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Abstract. We study non-equilibrium statistical mechanics of a Gaussian dynamical system
and compute in closed form the large deviation functionals describing the fluctuations of the
entropy production observable with respect to the reference state and the non-equilibrium
steady state. The entropy production observable of this model is an unbounded function on the
phase space, and its large deviation functionals have a surprisingly rich structure. We explore
this structure in some detail.
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1 Introduction

In this paper, we prove and elaborate the results announced in Section 9 of [JPR]. We consider a dynamical
system described by a real separable Hilbert space /C and the equation of motion

%Jit = E.’Et7 o € IC, (1)
where L is a bounded linear operator on /. Let D be a strictly positive bounded symmetric operator on A
and (X, wp) the Gaussian random field over C with zero mean value and covariance D. Eq. (1) induces a
flow ¢, = {¢%.} on X, and our starting point is the dynamical system (X, ¢, wp) (its detailed construction
is given in Section 2.1). We compute in closed form and under minimal regularity assumptions the non-
equilibrium characteristics of this model by exploiting its Gaussian nature. In particular, we discuss the
existence of a non-equilibrium steady state (NESS), compute the steady state entropy production, and study
the large deviations of the entropy production observable w.r.t. both the reference state wp and the NESS.
To emphasize the minimal mathematical structure behind the results, in the main body of the paper we
have adopted an abstract axiomatic presentation. In Section 3, the results are illustrated on the example
of the one-dimensional harmonic crystal. For additional information and a pedagogical introduction to the
theory of entropic fluctuations in classical non-equilibrium statistical mechanics, we refer the reader to the
reviews [RM, ].

There are very few models for which the large deviation functionals of the entropy production observable
can be computed in a closed form, and we hope that our results may serve as a guide for future studies.
In addition, an important characteristic of a Gaussian dynamical system is that its entropy production
observable is an unbounded function on the phase space. This unboundedness has dramatic effects on the
form and regularity properties of the large deviation functionals that require modifications of the celebrated
fluctuation relations [ , ES, s ]. Although this topic has received a considerable attention
in the physics literature [ s s , Fa, , , s ], to the best of our knowledge, it
has not been studied in the mathematically rigorous literature on the subject. Thus, another goal of this
paper is to initiate a research program dealing with mathematical theory of extended fluctuation relations in
non-equilibrium statistical mechanics, which emerge when some of the usual regularity assumptions (such
as compactness of the phase space, boundedness of the entropy production observable, smoothness of the
time reversal map) are not satisfied.

The paper is organized as follows. In Section 2.1 we introduce Gaussian dynamical systems. In Section 2.2
we define the entropy production observable and describe its basic properties. In Section 2.3 we introduce
the NESS. Our main results are stated in Sections 2.4 and 2.5. The entropy production observable is defined
as the phase space contraction rate of the reference measure wp under the flow ¢, and in Section 2.6 we
examine the effects of a perturbation of the reference measure on the large deviation theory. In Section 3
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we illustrate our results on two classes of examples, toy models and harmonic chains. The proofs are given
in Section 4.

The focus of this paper is the mathematics of the large deviation theory of the entropy production observ-
able. The physical implications of our results will be discussed in the continuation of this paper [JPS].
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and ANR (C.-A.P. and A.S.; grants 09-BLAN-0098 and 2011-BS01-015-01). The work of C.-A.P. has
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this work was done. Another part of this work was done during the visits of V.J. to the Erwin Schrédinger
Institute in Vienna and the Isaac Newton Institute in Cambridge. V.J. is grateful to these institutions for
their hospitality.

2 The model and results

2.1 Gaussian dynamical systems

In order to setup our notation, we start with some basic facts about classical Gaussian dynamical systems.
‘We refer the reader to [ ] for a more detailed introduction to this subject.

Let I" be a countably infinite set and
X ={r=(zn)ner |z, € R} =R".

Forz € X and I C T, we denote 7 = (v;);er € RL. Letl = (I,)ner be a given sequence of strictly
positive numbers such that ) .1, = 1 (we shall call such a sequence a weight). Then

Tn — Yn
A y) = 3 1y Tn =l

nel "1+ |Zn, — Ynl

is a metric on X and (X, d) is a complete separable metric space. Its Borel o-algebra F is generated by the
set of all cylinders

Cr(B) = {x € X|x; € B},
where I C T'is finite and B C R is a Borel set.

Let v and w be two Borel probability measures on X. We shall write v < w when v is absolutely continuous
w.r.t. w. The corresponding Radon—-Nikodym derivative is denoted by

dv
A, = —.
v|w dw
We will also use the notation!
€V|w = log AVILU'

The two measures v and w are called equivalent, denoted v ~ w, if they are mutually absolutely continuous,
ie, w < vand v < w. We adopt the shorthand v(f) = fx fdv. The relative entropy of v w.r.t. w is
defined as

(b)) ifr<uw,
Ent(v|w) = 2
—00 otherwise.
Throughout the paper we adopt the convention log z = —oo for z < 0.
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We recall that Ent(v|w) < 0, with equality iff v = w. For « € R, the relative Rényi a-entropy of v w.r.t. w
is defined as
log w (e"‘g”'“’) ifr < w,

—00 otherwise.

Ent, (v|w) = {

We denote by K C X the real Hilbert space with inner product
=3 s 3)
nel’

(K = ¢4(T)), and by {6, }ner its standard basis. The matrix elements of a linear operator A on (3 (I")
w.r.t. this basis are denoted by A, = (0, Adpy)-

Let X;, X] C X be real Hilbert spaces with respective inner products
(may)l = Zlnxnyna (xay)l* = erzlxny’ru
nel’ nel’
(X; is the dual of X; w.r.t. the duality (3)). Clearly,
XCcKCx CXk,
with continuous and dense inclusions. All the measures on (X, F) we will consider here will be concen-
trated on X;.

Let D be a bounded, strictly positive operator on IC. The centered Gaussian measure of covariance D
on (X, F) is the unique Borel probability measure wp, specified by its value on cylinders

wp(Cr(B)) =

zDI :v 1,7

\/det 27TD] /

where D; = [D;;]; jer. The measure wp is also uniquely specified by its characteristic function

X oy— x(y) = / ) dup (z) = e~ @P/2,
x

The bound
/||x||lde /Zln;v dwp(z) =Y 1Dy < ||D|], 4)
nel’ nel
implies that wp (X \ X;) = 0, i.e., that wp is concentrated on X;.
Let 7 be the real vector space of all trace class operators on K and ||T'||; = tr((7T*T)'/?) the trace norm

on 7. The pair (7, || - ||1) is a real Banach space. By the Feldman—Hajek—Shale theorem, two Gaussian
measures wp, and wp, on (X, F) are equivalent iff 7 = D;* — Dy € T In this case, one has

A det(I + D,T)e~@T0)/2, 5)

wp, |wpy (ZL’) =
1 1
Ent(wp,|wp,) = itr (DyT(I+DyT)™ ") — 3 logdet (I + D1T).

Note that det (I + D, T) = det (1 + D}/QTD}”) = det(DY?D;'DY?) > 0.

Let £ be a bounded linear operator on X such that £* X} C X . It follows that £ has a continuous extension
to X; which we also denote by £. For x € X and t € R we set

e“r ifx e X,
$r(z) = ©6)
x ifz & X;.

The map (¢, z) — ¢ (x) is measurable and ¢, = {¢p. }+cr is a group of automorphisms of the measurable
space (X, F) describing the time evolution. We shall call ¢ the dynamics generated by £ and (X, ¢, wp)
a Gaussian dynamical system. Note that for wp-almost all x € X, ¢2(a:) =etly forall t € R.
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2.2 Entropy production observable

Our starting point is the dynamical system (X, ¢, w), where ¢ is the dynamics on X generated by £ and w
is the centered Gaussian measure with covariance D (from now on, £ and D are fixed, and we shall omit
explicit reference to them). The measure w is sometimes called the initial or the reference state of the
system. Observables are measurable functions f : X — C. They evolve according to

fi(x) = f o ¢! ().

