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CHARACTERIZATION OF A CLASS OF WEAK
TRANSPORT-ENTROPY INEQUALITIES ON THE LINE

NATHAEL GOZLAN, CYRIL ROBERTO, PAUL-MARIE SAMSON, YAN SHU, PRASAD TETALI

ABSTRACT. We study an optimal weak transport cost related to the notion of convex
order between probability measures. On the real line, we show that this weak transport
cost is reached for a coupling that does not depend on the underlying cost function. As
an application, we give a necessary and sufficient condition for weak transport-entropy
inequalities in dimension one. In particular, we obtain a weak transport-entropy form of
the convex Poincaré inequality in dimension one.

1. INTRODUCTION

In all the paper, P(R) denotes the set of Borel probability measures in R and P; (R)
the subset of probability measures having a finite first moment.

Let 8 : RY — R be a measurable function; the usual optimal transport cost in the
sense of Kantorovich between two probability measures p and v on R is defined by

To(wsso) = inf [[ 0(1a — yl) w(dady).

where the infimum runs over the set of couplings m between p and v, i.e. probability
measures on R? such that 7(dz x R) = p(dz) and (R x dy) = v(dy).

Since the works by Marton [23, 24, 25] and Talagrand [31], these transport costs have
been extensively used as a tool to reach concentration properties for measures on product
spaces. More precisely, optimal transport is related to the concentration of measure phe-
nomenon via the so-called transport-entropy inequalities that we now recall. A probability
measure 4 on R is said to satisfy the transport-entropy inequality T(0), if

(1) To(v,p) <H(v|p), Vv eP(R),
where H(v|u) denotes the relative entropy (also called Kullback-Leibler distance) of v with

respect to p, defined by
dv
H = /1 — ) d
(vp) / 0g (du) 2

if v is absolutely continuous with respect to u, and H(v|u) = oo otherwise. Here we
focus on the one dimensional case, but these definitions easily generalizes to probability
measures on general metric space. As a special case, if Inequality (1) holds for a cost
function of the form (x) = 22/C for some C > 0, one says that u satisfies the inequality
T2 (C) (also often referred to as “Talagrand’s inequality” in the literature). This inequality
is for instance satisfied with constant C' = 2 by the standard Gaussian measure as proved
in [31]. We refer to the books or survey [21, 16, 32, 8] for a complete presentation of
transport-entropy inequalities as well as for bibliographic references on the field, but let
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us shortly discuss in the next few lines the consequences in terms of concentration of this
type of inequalities in the special case of the inequality Ts.

As discovered by Marton and Talagrand, when a probability p satisfies To(C'), then for
all positive integer n, and all function f : R™ — R which is 1-Lipschitz with respect to the
Euclidean norm on R"”, it holds

(2) P (f > med(f) +1t) < e (1=10)?/C Vi > t, :=4/Clog(2),

where med( f) denotes the median of f under p". We refer to [21, &] for a presentation of the
numerous applications of this type of dimension free concentration of measure inequalities.
Conversely, it was shown by the first named author in [14] that a probability p satisfying
(2) necessarily satisfies To(C'), thus giving to this inequality Ty a special status among
other functional inequalities appering in the concentration of measure literature. The key
argument explaining why Talagrand’s inequality implies this dimension-free concentration
behavior, is a well known tensorisation property enjoyed by inequalities of the form T(6)
(explained in full generality in [16]) that shows in particular that if u satisfies To(C'), then
the product measure p ® - -+ ® p also satisfies To (on R™) with the same constant C.

More generally, given a measure on a product space (which is not necessarily a prod-
uct measure), and assuming that each of its conditional one-dimensional marginals sat-
isfies a transport-entropy inequality, several authors have obtained, using different non-
independent tensorisation strategies, transport-entropy inequalities for the whole measure
under weak dependence assumptions (see for instance [11, 26, 33]). Then, the transport-
entropy inequality for the whole measure leads again to concentration properties using the
same classical arguments as in the product case. The problem is thus reduced to verify
one dimensional transport-entropy inequalities and therefore, it is of a real interest to
characterize the probability measures p on R satisfying T(6) for a general cost function 6.

In this direction, the first named author has obtained in [15] necessary and sufficient
conditions for the transport-entropy T(#) to hold, when the cost function 6 : RT — R™
is continuous, convex and quadratic near 0. Let F), denote the cumulative distribution
function of a probability measure p defined by

Fu(x) := p(—o0,x], Vz € R,
and F)- I denote its general inverse defined by

Fu_l(u) = inf{zx € R, F)(z) > u} € RU{£o0}, Vu € [0, 1].

With these notations, the conditions obtained in [15] are expressed in terms of the behavior
of the modulus of continuity of the non-decreasing map U,, defined by

Up:=F, Lo F,
where 7 is the symmetric exponential distribution on R:
L —lal
7(dx) = 3¢ dx.

This map, which can also be expressed as follows

Fit(1=de k) itz >0
UH(:U) = 1 —|z| .
F (e ) ifz<0

is the unique left-continuous and non-decreasing map transporting 7 on u. In the spe-
cial case of the inequality Ty, the characterization of [15] reads as follows: a probability
measure p satisfies To(C') for some C' if and only if U, satisfies the condition

1
sup(Uy(z +u) — Uy(z)) < E\/l + u, Yu >0
zeR
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for some constant b > 0 and p satisfies Poincaré inequality
3) Var, () < ¢ [ () d

for some constant ¢ > 0, for all function f of class C! on R. We refer to [15] for a precise
quantitative relation between C. b, c.

In the present paper, partly following [15], we focus on the study of a new weak
transport-entropy inequality introduced in [18] that is related to a weaker type of dimension-
free concentration. More precisely, in dimension one, we consider the weak optimal trans-
port cost of v with respect to u defined by

To(v|p) = ir;f/H ( T — /yp(%dy)D p(dx)

where the infimum runs over all couplings 7 (dzdy) = p(z, dy)u(dx) of p and v, and where
p(z, -) denotes the disintegration kernel of m with respect to its first marginal. Note that,
in terms of random variables, one has the following interpretation

To(vlu) = inf E (6(X — E(Y|X)])).

whereas
Tolv.u) = f E (0(X - Y1),
where in both cases the infimum runs over all random variables X,Y such that X follows

the law p and Y the law v. As a consequence, when 6 is convex, by Jensen inequality, one
has

T-G(V‘/’L) < 7-€(V7 M)
Therefore, if a measure p satisfies T(6) then it also satisfies the following weaker transport-
entropy inequalities.

Definition 1.1. Let # : R™ — R be a convex cost function. A probability measure p on
R is said to satisfy the transport-entropy inequality

TH(6) : if for all v € Py(R), it holds

To(vln) < H(v|p);
T () : if for all v € Py(R), it holds

To(ulv) < H(v|p);
T(6) : if pu satisfies T (6) and T (6).

In Section 4, we recall a dual formulation of these weak transport inequalities in terms
of infimum convolution operators. In particular, the inequality T(#) appears as the dual
formulation of the so-called convex (7)-property first introduced by Maurey [27] and de-
veloped in [29].

These weak transport-entropy inequalities are of particular interest since the class of
measures satisfying such inequalities also includes discrete measures on R, for examples,
Bernoulli, binomial and Poisson measures [18, 29]. In comparison, the classical Tala-
grand’s transport inequality is never satisfied by a discrete probability measure (unless
it is a Dirac). Indeed, as mentioned above, the Poincaré inequality is a consequence of
Talagrand’s transport inequality that forces the support of i to be connected. Moreover
these weak transport-entropy inequalities also enjoy a nice tensorisation property (see [18,
Theorem 4.11]) that connects them to a special dimension-free concentration behavior.
For instance, as shown in [18, Corollary 5.11], a probability measure y satisfies To(C) (i.e.
T(0) with §(x) = 22/C, x € R) if and only if, for all positive integer n,

pP(f > med(f) +1) < e TR >,
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for all conver and all concave function f : R™ — R which is 1-Lipsvchitz for the Euclidean
norm on R", where t,,C’ > 0 are constants related to C (see [18] for a precise and more
general statement).

The main result of the paper is the following characterization of the transport inequal-
ities T(6) associated to convex cost functions # which are quadratic near 0.

Theorem 1.2. Let u € P1(R) and 6 : RT — RT be a convexr cost function such that
O(t) = t2 for all t < t,, for some t, > 0. The following propositions are equivalent:

i) There exists a > 0 such that p satisfies T(0(a-)).
i) There exists b such that for all uw > 0,

sup (U + ) = ) < 507 (u+ £3)

Moreover, constants are related as follows : i) implies ii) with b = aky and ii) implies i),
with a = bkg, where k1 and ko are two constants depending only on 6. More precisely,

to
80~1(log(3) +t2)’

R1 =

and

1 . < to .max((cx/f)/to;l)>.

