N
N

N

HAL

open science

A NOTE ON A FIXED POINT METHOD FOR
DECONVOLUTION

Céline Duval

» To cite this version:

Céline Duval. A NOTE ON A FIXED POINT METHOD FOR DECONVOLUTION. 2015.

01199599v1

HAL Id: hal-01199599
https://hal.science/hal-01199599v1

Preprint submitted on 15 Sep 2015 (v1), last revised 7 Mar 2016 (v2)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.

hal-


https://hal.science/hal-01199599v1
https://hal.archives-ouvertes.fr

A NOTE ON A FIXED POINT METHOD FOR DECONVOLUTION

C. DUVAL!

ABSTRACT. In this paper we study a particular multidimensional deconvolution problem.
The distribution of the noise is assumed to be of the form G(dz) = (1 — )d(dz) + ag(z)dz,
where § is the Dirac mass at 0 € R?, g : R? — [0, 00) is a density and « € [0, %[ We propose
a new estimation procedure, which is not based on a Fourier approach, but on a fixed point
method. The performances of the procedure are studied over isotropic Besov balls for L, loss
functions, 1 < p < co. A numerical study illustrates the method.

Keywords. Density deconvolution. Nonparametric estimation. Wavelets.

AMS Classification. 62G07, 62H12, 62G20.

1. INTRODUCTION
1.1. Statistical setting. Suppose we observe the following multivariate deconvolution model
(1) }/,'ZXi—FEZ‘, izl,...7TL

where (X;) are i.i.d. (independent and identically distributed) random variables on R?, d > 1,
with density f : R? — [0, 0o) with respect to the Lebesgue measure and independent of (&;) which
are d dimensional i.i.d. random variables with known distribution G. We aim at estimating f
by a fixed point method from the indirect observations (Y;) and under the following assumption
(H1). Suppose there exist a positive number 0 < o < 1/2 and a density function g : R? — [0, 00),
with respect to the Lebesgue measure, such that

(H1) G(dz) = (1 — @)d(dx) + ag(z)dx

where § is the Dirac mass concentrated at 0 and dx = dx1 .. .dx4.

The law of the observations (Y;) is f x G, where x denotes the convolution product. Then,
to estimate f from the indirect observations (Y;), one needs to compute P~1, the inverse of the
convolution operator:

P:f—Plf]=f*G.

This model has been extensively studied in the literature assuming the distribution G to be
absolutely continuous with respect to the Lebesgue measure (which corresponds to a = 1).
Optimal rates of convergence and adaptive procedures are well known if d =1 (see e.g. Carroll
and Hall [5], Stefanski [27], Stefanski and Carroll [28], Fan [15], Butucea [1], Butucea and
Tsybakov [3, 4], Pensky and Vidakovic [25] or Comte et al. [2] for Ly loss functions or Lounici
and Nickl [22] for the L., loss). Results have also been established for multivariate anisotropic
densities (see e.g. Comte and Lacour [9] for Lo loss functions or Rebelles [26] for L, loss
functions, p € [1,00]). Deconvolution with unknown error distribution has also been studied
(see e.g. Neumann [24], Delaigle et al. [10], Johannes [17] or Meister [23], if an additional error
sample is available, or Comte and Lacour [8], Delattre et al. [11], Johannes and Schwarz [18],
Comte and Kappus [7] or Kappus and Mabon [19] under other set of assumptions).

1 Université Paris Descartes, MAP5, UMR CNRS 8145.
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2 C. DUVAL

The spirit of all the afore-mentioned procedures is to transport the problem in the Fourier
domain where the convolution product becomes a simple product, that can be easily inverted.
Let F[G] denote the Fourier transform of a distribution G, dominated by a measure v, i.e.

FIG)(u) = / G (y)u(dy).

In the one dimensional setting we have

_ FIf < G)(u)
FIC)(u)

If the distribution G of the noise ¢ is absolutely continuous with respect to the Lebesgue mea-
sure, its Fourier transform is vanishing at infinity. Then, at the points where F[G](u) gets small,
F[f](u) is badly recovered. It leads to specific minimax rates of convergence, slower than usual
nonparametric rates, that depend on how fast F[G] goes to 0 at infinity (see e.g. Fan [15]). A
strategy based on (2) leads to an estimator of F[f], which needs to be sent back in the space
of density functions to get an estimator of f. Working with a Lo loss function together with
the use of Plancherel equality facilitate the study of the estimator. This methodology may also
be adapted to general L, loss functions (see e.g. Rebelles [26]) using a kernel density estimator
with a suitably chosen kernel that takes advantage of the structure of the problem in the Fourier
domain.

(2) Flfl(w) ¥ u € R such that F[G](u) # 0.

