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Abstract

In the note added in proof of the seminal paper [Groups of diffeomorphisms and
the motion of an incompressible fluid, Ann. of Math. 92 (1970), 102-163], Ebin and
Marsden introduced the so-called correct Laplacian for the Navier-Stokes equation on
a compact Riemannian manifold. In spirit of Brenier’s generalized flows for the Euler
equation, we introduce a class of semimartingales on a compact Riemannian manifold.
We prove that these semimartingales are critical points to the corresponding kinetic
energy if and only if its drift term solves weakly the Navier-Stokes equation defined
with Ebin-Marsden’s Laplacian. We also show that for the case of torus, classical
solutions of the Navier-Stokes equation realize the minimum of the kinetic energy in
a suitable class.

1 Introduction

Euler equations describe the velocity of incompressible non-viscous fluids. Considering
these equations on a bounded domain U of R?, or on a compact Riemannian manifold M
without boundary, they read

d
T + (ug - V)ug = —Vp, div(us) = 0. (1.1)

Lagrange’s point of view consists in describing the position of the particles: for a solution
u to (1.1), it concerns solutions of the ordinary differential equation (ODE)

Sol@) = wlg2)), gole) =z (1.2

When (t,x) — ui(x) is smooth, the ODE (1.2) defines a flow of C'*°-diffeomorphisms g;.
From the position values, we get the velocity by

wle) = (S0 o7 (@)

In this case, the two points of view are equivalent. Throughout the whole paper we shall
consider the interval of time [0, T]. Equation (1.2) defines a continuous map

g.:[0,T] — Diff(M)



from [0, T to the group of diffeomorphisms of M.

In a famous work [6], V.I. Arnold gave a geometric interpretation to the incompressible
Euler equation, saying that w is a solution to (1.1) if and only if ¢ — g, is a geodesic on
the submanifold of Diff (M) keeping the volume measure invariant, equipped with the L?
metric. Equivalently, ¢g. minimizes the action

ﬂﬂz%l%ﬂ%%wiM

on C([0,T],Diff (M)), where dz denotes the normalized Lebesgue measure on U or the
normalized Riemannian volume on M (see also [14]).

dxdt (1.3)

In [7], Y. Brenier gave a probabilistic interpretation to (1.1), by looking for probability
measures 71 on the path space C'([0, 7], M), which minimize the kinetic energy

1 .
St =3 [ [ Bt an) (1.4
2 Jeqoran o !

with constraints (e;).n = dx, where e; : v — 7(t) denotes the evaluation map. Let

X(v,t) =~(t).

Then under n, {X(-,t);¢t > 0} is a M-valued stochastic process. Moreover, in [7] as well
as in [8], Brenier proved that such a probability measure 7 gives rise to a weak solution
of the Euler equation in the sense of Di Perna and Majda [13]. More precisely, define a
probability measure p on [0,7] x TM by

[ o) e,
[0,T]xTM

1 (T ,
= T/o /(J([O,T},M)f(t”Y(t)’V(t))dn(V) dt.

Then p solves the Euler equation in generalized sense:

/[v cw(z)d (t) + v - (Vw(x) -v)a(t)] p(dt, dx,dv) =0

for any a € C°°(]0,T'[) and any smooth vector field w such that div(w) = 0. We also refer
to [1] in which the authors used the theory of mass transportation.

In this work, we will deal with Navier-Stokes equations on a compact Riemannian manifold
M. There are two natural ways to define the “Laplace” operator on vector fields. The
first way is to use the de Rham-Hodge Laplace operator [ on differential 1-forms, that is
O = dd* 4+ d*d. As usual, for a vector field A, we denote by A% the associated differential
1-form; for a differential 1-form w, we denote by w” the corresponding vector field. Then

we define
A = (DA%,

The Weitzenbock formula states that

—0A = AA — Ric(A) (1.5)



where AA = Trace(V2A) and Ric is the Ricci tensor. Another natural way, following
[14], is to use the deformation tensor. More precisely, let A be a vector field on M, the
deformation tensor Def A is a symmetric tensor of type (0,2) such that

(Def A)(X,Y) = %((VXA, Y)+ (Vv A, X)). (1.6)

Then Def : TM — S?T*M which sends a vector field to a symmetric tensor of type (0, 2).
Let Def* : S2T*M — TM be the adjoint operator. According to [25], as well as to [27],
we define

[ = 2Def*Def. (1.7)
Then on vector fields of divergence free A, it holds true (see [25, 26])

—[JA = AA + Ric(A). (1.8)

Comparing (1.8) to (1.5), the sign of Ric is opposite.

In this work, we will consider the following Navier-Stokes equation on M

d .

i + Vy,ue + v Ou, = —Vp, div(ug) =0, (1.9)
where v > 0 is the viscosity coefficient. Since div(u;) = 0, we have [, (Vy,us, ug) dz = 0.
Using the relation [J = [J — 2Ric and equation (1.9), we get

1d
= —/ |ug|? dt + u/ (]dug\z + ]d*u§]2> dx — 2y/ (Ricug, up) de = 0. (1.10)

When Ric is negative, the above relation yields the existence of Leray’s weak solution (see
for instance [26]). For the general case, the existence of Leray’s weak solution to (1.9) was
proved in [27] (Theorem 4.6, p.498 and p.504).

