banach spaces X in Theorem C.
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The article is organized as follows. The purpose of Section 2 is to show the necessity
part of Theorem A. In Section 3 we prove the sufficiency part of Theorem A which is the
most difficult one. Section 4 is devoted to the proof of Theorem B and Section 5 to that of
Theorem C.

2. THEOREM A - NECESSITY PART

To prove that if " is a hypercyclic scalar set then I' \ {0} is bounded and bounded away
from zero, it suffices to exhibit examples of I'-supercyclic operators that are not hypercyclic
when I"\ {0} is not bounded or not bounded away from zero. Note that if I" is a hypercyclic
scalar set then obviously I' \ {0} needs to be non-empty.

We begin by proving that if ' is a hypercyclic scalar set then I' is bounded.

Proposition 2.1. Let I' be an unbounded subset of C. Then, the backward shift operator B
on (*(N) is T-supercyclic but not hypercyclic.

Proof. 1t is well-known that B is not hypercyclic, since the orbit of any vector is bounded.
Let I' be an unbounded subset of C. We are going to construct a I'-supercyclic vector for B.
Let {yx : kK € N} be a dense subset of cpo. We denote by F' the forward shift on ¢*(N)
and we let d(yx) = max{j > 0 : yx(j) # 0}. First, we construct by induction a sequence
(k)ken C T'\ {0}, and a sequence of integers (my)gen such that for every k € N:
(@) M5l <275
(ii) For every i < k, l';/;h lyel| < 27F.
(iii) For every i < k, my > m; + d(y;);

If mg,...,mp_1 and 7, -+ ,vx_1 have been chosen, we remark that it suffices to choose 74
sufficiently big in order to satisfy (i) and (ii) and to choose my, sufficiently big in order to
satisfy (iii).

Thanks to (), we can let z = > % %F’m’yZ since || F™iy;|| = ||yi|| and we claim that z is
['-supercyclic for T
Let £ € N. We have
B =yl < 37 IZEB™ (™) |+ LB (P ) = el + 3B (P

j<k >k 1

<S040+ by @

= = Il
< —J =9k .
J

t

Since the backward shift has norm 1, we cannot hope using it to prove that I' \ {0} has
to be bounded away from zero. Thus, we will use a bilateral shift instead.

Proposition 2.2. Let T" be a subset of C and assume that I'\ {0} is not bounded away from
zero. Then, the shift operator By, on (*(Z), with weight sequence w; = 2 if i > 0 and w; = 1
else, is I'-supercyclic but not hypercyclic.

Proof. 1t is well-known that B, is not hypercyclic, since the orbit of any non-zero vector is
bounded away from zero. Let I" be a subset of C such that I'\ {0} is not bounded away from
zero. We are going to construct a I'-supercyclic vector for B,,.

Let {yx : k € N} be a dense subset of coo(Z). We let d(yx) = max{j > 0: yx(j) # 0} and
we denote by F 1 the inverse of B,, on ¢*(Z). In other words, F’ 1 is the forward weighted
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shift F,, where v; = % if 1 > 0 and v; = 1 else. First, we construct by induction a sequence
(k)ken C I'\ {0} and a sequence of integers (my)ren such that for every k € N:

O I3l <2
(i)

(iii) For every i < k, ||://’;|| ||BZ”CFL yill < 27%;

1y||<2k

If mg,...,mg_1 and 7o, -+ ,Yx_1 have been chosen, we first remark that we can choose 7
sufficiently small such that for every ¢ < k, we have m‘ ||BmF ;|| < 27F for every m > 0

since

|7/€| HBmFm' ” < |’7//€|2m%+d(yZ
il il
We can then choose my, sufficiently big in order to satisfy (i) and (ii) since for every y € coo(Z),
we have F™y — 0 as m — oo.
Thanks to (), we can let 2 = > F® L[ mly, and we claim that x is I'-supercyclic for T

) Ofy
Let £ € N. We have
m, ’719 m m m, m ’719 m m;
lve By =yl <> || --B wt L JH+H B “FY ’“yk—yk|l+ZH B EL

i<k J i>k J
1
SZQ_RHHZ?W (i) and ()
i<k >k

k+1 0
— 92k paioe

yz‘H-

Propositions 2.1 and give the necessity part of Theorem A.