Recently, Lepski and Willer [21] considered the same convolution model where the distribution
of the noise is of the form (H1). For a € [0, 1], they establish lower bounds for L,, loss functions,
p € [1, 00], over very general anisotropic Nikol’skii classes. In their paper, if an outline on how to
estimate f is suggested, no estimator is given. Therefore the upper bounds are not established.
In this paper, we study a methodology based on a fixed point method, that permits to non
parametrically estimate the density f for L, loss functions, 1 < p < oo over isotropic Besov
balls. For the fixed point procedure to work, we add some restrictions on the distribution of
the noise G, namely o € [0, 3[. The interest of the procedure is threefold. Firstly, we solve a
particular deconvolution problem without relying on the specificity of the convolution product
in the Fourier domain. Secondly, we provide a consistent estimator of the density f, that is easy
to implement numerically. Thirdly, it matches the lower bounds of Lepski and Willer [21] under
some additional constraints on «.

1.2. Estimation strategy. We have i.i.d. observations with distribution
FeG@) = [ F)GGE - i)
where v(dy) = 6(dy) + dy is a dominating measure. Formally, we introduce the convoluting
operator P
(3) P:G([R?) — G(RY)
f—P[fl=f*G=Gx*f

where G(R?) denotes the set of densities that are absolutely continuous with respect to the
Lebesgue measure on RY. If we knew analytically the inverse P~! of P, such that P~'[P] =1,
an estimator of f would be naturally

=P '[P/

where P[f] denotes any estimator of f* G build from the direct observations (Y7,...,Y;,,). Even
if we know that P~! exists, we do not have its analytic form. Here, we do not compute the
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inverse P~1, but we approximate it by a fixed point method. Consider the mapping T (see also
Duval [14])

(4) T[h] = P[f]+h - P[h], h € G(RY).

We immediately check that f is a fixed point of T. If moreover T is contractant and f belongs to
a given Banach space equipped with some norm |||| 5, applying the Banach fixed point theorem
we get limg o0 || f — T°K[R]||p = 0, for any density h and where o denotes the composition
product and T°® =T o...oT, K times. Then, a natural estimator of f is given by

—~ —

fr =T [P[f]]

for a suitable choice of the integer K > 1.

Predictably enough, to make T contractant, we need to impose some conditions on G, that
is why Assumption (H1) is introduced, with a € [0, %[ In that setting, the lower bounds of
Lepski and Willer [21] suggests that there exists an estimator converging at usual nonparametric
rate. In comparison with the deconvolution models usually studied in the literature (a = 1),
introducing a Dirac mass in the distribution of the noise GG simplifies the estimation problem.
Indeed, for u € R,

FlG](u) = (1 — @) + aFg)(u)

that no longer tends to 0 as |u| — oco. This suggests that this specific inverse problem is well-
posed and that standard deconvolution procedures based on a Fourier approach should attain
usual nonparametric rates of convergence. The introduction of a distribution G with a mass
at 0 appears naturally. Indeed, the Dirac mass § is the neutral element for the convolution
product. This is not enough to make T contractant, we work in a more constrained setting that
is 0 < a < § (see Proposition 1 hereafter). It means that the data set contains at least 50% of
direct observations.

We investigate the nonparametric estimation of the density f on any compact set D of R?,
under Assumption (H1) with oo < 1/2. We use wavelet threshold density estimators and study
their rate of convergence uniformly over isotropic Besov balls for the following L, loss function,
1<p<oo,

(5) ENF-£15 o))

where [ is an estimator of f and ||.|| L, (p) denotes L, loss over the compact set D. In the sequel
we distinguish the norm ||.[|;_(ra) from ||.[[z, () as follows

1/p

11z, ety = (/]R Farar)” wd Gl = (/R Gla)Pwd))

1.3. Link with the estimation of random sums. Assumption (H1) can be understood as
follows. If @ = 0, it means that ¥; = X; for all i € {1,...,n} and P = 1 = P71, On
the contrary, @ = 1 corresponds to the classical deconvolution model (see references above).
Finally, 1 > « > 0 means that a percents of the dataset are blurred observations of X and the
others are direct measurements, which is the case when observations are recorded with a device
that is sometimes subject to measurement errors. However, we do not know from the dataset
(Y1,...,Y,) which observation is blurred and which is not.