In contrast to Fuler equations, there is no geometrical interpretation for Navier-Stokes
equations. The purpose of this work is to develop a probabilistic interpretation to equation
(1.9). Note that in this context, it is suitable to consider that the underlying Lagrangian
trajectories are semimartingales & on the manifold M. Comparing to Brenier’s generalized
flows for Euler equations, the paths ¢ — & are never of finite energy in the sense of (1.3).
Instead, we shall consider the mean kinetic energy (see definition (2.13) below). This
functional first appeared in stochastic optimal control [18] as well as in connection with
quantum mechanics [29]; we mention also [19] for the relation of (stochastic) kinetic energy
and entropy as well as [28], for its appereance in the study of the Navier-Stokes equation.

Roughly speaking, the main result of this paper (see Theorem 2.10 below) says that the
semi-martingale & in a suitable class is a critical point to the stochastic kinetic energy
(2.13) if and only if its drift term u; solves Navier-Stokes equation (1.9) in the sense of
Di-Perna and Majda.

In the recent years the functional (2.13) has been used with success in various contexts
(see for example [2, 3, 4, 5, 10, 11, 12, 15, 20, 23]). In comparison with [2, 3, 4, 5], we do
not require, in the present work, that martingales have the flow property.

The organisation of the paper is as follows. In section 2, we shall introduce and study the
class of v-Brownian incompressible semimartingales. We prove that such a semimartingale
is a critical point of the corresponding kenetic energy [12] if and only if it solves the
Navier-Stokes equation in the sense of DiPerna-Majda [7, 8]. We also prove the existence



of a minimum under certain conditions. In section 3, we shall show, in the case of a
torus T?, that a classical solution to Navier-Stokes equation gives rise to a v-Brownian
incompressible martingale which realizes the minimum of the kinetic energy in a convenient
class.

2 Generalized stochastic paths for the Navier-Stokes equa-
tion

In this section, M will denote a connected compact Riemannian manifold without bound-
ary. Let (2, F, P) be a probability space equipped with a filtration {F3; t > 0} satisfying
the usual conditions.

A M-valued stochastic process & defined on (2, F, P) is said to be a semimartingale on
M if for any f € C%(M), f(&) is a real valued semimartingale. This notion is indepen-
dent of the chosen connection on M; however, the corresponding local characteristics are
dependent of the choice of connection. For a semimartingale (§;) starting from a point
x € M and given a connection V, the stochastic parallel translation //; along & can be

defined and

t
G = /0 J/7h o de,

is a T, M-valued semimartingale. Then there exist processes (£°(s), H1(s),..., Hn(s))
which are adapted to F; such that

€%(s), Hi(s), ..., Hpu(s) € Te,M

and (; admits It6 form

—t_losSMt_l'swi
ct—/o 1/71€0%s) d +§:j/0 J) L (s) du (2.1)

where w; = (w}, - ,w") is a standard Brownian motion on R™ (see for example [9]). For
example, if the semimartingale & comes from a stochastic differential equation (SDE) on

M:

& = Xo(t,&)dt + Yy Xi(t,&) o dw}, & =z,
=1

then

m

(1) = Xolt, &) + 5 D (Vx, X0)(1,&).

i=1
For simplicity, in what follows, we only consider the Levi-Civita connection V on M. As
n [3], [12], we consider the operator

D€ = //; lim E(CHE ‘}"t> (2.2)

which is well-defined and equals £°(t). For a semimartingale & given by (2.1), the Ito
formula has the following form (see [9], p. 409)



&) = F60)+ | ((VHED. €20 + 5 (T (V&) Hils)) ds

#3 [[(se) Hio d

Let {g¢(z,w); t > 0,2 € M,w € Q} be a family of continuous semimartingales with values
in M. Let P9 denote the law of g in the continuous path space C([0,T], M), that is, for
every cylindrical functional F,

/C([O,T],M) F(y(t1), ..., y(tn))dP(7y) :/M {/C([O,T},M) F(gtl(x),...,thn(x))al[pgg&]dﬂj

where P9 = P4 ® dr and under P%, the semimartingale g; starts from x.

We shall say that the semimartingale g; is incompressible if, for each t > 0,

Eps[f(9¢)] = /M f(z)dx, forall fe C(M) (2.4)

the expectation being taken with respect to the law P9 of g.

Let v > 0; we shall say that g; is a v-Brownian semimartingale if, under P9, there exists
a time-dependent adapted random vector field u; over g; such that

M = () = fla0) = [ (vAF(0) + (s T F0)) s, (25)

is a local continuous martingale with the quadratic variation given by

t
aaf Mf) =2 [ (9.9 ) 0

For a semimartingale & given by (2.1), if {Hy(s),...,Hy(s)} is an orthogonal system
m

such that for any vector v € T¢ M, Z(v,Hl-(s»z = 2v[v|?, then it is a v-Brownian
i=1
semimartingale.