3. THEOREM A - SUFFICIENCY PART

Let X be an infinite-dimensional complex Banach space. In this section, we intend to
prove the following theorem.

Theorem 3.1. Let T € L(X) and I' C C be such that T\ {0} is non-empty, bounded and
bounded away from 0. If x is ['-supercyclic for T then x is hypercyclic for T.

Let T € L(X) and let x € X be I'-supercyclic for 7. As it is clear that the point zero
plays no role, in what follows we are going to suppose that 0 ¢ I". Then, we notice that I'
is included in some ring of the form [a,b]T, with 0 < a < b < +o00, and that z is [a,b]T-
supercyclic whenever x is I'-supercyclic. In addition, up to a dilation, we see that z is
[a, b]T-supercyclic if and only if x is [1,b/a]T-supercyclic. Therefore, to prove Theorem [B.]
we are reduced to prove the following

Theorem 3.2. Let T € L(X) and 1 < b < 4o00. If z is [1,b|T-supercyclic for T then x is
hypercyclic for T'.

The proof of Theorem relies on several lemmas.

Lemma 3.3. Let I' C C be a non-empty set bounded and bounded away from 0, let T € L(X)
and let x be a I'-supercyclic vector for T'. Then for every y € X, there exists v € I' and an
increasing sequence (ny) of integers such that yT™ z — y.

Proof. We first remark that Orb(I'z, T') has an empty interior by the Baire Category The-
orem. Let y € X. We deduce from the above assertion that there exists a sequence (y;) C

Orb(Tx, T)\Orb(T'z, T) converging to y. We remark that if z € Orb(I'z, T)\Orb(I'z, T)
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then there exist an increasing sequence (ny) C N and (v;) C I' such that v,T%z — z.
We can thus construct a sequence (7;) C I' and an increasing sequence (nj) such that
lyx — T x| < 27%. By using the compactness of I and the fact that T is bounded away
from 0, we then obtain the desired result. O

We now deduce the following corollary which is an immediate consequence of the previous
lemma.

Corollary 3.4. Let I' € C be a non-empty set bounded and bounded away from 0, let
T € L(X) and let z be a I'-supercyclic vector for T. Then for every n > 0, we have

U Orb(vT"x,T) = X.
~eTl
The following lemma is well-known in the case of hypercyclic operators, we provide here
a slight generalization with its proof for the sake of completeness.

Lemma 3.5. If T is I"-supercyclic with I' C C non-empty, bounded and bounded away from
0, then p(T) has dense range for any nonzero polynomial p.

Proof. It is a well-known fact that it suffices to prove that the point spectrum o,(7*) of the
adjoint T™ of T is empty. Let z be a I'-supercyclic vector for T. By contradiction, assume
that o € 0,(T%) and let y* € X*\ {0} be such that T*y* = ay*. Since x is I'-supercyclic for
T, we get

C={(YTrz,y*): vyel',n>0} ={yan: vy, n>0}z,y").

If |of <1 or (x,y*) = 0 then the last set is bounded and cannot be dense in C; if |a| > 1
and (x,y*) # 0 then it is bounded away from 0, hence a contradiction. U

From this lemma, we can deduce the following one which shows that as soon as T is I'-
supercyclic then the set of I'-supercyclic vectors contains a particular dense linear subspace
apart from zero.

Lemma 3.6. If x is ['-supercyclic for T' with I' C C non-empty, bounded and bounded away
from 0, then p(T)x is I'-supercyclic for T for every nonzero polynomial p.

Proof. Since z is I'-supercyclic for 7, it follows from Lemma that p(T)(Orb(I'z, T)) is
dense and we get the desired result by remarking that Orb(I'p(T)x,T) D p(T)(Orb(I'z, T)).
U

We will now assume as in Theorem that I' = [1,b]T for some b > 1. The following
result aims to divide I'-supercyclic operators into two categories: the hypercyclic ones and
the non-hypercyclic ones. Moreover, it gives some necessary properties satisfied by the non-
hypercyclic ones.

Proposition 3.7. Let b > 1. If x is [1,b]T-supercyclic then one of the two following condi-
tions holds:
(1) x is hypercyclic for T L
(2) There exists 1 < ¢ < b such that x is [1, ¢|T-supercyclic but Orb(Tz,T) N [1,c|Tx =
Tz UcTx. In particular, T is not hypercyclic.

