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TUNNELING FOR THE ROBIN LAPLACIAN
IN SMOOTH PLANAR DOMAINS

BERNARD HELFFER, AYMAN KACHMAR, AND NICOLAS RAYMOND

ABsTRACT. We study the low-lying eigenvalues of the semiclassical Robin Laplacian in a smooth
planar and non concave domain symmetric with respect to an axis. In the case when the
curvature of the boundary of the domain attains its maximum at exactly two points away from
the axis of symmetry, we establish an explicit asymptotic formula for the splitting of the first
two eigenvalues. This is a rigorous derivation of the semiclassical tunneling effect induced by
the domain’s geometry. Our approach is close to the Born-Oppenheimer one and yields, as a
byproduct, a Weyl formula of independent interest.

1. INTRODUCTION

The spectral theory of the Robin Laplacian has attracted a lot of interest in the last years,
especially in the strong coupling regime or, equivalently, in the semiclassical limit. Many authors
have been interested in the estimate of the bound states of this operator. The Robin Laplacian
actually shares common features with the electro-magnetic Laplacian, the Dirichlet Laplacian on
waveguides or  type perturbations of the Laplacian. These operators are often used to describe
the physical properties of nanostructures (see for instance the review [7]).

In all these situations, numerous articles have revealed the role of the curvature in the cre-
ation of eigenvalues or in the localization of the eigenfunctions. At some point, the case with
Robin boundary conditions may also recall the boundary attraction that occurs for the magnetic
Neumann Laplacian (and that is related to the surface superconductivity). At the scale of nanos-
tructures the symmetries are known to induce a tunneling effect. This paper aims at quantifying
this effect for bidimensional structures described by the Robin Laplacian on a smooth domain.

1.1. Definition of the operator. Let  C R? be an open domain with boundary I' = 9.
We will work under various assumptions on the domain €2. First, we consider the following two
assumptions.

Assumption 1.1. € is smooth with a bounded, non concave boundary.

Assumption 1.2. The curvature k on the boundary I attains its mazrimum Kmax ot a finite
number N of points on I' and these mazxima are non degenerate.

In the case when N = 2 in Assumption [[L2] we will carry out a refined analysis valid under
the following additional (geometric) assumption:

Assumption 1.3.

i) Q is symmetric with respect to the y-awis.
ii) The curvature k on the boundary T' attains its maximum at exactly two points a; and as
which are not on the symmetry axis. We write

a; = (a11,a12) €' and  ay = (ag1,a22) €T,
such that a1 > 0 and az1 < 0.

iii) The second derivative of the curvature (w.r.t. arc-length) at ay and ay is negative.

A simple example of a domain satisfying all the assumptions is the full ellipse
22 g2 '
{(z,y) : ¥+§<1}, with0 <b<a.
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The two points in the boundary of maximal curvature are (£a, 0).
This paper is devoted to the semiclassical analysis of the operator

Ly, =—h?A, (1.1)
with domain )
Dom(Ly) = {u € H*(Q) : v-h2Vu—u=0onT}, (1.2)
where v is the outward pointing normal and h > 0 is the semiclassical parameter.
The associated quadratic form is given by

Yu e HYQ), Qh(u):/ |hvu|2dx—h%/|u|2ds(x),
Q T

where ds is the standard surface measure on the boundary.

Let (un(h)) be the sequence of Rayleigh quotients of the operator L;. It is known (see
[16] [15] 32]) that the non concavity of the curvature implies that, for all n € N, u,,(h) belongs to
the discrete spectrum as soon as h is small enough and that it is precisely the n-th eigenvalue of
Ly, counting multiplicities.

The goal of this paper is to analyze the low-lying eigenvalues of the operator £; in the semi-
classical regime as h — 0. The semiclassical analysis of the operator L£; naturally arises from
the analysis of the Robin Laplacian with a large negative parameter «,

(— Afe Dom(—ARO‘)> where Dom(—Afe) ={ue H*Q) : v-Vu—au=0onT},

which has received a lot of attention (cf. [8, 27, [30} 16}, 31]). The operator —Af arises in several
contexts, the long-time dynamics in a reaction-diffusion process [25], and the critical temperature
for enhanced surface superconductivity [12].

Putting a = —h_%, we observe that &« — —oo as h — 0 and the relation between the operators
L5, and —Afe is displayed as follows

o(—Af)y = h720(L)).

1.2. Known results. In this subsection, we recall the state of the art for this Robin problem,
especially the spectral reduction of the operator £j, to an effective Hamiltonian on the boundary
' We will review an old result for the double well problem and apply it on the effective
Hamiltonian.

1.2.1. About the semiclassical Robin Laplacian. As a consequence of the results in [16] [I5]
we have the following theorem.

Theorem 1.4. Under Assumptions [L.THI.Z and suppose that, among the mazimal points of k,
there are M points (a;j)jeq1,..my where & is maximal, then there exist a function h — €(h) €
(0,00) such that

lim e(h) =0,

h*)O.Q_
and such that

Tn =] = h mach®2 4 B4 — BTAe(h), —h— b 4y BT BT Ae(R) [, = _H”Q(al) ,
(1.3)
then, for h small enough,
o(Ln) VI = {p1(h), pa(h), ... par(h)},
and
_ 3/2 | 4 17/4 7/4 & . —+"(a;)
unr+1(h) = —h — Kmaxh™ = + 3 h""* + o(h'%), 4 = min (37,j=MHq1L11r,l...,N — ) .

Weaker versions of this result were obtained in [30] (and references therein, see also [27]). This
result is related to [9, Theorem 1.1] in the magnetic case.
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1.2.2. About semiclassical tunneling on the circle. The aim of this article is to analyze the split-
ting pa(h) — p1(h) under the symmetry Assumption (M = 2). As already observed in [15]
the candidate for the splitting is obtained by considering the splitting for the operator
M = —h — kaxh? + h2D2 + h20(s), 0 = Kmax — K, (1.4)
acting on the periodic functions in L? (R/(2L)Z), where
Lo
2

and s the arc-length. Equivalently the operator M‘flff can be considered as the Schrédinger
operator on the compact one dimensional manifold I'. This is a double well problem which can
be treated as a particular case of Helffer-Sjostrand [I8] with the effective semiclassical parameter

being h := hi.
Definition 1.5. We denote by ,uj‘»ff(h) the j-th eigenvalue of ./\/lzff (counting multiplicities).

Let us recall the splitting formula for the Schrédinger operator M%irc = R2D? + v(s) on
the circle of length 2L when v has two symmetric non degenerate wells at say s, and s, with
v(s,) = 0(s¢) = 0 and v”(s,) = v”(sg) > 0. We follow the exposition of [14], & 4.5] (see also [35])
but note that the formulas are established only for an example. Because there are two geodesics
between the two wells the discussion will depend on the comparison between the lengths of these
two geodesics. For that purpose, let us introduce

S=min(S,,Sq¢), Su= Vo(s)ds, Sq= Vo(s)ds, (1.5)

[vase] [8475']

where [p, ¢] denotes the arc joining p and ¢ in 992 counter-clockwise.
The splitting formula for the operator M7 is obtained by adding the “upper” and “lower”
contributions and reads

Ao(h) — M\ (h) = dh3n— 343 (Au v(0)e™ % + Ag n(L)e—ST?) +O(hEeR),  (L16)

I OO
A= p( /[sr,O] o(s) d)’

_ / (v2)'(s) —7d8>
sel] 1/0(s) ’

7= (0"(s0)/2)? = (v"(s0)/2)" .