Example 2.1. In the flat case R, such a semimartingale admits the following form
dgi(w) = V2 dwy + u(w) dt, (2.6)

where (w;) is a Brownian motion on R? and {u;¢ > 0} is an adapted R%valued process
such that fOT lug (w)]? dt < 400 almost surely. [J

Example 2.2. For the general case of a compact Riemannian manifold M, we consider
the bundle of orthonormal frames O(M). Let (V;)ieor) be a family of C' vector fields

such that the dependence t — V; is C'!. Denote by V; the horizontal lift of V; to O(M).
Let div(V;) and div(V;) be respectively the divergence operators on M and on O(M ); they
are linked by (see [16], p. 595)

div(V;) = div(V;) o,



where 7 : O(M) — M is the canonical projection. It follows that if div(V;) = 0, then
div(V;) = 0. Consider the horizontal diffusion r;, on O(M) defined by the SDE

d
dry =V 2v ZHi(Tt) o dwj + Vi(r)dt, o€ O(M) (2.7)
i=1

where {H,--- ,Hg} are the canonical horizontal vector fields on O(M). Let dr be the
Liouville measure on O(M ), then the stochastic flow 79 — r4(ro) leaves dr invariant. Set

E(t,x) = m(re(rg)), ro€ Wﬁl(:c). (2.8)

For any continuous function f on M,

| Bl do= [ s

Then ¢ is an incompressible v-Brownian diffusion, with D;{(x) = Vi(§(¢,x)). O

1
Remark 2.3. Let P, be the semigroup associated to §AM + Vi with div(V;) = 0; then
for any f € C*(M),

i /M buf(x)de = /M(%AMPtf +ViPuf) di = 0.

It follows that for any continuous function f: M — R,

/M Pif(z)ds = /M f(z) da.

Therefore any SDE on M defining a Brownian motion with drift V' gives rise to an incom-
pressible v-Brownian diffusion ¢ with Di&(x) = Vi(&(¢, x)).

Example 2.4. Let Z? be the set of two dimensional lattice points and define Zg =
7%\ {(0,0)*}. For k € Z2, we consider the vector k* = (ko, —k1)* and the vector fields

vcos(k-6), | vsin(k-6) | 9
Ap(0) = LB Y) Bi() = | L2 Y) T
KO =\ K PO =T ke fe T

wher~e [ > 1 is some constant.
Let Zg the subset of Zg where we identify vectors k, k’such that k + k' = 0 and let

1
W=D e
keZ3

The family {Ax, B, : k € Z%} constitutes an orthogonal basis of the space of divergence
free vector fields on T? and satisfies

3 <<Ak,v>2 v <Bk,v>2) = v, e, veTT
keZ?

and

> Vadp=0, Y Vg Bp=0.
keZ? keZ?



Consider the SDE on T?,

&=y (Ak(&) o dwf + By(&) o dwf) +ult,&)dt, 6p=0¢ T (2.9)
keZ?

where {wf,@F; k € Z%} are independent standard Brownian motions on R, and u(t,-) is
a family of divergence free vector fields in H'(T?), such that,

T
/ / (|ul? + |Vul?) dedt < +oc.
0 J12

Then by [12, 16], for > 3, the SDE (2.9) defines a stochastic flow of measurable maps
which preserves the Haar measure dz on T2. More precisely, for almost surely w, the map

x — &(x,w) solution to (2.9) with initial condition z

leaves dx invariant; this property is stronger than that of incompressibility. [J
In what follows, we shall denote by S the set of incompressible semimartingales, by S,

the set of incompressible v-Brownian semimartingales and by D,, the set of incompressible
v-Brownian diffusions. Clearly we have

D,CS,CS.

Proposition 2.5. Let g € S,, then for any f € C*(M),

Eps ((Vf(gt), ) = 0. (2.10)

Proof. Taking the expectation with respect to P9 in (2.5), we have

Ees (f(01)) — Epo(f(90)) = v /0 Eps (Af(g)) ds + /O Brs ((V (g5), ) ds.

It follows that

”/ot/M Af(z) dz ds+/0tEpg(<Vf(gs),us>)ds:O.

Since [}, Af(z)dx =0, we get the result. [

Proposition 2.6. Let g; be a semimartingale on M satisfying

m

dgi(z) = Z Ai(g¢(x)) o dwt + ug(w, x) de,
i=1
where Ay,---, Ay are C? divergence free vector fields on M and ui(w,z) € To()M is

adapted such that [, Ex(fOT lug(w, z)|2dt) de < +oo; if g is incompressible, then for any
feC*(M)
Eps((V.f(g¢),u)) = 0.