Proof. We will need two claims.

Claim 1. If there exist A €]1,b] and n > 0 such that A"z € Orb(Tx, T), then x is [1, \]T-
supercyclic for T'.



8 S. CHARPENTIER, R. ERNST, Q. MENET

Proof of Claim [ If NXT"x € Orb(Tx,T) then there exists (n,) C N and v € T such that
~T™x — \NT™zx. It follows that for every m € N and every u > 0,

%T””mx — Iy
and thus
(3.1) Orb(uTT™ ™z, T) C m(§Tme, 7).

Let now J € N be such that (1/\)/ < X/b. Then for every u € [1,b], there exists

0 < ju < J such that {5~ € [1, A]. Thus it follows from (Z.1]) that

Orb(uTT”"z, T) € Orb(uTT9#"z, T) C m%m, 7).
Using Corollary 3.4l we get
X = |J Orb(uTT’z,T) c | ) Orb(vTz,T).

pelL,b] ve[LA]

Claim 2. Let 1 < ¢ < b. If = is [1, \|T-supercyclic for every A €]c,b] then z is [1,]T-
supercyclic.

Proof of Claim[2. Let y € X and ¢ < b. Since z is [1, ¢+ 1/k]T-supercyclic for every k large
enough, there exists py, € [1,c+ 1/k]T, and ny such that

1
T — y|| < T

Up to take a subsequence, we may assume that py — p for some p € [1,¢]T. We deduce
that u7T™x — y and thus that x is [1, ¢/ T-supercyclic.

We now finish the proof of Proposition B.7. Set
c=inf{\ € [1,b] : x is [1, A\|T-supercyclic}.

If z is not hypercyclic, then ¢ > 1, because if not Claim limplies that x is T-supercyclic hence
hypercyclic, by Leén-Miiller Theorem. Then, first, we deduce from Claim [Il that for every
A €]1,¢[, Ax ¢ Orb(Tz,T). Moreover cz must belong to Orb(Txz,T) because if not there
exists € > 0 such that the interval |z, (¢ + )] is included in the complement of Orb(Tz, T
and then (c + ¢)x ¢ Orb([1, T2, T), what contradicts the fact that z is [1, ¢] T-supercyclic.
Thus, we have Orb(Txz, T) N [1, c]Tz = Tz U cTa.

Finally if we are in such a case, then T fails to be hypercyclic. Indeed if y € X is hypercyclic
for T' then, according to Corollary B.4] there exists A € [1,¢] such that y € Orb(ATx, T).
From this and the hypercyclicity of y, we deduce that

X = Orb(y,T) € Orb(ATx, T).

By Leén-Miiller Theorem again, Az would then be hypercyclic for T" and thus x would be
hypercyclic for T
O

The remaining of the proof will consist in showing that there cannot exist an operator
T € L(X) admitting a [1, b]T-supercyclic vector x with b > 1 such that

Orb(Ta, T) N [1,b]T = Tz U bTz.

This will conclude the proof of the sufficiency part of Theorem A in view of the previous
result. To do so we will show that if such an operator T exists then we can build a certain
continuous function A from span{Orb(z,7")}\{0} into T inducing an homotopy in T between
a single point and a closed path having nonzero winding number around 0, what is known
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to be impossible. The construction of this continuous function A will rely for any y €
span{Orb(z,T)} \ {0} on the existence of a unique parameter A\, € [1,b] such that y €
Orb()\, Tz, T). The existence of this parameter will be obtained for every [1, b]-supercyclic
vector and thus for every element in span{Orb(x,T)} \ {0} in view of Lemma B.6l

This will be done thanks to the following lemmas which help to understand how the orbit
of = approaches real multiples of a fixed [1, b]-supercyclic vector y. We first remark that
if  is a [1,b]T-supercyclic vector satisfying Orb(Tx,T) N [1,b]Tz = T2 U bTz then every
[1, b] T-supercyclic vector satisfies this property.

Lemma 3.8. If z is [1,b]T-supercyclic for T" but Orb(Tx, T) N [1,b]Tx = Tz UbTx then for
every [1, b T-supercyclic vector y, we have Orb(Ty, T) N [1,b]Ty = Ty U bTy.