Then, for the particular model MST, we easily notice that

s (h) — uS™(R) = h2 (Ao (h) — Mi(R)), (1.7)

so that, under Assumption [[.3], we have

where

Su S
pE(h) — p(h) = 4nT 1343 (Au\/n(o) exp =%+ Ag v(L) exp _—‘j>
4

ha
13,1 S
+O|hsTsexp—— ). (1.8)
1
Note that, if we assume that v is invariant under the symmetry exchanging the upper and lower
parts, we have v(0) = v(L), Sy = Sq and A, = Aq.



4 B. HELFFER, A. KACHMAR, AND N. RAYMOND

1.3. Statement of the main result. The main result of this paper is the following.

Theorem 1.6. Under Assumptions [ and .3, we have
p2(h) = p(h) ~ ps (h) — ST (h) (1.9)
—0

where u;?ff(h) is defined in Definition and where pSt(h) — uS*(h) satisfies the asymptotic

formula in (LS.

The result in Theorem shows a tunneling effect induced by the geometry of the domain
(comparing with [19], the boundary acts as the well and the points of maximal curvature as the
mini-wells). This kind of reduction is also expected to be available for the magnetic Laplacian
with a Neumann condition in smooth domains (see [9] [10]). However, magnetic fields induce a lot
of additional difficulties especially in obtaining the optimal decay estimates of the eigenfunctions.

Recently, magnetic WKB expansions are established in [I]. Note that, in superconductivity,
computing the splitting of the eigenvalues is useful to analyze the bifurcation from the normal
state (cf. [10, Lemma 13.5.4]).

When the domain ) has corners and symmetries (e.g. the interior of an isosceles triangle), the
tunneling effect is analyzed by Helffer-Pankrashkin in [I7]. One difference between the setting of
Theorem [[L6] and that in [I7] appears in the spectral reduction to the reference problems. In [I7],
the reference problem is a two-dimensional problem in an infinite sector which has an explicit
groundstate. In this paper, the limiting reference problem is a direct sum of two one-dimensional
operators. To prove Theorem [[LG, we need to compare the eigenfunctions of the operator L
with WKB approximate eigenfunctions (cf. Propositions F22] and [G.1)).

In higher dimensional domains, a spectral reduction, modulo O(h?), to an effective Hamil-
tonian on the boundary is done in (see also Section [l where this reduction is explained).
However, the analysis of the splitting as in Theorem requires additional estimates since we
want to control exponentially small error terms.

In superconductivity, imposing a Robin condition, which is called in this context the de Gennes
condition, models a superconductor surrounded by another normal/superconducting material (cf.
[24) Theorem. 1.2]). In this context, we are naturally led to the analysis of the Robin Laplacian
with a magnetic field where various regimes occur according to the comparison between the
intensity of the magnetic field and the Robin parameter (cf. [21], 221 20]).

1.4. Organization of the paper and strategy of the proofs. Although it is easy to predict
the statement in Theorem once the effective Hamiltonian at the boundary is exhibited, the
proof of the formula is much more technical. It will follow the steps outlined below:

- In Section 2 we recall the known results related to the one dimensional situation.

- In Section Bl we recall why the first eigenfunctions are localized, in the Agmon sense, near
the boundary (the boundary is a well). As a consequence, we replace the initial problem by a
problem in a thin tubular neighborhood of the boundary. Then the inhomogeneity of the new
operator leads to a rescaling in the normal variable in the Born-Oppenheimer spirit and the
introduction of the effective semiclassical parameter i = hi.

- In Section dl we analyze one mini-well problems (i.e. with one point of maximal curvature).
Note that this terminology is the one of [I9] where the problem was to analyze miniwells inside
a degenerate well. We briefly recall the WKB constructions of [16] in Subsection Then,
we establish optimal Agmon estimates in the tangential direction (see Subsection [A.3]).

- In Section B we use the tangential estimates to prove that the first eigenfunctions are approx-
imated (in the appropriate weighted space) by the WKB constructions. To do this, we are
essentially led to use the same arguments as in dimension one (with respect to the tangential
variable). Such estimates are closely related to the considerations of [2§].

- In Section [0, we analyze the interaction between the mini-wells and establish Theorem
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- Finally, in Section [[l independently of the tunneling problem, we derive a Weyl asymptotic
formula for the counting function inspired by the considerations of [34) Chapter 13| and related
to the effective Hamiltonian .szf.

2. ROBIN LAPLACIANS IN ONE DIMENSION

Before starting the proof of our main results, it is convenient to introduce three reference
1D-operators and to determine their spectra. These models naturally arise in our strategy of
dimensional reduction and already appeared in [16].

2.1. On a half line. As simplest model, we start with the operator, acting on L?(R ), defined
by

Ho = —0?2 (2.1)
with domain

Dom(Hg) = {u € H*(Ry) : v/(0) = —u(0)}. (2.2)

Note that this operator is associated with the quadratic form
“+oo
Vosums [ WP dr - )P,
0

with Vo = H((0, +00)).
The spectrum of this operator is {—1} U [0,00). The eigenspace of the eigenvalue —1 is
generated by the L%-normalized function

uo(T) = V2 exp (—7) . (2.3)

We will also consider this operator in a bounded interval (0,7") with T sufficiently large and
Dirichlet condition at 7 =T

2.2. On an interval. Let us consider 7' > 1 and the self-adjoint operator acting on L2((0,T))
and defined by

HY = —02, (2.4)
with domain,

Dom(#™) = {u € H2((0,T)) : v/(0) = —u(0) and wu(T)=0}. (2.5)

The spectrum of the operator ’HéT} is purely discrete and consists of a strictly increasing sequence

of eigenvalues denoted by ()\n <HéT}>> " This operator is associated with the quadratic form
n_

T
i s ues [CW@Rdr - o),
0

with V7 = {v € HY((0,T)) | o(T) = 0}.
The next lemma gives the localization of the two first eigenvalues Ay <7—léT}) and A9 <7—léT}) for

large values of T

Lemma 2.1. AsT — 400, there holds

MHTY = =14+ 4(1 4 o(1)) exp (= 2T) and  Mo(Hi™) > 0. (2.6)
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2.3. In a weighted space. Let B € R, T" > 0 such that BT < % Consider the self-adjoint
operator, acting on L?((0,T); (1 — Br)dr) and defined by

1 = —(1- Br) 9,1 - Br)o, = —02 + B(1 - Br)~'0;, (2.7)
with domain
Dom(H ™) = {u e H2((0,T)) : v/(0) = —u(0) and wu(T)=0}. (2.8)

The operator H%T} is the Friedrichs extension in L?((0,7); (1 — Br)dr) associated with the
quadratic form defined for u € V,;{T}, by

T
0 (w) = /0 ! (7)2(1 = Br) dr — [u(0)[2

The operator %j{BT}

of H]{BT} is denoted by ()\n(H%T})neN*. It is easy to compare the spectra of H%T} and ’HéT} as B
goes to 0.

Lemma 2.2. There exists Ty > 0 and C such that for all T > Ty, for all B € (=1/(3T"),1/(3T))
and n € N*, there holds,

MHET) = 2™ < o el +1).

is with compact resolvent. The strictly increasing sequence of the eigenvalues

Then we notice that, for all 7" > 0, the family (H%T}) 5 is analytic for B small enough. More

precisely, we have

Lemma 2.3. There exists Ty > 0 such that for all T > Ty, the functions (—1/(3T),1/(3T)) >
B~ A\ (H%T}> and (—=1/(3T),1/(3T)) uj{BT} are analytic. Here uj{BT} is the corresponding

positive and normalized eigenfunction A\q <7—[j{9T}),

Proof. The family <7—[%T}>B (—Bo.50) does not fulfill the conditions for type (B) analytic op-
€(—=5o,bo

erators in the sense of Kato since the parameter B appears in the definition of (the norm
of) the ambient Hilbert space. Nevertheless, it becomes so after using the change of function

u=(1- BT)_%&, since the new Hilbert space becomes L?((0,T),dr), the form domain is still
independent from the parameter and the expression of the operator depends on B analytically:
B2
4(1 — Bt)?’
with the new Robin condition at 0 given by @'(0) = (=1 — %) %(0) and @(7) = 0. The price
to pay is that the domain of the operator depends on B through the B-dependent boundary
condition. Note that the associated quadratic form is defined on H'(0,7") by
2

T T
AT} _ 2. B 2 B 2
i = [owiar- [t pmiar- (1+ 5 pOR. @10
]

HY = —(1- Br)"20,(1 - Br)d,(1 - Br)"2 = —0% — (2.9)

The next proposition states a two-term asymptotic expansion of the eigenvalue )\1(7-[}{3T}).