Ko = — min ;
) 0-1(2+12)" 2VKO-1(1 +12)

In comparison with the characterization of the inequalities T(6) given in [15], one sees
that only the condition on the modulus of continuity of U, remains. Nevertheless, as we
shall explain below, Poincaré inequality has not completely disapeared from the picture.
Denoting by A, the modulus of continuity of U, defined by

Ay(h) =sup{U,(z +u) —Uy(z),z e R,OSu<h}, h=>0,
the condition i) asserts that

1 -
Au(h) < 70 Yh+2).
Therefore A, is bounded around zero but does not necessarily go to zero as h goes to zero.
Actually if the measure p is discrete and not a Dirac measure, the support of p is not
connected and there exist a < b with a and b in the support of u such that u(]a,b[) = 0.

In that case, we may easily check that for all A > 0,
b—a < Ayuh).

This shows that in a discrete setting limp_,o A, (h) > 0.

The proof of Theorem 1.2, given in Section 6, is based on some new results of inde-
pendent interest. To introduce them and for a better understanding of the paper, let us
briefly give the main ideas of this proof. As in the paper [15], the weak transport-entropy
inequality i) follows from condition i) by decomposition of the weak optimal cost into
two parts. One part is related to the quadratic behavior of 6 on [0,%,], the other part is
related to its behavior for t > t,: one has 6 < 0 + 69 with

01(t) = t21[0,to] (t) + (2tt, — tg)l[to,+oo)(t)7
and
0a(t) = [0(8) — 2]4 = (1) — )1, 1oop(t),  LER.
Therefore,

To@ (V1) < Ty )46s(a-) (V[1),
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and we need to bound the right-hand side by the relative entropy to get a weak transport-
entropy inequality. Obviously, the optimal weak cost on the right-hand side is lower-
bounded by the sum of the weak costs, related to #; and 65, but what we need is the
reversed inequality. Fortunately, in dimension one, equality holds:

(4) To1(a 1405y V1) = Toya )W) + Toyay (vIm).-

We obtain this equality by showing that the two optimal weak transport costs 'T‘ng H(lw)
and Ty, (a-)(¥|1) are achieved by the same coupling. This result is well known for classical
transport cost 7y related to a convex cost function 6 in dimension one. Namely, in the
case where v has no atom (for simplicity), the map

—1
T, . :FM oF,

is the only one non-decreasing and left-continuous function that pushes forward v onto u,

that is to say
/fdu:/foTy,udy.

Moreover, it follows from the works by Hoeffding, Fréchet and Dall’Aglio [10, 13, 20], that
this map achieves the optimal transport of v onto p independently of the convex cost
functions 6 (see also [9]). In other words, it holds

Tolpv) = [ 0(e =T, (@) vida),

Actually, the expected equality (4) follows by combining this well known one dimensional
statement with our following second main result.

Theorem 1.3. Let p,v € P1(R) ; there exists a probability measure 4 dominated by v in
the convex order, 4 =< v, such that for all convex cost function 0 it holds

To(vlu) = To(%, 1)

We recall that v < vo means that [ fdv; < [ fdus for all convex functions f: R — R.
As we shall see during the paper, this notion of convex ordering, characterized by Strassen
[30] in terms of martingales, is really crucial for the understanding of the weak transport
costs Tg. In Section 2, we recall certain classical properties of the convex order and in
particular its geometrical meaning (in discrete setting) given by Rado’s theorem [28] (see
Theorem 2.8). From this geometrical interpretation, we obtain an intermediate outcome,
Theorem 2.9, that can be interpreted as the discrete version of Theorem 1.3. Then, the
proof of Theorem 1.3, given in Section 3, follows by discrete approximation arguments.

Let us come back to the main ideas of the proof of Theorem 1.2. The weak transport-
entropy equality i) follows from condition i) as follows; using equality (4), we get that

Toa-) W) < Toy(a ) WI1) + Top(a-) (V) < 2H(v|p),

for a good choice of the constant a, by relating the condition i), either to a weak transport-
entropy inequality with the cost function fa(a-), either to a weak transport-entropy in-
equality with the cost function 6;(a-).

More precisely, adapting a preceding result by the first named author [15, Theorem
2.2], one shows in Theorem 6.1 that condition i) characterizes the weak transport-entropy
T(02(a-)). Secondly, let us first observe that condition i) implies that there exists h > 0
such that

SL;p (Uu(z +1) = Up(z)) < h.

In their paper [5], Bobkov and Gé&tze have shown that this weaker condition is equivalent
to the Poincaré inequality (3) restricted to convex functions. In our last main result, we
complete the picture by showing that this condition also characterizes measures satisfying
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a weak transport-entropy inequality with a cost function which is quadratic near zero and
then linear, like 61 (a ).

Theorem 1.4. Let p be a probability measure on R, then the following assertions are
equivalent:

(a) There exists h > 0 such that

itelg[Uu(x +1) = U,(x)] < h.

(b) There exists C > 0 such that for all convex function f on R, u satisfies

Var,(f) < C/]Rf’2 dpu.
c) There exist D,l, > 0 such that the probability i satisfies the transport inequalities
7
Taluly) < HWlp), Vv ePL(R),

and
Tolvlp) < H(vlp),  YvePi(R),

for the function o defined by

2
_J 35 if lu| < 1,D
a(u) { lolu| —2D/2  if [u| > I,D

Moreover the constants are related as follows:

(a) = (¢) with D = 2Kh? and l, = c/h,
a) = (b) with C = K'h?,

(
(b) = (a) with h = K”\/_
(c) = (b) with C = D,

where ¢, K, K' and K" are absolute constants.

We indicate that during the preparation of this work, we learned that this characteriza-
tion of the convex Poincaré inequality in terms of transport-entropy inequality (actually
in terms of their equivalent convex (7) Property formulation) has also been obtained by
Feldheim, Marsiglietti, Nayar and Wang in their recent paper [12].

The proof of Theorem 1.4 is given in Section 5. It uses results of independent interest
like a new discrete logarithmic Sobolev inequality for the exponential measure 7 (see
Theorem 5.1). By transportation technics, this logarithmic-Sobolev inequality provides
logarithmic-Sobolev inequalities restricted to the class of convex or concave functions for
measures satisfying the condition (a) (see Corollary 5.2). Then the weak transport-entropy
inequalities of Item (c¢) are obtained in their dual forms, involving infimum convolution
operators (see Lemma 4.1). The method to derive transport-entropy inequalities from
logarithmic-Sobolev inequalities is based on classical arguments involving the infimum
convolution operator as a solution of the Hamilton-Jacobi equation. This approach is due
to [4] and has been also generalized in [17, 18]. Finally, in the Appendix, we present a
new discrete Hardy-type of inequality in Lemma 6.2. This is a useful tool to reach the
discrete logarithmic Sobolev inequality for the exponential measure 7. Let us observe that
this Lemma could also be used to recover differently the characterization by Bobkov and
Gotze, of the Poincaré inequality restricted to convex functions.

Acknowledgment: The authors would like to thank Greg Blekherman for discussions
on the geometric aspects in Section 2.2, including his help with the proof of Theorem 2.9.
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2. CONVEX ORDERING AND A MAJORIZATION LEMMA

2.1. A reminder on convex ordering and Strassen’s theorem. We recall here some
basic facts about convex ordering of probability measures and majorization of vectors. We
refer to [22] and [19] for further results and bibliographic references.

Definition 2.1. Let v1,v5 in P1(R) ; we say that vo dominates 14 in the convex order if

for all convex functions f on R,
/ fdl/1 < / fdl/g.
R R

Let us remark that for probability measures belonging to P;(R) the integral of convex
functions always makes sense in R U {4o00}.

In this case we write ] < .

Convex ordering of probability measures can be determined by testing only some re-
stricted classes of convex functions as the following proposition indicates.

Proposition 2.2. Let v1,v5 € P1(R) ; the following are equivalent:

(1) 141 j V2,
(2) [xv1(dz) = [xve(dx) and for all Lipschitz and non-decreasing and non-negative
convex function f:R — RT,

[ f@n) < [ @) va(do).
(3) [xvi(dz) = [zva(dx) and for all t € R,

/[3: ], 1 (dz) < /[x — 1]y vo(da).

For the reader’s convenience we sketch the proof of this classical result. We refer to [22]
for more details.