The expectation of an observable f at time ¢ € R is given by

anlf) =alf) = [ fladoto)
where w; = w o ¢! is the centered Gaussian measure on (X, F) with covariance
D, = e* Det*" .

Dy is a bounded strictly positive operator on ¢2(I") and w;(X;) = 1 for all t. By the Feldman-Hajek—Shale
theorem, the two measures w; and w are equivalent iff T; := D, 1 _ D=1 € T. We shall assume more:

(G1) The map R > ¢t — T; € T is differentiable at t = 0.

As will be seen later, this condition implies that the function ¢ — T} is differentiable for all ¢. The entropy
production observable (or phase space contraction rate) for (X, ¢, w) is defined by

o(x) = %Ew”w(m‘) o © ek.
A simple computation shows that (cf. (37))
o(x) = (z,sx) — tr(Dg), @)
where a7,
ST o’ ®

and the derivative is understood in the sense of 7 (in particular, ¢ € 7). Since 7 is continuously embedded
in the Banach space of all bounded operators on X, we have

1
¢ = 5(c*D—1 +D71L).

Remark. If A is a self-adjoint element of T, then the quadratic form (z, Ax) has a unique extension from
to an element of L' (X, dw). With a slight abuse of notation, we shall also denote this extension by (z, Ax)
(see Lemma 4.1 below for a more precise statement). Thus, the entropy production observable (7) is a
continuous function on X and an integrable function on X w.r.t. the measure w.

Proposition 2.1 Suppose that (G1) holds. Then:

(1) The function R > t — oy € LY(X, dw) is continuous.

@) lojw = fg o_sds holds as the Riemann integral of a continuous L* (X, dw)-valued function. It also
holds for w-almost every x € X as the Lebesgue integral of a real-valued function.

(3) The function R > t v eferlv € LY(X,dw) is C* and

borlwg_y. )

L
— plwtlv = ¢
dt
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4) wi(o) = tr(¢(Dy — D)) and in particular w(c) = 0.
(5) Ent(wi|w) = — fot ws(o)ds.

In specific examples, it may happen that only finitely many matrix elements ¢,,, are non-zero, and in this
case the map = — o(z) is continuous on X. The function ¢ is bounded only in the trivial case ¢ = 0. Note
that 0 = 0 iff wy = w for all ¢; this follows, for instance, from the cocycle property (38).

2.3 Non-equilibrium steady state
Our next assumptions are:

(G2) There are some numbers 0 < m < M < oo such thatm < Dy < M forallt € R.
(G3) The following strong limits exist:

s-lim D; = D4.
t—+too ¢ +

Itis clear thatm < Dy < M, and LD, + Dy L* = 0. In what follows, we set

m

o= M—m

(10)
Let wy be the centered Gaussian measure on (X, F) with covariance Dy..
Proposition 2.2 Suppose that (G1)—-(G3) hold. Then:

(1) For any bounded continuous function f : X — R,

lim wi(f) = wx(f).

t—+oo

(2) 0 € LYX,dwy) and
wy(o) = tligznoo wi(o) = tr(s(Dy — D)).
Note that
w4 (o) = lim 1/t (o)ds lim 1Ent( |w)
o)=lim = [ ws(o)ds =— - w|w).
+ t Jo =00 ¢ i

t—o0

We shall call w the NESS and the non-negative number w (o) the entropy production of (X, ¢, w).

2.4 Entropic fluctuations with respect to the reference state

Time reversal invariance plays an important role in non-equilibrium statistical mechanics, and in particular
in formulation of the fluctuation relations. Hence, we shall also consider the following hypothesis:

(G4) There exists a unitary involution ¢ : L — K such that ¥(X;) C ¥;, 9L = —L49, and
9D = D9.

This assumption implies that D_; = 9D;¥ for all ¢ € R, and thus D_ = ¥D ¢ and wy = w_ o .
Moreover, it follows from Definition (8) that /¢ = —¢J. This in turn implies that tr(Dg) = 0 and

o(z) = (,57), wyi(o)=-w(0). (11)

For simplicity of notation and exposition, we shall state and prove our main results under the time reversal
invariance assumption, which covers the cases of physical interest. With a minor modifications of the
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statements and the proofs, most of our results hold without this assumption. We leave these generalizations
to the interested reader.

The relative Rényi entropy functional, which is defined by
er(a) = Enty (wy|w) = logw(e®wl), (12)
is a priori finite only for a € [0, 1]. To describe its properties, we introduce the sets
Jy={aeR|D ' +aTl, >0}, teR,
and denote by C_ the open upper/lower half-plane.

Proposition 2.3 Suppose that (G1)-(G4) hold. Then:

(1) Jp = (=6, 1+ &) for some 6, > § and J_y = J,.

(2) The function o — ei(v) is finite on the interval J, and is equal to +oo for o & J;. Moreover, this
function is convex, extends to an analytic function on the cut plane C U C_ U Jy, and satisfies

er(0) = e (1) =0, er(0) <0, ej(1)>0. (13)
In particular, e;(c) < 0 for a € [0, 1] and e,(a) > 0 otherwise.

(3) The finite time Evans—Searles symmetry e;(«) = e;(1 — «) holds for all t and a.

We now study the statistical properties of trajectories as ¢ — +-o0o. The intervals J; do not necessarily form
a monotone family, and we define the minimal interval

J =liminf J, = U ﬂ Jp.
T>0t>T

Clearly, one has J = (—9,1 + J), where d = liminf;_,, 6; > 0.
Theorem 2.4 Suppose that (G1)—(G4) hold.

(1) The limit
e(a) ;== lim 1et(oz) (14)

t—+oo t

exists for « € J. Moreover, the function e(«) is convex on the interval J and satisfies the relations

e(0)=e(1) =0, €0)=-wi(0)<0, &1)=wi(o)>0, e(l-a)=-c(a). (15)

(2) The function e(«) extends to an analytic function on the cut plane C UC_ U J, and there is a unique
signed Borel measure v with support contained in R \ J such that [ |r|~*d|v|(r) < co and

e(a) = —/Rlog (1 - %) dv(r). (16)

(3) The Large Deviation Principle holds in the following form. The function

I(s) = _sggJ(as —e(—a))

is convex, takes values in [0, 00|, vanishes only at s = w4 (o), and satisfies the Evans—Searles symmetry

relation
I(—s)=1I(s)+s forseR. (17)
Moreover; there is € > 0 such that, for any open set J C (—wy (o) — g,wy(0) + €), we have
lim 1lo wlszeX 1/t (x)ds e J inf I(s) (18)
_ — O = — .
t—o00 t g t 0 seJ
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(4) The Central Limit Theorem holds. That is, for any Borel set B C R, we have

Jlim w ({x €x ’ \}E/Ot (05(z) — wy (o)) ds € B}) = /Be—*/%%,

where a = €'’ (1).

(5) The strong law of large numbers holds. That is, for w-a.e. x € X, we have

t
lim 1 os(z)ds = wy (o). (19)

t—oo t 0

Remark 1. In general, the two limiting measures w_ and w are distinct. This property is closely related
to the strict positivity of entropy production. In fact, it follows from the second relation in (11) that if
w_ = wy, then wy (o) = 0 as well as w_(o) = 0, while any of these two conditions imply that the
function e(«) vanishes on [0, 1] and, hence, identically in view of analyticity.

Remark 2. The representation of e(«) as a logarithmic potential of a signed measure is somewhat surpris-
ing, and its mathematical and physical significance remains to be studied in the future. The measure v is
related to the spectral measure of the operator @ (see the proof of Theorem 2.4 for more details).

Now let {t,} C R, be a sequence such that 6, — . We define J = (—0,1 + §). Note that, by
PropositionA2.3 (1), we have 6 > §. In the case when 0 coincides with 6 = lim SUDP;_, o Ot, WE Write J
instead of J.

Theorem 2.5 Suppose that (G1)—~(G4) hold and {t,,} C R is a sequence satisfying the above hypothesis.