This assumption appears naturally when one estimates the jump density of a jump process,
e.g. a compound Poisson process or a renewal reward process, from high frequency observations.
It can be formalized as a deconvolution problem. Let Z be a jump process with stationary
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increments defined by
Ny
Zi =Y &
i=1

where N is a counting process with stationary increments and independent of (§;) which are i.i.d.
with density f. Without loss of generality one can suppose we observe n nonzero increments of
Z at the sampling rate A. The distribution of Za|Za # 0 is

P(Na = 1[Na #0)f + Y P(Na = k|Na # 0)f*
k=2

o0
— fx (]P’(NA = 1Na # 005+ > fFIP(Na = k|Na # 0)).

k=2
We recover a similar setting as the one studied above. Note that the exact form of P defined
in (3) is unknown since it depends on the counting process N and on the density f itself. A
fixed point approach has been investigated in Duval [14] (see also Duval [13] for an explicit
computation of P~1) in the particular case where the process is observed at high frequency, i.e.
A — 0. Then, it is possible to estimate f at usual nonparametric rates. The constraint on the
sampling rate A entails that nonzero increments (Zia — Z;—1)a|Zia — Zi—1ya # 0) are most
of the time realizations of f, indeed, if A is small, we have P(Nao = 1|Na # 0) & 1 — A. We
recover a condition similar to Assumption (H1).

2. ESTIMATION OF f

2.1. Preliminary on Besov spaces and wavelet thresholding. In the sequel we consider
wavelet threshold density estimators and study their performance uniformly over isotropic Besov
balls. In this paragraph we reproduce some classical results on Besov spaces, wavelet bases,
wavelet-tensor products and wavelet threshold estimators (see Cohen [6], Donoho et al. [12] or
Kerkyacharian and Picard [20]) that we use in the next sections.

Wavelets and Besov spaces. Let (1/»\) ), be a regular wavelet basis adapted to the compact set

D C R? (for a precise definition of (1)) see hereafter). The multi-index A concatenates the
spatial index and the resolution level j = |A|. Set A; := {A,|A| = j} and A = U;>_1A;, for
f:R?—[0,00) in L,(R?) we have

(6) F= > (faun,
J>—1xen;

where j = —1 incorporates the low frequency part of the decomposition and (.,) denotes the
usual Lo inner product. Let s > 0 and 7 € (0,00], a function f belongs to the Besov space
B: (D) if the norm

R wfr(f(LSJ),t)
(7) H'f”B:&'oo(D) = ||fHL7r(D) + ||f(L J)HLW(D) + HTH

is finite, where s = [s| + a, |s|] € N and a € (0, 1], w is the modulus of continuity defined by
2 hTyh
w;(f,t) = sup | D"D"[f
(f:1) \hlgtH Iz o)

Lo (D)

and D"[f](z) = f(z — h) — f(x). Equivalently we can define Besov space in term of wavelet
coefficients (see Hérdle et al. [16] or Kerkyacharian and Picard [20]), f belongs to B: (D) if

. 1/7
sup 21(8+d(1/2—1/‘n’))( Z 1/, w/\Wr) < o0,

jZ_l )\EA]‘



A NOTE ON A FIXED POINT METHOD FOR DECONVOLUTION 5

with usual modifications if 7 = co. We need additional properties on the wavelet basis (z/u) X
which are listed in the following assumption.

Assumption 1. Let p > 1, it holds that
e For some C > 1,

CT1INERD < gy in ) < O,

e For some C'>0,0 >0 and foralls <o, J >0,

(3) 1F =2 > (Fonwall,, ) < €214

F<J AEA,

B oo (D)

e Ifp>1, for some C > 1 and for any sequence of coefficients (u,\)

9) CilH %U,\wx‘ (D) < H(;\|U,\¢A|2>l/2’

e For any subset Ay C A and for some C > 1

/2
(10) Y 0l < [ (@) <0 3 Il o)

AEAq D *xeao AEAo

AEN’

< 0| X wa|
Ly(D) AEZA AP

L,(D)’

Property (8) ensures that definition (7) of Besov spaces matches the definition in terms of
linear approximation. Property (9) ensures that (wk) , is an unconditional basis of L, and (10)
is a super-concentration inequality (see Kerkyacharian and Picard [20] p.304 and p.306).

Wavelet threshold estimator. Let (¢,1) be a pair of scaling function and mother wavelet that
generate a basis (¥)),. Denote @or(.) = @(. — k), ¥jr(.) = 29/%(27. — k), the associated
translated-dilated functions. Consider the triples (j,k, A), where j € N, k = (k1,...,kq) € Z¢
and A € Sy the set of all non empty subsets of {1,...,d}. Let the functions ¢* : R — R and
Y(jk,A) R? — R defined by

d
tpk<x) = Sok(xla v 7.’1},1) = H Pok; (xz>7
i=1

Vi) (@) = Vi) @1, xa) = [ i (@) [T i (@0).