Sketch of proof. Let us show that (1) is equivalent to (2). First of all, since the functions
x +— z and x — —z are convex, it is clear that v; < vy implies that [z vy (dz) = [ xva(dx)
and so (1) implies (2). Conversely, since the graph of a convex function always lies above
its tangent, subtracting an affine function if necessary, it is clear that one can restrict
to non-negative convex functions. Moreover, if f : R — R is a convex function, then
the function f, defined by f, = f on [-n,n], fo(x) = fu(n) + fl(n)(x —n) if 2 > n
and fn(z) = fau(—n) + fl(—n)(z + n) if @ < —n (where f] denotes for instance the
right derivative of f) is Lipschitz and converges monotonically to f as n goes to infinity.
The monotone convergence theorem then shows that one can further restrict to Lipschitz
convex functions. Finally, up to the subtraction of an affine map, any Lipschitz convex
function is non-decreasing.

It is not difficult to check that any convex non-decreasing Lipschitz function f : R — RT
can be approached by a non-increasing sequence of functions of the form ag+ > i iz —
ti]+, with o; > 0 and ¢; € R. This shows that (2) and (3) are equivalent. O

Let us also recall a classical result of Strassen [30] characterizing the convex ordering
in terms of martingales.

Theorem 2.3. Let vq,v5 € P1(R) ; the following are equivalent

(1) vi 21y
(2) There exists a martingale (X,Y') such that X has law vy and Y has law vs.
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We refer to [18] for a proof of Theorem 2.3 involving Kantorovich duality for transport
costs of the form 7.

Convex ordering is closely related to the notion of majorization which is recalled in the
following definition.

Definition 2.4. Let a,b € R™ ; one says that a is majorized by b, if the sum of the largest
j components of a is less than or equal to the corresponding sum of b, for every j, and if
the total sum of each vector is equal.

Thus, assuming that the components of a and b are in increasing order, a is majorized
by b, if
an+an—1+"'+an—j+1 < bn+bn—1+"'+bn—j+1a 1 SJ <n,
and Y1 a; = >0 b
The following proposition recalls the link between majorization and convex ordering.
Proposition 2.5. Let a,b € R™ and denote by vy = %2?21 0, and vp = %2?21 Op,; the
following are equivalent

(1) a is majorized by b,
(2) v1 is dominated by vy for the convex order. In other words, for every convex
f:R =R, it holds that Y7 f(a;) < >iy f(b;).

In the sequel we will also denote a < b if a is majorized by b.

Proof. Let us show that (1) implies (2). We assume without loss of generality that the
components of a and b are sorted in increasing order. Let us show that for all ¢ € R,
Yok—tlar —tly = >h_p, (ap — 1) < Dp_q[bx — t]4. The case t > maxay, is clearly true.
Take t < maxay and let k, be the smallest k such that a; > t. Then it holds

iak—t iak—t Zbk—t ibk—t

k=ko k=ko

where the first inequality comes from the majorization assumption. According to Propo-
sition (2.2), this shows that v < vs.

Now let us prove that (2) implies (1). First of all, the measures v and v5 have the same
mean, and so Y ;- g a; = > ;b Let k€ {1,...,n} ; choosing f(z) = [z — bi], it holds

Zai—bk§2[ —bk Zb_bk]—l—zzbi_bk
i=k i=1 i=k

i=1

and so Y iy a; < Y iv . b;, which proves that a is majorized by b. O

Let us recall one simple classical consequence of Proposition 2.5 above in terms of
discrete optimal transport on the line.

Lemma 2.6. Let x,y € R™ be two vectors such that x1 < 29 < ... < 2, and y1 < Yo <
. < yn. Then for all permutation o of {1,...,n} and all convex function 6 : R — R, it
holds

> 0w — i) < 0w
=1 =1

Proof. Since, for all k, 37" yi = 321k Yo (i), it holds for 331, (z; — vi) < 220k (Ti — Yo(i))
(with equality for k = 1). Therefore, denoting yo = (Yo(1),- - - Yo(n)), it holds z —y =
T — 1y,. Applying Proposition 2.5 completes the proof. U
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Remark 2.7. In particular, let u, v are two discrete probability measures on R of the form

n

1 1 &
=—> 0 and v=—> 0y,
H n; T n; Yi

where the x;’s and the y;’s are in increasing order, and assume for simplicity that the x;’s
are distinct. Then the map T sending x; on y; for all ¢ realizes the optimal transport of u
onto v for every cost function 6.

The following characterization is due to Rado [28]. Here we deduce it from Strassen’s
Theorem. We will denote by S,, the set of all permutations of {1,2,...,n}.

Theorem 2.8. Let a,b € R" ; the following are equivalent

(1) The vector a is majorized by b,

(2) There exists a doubly stochastic matriz P such that a = bP (treating a and b as
row vectors),

(8) The vector a lies in the convexr hull of the permutations of b, i.e. writing for all
permutation 0 € Sp, by = (b(1), - - -, bg(n)), it holds

a=> Asbo,

for some Ay = 0 with Y, Ay = 1.

Proof. Let us prove that (1) implies (2). According to Proposition 2.5, ¢ < b means
that v = %Z?:l g, is dominated by vy = %Z?:l 0y, in the convex order. Let us write
v = %Zmexkx&c and vy = %Zyeyﬁy(Sy, with X = {a1,...,a,}, Y = {b1,...,b,} and
ky is the cardinal of the {i € {1,...,n} : a; = x} and ¢, the cardinal of the set {i €
{1,...,n} : b; = y}. According to Strassen’s Theorem, there exists a couple of random
variables (X,Y’) on some probability space (£2,.4,P) such that X is distributed according
to v1, and Y according to vy and X = E[Y|X]. Since X is discrete,

E[Y1x_,]
ElY|X] = ——1x_ .S.
[ ‘ ] ZP(X:.%') X=x a.s
TeX
Therefore, for all x € X,
E[Y1x_.]
rT=——— = Z Lyy Ky o,
P(X = x) =y

with K, , = nED(X%é.Z/:y). Therefore, denoting Pj; = Kp, o, for all 4,7 it holds a = bP and

P is doubly stochastic.

If a = bP with a doubly stochastic P, then it is easily checked that Y ;' ; f(a;) <

1 f(b;), for all convex function f on R and so (2) implies (1).

Finally, according to Birkhoff’s theorem, the extremes points of the set of doubly sto-
chastic matrices are permutation matrices. Therefore every doubly stochastic matrix can
be written as a convex combination of permutation matrices. This shows that (2) and (3)
are equivalent. O

2.2. Geometric aspects. In all what follows, we assume that the vector b = (b1, ba,...,b,) €
R™ has distinct components.

In the following, we will be working with the convex polytope denoted by Perm(b) and
defined by

Perm(b) := Conv{b, : 0 € S, }
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This polytope is sometimes called the Permutahedron generated by the vector b. According
to Rado’s Theorem 2.8, Perm(b) is exactly {a € R™;a < b}. This set is a subset of the
affine hyperplane

E = {.%' ER”;Z%‘Z‘ :sz} :b-i-go,
=1 =1
with & = {x e R™"; Y1 x; = 0}.

In what follows, we are interested in the faces, facets containing a given face, and normal
vectors to such facets.

Towards this, denote [n] the set of integer from 1 to n. For S C [n], let vg(b) denote the
vector with the |S| largest components of b in the positions indexed by S (in decreasing
order, say), and the remaining n—|S| lowest components of b in the other positions indexed
by [n] \ S (also in a decreasing order). More generally, given § = (S, Se, ..., Sk), with
[n] = S1US2U---USj being a partition, let vs(b) denote the vector with the largest |S1]
coordinates of b in the positions indexed by Si, then the next largest |Ss| coordinates in
the positions indexed by Ss and so on. Now recalling the following two fact from [3]:

Fact 1. Fach facet of Perm(b) is the convex hull of the set Ps(b) of points, for some
0 # S C [n], where Pg(b) contains the vector vg(b) along with all vectors obtained by
permuting any subset of coordinates, as long as the subset is contained in S or in [n] \ S.
(That is, the only permutations that are not allowed are those that involve elements from

both S and [n] \ S.)

Fact 2. More generally, let F' be a face of Perm(b). Then F can be described as the
convex hull of the set Ps(b) of points, for some & = (S1,52,...,5k) as described above,
where Ps(b) contains the vector vg(b) along with all vectors obtained by permuting the
coordinates (of vs(b)) that belong to the same S;. Furthermore, given a face F', with the
description as above using an appropriate S, the facets containing F' can be obtained by
coalescing the first several S;’s in § to obtain a partition into just two sets: that is, for
each 1 < j < k—1, facet F; containing F' can be described by taking [n] = T; UT,, where
Ty = S1U---USj, and T = S;j1U---USj. (In particular, there are k—1 facets containing
such a face.)

Using the above facts from (the geometry of) the theory of majorization, we now prove
the following.

Theorem 2.9. Let a,b € R" and assume that b has distinct coordinates and a ¢ Perm(b).
Then the following are equivalent:

(i) ¢ € Perm(b) satisfies
a—¢=<a—c, VeéePerm(b);
(ii) ¢ is the closest point of Perm(b) to a; that is,

&= argcegell}g(b)(\la —cll2).