Proposition 2.4. There exists Ty > 0 and C' > 0 such that for all T > Ty, for all B €
(—1/(3T),1/(3T)) there holds,

MHIHY - (—1-B)| < B2,
(1}

One will also need a decay estimate of up ’ that is a classical consequence of Proposition 24}
the fact that the Dirichlet problem on (0,7) is positive and of Agmon estimates.
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Proposition 2.5. There exists Ty > 0, a > 0 and C > 0 such that for all T > Ty, for all
B e (—1/(3T),1/(3T)) there holds,

<C.

T {T}
€% g HLQ((O,T);(lfBT)dT) =

Remark 2.6. We will apply the results of this section with T = Dh=", r € (0,3), B = h2k and
h € (0,hg) for hg small enough.

3. REDUCTION TO A TUBULAR NEIGHBORHOOD OF THE BOUNDARY

3.1. Agmon estimates. As proved in [I6], the eigenfunctions of the initial operator L; are
localized near the boundary and this localization is quantified by the following theorem:

Theorem 3.1. Let g € (0,1) and o € (0,\/€y). There exist constants C > 0 and hy € (0,1)
such that, for h € (0,hg), if up is a normalized eigenfunction of Ly, with eigenvalue p < —egh,
then,

/ (Jun(z)|* + h|Vup(z)|?) exp <M> de < C'.
Q

h2

Hence, this theorem is a quantitative version of the statement that the boundary is a well (in
analogy with the Schrodinger model in [I§]) as h — 0.

3.2. Spectral reduction. We can explicitly derive a reduction near the boundary. Given § €
(0,90) (with dp > 0 small enough), we introduce the d-neighborhood of the boundary

Vs ={z € Q : dist(z,I') <}, (3.1)
and the quadratic form, defined on the variational space
Vs ={uec H'(V5) : u(x)=0, forall x € Q such that dist(z,I") = §},
by the formula

vueVs, Q%)= [ |Vufde - b} / (2 ds(z)
Vs I

Remark 3.2. In the following we will be led to take 6 = Dh?P with p € (07 ﬂ We will choose
- either p < % with D =1,
-orp=1 and D > S where S is defined in (LT) in order that the error term in (B2) is smaller

than the tunneling effect, we want to measure.

Let us denote by ,u#}(h) the n-th eigenvalue of the corresponding operator E,{f}. It is then

standard (cf. [I8]) to deduce from the Agmon estimates in Theorem B.Ilthe following proposition.

Proposition 3.3. Let ¢y € (0,1) and o € (0, /€g). There exist constants C > 0, hg € (0,1) such
that, for all h € (0,hg), § € (0,00), n > 1 such that u,(h) < —eph,

() < affH(h) < pn(h) + Cexp (—adh™?) . (3.2)

3.3. Boundary coordinates. Thanks to Proposition B3] we can now work with the operator

E,{f}, with the choice of 0 made in Remark B2l Since the functions of its domain are supported
near I' we will use the canonical tubular coordinates (s,t) where s is the arc-length and ¢ the
distance to the boundary. We recall some elementary properties of these coordinates. Let

(=L,L}>s— M(s) el (3.3)

be a parametrization of I'. The unit tangent vector of I' at the point M(s) of the boundary is
given by
T(s) := M'(s).
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We define the curvature k(s) by the following identity
T'(s) = K(s) v(s),

where v(s) is the unit vector, normal to the boundary, pointing outward at the point M (s). We
choose the orientation of the parametrization M to be counter-clockwise, so

det(T(s),v(s)) =1, Vs e (—L,L].
We introduce the change of coordinates
®:R/((2L)Z) x (0,t9) 2 (s,t) — o = M(s) —tv(s) € Vs,. (3.4)
The determinant of the Jacobian of ® is given by
a(s,t) =1 —tk(s). (3.5)

In the case of symmetry, we choose as origin of the parametrization the point pg defined as
follows
{po = (z0,50),P0 = (To,%0)} =T N{z =0} and yo > %o,
i.e. we suppose that s(pp) = 0 and s(pg) = L.
3.4. The operator in a tubular neighborhood. We can now express the operator in these

new coordinates. To indicate that we work in the coordinates (s, ), we put tildes on the functions.
For all u € L?(Vs,), we define the pull-back function

u(s,t) := u(P(s,t)). (3.6)
For all u € H!(Vs,), we have
ulPde = [ [u(s,t)|*(1 — tr(s)) ds .
,, ar= [ 1o, 0P~ tx(o) dsa, (57)
/ |Vu|?dz = / [(1 — tr(s))2|0sul? + |0pu)* | (1 — tr(s)) dsdt . (3.8)
v

5
The operator E}{f} is expressed in (s,t) coordinates as
E}{f} = —h?a10,(a 1) — h2a~10,(ad;),
acting on L?(adsdt). In these coordinates, the Robin condition becomes
h?0u = —h2u on t=0.

We introduce, for § € (0, dp),

Vs={(s,t) : s€]—L,L]and 0 <t < &},

Vs = {ue H'(Vy) : u(s.6) = 0},

Ds = {uc H2(V5) N T : dyuls,0) = —h 3u(s,0)}, (3.9)
5% (u) =/~ (a_2|haSU|2+|hatu|2>ad5dt_hg/|u(5a0)|2d5’
Vs

E}{f} = —h%a10,(a710s) — h2a" 10, (ady).

We now take
6 = Dh”, (3.10)

and write simply Eh for Z,{f}. The operator ENh with domain D is the self-adjoint operator defined
via the closed quadratic form V, 3 u +— Qj(u) by Friedrich’s theorem.
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3.5. The rescaled operator. In order to perform the analysis and to compare with existing
strategies, it will be convenient to work with a rescaled version of L. We introduce the rescaling

(0,7) = (s,h™21),
the new semiclassical parameter h = hi and the new weight
a(o,7) =1—hirk(o). (3.11)
We consider rather the operator R N
Ly=h"'Ly, (3.12)
acting on L?(adodr) and expressed in the coordinates (o, 7). As in (33), we let
Vr={(0,7) : 0€]—L,Lland0 <7 < T},
Vr={ueH(Vr) : ulo,T) =0},
r={ue H*Vr) NV : d:u(o,0) = —u(0,0)},
OF (u) = /A (@2n"05ul? + 10,ul? )@ dodr - /LL lu(0,0)[2 dor,

Vr
£l =-—p*a'o,a'0, —u 0.0, .
Remark 3.4. We then specify the analysis for
T =h"26 = Dh 2

(3.13)

and omit the reference to T .

4. SIMPLE MINI-WELL

This section is devoted to the analysis of the eigenfunctions when the curvature has a unique
non degenerate maximum (i.e. Assumptions [[I] and with M = 1). We will investigate both
the WKB constructions and the accurate approximation of the eigenfunctions in such a situation.
For that purpose, we will constantly work with the operator Ew defined in the sequel.