(1) Let @ = D"*(D=' — D7YYD"?. Then
1
<Q< = (20)

|| =
+
>

Furthermore, since the function g(z) = z~'log(l — z
operator-valued function

~—

is analytic in the cut plane C \ [1,00), the

E(a) = —aD?g(aQ)D?, @
is analytic in the cut plane C, UC_ U J.

2) Fora € J, the following relation holds:

é(a) :== lim ie,gn(oz) = tr(E(a)s), (22)

n—oo t,

and if a € R is not in the closure of J, then

1
limsup —e;, () = 0. (23)

n—oo n
Moreover, the function é(«) is convex on the interval J and satisfies relations (15).

(3) The Large Deviation Principle holds in the following form. The function

I(s) = sup (as — é(—a)) (24)
—acJ

is convex, takes values in [0, 00|, vanishes only at s = w, (o), and satisfies the Evans—Searles symmetry
relation (17). Moreover, for any open interval J C R, we have

t’VL
tl/ os(z)ds € j}) = — inf I(s). (25)
0

n seJ

lim tilogw ({x ex

n—0o0 n
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Remark 1. The functions é(«) constructed in Theorem 2.5 coincide with e(«) on the minimal interval J.
Moreover, by Part (2) of Theorem 2.5, the functions é constructed for different sequences {¢,,} must coin-
cide on the common domain of definition.

Remark 2. If § = oo, then é(a) = e(a) = 0 for o € R.

Remark 3. The local Large Deviation Principle described in Part (3) of Theorem 2.4 is an immediate
consequence of the local Gértner-Ellis theorem (see Appendix A.2 in [ 1). The global Large Deviation
Principle described in Part (3) of Theorem 2.5 cannot be deduced from the Girtner-Ellis theorem. Our
proof of the LDP exploits heavily the Gaussian structure of the model and is motivated by Exercise 2.3.24
in [DZ], see also [ ) , ] for related results.

2.5 Entropic fluctuations with respect to the NESS

We now turn to the statistical properties of the dynamics under the limiting measures w4. In view of the
time-reversal invariance (G4), it suffices to study the case of one of these measures, and we shall restrict
ourselves to w . Let us set (cf. Part (2) of Proposition 2.1)

ety () =log w+(e_(’ewz‘W) =logwy (e_o‘ Joo-s ds) =logw, (e_afot Ts ds),

where the last relation follows from the invariance of w, under the flow ¢'. Note that, a priori, e; ()
might not be finite for any « # 0.

Theorem 2.6 Suppose that (G1)—(G4) hold. Then:

(1) Foranyt € R, the function R 3 a — ey (o) € (—o00, +00] is convex.

(2) The set
Jt={aeR|D;' —aT; >0} (26)

is an open interval containing (—3,5), and the function e, () is real analytic on J;* and takes
value +00 on its complement.

(3) Let J7 be the interior of the set

ce T +
htrglorolth = U ﬂ g
T>0t>T

Then J " is an open interval containing (—6, ). Moreover, for o € J*, the limit
e+ () = Jim ¥€t+(a) (27)
exists and defines a real-analytic function on J*. Finally, if o is not in the closure of J ", then

1
lim sup Jet+ (o) = +00. (28)

t—o0

(4) The Large Deviation Principle holds in the following form. The function

I*(s) = sup (as —es(—a))
—acJt

is convex, takes values in [0, 00|, and vanishes only at s = w (o). Moreover, there is an open inter-
val Tt containing w (o) such that, for any open set J C I,

1 I P
tlgglogloga@ <{x €eXx ‘ E/o os(z)ds € j}) = —;gfy[ (s).
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(5) The Central Limit Theorem holds. That is, for any Borel set B C R,

lim <{x cx ‘ \}i/ot (0(x) — w (0)) ds € B}) - /Be—ﬁ/m%,

where a; = €' (0).
(6) The strong law of large numbers holds. That is, for wy-a.e. x € X, we have

lim L /0 (@) ds = w (o).

n—oo t

(7) Let J be as in Theorem 2.4. Then e (o) = e(a) for o € J* N J. Moreover, there is an open interval
Jt C I such that It (s) = I(s) fors € J*.

Remark. This theorem is a refinement of Proposition 9.5 in [JPR]. We point out that parts (1) and (3) of
that proposition are inaccurately formulated: in part (1), the interval (—d, 1 + §) has to be replaced with
(=6, 0), while in part (3) the interval (—(o); — ¢, (o) 4+ + €) has to be replaced with ({c); —¢, (o) 4 + €).

Finally, we have the following analogue of Theorem 2.5 on statistical properties of the dynamics under
the limiting measure w,. Let {¢,} C R be an arbitrary increasing sequence going to +oo such that the
intervals J;; defined by (26) converge to a limiting interval JT.

Theorem 2.7 Under the hypotheses of Theorem 2.6 the following assertions hold.

(1) Fora € J+, the limit

. 1
éy(a):= nl;n;o t—etTﬁ(a) 29

exists and defines a real-analytic function on Jt. If o does not belong to the closure of Jt, then

. 1
lim sup —e;, 4 («) = o0.
n—oo tn

Moreover, é4(a) and tr(E(a)s) coincide on their common domain of definition.

(2) The Large Deviation Principle holds in the following form. The function

It(s) = sup (as —é4(—a))
—aeJt

is convex, takes values in [0, 00| and vanishes only at s = w (o). Moreover, for any open interval
J C R, we have

1 1 [t X
nangoalogw+ ({x cX ‘ a/o os(x)ds € j}) = fsig‘f7[+(s).

The proof of this result is completely similar to that of Theorem 2.5, and therefore we omit it.

Remark. Unlike in the case of the Evans-Searles symmetry, there is no a priori reason why the limiting
intervals J*+ should be symmetric around o = %, and indeed in all cases we know where J+ can be
computed, this property does not hold. Hence, the relation é, («) = é (1 — «) may fail since one side may
be finite and the other infinite, leading to the failure of the Gallavotti-Cohen symmetry I (—s) = I (s)+s.
The fact that for unbounded entropy production observables the Gallavotti-Cohen symmetry may fail is
known in the physics literature [ , R , Fa, s , , ZC]. In these works one can also
find various prescriptions how the entropy production observable can be modified so that the Gallavotti-

Cohen symmetry is restored. We shall discuss this topic in the continuation of this paper [JPS].

10
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2.6 Perturbations

We shall consider the following type of perturbation of the reference state w. Let P be a bounded selfadjoint
operator on /C such that D=1 4+ P > 0. To avoid trivialities, we assume that P is not the zero operator. Let

DY = (D' +P)!
and let w” be the centered Gaussian measure with covariance D¥. Obviously,

Df = (D + P~
where P; = e t£" Pe~t£ We consider the following two cases, assuming that (G1)—(G4) hold for D.
Case 1. P is a non-negative trace class operator such that ¥ P = P4, and ts;ljltg P, =0.

In this case, w” and w are equivalent and (G1)—(G4) also hold for D”’. Moreover, using the superscript P
to denote the objects associated with the initial measure w’’, we easily check that

1
DY =D., EP(a)=Bla), " =c+5(LP+PL), wf(o) =wi(0)

where we used (21) to derive the second relation. We also see that the functions e’ («) and e(«a) coincide
onJNJ P Ttis possible, however, that J P # Jand J +P *J * and in fact the difference could be quite
dramatic. Indeed, let us fix P and consider the perturbation AP for A > 0. Pick a unit vector ¢ such that
Py =epwithe > 0.

We consider first the case of J*”. One easily sees that for any o > 1,

(0, (D) 1+ aTPP)p) < — = A((a = 1)e — alp, Pip)) . (30)

3e

There exists to such that for ¢ > to, (o — 1)e — a(p, Pip) > (o — 1)e/2. Hence, for t > ty and
A > 2a/em(a — 1) the right hand side of (30) is negative which implies that o > 1 + 6. Thus

M =liminf M <a—1
t—o0
provided A > 2a;/em(a — 1). Letting now « | 1 we conclude that

lim 6 =0,
A—00

and the intervals J* collapse to [0, 1] in the limit A — oo.