Proof. Let f € C%(M); then by Ito formula (2.3),
PR t
o = S0+ {337 [((Va (V.40 + (V150 st [/ (91000 0 s

where M/ is the martingale part. Note that (Va,(Vf), Ai) + (Vf, Va4, A)) = La,La,f
where L 4 denotes the Lie derivative with respect to A ; then taking the expectation under
Ep, we get

; i( || £aaf de) + Bar((V S (g0). ) =0,

Since for each 4, [,, La,L4,f dx =0, the result follows. [J

In general it is not clear whether the incompressibility condition implies the relation (2.10).
However, the following is true:

Proposition 2.7. Let Ay, -+, A, be C?>T vector fields on M and Ag be a C'+* vector
field with some o > 0; consider

dé,(x Z Ai(&(x)) o dwl + Ag(&(x)) dt, & = . (2.11)

Then for almost all w, the map x — & (x) preserves the measure dzx if and only if div(A4;) =
0 fori=0,1,---,m

Proof. We give a sketch of proof (see [17] for more discussions). By [21], ;  — &(z) is a
diffeomorphism of M and the push forward measure (&, 1)#(daz) of dx by the inverse map
of & admits the density K; which is given by (see [22]):

_exp Z / div(A;)(€s(2)) o duwt — /0 t div(Ao)(fs(x))ds>. (2.12)

If div(4;) = 0 for i = O, 1,--- ,m, it is clear that Ky = 1 and x — &/(x) preserves dx.
Conversely, K;(z) =1 for any x € M and ¢ > 0 implies that,

Z/ div(4;)(&(z)) o dw! + /t div(Ao)(&s(x)) ds = 0;

or in It6 form:

Z/ div(A z))dw! + / { Z L 4,div(A;) + div(Ap) | (&s(x)) ds = 0.

The first term of above equality is of finite quadratic variation, while the second one is of

finite variation; so that for each i = 1,--- ;m, div(A4;)(&s(x)) = 0 and also
[ 3" Loadiv(A;) + d1v(A0)} (&s(x)) =0
1=1m

It follows that, almost everywhere,
div(4;)(&s(z)) =0 for i=0,1,---,m;
so that div(4;) =0 fori =0,1,--- ,m. O

According to [12], as well as [4, 20, 15|, we introduce the following action functional on
semimartingales.



Definition 2.8. Let

S(g) = %Epg (/OT ]Dtg]th> . (2.13)

We say that g has finite energy if S(g) < oo. O

In what follows, we shall denote more precisely D;g(x) for D;g under the law P%. Then
the action defined in (2.13) can be rewritten in the following form:

S(g) = %/M Eps (/OT |Dtg(:c)|2dt> dz. (2.14)

We first recall briefly known results about the calculus of stochastic variation (see [12,
4, 10]). Let u;(x) be a smooth vector field on a compact manifold (or on R%) which, for
every t, is of divergence zero. Consider an incompressible diffusion g;(z) with covariance
a such that a(r,z) = 2ug~!(x) where g is the metric tensor and time-dependent drift
u(t,-). It defines a flow of diffeomorphisms preserving the volume measure. We have:
Dyg(x) = ue(g¢(x)) and

S(g) = %/Td Epg </OT |ui (g1 ()] dt) dz.

There are two manners to perform the perturbation.
First perturbation of identity:

Let w be a smooth divergence free vector field and o € C1(]0, T'[). Consider, for for ¢ > 0,
the ODE,

d®; ()

dt

For each t > 0, ®] is a perturbation of the identity map id. By Ito’s formula, for each
fixed e > 0, t — ®j(g:(x)) is a semimartingale starting from x. Note that g and ®°(g)
are defined on the same probability space. It was proved in [12, 4] that u is a weak
solution to Navier-Stokes equation if and only if ¢ is a critical point of S. More precisely,

d
£S(<I>E(g))|5:0 = 0 if and only if

=ed (t)w(®i(x)), Po(z) = . (2.15)

/ /T(ut, o (tw + a(t) Vw - uy — v a(t)Dw) dtdz = 0. (2.16)
T4/ 0

Second perturbation of identity:

Note that in [20], the perturbation of the identity was defined in a different way. For each
fixed ¢ > 0, the author of [20] considered the ODE

d;;s =a(t)w(¥l), Ui(z)==z. (2.17)

d
Set ¥(g)i(z) = Vi(g¢(z)). Then d—eS(\I/(g)e)‘gzo = 0 if and only if the equation (2.16)
holds.
Now we deal with the general case of compact Riemannian manifolds.



Definition 2.9. Let M be a compact Riemannian manifold, g a semimartingale on M of
finite energy. Define the probability measure p on [0,7] x TM by

1 T
/[O,T]XTM F(t @, v) pldt, dz, dv) = 7 Eps [/0 f(tvg(t%Dtg)dt} (2.18)

where f:]0,7] x TM — R is any continuous function. [J
We have the following result,

Theorem 2.10. Suppose that g € S,,. Then g is a critical point of S with variations
defined in (2.17) if and ony if p is a solution to the Navier-Stokes equation in the sense
of DiPerna-Majda, that is,

T
/ / [/ ) v-w+alt)v- Vow—va(t)v- ﬂw] du(t,z,v) =0 (2.19)
0o JTMm

for all o € C(]0,T|) and all smooth vector fields w such that div(w) = 0. OJ

Proof. Let W’ be the perturbation of identity defined in (2.17). Set 7 = Wi(g,(x)).
Then {n, t > 0} is a semimartingale on M. We denote by (£°(s), H1(s), ..., Hy(s)) the
local characteristics of g;(z). By Ito’s formula (see [9], p. 408), the drift term in local
characteristics of n; is given by

D) = S0 (gu(a)) + AV () €9 + 5 S V() () (Hie), i), (2:20)
=1

where dVU!(g;(x)) denotes the differential of Wi at g,(z). Let p(e,t) = DVi(gi(x)) €
TnfM5 then

S(We(g) = %E]P’g </OT‘<p(a,t)‘2dt).