4.1. Definition of the simple mini-well operator Let w be an (open) interval in the circle
of length 2L identified with the interval (=L, L]. We can view w as a (curved) segment in the

boundary of €2 by means of the parametrlzatlon in [B3)). The operator L'w n= E is defined as
follows. We assume that w contains a unique point s, of maximum curvature (i.e. £(Sy,) = Kmax)
that is non degenerate. The form domain V,, and the domain D, of this operator are defined as
follows,

x(0,7),
{ueHl(V) cu=0on7="Tand 0w x (0,7)}, (4.1)

—{u€H2(V)ﬂV : dru=—uon7=0}.

><I> E"\“.)

The operator Ew is the self-adjoint operator on L? (17w;adad7') with domain ﬁw and
L,=—-ha " 0,a "o, —a 1(8,4)d; . (4.2)

We denote by p,(h) its lowest eigenvalue. When £ is small enough, the analysis in [16] yields
that p,,(h) is a simple eigenvalue.

Definition 4.1. The corresponding positive and L?-normalized eigenfunction is denoted by Dhw-

Let 12, (h) be the second eigenvalue of the operator L,,. The analysis in [16] yields that, for
h small, p,(h) is a simple eigenvalue and

fi2.0(B) — po(B) = 3y /A + 1T/%0(1)  as h— 0, , (4.3)
where 7 = 4/ #(S“)
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4.2. Reminder of the WKB constructions.

4.2.1. Statements. In this section, we recall the WKB construction of [16] in the spirit of the
paper by Bonnaillie-Noél-Hérau—Raymond [I] (see also the classical references about the Born-

Oppenheimer approximation [3], 26] 28]).

Proposition 4.2. There exists a sequence of smooth functions (a;) such that the following holds.
We consider the formal series (or a smooth realization constructed by a Borel procedure)

Uho(o,7) ~ BN hia (o, 7), (4.4)
Jj=0
where
i) @, is the Agmon distance to the well at o = s, of the effective potential
0(0) = Kmax — k(0)

and defined by the formula

and

b0l = alo) = (1) e (- [" 25

1s the solution of the transport equation of the effective Hamiltonian

o
‘biﬁoﬁo + aa(CI)ZUSO) = 750 ) with T= %Sw) '

iii) For j > 1, a;(o,7) is a linear combination of functions of the form
[in(0)gjx(T),  fin€CF(w) and g;1 € S(Ry).
iv) The formal series Wy, satisfies
ecbw/h (Ew - M) \I]h,w ~0,
where 1 s an asymptotic series in the form

por =1 = Knaxh® + 4B 4+l (4.5)
j=4
This series is the Taylor series of the first eigenvalue p,(h).

Remark 4.3. In the sequel, it will be convenient to work with a truncated version of Vp,,. Let
@ be an open interval such that s, € ® C W C w and

Unwo(0,7) = Xo (@)X (T ') ¥hu(0,7), (4.6)
where

i) x is a smooth function cut-off function with compact support being 1 near 0 ;
i) xo € CX(w) is a smooth cut of function satisfying 0 < x5 <1 and xz =1 on @.
The truncated function vy satisfies

P (L= 1) s = OR®), i L2(Vy),
Vie{l2}, ™0l (Lo - p) Yrwe = O(R%),  in LA(Va).

In the sequel we will use that & and w can be chosen as large as we want, as soon as w only
contains one mini-well and & satisfies the above condition.
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4.2.2. Proof. Let us just explain the main steps in the proof of Proposition 2 Thanks to a
formal Taylor expansion, we find the following expansion of the operator Lj,

Ly~ =02 — 10?4+ 2197k(0)0? + h2k(0)0: + KO (0)0,
_ Z cjh2j+47'j(/<a(0))j33 + Z h2j+27'j(l€(0'))j+137. B HZ,(O') Z h2j+6dj7'j(n(a))j8(, )
Jj=1 j=1 j=1

We introduce the (formal) conjugate operator
~ ) ~ 9
LY = exp (%) Ly, exp <—%> ,

(E;f - u) <Z ag(a,T)f/> ~0. (4.7)
14

We (formally) expand the operator 2}2 as follows

and write

Ly~ Qint, (4.8)
=0

with in particular
Qp =07,
QY =0,
Q3 = #(0)d; —9'(0)?,
QF = 20'(0)dy +0"(0),
QY = —9? + e373k(0)® + T (k(0)) 0, .

We then rearrange all the terms in (7)) in the form of power series in i and select ¥, ay(o, 7)
and uy by expressing the cancellation of each term of the formal series. The vanishing of the
coefficient of h° yields the equation,

(Qb — po)ao(a,7) =0.

We have QY = Id ® Ho on L*(R, x Ry ;). This leads us naturally (considering the operator Hq
introduced in (Z1])) to the choice

po=-1 and ag(o,7) = &o(o)uo(7).

Since QY = 0, the vanishing of the coefficient of A in [{ZS) yields

(@) — po)ar(o,7) = ma(o,7) = 0.
This leads us to the natural choice ©; = 0 and

ai(o,7) = &1(o)uo(7).-
We look at the coefficient of A2 and obtain
(Q6 — Ho)az + (QF — p2)ao = 0.
Remembering that pg = —1 and ag(o,7) = {o(0)up(7), we get
(QF + Daz = —uo()(r(a) = ¥ (0)? = p2)o() -

By using the Fredholm condition with respect to 7, we get the eikonal equation

— k(o) =9 (0)* =2 =0. (4.9)
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Consequently, we take pg = —k(s,) and get ¢¥'(s,) = 0 and we consider the solution such that
¥ (s,,) > 0. This gives
—K/I(Sw)

V' (5,) = — (4.10)

(o) = /[ | e = 1(5) d& = B (o). (4.11)

where [s,,, o] is the segment joining s, and o counter-clockwise (the integral may also be under-
stood as the Lebesgue integral on a measurable set, independently from the representation of
the set).

We deduce that ag is in the form

and

az(0,7) = &2(0)uo (7).
Now we look at the coefficient of A in ([ZS]). This yields
(Q0 + Das + (QF — pz)ar + (Q — us)ag = 0.
Using (E3), we see that the term (QY — u2)a; vanishes and thus we get

(Q0 + Daz = —(QF — us)ao -
For each fixed o, the Fredholm condition implies that

(@ — m3)ao, uo) 2r, ) =0,
that is
29/ (0)€o(0) + (9"(0) — p3)éo(0) = 0. (4.12)
Since we look for smooth solutions at s, and for the smallest possible ug, the linearization at
o = s, leads to

—K"(sw)
H3 = Tw =7

We can determine &y by solving ([£I2]) in a neighborhood of o = s,, and find

1 o 9l
7\ ¢ Vs
(o) = (;> exp (— /Sw T d0> .
where the constant is chosen to get a L?-normalized quasimode (modulo ). Then, we are led to
choose

ag(o,7) = &3(o)uo(T) -
This construction may be continued at any order.

4.3. Tangential Agmon’s estimates. In this subsection, we derive Agmon’s estimates for the
eigenfunctions of the operator Ew with domain ﬁw and form domain TZ, introduced in (Z1)).
Let us start with the following elementary lemma that is related to the Born-Oppenheimer
approximation.