To deal with the case of J+’\P, we set Yo ¢ = etﬁgo for o > 0 and 9.+ = ¢ for o < 0. A simple analysis
yields
AP\ -1 AP 1+ o 2
(¢a7tv ((D+ ) — aT; )wa,t) < m ”wmt | - )‘|O“(e - (@,Ptgo)).

Repeating the previous argument, one shows that the length of the interval J AP

so that the intervals J ™ collapse to {0}.

goes to zero as A — oo,

Case2. P > 0,9P = PY,and P, = P forall t € R.
Hypotheses (G1)—(G4) again hold for DP and we have

DY =" +P)7Y, F=¢ =0
Replacing P with AP, it is easy to see that §*”, defined by (10), satisfies limy_,o, 6’ = oo. Since

(=627, 1+ 0*P) ¢ J* and (—6M,6M) ¢ JTP, we see that the intervals J* and J ™ extend to
the whole real line in the limit A\ — oco.

11
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3 Examples

3.1 Toy model

Suppose that the generator £ satisfies L* = —L, and let ¢ € X be a unit vector such that the spectral
measure for £ and ¢ is purely absolutely continuous. Let

D=1TI+)\P,

where P, = (¢, - ) and A > —1. Then D; = I + AP,,, where ¢; = e'“¢ is a continuous curve of unit
vectors converging weakly to zero as ¢ — 4o00. Let A+ = 3(|A| & \) denote the positive/negative part
of A\. One easily verifies that (G1)—(G3) hold withm =1 —A_, M =1+ Ay and D = I, so that

Without loss of generality we may assume that (G4) holds.” Since (I + APy)t=1-
vector 9 and any A # —1, we have

I + T Py for any unit

_ A
D1+aTt:I—m((1—a)PW+O{P[Pt),

_ A
D+1—aTt:I—ma(P¢—P@t).

Using the simple fact that for any two linearly independent unit vectors , v and all a,b € R,

2
sp(aP, +bPy) = {0} U a;—bi\/(agb) +ab(¥,9)? ¢,

one easily shows that
14+ A
o < ———or= .

1 1+ A 1
So=y-t— A 2 gr=laeRr
' \/4 M1 = (p,00)?) 2 ' { IAlV1 = (0, 0¢)?
Recalling that (¢, ;) — 0 ast — +oo we see thatforall A\ > —1,§ =6 = §and J© = (=%, 61) where

1+)\_{ 6 for e (-1,0],

ot =
|| 1+46 for )\G[Ooo)

Furthermore, evaluating Relations (46) and (86) established below, we obtain

2
erfa) = ~1og (14 g0l =) (1= (o)) )
2
et (@) = 7% log (1 - (1 j\_ /\)2042 (1 - (5079025)2)) :

It follows that
1 0 for |a71\<l+5 | 0 for |a| <4,
lim —e;(a) = lim —esq (o) =
t—oo ¢ +oo for |a—1i]>1+56, t—oo t +oo for |a| >d7.

Finally, one easily compute the Legendre transforms of these limiting functions,
I(s)=(5+0)sl =55,  I'(s)=0"]sl.

While the first one satisfies the fluctuation relation, i.e., I(s) 4+ %s is an even function, the second one does
not.

2That can be always achieved by replacing K with K ® K, £ with L@ L*, ¢ with %cp @ p, and setting ¥ (11 D1h2) = 1h2 Dp1.

12
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3.2 One-dimensional crystal

We follow [ ] and consider the simplest example of the one-dimensional harmonic crystal. If A C Z
is the crystal lattice, then the phase space and Hamiltonian of the harmonic crystal are

RA &) RA = {(p7 Q) = ({pn}nEAa {Qn}nEA) |pna an € R}’

hipg) = Y (B4 s ol

neA

5 T T 2

where we set g, = 0 for k£ ¢ A (Dirichlet boundary conditions). The Hamilton equation of motions are

(0)=2()

_ (0 —ja

7 is the restriction of the finite difference operator

where

(Jq)n = SQn —Qqn+1 — 4n—1 (31)

to R with Dirichlet boundary condition and 1, the identity on R (which we shall later identify with
the projection RZ — R™). Clearly, for all A, j, is a bounded selfadjoint operator on ¢%(A) satisfying
L<ja <5

To fit this model into our abstract framework, we set Ty = A X Zo, Xp = RI's = RA ¢ RA with the
weight sequence [ = (I,,,5) (n,i)er,» Where I, s = ca(1 + n?)~! and c, is a normalization constant. One
easily verifies that £ X7}, C X}, and the dynamics of the harmonic crystal is described by the group etha,
Let h be the self-adjoint operator on K = ¢2(A) @ ¢ (A) associated to the quadratic form 2H . Energy
conservation implies £} ha + ha L = 0. Equivalently, the operator L, defined by

1/2 1/2 0 *jl/Q
L= hA/ Lahy /2 = 1/2 A J
IA 0

is skew-adjoint. Since 1 < hy < 5, this implies in particular that the group e*~4

Ka.

Our starting point is harmonic crystal on A = 7Z and in this case we drop the subscript A. For our purposes
we will view this crystal as consisting of three parts, the left, central, and right, specified by

is uniformly bounded on

Ay = (-0, —1], A. ={0}, A =1[1,00).
In what follows we, adopt the shorthands Hx, = Hy, ha, = hy, ja, = je, etc. Clearly
X=X/ XX, K=KidoK.®K,,
where Ks = (3(A5) @ (3(As) for s = £, ¢, r, and
H=Hy+V,+ V.,

where
Hy=H¢+ H.+ H,

and Vi(p, q) = —qoq—1, Ve (p,q) = —qoq1.
The reference state w is the centered Gaussian measure with covariance

D=Dy®D.® D,,

13
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where

I, O o
DSTS(0 j5_1>, s=4,c,r,

I is the identity on ¢3(As), and Ty > 0. Thus, initially the left/right part of the crystal are in thermal
equilibrium at temperature Ty,.. The Hamiltonian Vy,, couples the left/right part of the crystal to the
oscillator located at the site 7 = 0 and this allows for the transfer of the energy/entropy between these two
parts. The entropic fluctuation theorems for this particular Gaussian dynamical system concern statistics
of the energy/entropy flow between the left and right parts of the crystal.

Hypothesis (G1)-(G4) are easily verified following the arguments of Chapter 1 in the lecture notes [ ]
and one finds that

T, —T,)?
wi (o) = H%,
where k = (/5 — 1)/2m, and
_ 72
e(a) = —klog (1 + %a(l - a)> . (32)

Note that e(«) is finite on the interval J, = (—d,, 1 + J,), where

min(Ty, T).)

0o =~
T, — T,

(33)

and takes the value +oo outside the interval J,. Note also that J,, can take any value in (0, co) for appro-
priate choices of Ty, T). € (0, 00). The measure v in Part (2) of Theorem 2.4 is

v = HCD,(SO + K©1+507

where ®,, is the Dirac measure centered at a.
‘We finish this section with several remarks.

Remark 1. The intervals .J, J* can be strictly smaller then J,. To see this, fix T, §,, « > 1, and set
T, = (1+ 6, 1)T} to ensure Relation (33). Let ¢ € K be such that (¢, h.p) = 1. One has

(6, (D" +aT)g) = 3 Ti (1 = )@, hap) + (s har))

where ¢, = e ** . Since the skew-adjoint operator L has purely absolutely continuous spectrum and h,.

is compact, there exists ¢y > 0 such that

a—1

(@1, hepr) = (e R 20 K12 h h= 2t Ep1/2 ) < -

for all ¢ > ty. Moreover, since the Hamiltonian flow is uniformly bounded there exists a constant C' such

that
1

Té/r

«
((1 - 04)(80’ h[/r‘p) + 04(<Pt7 hf/r@t)) < Cﬁ

Summing up, if Ty > 4CT.o/ (o« — 1), then

11—«
2T,

«
(o, (D' +aTy)p) < + QCE <0,

for all t > to and hence § < «. Thus, in the limit 7; — oo the interval J collapses to [0, 1]. In a similar
way one can show that in the same limit the interval J* collapses to {0}. On the other hand, arguing as in
the Case 2 of Section 2.6, one can always take Ty, T, — 0 in such a way that in this limit the intervals J,
J7T extend to the whole real line.