i€A i€A°

The system {apk, k € 74, Yixa» JEN, ke 74, A e Sd} is a wavelet-tensor product. If
constructed on compactly supported wavelets (¢, ), it satisfies Assumption 1 for some o > 0
(see Kerkyacharian and Picard [20] pp. 305, 306 and 314-315). To simplify notation, we write the
basis {¢i, j €N, k € A;} where A; is a set of cardinality proportional to 274 and incorporates
boundary terms that we choose not to distinguish in the notation. Then, (6) becomes

F=200" viwtin,
J>0 keA,

where ;1 = fRd Yk (z) f(x)dx. We consider classical hard threshold estimators of the form

J
FO =323 oy Yin (),

J=0k€A;

where 7/} is an estimator of v;5, J and 7 are respectively the resolution level and the threshold,
possibly depending on the data.
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2.2. Construction of the estimator. We estimate densities f which satisfy a smoothness
property in term of Besov balls

(11) G(s,m, M) = {f € GR), || fllps _(may < M},

where M is a positive constant. The fact that f is in a Besov space Bi . (R?) is used to
approximate P~! with a fixed point method. The fact that its Besov norm is bounded is used
to control the risk of the estimator over the ball G(s,m, M).

Construction of the inverse. For m > 1, the space BS__(R?) is a Banach space if equipped with
the Besov norm (7). Consider the mapping T, for which f is a fixed point, defined for h in
B; o (R?) by

(12) T[h] := P[f] + h — P[h],

where P is defined in (3). The following Proposition 1 guarantees that the definition of the
operator (12) matches the assumptions of the Banach fixed point theorem.

Proposition 1. Let 7> 1 and 0 < a < % Then, the mapping T sends elements of BS__(R%)
into itself and is a contraction. For all hy, hy € B (R?) we have

| T[ha] = Tlha]| < 2ahy — ho

Bs__(R9) Bj o (R

Proposition 1 permits to apply the Banach fixed point theorem: let 0 < o < %, we derive that
f is the unique fixed point of T and from any initial point hg in B2 (R%) we have

Hf—TOK[hoH —0 as K — oo.

B o (RY)

We choose hg = P[f] as initial point as we can construct an optimal estimator of P[f] from the
observations (Yi,...,Y,) (Lemma 1 in Section 4 ensures that P[f] is in G(s, 7, M) C B2 (R%)).

Remark 1. The restriction on « is imposed by the factor 2 in the contraction property. This
factor seems unavoidable: we control the difference of 2 singular probability measures, one ab-
solutely continuous with respect to the Lebesgue measure and the other with the Dirac mass §.
This factor 2 seems sharp and the operator T might be useless to approzimate P~' for a > %

Proposition 2. Let K > 0, it holds that
T°¥ [P[f]] = Hk[G] * P[f]

K+1
where for K > 1, Hy is given by Hx[G] = Y C i1 (=1)*'G** and we set Hy[G] = 6.
k=1

Note that G x Hx[G] = § — (§ — G)*E+1. Proposition 2 is useful from a numerical point of
view. It permits to easily compute T°¥ [P[f]], where replacing P[f] by an estimator leads to
our estimator.

Construction of an estimator of P[f]. Define the wavelet coefficients
. _1¢

(13) Vik = Z;%/ij(yi)-

Let 7> 0 and J € N\ {0}, define P the estimator of P[f] over D as

J
(14) ﬁ(x) = Z Z /’?jkﬂ{l%klzn}iﬁjk(l‘), x e D.

=0 keA,
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Definition 1. Let fK be an estimator of f defined for K in N and x in D as
(15) Jic(w) = H [G] » P(x)
where H is defined in Proposition 2.

The estimator fK may be interpreted as follows, if & = 0 then f = P[f], which can be directly
estimated, and one should have K = 0. However, if o > 0, the dataset is contaminated with
blurred observations that need to be counterbalanced by the addition of K corrections. For
instance, suppose o = n~ /4. Straightforward computations lead to

T[Pf]] =(1—n"2)f+0n/?)

whereas the direct approximation is P[f] = (1 —n~'/4)f4+O(n~'/*). Then, applying T permits
to approximate f more rapidly than the crude approximation of P[f].

2.3. Convergence rates and discussion.

Theorem 1. We work under Assumption 1. Letp > 7> 1,0 > s> 1/7 and P be the threshold
wavelet estimator of P[f] on D defined in (14). Take J such that 279n='log (n'/?) < 1 and

n=rn"2,/log (n'/2), for some k> 0.
(1) The estimator P of P[f] satisfies for sufficiently large k > 0

g E[|P - P p 1/p<C _5(S,p,ﬂ)7
P[f}ebglgw,M)( [H [f]HLP(D)D <Cn

up to logarithmic factors in n, where

(16) o(s,p,m) = min{

s s+d/p—d/m }
2s+d’ 2(s+d/2—d/m)
and C depends on s,m,p, M,v. An explicit bound for k is given in Lemma 3.

