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CHARACTERIZATION OF A CLASS OF WEAK
TRANSPORT-ENTROPY INEQUALITIES ON THE LINE

NATHAEL GOZLAN, CYRIL ROBERTO, PAUL-MARIE SAMSON, YAN SHU, PRASAD TETALI

ABSTRACT. We study an optimal weak transport cost related to the notion of convex
order between probability measures. On the real line, we show that this weak transport
cost is reached for a coupling that does not depend on the underlying cost function. As
an application, we give a necessary and sufficient condition for weak transport-entropy
inequalities (related to concentration of convex/concave functions) to hold on the line.
In particular, we obtain a weak transport-entropy form of the convex Poincaré inequality
in dimension one.

1. INTRODUCTION

The aim of this paper is to study a weak transport cost and its associated weak
transport-entropy inequality, both introduced by four of the authors in [22], on the real
line. In order to present our results, we shall first introduce the various mathematical ob-
jects of interest to us, placing and motivating their significance within the classical theory
of optimal transport and its connection with the concentration of measure phenomenon.

Throughout the paper P(R) denotes the set of Borel probability measures on R and
Pi(R) :={p € P(R) : [p |z|p(dx) < oo}, the subset of probability measures having a finite
first moment.

Let # : Rt — RT, with #(0) = 0, be a measurable function referred to as the cost
function. Then, the usual optimal transport cost, in the sense of Kantorovich, between
two probability measures p and v on R is defined by

(1) To(v, 1) 1nf//9 | — y|) m(dzdy),

where the infimum runs over the set of couplings m between p and v, i.e., probability
measures on R? such that 7(dz x R) = p(dz) and 7(R x dy) = v(dy).

Since the works by Marton [28, 29, 30] and Talagrand [30], these transport costs have
been extensively used as a tool to reach concentration properties for measures on product
spaces. More precisely, optimal transport is related to the concentration of measure phe-
nomenon via the so-called transport-entropy inequalities that we now recall. A probability
measure 4 on R is said to satisfy the transport-entropy inequality T(0), if for all v € P(R),
it holds

(2) To(v, ) < H(v|p),
where H(v|u) denotes the relative entropy (also called Kullback-Leibler distance) of v with
respect to u, defined by
o= o (1)
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if v is absolutely continuous with respect to p, and H(v|u) := oo otherwise. Note that
we focus on the line, but that all the above definitions easily generalize to probability
measures on a general metric space. As a special case, as proved by Talagrand in his
seminal paper [36], Inequality (2) is satisfied by the standard Gaussian measure for the
cost O(x) = x?/2. By extension, we shall say that p satisfies the inequality To(C) (often
referred to as “Talagrand’s inequality” in the literature), if (2) holds for a cost function
of the form 0(z) = 22 /C, for some C > 0. We refer to the books or survey [25, 19, 37, 10]
for a complete presentation of transport-entropy inequalities and of the concentration of
measure phenomenon, as well as for bibliographic references in the field.

In the next few lines we shall shortly discuss the consequences of transport-entropy
inequalities in terms of concentration. For simplicity we may only consider Inequality
To(C).

As discovered by Marton and Talagrand, when a probability p satisfies To(C'), then for
all positive integers n, and all functions f : R” — R which are 1-Lipschitz with respect to
the Euclidean norm on R"”, it holds

(3) P (f > med(f) +1t) < e (1=t0)*/C Vit > t, :=1/Clog(2),

where med(f) denotes the median of f under p". We refer to [25, 10] for a presentation
of the numerous applications of this type of dimension-free concentration of measure in-
equalities. Conversely, it was shown by the first named author in [17] that a probability u
satisfying the dimension-free Gaussian concentration (3) necessarily satisfies To(C'), thus
giving to Inequality T a special status among other functional inequalities appearing in
the concentration of measure literature. The key argument explaining why Talagrand’s
inequality implies the dimension-free concentration behavior (3) is the well-known tensori-
sation property enjoyed in general by inequalities of the form T(6) (see e.g. [19]). The
tensorisation property shows in particular that if u satisfies To(C'), then the n-fold product
measure 4 ® --- ® p also satisfies To(C) (on R™) with the same constant C'.

More generally, given a measure on a product space (which is not necessarily a prod-
uct measure), and assuming that each of its conditional one-dimensional marginals sat-
isfies a transport-entropy inequality, several authors have obtained, using different non-
independent tensorisation strategies, transport-entropy inequalities for the whole mea-
sure under weak dependence assumptions (see for instance [13, 39, 31, 38]). Then, the
transport-entropy inequality for the whole measure leads again to concentration properties
using the same classical arguments as in the product case. Thus, in many situations one is
reduced to verify the one-dimensional transport-entropy inequalities, and therefore it is of
a real interest to characterize those probability measures p on R that satisfy the inequality
Ty and more generally T(#) for a general cost function 6.

In this direction, the first-named author obtained, in [18], necessary and sufficient con-
ditions for T(6) to hold, when the cost function 6 : RT™ — R is continuous, convex and
quadratic near 0. In order to present such conditions, we need to introduce some nota-
tions. Denote by F,(x) := pu(—o0,z], x € R, the cumulative distribution function of a
probability measure p and by F,- L jts general inverse defined by

Fu_l(u) = inf{z € R, F)(z) > u} € RU{£o0}, Vu € [0, 1].

The conditions obtained in [18] are expressed in terms of the behavior of the modulus of
continuity of the non-decreasing map Uy, := F}; Lo F,, where 7 is the symmetric exponential
distribution on R,

1
7(dz) = §e_|$| dx ,
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so that
0

Fﬂ’1 1-— %e"m') if x>
< 0.

Unle) = { F;jl e*\l“\) if x

By construction, U, is the unique left-continuous and non-decreasing map transporting 7
onto p (i.e. [ foU,dr = [ fdu for all f). In the special case of the inequality To, the
characterization of [18] reads as follows: a probability measure p satisfies To(C') for some
C' if and only the following holds

e for some constant b > 0 and all u > 0, it holds

1
sup(Up(z +u) — Uy(x)) < E\/l + u,
zeR

e for some constant ¢ > 0 and all f of class C!, the Poincaré inequality holds

(4) Var, () < [ 1 du.
We refer to [18] for a precise quantitative relation between C,b and c.

In the present paper, partly following [18], we focus on the study of a new weak
transport-entropy inequality introduced in [22] that is related to a weak type of dimension-
free concentration. More precisely, in dimension one, we consider the weak optimal trans-
port cost of v with respect to u defined by

Totwln) = int [0(|o~ [ypte.an)]) ntas).

where the infimum runs over all couplings 7 (dzdy) = p(z, dy)u(dx) of p and v, and where
p(z, -) denotes the disintegration kernel of 7 with respect to its first marginal. The
notation bar comes from the barycenter entering in its definition. Note that, contrary to
the usual transport cost, 74 is not symmetric. Also, in terms of random variables, one
has the following interpretation Tg(v|u) = infE (0(|X — E(Y|X)|)) whereas Ty(v, u) =
inf E (0(|X —Y)), where in both cases the infimum runs over all random variables X,Y
such that X follows the law p and Y the law v. As a consequence, when 6 is convex, by
Jensen’s inequality, one has Tg(v|u) < Tg(v,p). Therefore, if a measure u satisfies T(6)
then it also satisfies the following weaker transport-entropy inequalities.

Definition 1.1. Let # : R™ — R be a convex cost function. A probability measure p on
R is said to satisfy the transport-entropy inequality

TH(6): if for all v € Py (R), it holds
To(v|p) < H(v|w);
T (0): if for all v € P1(R), it holds
Tolulv) < H(v|w);
T(6): if p satisfies both T'(#) and T (6).

In Section 4, we recall a dual formulation of these weak transport inequalities in terms
of infimum convolution operators. In particular, the inequality T(f) appears as the dual
formulation of the so-called convex (7)-property introduced by Maurey [32] (see also [34]
for further development).

The above defined weak transport-entropy inequalities are of particular interest since
the class of measures satisfying such inequalities also includes discrete measures on R
such as Bernoulli, binomial and Poisson measures [22, 34]. In comparison, the classical
Talagrand’s transport inequality (and more generally any T(6)) is never satisfied by a
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discrete probability measure unless it is a Dirac'. Moreover these weak transport-entropy
inequalities also enjoy the tensorisation property (see [22, Theorem 4.11]), thus connecting
them to a special dimension-free concentration behavior. For instance, as shown in [22,
Corollary 5.11], a probability measure u satisfies To(C) (i.e. T(0) with 8(x) = 22/C,
x € R) if and only if, for all positive integers n and all convex or concave functions
f:R™ — R which are also 1-Lipschitz for the Euclidean norm on R", it holds

pP(f > med(f) +1) < e TR >,

where t,,C" > 0 are constants related to C' (see [22] for a precise and more general
statement).