Moreover the vector ¢ is sorted as a : (a; < aj) = (& < &) , for all i,j.

Let us recall that the orthogonal projection of a point a on the polytope Perm(b) is the
unique ¢ € Perm(b) such that

(5) (a —¢,c—¢) <0, Ve € Perm(b).

Proof. First of all, we can assume that >1' ; a; = > ;" b;. Indeed if this is not the case,
then letting @ = a — %(1, 1,...,1) with k = > a; — >1t; b;, we see (using (5)) that the
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orthogonal projection of a and @ on Perm(b) are equal (to some point denoted by ¢), and
that a —¢ <a—cifand only ifa —¢é¢ <a—c.

(1) = (i7). Let ¢ (not necessarily equal to the ¢ in (i)) satisfy (ii).
Then by (i),
a—¢=a-—c,
which, by Proposition 2.5 implies that > ;(a — ¢)7 < 3°I | (a — ¢)?; by the choice of ¢,
this is possible only if ¢ = ¢.

(1) = (7). Let ¢ be defined as in (ii) of the proposition. Since Perm(b) is invariant by
permutation, it easily follows from Lemma 2.6 that the coordinates of ¢ are in the same
order as the coordinates of a.

Now let us prove that a — ¢ < a — ¢ for all ¢ € Perm(b). For the sake of clarity, we first
deal with the simple case when ¢ lies on a facet of Perm(b), before dealing with the general
case of ¢ being on a face.

(a) A simple case. Since ¢ is chosen from Perm(b), and since we assumed that >, b; =
>; ai, we have Y ;(a — é); = 0. Writing « := a — ¢ € &, suppose that « is perpendicular
to the affine subspace H := Hp containing a facet F', defined by some nonempty subset S
of [n]. For all z,y € F, we thus have (o, x — y) = 0. Choosing = = vg(b) and y obtained
by permuting two coordinates of x (corresponding to indices both in S or S¢), one sees
that the coordinates of o are constant on S and S¢. We denote by ag and age the value
of a on these sets, which verify also kags + (n — k)age = 0 since a € &
Now (recalling that & = a — ¢) our task is to show that

a=<a—(d—¢), forevery ¢ € Perm(b).
This amounts to showing that

a = a—c, forevery csuch that (a,c) <0, and Zci =0.
i

Indeed, the choice of ¢ implies that we have (a,é) > (a,c), for every ¢ € Perm(b),
hence (o, — &) < 0; the second condition follows, since &, ¢ € Perm(b) implies Y, ¢; =

ic; - Zz éz‘ =0.

Now (a,c) < 0 and >, ¢; = 0 together imply (recall that « is constant on S and S€¢)
that

(as—asc)Zci <0.
€S

Let us assume that ag > age. Then denoting by cg = 3 ;cg¢; and by cge = ) ;cge ¢,
one has cg < 0 and cge > 0. If f is a convex function on R, then, according to Jensen
inequality

if(ai —c) = k;zies f(kozs —¢) +n— k)Ziescj(_cch — )

> kf (as - %S) +(n—k)f (asc - ncik)
kf(as)+ (n—k)f(ase) — f'(as)es — f'(ase)cse

where the last inequality comes from the fact that

fas)es + f(ag)ese = es(f'(as) — f'(ase)) <0,

According to Proposition 2.5, we conclude that o < o — c.
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(b) The general case. Suppose that ¢ lies in a face F' of the polytope. This face is
related to a partition S = (S1,...,S;) of [n]. Then o := a — ¢ € N(F), where N(F)
denotes the normal cone of F. Recall that the extreme rays of N(F') are given by the
facet directions for the facets containing F'. For all ¢ € {1,...,n — 1}, let us denote by
F; the facet containing F' associated to the partition 7; = {S1U...US;; Siy1U... U Sk},
1 < i <k — 1. Consider the vectors py,pa,...,pr—1 € & defined by

ki
n
where 17 denotes the 0 — 1 indicator vector of T, for T' C [n], and k; = |S1| + --- + |Si|.
For each i, the vector p; is orthogonal to the facet F;. Moreover, for all ¢ € Perm(b) one
may check that (c,p;) < (v7;,pi), with equality on F;. This shows that p; is an outward
normal vector to F;. Therefore N(F') is the conical hull of the p;’s, and so we may express
«, for a suitable choice of \; > 0, as:

pi = 1g,u8,0--us; — 1[n]

o = Z)‘i151USQU---US¢ - O-]-[n} )

i
where o = (1/n)[F 1 Ml St + ) M| Sa| +- -+ Me_1]Sk_1]] . In particular, a is constant
on each S; : for all i € S;, o = (Z’;;Jl )\p) —o0:=Aj.
In order to establish (i), we need to show that

a=a—(c—¢), VeePerm(b),
or in other words, we need to show that

a=<a-d, VdePerm(b)—eé.
We now use again the fact that our choice of ¢ implies that, for all 1 <¢ <k — 1,

(piy¢&) > (pi,c), Ve € Perm(b).
This in turn gives the following:

Perm(b) —¢ C {c: (,p;)) < 0, Vi}.
Thus using N(F)? := {d € &y;(d,p;) < 0, Vi} to denote the polar cone, it then suffices
to show that for o (as above),
a=<a—d, Yde N(F)°,

Now, d € N(F)? implies that

<d7]-SlUSQU"'USj> < 0 and Zdizo,
i

therefore denoting Ej = ) ;g . .us, di, for all j € {0,1,...,k}, one has E; < 0 and
FEo=FE,=0.

Let f : R — R be a convex function ; denoting by f’ the right derivative of f, the
convexity of f implies that

n k k k
S fles—di) =Y f(A;—di) 2 > IS1F(A) =D f(A) Dy,
i=1 j=1 7=1

7=1 ’iESj
where D; = Ziesj d;. Now, using an Abel transform (and the fact that Ey = Ep = 0),
one gets
k k

k—1
F(A)D; =" f(AN(E; — Ej1) = Y (f'(4)) = f(Aj11)E; <0,
j=1

1 j=1

J
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where the inequality comes from E; < 0, A; > A, 41 and the monotonicity of f’. Therefore,
one gets

n k
> flog — Z!S 1F(A) =" flas),
i=1 j=1 j
which proves that a < a — d. O

3. PROPERTIES OF THE OPTIMAL COUPLING FOR WEAK TRANSPORT COSTS

It is well known that if 4 and v are two probability measures on R and U is a random
variable uniformly distributed on [0, 1], the coupling

= Law(F, '(U),F, ' (U)),

is optimal for all transport costs Tg(u, ) associated to a convex cost function 6. (This fact
generalizes the result mentioned in Remark 2.7). As a consequence, on R, the transport
cost is additive : for all convex cost functions « and 3,

7-04+5(M7 V) = 7&(”7”) + 723(/”'7”)

In this section, we will establish a similar result (Corollary 3.3) for the weak transport
costs T .

Toward this, we begin with the following proposition which illustrates a relationship
between 7 and 7. In the sequel, we denote by Im(u) the set of probability measures on
R which are images of p under some map S : R — R, i.e.

Im(p) = {y € P(R) : 35 : R — R measurable such that v = Sypu}.

and by ImT(,u) the set of probability measures which are images of @ under a non-decreasing
map S.

Proposition 3.1. For all probability measures p,v on R, it holds

inf  To(v,p) 2 Tovlp) >  inf  To(y,p).
v=v, v€lm’ (p) =, yEIm(u)

Remark 3.2. Note that when y has no atoms, then Im'(u) = Im(u). If u is a discrete
probability measure, then the two sets may be different. For instance, if u = %50 + %51,

then v = %50 + %51 is in Im(x) but not in Im'(p). In the proof of Theorem 1.3 below, we
will use Proposition 3.1 with p being a uniform distribution on n distinct points. In this
case, it is clear that Im () = Im(p).