(2) Suppose moreover that Assumption (H1) holds. The estimator fx for K € N defined in
(15) satisfies for sufficiently large k > 0

7 1 —o(s T
sup (E[”fK - inp(D)]) /e < max <2Kn 3(s,p, )7 (205)K+1M>,
feg(s,m,M)

up to logarithmic factors in n, where C depends on s,m,p, M, 1.

Proof of Theorem 1 is postponed to Section 4. Note that the estimator fK with J and 7 chosen
as in Theorem 1 is adaptive, recall that K is chosen by the practitioner. This upper bound is
easy to interpret. The estimator cannot perform well if P~! is poorly approximated by T°K | it
leads to the deterministic loss (2a)%*!. It also cannot perform better than the estimator P of
P[f], which imposes the random error n=9(2™) this is optimal. However, there is an additional
constant in 2%, that may not be negligible. It is due to the form of the estimator that may be

rewritten:
K+1

(@) =Y Chr ()F1 G« P(a),
k=1

Ideally, we should take K such that the deterministic error is negligible compared to the
random error and would realize the tradeoff 2Kn=0(5P™) = (2a)K+1, As §(s,p, ) is unknown,
we use that d(s,p,m) < %, which leads to the adaptive choice K*, the smallest integer such that

n=3 > 2.oK+!

1 log(n)
17 K= |- —1/.
(17) [2 log (é) —‘
We have K* := K*(«) that is increasing with a.
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However, this choice of K*, if it gives a consistent procedure, may not attain minimax rates
of convergence. Indeed, the resulting rate is 25 n=0(s:7) (up to logarithmic terms in n). If
K* gets too large, 2 deteriorates the rate of convergence. The question may be reformulated
as follows, how large can a be for the procedure to be rate optimal i.e. such that 25 entails
at most a logarithmic loss in n. If K = O(log(log(n))) then o} the maximum « for which the
procedure attains the minimax rate is

log(n) )
2log(log(n))/

Note that o), — 0 as n — oo. But, in the cases where a := a,, < a;, ]?K* is rate optimal and
converges at usual nonparametric rate, up to a logarithmic loss. It matches the lower bound of
Lepski and Willer [21]. Nonetheless, the aim of the present note is not to solve this particular
problem, but to stress that it is possible to solve a deconvolution problem without relying on a
Fourier argument and underline the fact that fixed point approaches are possible tools to solve
inverse problems.

) = exp (—

3. NUMERICAL STUDY

In this Section we illustrate, in the univariate setting, how the method performs on simu-
lated data and examine in particular its behavior when K increases and « is varying. We
also compare its performances with an oracle: the wavelet estimator we would compute in the
idealized framework where direct observations (X;,1 <14 < n) are available.

Wavelet estimators are based on the evaluation of the first wavelet coefficients. To perform
those we use Symlets 16 wavelet functions, that are compactly supported and satisfy Assumption
1. Moreover we transform the data in an equispaced signal on a grid of length 2* with L = 8.
It is the binning procedure (see Hardle et al. [16] Chap. 12). The threshold and the resolution
level are chosen as in Theorem 1. The parameter k is taken equal to 1. The estimators we
compute take the form of a vector giving the estimated values of the density f on the uniform
grid [a,b] with mesh 0.01, where a and b are adapted to the estimated density f. We use the
wavelet toolbox of Matlab. To compute fK for K > 1, we compute (G** x 13, 1<k<K-1)
with the function conv of Matlab.

Figure 1 represents the estimation procedure for different values of K € {0,1,2}, a = 0.25, ¢
a Gaussian density with mean 3 and variance 0.5 and f being the following mixture:

0.2V (=2,1) + 0.8N(2,1)

All the estimators are evaluated on the same trajectory. They all manage to reproduce the
shape of the density f but fo and fl are biased. Increasing K permits to reduce this bias. Even
though the optimal choice for K given by (17) is 4, it seems that with K = 2 we already have
a good estimation of the mixture.

Evaluation of Lo risks confirms the former graphical observation. We approximate the Lo
errors by Monte Carlo. For that we compute M = 1000 times each estimator, for each iteration,
the estimators (fK)Kzo are computed on the same dataset (Y;,1 < j < n) and the oracle on
the direct observations (X;,1 < i < n) used to computed the values (Y;,1 < j <n). The results
are reproduced in Tables 1, 2 and 3.