With these motivations in mind we shall prove the following characterization (the main
result of the paper) of the transport inequalities T(6) associated to any convex cost function
0 which is quadratic near 0. In the sequel we may use the following standard notation
O(a-) for the function x — 0(ax).

Theorem 1.2. Let p € Pi(R), t, > 0 and 6 : RT™ — RT be a convex cost function such
that 0(t) = t2 for all t < t,. The following propositions are equivalent:

(i) There exists a > 0 such that u satisfies T(6(a-)).
(13) There exists b > 0 such that for all u > 0,

0 (u + 12).

S =

Slmlp (Uu(ﬂf +u) — Uu(x)) <

Moreover, constants are related as follows:
(1) implies (i1) with b = aky
(ii) implies (i), with a = bka,

in(1,¢
and ko 1= min(1,%o)

where K1 := = s
1 2100—1(2+2)

to
80— 1(log(3)+t2)

Remark 1.3. In comparison with the characterization of the inequalities T(6) given in [18],
one sees that only the condition on the modulus of continuity of U, remains. Nevertheless,
as we shall explain below, the Poincaré Inequality has not completely disappeared from
the picture.

Also, denoting by A, the modulus of continuity of U, defined by

Ay(h) =sup{U,(z +u) —Uy(z),z e R,0<u<h}, h=0,
Condition (i7) asserts that
1
A,(h) < Eafl(h +t2).

Therefore A, is bounded above near zero but does not necessarily go to zero, as h goes to
zero. In fact, if the measure u is discrete and not a Dirac measure, the support of u is not
connected and so there exist a < b with a and b in the support of u such that p(Ja,b]) = 0.
In that case, we may easily check that for all & > 0, b —a < A, (h). This shows that in a
discrete setting limy,_,o A, (h) > 0.

The proof of Theorem 1.2, given in Section 6, is based on a refined study of the weak
transport cost Ty (u|v) of independent interest. Indeed, we shall prove that, in dimension
1, all the optimal weak transport costs T ¢(u|v) are achieved by the same coupling indepen-
dently of the convex cost function . This result is well-known for the classical transport
cost Ty. More precisely, it follows from the works by Hoeffding, Fréchet and Dall’Aglio
[12, 16, 24] (see also [11]) that Ty(u,v) = [0 (|z — T, u(x)|) v(dz) where T}, ,, := Fﬂ_1 oF,.
In particular, given any two convex costs 61, 62, it holds Tp, 10, (11, v) = To, (1, v)+To, (1, v).
Our second main result reads as follows (recall that 11 < v means that [ fdvy < [ fdve

1Indeed7 as mentioned above, the Poincaré inequality is a consequence of Talagrand’s transport inequal-
ity that forces the support of u to be connected.
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for all convex functions f: R — R (one says that vy is dominated by v, in the convex
order)).

Theorem 1.4. Let p,v € P1(R) ; there exists a probability measure 4 dominated by v in
the convex order, ¥ = v, such that for all convex cost functions 6 it holds

To(v|p) = To (5, 1)

In particular, for any two conver cost functions 61,05, it holds
(5) T91+92 (,v) = 7_’01 (,v) + T92 (1, 1)

The notion of convex ordering, characterized by Strassen [35] in terms of martingales,
will turn out to be crucial in the understanding of the weak transport costs 7. In Section
2, we recall certain classical properties of the convex order and in particular its geometrical
meaning (in discrete setting) given by Rado’s theorem [33] (see Theorem 2.9). From this
geometrical interpretation, we shall obtain an intermediate outcome (Theorem 2.10) that
might be interpreted as a discrete version of Theorem 1.4. Finally, the proof of Theorem
1.4, given in Section 3, will follow by an approximation argument.

With the result of Theorem 1.4 in hand, we can briefly introduce the main ideas of the
proof of Theorem 1.2. Following [18], the weak transport-entropy inequality (z) will follow
from (i7) by decomposition of the weak optimal cost € into two parts. One part is related
to the quadratic behavior of 8 on [0,t,] and the second part is related to its behavior for
t > t,: one has 6 < 61 + 05 with

O1(t) := t*11g,1,1(t) + (2tto — 12) 111, 4oo)(t),
and
0ut) == 0(0) — 2, = (001) = )1y, 4o (D). LER
Therefore, by Theorem 1.4,
To@ W) <T 0,402 @ ) V1) = T oy W) + Toyay(vIp) < 2H(v|p),

for a proper choice of the constant a, where the last inequality will follow by relating the
condition appearing in (i7) to the two weak transport-entropy inequalities with cost 01 (a )
and 62 (a - ). More precisely, following [18, Theorem 2.2], we will show in Theorem 6.1 that
(ii) characterizes the weak transport-entropy inequality T(f2(a-)) while, as stated in the
next Theorem (our last main result), the weaker condition sup, (U,(x + 1) — Uy(x)) < h,
for some h > 0, characterizes the weak transport-entropy inequality T(#;(a-)) which thus

appears (thank to [5]) to be also equivalent to the Poincaré inequality (4) restricted to
convex functions.

Theorem 1.5. Let o be a probability measure on R. The following assertions are equiv-
alent:

(1) There exists h > 0 such that

itelg[Uu(x +1) = U,(x)] < h.

(1) There exists C' > 0 such that for all convex function f on R it holds
Var,(f) < C/ 2 du.
R

(iii) There exist D,l, > 0 such that p satisfies T () and TJr(a). Namely, it holds
Talply) SHWE)  and  Talp) < Hlp) Vv e Pi(R),
for the cost function a defined by

2 .
_ ;‘—D if lul <1,D
a(u) { lolu| —12D/2  if [u] > I,D.
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In particular, with k := 5480 and c := 1/(10/2),
e (i) = (iii) with D = kh? and I, = c/h,
o (iii) = (ii) with C = 2D,
e (i) = (ii) with C = kh?.

The equivalence (i) < (ii) goes back to Bobkov and Gétze [5]. Hence, Theorem 1.5
completes the picture by showing that (i)/(i7) also characterize the measures satisfying a
weak transport-entropy inequality with a cost function which is quadratic near zero and
then linear (like 6;). The dependence between the constants in the implication (i7) = (i)
is not given for technical reasons. Indeed, the proof relies on an argument from [5] that
uses a non trivial proof from [7] where one loses the explicit dependence on the constants.

We indicate that during the preparation of this work, we learned that the character-
ization of the convex Poincaré inequality in terms of the convex (7)-Property (which is
equivalent to the transport-entropy inequalities of Item (iii), by duality, as we shall recall
in Lemma 4.1) was obtained by Feldheim, Marsiglietti, Nayar and Wang in a recent paper
[15].

The proof of Theorem 1.5 is given in Section 5. It uses results of independent interest like
a new discrete logarithmic Sobolev inequality for the exponential measure 7 (Lemma 5.2).
By transportation techniques, such a logarithmic-Sobolev inequality provides logarithmic-
Sobolev inequalities restricted to the class of convex or concave functions for measures
satisfying the condition in Item (i) (Corollary 5.1). Then the weak transport-entropy
inequalities of Item (ii7) are obtained in their dual forms, involving infimum convolution
operators (Lemma 4.1), by means of the Hamilton-Jacobi semi-group approach of Bobkov,
Gentil and Ledoux [4], an approach also generalized in [26, 21, 22].

The paper is organized as follows. In the next section, we introduce and recall some
known properties of the convex ordering that we shall use in Section 3 to prove Theorem
1.4. Then, in Section 4, we very briefly recall the dual formulation of the weak-transport
entropy inequalities T and T, borowed from [22], which will be useful later on. Finally,
Section 5 and 6 are devoted to the proofs of Theorem 1.5 and 1.2, respectively.

Acknowledgment: The authors would like to warmly thank Greg Blekherman for
discussions on the geometric aspects in Section 2.3, including his help with the proof of
Theorem 2.10.

2. CONVEX ORDERING AND A MAJORIZATION THEOREM

This section is devoted to the study of the convex ordering. After recalling some classical
definitions and results, we shall prove a majorization theorem which will be a key ingredient
in the proof of Theorem 1.4.

2.1. A reminder on convex ordering and the Strassen Theorem. We collect here
some basic facts about convex ordering of probability measures. We refer the interested
reader to [27] and [23] for further results and bibliographic references. All the proofs are
well-known, we state some of them for completeness.

We start with the definition of the convex order.

Definition 2.1 (Convex order). Given vy, € P1(R), we say that vo dominates v; in the
convex order, and write vy < vy, if for all convex functions f on R, [p fdvy < i fdva.

Remark 2.2. Observe that for any probability measure belonging to P;(R) the integral of
any convex function always makes sense in R U {+o0}.

The convex ordering of probability measures can be determined by testing only some
restricted classes of convex functions as the following proposition indicates.