We have: ¢(0,t) = Dyg(z). Let

o1(:0) = 0 (0(@))

p2(e,t) = dWL(g:(@)) - &,

palert) = 5 D V(AU (g0 (H0), Hi(1).
i=1

Since the torsion is free, we have

D D d D d
_ — ——\I/t _ - \I/t _ )
de(pl(g?t)\g:o de dt s(gt(x))\gzo dt de | e(gt(x)) o (t)w(x)

In order to compute the derivative of ¢y, consider a smooth curve 3(s) € M such that

5(0) = 9t($)75/(0) = Dtg(x). Then

AV (ge(x)) - &



Therefore

D D d . D

el N2> 2 g _ =
de ‘8:0902(8, ) ds |s—o de |0 6(5(8)) ds|s—o

= a(t) (Vw)(gi(x)) - Dig(x).

For computing ¢3, we shall use another description given in [9] (p. 405). For the moment,
consider a C? map f : M — M. Let x € M and two tangent vectors u,v € T, M be given.
Let z(t) € M be a smooth curve such that x(0) = z,2'(0) = u, and Y; € T, M such that
Yo = v. Define Q(f)(z) : T M x T M — Ty M by

la(hw(B(s))]

QAN@)w) =5 [//7 @) Y0 - @) - V. (221)

Then 3 can be expressed by

_ %Zsz(gt(x)))(m(t),Hi<t>>-

Let B(s) € M be a smooth curve such that 3(0) = g;(z) and 5'(0) = H;(t) and {Y;;s > 0}
be a family of tangent vectors along {/3(s);s > 0} such that Yy = H;(t). Set
(e,s) = WL(B(s)) and X(e,s) = dWL(B(s)) - Y.

If R denotes be the curvature tensor on M, the following commutation relation holds,

D D 0y Oy

22 X(e,5) = 22 X(es) + R(5L, S1) X (e ).
We have X(0,0) = H;(t), gﬁy(O 0) = a(t)w(z), %(0,0) = H;(t); therefore
(R 9 x (e, ) = olt) Rluw(gi (@), Ha(t) Hilt).

Now let ¢(7) € M be a smooth curve such that ¢(0) = 5(s), ' (0) = Y. We have

D X = [2Luie] 00
= a2 wle(n) = al0) (Vrw) (56
and n
as,, (V@) (BE) = (Vi Voo, Hilh) + (Vw, Vi) Hit):
Note that
d%g_odq@(gt("’“)) Vi Hit) = a(t) (Vw, Vg, Hit).

Using (2.21), we finally get

m

e3(e.1) = 20(t) S [(Virn Voo, Hi0) + B, Hy(0) Hi(t)]

de|e— i=1

11



When g¢; is a v-Brownian semimartingale, the right hand side of above equality is equal to
va(t) (Aw + Ricw)(g:(x)),

which, due to (1.8), is equal to

~

va(t) (—=Dw)(g: (x)).

d
In conclusion, d—gS(\I’E(g))|5:O = 0 yields

T
Eps /0 {O/(t) w(ge) - Drg + a(t) (Vp,gw)(ge) - Dig — va(t) Dw(gy) - Dtg] dt = 0. (2.22)

According to (2.18), the above equation is nothing but (2.19). O

As a consequence of this result, we obtain

Theorem 2.11. Let (ut)icpor) be a family of divergence free vector fields on M, which
belong to the Sobolev space D? and are such that

T
/M/O (|ut(x)|2 + |Vut(x)|2) dtdz < +o00; (2.23)

then equations (2.7), (2.8) define an incompressible v-Brownian diffusion & on M, which is
a critical point of the action functional S if and only if us solves weakly the Navier-Stokes
equation, that is,

/ /T(ut, o (Hw + a(t) Vw - uy — v a(t)Dw) dtdz = 0 (2.24)
MJo

for all a € C(]0,T[) and all smooth vector fields w such that div(w) = 0. O

Proof. First we notice that in Proposition 4.3 in [16], the condition ¢ > 2 insures the
tightness of a family of probability measures; this condition can be relaxed to ¢ = 2
using Meyer-Zheng tightness results (see the proof of Theorem 2.13 below). Therefore
by Theorem 6.4 in [16], equations (2.7) and (2.8) define a diffusion process &, which is, a
fortiori, in S,. Therefore by the above computations (see (2.22)), & is a critical point to S
if and only if

T
Epg /0 {0/(75) w(&e) - ue(§) + at) (Vi eyw) (&) - ue(&e) — valt) Dhw (&) - ue(&r)| dt = 0,

which yields the result. [

Remark 2.12. It has been proved in [27] (see Theorem 4.6, p. 498) that for any ug €
L?(M,dz), there exists {us,t € [0,7]} solution to (2.24), satisfying Condition (2.23).
Therefore equations (2.7), (2.8) define an incompressible v-Brownian diffusion & on M,
which is a critical point of the action functional S.