Proof. Firstly, we prove that Tg(v|u) > inf <, yetm(u) To(7; ). Namely, let m(drvdy) =
p(z, dy)u(dz) be some coupling between p and v and let us denote by S(z) = [y p(z,dy),
xz € R. Clearly Syp € Im(p). Moreover Syp < v. Indeed if f : R — R is some convex
function, then by Jensen inequality, it holds

[ 1) Sputs) = [ 1( [ypte.dy)) ldo)

< [[ 1@ p.dy)ntdz) = [ fy) v
Then it holds

[6(2= [pt.an) utds) = [ 6~ S@) (o) > Ta(S .10

f Ty
fy-<1/,i/réIm( 0(,7 'u)

Therefore taking the infimum over p yields to the desired inequality.
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Now we turn to the proof of the inequality To(v|u) < inf, -, et To (7, ). Assume
that v < v and that v = Sxu for some non-decreasing map S ; according to Strassen’s
Theorem, there exists a coupling m; with first marginal v and second marginal v such that
m(dzdy) = pi(z,dy)y(de) and = = [p ypi(x,dy), v almost everywhere. For all z € R,
define probability measure p(z,dy) := p1(S(x),dy). Then for all bounded continuous
function f, it holds

J[ ot dyyutdz) = [[ 1)pi(S(@). dy) utda)
= [[ 1wt dy)a(do) = [ 1) vy,

Thus the coupling 7(dxdy) = p(z,dy)u(dz) has p as first marginal and v as second.
Moreover, by definition of p; and p, p almost everywhere, it holds

[ wta.dy) = [ ypr(S(a).dy) = S(a).

Since S is non-decreasing, it realizes the optimal transport between p and v for the cost
Ty and so it follows that

Torn) = [ 6o = S@))u(da)

_ / 0l / yp(w, dy))u(dz) > To(v|n)
]

We now turn to the proof of Theorem 1.3.

Let us emphasize that the probability 4 depends on p and v but not on the cost function
f. This will be crucial in the sequel.
Proof of Theorem 1.35.

Step 1. We first treat the case where

1 & 1 &
==Y bq and v=—>Y 0,
u n;al n; Z

with a1 < ag < ... < ay and by < by < ... < b,. We denote by a = (ai,...,a,) and
b = (b1,...,b,). According to Theorem 2.9, there exists some ¢ € Perm(b) such that
a—¢=a-—c, for all ¢ € Perm(b). Moreover the coordinates of ¢ satisfy ¢ < é4+1. Let us

denote by 4 = % i1 0s,. The probability v dominates 4 for the stochastic order and if
6 :RT — RT is a convex cost function, it holds
1 & 1 &
6 — 0(la; —¢|) < inf — 0(la; — ¢).
(6) 2 b= < _nt =S 6(as i)

Since the coordinates of ¢ are non-decreasing,
1 n
To(3,n) = > 0(ai — &)
i=1

On the other hand, according to Proposition 3.1,

Towlw) = inf  Ty(y,p)
y=v,y€lm’ (n)
(here we use that for such a distribution g, it holds Im(p) = Im'(1)). A probability v such
that v < v,v € Im'(p) is of the form v = L 3™ | 6., with ¢; < ¢;41 and ¢ = (c1,...,¢,) €
Perm(b), and for such a c, it holds Tg(7, 1) = 2 37, 6(|a; — ¢;]). So, using (6) we conclude
that

To(3, 1) = To(v|p).
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Step 2. In this second step, we treat the general case using a natural approximation
argument.

Let u and v be two elements of Py (R). By assumption, [ |z|u(dz) < oo and [ |z|v(dz) <
00, so, according to the de la Vallée-Poussin theorem, there exists an increasing convex
function 8 : RT™ — RT such that 3(t)/t — oo as t — oo and such that [ 5(|z]) p(dx) < oo
and [ S(|z|) v(dz) < oo.

Now let us construct discrete approximations of p and v. According to Varadarajan’s
theorem, if X; is an i.i.d sequence of law p, then, with probability 1, the empirical measure
LY = 1 1 0x, converges weakly to p. On the other hand, according to the strong law of

n

large numbers, with probability 1, 2 37" | |X;| — [|z| p(dz) as n to co. Let us take (z;)i>1

a positive realization of these events and set p, = % Yo 5x(n), where :cgn) < xgn) <...<
xsln) denotes the increasing re-ordering of the vector (x1,x9,...,x,). Then the sequence

pn, converges weakly to p and [ |z|pn(dz) — [|z|p(dx). According to Theorem 6.9 of

[32], this is equivalent to the convergence for the W distance : Wi (up, ) — 0 as n — oo.
(n)

Note that one can assume that the points z; ~ are distinct. Indeed, if this is not the case,

then letting jz(") = xgn) +i/n? one obtains distinct points and it is not difficult to check

that fi, = %Zznzl 555(,") still weakly converges to p (for instance the WW; distance between

pin, and fi,, is easily bounded from above by (n + 1)/(2n?)). The same argument yields a
sequence v, = %Z?ZI 5y(n) with ygn) < yz(il converging to v in the Wy sense. It is not

difficult to check (invokirllg the strong law of large numbers again) that one can further
impose that [ (|z|) v, (dz) — [ B(]z|) v(dx), as n — 0.

For all n > 1, one applies the result proved in the first step : there exists a unique
probability measure 4,, = v, such that

7-G(Vn‘,u'n) - 7-9(’3/717 ,U'n)a

for all convex cost function 6. Let us show that one can extract from 4, a sub-sequence
converging to some 4 in P;(R) for the W distance. By construction [ B(|z|)v,(dz) —
J B(Jz|) v(dz) and so M = sup,>1 [ B(|z|) vn(dx) is finite. Since 4, < v, and since the
function z — B(|z|) is convex, it thus holds [ B(|z|)yn(dz) < [B(|z]) vn(dz) < M. In
particular, setting ¢(R) = inf;>r 4(t)/t, R > 0, Markov’s inequality easily implies that

A [ Bl valdr) M
e el na) < R < s

Consider 4, defined by fl%(x) = #%. Then it holds,

N . 2M
igll)%([ R, R]) < R’
and so the sequence 7, is tight. Therefore, according to Prokhorov theorem, extracting
a subsequence if necessary, one can assume that 4, converges to some 7 for the weak
topology. Extracting yet another subsequence if necessary, one can also assume that
J(1 + |z|) v (dx) converges to some number Z > 0. The weak convergence of 7, to ¥
means that [ ¢ d3, — [ ¢ dy for all bounded continuous ¢, which means that

[+ b an(de) » [+ l2)p(a) 3(do)

where §(dz) = %‘x‘ A(dx) € P1(R). According to Theorem 6.9 of [32], this implies 4, — 4
as n — oo for the W7 distance.

Now let us check that 4 is such that Tg(v|u) = To(%,p) for all convex cost function
6 : Rt — RT. First we assume that 6 is Lipschitz, and we denote by Lg the Lipschitz

VR > 1
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constant of 6. According to Theorem 2.11 of [I18], the following Kantorovich duality
formula holds

Tolvalinn) = sup{ [ Qoe(w) (o) = [ ot slan)}.

where the supremum is taken over the set of convex functions ¢ bounded from below, with
Qop(x) = infyer{p(y) + 0(|z — y|)}, x € R. Define ¢(y) = sup,cr{Qop(x) — 0(|lz — y|)}
Then it is easily checked that ¢ < ¢, ¢ is bounded from below and Qyp = Q. Moreover,
being a supremum of convex and Lg-Lipschitz functions, the function ¢ is also convex
and Lg-Lipschitz. Therefore, the supremum in the duality formula above can be further
restricted to the class of convex functions which are Lgy-Lipschitz and bounded from below.
Using the fact that Wy (v, v) = sup{[ fdv, — [ fdv} where the supremum runs over
1-Lipschitz function and the fact that Qg is Lg-Lipschitz (being an infimum of such
functions), we easily get the following inequality

To(Wnlpn) — To(w|p)| < LoWi(vy,v) + LoWi(pn, 1)

A similar (but simpler reasoning) based on the usual Kantorovich duality for 7y yields the
inequality

|7’0('7na Mn) - ’TG('% :U’)| < LGWl(rS/n,r?) + LoW1 (/‘na M)'
Passing to the limit as n — oo in the identity 7 o(vn|in) = To(Yn, fn), We en up with
To(v|n) = To(¥, 1)-

Now we want to extend this identity to general convex functions 6 not necessarily
Lipschitz. Let # : Rt — R be a convex cost function (such that #(0) = 0) and for
all n > 1, let 6,, be the convex cost function defined by 60, (x) = 0(x) if € [0,n] and
O,(z) = 0(n) + 0'(n)(x —n), if x > n, where ' denotes the right derivative of 6. It is
easily seen that 6,, is Lipschitz and that Qg ¢ converges to Qp¢ monotonically as n — oo,
for any function ¢ bounded from below. Therefore, the monotone convergence theorem
implies that for any probability measure v, it holds [ Qs dy = sup,>; [ Qs,pdy. We
deduce from this that To(v|p) = sup,>; T, (v|p) and To(9|u) = sup,>1 To, (4, ). Since
To, (v|) = Ta, (4, 1) for all n > 1, this ends the proof. O

Corollary 3.3. Let a and [ be two convex cost functions, then for all probability measures
w,v € Pi(R), it holds

TarpWlp) =Tavlp) + Tpv|p).
Proof of Corollary 3.3. According to Corollary 1.3, there exists some 4 € P;(R) such that

To(vlp) = To(3, m),

for the three functions 6 € {«, 5, + §}. The result then follows from the additivity of Ty
in dimension one :

Tat8(Fs 1) = Ta(3s 1) + T (A, ).