Proposition 2.3. Let v1,v5 € P1(R) ; the following are equivalent
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(i) v1 = v,
(ii) [xvi(dx) = [zva(dx) and for all Lipschitz and non-decreasing and non-negative
convex function f: R — RT, [ f(x)vi(dr) < [ f(z)va(dx).
(iii) [zvi(de) = [zva(dz) and for allt € R, [[z —t];vi(dx) < [[x — t]4 va(dz).

For the reader’s convenience and for the sake of completeness, we sketch the proof of
this classical result. We refer to [27] for more details.

Sketch of the proof. Let us show that (i) is equivalent to (ii). First, since the functions
x +— z and x — —x are both convex, it is clear that v; < vy implies [z vy (dz) = [ xva(dzx)
so that (7) implies (i7). Conversely, since the graph of a convex function always lies above
its tangent, subtracting an affine function if necessary, one can restrict to non-negative
convex functions. Moreover, if f: R — RT is a convex function, then f,,: R — R defined
by fo = f on [=n,n), fa(@) = fu(n) + fo(n)(@ —n) if & > 0 and fo(@) = fa(—n) +
fl(=n)(z 4+ n) if 2 < —n (where f], denotes the right derivative of f) is Lipschitz and
converges monotonically to f as n goes to infinity. The monotone convergence Theorem
then shows that one can further restrict to Lipschitz convex functions. Finally, up to the
subtraction of an affine map, any Lipschitz convex function is non-decreasing, proving that
(74) implies (7).

Now it is not difficult to check that any convex, non-decreasing Lipschitz function
f: R — R* can be approached by a non-increasing sequence of functions of the form og +
Yoieq iz —ti]4, with a; > 0 and t; € R. This shows that (ii) and (4i7) are equivalent. [

The next classical result, due to Strassen [35], characterizes the convex ordering in terms
of martingales.

Theorem 2.4 (Strassen). Let v1,v2 € P1(R) ; the following are equivalent:

(7’) V1 2V,
(7i) there exists a martingale (X,Y") such that X has law vy and Y has law vs.

We refer to [22] for a (two-line) proof of Theorem 2.4 involving Kantorovich duality for
transport costs of the form 7.

2.2. Majorization of vectors and the Rado Theorem. The convex ordering is closely
related to the notion of majorization of vectors that we recall in the following definition.
As for the previous subsection, all the proofs are well-known and we state them for com-
pleteness.

Definition 2.5 (Majorization of vectors). Let a,b € R™ ; one says that a is majorized by
b, if the sum of the largest j components of a is less than or equal to the corresponding
sum of b, for every j, and if the total sum of the components of both vectors are equal.

Assuming that the components of a = (ay,...,a,) and b = (by,...,b,) are in non-
decreasing order (i.e. a3 < ag < ... < a, and by < by < ... < by), a is majorized by b,
if

an+an—1+"'+an—j+1 Sbn+bn—1+"'+bn—j+17 fOI“j = 1,...,71—1,
and Y it a; = >0 b
The next proposition recalls the link between majorization of vectors and convex order-
ing.
Proposition 2.6. Let a,b € R"™ and set v; = % Yo 0a, and vy = % Yoie1 0y, The
following are equivalent
(i) a is majorized by b,

(ii) vy is dominated by vy for the convex order. In other words, for every convex

f:R =R, it holds that Y ;- f(ai) < >0y f(bs).
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Thanks to the above proposition and with a slight abuse of notation, in the sequel we
will also write a < b when a is majorized by b.

Proof. Assume without loss of generality that the components of a and b are sorted in
increasing order. We observe first that, by construction, the equality [ xvy(dz) = [ zva(x)
is equivalent to D1 a; = Y i b;.

We will first prove that (i) implies (i¢). By Item (iii) of Proposition (2.3) we only need
to prove that a =< b implies

n n
(6) dlaw —tl4 <D [bp—t4, VteER
k=1 k=1

Assume that ¢ < maxay (otherwise (6) obviously holds). Then, let k, be the smallest k
such that aj >t so that Y3 [ar —t]4 = >2p_x (ar —t). Therefore, by the majorization
assumption (which guarantees that >, ap < Y iy br), we get

n n n
Z[ak—t]+zz k—t Zbk_t Z k—t
k=1 k=ko k=ko =

Conversely, let us prove that (iz) implies (i). Fix k € {1,. n} and set fr(x) := [z —bi]+,
x € R. Plugging fi into Item (i7) of Proposition (2.3) leads to

Zai—bkgz:[ —bk+—n/f V1 dl‘ /f VQ dl‘ Z[bi_bk]+zzbi_bk7
i=k i=1 i=k
so that 1, a; < Y. it b, which proves that a is majorized by b. O

Next we recall a simple classical consequence of Proposition 2.6 in terms of discrete
optimal transport on the line.

Proposition 2.7. Let z,y € R" be two wvectors whose coordinates are listed in non-
decreasing order (i.e. x1 < x9 < ... < Ty, Y1 < Y2 < ... < yn). Then for all permutation
o of {1,...,n} and all conver 6 : R — R, it holds

> 0z —yi) <D 0(xi —
i—1 i—1

Proof. Since, for all k, 37" yi = 321k Yo(i), it holds for 3710, (z; — vi) < 220k (Ti — Yo(i))
(with equality for k = 1). Therefore, denoting yo = (Yo(1),- - - »Yo(n)), it holds z —y =
T — Yo. Applying Proposition 2.6 completes the proof. O

Remark 2.8. In particular, let u, v are two discrete probability measures on R of the form

1 & 1 &
= E Oz, and V= E Oy; 5
=1 =1

where the x;’s and the y;’s are in increasing order, and assume for simplicity that the z;’s
are distinct. Then the map T sending x; on y; for all ¢ realizes the optimal transport of u
onto v for every cost function 6.

We end this section with a characterization of the convex ordering (or equivalently
of the majorization of vectors, thanks to Proposition 2.6), due to Rado [33]. We may
give a proof based on Strassen’s Theorem. For simplicity, we denote by S, the set of
all permutations of {1,2,...,n} and, given 0 € S, and =z = (x1,...,2,) € R", we set
Ty i— (ma(l), PN ,xa(n)).

Theorem 2.9 (Rado). Let a,b € R™ ; the following are equivalent

(i) the vector a is majorized by b;
(ii) there exists a doubly stochastic matriz P such that a = bP;
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(iii) there exists a collection of non-negative numbers (Ay)oes, With Y ,cs Ao =1 such
that a = Y cs, Aobo (in other words a lies in the convex hull of the permutations

of b).

Proof. First we will prove that (i) implies (i7). According to Proposition 2.6, a < b is
equivalent to saying that vy = %Zznzl 0q; is dominated by vy = % i1 0p, in the convex
order. Set X := {a1,...,an}, YV := {b1,...,bn}, ky := #{i € {1,...,n} : a; = x},
re Xand by = #{i € {l,...,n} : b =y}, y € Y (where # denotes the cardinality);
observe that v; = % > rex kalz and vp = % Zyey £y6,. According to the Strassen Theorem
(Theorem 2.4), there exists a couple of random variables (X,Y) on some probability
space (€, A,P) such that X is distributed according to vy, and Y according to o and
X = E[Y|X]. Since X is a discrete random variable,

EY1x_—
]E[Y|X] = Z Hl){:x, a.s.
TeX -

Therefore, for all x € X,

E[Y1x_.]

Y=oy _— 3 " Z byyKy,z,

P(X = x) oy

where K, , := n]P(X%é;/:y)- Hence a = bP with Pj; := Ky, 4;, ¢,j = 1,...,n. This proves

Item (#7), since P is doubly stochastic by construction.

If a = bP with a doubly stochastic matrix P, then it is easily checked that >"1" | f(a;) <

? 1 f(b;) for any convex function f on R so that (i7) implies (7).

Finally, according to Birkhoff’s theorem, the extremes points of the set of doubly sto-
chastic matrices are permutation matrices. Therefore every doubly stochastic matrix can
be written as a convex combination of permutation matrices showing that (ii) and (i)
are equivalent. O

2.3. Geometric aspects of convex ordering and a majorization theorem. Con-
trary to the previous subsections, the results presented here are new. Fix some vector
b = (b1,ba,...,b,) of R™ with distinct components (for simplicity). We will be working
with the convex hull of the permutations of b, a polytope we denote by Perm(b) and
defined as

Perm(b) := ¢ > Agby,with A; >0and » A, =13.
oGSn O'GSn
Such a polytope is often refered to as the Permutahedron generated by b. According to
Rado’s Theorem 2.9, Perm(b) = {a € R™ : a =< b}. Hence, Perm(b) is a subset of the
following affine hyperplane

&y = {mGR” : Zmz :sz} :b-i-go,
i=1 i=1

with & :={x e R" : >, x; = 0}.