Lemma 4.4. There exist constants C > 0 and hy € (0,1) such that, for all h € (0,ho) and
u € V,,

O (u) > /A a2hY0,ul? @ dodr —|—/A (-1— Kmaxh> + hi20(0) — Ch4) |ul?@dodr .

w

Proof. Using ([B13]), we have

N L T L
Qw(u):/ / <6_2h4|80u|2+|(9Tu|2)ad7'da—/ lu(o,0)? do (4.13)
—LJO —L
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Recall the operator in HJ{BT} in (Z7). By a simple scaling argument and the min-max principle,

we have
! iy [T \ ,
/ |0 u|? @dr — |u(o,0)]* > A\ (H}y )/ lul?* adr T=h""2, B=h2k(o). (4.14)
0 0
Thanks to Proposition 4], we deduce the lower bound since v = Kpax — K. ]

From Lemma[4.4] we may deduce some accurate tangential Agmon estimates satisfied by ¢y, ..
We will often use the following notation.

Notation 4.5. For o € (0,L), we let
Bu(o) = (o + sw0+s.) and B(o) = B.(0) x (0,T).
Let us first state a proposition that will be convenient in the sequel.

Proposition 4.6. Suppose that T = Dh™i and D> S. Let ® be a Lipschitzian function that is
a subsolution of the eikonal equation:

v(o0) = [ (0)? >0, Voew,
and let us assume that there exist M > 0, hyg > 0 and R > 0 such that, for all h € (0, hy),
)
).

Then, for all Cy € (O,%), there exist positive constants ¢, C' such that, for all h € (0,1),
2 € [~1 — Kmaxh?, =1 — kmaxh? + Coh3], u € ﬁw,

=

v(o) — |¥'(0)2 > Mh, Vo € wNnCB,(RA
1B(0)| < MHh, Vo € By(Rh

N

el pogs,y < N (Lo = 2) ull oy + CH el s sy

and

740, (/M) + OB ||ul|?

3@/ (7
9y S CP le® (E“’ B Z) ul L2(VunBu(RRE))

||2 2 R
L3( L2(Vw)

Proof. By the usual Agmon formula, we get

(Lou, M) = Oy, (e®/Mu) — h? [ a 2@ 22/ M ul? G dodr .
Vo

By Lemma [£.4] we deduce

(Lou, 2/ My) E/A a7 2040, (e M) P a dodr

w

+ [ (=1 = Kmaxh® + B2 (0 — @ 2|@'|?) — CKY) |/ "'u|? G dodr .
V.

Let us notice that a=2 = 1 4+ O(DR*?). This leads to choose

P:Z

and to the lower bound

(L — 2)u, e*/My) > /A a 21040, (M) 2 a dodr

Ve

+[ (<1~ Fmach® + 120 — @) = OB — 2) |e* ] @ dodr
V
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for some given constant C>0.
Using the assumption on z, we deduce that

[ a_2h4|80(e¢/ﬁu)|26dadr+/A (hz(n—|q>'|2)—éh3) 1e®/"u|? @ dodr

< [l u(Ly = 2)ull[le® ull.

Now we use the assumption on the function ® and obtain

13 e®/ M| @ dodr

/ a7 2040, (e M) P A dodr + (M — C) /
Voo Vi \B (Rh1/2)

VB, (Rh/2)
Thus, by the Cauchy-Schwarz inequality and the assumption on the function &,

M -
/A a 210, (M) > adodr + (7 — c> 13| e®/ Moy |?
V.

< "Ly, — 2)ul||e® " u)| + éfﬁ/ le®/"u*adodr .

< Ch3e™M(Ly = 2)ul* + Ch?’HuHiQ(g NBu(Rh%))

The conclusion easily follows. O
Remark 4.7. If we apply Proposition [{.4 to the eigenpair (¢w p, pw(h)), we get

€ 6unllzag,) < Cllounlia,)

(as soon as M is large enough, to insure that u,(h) belongs to the energy window). Note also
that these estimates are weighted estimates in HL(w, L2(0,T)).

Let us gather some possible choices for ® in the following proposition (see [4, Chapter 6] or
[2, Proposition 2.4 and Lemma 2.5] for a detailed proof).

Proposition 4.8. Let ¢y > 0 such that
v(c) > co(o — 5,)> and D, (0) > oo — 54)2, Voew. (4.15)
Possible choices of ® satisfying the assumptions in Proposition [{.0 are:
(a) for a € (0,1), the rough weight
d=+v1—-ad,
with R > 0 and M = cpaR? ;
(b) for N € N* and h € (0,1), the accurate weight

. i)
O, N =Py, — Nhin (max (#,N)) ,

with R = 1/% and M = Ninf, g-;
(¢c) for a € (0,1), @ as above, N € N* and h € (0,1), the intermediate weight

Vo(5) d&) } , (4.16)

with R = 1/% and M = N min (a,infw q)—vw>, where we recall that x%, is supported near Ow
if @ is large enough.

éw7@7N7ﬁ(O') = min {Ci)w,Nﬁ(a), vV1—a inf (@w(t) +

tesupp x5, [o,1]

Moreover, the weight <i>w7@7N,ﬁ satisfies the following. Let K be a compact with K C {xs = 1}.
For all N € N*| there exists ag such that for all 0 < o < ay, there exist hg > 0 and R > 0 such
that, for all h € (0, hy), we have

A

(i) Py nn <Py onw,



ROBIN LAPLACIAN 15

A ~

(ii) Py np = PN on K,

A

(ili) Py Nk =V1—a®, onsuppy, (cf. Remark[.3).
Remark 4.9. We now assume p = % and D > S.
5. WKB APPROXIMATION IN THE SIMPLE MINI-WELL CASE

The aim of this section is to approximate the true eigenfunction ¢y ., by the WKB function
U}, defined in [ 4]), or equivalently by ¢, defined in (E.G).

5.1. Main result. Let us introduce the orthogonal projection on the space spanned by ¢ :

wa = <7;Z), ¢h,w>¢h,w .
Recall that x € C2°([0,00)) denotes a cutt-off function which is equal to 1 near 0.

Proposition 5.1. Let K be a compact set in w. There holds

P /MW |~ T, 0 ) =O(h>), (5.1)
P/, (U, — L0} ) =O(h™) | (5.2)

in C(K; L*(0,T)) and where we have let \IIEW =x(T7'7)Vp.

We split the proof into four steps inspired by the presentation of [2]. We choose @ so that
K C {xo = 1}. Then, it is sufficient to prove that

e (Yn — M) = O(H), (53)
/0y (Y — Tauthnz) = O(R), (54)
in C(K; L*(0,T)).
5.2. Estimating the L?-norm. Recall the definition of the domain V. in E1). Let
u =Y — Muthne . (5.5)

Since u is orthogonal to the eigenfunction ¢y, then by the min-max principle,
) . 2 ~
(oo B) = po W) 5, < || (B = i), o = || (B = i) na], o -
Using the estimate of the g (k) — 1 (h) in [@3]), the expansion of i, (h) in (@3] and the result
in Proposition 2] we get

2

25, = O). (5.6

5.3. Estimating (EAW — /Lw(h))w}i,@. Here we will prove that,
‘i)w,w,N,fL/h E _ h V‘
e ( w ,Ufw( ))¢h,w L2(9w)
In view of the definition of the function 54 in Proposition [L.2] we write,

eéw,@,Nﬁ/h (Ew — Mw(h)) Yho

= O(K™). (5.7)

= eéw’w’N’h/th(o-)X(T_lT) (Ew - Nw(h))\yh,w (5-8)
+ eqb’w’N’h (X@(U)[Zuw X(T_lT)] + X(T_lT) [Ewa X@(U)]) \Ilﬁ,w 5
where [+, -] denotes the commutator.

Then we have
e&)“’w’N’h/ﬁ(Ew . uw(h))ibh,w — e(‘fw,@,N,n—%)/ﬁ O(hoo)
el w3 () Lo X(T 7] ) €%/ MWy P i =PI MO e (1) (5.9)
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Here the notation Ope(gupp X, )(1) means that the function is supported on supp x~, and that it

is uniformly bounded when & goes to 0. By Proposition A8 0 < e(®u.onn—Pu)/h < 1in w and
for a € (0,1),

‘1>w,w,N,h -&, < _(1 2 a)(I)w
in supp x5. Now, (B7) becomes a consequence of (5.9) and Proposition thanks to support
considerations.