4. DUAL FORMULATION FOR WEAK TRANSPORT-ENTROPY INEQUALITIES.

Let us recall the dual formulations in terms of infimum convolution inequalities of the
transport-entropy inequality T(0) defined at (1) and the weak transport-entropy inequal-
ities presented in Definition 1.1. The following result is stated in dimension one only, but
its conclusion is very general (see for instance [18]).

Lemma 4.1. Let p € P1(R) and 6 : RT™ — R™ be a convex cost function and, for all
function g : R — R bounded from below, consider

Qug(z) = ;gﬂg{f(y) +t6 (@)} ., t>0.
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(1) The probability measure p satisfies T(0) if and only if

exp (/ ngdu) exp (—/gdu) <1,

for all continuous function g : R — R bounded from below.
(2) The probability measure p satisfies T+(9) if and only if

exp </ Q19 du) /exp(—g) dp <1,

for all convex function g : R — R bounded from below.
(3) The probability measure pi satisfies T (0) if and only if

/eXp(ng) dpexp <—/gdu> <1,

for all convex function g : R — R bounded from below.

(4) If ju satisfies T(6), then it satisfies

(7) /exp(th) du/exp(—g) dp < 1,

with t = 2.
Conversely, if p satisfies (7) for some t > 0, then it satisfies T(t0(- /t)).

Proof. The first item is due to Bobkov and Gétze [6]. The proof is an easy combination of
well known duality formulas for the relative entropy and for the transport cost Ty given by
Kantorovich duality theorem (see e.g [32]). Items (2) and (3) generalize the first point to
the framework of weak transport-entropy inequalities. We refer to Proposition 4.5 of [18]
for a more general statement and a proof (based on an extension of Kantorovich duality
to a more general optimal transport costs also obtained in [18]). Let us sketch the proof
of Item (4) (which already appeared in a slightly different form in [16] Propositions 8.2
and 8.3). By definition if u satisfies T(6) then it satisfies Ti(ﬁ). Therefore, it satisfies the
exponential inequalities given in Items (2) and (3). Note that if ¢ is convex and bounded
from below then (Q1¢ is also convex and bounded from below. Therefore it holds

exp </ Q19 du) /exp(—g) dp <1
and
/eXp(Ql(ng))dueXp (—/deu) <1

Multiplying these two inequalities and noticing that Q1(Q19) = Q29 (for a proof of this
well known semi-group property, see e.g Theorem 22.46 of [32]) gives (7). The converse
implication simply follows from Jensen inequality. U

5. A TRANSPORT FORM OF THE CONVEX POINCARE INEQUALITY

This section is devoted to the proof of Theorem 1.4. In this statement, from [5], we have
the equivalence between (a) and (b), and it is easy to prove (¢) = (b). To complete the
proof, we thus have to show that if u satisfies (a) and (b) it also satisfies (¢). Our strategy
is the following. We will first prove a modified logarithmic Sobolev inequality for the
exponential probability measure 7. Considering a probability measure p satisfying Items
(a) (and (b)) above, we will then deduce (using a transport argument involving the map U,,)
a modified logarithmic Sobolev inequality for u restricted to convex or concave Lipschitz
functions. This last property will finally imply (following the well known Hamilton-Jacobi
interpolation technique of [1]) the desired transport inequality.

First, let us state the modified logarithmic Sobolev inequality for the exponential prob-
ability measure .
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Theorem 5.1. There exist K > 0 and 1 > ¢ > 0 such that for all non-decreasing function
f with f(x) — f(x —1) < ¢ for all x, it holds

) Ent(e) < K [ (f(&) = flo — 1))*e/dr.
R
and
9) Ent, (/) < K/ (f@+1) — f(2)2 el dr.
R
This result is a variant of an analogous result by Bobkov and Ledoux [7]. The main

difference between the two results is that in the version given above, the entropy of e/ is
controlled by some integral involving the discrete gradient of f instead of the usual first
derivative of f. The proof of Theorem 5.1 adapts different arguments appearing in [7].
The proof is postponed to the Appendix.

Now let us deduce from Theorem 5.1 modified logarithmic Sobolev inequalities for
probability measures satisfying Item (a) of Theorem 1.4. In what follows, if ¢ is a convex
or a concave function on R, we will use the notation |Vg| to denote the function defined
by

(10) IVgl(z) = min{|0g" () + (1 — 0)g) (2)|;0 € [0, 1]},

where ¢” and ¢’ denote the left and right derivatives of the function g (which are well
defined everywhere). So in the convex case, it holds

{ 9 (x)]  if gy (2)
0 if ¢’ (x)
g (x) ifg (x)

Vg|(z) = min([t]; ¢ € [¢_(z),  ()]) =

A\YAV/ARW/AN
coo
N
Q
=
&

and in the concave case
0,
g (z) ifg(z) >

Corollary 5.2. Assume that p satisfies Item (a) of Theorem 1.4 with a constant h > 0,
then for all convex or concave and l-Lipschitz function g with | < c/h, it holds

9" (z)| if g”(x)
Vgl(z) = min(|t];t € [¢), (), 4" (2)]) = { ()

(11) Ent,(e?) < Kh? / IVg(z)[>e9™ pu(dx),
R
where the constants K and c are those appearing in Theorem 5.1.

Proof. Case of convex functions. We will first prove (11) for a convex non-decreasing and
I-Lipschitz function g with [ < c¢/h. Set f = goU,, then

f(@) = fle=1) <g(Upu(x)) = g(Uu(z) — h) <1h < ¢,
for all z € R. Since p is the image of 7 under the map Uy, applying (8) to f leads to

Ent, (¢?) < K [ (g(a) — (o — 0)? /Otdr) < KN [ f (@)% pu(do),
R R
where the second inequality is due to the fact that ¢ is convex and non-decreasing and
therefore satisfies 0 < g(x) — g(z — h) < ¢_(2)h.
Now suppose that g is convex, non-increasing and [-Lipschitz with [ < ¢/h and set
f(z) = g(Uy(—2)). The function f is non-decreasing and satisfies

f(@) = f(z—1) = g(Uu(-2)) = g(Uu(—=2z + 1)) < g(Up(-2)) — g(Uu(—2) + h) < c.
Applying (8) to this function f and using that 7 is symmetric and that U, transforms 7
into p yields to

Bty (¢f) < K [ (g0) ~ gla + ) (o) < K0 [ g (2)ep(do),
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where we used that 0 < g(z) — g(z + h) < ¢/, (z)(—h).

Finally, let us consider an arbitrary convex and [-Lipschitz function g with I < ¢/h.
We can assume that ¢ is not monotone. Being convex, there exists some a € R such
that g restricted to (—oo, a| is non-increasing and g restricted to [a,c0) is non-decreasing.
Subtracting g(a) if necessary, one can further assume that g(a) = 0. Set g1 = g1(_ 4 and
92 = 91(4,0)- The functions g; and go are convex, monotonic and [-Lipschitz. Therefore,
according to what precedes, it holds

Ent,(e?') < KhQ/

(—oo,a]

9L (@) p(de) = KB [ [Tg@)Per® p(da)

(_Oova}
and

Ent,(e7?) < Kh2/

92! (@2 p(do) = KB? [ V() Pt u(do),
[a,+00)

(a,+00)

where we used that g/, (a) = g2’ (a) = |Vg(a)| = 0. So all what remains to prove is the
following subbadditivity property of the entropy functional:

Ent,, (e 79?) < Ent,(e?') + Ent,,(e?).

Since [geddu = [ gie9t dp+ [ g2€92 dp it is enough to prove that

/egd,ulog </egd,u> > /691 dpulog (/691 d,u) +/692 dplog </692 d,u>.