14
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Remark 2. Somewhat surprisingly, even in the simplest example of the harmonic crystal discussed in
this section, it appears difficult to effectively estimate the location of the intervals .J, J© outside of the
perturbative regimes. In particular, the subtleties regarding the location of these sets were overlooked in
Sections 1.11, 1.14 and 1.15 of the lecture notes [ ]. These difficulties raise many interesting questions
and we leave the complete analysis of these aspects as an open problem.

Remark 3. An interesting question is whether one can find P such that for the perturbed reference state
w? as defined in Section 2.6 one has J = J,. That can be done as follows. Set 5, = 1 /T, suppose that

By > B¢ and let
P = (ﬁr - /Bc)lc 0
0 (ﬁr + 26@ - 360)]0 + 6@1}@ + Brvr ’
where vy, denotes the selfadjoint operator associated with the quadratic form 2V} ... One easily checks
that
D = (B,h — XM,

) _ (laua. O
hy' " = < o «N)) :
Je
and j éN) denotes the restriction of the operator (31) to R*¢“A¢ with Neumann boundary condition. We are
concerned with the interval

where X = 3, — B¢ > 0,

JP ={a e R|(DP)™' +aTf > 0}
Since
(DP)~Y = B,h — Xe*“:*th)e’w — p1/2 ([37- 7XetLh—1/2héN)h71/267tL) pi/2,
a simple computation gives
(DP)~ 4 aTF = B1/2 (ﬂr —(1- a)Xh*1/2th)h*1/2 o aXetLh71/2h§N)h71/2€7tL) B2,
and hence
JP={aeR|B,/X > (1 —a)h V2h{Nn"V2 4 aett = 2N p 1 2e i)

Since 3,/X =1+ 4, and
0<hM <h

9

we have that for all ¢,
(=80,146,) C JP.

Thus, lim;_, . 67 = 6, and J© = J,.

Remark 4. In contrast to Remark 3, we do not know whether there exists P such that for the perturbed
reference state w’ one has J A Jo.

Remark 5. In the equilibrium case 7y = T, = T we have wy (o) = 0, and one may naively expect
that o does not fluctuate with respect to w and w, i.e., that e(a) = ey (a) = 0 for all o, and that
I(s) = I'"(s) = ocoif s # 0. If one also takes 7. = T and the perturbed reference state described in
Remark 3, then o0 = 0, and the above expectation is obviously correct. On the other hand, for the reference
state determined by D, in the high-temperature regime 7' — oo, T fixed, the interval J collapses to [0, 1]
while the interval .J* collapses to {0}. Hence, in this regime, the rate functions /(s) and I (s) are linear
for s < 0 and s > 0, with the slopes of the linear parts determined by the end points of the finite intervals
Jand J*, and the entropy production observable has non-trivial fluctuations.

Remark 6. The scattering theory arguments of [ ] that lead to the derivation of the formula (32) extend
to the case of inhomogeneous one-dimensional harmonic crystal with Hamiltonian

<p$z wnqu Rn(Qn - q”—1)2>

HA(pa Q) = Z

neA

2+2+ 2
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where w,, and «,, are positive numbers satisfying
C™t <wp,kp <C foralln € Z,

and C' > 1 is a constant. In this case the operator j is the Jacobi matrix

(JOn = (Wn + Kn + Ent1)tn — EnGn-1 — Ent1dnt1, N E L.

One easily verifies that Hypotheses (G1), (G2), and (G4) hold. If 5 has absolutely continuous spectrum
(considered as a self-adjoint operator on ¢%(Z)), then (G3) also holds. Moreover, w (o) and e(«) can be
computed in closed form in terms of the scattering data of the pair (7, jo ), where jo = je®j.Dj, (for related
computations in the context of open quasi-free quantum systems we refer the reader to [JLP, , D.
The formulas for w, (o) and e(«) involve the scattering matrix of the pair (j, jo)® and estimating the
location of the intervals J, JV is difficult. However, the interesting aspect of the formula for e(«) is that it
allows to express the measure v in Part (2) of Theorem 2.4 in terms of the scattering data. The mathematical
and physical significance of this representation remain to be studied in the future. Finally, the scattering
methods can be extended to treat an arbitrary number of infinite harmonic reservoirs coupled to a finite
harmonic system. The discussion of such extensions is beyond the scope of this paper.

4 Proofs

4.1 An auxiliary lemma
Using the notation and conventions of Section 2.1, we have the following simple result.

Lemmad.l (1) If A = A* € T, then the quadratic form (3(T') > x + qa(z) = (x, Ax) has a unique
extension to an element of L*(X, dwp) with a norm satisfying ||qa|1 < ||D|| || All1. Moreover

/ ga(2) dwp (z) = tr(DA). (34)
(2) Let R >t — Ay = A} € T be differentiable at t = t( and let Ato be its derivative. Then the map

R >t qa, € LY(X,dwp) is differentiable at t = to and

d

& qa,

= th .
t=to 0

(3) If 1 does not belong to the spectrum of A, then the function T > X — F(X) = det(I — X) is
differentiable at X = A and its derivative is given by

(DAF)(X) = —F(A)tr((I — A)~*X). (35)

Proof.

Part (1) By Eq. (4), the function x — ®,(z) = (y, ) belongs to L*(X,dwp) for y € X;. Moreover,
Fubini’s theorem yields the estimate

|93 = 3 iy [ wiejdon(e) = 3 Dy = D) < IDLIIE, GO
i,jel i,j€r

which implies that the linear map y — ®,, has a unique extension ® : ¢Z(I') — L?(X,dwp), such that
@ < |ID]'/.

3In the case of harmonic crystal considered in this section, j is a discrete Laplacian and the absolute values of the entries of the
scattering matrix of the pair (j, jo) are either 0’s or 1’s. For this reason the formula (32) for e(«) has a particularly simple form.
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A self-adjoint A € T has a spectral representation A = >, arpr(@r, - ), where the ay, are the eigenvalues
of A and the corresponding eigenvectors ¢y, form an orthonormal basis of /% (T). It follows that g4 (z) =
> ax®y, (z)? from which we conclude that ¢4 extends to an element of L' (X, dwp) with

laall <D lawl 194,13 < >~ laxl 1D] = D] [| Al
k k
The last equality in Eq. (36) yields

/ ga(@) dwp(@) = 3 0 |0, |12 = 3 ar(ior, Digk) = tr(AD),
k k

which proves Identity (34).
Part (2) It follows from Part (1) that the linear map 7 > A +— g4 € L'(X, dwp) is bounded and hence C*.

Part (3) Using a well known property of the determinant (see Theorem 3.5 in [Si]), we can write
F(A+X)=det(I — (A+ X)) =det((I — A)(I — (I - A)"'X)
=det(I — A)det(I — (I — A)™'X)
=F(A)det(I — (I — A)le).

To evaluate the second factor on the right-hand side of this identity, we apply the formula

det(I+Q) =1+ > tx(Q"),
k=1

where Q"\* denotes the k-th antisymmetric tensor power of Q (see [Si]). Since |Q"F||; < (kD)~|Q|I%,
one has the estimate

[1Qll1
[det(I +Q) — 1 —t(Q)] < el —1 Q[ < “o—|QII%.