Proof. Let y be a [1, b]T-supercyclic vector for T'. By Proposition [B.7 there exists 1 < ¢ < b
such that y is [1, ¢/T-supercyclic for 7" and Orb(Ty, T') N [1, ¢]T = Ty U cTy. It is enough to
show that ¢ = b. Let p € [1,0] be such that y € Orb(uTx,T). We have

X = Orb([1, Ty, T) C Orb([1, c|Tuz, T),
so that px and then x are [1, ¢|T-supercyclic for T, which is true if and only if ¢ = b. O
We can also characterize the multiples of = belonging to the orbit of x itself.

Lemma 3.9. Let x be [1,b|T-supercyclic for T such that Orb(Tz, T) N[1,0Tz = Tz UbTx.
If, for some > 0, px belongs to Orb(Tx,T) then pb™z belongs to Orb(Txz, T') for every
m € 7.

Proof. Since bx € Orb(Tx,T) we get Orb(Tb™x, T) C Orb(Tv™ 'z, T) for every m > 1 so,
if yz € Orb(Tz,T) then we deduce that ub™z € Orb(Tb™z,T) C Orb(Tz,T) for every
m > 0. Similarly, to prove that the latter holds also for m < 0 it is enough to show that
1z € Orb(Tz,T). Now observe that z is [;5, ] T-supercyclic for T so Orb(Tz,T) must
contain an element of [, ]Tz. But, by the previous, if Az € Orb(Tz,T) N [, ]Tx for

b2 bl b2 b
some A € Ry then A\b?z € Orb(Tz, T) N [1,b]Tz hence A = 1/6* or A = 1/b by hypothesis.
Finally if A = 1/b* then z = 75bz € Orb(Tz, T). O

Moreover, this characterization transfers to arbitrary [1, b|T-supercyclic vectors for T'.

Lemma 3.10. If x is [1,b|T-supercyclic for T but Orb(Tz, T) N [1,b]Tx = Tz U bTx then
for every [1, b]T-supercyclic vector y, we have Orb(Ty, T) "Ry = {b"y : n € Z}.

Proof. From Lemmas 3.8 and 3.9 since y € Orb(Ty, T),
Orb(Ty, T)NR,y D {b"y: n € Z}.

Let now py € %@, T)NR,y with 4 € R,. By Lemmas B.8 and B.9, there exists m € Z
such that ub™y € Orb(Ty, T)N[1,bly. If u # b™ for any n € Z, then we have a contradiction
with Lemma [3.8] O

Thanks to the previous lemmas, we are now able to describe completely the set Orb(Tz, T)N
R,y in a unified way where the dependence on y appears only through a single parameter
A

Proposition 3.11. If x is [1,b]T-supercyclic for T but Orb(Tx,T) N [1,b]Te = Tz U bTx
then for every [1,b|T-supercyclic vector y, there exists X\ € [1,b] such that

- b"
Orb(Tz, T)NR,y = {Xy 'n e Z} :
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Proof. Let y be [1,b]T-supercyclic for T. Since x is [1,b]T-supercyclic for T" there exists
A € [1,b] such that y € Orb(ATz, T'). Then, Lemma BI0 implies

Orb(Tz,T) > | J Orb(b" Tz, T) O {%y ne Z} .

nez

Let now py € Orb(Tz,T). Since y is [1,b]T-supercyclic there exists 7 € [1,b] such that
x € Orb(rTy,T). Thus Orb(rTy,T) D {uy,y/\} hence by Lemma p = 7b" and
% = 7b™ for some m,n and thus g = bo"""™/\. U

Let = be [1,b]T-supercyclic for T such that Orb(Tz,T) N [1,b]Te = Tz U bTx. Given a
[1, ] T-supercyclic vector y, observe that if the A given by the previous proposition belongs
to ]1, B[ then it is unique. Otherwise, A =1 and A = b works for y. Also note that if A €]1, 9]
then it is the unique X €]1, 4] such that y € Orb(ATz,T). Similarly, A € {1,b} if and only if
y € Orb(Tz, T).