We will be interested in the faces, facets containing a given face, and normal vectors to
such facets of Perm(b). We need to introduce some notations.

Denote by [n] the set of integers from 1 to n. For S C [n], let vg(b) denote the vector
with the |S| largest components of b in the positions indexed by S (in decreasing order,
say), and the remaining n — |S| lowest components of b in the other positions indexed
by [n] \ S (also in a decreasing order). Also, when S # (), we denote by Pg(b) the set
that contains the vector vg(b) along with all vectors obtained by permuting any subset of
coordinates of vg(b), as long as the subset is contained in S or in [n] \ S. (That is, the
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only permutations that are not allowed are those that involve elements from both S and
[n] \ S). More precisely

Ps(b) :={(vs(b))s,0 € Sy, such that o(S) = S}

where o(S) :={0(i),7 € S} denotes the image of S by o.

More generally, given a partition S = (S, S2,. .., Sk) of [n], let vs(b) denote the vector
with the largest |S1| coordinates of b in the positions indexed by S; (in decreasing order),
then the next largest |S2| coordinates in the positions indexed by Sz and so on (as an
illustration, for b = (1,4,5,-2,3,9,6, —5) € R® and S = (51,99, 53) with Sy = {1,2},
Sy = {3,6,7} and S3 = {4,5,8}, we get vs(b) = (9,6,5,1,—2,4,3,—5) where the italic
positions refer to the set S, the bold positions to the set So and the remaining positions
to S3). Also, we denote by Ps(b) the set containing the vector vs(b) along with all vectors
obtained by permuting the coordinates of vs(b) that belong to the same S;:

Ps(b) := {(vs(b))s,0 € Sy, such that for all i,0(S;) = S;}.

Now we recall two geometric definitions/facts from [3].

Fact 1: A facet of Perm(b) is the convex hull of Pg(b), for some S # (), [n].

Fact 2: A face of Perm(b) is the convex hull of Ps(b), for some partition S = (S1, So, ..., Sk)
of [n] with k£ > 3. Furthermore, given a face F' = Conv(Ps(b)), there exist ex-
actly k — 1 facets containing F' that are obtained by coalescing the first and last
several S;’s in S: that is, for each 1 < j < k — 1, the facet I} containing I’ can
be described by taking the partition [n] = T3 U T, with 73 = S;U--- U S;, and
TQZS]'_HU---USk.

The next theorem, which we may call the Majorization Theorem, is a key ingredient in
the proof of Theorem 1.4. It provides a geometric interpretation of majorization in terms
of projection.

Theorem 2.10 (Majorization Theorem). Let a,b € R", assume that b has distinct coor-
dinates and that a ¢ Perm(b). Then the following are equivalent:
(i) é € Perm(b) satisfies
a—¢=<a—c, VecéePerm(b);
(ii) ¢ is the closest point of Perm(b) to a; that is,

¢:=arg min (Ha —cl2) .
c€Perm(b)

Moreover the vector ¢ is sorted as a : (a; < aj) = (& < &) , for all i,j.

Let us recall that the orthogonal projection of a point a on the polytope Perm(b) is the
unique ¢ € Perm(b) such that

(7) (a —¢,c—c¢) <0, Ve € Perm(b).

Proof. Observe that if Y7 ;a; # > i b;, then letting a := a — —(1,1, ..., 1) with £ =
Yo a;— > b, we see (using (7)) that the orthogonal projection of a and @ on Perm(b)
are equal (to some point we denote by ¢, say), and that a — ¢é < a — ¢ if and only
if a—¢ =X a—c. Therefore we can assume without loss that ¢ and b are such that
Die1 @ = D by
We will first prove that (i) implies (#4) which is the easy part of the proof.
(i) == (11). Let ¢ be the closest point of Perm(b) to a (i.e. ¢ := arg minceperm(b)(ﬂa—cHQ)).
Then by (i), a — & = a — ¢, which, by Proposition 2.6 (applied to f(x) = 2?) implies that
" (a—28)? <3 (a—c)?. By definition of ¢, this is possible only if ¢ = ¢.
Next we will prove that (i7) implies (7). For the sake of clarity, we first deal with the

simple case when ¢ lies on a facet of Perm(b), before dealing with the general case of ¢
being on a face.
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(11) = (i). Let ¢ be the closest point of Perm(b) to a. Since Perm(b) is invariant by
permutation, it easily follows from Proposition 2.7 that the coordinates of ¢ are in the
same order as the coordinates of a. Hence, we are left with the proof that a — ¢ < a — ¢
for all ¢ € Perm(b).

(a) A simple case: ¢ € F for some facet F'. Since ¢ is chosen from Perm(b), and since
we assumed that Y, b; = >, a;, we have > ;(a — ¢); = 0. Writing a := a — & € &, suppose
that « is perpendicular to the affine subspace H := Hp containing a facet F', defined by
some nonempty subset S of [n]. For all x,y € F, we thus have (o, z — y) = 0. Choosing
r = vg(b) and y = z,,; obtained by permuting two coordinates of = whose indices are both
in S or both in S¢ (i.e. 7;; = (ij) is the transposition that permutes ¢ and j, with i, j € 5,
or i,j € S, one sees that the coordinates of « are constant on S and S¢. We denote by
ag and age the values of a on these sets, which verify kag + (n — k)age = 0 since a € &.

Now (recalling that & = a — ¢) our task is to show that

a=a—(d—¢), forevery ¢ € Perm(b).
This amounts to showing that

a = a—c, forevery csuch that (a,c) <0, and Zci =0.
i

Indeed, on the one hand the choice of é implies, by (7), that for every ¢ € Perm(b) (o, ¢ —
¢) <0, and on the other hand, since é, ¢ € Perm(b), necessarily >, ¢; = >, ¢, —>; & = 0.

Now (a,c) < 0 and >, ¢; = 0 together imply (recall that « is constant on S and S€)
that

(as —ozgc)Zci <0.
€S

Let us assume that ag > age. Then denoting by c¢s = > ;.5 ¢; and by cge = > ;- ge ¢;, one
has ¢g < 0 and cge > 0. Therefore, for any convex function f on R, according to Jensen’s
inequality and by convexity, we get

S ) N Pics flas —¢) Yiese [lase —¢i)
;f(az_cz)—k £ A +(7”L—/€) S P
15 (-5 - o 25

> kf(as) + (n—k)f(ase) — f'(as)es — f'(ase)ese

where the last inequality comes from the fact that f'(ag)cs + f'(ag)cse = cs(f'(ag) —
f(ase)) < 0. According to Proposition 2.6, we conclude that @ < a — ¢ which is the
expected result.

(b) The general case. Suppose that ¢ lies in a face F' of the polytope. This face is
related to a partition S = (S1,...,Sk) of [n], with £ > 3. Then o := a — ¢ € N(F'), where
N(F) denotes the normal cone of F'. Recall that the extreme rays of N(F') are given by
the facet directions for the facets containing F'. For all i € {1,...,n— 1}, let us denote by
F; the facet containing F' associated to the partition 7; = {S1U...US;; Siy1U... U Sk},
1 < i < k— 1. Consider the vectors py,pa,...,pr—1 € & defined by

k;
n
where 17 denotes the 0 — 1 indicator vector of T, for T' C [n], and k; = |S1| + -+ + |Si].

For each i, the vector p; is orthogonal to the facet F;. Moreover, for all ¢ € Perm(b) one
may check that (c,p;) < (v7;,pi), with equality on F;. This shows that p; is an outward

pi = 1gu8u--us; — — 1y
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normal vector to F;. Therefore N(F') is the conical hull of the p;’s, and so we may express
«, for a suitable choice of A\; > 0, as:

a =Y Nlgus,u-us; — o1y,
i
where o = (1/n)[X8 1 Xl S|+ 80 \ilSa| 4+ -4+ Ae_1|Sk_1]] - In particular, o is constant

on each S; : forall i € S;, oy = (Zk LD ) —0:=Aj.
In order to establish (i), we need to show that

a=a—(c—¢), VeePerm(b),
or in other words, we need to show that
a=<a—-d, VdePerm(b)—eé.
We now use again the fact that our choice of ¢ implies that, for all 1 <¢ <k — 1,
(piy€) > (pi,c), Yec & Perm(d).
This in turn gives the following:
Perm(b) — ¢ C {c' : (¢, p;) <0, Vi}.

Thus using N(F)? := {d € &y;(d,p;) < 0, Vi} to denote the polar cone, it then suffices
to show that for « (as above),

a=<a-—d, Yde N(F)°.
Now, d € N(F)? implies that
(d,15,08,0-us;) <0 and > d; =0,
i
therefore denoting Ej = ) icq . .us, di, for all j € {0,1,...,k}, one has E; < 0 and
Ey=E;=0.