Note that in Theorem 3.2 of [4], a variational principle was established by using the first

type of perturbations of identity, defined by (2.15); on the other hand the manifold M was
supposed there to be a symmetric space in order to insure the existence of semimartingales
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with the desired properties. A variational principe on a quite general Lie groups framework
was derived in [3] (c.f. also [10]).

In [7], generalized flows with prescribed initial and final configuration were introduced.
It is quite difficult to construct incompressible semimartingales with given prescriptions.
In order to emphasize the contrast with the situation in [7], let’s see the example of a
Brownian bridge g, on R over [0,1]. It is known that for ¢ < 1, g;"¥ solves the following
SDE

9"~y
dg¥ = dwy — tl ; dt, g5¥ =ux. (2.25)
Then g;"Y — y as t — 1 and we have
1
IE(/ D, g®Y |2 dt) = +oo. (2.26)
0

Let n be a probability measure on M x M having dx as two marginals; we shall say that
the incompressible semimartingale {g;} has 7 as final configuration if

Eps (f(0, 97)) = /M fag)dntey). e COM X M) (2.27)

This means that the joint law of (go, gr) is n. If g; is as in Example 2.2, then

Ers (f (g0, g7)) = /M  Hapra.y) dody,

where p;(x,y) is the heat kernel associated to (g¢). Conversely if (p;(z,y)) is solution to
the following Fokker-Planck equation

S0) = v Aupr(,) + (o), Veprl, ),

with %ir% pt = 0z, for some u € L2([0,T],D?(M)) with div(u;) = 0, we can construct an
H
incompressible v-Brownian semimartingale which has pp(z,y)dzdy as final configuration.

In any case, we have the following result:

Theorem 2.13. Let n be a probability measure as above. If there exists an incompressible
v-Brownian semimartingale g on M of finite energy S(g) such that n is its final configura-
tion, then there exists one that minimizes the energy among all incompressible v-Brownian
semimartingales having 1 as final configuration.

Proof. Let J : M — RY be an isometric embedding; then d.J(z) : T, M — R¥ is such that
for each * € M and v € T, M, |dJ(x) - v|gy = |v|7, 0. Denote by (dJ(z))* : RN — T, M
the adjoint operator of dJ(x), that is,

(dJ(z))*a,v)r, 0 = (dJ(z)v,a)gy, a€ RN veT,M.
Let {e1,...,en} be an orthonormal basis of RY and set
Ai(x) = (dJ(x))*e;, i=1,...,N.

Then it is well-known that the vector fields {41,..., Ay} enjoy the following properties:

13



N

(i) For any v € T, M, |U|2TIM = Z(Ai(x),v>2TzM-
i=1

N

Combining (i) and (ii) gives that Ay f = Zﬁilf for any f € C%(M). On the other
i=1

hand, let J(z) = (J1(x),...,Jn(z)); then

(dJ(x)v,e;) = dJi(z) - v = (VJi(x),v)r,nm, forany ve T, M.

It follows that
A;=VJ;, i=1,---,N. (2.28)

Let f € C?(M); then there exists f € C2(RY) such that f(z) = f(J(x)). We have

(2.29)

Therefore

Notice that N
D LA Ay Ay = div(A)) = Ay Tj,

1
and according to property (i),

N
D (A AN (A, Ay = (A, Ap).

i=1

Finally the Laplacian Ay on M can be expressed by

Ayf = (J( ) (Aj, Ag) +Z ) AnrJj. (2.30)
1

Having these preparations, we prove now the existence of a ¢ € S, such that the mini-
mum of action functinal S is attained at g in the class of those in S, having 7 as final

configuration. Let

= inf
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There is a minimizing sequence ¢" € S, that is, m S(¢g") = K. Consider the canonical

li
n—r—+0o0
decomposition:

J(gh) = J(gh) + M + /0 b (s) ds.

Let M = (M, M™"); then

M M) =2 [V ds (2:31)
0
By It6 formula, we have
B(t) = dJ(g) - Dug” + v AJ (). (2.32)

It follows that -
E(/ ]b"(t)]th> < 25(g™) + 27w [|AT]|oo.
0

T

Therefore / ™ (t)|? dt is bounded in L2. We can use Theorem 3 in [30] to conclude that
0

the joint law P, of

(J(g"), M", B",U")
in C([0,T],RN) x C([0,T],RN) x C([0, T],RN) x C([0, T],R¥*N) is a tight family, where

t ) )
By = / b"(s)ds, Uj" = (M, M{"™))1<ij<n-
0
Let P be a limit point; up to a subsequence, we suppose that P, converges weakly to P.
Again by Theorem 3 in [30], under P, the coordinate process
(Xt7 Mta Bt7 Ut)

has the following properties:

(i)M():BO:O7U0:07 ] )
(ii) (M) is a local martingale such that U, = ((M}, M}))1<; j<n and

t T
(iii) By = / b(s) ds with / |b(s)[* ds < +oo almost surely.
0 0
Since J(M) is closed in RY, we see that X; € J(M). Let

X = J(gt)-

For any f € C?(M), by (2.30), we see that f(g;) is a real valued semimartingale. In other
words, {g;; t > 0} is a semimartingale on M. Let f € C(M), the map foJ ' : J(M) =R
can be extended as a bounded continuous function on RY; therefore letting n — 0o, we

g

et
/M f@)de =E(f(g" (1)) =E(fo T (J(9") = E(f o J (X)) = E(f(g0)).