[ e an

e
Set t = p(—00,a] and A = =—— > 1 and z = “24—

amounts to prove that for all z > 1

> 1, then the inequality above

o) =(tA+ (1 —t)z)log(tA+ (1 —t)z) >
(tA+ (1 —t))log(tA+ (1 —1t)) + (t+ (1 —t)z)log(t + (1 — t)x) := Y(x)

Since (1) = (1), it is enough to compare the first derivatives of ¢ and . But

@' (x) = (1 —t)[1 +log(tA + (1 — t)z)]
and

Y'(x) = (1 —t)[1 4 log(t + (1 — t)z)].
and since A > 1, it holds ¢'(x) > ¢/ (x) which completes the proof.
Case of concave functions. Now assume that g is a differentiable, concave, non-decreasing

and [-Lipschitz function with [ < ¢/h. Set f = goU,, then f(x+1) — f(z) < g(Uu(x) +
h) — g(U,(x)) < lh < c. Using this time (9) yields to

Bty (") < K [ (9o + ) - g(@)* "p(dr) < Kb [ o ()" p(a),

where the second inequality uses the fact that ¢ is non-decreasing and concave. The
extension of this inequality to all concave [-Lipschitz functions follows exactly the same
line as what precedes. (Note that if z, A < 1, then (1) = ¢(1) and ¢'(x) < ¢/(z) which

implies that p(z) = ¢(1) — f; O (u) du = (x).) O

Proof of Theorem 1.4. Let us show that (a) implies (c¢). The proof of this implication
closely follows the proof of Corollary 5.1 in [1], so we will only sketch the main arguments
and refer to [4, 17, 18] for details. According to Corollary 5.2, under (a) the inequality
(11) holds for all convex or concave differentiable function g which is l,-Lipschitz with
I <¢/h:=1,. Consider the function « defined by

u? : 2
_ IKRZ if |u| < 2l0Kh
a(u) { lul — 2KR? if [u] > 20, Kh?
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whose convex conjugate functions o*(v) = sup, {uv — «(u)} satisfies
) Kh*?  if v <1,
a(v)—{ +00 if [v| > 1,
With these notations (11) reads

(12) Ent, (¢9) < [ a*([Vgl)e? dn.

for all convex or concave function g : R — R.
Introduce the operators @y t € (0, 1] defined by

@t =it {fo) +1a (1)}, wer tequ,

which makes sense for instance for any [,-Lipschitz function f or for any function f
bounded from below. The operators ); have the following important properties. Let
f be an [,-Lipschitz function, then the following holds:

e If f is convex, then Qf is convex: the property is easy to check and is actually a
general fact about infimum convolution of two convex functions,
e If f is concave, then Q;f is concave: namely

(13) Quf (@) =int { fo )+ 1a (7 )]

and so Q¢ f is an infimum of concave functions and is therefore also concave.
e The function @Qf is [-Lipschitz: namely according to (13), it is an infimum of
[-Lipschitz functions. Note that if f is assumed to be bounded from below, then,

as observed above Q:f is well defined, and since the functions x — ta (%) are

l,-Lipschitz, the function Q;f is also [,-Lipschitz.
e The function u(t,z) = Q.f(x) satisfies the following Hamilton-Jacobi equation:

d
(14) —u(t,z) + o ([V7ul)(t, 2) = 0,
dty
for all t € (0,1] and all z € R, where d/dty is the right time derivative and

|V~ u(t, )| = limsup [ut,y) —ult, )] .
y—ow ly — |

For this last point we refer to [17] or [1].

Let f be a convex function bounded from below or a concave and [-Lipschitz function
with [ <1, ; then following [4], define

1
F(t):= ;log </R @t/ d,u> , t € (0,1].

The function F' is right differentiable at every point ¢ > 0 and it holds (see e.g. [17] for
details)

iy L 1 1QufY 12 [ 9 pot@ur
F(t)_t_QfRetQtfd,u Entu(e t)—i—t /RaQtfe dp

1 1 tQif 2,2 - 2,tQ¢f
= gy (Bt (¢9F) = K02 [ 97 Qufe dy
2
e L ( [19QuiPe®d du~ [ [v-Qup s du)
fR etQef d‘u R
<0,

where the second equality follows from (14), the first inequality from (12) applied to the
function g = tQf (which is convex or concave and tl,-Lipschitz) and the second inequality
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from the fact that for a convex or concave function g, |Vg| < |V~ g|, where |Vg| was defined
at (10).

The function F' is thus non-increasing and so it satisfies F'(1) < limy_0 F'(t) = [ fdp.
In other words,

(15) [t au<el i,

for any convex function bounded from below or for any concave and [-Lipschitz function
f with [ < ,. In particular, restricting (15) to convex functions bounded from below and
according to Point 3 of Lemma 4.1, one concludes that u satisfies the transport inequality
T (a):

Talulv) < H(lp),  VvePi(R).

Applying the inequality to f = —Q1g with g a convex function bounded from below (this
function f is concave and [,-Lipschitz) yields to

elegdu/te(—ng) dp < 1.
It is easy to check that Q1(—Q1f) > —f and so it holds
elegd“/e_g dp <1,

for all convex function g bounded from below. According to Point 2 of Lemma 4.1, this
implies that p satisfies the transport inequality T" ():

Talln) < H@wlp), Yo Pi(R).
This completes the proof. O

6. PROOF OF THEOREM 1.2

First, we treat the particular case where the cost function vanishes on a neighborhood
of 0.

Theorem 6.1. Let u € Pi(R) and B : RY — Rt be a convex cost function such that
{t € RT : B(t) = 0} = [0,t,), where t, > 0 is some positive constant. The following
propositions are equivalent:

(1) There is a > 0 such that p satisfies the transport-entropy inequality T(B(a-)).
(2) There is a' > 0 such that u satisfies the weak transport-entropy inequality T(S(a’-)).
(3) There are b >0 and K > 0 such that max(K*(b), K~ (b)) < K, where

K™ (b) = sup ! / A=) 1y (du),

z>m (2, 00)

and
1 x
Ko(0) = sup——— [ P00 (au),

e<m H(—00,7) J-co

where m is a median of u. (Here we use the convention 0/0 =0.)
(4) There is d > 0 such thatw

Upw) = V() < 267 (u—0l),  VurveR,

(Note that 3~ is well defined on (0,00).)

In particular, (2) implies (4) with d = a/m and (4) implies (2) with o’ = d%fi‘{@).
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Proof of Theorem 6.1. The equivalence between assertions (1), (3) and (4) was first proved
in [15] (see Theorem 2.2). Let us complete the proof of Theorem 6.1 by showing that
(1) = (2) = (3).

First of all, it follows easily from Jensen inequality that

7-B(a~)(u7 V) Z max (7-5(@)(1/‘/1,),7-6((1)(/1,‘1/)) .

Therefore (1) implies (2) with o’ = a. B
Now let us show that (2) implies (3). Suppose that p satisfies T(5(a-)) for some a > 0.

According to Item (4) of Lemma 4.1, for all convex function g : R — R bounded from
below, it holds

[exo@prdn [ u<.

where

Qf(x) = yirelﬂg{f(y) +28(aly — |/2)}.

Consider the convex function f, which equals to 0 on (—oo,z] and oo otherwise, then

Qf(y) =0 on (—oo,z] and Qf(y) = 26(a(y — x)/2) on (x,00). Applying the inequality
above to f, thus yields

(z,00)

<u(—oo7w] + 626(“(y‘x)/2)u(dy)> p(—o0, 2] < 1.
Considering x > m yields that K*(a/2) < 3. One proves similarly that K~ (a/2) < 3.
This shows that (2) implies (3) with b = a/2 and K = 3. O

We are now in position to prove Theorem 1.2.

Proof of Theorem 1.2. Let 6 : Rt — R be a convex cost function such that 6(¢) = t? on
[0,%,] for some t, > 0. Let us define ;(¢) = t> on [0,t,] and 61(t) = 2tt, — t2 on [t,, +00)
and 6y(t) = [0(t) — t?] .. Note that #; and 63 are both convex and that #5 vanishes on
[0,t,] and that max(0;,6s) < 60 < 61 + 0.

First assume that p satisfies the weak transport-entropy inequality T(f(a-)) for some
a > 0. Then, since 6 > 65 it clearly satisfies T(f2(a-)). According to Theorem 6.1, the
mapping U, sending the exponential measure on y satisfies the condition:

(16) supUy(z +u) — Uy(z) < 1

up be(u), Yu > 0,

with b = ax, where k = t,/(805 ' (log 3). Since 65 (u) = 6~ (u + t2) this proves the claim.
Now let us assume that p satisfies (16) for some b > 0 and let us show that it satisfies
T(f(a-)) for some a > 0. First of all, taking u = 1 and using Theorem 1.4, one concludes

that u satisfies T(@) with « defined by a(u) = a(u/v/2D), with D = 2K (0=1(1 + tg))2 >

and
a(v) = v? if [v| < eVK
| evV2Kv - 3K if v > VK

It is not difficult to check that & compares to #;: for all v € R,
a(v) = 6, (maX(C\/E/tO; 1)1)) .
Therefore one concludes that p satisfies T(01(ay - )), with

_ max((eV'K)/to; 1),
WEKOL(1+12)
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On the other hand, according to Theorem 6.1, u also satisfies T(62(az -l), with as =
mb. Letting a = min(ay,as), one concludes that p satisfies both T(#;(a-)) and
T(02(a-)), so since §(at) < 01 (at) + 02(at) and according to Corollary 3.3, it holds

Toa-yWl1) < Toy(a )02 ) V1) = Toy (@)W I1) + Top(a-)(¥|12)

<
< 2H(v|p),

and so p satisfies TJF(%H(a-)). By convexity of § and since 6(0) = 0, it holds 36(2at) >
0((a/2)t), and so p satisfies T+(0((a/ 2)-)). The same reasoning yields to the conclusion
that u satisfies T (0((a/2)-)), which completes the proof. O

APPENDIX : PROOF OF THEOREM 5.1

The proof of Theorem 5.1 is a consequence of the following simple lemma of independent
interest. This lemma is a new discrete Hardy type inequality. Hardy inequalities are
commonly used to characterize measures that satisfy Poincaré inequality on the real line.
We refer to [2] for more developments about the classical Hardy’s inequality (see Theorem
6.2.1 in [2]).