Let f: R — R be a convex function ; denoting by f’ its right derivative, the convexity
of f implies that

k k k
Dl —di) =D f(A —di) = Y |S1F(A) =D f'(A)D;
i—1 j=1i€s; j=1 j=

where D; = Ziesj d;. Now, using an Abel transform (and the fact that Fy = E; = 0),
one gets

k—1

k k
Y F(A)D; =" F(ANE; — Eja) = Y (f'(A)) — /(A1) E; <0,
j=1

Jj=1 1

<.
Il

where the inequality comes from F; < 0, A; > A1 and the monotonicity of f’. Therefore,
one gets

n

n k
> fla Z 1S51£(A) =3 flar),
=1 7j=1 3

=1

which proves that a < a — d, thanks to Proposition 2.6, as expected. This completes the
proof. O
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3. PROPERTIES OF THE OPTIMAL COUPLING FOR WEAK TRANSPORT COSTS

This section is devoted to the proof of Theorem 1.4. We will establish first a preliminary
result which gives some connection between 7 and 7. In the sequel, we denote by Im(s),
respectively ImT(,u), the set of probability measures on R which are images of p under
some map S : R — R, respectively some non-decreasing map S, i.e.,

Im(p) = {y € P(R) : 35 : R — R measurable such that v = Syup},

and

Im' (1) = {y € P(R) : 3S : R — R measurable, non-decreasing, such that v = Syu}.

Proposition 3.1. For all probability measures j,v on R, it holds
inf  Tp(y,p) > To(vlp) >  inf )Ta(%u)-

y=v,y€ImT (1) Y2y, yElm(p

Remark 3.2. Note that when y has no atoms, then Im'(u) = Im(u). If u is a discrete
probability measure, then the two sets may be different. For instance, if yp = %50 + %51,
then v = %50 + %51 is in Im(p) but not in ImT(,u). In the proof of Theorem 1.4 below,
we will use Proposition 3.1 with p being the uniform distribution on n distinct points for
which it is clear that Im" (1) = Im(p).

Proof. First we will prove that To(v|u) > inf <, yemm(u) To(7, 1), To that aim, denote by

m(dzdy) = p(z,dy)p(dx) some coupling between p and v and set S(z) := fyp x, dy),
xz € R. Clearly Syp € Im(p). Moreover if f : R — R is some convex functlon by Jensen’s
inequality, it holds

[ @) Sputan) = [ ([ ypta.dn)) ntdo) < [[ 1) piadptin) = [ 1)

so that Sup < v. Therefore,

[6(z= [uptw.an) utds) = [ 6~ S@) (o) > Ta(Sp) > inf T

Y=v,yElm(p)
from which the claim follows by taking the infimum over p.

Now we turn to the proof of the inequality To(v|u) < inf, o, ctmt ) To (7, ). Assume
that v < v and that v = Sy for some non-decreasing map S. According to Strassen’s
theorem, there exists a coupling 7y with first marginal v and second marginal v such that
m(dzdy) = pi(x,dy)y(de) and = = [pypi(x,dy), v almost everywhere. For all z € R,
define the following probability measure p(z,dy) := p1(S(z),dy). Then for all bounded
continuous function f, it holds

J[ f@ota.dyyutd) = [[ 1)pi(S(@). dy) utda)
— [[ t@me.dy) o) = [ 1)

Thus the coupling w(dzdy) = p(z,dy)u(dz) has p as first marginal and v as second mar-
ginal. Moreover, by definition of p; and p, p almost everywhere, it holds

[ wia.dy) = [ ypi(S(@).dy) = S()

Since S is non-decreasing, it realizes the optimal transport between p and v for the classical
transport cost Tg and so it follows that

p) = [ 600~ S(@)Dutdz) = [0~ [ ype.dy)Du(de) > To(vi)

which achieves the proof by taking the infimum over ~. O
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We are now in a position to prove Theorem 1.4.

Proof of Theorem 1.4. The proof of the first part of Theorem 1.4 is divided into two steps.
In the first step we will deal with uniform discrete measures on n points, while in the second
step we will use an approximation argument in order to reach any measures.

Step 1. We first deal with

1 & 1 &
= — ) O, and vi=—>Y 0,

witha; < as <...<apand by < by <...<by,. Seta:=(ay,...,a,)andb:= (by,...,by,).
According to Theorem 2.10, there exists some ¢ € Perm(b) such that a — ¢ < a — ¢, for
all ¢ € Perm(b). Moreover the coordinates of ¢ satisfy ¢ < é11. Set 4 := %Z?:l d¢, and
observe that v dominates 4 for the convex order and 4 € Im'(u). (Recall the definition
from the beginning of this section.)

Now for any v := %Z?:l d¢, € ImT(,u) with ¢; < ¢;41 and for any convex cost function
0, it holds (since the coordinates are non-decreasing)

1 n
To(7v, 1) = - > 6(la; — i)
=1

In particular

n

1 1 &
8 To(A, 1) == 0(a; —¢&|) < inf =Y 0(la; — ).
®) RO SR TR N D LIRS
A probability v such that v < v,7 € Im' () is of the form v = %Z?Zl O, With ¢; < ¢iqg
and ¢ = (c1,...,¢,) € Perm(b), and for such a ¢, it holds 1 37, 0(|a; — ¢;]) = Ta(7, p).
Therefore, the latter implies

To(A,m) < inf  Toly, ) = Ta(v|p)
y=vyeimt(p)

where the last equality follows from Proposition 3.1 and the fact that for such a distribution
i, it holds Im(u) = ImT(_,u) (see Remark 3.2). Since obviously To(v|u) < To(H, 1), we
conclude that Tg(4, 1) = To(v|p) as expected.

Step 2. In the second step we deal with the general case using an approximation
argument.

Let pand v be two elements of Py (R). By assumption, [ |z|u(dz) < coand [ |z| v(dz) <
00, hence, according to the de la Vallée-Poussin Theorem (see e.g. [9, Theorem 4.5.9]),
there exists an increasing convex function 8 : RT™ — R™ such that §(t)/t — oo as t — oo
and such that [ S(|z|) u(dx) < oo and [ B(|z|) v(dz) < co.

Next we will construct discrete approximations of p and v. According to Varadara-
jan’s theorem (see e.g. [l4, Theorem 11.4.11]), if X; is an i.i.d sequence of law p,
then, with probability 1, the empirical measure L\ := %2?21 dx, converges weakly to
1. On the other hand, according to the strong law of large numbers, with probability

1, 257 1Xi| = [|z|p(dz) as n — co. Let us take (z;);>1, a positive realization of

these events and set u, = %2?21 53:(@), where x§”> < xgn) <... < xsln) denotes the in-
creasing re-ordering of the vector (z1,z2,...,x,). Then the sequence pu,, converges weakly

to p and [ |x| pp(de) — [ x| p(dx). According to [37, Theorem 6.9], this is equivalent

to the convergence of the Wi distance : Wi(upn,u) — 0 as n — oo. Note that one
(n)

i
ting jgn) = xgn) +4/n? one obtains distinct points and it is not difficult to check that
[y = %2?21 555(.") still weakly converges to u (for instance the W; distance between p,

can assume that the points z; ’ are distinct. Indeed, if this is not the case, then let-

and fi, is easily bounded from above by (n + 1)/(2n?)). The same argument yields a
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sequence v, = %2?21 5y(") with ygn) < yz(_ri)l converging to v in the W sense. It is not

difficult to check (invokirllg the strong law of large numbers again) that one can further
impose that [ (|z|) v, (dx) — [ B(]z|) v(dx), as n — 0.

For all n > 1, one applies the result proved in the first step : there exists a unique
probability measure 4,, = v, such that

7-G(Vn‘,u'n) - 7-9(’3/717 ,U'n)a

for all convex cost functions 6. Let us show that one can extract from 4, a subsequence
converging to some 4 in P;(R) for the Wi distance. By construction [ 5(|x|) vy, (dx) —
J B(|z|) v(dz) and so M = sup,; [ B(|z|) vn(dx) is finite. Since 4, =< v, and since the
function =z — B(|z|) is convex, it thus holds [ S(|z|) vn(dz) < [ B(|x|) vn(dx) < M. In
particular, setting ¢(R) = inf;>r 5(t)/t, R > 0, Markov’s inequality easily implies that

A [ Blel) valde) M
[y b0 < S <

Consider 7, defined by gz (z) = #‘?((h) Then it holds,

N . 2M
ilg'yn([ R, R|°) < R
and so the sequence 7, is tight. Therefore, according to the Prokhorov Theorem, extracting
a subsequence if necessary, one can assume that 7, converges to some 7 for the weak
topology. Extracting yet another subsequence if necessary, one can also assume that
J(1 + |z]) ¥ (dx) converges to some number Z > 0. The weak convergence of 7, to ¥
means that [ ¢ d¥, — [dy for all bounded continuous ¢, which means that

[+ lahet@) du(de) > [ 1+ [apla)3(do)

where 4(dx) = %‘x‘ A(dz) € P1(R). Invoking again [37, Theorem 6.9], this implies 4, — 4
as n — oo for the Wi distance.