5.4. Proof of (B3]). Let us apply Proposition with the following choices: w as in (G5,
z = fi,(h) and ® = @, ; N . We have

||6¢‘”"D’N’h/h ) + Haoe‘i’w,w,N,h/huHLz(f;w)

UHL?(T;W
< Cﬁf?”e@w’w’N’h/h(ﬁw — Mw(h))uHLg("}w) + Chil”””[ﬁ(ﬁw) .
In light of (5.6]) and (&.7), we deduce that,
||e¢w’@’N’h/hu||L2(9w) + ‘|(906¢‘”"D’N’h/hu||L2(9w) = O(h™). (5.10)
By Proposition 4.8 we have

b onn = Puvnin K, and @ Ponal/h = O N) in LO(K) .

In that way, we get the following estimate,

He(IDW/huHL%f() + ‘|a¢76¢w/hu”L2(f() = O(hoo)’ (5'11)
where
K=K x(0,T).
We may rewrite this estimate in the form,

e/ Mu)| 2 (k. r20.7)) + [190€ ™/ M ull L2 (ke 120)) = O(B),

which in turn yields (53) in C(K; L2(0,T)) (cf. [6, Thm. 2; p. 302]).
5.5. Proof of (5.4).
Let (cf. (BH)) )
V= aTu — 87(7/))‘1,@ - Huﬂbh,d})
and
w = v = 0%u.
We apply Proposition to obtain,
Jetucann/tol| < OhePoean (£, — pu(h)) ol + Clle (5.12)
and R X
febosiag) < -9 ebasonn/h (£, — (1)) + Clhu]. 613
In light of the two identities
(Ew - Mw(h))v = aﬂ' (Ew - ,Ufw(h))u = aT (Ew - Mw(h))wh,w
and
(Ew - Mw(h))v = 872— (Ew - Mw(h))wh,w 5
we get by Proposition [£1.2]
eq)“/ﬁ(ﬁw — pw(B))v = O(R*°)  and eq)“/h(ﬁw — pw(h))w = O(R), (5.14)
in L2(V,,).
By Step 1 and Proposition 2]

~ ~

(Lo — pw(h))u=0O(R>®) in L*(V,).
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By (5.6]), we get further
Lou=0H®) in L*(V,).
Multiplying by u and integrating by parts yields,

/A (10-ul* + h*a%0,u|*)a drdo — / lu(c,0)|? do = O(h>) .

17

Note that the lowest eigenvalue of the operator —9? in L?(R,) with boundary condition

w'(0) = —2w(0) is equal to —4. Then we get

and we deduce

1 -~ o0 o0
§/A OrulPadrdo < O(R®) + 4]l 5 | = O(F).
In a similar way, using (Lo, — pe(h))v = O(h™) (cf. (EId)), we get,
1

2~ e’} 2
§/A G0 @drdo < O() + 4oy,

w

Thus, we have the following two important estimates:

[ol = O(r%) and  [lw]| = OR>).

This and the estimates in (.14]) allow us to repeat the argument in Step 2 to obtain

e« (L = po(B))ell = O() and e/ (£, = () w] = O().

NOW, (m) yields
Heéw,@,z\r,h/ﬁ&_un =O(h*) and HeéW@’Nﬁ/hazuH = O(h*>).

As done in Step 3, the properties of the function Ci)w,@, N, yield

le®/ 0,ul = O(h*) and [le®/"62ul| = O(h) in L*(K).

Since |®/ | is bounded independently of h, then we infer from (E.ITI)
e®/"9,u = O(h>®) in L*(K).

We insert the estimates in (5.15) and (B.I6]) into (cf. Proposition £.2)
e/ (Lo — pw(h))u = O(F®).

In this way we obtain that,
e®/"92u = O(h®) in L*(K).

Since |®/,| = O(1), we get further

By <e¢“/h(90u) — O(F®) i LX(K).

This estimate and (5I1)) yield the estimate in (&.4]).

6. DOUBLE MINI-WELLS AND INTERACTION MATRIX

In this section, we come back to the study of the double mini-wells operator Eh.

and /A \BTu\QdeU—Q/ (o, 0)2 dor > —4[ luf2drdo,
Vw w vw

(5.15)

(5.16)
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6.1. Right and left operators. We introduce the operators corresponding to the left and right
wells. Recall that we identify the boundary I' = 9 with the interval (—L, L] and the orientation
is chosen counter-clockwise. By Assumption [[3] we know that

{oc € (—=L,L) : k(0) = Emax} = {—50,50}
where sp € (0, L). We introduce the two (mini-)wells
sy =89 and s, = —sgp, (6.1)

and this is consistent with the counter-clockwise orientation of the boundary.
Let us consider n such that

1 1
0<n< §min (Sg,L—Sg) = §min(—sr,—L—|—sr> .
We introduce the two intervals (in I")
w={c€(=L,L] : |o—s|>n}t and w,={oce€(-L,L] : |0 —s¢ >n}. (6.2)

We will apply the results in Section @] with the interval w being wy or w,. The assumption on 7
ensures that the left and right intervals wy and w, have the same length 2L — 27 and are related
by the simple transformation o +— —o.

Let us introduce the two sets

wEZWKX(O’T), d}r:WrX(O’T),
and the unitary transform U defined by
Uf(07 T) - f(—O',T) .

This transform goes from L?(&y) to L?(&,). Due to the symmetry assumption (cf. Assump-
tion [L.3]), we notice that

Ly=ULU™".
Thus these operators have the same spectrum and we may denote by p(h) their common lowest
eigenvalue, i.e.

pu(h) = pe(h) = p(h) . (6.3)
The eigenfunctions of Eg may be deduced from the ones of Er. In particular,
Gnp=Udny - (6.4)

In Remark [£3], we choose @ as
Wp=Ho : lo—s|>2n} or &, ={o : |o—s¢ >2n}.
As a consequence, we get the two cut-off functions
Xt =Xo, and Xy = Xo,

that are equal to 1 in @, and @, respectively.
Proposition 5.1l yields, for every compact set K C @y,

/(W] — T, ) =O(h) (6.5)
/19, (T}, — T} ) = O(h), (6.6)

in C(K;L?(0,T)). Here

T = (), dn)one and  Do(0) = By(—0) = /[ Vs )47
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6.2. Estimates of Agmon. We introduce the global weight
® = min (®,, D) ,

where
o.(0) = / Vvo(a)de, Yo ew, Dy(o) = / v(e)do, Vo e€uw.
[sr,0] [s¢,0]

In particular, we have

Let us define
Su=P:(sg), Sq=Py(s;) and S =min(S,,Sq). (6.7)

Note that, on the “upper part”, &, +®, = S, and on the “lower part” ®,+ P, = Sq4. In particular,
we have

.+ Py >S. (6.8)
The following proposition may be established by using the same estimates as in the proof of
Proposition

Proposition 6.1. For all a € (0,1), for all Cy > 0, there exist positive constants hy, A, ¢, C
such that, for all h € (0,hg), 2z € [~1 — kmaxh?, —1 — Kmaxh? + Coh?], u € D,

ch? eI Mgz < VTR (£ = 2) il + Ol g,

and

10y (VM) 7, < Oh e (B — 2) ullfa + OB ul?, o

)

ATZ))
where B(o) = B:(0) U Bi(0), where B, := B,,., resp. By := Bw (cf Notation @)

6.3. Interaction matrix.

6.3.1. Preliminary considerations.
Definition 6.2. Let us introduce the two quasimodes

Jrr = XePnr, Jne = XePny s
that clearly belong to the domain of Eh,

We use the following convenient notation.