Lemma 6.2. Let h be a positive number and m be a positive measure on R invariant by
translation of h. Let i and v be some non-negative measure on R with respective densities
f and g with respect to m. Define, for all y € R,

Gh(y)=iﬂ and Fh(y)=§:f(y+£h),

with the convention 1/0 = +o0, and
Gnly —h) Fu(y + 1)
Bp =supG Fr(y), Np=sup———"——, My =sup——,
" H) ), N 0 Gn(y) "0 Ba)

where the supremum is the essential supremum with respect to the measure m. For all
¢ : R = R satisfying ¢(y) =0 for all y < 0, it holds

/<p2 dp < By (1+VNy) (14 V1) /(tp(y) — @y — h))* dv(y).

The proof of this lemma is postponed at the end of the Appendix.

In any case, we may observe that M, <1 and N, < 1.

One typical example for which this result apply is when p = v is the exponential
probability measure on R* denoted by 7 and defined by

7T (dr) = e * dx
For simplicity, let us choose h = 1. In that case, one has

— —y—t
Gily)= > ¢ =——V_1 Fi(y)=) e =T
0<l<y =0

where |y| denotes the integer part of y. It follows that
2
e 1
—, N1 =M =-.
(6 — 1)2 ’ 1 1 c

And therefore Lemma 6.2 provides that for all function ¢ with ¢(y) = 0 for y < 0,

/sDQdT* < ﬁ /(so(y) — oy —1))%drt(y).

By <
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Let f : R — R be a function which is non-decreasing on [—1,00) and such that f(0) =0 ;
choosing ¢(y) = f(y)1,=0, and noting that e/(y/e — 1)? < 7, one gets

1 00
[t <7 [ rwiert ) +7 [0 - -0 drt )

Since f is non-decreasing on [—1,00) with f(0) = 0, one has for all y € [0,1], f(y)* <
(f(y) — f(y —1))%, and we obtain the following key lemma for the proof of Theorem 5.1.

2

Lemma 6.3. For any function f : R — R non-decreasing on [—1,00) and satisfying
f(0) =0, one has

[ <7 [ - -2t )

We now turn to the proof of Theorem 5.1 which is an adaptation of the proof of the
modified logarithmic Sobolev inequality for the exponential measure given in [7].

Proof of Theorem 5.1. We first prove (8), and then show that (9) is a simple consequence

of (8).

The statement (8) is invariant by translation of the non-decreasing function f. There-
fore, we may assume without loss of generality that f (0) = 0. We also consider the
non-decreasing function f defined on R by

( ):_f(_y)’ yER-

f
Since ulogu > u — 1 for all uw > 0, one has

1
EntT(ef)g/(fef—ef—i—l)dT:/(/ thetfdt) dr
0
Lo ([ T Y o +
:—/f/tedth—i——/f/te dt | dr
2 Jo 0 2 Jo 0
1 1 [ -
<q[pear g [P,

where the last inequality comes from the fact the f and f are non-negative on RT. Now
suppose that the function f is such that f(y) — f(y —1) < ¢ for all y € R and some ¢ > 0.
The inequality (8) follows from the two next inequalities,

(17) A= [ Part <1e™ [(5) - fly - 12V dr(y),
and if ¢ < v/2//7 then

(13) B= [ pelart < 22 [(16) - £y = 1))@ dr(y).
Thus we obtain (8) with the constant K = 55—y + LeV7etL,

Let us prove (17). By Lemma 6.3 applied to the function f, one has

[(fy) = fly—1)2drt

[Ty~ fy—1)d ())
0
[ = Fly - 02 W art ).
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The last inequality is a consequence of the inequality 1 < [ e~Fdvel T4 for the probability
measure v with density

dv (y) _ _ (f(y) ~_ f(y - 1))2 .
drt J[(f(y) = fly — 1) dr(y)

By Cauchy-Schwarz inequality and using Lemma 6.3 again, one has

/f(y)(f(y) — fly=1)*dr*(y)
<(fvw-Fo-vprarw)” ([ 7e)”

It follows that

<14V [ (1)~ Sy~ 1)V ()

— 0o
Now, let us prove (18). To that purpose, we want to apply Lemma 6.3 to the function
g = fel/?. First let us show that ¢ is non-decreasing on [—1,00). Since the function
z +— ze*/? is non-increasing on [—2,00) and f is non-decreasing on R, it is enough to
check that f > —2 on [-1,00). But, f(—1) > f(0) — ¢ = —c > —1 since by assumption
¢ < 1. Applying Lemma 6.3 to the function fe//? and using the inequality

0 < be?? —ae? < (b—a)(1 + gw, —2<a<b,
one gets
B < 7/ ()" — fly - 1! @) drt(y)
<14 [(F) = 1ty - 1)/ drt(y)

+ g /f2(y)(f(y) — f(y — 1))26f(y) d7'+(y)

C2
<1 [(f) - £y = )P dr () + 5B

This provides inequality (18) when ¢ < v/2/v/7. The proof of the first inequality (8) of
Theorem 5.1 is completed.

To obtain the second inequality (9) of Theorem 5.1 from (8), it suffices to observe that
by a simple change of variables
67‘y+1|

[ = £ =02/ dr(y) = [ (w4 1) - fla))e/ D

<et [(fo+ 1) - fla))2e/ W dr(a).
This ends the proof of Theorem 5.1. U

dy
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Proof of Lemma 6.2. Since p(y) = 0 for all y < 0, one has for all y > 0

ey)= Y. (ply—kh)— oy — (k+1)h)).

kEN, hk<y
By Cauchy-Schwarz inequality, it follows that

[e.e]

©*(y) < (Z(@(y — kh) — oy — (k+1)h))*g(y — kh)\/Gh(y — kh))

k=0
- Lhk<y
(g 9y — hk)/Gr(y — kh)) '

As a consequence, by Fubini’s theorem, by the translation invariant property of the mea-
sure m, and since H(y) = 0 for y < 0, one has

o0

/so dp < Z/W oy — kh) — oy — (k+ 1)h))*g(y — kh)\/Gn(y — kh)

S Longy .
(zz:;) g(y — he)\/Grly — gh)> f(y) dm(y)

=3 [ 6t ol =11l
Lhesytkn
< — gy + kh — (h \/ygherkh Eh)>f(y+/€h)dm(y)

/(w(y) oy — h)?g(y)\/Gr(y)Crly) dm(y),

R+

= Lhocyrkn
here C 3 kh).
where Cu(y) = M( 4y + kh — Ch)\/Galy + Fh — en)) fly +kh)

To end the proof of Lemma 6.2, it remains to show that for m-almost every y > 0,

Mg

VGRW)Ch(y) < (1 + V/Ny)Bp(1+ v/ My).

Observe that Gj, = 0 on (—o0,0) and that

1

— -G kh — (h) — G kh— (€+1)h),  hl<y+kh,
o(y T h — ) (Y + ) — Guly + (¢ +1)h) y+

and

fy+kh) =Fy(y+kh) = Fp(y + (k+1)h),  y+kh=0
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Therefore, using the definitions of the constants My, Ny, and Bj,, we get for all y > 0

h _
k=0 \£he<y+kh VGr(y + kh — (h)

< fj 3 <\/Gh(y + kh — th) —\/Gh(y + kh — (£ + 1)h)> (14 /Ny

k=0 \L,he<y+kh

f(y + kh)

- f(y+ kh)

= (14 /Np) Z Gy + kh)f(y + kh)

kh
1+\/Fh\/_z\/F§/;_7+k)h

Fi(y + kh) — Fy(y + (k+1)h)
H\/Fh\/_z Fi(y + kh)

<(1+\/Fh)\/_1+\/_ (\/thmh \/Fh(y+(/<:+1)h)>

= (14+ Ny)VBr(1 + \/E)\/Fh(y)
(1+ V/Np)Bi(1 + v/Mp)

1
VGi(y)

The last equality above holds since Fj(y + kh) — 0 when k — co. The proof of Lemma
6.2 is completed. O
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