In Table 2 we observe that the procedure is meaningful, regardless the density g. The Lo
risks decrease with K, until K gets larger that K* defined in (17), afterwards, they get stable.
Also it appears that the most significant gains in the risk come from the first iterations of the
fixed point method (K € {1,2}) and that the gain is less important then. In Table 3 we see
that even for large values of a the procedure works. In both Tables, even the risks associated to
fK* are larger than the oracle ones, even for large values of n. It can be explained by the fact
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FIGURE 1. Estimators of the density f (plain black) for n = 10% and o = 0.25:
fo (dotted black), fi (dotted dark grey) and f (dashed light grey).

that the minimax rate can be attained only for values of « that are close to 0. Indeed for the
values of o and n of Table 3, we have 25 of " *1 = 0.1 which is the limiting term in the rate
according to Theorem 1. If we take o small enough such that the associated K is smaller than
log(log(n)) as in Table 1 where o = 0.03, we observe that our procedure attain the oracle rate,
that is minimax. Numerical results are consistent with the theoretical results of Theorem 1.

g n (K*) Oracle fo fi f2 /3

10* | 029x107° | 0.83 x 10> | 0.66 x 1073 | 0.66 x 10~% | 0.66 x 10~

(1) (0.20 x 107®) | (0.35 x 107®) | (0.31 x 107%) | (0.31 x 1073) | (0.31 x 107%)

N(2,2) 10° [ 0.07x1073 | 0.19 x 1073 [ 0.04 x 103 | 0.04 x 10=3 | 0.04 x 1073
(1) (0.29 x 107%) | (0.35 x 107%) | (0.21 x 10™%) | (0.21 x 10™%) | (0.21 x 107%)

108 [ 0.29x1072 [ 030 x 1073 [ 0.24 x 1073 | 0.24 x 1072 | 0.24 x 1073

(1) (0.20 x 107%) | (0.17 x 1073) | (0.17 x 1072) | (0.17 x 1073) | (0.17 x 1073)

U(-1,3)) [ 10° [ 0.07x10° | 0.15x 10~ ° | 0.09 x 103 | 0.09 x 10—° | 0.09 x 10>
(1) (0.28 x 107%) | (0.44 x 107%) | (0.41 x 107*) | (0.41 x 10™*) | (0.41 x 10™%)

TABLE 1. Mean of the La-risks for different values of K and the oracle estimator; standard

deviation in parenthesis. In this case, f is A(1,1), @ = 0.03 and D =

the loss of the estimator fi», where K* is chosen as in (17).

4. PROOFS

[—3,4].

In bold it is

In the sequel C' denotes a constant which may vary from line to line. Its dependency in other
constants are sometimes given in subscripts.

4.1. Preliminary. We establish a technical lemma, which states that regularity assumptions

on f transfer to P[f].
Lemma 1. If f belongs to G(s,m, M) then,

P[f] also belongs to G(s, 7, M).
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g n (K~) Oracle fo f1 f2 /3
10 ] 0.28x 1072 | 2.62 x 107° | 1.06 x 10~2 | 1.00 x 102 | 1.00 x 10~
(1) (0.19 x 107%) | (0.58 x 1072) | (0.44 x 1073) | (0.42 x 107%) | (0.42 x 107%)
N(2,2) 10° [0.07x1073 | 1.77x 1073 [ 0.32x 1073 [ 0.27x 10 3 | 0.27 x 1073
(2) (0.03 x 107%) | (0.11 x 1073) | (0.05 x 107%) | (0.05 x 107%) | (0.05 x 10™%)
100 [ 0.29x 1073 [ 1.09 x 1072 [ 0.54 x 10~ | 0.53 x 102 | 0.53 x 10~2
(1) (0.20 x 107%) | (0.27 x 1073) | (0.24 x 1073) | (0.24 x 107%) | (0.24 x 107%)
U([-1,3])) [ 10° [ 0.07x107° [ 0.93x 107° | 040 x 10> [ 0.38 x 103 | 0.38 x 10— °
(2) (0.28 x 107%) | (0.88 x 107*) | (0.67 x 107%) | (0.67 x 107*) | (0.67 x 10™%)
107 [ 028x1073 | 1.87 x 1073 [ 0.97 x 1073 | 0.94 x 1073 | 0.94 x 1073
(1) | (0.19 x107%) | (0.67 x 107®) | (0.58 x 107®) | (0.57 x 1073) | (0.57 x 1073)
£(2) 10° [ 0.07x1073 | 1.34x 1072 [ 052 x 1073 [ 049 x 10 3 | 0.49 x 1073
(2) (0.03 x 1073) | (0.15 x 1073) | (0.13 x 1073) | (0.13 x 107%) | (0.13 x 107%)
TABLE 2. Mean of the La-risks for different values of K and the oracle estimator; standard
deviation in parenthesAis, In this case, f is N(1,1), a = 0.1 and D = [—3,4]. In bold it is the
loss of the estimator fx+, where K* is chosen as in (17).
g n (K*) Oracle fo f1 f2 JK*
N(2,2) 10° | 0.07x 1073 [ 2.78 x 1072 | 1.07 x 1072 | 0.72 x 1072 | 0.61 x 10~ 2
(6) (0.03 x 1073) | (0.67 x 107%) | (0.60 x 1073) | (0.53 x 1073) | (0.52 x 10™3)
U[-1,3]) | 10° [ 0.07x1073 | 1.34x 1072 | 0.76 x 1072 | 0.67 x 1072 | 0.65 x 10~ 2
(6) (0.28 x 107%) | (0.34 x 1073) | (0.33 x 1073) | (0.32 x 1073) | (0.32 x 1073%)