Notation 6.3. For M > 0, the notation O(e~™M/") (introduced by Helffer-Sjostrand in [I8])
stands for a quantity r(h,n) defined on a set of the form (0,hy) x (0,m0) and satisfying the
following: There exists a function 7 : (0,00) = R such that lim,_,oy(n) = 0, and for all € > 0

andn >0, r(h,n) = (’)(e(H'Y(")*M)/h). The parameter n will measure the distance between Cw,
and @, for o € {r, (}.

The following lemma is the consequence of Agmon’s estimates and considerations on the
supports.

Lemma 6.4. For o € {r,(}, we let
= (Eﬁ - :U'(h))fﬁ,a = [Er7XOz]¢ﬁ,a .

Then, we have
(i) Tho = @(efS/h)}
(i) (rhas fra) = Ole /") and (rpa, fr5) = O(e™/") for a # B,
) =

) )
(ii)) (fhar fra) =1+ O /") and (fr,a, fr,5) = O(e>") for o # B,
(iv) If F =span{ fur, fne}, then dim F = 2.
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The following lemma states that the first two eigenvalues of L}, are close to w(h) (the common
first eigenvalue of the two mini-well operators) modulo O(e~5/"). The proof is standard (see [4]
or the presentation in [2]).

Lemma 6.5. Let us define G = range ]l[h(Eh) where I, = (—00, =1 — Kmaxh? + 2yh3). Then we
have
(i) dist(sp(Zn). u(h)) = OeS"),
(i) (L — p(h))u,u) > v 13|ul? , Yu € G,
(iii) dimgG = 2,
(iv) sp(Lp) N In C [u(h) — O(e=S/), u(h) + O(e=S/M)].

6.3.2. Interaction matriz. We want a more accurate description of the splitting between the first
two eigenvalues of Eh. For that purpose, we will consider the restriction of Eh to the space G
generated by the first two eigenfunctions and we will exhibit an orthonormal basis of this space
that allows us to compute asymptotically the eigenvalues of the corresponding 2 x 2 matrix.

Let us introduce II the orthogonal projection on G and g = IIfs . As a consequence of
Lemma and of the spectral theorem, we get the following lemma.

Lemma 6.6. We have in H',
fﬁ,a — 9h,a = O(eis/h) .

From this lemma and Lemma [6.4] we deduce the following.

Lemma 6.7. Let us define the 2 x 2 matriz T by To g = (fua, fop) for a # B and 0 otherwise.
Then, we have

(i) T=0(e>M),

(i) ((fiar fr5))ap =1d + T+ O(e72/M),
(1) (9nargnp) = (frar fa5) + Ole /M),
(iv) ((gh.a9n.))as = 1d + T + O(e”?/).

Let us now examine the so-called interaction matrix. The family (g ) generates G but is a
priori not orthonormal. Thus we use the Gram-Schmidt matrix G = ({(gn,a, gn.8))a,s and we let
g = ngé where g is the row vector (gp ¢, gnr). The family g is now an orthonormal basis of G.
Let M be the (interaction) matrix of (the restriction of) £y in the basis g.

Proposition 6.8. We have
M = p(h)ld + W 4+ O(e=25/my

where W is defined by wa,g = (Tha, fnpg) if o # B and 0 other}t\)ise. Moreover W is symmetric.
In particular, the splitting between the first two eigenvalues of Ly, is given by

Ao () — Ai(h) = 2Jwp,(h)| + O(e™ /M.
6.4. Computation of the interaction. Now the problem is to estimate the interaction term
wy(h) given by

wee(h) = ((Ln — p(B)) fres Fre) = (L Xelbros XePnr) -

Let us recall that

Ly =—ha 1 (0,a "0, —a 1(8,2)0; .
Since ¢ does not depend on 7, we get

wer(h) = =h4([a=" (050, Xelbne, XePhr) »
where
Xe(0) = xx(=0).
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After the computation of the commutator and an integration by parts (with respect to o) to
eliminate xj, we get

wer () = h / G0 s (Do )b — (B ne)) dordr

v,

Since xr = 1 in the support of x/, we get,

wer(h) = h4/ a0 ((O5Pnr)dne — G (Ontne)) dodr .

Vo
Then, we integrate by parts and use the fact that ¢ o is an eigenfunction of Ea to get
’U)&r(h) = wz,r(h) + wg,r(h) ’

where
T
w () =[G (600u0.) — 0100610} 0,7V
0
T
wg,r(h) = _h4/ a—l {¢ﬁ,€(ao¢h,r) - ¢h,r(a¢7¢ﬁ,£)} (_L’ T)dT .
0
Using Propositions and 511 and the fact that ¢p (0, 7) = ¢pr(—0,T), we write,

u _Su
wfty (1) = (2177160.(0) P;(0) + O(7/?)) exp ( z ) |
In the same way, we find,

wffy () = (= B*%0.e(~L)60.o(L)(@4(L) + #(~L)) + OK"/?) ) exp <_Tsd> |

The computation of wgr is easy by using the expressions of §y, and ®, in Proposition In
this way, we get,

wi, = {—2715/2 (%)1/2 (L) exp (- /SL (\/E)% da) + O(rﬁ/?)} exp (‘%“) .

To compute wg’r we use the two symmetry properties &y (o) = &or(—0) and ®(0) = ®,(—0)
and the expresions of £y, and @, in Proposition We obtain,

W, = [—2715/2 (%)1/2 5(0) exp <— /SO W% da> + 0(57/2)} exp (%) .

T

By adding the expressions of w" and w9, we get an expression consistent with the one in (LG)).
Recalling that i = h'/*, we finish the proof of (L) by using Propositions and

7. A WEYL FORMULA

This section is devoted to the proof of the following theorem (see [IT], 23] for similar results
for the Schrodinger operator with magnetic fields).

7.1. Main result. For A € R, we denote by
N(Ln,A) = Tl“<ﬁh oo (ﬁh)> :
the number of eigenvalues of £ below the energy level A.

Theorem 7.1. Under Assumption [, we have
i. the Weyl estimate of the semiclassically negative eigenvalues: for all A € (0,1),
IT|v1—A 1 /
N (Lp,—Ah) = + d +o0(1); 7.1
( h ) 2m F K S(x) O( ) ( )

h—0  1h3
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ii. the Weyl estimate of the low lying eigenvalueS' forall E € R,

/ V(E +r)y ds(z (7.2)

N (Eh,—h+Eh2 ~
h—0 7Th4

When E =0 and k > 0, (L2)) becomes
1
N —h) ~ d
(Lns—=h) ~ I /F\/E s(z)

The proof of Theorem [[[T] relies on a comparison with an effective Hamiltonian (see Propo-
sition [C4] below). Note that the analysis of the curvature effects as in ((Z.I]) is not achieved for
the magnetic Laplacian in [IT], 23] since a reduction to an effective Hamiltonian is hard to obtain.

Remark 7.2. The counting of eigenvalues for the Robin problem appears (at least in the case
of the disk) in the thesis of A. Stern [30] but note that the author (who refers to the book by
Pockels [33]) is only counting the total number of negative eigenvalues. In this case, this is
directly related to the counting function for the Dirichlet-to-Neumann operator. We refer to [13]
for a recent survey on these questions.