Now we will check that 4 is such that Tg(v|u) = Tg(¥, i) for all convex cost functions
0 : RT — RT. First assume that 6 is Lipschitz, and denote by Ly its Lipschitz constant.
According to [22, Theorem 2.11], the following Kantorovich duality formula holds

Tolvalin) = sup{ [ Qoe(o) (o) = [ ot rnlan)}.

where the supremum is taken over the set of convex functions ¢ bounded from below, with
Qop(x) == infyer{p(y) +6(lz — y[)}, = € R. Define ¢(y) := sup,cp{Qop(x) — 6(|z — y[)}-
Then it is easily checked that ¢ < ¢, ¢ is bounded from below and Qgp = Q. Moreover,
being a supremum of convex and Lg-Lipschitz functions, the function ¢ is also convex
and Lg-Lipschitz. Therefore, the supremum in the duality formula above can be further
restricted to the class of convex functions which are Ly-Lipschitz and bounded from below.
Using the fact that Wy(v,,v) = sup{[ fdv, — [ fdv} where the supremum runs over
1-Lipschitz function and the fact that Qg is Lg-Lipschitz (being an infimum of such
functions), we easily get the following inequality

To(Wnlpn) — To(wlw)| < LeWi(vp, v) + LoWi (pin, ).

A similar (but simpler reasoning) based on the usual Kantorovich duality for 7y yields the
inequality

VR>1,

Passing to the limit as n — oo in the identity To(vnlpn) = To(Jn, pin), We end up with
To(vlpw) = To(%, 1)
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Now it remains to extend this identity to general convex functions 6 not necessarily
Lipschitz. Let # : Rt — R be a convex cost function (such that 6(0) = 0) and for
all n > 1, let 6,, be the convex cost function defined by 6,,(z) = 0(x), if z € [0,n] and
O,(z) = 0(n) + & (n)(x —n), if z > n, where " denotes the right derivative of 6. It is
easily seen that 0,, is Lipschitz and that g, ¢ converges to (Qp¢ monotonically as n — oo,
for any function ¢ bounded from below. Therefore, the monotone convergence theorem
implies that for any probability measure ~, it holds [ Qgpdy = sup,; [ Qq,pdy. We
deduce from this that To(v|p) = sup,>; T, (v|p) and To(9|u) = sup,>1 To, (¥, ). Since
T, (v|) = Ta, (4, 1) for all n > 1, this ends the proof of the first part of the theorem i.e.
that To(v|p) = To(3|1))-

From the first part of the theorem we conclude that there exists some 4 € P;(R) such
that To(v|p) = To(%, 1) for the three cost functions 6 = 61,602,601 + 6. The result then
follows from the well-known additivity of 7y in dimension one: Ty, 19, (9, 1) = To, (5, 1) +
To, (7, 1v). This ends the proof of the theorem. O

4. DUAL FORMULATION FOR WEAK TRANSPORT-ENTROPY INEQUALITIES.

In this short section we recall the Bobkov and Goétze dual formulation of the transport-
entropy inequality (2) and its extensions, borrowed from [22], related to the transport-
entropy inequalities of Definition 1.1, in terms of infimum convolution inequalities. The
results are stated in dimension one to fit our framework but hold in more general settings
(see [22]). They will be used in the next sections.

Lemma 4.1. Let p € P1(R) and 6 : RT — RT be a convex cost function and, for all
functions g : R — R bounded from below, set

Qg(x) :zyigﬂ%{f(y)—%t@('xzy')}, t>0,zecR.

Then the following holds.
(i) p satisfies T(0) if and only if for all g : R — R bounded from below it holds

exp (/ ngdu) exp (—/gdu) <L

(ii) u satisfies T+(9) if and only if for all convex g : R — R bounded from below it
holds

exp (/ ngdu) /exp(—g) dp < 1.

(iii) u satisfies T (0) if and only if for all conver g : R — R bounded from below it
holds

/exp(ng) dp exp <—/gd,u> <L
(iv) If p satisfies T(0), then for all convex g : R — R bounded from below it holds

9) / exp(Q:g) dp / exp(—g)dp < 1,

witht = 2. Conversely, if u satisfies (9) for somet > 0, then it satisfies T(t0( - /t)).

Proof. The first item is due to Bobkov and Gotze [6] and is based on a combination of
the well-known duality formulas for the relative entropy and for the transport cost Ty.
Items (ii) and (i7i) generalize the first item to the framework of weak transport-entropy
inequalities. We refer to [22, Proposition 4.5] for a more general statement and for a proof
(based on an extension of duality for weak transport costs).

Finally we sketch the proof of Item (iv) (which already appeared in a slightly different
form in [19, Propositions 8.2 and 8.3]). By the very definition, if y satisfies T(6) then it
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satisfies Ti(ﬁ) and therefore, it satisfies the exponential inequalities given in Items (i7)
and (i7i). Note that if ¢ is convex and bounded from below then Qg is also convex and
bounded from below. Therefore it holds

exp </ Q19 du) /exp(—g) dp <1
" /eXp(Ql(ng))dueXp (—/deu) <1

Multiplying these two inequalities and noticing that Q1(Q19) = Q29 (for a proof of this
well-known semi-group property, see e.g [37, Theorem 22.46]) gives (9) with ¢ = 2. The
converse implication simply follows from Jensen’s inequality. O

5. A TRANSPORT FORM OF THE CONVEX POINCARE INEQUALITY

This section is devoted to the proof of Theorem 1.5. Since, from [5], Item (i) is equiv-

alent to Item (ii), and since it is easy to prove that Item (iii) implies Item (ii) we will
mainly focus on the implication (i) = (ii7). Our strategy is to prove a modified loga-
rithmic Sobolev inequality for the exponential probability measure 7 and then, using a
transport argument, a modified logarithmic Sobolev inequality for general u (satisfying
the assumption of Item (7)) restricted to convex or concave Lipschitz functions. Finally,
following the well-known Hamilton-Jacobi interpolation technique of [4], the desired trans-
port inequalities will follow in their dual forms (recalled in Lemma 4.1).
We need some notations. Given a convex or concave function g: R — R, we set

(10) IVgl(z) == min{|0g" (z) + (1 — 0)d’ (2)];0 € [0, 1]},
where ¢’ and ¢/ denote the left and right derivatives of g (which are well-defined every-
where). In particular, if g is convex
94 (2)] if g (=)
[Vgl(z) =4 0 if g’ ()

/

g-(x)  if g"(x)

A\YAV/ARW/AN

0
0< g\ (v)
0,

and if g is concave

0 if ¢ (v) <0< g’ (2)
d(x) if g (x)>0.
The following result is one of the key ingredients in the proof of Theorem 1.5. Recall
the definition of U, from the introduction.

lg(z)| ifg (z) <0
Val( )={

Proposition 5.1. Let p be a probability measure on R. Assume that sup,cp(Uu(x +1) —
U, (2)] < h for some h > 0. Set K := 2740 and ¢ := 1/(10v/2). Then, for all convez or
concave and l-Lipschitz functions g with I < ¢/h, it holds

(11) Ent,(e?) < Kh? /R IVg(z)[>e9™ p(da).

The proof of Proposition 5.1 is postponed to the end of this section.

Proof of Theorem 1.5. As already mentioned above, from [5] we conclude that Item (7)
is equivalent to Item (éi). In order to make the dependency of the constants explicit in
the implication (i) = (i), one can use a well-known expansion argument: apply (11) to
ef and take the limit e — 0, see e.g. [2]. On the other hand, using a similar expansion
argument, it is easy to prove that Item (éi7) implies Item (i7) with C' = 2D: apply (9) to
g = ef and take the limit ¢ — 0, see e.g. [19, 20]. Hence, we are left with the proof of (7)
implies (7i7) which closely follows the Hamilton-Jacobi semi-group approach introduced in

[4]-
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Let 41 be a probability measure on the line and assume that Item (i) of Theorem 1.5
holds. According to Proposition 5.1, for any convex or concave differentiable function ¢
which is [-Lipschitz with [ < ¢/h :=l,, it holds

(12) Ent,(¢9) < Kh? / Vg (a)[2e5® u(dz),

R
with K = 2740 and ¢ = 1/(10v/2). It is easy to check that the latter is equivalent to
(13) Ent,(ef) < /a*(\Vg])eg dy,

for all convex or concave g: R — R with

. Kh2v?  if o] < lo
a*(v) = Sgp{uv —afu)} = { +o0 if IvI > o

u? : 2
the convex conjugate of a(u) := { lu\(z]j— KR ii {Z; § ;;0522 .
o o o

Now, introduce the inf-convolution operators Qy, for t € (0, 1], defined by

af@) =t {fw+ta ()} ser teu)

which makes sense for instance for any Lipschitz function f or for any function f bounded
from below. For simplicity denote by F the set of functions f: R — R that are [-Lipschitz
and concave, [ < l,, or convex and bounded below. Then, @; satisfies the following
technical properties:

(a) If f is convex, then Q;f is convex.