TABLE 3. Mean of the La-risks for different values of K and the oracle estimator; standard
deviation in parenthesis. In this case, f is N'(1,1), a = 0.4 and D = [—3,4]. In bold it is the
loss of the estimator fx=, where K* is chosen as in (17).

Proof of Lemma 1. It is straightforward to derive HP[f]

is a consequence of the following result: Let f € B

(18)

1f * gl

&) <]

HLl(V) =

Bs. )19l L, (a)-

1. The remainder of the proof
(RY) and g € L;(R?) we have

To prove (18) we use the definition of the Besov norm (7); the result is a consequence of Young’s
inequality and elementary properties of the convolution product. First, Young’s inequality gives

(19)

If*gllc,®ay < IfllL, @sllgllL, ®a)-

Second, the differentiation property of the convolution product leads for n > 1 to

(20) H dm”

Lo(RY) H(dm” )*g‘

<|
L.(R) — lldx™

d'll

Finally, translation invariance of the convolution product gives

(21) |

Inequality (18) is then obtained by bounding || f % g||zs__

D"D"[(f » g)

) ey = 1€

D}LD}L [f(n)])

Lx(R?)

complete the proof of Lemma 1, using the triangle inequality and (18)

IPLf]]

Bs Rd) = HG*f|

B . (R4)

where v and ¢ are defined in (H1). The proof is now complete.

L <71

911z, (re)-

*gHL.,r(]R) < HDhDh[f(n)}HLﬂ(Rd)Hg”Ll(Rd)'

(re) using (19), (20) and (21). We now

By (&e) = M,
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4.2. Proof of Proposition 1. We show that T is a contraction that sends elements of BS __(R?)
into B2 (R%). We have for all hy, hy € B2 (R%)

T[h1] — Tlha] =h1 — ha — G x (h1 — h2) = a(hy — h2) — ag* (h1 — ha).
It follows from Young’s inequality and assumption (H1) that

HT[hl] - T[hQH Bs_ (RY) < QOCth - h2|

Bs o (RY)

Finally, let h € B2__ (R9). The last assertion together with the fact that the null function is in
B2 (RY) and Lemma 1 lead to

T[]

< ||T[o]|
<||PLf]|

B (may T | T[A] — T[0]|
py +2aA]

Bs o (RY) B; o (RY)

B Bioo(RY) < OO

The proof is now complete.

4.3. Proof of Proposition 2. A proof by induction readily gives the result. It holds for K =1,
assuming the result at rank K we have

TFHP[f]] = T[T [P[f]]] = P[f] + Hk[G] x P[f] - G x Hk[G] x P[f]
— (6 + Hk[G)] - G » Hk[G]) « P[f].

Then, G*(§+Hg[G]—G+rHk[G]) =G+ G+Hg[G] — G+ G+ Hg[G]
=G+6—(6-G)ET —Gx(6—(6—G)*EH
=0-0-G)*x(6-G)EH =5 - (6 —G)KET2,

which concludes the proof.

4.4. Proof of Theorem 1.

Proof of part 1) of Theorem 1. To prove part 1) of Theorem 1 we apply the general results of
Kerkyacharian and Picard [20]. For that we state some technical lemmas whose proof is based
on classical Rosenthal’s and Bernstein’s inequalities.