Let ¢ : [1,b] — T be the parametrization of T given by ¢(t) = exp(2imi=1). According

to the previous observation and thanks to Lemma [B.6] we can define an application A :
span{Orb(z,T)} \ {0} — T by

Ay) = o(),) if y & Orb(Tz,T) where )\, is uniquely given by Proposition B.11]
A if y € Orb(Tx, T).

This application A is well-defined according to the above observation. Moreover, we remark
that for every A € [1,b], we have u € Orb(ATz,T) N span{Orb(z,T)} \ {0} if and only if
A(u) = p(N). It will play a crucial role to end up with a contradiction, assuming that such
an operator T' exists.

Corollary 3.12. Let x be a [1, b T-supercyclic vector for T such that Orb(Tz, T)N[1, b Tz =
Tx UbTx. The following properties hold.

(1) A is continuous;
(2) A(pT"z) = o(u) for every n >0 and every p € [1,0].

Proof. (1) It is sufficient to prove that, for every sequence (u,) C span{Orb(z,T)}\ {0} and
every u € span{Orb(x,T)} \ {0}, if u,, — w then A(u) is the only limit point of (A(uy))n.
By compactness of T, we can assume without loss of generality that A(u,) — o € T and
we have to show that a = A(w). If A(u,) = 1 for infinitely many n then first « = 1 and,
second, infinitely many u, belongs to Orb(Tz,T). It follows that u € Orb(Tz,T) so that
A(u) =1 = a. If we are not in the previous case, then we can assume that u,, ¢ Orb(Tz,T)
for every n so A(u,) = ¢(\,), n > 0, with A, €]1,b[and u,, € Orb(\, T, T'). By compactness
we can assume that \, — A € [1,b] so that u € Orb(ATz, T). By continuity of ¢ it follows
that (\) = a = A(u).

(2) comes easily from the fact that T"z € Orb(Tx, T) for any n > 0 and the definition of
A. O

We are now ready to finish the proof of Theorem

Proof of Theorem[3.2. We assume by contradiction that z is not hypercyclic for T. By
Proposition 3.7 we can assume that x is a [1, b] T-supercyclic vector for T such that Orb(Tz, T)N

[1,0]Tz = Tz UbTz, and thus that the application A : span{Orb(z, T)}\ {0} — T introduced
above is well-defined.
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For every vo,y; € span{Orb(x,T)}, we let [yo, 1] := {(1 — t)yo + ty; : t € [0,1]} and if

0 ¢ [yo, y1], we define the closed (continuous) curve ¥y, 4, : [0,1] = T by Yiye.51] = A0 Viyop]
where Y04, ¢ [0,1] = span{Orb(x,T)} is given by

—_—

7[?/0,1}1](75) = (1 - t)yo + ty;.

Note that 0 does not belong to the image of /Y[j“/n-;_j“/n’b$] for any n, m > 0, and that ypn, 7m, is
a closed continuous curve by Corollary B.12l Moreover we observe that yizng rnt12) = Vie,72)
for any n > 0. Indeed this comes from the definition of A and from the fact that if y €
Orb(ATz, T) then T"y € Orb(ATxz, T) for every n € N. So in particular, Indoyirng,rtie) =
Indg"e, 74 for any n > 0, where Indyy stands for the winding number of a closed continuous
curve «y around 0. On the other hand, for each 6 € [0, 27[ and each y € span{Orb(z,T)}\ {0}
we define the closed (continuous) curve g, : [0, 1] — T by 7y, = Ao~s, where 75, : [0,1] —
span{Orb(z,T)} \ {0} is given by

%(t) — eiety.

It is again easily seen by definition of A that vy, is the constant path equal to A(y), therefore
Indgvs,y = 0. Similarly, we observe that Indyypp,,.) = —1.