(b) If f is concave and Lipschitz, then Q. f is concave.

(¢) If f € F, then Qf is l,-Lipschitz.

(d) If f € F, then the function u(t,x) := Q.f(x) satisfies the following Hamilton-
Jacobi equation

(14) x) +a*(|Vul)(t,z) =0, vt € (0,1], Vz € R,

iu(t
dty 7

[u(t,y)—u(t,z)] -

where ﬁ is the right time-derivative and [V~ u(t, z)| = limsup,_,, =

(where as usual [X]_ := max(—X,0) denotes the negative part).

Item (a) is easy to check and is a general fact about infimum convolution of two convex
functions (f and «). Item (b) follows from the fact that, after change of variables, Q¢ f(z) =
inf, {f(z —u) 4+ ta (%)} so that Q;f is an infimum of concave functions and is therefore

also concave. As for Item (c¢) we observe that x — t« (%) is l,-Lipschitz for any y so

that Q;f is also [,-Lipschitz as an infimum of [,-Lipschitz functions. A proof of Item (d)
can be found in [21] or [1]. We observe that the conclusions of Item (c¢) — (d) hold in much
more general settings.

With these properties and definitions in hand, let f € F and (following [1]) define

1
F(t) := 7 log </ et@f du> ., te(0,1].
R
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The function F' is right differentiable at every point ¢t > 0 (thanks to the above technical
properties of Q¢, see e.g. [21] for details) and it holds

d 1 1 d
P (0) = g (Bt () + 2 (— ) Qs g )
dt, ( ) +2 fR etQef du ( M (e ) + R \dl. Quf ) e H
_ 1 1 tQif 2,2 - 2 tQif
= ﬁm (Entu (6 t ) — Kh*t /R‘v Qtf‘ et d,LL

Kh? 5 4
< Quf g _/ = 2tQtfd)<0
fR etQtf d‘UJ (/ ‘thf’ € M - ’v Qtf‘ € M )

where the second equality follows from (14), the first inequality from (13) applied to the
function g = tQf (which is convex or concave and tl,-Lipschitz) and the last inequality
from the fact that for a convex or concave function g, |[Vg| < |V~g| (we recall that [V
is defined in (10)).

Thus the function F' is non-increasing and satisfies F'(1) < limy0 F(t) = [ fdu. In
other words,

(15) /tefd,ugeffd“ VfeF.

Now according to Item (7i7) of Lemma 4.1 one concludes (on the one hand) that p satisfies
the transport-entropy inequality T (a): T o(u|v) < H(v|p), for all v € P(R).

On the other hand, applying (15) to f = —Q1g with g convex and bounded from
below (so that f is concave and [,-Lipschitz) yields to e @odn [e@1(=@19) 4, < 1. Since
Q1(—Q19) = —g we end up with

elegd“/e_g dp <1,

for all g convex and bounded from below. According to Item (ii) of Lemma 4.1, this
implies that p satisfies the transport-entropy inequality T" (a): Talv|n) < H(v|p), for all
v € P1(R), which completes the proof. O

The end of the section is dedicated to the proof of Proposition 5.1.

Proof fo Proposition 5.1. Let K and ¢ be defined by Lemma 5.2 below. We may deal first
with convex functions g and divide the proof into three different (sub-)cases: g monotone
(non-decreasing and then non-increasing), and g arbitrary.

Assume first that g is convex non-decreasing and I-Lipschitz with { < ¢/h. Set f = goU,
(recall that U, is defined in the introduction). Then, since g is non-decreasing, and since
Uu(x —1) < U,(x) — h by assumption, for all = € R, it holds

fx) = fl@=1) <g(Uu(x)) —g(Uu(z) —h) <lh <c,  VzeR

Therefore, since y is the image of 7 under the map U,,, Lemma 5.2 (apply (16) to f) and
the latter guarantee that

Ent,(¢9) = Ent, (¢/) < K /]R (f(2) = f(x —1))% /@ r(da)
<K [ (9(U(a)) = g(Up(a) = 0))? V()

= K [ (@) = g0 = 0)? " p(de) < KN [ [Vg(a)er u(da),

where the last inequality is due to the fact that ¢ is convex and non-decreasing and
therefore satisfies 0 < g(x) — g(x — h) < ¢’ (x)h = |Vg(z)|h. As a conclusion we proved
(11) for all convex non-decreasing and [-Lipschitz functions g with [ < ¢/h.
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Now suppose that g is convex, non-increasing and [-Lipschitz with | < ¢/h and set
f(xz) = g(Uu(—x)). The function f is non-decreasing and, since U, (—z+1) > U,(—x)+h
by assumption, satisfies

f(@) = flx—1) = g(Uu(—2)) — g(Up(—z + 1)) < g(Upu(—2)) — g(Up(—2) + h) < c.

Similarly to the previous lines, Lemma 5.2 implies that

Ent,(¢9) = Ent, () < K / — g(Un(—2 + 1)))? 92D r(dr)
<K [ (9U(~2)) = gUs(—2) + ) "7 ()
K / 9@ + 1) 9D pu(da) < KN / Vg ()[2e9®) u(da),

where we used the symmetry of 7 and that 0 < g(x) — g(z + h) < ¢, (x)(—=h) = |Vg(z)|h.
Therefore we proved (11) for all convex non-increasing and I-Lipschitz functions g with
Il <c/h.

Finally, consider an arbitrary convex and I-Lipschitz function g with [ < ¢/h and assume
without loss of generality that g is not monotone. Being convex, there exists some a € R
such that g restricted to (—o0,a] is non-increasing and g restricted to [a,00) is non-
decreasing. Subtracting g(a) if necessary, one can further assume that g(a) = 0 since (11) is
invariant by the change of function g — g+ C (for any constant C'). Set g; = 91(—c0,q and
92 = g1l(a,00)- The functions g; and g» are convex, monotone and [-Lipschitz. Therefore,
according to the two previous sub-cases, it holds

a +o0
Ent,(e?') < Khz/ IVg(x)?e?™ p(dx) and Ent,(e9?) < KhQ/ \Vg(x)[>e9™ p(d).

So what remains to prove is the following sub-additivity property of the entropy functional
Ent,, (e 79?) < Ent,(e?") + Ent,(e??),
which, since [ geddu = [ gre9*dp + [ goe92du, amounts to proving that

/egld,ulog (/egld,u> —|—/692d,ulog (/egzd,u> < /eg dplog (/egd,u> .

Setting A = [e9'du—1, B = [e%2dpu—1and X = [ e9dp and observing that A+B+1 =X
the latter is equivalent to proving that

(A+1)log(A+1)+(B+1)log(B+1) < XlogX,
which follows from the sub-additivity property of the convex function ®: z — (z +
1)log(x 4+ 1) on [0,00), that satisfies ®(0) = 0. This completes the proof when g is
convex.

The case g concave follows the same lines (use (17) instead of (16)). Details are left to
the reader. O

In the proof of Proposition 5.1 we used the following lemma which is a (discrete) variant
of a result by Bobkov and Ledoux [8] and an entropic counterpart of a result (involving
the variance) by Bobkov and Gotze (see [5, Lemma 4.8]).

Lemma 5.2. For all non-decreasing function f: R — R with f(z)— f(x—1) < 1/(10v/2),
x € R, it holds

(16) Ent,(e/) < 2740 / —1))%eldr.

(17) Ent, (e/) < 2740/]R (e +1) = f@)2 el dr.
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Proof. Let 7 be the exponential probability measure on R*: 77 (dx) = €™ "1 oo)dx. We
shall use the following fact, borrowed from [5, Lemma 4.7] (with a = 0 and h = 1 so
that the constant c(a,h) appearing in [5] can be explicitly bounded by 1/200): for all
f:[=1,00) = R non-decreasing and satisfying f(0) = 0, it holds

(18) / P2t < 200 / (f(2) = f(z — 1))2dr*(z).

We will first prove (16). Since (16) is invariant by the change of function f — f+C for any
constant C', we may assume without loss of generality that f(0) = 0. Set f(y) := —f(—y),
y € R and observe that f is non-decreasing. Since ulogu > u — 1 for all u > 0, one has

EntT(ef)é/(fef—ef—l—l)dT:/(/Olthetfdt) dr

1 00 1 1 0o _ 1 .
:—/ f? (/ tetfdt) d¢++—/ f? (/ tetfdt) drt
2 Jo 0 2 Jo 0
(19) < i/fzefd7'++i/f2d7'+,

where the last inequality comes from the fact both f and f are non-negative on R*. Now
suppose that the function f is such that f(y) — f(y — 1) < ¢ for all y € R and some
¢ € (0,1). Our aim is to bound each term in the right hand side of the latter.