7.2. More results about the Robin Laplacian in one dimension. This subsection con-
tains one key element in the proof of Theorem [ I] obtained through an additional analysis of
the weighted operator in (27)) and its groundstate. Note that the analysis of this operator is

equivalent to that of the operator ﬁg} defined in ([29). Recall that the operator ﬁg} is defined

in the interval (0,7") and that its ground state ﬁg} is given by the relation

a7 (- BrbalD

where ug} is the groundstate of the operator in ([2.7)). Since ﬂ{BT} is normalized in L?((0,T)),

T
/ opit T at!dr =0, (7.3)
0

For further use, we would like to estimate HaBﬂ/{BT}H 12((0,7),d7), uniformly with respect to B.

Lemma 7.3. There exist C > 0 and Ty > 0 such that for allT > Ty and B € (—1/(3T),1/(3T)),

(an1 (75 ‘ <C, (7.4)
10535 | r2(01)4m) < C- (7.5)

Proof. We recall that cj}g} is defined in ([ZI0) (the associated bilinear form is denoted in the
same way). From the eigenvalue equation we get, for all p € H'(0,7),

iy @) - il e) =o. (7.6)
Then, we take the derivative with respect to B and we get
a5 Opity | ¢) = M@piy | @) = sy o) — Opdly (i ). (7.7)

We take ¢ = ﬂj{g }, the r.h.s. in (C7) vanishes (use ¢ = aBuB in (lEI)El and we get the

Feynman-Hellmann formula

T 2
SATHY _ B ATy (T}, L T} 00
oy <7—[B )_ /O o5 <4(1_BT)2>UB afy dr — Slaf) 0. (7.8)

INote that Bgﬂg} belongs to the form domain, but not to the domain of the operator. We have indeed

(os5) (0) = 05 (a5 (0) = (—1 - g) sl (0) - L{BT;(O) A
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A Sobolev embedding and Proposition 2.4] give
@ (0)] < Clliig |l < € (7.9)
Therefore ([Z4]) holds thanks to (Z.8]), Proposition and (9).
Now we take ¢ = 8Bu{ Vin ([T and we find with the same considerations (and (Z3])):
AT (T T _{T _ T (T
a Osi ) =2 (HE ) l0sal 13 < CUlosal e + 657 )0z O))
< Ollagi |z + Clogig 0)].
With the spectral gap (see Lemmas [Z1] and 22]) together with (Z3)), we get,
1955 17 < €+ Clopiiy (0)], (7.10)

and thus
i (Opi ') < C +Clopiiy (0)].
Again by Sobolev embeddings, we deduce

105 | < C + Cllogaly |2 + Clogaly 1 (0)]2

and then
sy (0)] < C + Cllopaly |z
The estimate (Z5]) follows from (ZI0). O

7.3. Proof of the Weyl formulas. Thanks to the min-max principle and the usual Weyl
formula in dimension one, Theorem [Z.1] is a consequence of the following proposition.

Proposition 7.4. Under Assumption[I1 for ¢y € (0,1), h > 0, we let
-A/eo,h = {n e N*: Mn(h) < —th} .
There exist positive constants ho, Cy, C_ such that, for all h € (0,hg) and n € Ny,
fin (h) < pn(h) < gy (), (7.11)

where p(h) is the n-th eigenvalue of E,elff’i defined by

LMY — b4 (14 CLh2)h?D2 — k(0)h2 + Cyh?,
and ) ,

L5 = —h 4 (1 - C_h2)h?*D2 - k(o)h> — C_R2.

Proof. Thanks to the Agmon estimates established in Section B it is sufficient to work with
Eh As suggested by the proof of Lemma [£4] the spectral analysis of Eh may be done with the
Born-Oppenheimer strategy. Let us recall the expression of the quadratic form Qh, defined in

BI13),
/)/AJW@m%mw+/{%ﬁ@w%m_w@wﬁdg

with T = Dh_Z, and let us define the Feshbach-Grushin projection on the normalized ground-
state of ’H}{g}, with B = h%/ﬂ(a), denoted by vy (s) n,
) = (Y, V(o)) L2((0,7) adr) Vr(o) -
We also let
t=1d-1I
and
f(o) = (b, V(o)) L2(0,1) adr) » Rp(o) = Havvn(a),hH%?((O,T),adfr)'
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The main point is to control the effect of replacing a=2 by 1. We write

/Aa_2|80w|28d0d7'—/A 0,¢|%a dodr

VT VT

< C/ h27|0,|2dodr
Vr

<20 | BE7 (105 Tyo) 112 + 0511 w02 ) derdr
T

<C /V B2 | (@)2 + b Ry(0)|£(0)? + h1|0,0Tk,, [P dodr |
T
where we used that
T
/ TV p*dr < C (7.12)
0

(that is a consequence of Proposition 2.5]) and that Th? may be estimated by Th? = Dhi. Then
we notice from the normalization of vy (s that

T
80/ U/@(U),hvn(a),ha dr =0,
0
so that
T T 1
2/ UH(O)ﬁ&,UH(O)’hadT = / UK(U)ﬁUK(U)ﬁ(&,a) dT, with 806 = —Thilﬁl/(O') .
0 0

With again (CI2]), we get

Keeping these considerations in mind, the results below are consequences of almost the same
computations as in [34, Chapter 13| (see also [29], [5] where a similar strategy is used). The first
follows from a straightforward computation.

Proposition 7.5. There exist C > 0, hg > 0 such that, for all ¢ € Dy and h € (0, hy), we have

L
On(Iy) < /L K1+ CR)|f' (o) + (R*(1 + Ch)Ru(0) + Mt (Hu(oyn) + CR®) | f(0)dor .

The next proposition is slightly more delicate. Let us only remind a few elementary compu-
tations. First, we have the orthogonal decomposition

T T T
/ 0502 @ dr = / [10,1|% @ dr +/ 0,4 adr.
0 0 0
Then, we have the commutator estimate
[0, ]t = (1, 05 Vye(0), 1) £2((0,T) adr) Vr(o) b T (Vs V(o)1) L2((0,T),adr) O Vn(o) b

LT
— K/ (0)h> </ Y TUx(0),h dT> V(o)h »
0

so that we get, by the Cauchy-Schwarz inequality,

1 1
1106, O]l 20,7y ,adr) < 2R(0)Z (1Y 22((0,7)dr) + CP2 1] 2 ((0,1),ad7) -
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Proposition 7.6. There exist C > 0, hg > 0 such that, for ally) € Dr, € € (0,1) and h € (0, hy),
we have

L

On(y) > / L(l —&)(1 = CER f(0)]> + {M (Huo)n) — Ce ' Ry(0) — Ce 118} | f(0)[do

L
+/ (1=6)A=CRRH |0 T T2 gy H{ A2 (Has(o)n) — Ce i Ry(0) — Ce R° } T4 |72 54y do -
—L

We apply Propositions and with € = h%. Then, we use Lemmas 211 and and
Proposition 2.4] to deduce that

M (Hu(oyn) = =1 = B2w(o) + O(RY),
and that there exist hg > 0 and C' > 0 such that, for all h € (0, hy),
Xo (Hu(oyn) 2 —Chi > =2

Then we notice that Rj(0) = O(h) thanks to Lemma The conclusion comes from the min-
max principle (see [34) Chapter 13, Section 6|): the lower bounds in Theorem [T.1] follow from
Proposition and the upper bounds from Proposition O

Remark 7.7. One can see that Proposition only requires that the boundary is C*> and that
its curvature is Lipschitzian (that is an admissible boundary of order at least 3 in the sense of
[32] ). This result matches with the one of [32]. Moreover, our effective Hamiltonians provide a
uniform approximation valid for all the eigenvalues less than the energy level —egh and not only
for an h-independent number of low-lying eigenvalues. The underlying operator reduction follows
from the general arguments often used in the Born-Oppenheimer framework. This strategy may
be adapted to higher dimensional situations with minor modifications.
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