Now, using Lemma 310, we deduce that bz € Orb(Tx,T) \ Orb(Tx,T) because other-
wise Orb(Tz,T) would be contained in a finite dimensional space contradicting the [1, b]T-
supercyclicity of x. Then, by compactness of T, there exists § € [0,27[ and (ng), C N
increasing such that e®T™x — bx as k tends to co. We assert that, up to take a subse-
quence, (ny) can be chosen in such a way that IndgYyjeiorneype) = 0. Indeed, if we assume
by contradiction that for some N > 0 and every k > N the winding number Indgyjiorns g pa
is nonzero, then for every A € [1, ],

[Tz, bx] N Orb(ATxz, T) # ()

for any £ > N. Yet for every ¢ > 0, there exists N. > N such that for every & > N,
[Tz, bx] C B(bx,e). In other words, for any A\ € [1,b[, there exists a sequence (y,)
converging to bz such that for every n > 0, y,, € Orb(ATz, T). Thus bz € Orb(ATx, T) for
every A\ € [1,b[, a contradiction with Proposition B.11l

For the remaining of the proof, let 6 € [0, 27| and (ng)r C N increasing be such that for
every k > 0, Indovjeiopniz,pa) = 0.

Given any n > 0, we define 7, : [0,1] — span{z,...,T"x} by

Vrrmrg((n+3)s—j) if - <s<IH 0<j<n-—1

Yo.rme((n+3)s — n) ifniwgsg%té

Yool (n+3)s — (n+ 1)) if 2y <5 < 223
fy[bx,x}((n—i— 3)8 — (n—|— 2)) if Z—ig <s< 1

Tno(s) =

By construction, one easily notices that 7, does never take the value zero. Then we can
set Y9 = A o7, for every n > 0. Moreover, since span{Orb(z,T")} is infinite dimensional
we can retract, staying in span{Orb(z,T)} \ {0}, the closed curve 7,4 onto some 7"z €
span{Orb(z,T)} \ span{z,...,T"x} for every n > 0 and some m > n, and thus build an
homotopy of closed curves in T such that 7, is homotopic to the constant path A(T™z).
Thus Indyy,e = 0 for every n > 0.
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With 6 and (ny)x as above and as a consequence of the observations made at the beginning
at the proof, we deduce that for every k > 0

0 = Indo%k,e
ni—1

= Z IndO’Y[Tﬂ'm,Tﬂ"Hm] + IndO’YG,T"kx + IndO/Y[ewT"km,bm] + IndO’Y[bx,x}
=0
= mpIndyVe e +0+0—1,

and it follows that nIndgy; 1y = 1 for any k& > 0, which is impossible since n; tends to
0. [

4. PROOF OF THEOREM B
The aim of this section is to prove Theorem B. We begin by proving the sufficiency.

Theorem 4.1. Let T € L(X) and let T C C be such that T'T \ {0} is bounded and bounded
away from zero with an empty interior. If the set Orb(I'Tx, T') is somewhere dense in X,
then x is a hypercyclic vector for T.

Proof. Without loss of generality, we can suppose that 0 ¢ I". Let
A, :={\NeR" : T"z € Orb(\Tz,T)}.
By definition, the sequence (A,,) is a non-decreasing sequence and A,, U {0} is a closed set.
Moreover, if A € A, then for every e > 0, there exists m > n and 6 € [0, 27] such that
[AeT™x — Tnx|| < e. We can assume that m > n because otherwise we would have
Tz € span{z,...,T" 'z} and thus Orb(I'Tz,T) would not be somewhere dense. This
implies that for every n > 0, if \, X € A,, then the product A\ € A,,. Indeed, if \, \' € A,
then for every € > 0, there exists m > n and ¢ € [0,2n] such that [|Ae®T™z — T z| < 5
and there exists m’ > 0 and ¢’ € [0, 2] such that | Ne®T™z — Trz|| < EAY|T™ |~ We
then get
||)\)\lei(9+9’)Tm+m’—nx . TnZL'H
< NN T =g || 4 || AT — T |
< AT\ N T™ & — Tz + | ATz — Tz < e.

In particular, if A € A,, then \* € A, for every k > 1.

The idea of the proof of this theorem consists in showing that if Orb(I'Tz, T') is somewhere
dense in X and I'T has an empty interior then

UAnD [1,+00] or @D 0, 1]

and that if one of these inclusions holds then Orb(Tz,T) is also somewhere dense and thus
x is hypercyclic by the generalized Bourdon-Feldman Theorem given in [3, Theorem 3.13]
and stated in the introduction.