In the same way, for f € C(M x M), we have
/MxM (@ y)dn(z,y) = E(f(g"(0),4"(T))) = E(f(J~'J(g"(0)), J =" J(g"(T))))
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which goes to, as n — 400,

E(f(9(0),9(T)))-

So ¢ is incompressible and has 7 as final configuration.
Besides, by (2.31), we have

(M, MEY) iy = 20 /0 (V.J;, V.J;)(g5) ds. (2.33)

Let f € C?(M); denote by Mtf the martingale part of f(g;). Then by It6 formula,

Therefore for f1, fo € C?(M), according to (2.33), we have

ntf anify = Y O ) 28

oz, (X¢)2v(Aj, Ag)g, dt.
jk=1

On the other hand, using relation (2.29) and property (i), we have

N
ORI =S Lafilafoe S OB 4y
a=1

ij Oz,
Jik=1
Combinant above two equalities, we finally get

(dM*, M%) = 20 (V 1,V fa)g, dt. (2.34)
Since X; = J(g¢), we have

1
dB; = dJ(g:) - Digdt + §HessJ(gt) dg; @ dg;.
Relation (2.34) implies that 1Hess.J(g¢) dg: ® dg; = vAprJ(g¢) dt. Therefore we get
t t
B, = / dJ(gs) - Dsgds +v [ AnJ(gs)ds. (2.35)
0 0

In conclusion {g;; t > 0} is a v-Brownian semimartingale on M or g € S,,.

We want to see that K = S(g). Firstly using the relation (2.32), for any ¢ € [0, T,

t t
/ dJ(gy) - Dsg" ds = By — u/ AJ(gy)ds.
0 0

Let ¢ : C([0,T],RY) — R be a bounded continuous function, consider ¢ : C([0,T],R™) x
C([0,7],RN) — R defined by

o(B.g) = 6(B. v /0 AJ(g.)ds).

Then ¢ is a bounded continuous function on C([0, T],RY) x C([0, T],RY). It follows that
/ dJ(g2) - Dsg" ds converges in law to / dJ(gs) - Dsgds. Let € > 0; for n big enough,
0
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T
B( [ laa) - D Pas) < K+,

Now by Theorem 10 in [24],

T
E(/ |dJ(gs)'Dsg|2d5) <K +e,
0
T
or E(/ |Dsg)? ds) < K +e¢. Letting ¢ — 0 gives S(g) < K. So S(g) = K. O
0

3 Classical solutions and generalized paths

In this section, M will be a torus: M = T%. Let g € D, be the solution of the following
SDE on T¢
dgr = V2v dw, — u(T —t,g;)dt, go € T? (3.1)

where gg is a random variable having dx as law, w; is the standard Brownian motion on
R, and {u(t,z);t € [0,T]} is a family of C? vector fields on T¢, identified to vector fields
on R? which are 2m-periodic with respect to each space component. Suppose that u is a
strong solution to the Navier-Stokes equation

%u(t, x) + Vu(t,z) - u(t,x) —vAu(t,z) = —=Vp((T —t,x).

By Itd ’s formula,
ou
du(T = t,95) = = (5 )(
+ v AT —t,g;) + V20 Vu(T — t, ;) - duy (3.2)
= vp(t’gt) dt +V2v VU(T — t,gt) . dwt

T—t,g) —Vu(T —t,g¢) - u(T —t,9¢)

According to definition (2.2), Dyg = —u(T —t, g;) and
DyDyg = =Vp(t, gt). (3.3)
In what follows, we shall consider
G={9" €8s dg; = V2w dw, + Dyg* dt, g*(0) = 9(0),g"(T) = g(T)}.  (34)
Note that semimartingales in G are defined on a same probability space.
Example 3.1. Let a be a real continuous function on R% and set

7t

Blw,t) = sin(?)/o a(wg)ds, c(w,t) = %ﬁ(w,t).

Let a € RY be fixed. Consider v(w,t) = c(w,t)a; then v is an adapted vector field on T¢.
Define

t
st =i+ [ vlws)ds
0

Then ¢g* € G. [J
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We have the following result

Theorem 3.2. Let g € D, be given in (3.1). Assume that the process g is associated with
the Navier-Stokes equation in the sense that

DyDyg = —Vp(t, gt)

a.s. for a reqular pression p such that V?p(t,z) < RId, with RT? < ©2. Then g minimizes
the energy S in the class G. [J

Proof. We define the following:

T T
Blo) = | IDsPat— [ plt.gtea (35

Notice that the function b(z,y) defined in [7] (p. 243) has no meaning in our setting (c.f.
(2.25) and (2.26)). Let ¢* € G; we shall prove that

E(B(g)) < E(B(g")). (3.6)
Consider the function B
o(t,) = 5l — plt, ).