-2

It follows that
det(I — (I —A)'X)=1—tr((I - A)7'X) +O(|X|?),

as X — 01in 7. Thus, we can conclude that
F(A+X)—F(A) = —F(A) tr((I - A)7'X) + O(IX|1D),

and the result follows. O

4.2 Proof of Proposition 2.1

Part (1) Up to the constant tr(Dg) (which is well defined since ¢ € T), o is given by the quadratic form g,
which is in Ll(%7 dw) by Lemma 4.1 (1). For z € X, i.e., w-a.e. € X, one has

1 ¥ "
oi(x) — o) = 5 (z, (et£7 getl — e%F gesc):z:) ,

whence, setting ¢, = e~ ¢e!? and applying again Lemma 4.1 (1), it follows that

1
lloe = osllr(xaw) < SIDIHIS = <slla-

Thus, it suffices to show that the function ¢ — ¢ € 7T is continuous. This immediately follows from
the norm continuity of the group e'~, the fact that ¢ € T, and the well-known trace inequality ||AB||; <
[IA]l || B]|1- We note, in particular, that

loel 21 2,00 < DI+ [le™)?) [isll - for ¢ € R.
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Part (2) From Eq. (5), we deduce that

1 1
Cosor = 3 log det(I + DT}) — ith. 37

Now note that T, = D; ! — D~ satisfies the cocycle relation
Tyys =T 4 e Te -, (38)

It thus follows from Assumption (G1) that the function ¢ — T} € T is everywhere differentiable and that
its derivative is given by )
Tt = —2{,15. (39)

Lemma 4.1 (3) and the chain rule imply that the first term on the right-hand side of (37) is a differentiable
function of ¢. Using Eq. (35), an elementary calculation shows that
1

d
o d@ log det(I + DT3) " —tr(Dg).

Applying Lemma 4.1 (2) to the second term on the right-hand side of Eq. (37), one further gets

1d _
_gath :q§—t ZQCO¢ t'

Summing up, we have shown that
d

— by =0—¢, tER.
at el =9t

Since the function ¢ + o_; € L'(X,dw) is continuous by Lemma 4.1 (1), and {1 = 0, we can use
Riemann’s integral to write

t
lojw = / o_gds. 40)
0
The fact that, for w-almost every x € X, one has
t
() = / o_s(x)ds, 41)
0
follows from Theorem 3.4.2 in [HP].
Part (3) From the cocycle relation
Ewt+s|w = gwt|w + Zu)s|w © (b_tv (42)
we infer ) ) d
€= (eZwHS\w o eéw,\w) — 0oy elotle = = (eﬁwsw 11— SO’) ° (b_t ﬁ7
s s dw
and hence

1 1 1
/ |€s] dw = —/ |eews‘w 71750| dw < —/ |eZWS‘W flfﬁws|w| dw+f/ ‘Ews‘w — so| dw.
x |s| Jx Is| Jx sl Jx

To prove that Relation (9) holds in L' (X, dw), it suffices to show that both terms on the right-hand side of
this inequality vanish in the limit s — 0.

To estimate the first term we note that the inequality e — 1 — ¢ > 0 (which holds for £ € R) combined
with Eq. (34) and (37) implies

1 1
7\/ |€€w5‘u _ 1 _ qu|w’ dw = — (w(eéws“’) — 1 — / Ewglw dw>
sl Jx | 5 *

= % ‘1 (tr(DTs) — log det(I + DTS))‘ .
s
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By Assumption (G1), the map s — T is differentiable in 7 at s = 0. Since Ty = 0, we can write

1|d
gm/ |efeste —1— £, || dw = 3 ’ds (tr(DTy) — log det(I + DTy))

S_O‘

Using Lemma 4.1 (3) and the chain rule, we get

= tr(DTp) — tr(DTp) = 0.

d (tr(DTs) — logdet(I + DTy))
S s=0

ds

To deal with the second term, we use Eq. (40), Fubini’s theorem and Lemma 4.1 (1) to write

1 1
m/ ’Ewslw - SO" dw = < / / ‘Qg,w7§| dw du
N 0 X

1
<D / o vu — cllrdu,
0

(0_sy —0) du

and since the map s — ¢, is continuous in 7, the dominated convergence theorem yields
1
lim / lls— s — <|[1du = 0.
s—=0 Jq
Part (4) Relation (7) implies that

wi(0) = w(oy) = /3€ g, dw — tr(Ds),

and formula (34) yields
wi(o) =tr(D(st —)) = tr(s(Dy — D)).

Part (5) Starting from Definition (2) and using the cocycle relation (42), we obtain

Ent (A}tlw /ewﬂw dwt /EUJ tlw dw.

Eq. (41) and Fubini’s theorem further yield

—t ¢ ¢
Ent(w;|w) :/ / o_sdsdw = —/ / osdsdw = —/ ws(o) ds.
xJo xJo 0

4.3 Proof of Proposition 2.2

Part (1) We have to show that w., the Gaussian measure of covariance D, is the weak limit of the
net {w¢}+>0. Since the cylinders form a convergence determining class for Borel measures on X (see
Example 2.4 in [Bill]), it suffices to show that lim; o w(Cr(B)) = w4 (Cr(B)) holds for any finite
subset I C I" and any Borel set B C R!. By Hypotheses (G2)—(G3), one has lim;_, . Dyr =Dy rand

1 —1 ll=|?
2(z,D; ;x)
e 3(@D; g <e M

for all z € RL. Tt follows that lim;_, oo D;Il = D;}I as well as lim;_, o det(27D, ;) = det(2n D4 ;) so
that

Dy i) dz,

tim e [ P 4 /
t—o0 \/ det(27TDt’[) B \/det 27TD+ I
holds by the dominated convergence theorem. The same argument applies to w_.

Part (2) Follows directly from Lemma 4.1 (1) and Proposition 2.1 (4).
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4.4 Proof of Proposition 2.3
Part (1) Let us note that o € J; if and only if
D' 4a(e D le™* — D7) > 0. (43)
It follows that .J; is open. For 6 € [0, 1], we can write
D' 4 ba(e™ " Dle™t — D) =9 (D*1 +a(e ¥ D7 leE — D*I)) +(1—-6)D,

whence a € J; = 6o € J; and we can conclude that J; is an interval. Multiplying (43) by 9 from the left
and the right and using the relations ¥ = ¥* = 9!, we obtain

D' 4 a(e* D7ttt — D7 >0, (44)

whence we see that o« € J_;. By symmetry, we conclude that J_; = J;. Furthermore, multiplying (44)
by e %" and e £ from the left and the right, respectively, we obtain

aD™ '+ (1—a)e ¥ D7 le ™ > 0.

It follows that 1 — o € J¢, and by symmetry, we conclude that o € J; if and only if 1 — o € J;. Thus, J;
is an open interval symmetric around o = %
Part (2) For any bounded operator C' > 0 on ¢Z(I") and for any a,¢ € R such that C~1 + o7} > 0,
formulas (5) and (37) allow us to write

det(I + DTy))"
by |w d — ( d _ —1. 45
¢ we \/ det(I + aCT;) WO +aT) ™ 45)

By definition D~! + T} > 0 for a € (—6;,1 + ;). Taking C = D in (45) and integrating over X, one
easily checks that

1
er(a) = %log det(I + DT;) — 3 log det(I + aDT;) (46)

forallt € Rand o € (—d;,1 + ;). The first term on the right-hand side of this identity is linear in «
and hence entire analytic.4 The determinant in the second term is also an entire function of «, and its
logarithm is analytic on the set where the operator I 4+ aD7T; is invertible; see Section IV.1 in [GK].
Writing I + aDT; = D(D‘1 + aT;), we see that I + aDT; is invertible for « € J;. Furthermore, since

I +aDT, = aDY?(a~ ' + DY?T,DY/?)D~1/2,

and the operator D'/2T,D'/? is self-adjoint, we conclude that I 4+ aDT; is invertible for « € C \ R.
Hence, the function e; () is analytic in the cut plane C UC_ U J;. Its convexity is a well-known property
of Rényi’s relative entropy and follows from Holder’s inequality applied to Eq. (12), and relations (13) are
easy to check by a direct computation.

It remains to prove that e;(a) = +oo for a ¢ J;. To this end, we first note that the spectrum of D~*
is contained in the interval [M ~! m~!] and that the operator T} is compact. By the Weyl theorem on
essential spectrum, it follows that the intersection of the spectrum of the self-adjoint operator D~ + oT}
with the complement of [M !, m™!] consists of isolated eigenvalues. Thus, if o ¢ .J;, then there are
finitely many orthonormal vectors {¢; }, numbers A; > 0, and an operator B > ¢I with ¢ > 0 such that

D'+ aly == Xi(e;,)p; + B

Jj=1

4We shall see in the proof of Theorem 2.4 that it is in fact identically equal to zero.
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It follows that
o I
w(eteris) = (det(I + DT})) "> / eXp{zZAjlm,x)F}e”’BW %de). @D
x j=1

Since B— D' € T and D! + B > 0, we conclude from (5) that e~ (*:B%)/2(dx) coincides, up
to a numerical factor C' > 0, with a centered Gaussian measure whose covariance operator is equal to
D' := (D! + B)~!. Hence, we can rewrite (47) in the form

(el :C’/%exp{;é)\j(<pj,a:)|2}wD/(dx).