By (18) applied to the function f, one has

[ Part <200 [(Flw) = Fly - 0)drt (w) =
J W) (F ) — fly— 1)) dr (y)
JU ) = fly = 1) dr*(y)

() -fy=1)?
(fly)—Ffly—1))2dr*(y)

that 1/ [ e~Tdv < e fdv. By Cauchy-Schwarz’ inequality and using (18) again, we get

< 200 exp ( ) /(f(y) — fly— 1)@ art(y).

where we set Cgf—’i(y) = I and we used Jensen’s inequality to guarantee

1/2

[ FEw - Fo - v2ar ) < ([ (o) - fo - 0)ar ) N (f 7ar*)
< Vae [ (Fy) - Fly - 1)t ).

It finally follows that
[ Fart < 200075 [(F(y) ~ fly - 120 ar )
0
=200V [ (f(y-+1) = f()e! Ve dy

= 200¢V200! / () - - )20V dy

—00

1

<400V30 [ (f(y) = fly = D)W dr(y).
— 0o

where in the last line we used that e¥ /(e /2) < 2¢? for all y < 1.

Next we deal with the first term in the right hand side of (19). Our aim is to apply
(18) to g = fef/?. Observe that, since f is non-decreasing, f(z) > f(—1) > —c+ f(0) =
—c > —1 so that, since = > ze®/? is non-increasing on [—2,00) we are guaranteed that g
is non-decreasing on [—1,00) and therefore that we can apply (18) to g. Applying (18) to
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g = fef/? and using the inequality
)

b
O<beb/2—ae“/2<(b—a)eb/2—|—§(b—a)eb/2 —2<a<b,

we get
B := /]‘QedeJr < 200/ (f(y)ef(y)/2 —fly— 1)@f(y*1))2 drt(y)
< 400/(f(y) — fly—1)%e/W drt(y) + 100/f2(y)(f(y) — fly— 1)/ W drt(y)

< 400/(f(y) — fly —1))%/W) drt(y) +100¢* B.

Therefore, provided ¢ < 1/10 we end up with B < 400/(1 — 100¢?) [(f(y) — f(y —
1))2e/®) dr*(y). Hence, plugging the previous two bounds into (19) and choosing ¢ =

1/4/200, Inequality (16) follows with the better constant 939 in factor of the right hand
side.

To obtain (17) from (16), it suffices to observe that, by a simple change of variables

e~ ly+1]
S0 = sty =17 art) =[5+ 1) = fla) el

<e [(fa+ 1) = f@))2e @ dr(a)
and that 939et! < 2740 for ¢ = 1/4/200. This ends the proof. O

dy

6. PROOF OF THEOREM 1.2

In this final section we prove Theorem 1.2. As mentioned in the introduction, we may
need to decompose the cost @ into the sum of two costs, one that takes care of the behavior
near 0 (the cost 6;) and the other one vanishing in a neighborhood of 0 (the cost #2). The
next theorem deals with the latter.

Theorem 6.1. Let u € P1(R) and B : RT — Rt be a convexr cost function such that
{t e R" : B(t) = 0} = [0,¢,], where t, > 0 is some positive constant. The following are
equivalent:
(1) There exists a > 0 such that p satisfies the transport-entropy inequality T(5(a-)).
(i1) There exists a’ > 0 such that p satisfies the weak transport-entropy inequality
T(B(a-)).
(i13) There exists b > 0 such that max(K*(b), K~ (b)) < oo, where

0y > Bb(u—a))
K™(b): jgg (7.00) /x e wu(du),
1 x
K (b) — B(b(z—u))
(b) iy /_Ooe p(du),

and m is a median of u. (Here we use the convention 0/0 =0.)
(tv) There exists d > 0 such that

1 __
Upl) ~ Up@) < 587 (u—l),  VurveR
(Note that 3~ is well defined on (0,00).)
In particular,
e (i) = (i) with a’ = a,
i

o (ii) = (iii) with b= a’'/2,
e (ii) = (iv) withd=d 85—1t(olog 5
e (iv) = (i) with o’ = d%f‘{@)
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Proof of Theorem 6.1. The equivalence between Items (i), (i77) and (iv) is proved in [18,
Theorem 2.2], with some explicit dependency between the constants. In order to complete
the proof of Theorem 6.1 we need to show that (i) = (ii) = (¢it).

It follows from Jensen’s inequality that Tg(,.)(u,v) = max (%(a-)(”’ﬂ)%%(a-)(ﬂ’”)) .
Therefore (7) implies (i) with ¢’ = a.

Next we will show that (i) implies (i4i). Assume that u satisfies T(8(a’-)) for some
a’ > 0. According to Item (iv) of Lemma 4.1, for all convex functions ¢ : R — R bounded
from below, it holds

Jesp@pdu [ du<1, where Qf(@) = int ((y) + 26(aly — /).

Consider the convex function f, which equals to 0 on (—oo,z] and oo otherwise. Then
Qfx(y) = 0 on (—00,z] and Qfx(y) = 26(a’(y — 2)/2) on (x,00). Thus, applying the

inequality above to f, yields

<u(—oo,:v] + 625(“'(?"“/%(@)) p(—o0,2] < 1.

(w,00)
Considering x > m yields that K*(a’/2) < 3. One proves similarly that K~ (a//2) < 3.
This shows that (#i) implies (7ii) with b = a’/2. This achieves the proof of Theorem
6.1. U

We are now in a position to prove Theorem 1.2.

Proof of Theorem 1.2. Let § : Rt — RT be a convex cost function such that 6(¢) = t? on
[0,t,] for some t, > 0. Let us define 6;(¢) = t> on [0,t,] and 61(t) = 2tt, — t2 on [t,, +00)
and 6y(t) = [0(t) — t?] .. Note that #; and 63 are both convex and that #5 vanishes on
[0,t,] and that max(0;,6s) < 0 < 61 + 0.

First assume that p satisfies the weak transport-entropy inequality T(f(a-)) for some
a > 0 (i.e. Item (i) of Theorem 1.2). Then, since 6 > 5 it clearly satisfies T(6a(a-)).
According to Theorem 6.1, the mapping U, sending the exponential measure on y satisfies
the condition:

(20) supU(e + 1) — Uy (2) < 205 (), Yu> 0,
zeR b
with b = ary, where k1 = t,/(865 '(log3)). Since 65 (u) = 6~ (u + t2) this proves Item
(7i) of Theorem 1.2 with the announced dependency between the constants.
Now assume that p satisfies Item (i7) of Theorem 1.2, or equivalently (20) for some
b > 0. Recall that we set, in Theorem 1.5, x := 5480 and ¢ := 1/(10v/2). Then, observe
that, plugging u = 1 into (20) and using Theorem 1.5, one concludes that u satisfies T(c)

with « defined by a(u) = &(u/v2D), with D =« (671(1 + tg))2 7= and

awy =1 Y if [o] <evi/2 [ o if |v] < \/I37/10
T eV - SE ] > em/2 | 2vVI3Tw| — BT if ju| > ¢/137/10.

It is not difficult to check that & compares to ;. More precisely, for all v € R, it holds

a(v) = 6, (max (C\/:—/Q; 1) |v|> =6 (max (713:/10’ 1) |v|> .

o o
Therefore 1 satisfies T(61(a) -)), and by monotonicity T(6;(aq -)) with

\/137/10
o max((c\/k/2)/to; 1)b B max( ool 1 max(1, 1)
V2RI £2) T 4V6850- (14 12) T 105t,071(1 4 12)

b=:a.
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On the other hand, according to Theorem 6.1, u also satisfies T(62(az -l), with as =
mb. Letting a = min(ay,as), one concludes that p satisfies both T(#;(a-)) and
T(A2(a-)). Hence, since 0(at) < 61(at) + 02(at) and according to (5), it holds

To@@ W) < Toya 4620y WI1) = Toy @y (V1) + Toya (V1)

<
< 2H(v|p),

and so p satisfies TJF(%H(a-)). By convexity of 6 and since §(0) = 0, it holds 16(2at) >

O(at), and so u satisfies T" (0((a/2)-)). Finally we observe that

a b - ( max(1,t,) 105t ) - b min(1,¢,)
to0 11+ 12) -1 (2+2)) 7 2100-1(2 4 ¢2)

5 :mml = /'4326

so that, by monotonicity, u satisfies T (0(k2b-)). The same reasoning yields the conclusion
that u satisfies T (k2b-)), which completes the proof. O
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