To this end, we consider a non-empty open set U such that U C Orb(I'Tz, T). We deduce
that for every y € U, there exists y € |T'| such that y € Orb(yTx, T') where |T| = {|y| : v € T}
is bounded and bounded away from zero. Given y € U, we let v(y) := inf{y € [T| : y €
Orb(yTz,T)}. In particular, we have y € Orb(v(y)Tz,T) and we remark that if y,, — y
then liminf v(y,) > ~v(y).

Let M = sup,c;;7(y) and € > 0. There exists y € U such that y(y) > M — ¢. Since there
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exists a sequence (ny) such that v(y)T™z — y and v(y)T™x € U, we deduce that there
exists n > 0 such that

Y(y)T"x € U and ~(y(y)T"z) > M — 2¢.

We now prove that A, contains a limit point belonging to [MA}%, MA{ -]. Since U is a non-

empty open set, there exists 7 > 0 such that the set {\v(y)T"z : 1 < X < 1+n} is included
in U. We construct by induction a sequence (\;) C]1,1 + 5[ tending to 1 and a sequence
(vk)r C |T| such that for every k # j,

Yk Yk Vi
€A, and )
MY () Ay () # A ()

Let A\, €]1,1+ n[. Since A\;y(y)T"x € U, there exists v, € |T| such that
MY (y)T"z € Orb(vy, T, T)

and we deduce that /\lffl(y) € A,. Assume that \,---, )\, have been fixed. We then choose
Akt1 €]1, 1+ 5 [ such that for every j < k, /\k:\r—;” ¢ |T|. Such a constant A\, exists because

IT| has an empty interior. Therefore, since A\yy17(y)T"x € U, there exists vz41 € |T| such
that

Mer1Y(y) Tz € Orb(yp.1 T, T)

Yk+1 ;
and we deduce that M) € A,, and that for every j < k,

Vi+1 Yj
Me1Y(y) T A ()

since 52 ¢ |I'|. Finally, since |I'| is compact and A, — 1, there exists an increasing
J

sequence (ny) and 7 € |['| such that ; %:f(y) — ﬁ and thus ﬁ € A,. Moreover, we have
Tk
v > fy(fy(y)T”:L) z;nd Atdhus & € (=22 ], We conclude that 57 1s a limit point of A,
: —2¢
belonging to [, 377=2]-

In other words, we have proved that for every € > 0, there exists n > 0 such that A,
contains a limit point in |1 — e, 1 + ¢[. In particular, this implies that 1 is a limit point of
\U,, Ay Since each power of an element of A, still belongs to A,,, we deduce that

UAnD [1,4+00[ or UAnD[O,l].

n n

We now show that each of these inclusions implies that Orb(Tz,T)) is somewhere dense.
We first remark that if we let U, = U\Orb(I'Tz, T') then since the interior of Orb(I'Tx, T')
is empty, we have Uy, D U. It thus suffices to prove that Orb(Tz,T') contains a nonzero
multiple of U,, in order to conclude.

Assume that |J, A, D [0,1] and let ¢ = inf |I'|. By definition, for every y € Uy, there exist
an increasing sequence (ny), ¥ € |T| and 6 € [0,2T] such that

fyewT"’“:c — .

Since 2 > 1 and |J, An D [0,1], there also exists a sequence \; € A,, such that )\—lk — I
We then deduce that %T"’cx — £ and since %T"’cx € Orb(Tx,T), we conclude that
%e Orb(Tz, T). If|J, A, D [1, 00, we get, by applying the same method, that Orb(Tz, T') D
2Us where d = sup |T'|. The desired result follows. O
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We now show the necessity part. It is enough to build an operator T acting on some
Banach space X such that there exists € X with Orb(I'z, T") somewhere dense in X but
Orb(z,T') non dense in X.

Proposition 4.2. Let I' C C be non-empty. We assume that for every complex Banach
space X, every T € L(X) and every v € X, if Orb(I'z, T) is somewhere dense in X, then x
is hypercyclic for T. Then T' C C is such that T'T \ {0} is bounded and bounded away from
zero with an empty interior.

Proof. If I"\ {0} is not bounded or not bounded away from 0 then counterexamples are given
in Section 2. Let then I"\ {0} be a bounded, bounded away from 0 subset of C such that the
interior of I'T is non-empty. By [4, Theorem 2.1 and Theorem 2.2.(b)], there exists an R*-
supercyclic operator T = € @ T acting on a Banach space X = C®Y with RT-supercyclic
vector (1,y). Clearly (1,y) is not hypercyclic for T'. Let V be a non-empty open subset in
Y and U C I'T x V nonempty and open. We intend to prove that U is in the interior of
Orb(T'(1,y),T).