Since the support of wp- coincides with the entire space, this integral is infinite.

Part (3) Using the cocycle relation (42), we can write

—al

er(1 — o) = logw(eferlee™ el ) = log wy (e~ wrl)

= logw(e™*er«°?") = logw(e™—t1*) = e_y(a).
Now note that, by (G4), the measure w is invariant under ¢/, whence we conclude that w_; = wy o ¥ and

ol 00 = Lyy_ |- Tt follows that e () = e;(cr). Combining this with the above relation, we obtain the
Evans—Searles symmetry.

4.5 Proof of Theorem 2.4
Part (1) We first prove the existence of limit (14). Let us set
Di(e) = (1~ a)D™ +aDy ')~ (48)

and recall that e;(«) can be written in the form (46). Using Relations (35), (39), Lemma 4.1 (3) and the
chain rule we obtain

%log det(I +aDTy) = tr(([—l—aDTt)*lozDTt) = —2atr(Dy(a)s_;) = —2atr(D_¢(1—a)s). (49)

In particular, for o = 1 the derivative is equal to zero for any ¢ € R, whence we conclude that the first term
in (46) is identically equal to zero. Let us now fix a € J and choose ¢ty > 0 so large that o € J; for t > .
It follows from (46) and (49) that

¢
%et(a) = %eto () — 2704/ tr(D_,(1 — a)s)ds. (50)
to

By Assumption (G3)

sAmD (1 -a) =D (1-a)i= (@D~ + (1 -a)D=) 7,

5§—00

and since ¢ is trace class, it follows that

lim tr(Dy(1 — a)s) = tr(D_(1 — a)q).

S$—00

Combining this with (50), we conclude that for a € J,

lim 1et(oz) = —2atr(D_(1 — a)s). (51

t—+4oo t

5Note that this computation does not use (G4).
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Once the existence of limit is known, we can easily obtain the required properties of e(«). The convex-
ity of e(«) and the first and last relations in (15) follow immediately from the corresponding properties
of e;(«). Furthermore, it follows from (40) and the invariance of w under ¥ that

’O):/xﬁwt‘w( w(dx) // o_s(z) dsw(dx) // os(z) dsw(dr).

In view of Part (2), the limit e(«) is analytic on its domain of definition. By Theorem 25.7 in [ 1,

1 /
Jim i) = €'(a),

for a € J. Using Fubini’s theorem and Part (2) of Proposition 2.2, we derive

The third relation in (15) now follows from the fourth one.

Part (2) The analyticity of e(«) follows from Relation (51). We now prove (16).

Let v be the spectral measure of @ for the linear functional induced by the trace class operator Dl/ 2 1_/ 2,

In other words, u is the signed Borel measure such that

/f )u(dg) = tr(£(Q)DY?<DM?), (52)

for any bounded continuous function f : R — C. By Eq. (20), the measure p has its support in the interval
(5", (1 +3)~"]. One easily checks that

S / Fla™a " u(dg),

defines a continuous linear functional on the Fréchet space Cy(R) of compactly supported continuous
functions f : R — C. By the Riesz representation theorem (see Chapter 2 in [Rud]), it follows that there
exists a signed Borel measure v, with support on (—oco, —d] U [1 + §, 00), such that

/f v(dr) /f‘1 dq) (53)

A standard argument based on the monotone class technique shows that (53) remains valid for any bounded
measurable function f. Decomposing the measures i and v into their positive and negative parts, we easily

deduce from (53) that
[ i@ = [ ),

for all bounded continuous f. In particular, taking f(r) = ; outside a small neighborhood of zero and

using (52), we derive
(dr)
/ S / Iul(dg) < [DY%DY?||) < oc.

Recalling relation (22) (which will be established below) and using (53) with f(r) = —log(1 — ar~!) on
the support of v, we obtain

c(a) = ~atr(g(@@D"*D*"*) =~ [ aglaglda)
= —/q_1 log(1 — aq)u(dg) = —/log(l —ar~Yy(dr).

This relation coincides with (16).
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To prove the uniqueness, let 14, vo be two signed Borel measures with support in R\ J, satisfying
f ||~ e |(dr) < oo, k = 1,2, and such that

/log(l —ar Yy (dr) = /log(l —ar Ywy(dr)

for o € J. Differentiating, we derive that

/dl/l(r) _ / dws(r) (54)
r— o r— o
for « € J. By analytic continuation (54) holds for all « € C; U C_. Since the linear span of the

set of functions {(r — a)™!|a € C; U C_} is dense in Cy(R), (54) yields that for any f € Cp(R),
fdel = fdeQ. Hence V1 = V.

Part (3) The fact that [ is a convex function taking values in [0, +-00] follows immediately from the def-
inition. The relation e’(0) = w_(0) = —wy (o) and the regularity of e imply that I vanishes only at
s = wy (o). The validity of (17) is a straightforward consequence of the last relation in (15). Let us
prove (18).

Consider the following family of random variables {X; };c[9,) defined on the probability space (X, F,w)

1/t
Zt:f/ osds.
t Jo

By Proposition 2.1 (2) and the symmetry relations w = w o ¢ and ¢ o ¥ = —o, we have
er(a) = logw(e™«tlv) =logw(e® Jo o 45) = logw(e™™ Joes 45) = logw(e™ ),

so that e;(—c) is the cumulant generating function of the family {X; }+c(0,oc). Applying a local version of
the Girtner—Ellis theorem (see Theorem 4.65 in [ 1), we conclude that (18) holds with

e =min(—w4 (o) — 0T e(—9), —wy (o) + 0~ e(1 +§)) = min(e’'(0) — " e(—0),0 e(1 4 8) — €'(1))
where OF e(a) denotes the right/left derivative of e(a). The fact that € > 0 follows from the convexity and
analyticity of e().

Part (4) As was shown above, e;(—«) is the cumulant generating function of {3;}. Therefore, by Bryc’s
lemma (see [Br] or Section 4.8.4 in [ 1), the CLT will be established if we prove that e;(«) extends
analytically to a disc D, = {a € C ||| < €} and satisfies the estimate

1
sup  —ler(a)] < oo, (55
t>tg,a€D,

for some t; > 0. The analyticity was established in Part (2) of Proposition 2.3. Using the representa-
tion (50), one easily sees that in order to prove (55) it suffices to show that

sup |ID: ()] < 0. (56)
teR,|1—al<e

An elementary analysis shows that Assumption (G2) implies the lower bound

2 M—m
l—a)D; ' +aDt > =
( CK) s +Oé t _MM+m

fort,s € Rand « € [-4,1 + §]. Since for z € C

(0+35—la=3l), (57)

Re (1 -2)D;' +2D; ') = (1 —Rez)D; ' +RezD; ",
we have the upper bound

_ 11 MM +m
(-7 20 < MM

(641 —|Rez—1)7" (58)
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fors,t € Rand zinthe strip {z € C|Rez € (-4, 1+49)}. Thus, the required estimate (56) holds provided
€ < 0.

Part (5) We first note that the differentiability of e(«) at zero and a local version of Theorems I1.6.3 in [El]
(which holds with identical proof) implies that, for any € > 0 and any integer n > 1,

w ({Z‘ S %| |Zn _(U-i,-(O')‘ > E}) < e—a(s)n’

where a(¢) > 0 does not depend on n. By Theorems I1.6.4 in [El], it follows that

n—o00 N

lim 1 /” os(x)ds = wy (o) (59)
0

for w-a.e. x € X. Suppose now we have shown the following inequality for some r < 1

n—+t
/ os(x)ds

where no(x) > 0 is an integer that is finite for w-a.e. € X. In this case, we can write

li/otos(x)ds—;/onas(ac)ds /Onds(w)ds .

where n is the integer part of ¢ and ¢ = ¢ — n. It follows from (60) that the first term on the right-hand
side goes to zero for a.e. x € X, and the second goes to zero in view of (59). Combining this with (59), we
obtain (19). Thus, it remains to establish (60).

sup
0<t<1

<(n+1)" forn > ng(x), (60)

Sf

/ os(x)ds

L1
n n?