Lemma 2. Let 27% < n, then for p > 1 we have
E[|7x — vik|"] < Cn=?/2,
where C' depends on p, ||¥[|L,we), M and 7;y is defined in (13) and
(22 = [P,
Proof of Lemma 2. The result is obtained applying Rosenthal’s inequality: let p > 1 and let

(Ur,...,U,) be centered independent real random variables such that E[|Ui|p] < 00. Then
there exists C, such that

(23) EU;U "] < op{iﬁuwp] n (gﬁuvﬂ)p/z}-

Set Z; = ;,(Y;), for p > 1 we have by convex inequality

E[|Z: - E[Z]|"] < 2’E[|Z,]"] < 2232 /R @y = B)PP(f)()dy

=200 [ )P e - R)dy
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where we made the substitution z = 27y — k. Lemma 1 and Sobolev embeddings (see [6, 12, 16])
(24) Bi, = B, and B < B

[ee]e oh)

where p > m, st > 1 and s’ =s—1/7 + 1/p, give HP[f]HOO < M. It follows that

]EHZ,L . E[Zl”p} g 2p2jd(p/2_1)||1/]||1[),p(]Rd)M

and E[|Z; — ]E[Z,»]ﬁ < M since [|9]|1,®ay = 1. Rosenthal’s inequality (23) gives for p > 1
jid, 2_
2

E[|7r — vx|"] < Cp{2p(%)

Finally, since 27¢ < n

. 21 p

I gy M + MP }n 3.
~ p —p/2

E[[3jk = vt]"] < Cpiul, aynen "%,

This completes the proof. O

Lemma 3. Choose j and c such that
299 log(n'/?) < 1 and ¢ > 8(M+ %)
For all r > 1, let k. = cr. We have
IP’(ij = Yik| = %"_1/2\/1%(7/2)) <n7"2,
where 7,1, is defined in (13) and v, in (22).
Un

Proof of Lemma 3. The proof is obtained with Bernstein’s inequality. Consider Uy, ...,
2 _
n

centered, bounded and independent real random variables such that |U;| < S and set s
> E[U?]. Then for any A > 0,
/\2
> )\) < 2exp(— 7)

(25) P(‘;Ui Ry

We keep notation Z; introduced in the proof of Lemma 2, 7, — 7k is a sum of centered and

identically distributed random variables bounded by 2/¢/2||4)||o such that E[|Z; —~E[Z;] |2] < M,
It follows from (25)

P(l%’k =ikl > %n_l/gx/log(nl/z)) = P(’ izi - E(Z)
=1

Y K2 log(n!/2)
X — .
= e 292072 fiog (172 [ oo
8(M + . )

SLNTN )

Using that 2790~ log(n'/?) < 1 we have

C27“

K
Pk — 3wl = En 12 flog(n1/2)) < 2exp ( -
=z = Erll¥]loo
9 8(M+ H3H )

)
¢l ¥llo
3

Proof of of part 1) of Theorem 1. It is a consequence of Lemma 1, 2, 3 and of the general theory
of wavelet threshold estimators of Kerkyacharian and Picard [20]. Let J, such that 27 =
n(log(n))~t. Conditions (5.1) and (5.2) of Theorem 5.1 of [20], are satisfied ~Lemma 2 and
3— with ¢(n) = n=Y2,/log(n) and A,, = ¢(n)~! (with the notation of [20]), we can now apply
Theorem 5.1, its Corollary 5.1 and Theorem 6.1 of [20] to obtain the result. O

if ¢2 > S(M + ) and r > 1. The proof is complete. O
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Completion of the proof of Theorem 1. We decompose the L, loss as follows, using notation of
Proposition 2 and Definition 1

(26) (E[IFx — 1%, )))* <(E[|Fx ~ Hx[G*PUIIL 1)])7 + [H&G*PUI = I, )

An upper bound for the first term is given by part 1) of Theorem 1, the triangle inequality and
Young’s inequality

E[||fx — Hx[G = PIAIIY )] = E[|[Hk[G]* (P =PI}, )]
(27) < QKPEWP _ P[f]HII),p(D)] < C«QK;Dn—zS(s,p,‘rr)P7
where C' depends on s, m,p, M, p, .
To bound the second term in (26) we use the fixed point theorem’s approximation. First we
have to relate the L, norm with the Besov norm. The triangle inequality and Lemma 1 ensure

that if f is in G(s, 7, M) then Hg[G] x P[f] — f is in G(s, 7, M). It follows from the definition
of the Besov norm that

| lG) < PL) — £,y < [HKICI# L~ ]
We now use the approximation given by the Banach fixed point theorem
|Hk[G]*P[f] — f| (20) || H1[G] * P[f] — P[f]]

After replacing H;[G] * P[f] by its expression, using Lemma 1, the triangle inequality and
Young’s inequality we have

B o (R4)*

By (RY) S B:  (R)’

[HL[G] » P[f] - P[f]|

By ) < 2000,

which leads to
(28) HHK[G]*P[f] _fHLp(D) < (2a)K+1M‘

We conclude by injecting (27), (28) into (26). The proof of Theorem 1 is now complete.
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