Let (a,z) € U. Since a € I'T, there exists (7 )sey C I' and p € [0, 27| such that v, — |ale™.
Moreover, since (1,y) is RT-supercyclic for T', there also exist an increasing sequence (ny)gen
and (Ag)ren C RT such that

A\ s qeT i et N Ty — ze™ M,

From this we deduce that A\, — |a| and thus

lalet
Finally, reintroducing ~y;, we obtain
Y€ = q et ,kanky — x.
Hence ~;,T™(1,y) — (a,x) which had to be shown. O

Theorem B follows from the combination of Theorem 1] and Proposition 2]

5. PROOF OoF THEOREM C
In a matter of convenience we recall Theorem C.

Theorem C. Let X be a complexr Banach space.

(1) For every 0 € R, I' C C satisfies the property: "For every T' € L(X) with o,(T*) =
{e} and every x € X

x s ['-supercyclic for T if and only if x is supercyclic for T'”
if and only if TGy is dense in C, where Gy stands for the subgroup of T generated by
et
(2) For anyr # 1 and any 0 € R, there exist T € L(X) with 0,(T*) = {re®} and ' C C
satisfying UGy = C, such that T is supercyclic but not I'-supercyclic.

For the proof of (1) we will use the following lemma which is reminiscent from Shkarin’s
proof of [24] Proposition 5.1] when 6 is such that Gy = T. The proof for § € R works along
the same lines.

Lemma 5.1. If T is a supercyclic operator with o,(T™)

= {e”} where § € R then there
exists f € X* such that Orb(x,T) is dense in {y € X : f(y) €

Go}.
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Proof of Theorem C. (1) Let # € R and assume that I'Gy is dense in C. If 2 is a supercyclic
vector for an operator T with o,(T*) = {¢*} then we know thanks to Lemma 5.1l that there
exists f € X* such that Orb(z,T) is dense in {y € X : f(y) € Gy}. Since I'Gy = C,
I'{y € X : f(y) € Gy} is dense in X and thus I'Orb(z,T) is also dense in X. This proves
the sufficiency.

For the necessity part, let § € R and assume that I'Gy is not dense in C. Let us consider
the operator R := e "Id on C. Then, 0,(R*) = {€"} and it is clear that 1 is supercyclic for
R while I'Orb(1, R) C I'G_y is not dense in C. Indeed observe that G_y = Gy when 0 € 7Q,

and that G_y = Gy = T when § € 7(R\ Q). Now we decompose X asasum X = CQY

and consider T := R@® T where T : Y — Y satisfies Kitai Criterion (or the Hypercyclicity
Criterion along the whole sequence of integers). Then, it is clear that o,(7™*) = {e?} and
that 7" is not I'-supercyclic. Moreover, if GGy is not dense in T then it is not difficult to check
that T is supercyclic thanks to Ansari Theorem [I] for example. Finally, if Gy is dense in T
then the proof of the supercyclicity of T' is similar to the proof of [4, Theorem 2.2.(b)].

(2) Let 7 > 0 with r # 1 and 6 € R. Up to write X = C®Y and consider T = R® T with
T satisfying Kitai Criterion, one can assume that X = C and we only have to exhibit I' C C
satisfying TGy = C and R : C — C supercyclic but not I-supercyclic, with o,(R*) = {re}
(see [4, Theorem 2.2.(b)] as previously). Then consider the operator R := re=*Id acting on C
and set I' = {rfe™"; t € R}. We first remark that 1 is supercyclic for R and o,(R*) = {re}.
By contradiction we assume that R is I'-supercyclic. In this case, there exist a non-decreasing
sequence (ny)gen of integers and (7x)reny C I' such that

ykrn’“e_w"’“ — —1.
Writing v, = rt e~ for some (t3)reny C R, we deduce that
e 0ttne) 1 and et 1.

It follows that t; + ny — 0 and —1 = limy_,o e @t +74) = 1 a contradiction.
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