For each ¢t > 0, the function 2 — ¢(t,z) is convex on R? as V?p(t,xz) < RId. By Ito
formula

d(Dig - gi) = d(Dyg) - gt + V2v Dyg - dwy + |Dyg|? dt + d(Dyg) - dgy.
Analogously,
d(Dig - g;) = d(Dvg) - g; + V2v Dig - dwy + Dig - Dyg* + d(Dyg) - dgy .

Remarking that d(D;g) - dg: = d(Dyg) - dg; , and making the substraction of the above two
equalities, we obtain

d(Deg - (9 — gt)) = d(Dyeg) - (97 — 9¢) + (Deg - Dig* — |Dyg|?) dt.
It follows that

Drg - (97 — 9r) — Dog - (95 — 90)

T T
_ /0 d(Dig) - (g5 — g0) + /0 (Dig - Dig* — | Dygl?) dt.

Notice that g5 = go, g} = gr, and using (3.1), we have

T T
/O (—Dug- Dug® + |Digl?) dt = /0 d(Deg) - (g1 — 97)

T (3.7)
= / (9 — 9t) - (V20 Vu(T — t, g1)dw; — Vp(t, g;)dt).
0
Using the convexity, of ¢, we have
¢(t,97) — ¢(t,91) > (Rge — Vp(t, g1)) - (97 — 91)- (3.8)
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From (3.7) and (3.8), we get

T
/ (=Dig - Dig* + |Digl* + Rgy - (g7 — g¢)) dt
0 (3.9)

T
<V / 90Vl —tgdui+ [ (0le.g7) — 6(t.90) dr
0
t
We have g; — g: = / (Dsg* — Dsg)ds. Since g5 — go = g5 — gr = 0, by Poincaré ’s

0
inequaliy on the circle to get

T T T
/ g — golPdt < (L2 / Dig* — Digl2dt.
0 ™ 0

T 1
Since (;)2 < R e have
R (T 1T
5/ |97 — gel*dt < 5/ |Dig* — Dyg|*dt. (3.10)
0 0
Remark that the inequality, for x,y,a,b € R
1 1 R R
2 o B2 > 1.2 12 Ito oo
x* —axy— Rb +Rab_2x 5Y 2b +2a
holds if and only if
R
O S

Therefore by (3.10), we have

T
/ (|Dt9|2 — Dyg- Dig* — Rlgi|* + Rgy - g7) dt
R ) (3.11)
> /O (51D — 21De"? — Tl + 1 )
Combining (3.9) and (3.11), we get
1
| GIDial? = 510" = G lal? + G lail?) e

T
< \/5/ —gt) - Vu(T —t, g;)dw, +/O ((ﬁ(t,gf) - ¢(t7gt)) dt,

from which we deduce

T
/0 (31Du0l ~ Tl + o(t.g0)
V2 — ) - V(T —t,g)d
< V/ gt) - Vu( t,g¢) wH—/O

r 1 2 2
(—I Dig*|” — Igfl + @(t, gp)) dt,

or
1
/0 ( |Dyg|? — p(t, g:)) dt

T
1
<o [ tai -~ ) vur ~ tandu+ [ (51D - pit.gD)
0
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Using definition (3.5),
T
B(g) < —v2w / (g — gt) - V(T — t, g)dwy + B(g").
0

Taking the expectation of this inequality, we obtain (3.6). Notice that fOTE(p(t, gt))dt =
J E(p(t, 7)) dt; then (3.6) yields E(S(g)) < E(S(g*)). O

The following result provides a perturbation in a natural way and illustrates Theorem 3.2.

Proposition 3.3. Let v(w,t) be the vector field constructed in Example 3.1. Consider the
following perturbation of g¢ given by (3.1):

dg; = V2vdwy —u(T —t, g;) dt +ev(w,t)dt, g5 = .

Then we have J

_ 2 e
ng(g )\5:0 0.

Proof. We see that {¢°; ¢ > 0} C G. We have

S(¢F) = %E(/OT (T — 1) — e v(w, ) di).

Th(?I‘(ffOI‘(l
—S(g ) _- — :(/ <u(1 t gt) U(w t)> 1116)
d€ ‘ 0 ’ ’ ’ ’

Let V; = fot vg ds. By construction of v, Vp = 0. Now by integration by parts,

T . T
0 0

which is equal to, using (3.2), fg(Vp(t,gt),V(w,t» dt. Therefore

d%s(gf)\s:o :/OTE(Ad<Vp(t,gt(x)),ﬁ(w,t)a> dx) dt

= /OTE(ﬁ(w,t))(/Td<Vp(t,x),a> dx) dt = 0.

O
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