Let us fix an arbitrary r € (0, 1) and denote by &, (z) the expression on the left-hand side of (60). In view
of the first relation in (11), we have

&n(x) = sup

n+t n+t
/ (escx,ge“:x)ds = sup |($7§n,t x)|, Snt ::/ ¢s ds.
0<t<1{Jn n

0<t<1

Suppose we have constructed a sequence {B,,} of selfadjoint elements of 7 such that, for any n > 0,

sup |(z, e )| < (2, Bpx), |Bn|l1 < C, ©61)
0<t<1

where C' > 0 does not depend on n. In this case, introducing the events A,, = {z € X|&,(z) > (n+1)"},
for sufficiently small € > 0, we can write

W(Ay) < e Dy (eftn) < g+ (det(I — 2€DBn))_1/2, (62)

where we used the fact that the Gaussian measures on X with covariance operators D, = (D~ —2¢B,,) ™!
and D are equivalent, with the corresponding density given by (see (5))

App(x) = (det(I — 2€DBn))1/2e€(””’B"I).

In view of the second inequality in (61), the determinant in (62) is bounded from below by a positive
number not depending on n > 0 for sufficiently small € > 0. Thus, the series >, w(A,) converges, and
by the Borel-Cantelli lemma, inequality (60) holds with an almost surely finite integer ng(z).

We now prove (61). From Assumption (G2) we derive

M Z Dt — et[,Detl: 2 metﬁetﬁ ,

1/2
et < (M) 7 63)

m

so that the uniform bound
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holds. Since ¢ € T is selfadjoint, one has |(x,sx)| < (z, |¢|z) for all z € K. Hence
n+1

n+1
sup |(z,¢p )| < / |(e¥fz, ce*Fa)|ds < / (e*Fx, [c|e*“x)ds = (z, Byx),
0<t<1 n n

where
n+1
B, :/ et [¢le*tds
n

is a self-adjoint element of 7 such that
M
[1Bnllr < — sl
m

The proof of Theorem 2.4 is complete.

4.6 Proof of Theorem 2.5

Part (1) Let {s,,} be an arbitrary sequence converging to §. Recall that D~! + o7}, > 0 for a € J,,.
Multiplying this inequality by e5»£/2 from the right and by e*»£"/2 from the left, we obtain

(1- oz)D:ln/2 + aD;Ll/2 > 0,

for any o € J;_ . Invoking Assumptions (G2)-(G3), we can pass to the limit in the last inequality to get
(1-a)DZ' +aD7' >0,

for any « € J. Taking @ = 1+ 8 and @ = —¢ and performing some simple estimation, we obtain
inequality (20). Furthermore, it follows from (20) that @) < 1 for a € (=0, 1 + 0), whence we conclude
that the operator function (21) is analytic in the cut plane C. UC_ U (—0,1 + 0).

Part (2) We first prove the existence of the limit in (22). To this end, we shall apply Vitali’s convergence
theorem to the sequence of functions

ho(a) = —e (@), n>1, «€Jd,.

By the very definition of 5, for any £ > 0 there is N, such that, for all n > N, the function %, is analytic
in the cut plane C_ U C4 U J. where

Jo=(-0+e1+0—e)CJ,.

By the proof of Part (4) of Theorem 2.4 (more precisely Eq. (58)), the functions h,, are uniformly bounded
in any disk or radius less than § around o = 0. By the Cauchy estimate, the same is true of their derivatives
hl.

Let K be the compact subset of (C_UC_,.U.J.)\ {0} described on the left of Figure 1. From Definition (48)

we infer 1
Dy, (a) = DY*(1+aQ,)™'DV? = 2D'?(2 = Q,)"'D'?, z=——,

" le’

where Q,, = D'/2T, D'/? is a selfadjoint element of 7. By definition, a € .J;, iff I + aQ,, > 0, ie.,
sp(Qn) C (—(1+3:,) Lo, C(—(1+d—e)7 (0 —e)h) (64)

for all n > N.. Since the function o — z = —1/« maps Kj to a set which is uniformly separated from
sp(@.,) (see Figure 1), it follows from the spectral theorem that
z
swp 1D, @) < ID] swp = <o
n>Ng

> n>N. diSt(Z7 Sp(Qn))
aEKyp —z—1eKy
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Ima Imz

C) Rea Rez

Figure 1: A compact region Ky C (C_ UCy UAJAE) \ {0} and its image under the map o — z = —1/a.
The thick lines in the a-plane are the cuts R \ J.. By Eq. (64), if n > N, then the spectrum of Q,, lies
inside the thick line of the z-plane.

Applying Lemma 4.1 (3) to Eq. 46 (recall that the first term on the right hand side of the latter vanishes)
and integrating Eq. (39) to express 73, we obtain

() = -

The bound (63) further yields

1 1
(D, (@)T1,) = [ tx(De, (@), ).
2t” 0

M
h, < — D
)] < sl 1D (@)
and the previous estimate allows us to conclude that the sequence {h/, },,>. is uniformly bounded in K.

Summing up, we have shown that {h/, },,> . is uniformly bounded on any compact subset of C_ UC U.J.
and since h,,(0) = 0, the same is true of the sequence {h,},>n.. By Part (1) of Theorem 2.4, the
sequence {h,(«)} converges for a € J. By Vitali’s theorem (see Section I.A.12 in [GR]), we conclude
that the sequence {h,,} converges uniformly on any compact subset of C_ UC, U J-, and the limit is an
analytic function on it. Since € > 0 was arbitrary, we see that the middle term in (22) is well defined for
anya e C_UC, U J and is an analytic function on this domain.

To prove the second equality in (22), it suffices to establish it for a € J, because both left- and right-hand
sides are analytic functions on C_ U C, U .J. The lower bound (57) shows that D¢ («) is bounded and
strictly positive for all ¢ € R and o € (—9,1 + J). It follows from Eq. (37) and Lemma 4.1 (1) that
liyw € LN(X,dwp, (a)). Moreover, Eq. (45) shows that for f € L*(X, dwp, (a))

(et f)

P (65)

WD, () (f) =
Using this relation with f = £,,,).,, integrating the identity
ewile =1 +/ Tty 1, dy

0

against w, and applying Fubini’s theorem, we obtain

w(eazwﬂw) =1 —l—/o w(e"ZWt|W)oJDt(7)(€wt‘w) d~.
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Resolving this integral equation (which reduces to a linear differential equation) for o — w(e®%tl+), we
derive

w(e‘”wtlw) = exp (/ WDy (v) (gwt‘*))d’y>'
0

Taking the logarithm, dividing by ¢, and using (41), we obtain

1 1 « 1 « t a 1
rala) = [ onipatr =1 [ [anyodasty= [ [ upyomi) dsdr. 60
t tJo tJo Jo o Jo

It follows from (34) and the first relation in (11) that

—ts _tsC* _ _ -1
wp, () (0-ts) = tr(Dy(7) s4s) = tr(e™ EDy(y)e " ¢)=tr (((1 — 7D}, + fYDt(%fs)) g) :
Combining this with Hypothesis (G3) and a continuity property of the trace, we derive

tlg(r)lc wp, () (0—ts) = tr(Dys) = wp_ (o) fory € (=4,1+46),s€(0,1),
where we set D., = ((1 —~)D="' +~vD;")~!. The bound (58) allows us to apply the dominated conver-
gence theorem to Eq. (66), and conclude that

t—oo t

1 a 1 « -
e(a) = lim ~e(a) = / / wp, (0)dsdy = / tr (Dy<)dy, «€(—6,1+70). (67)
0o Jo 0
Writing D, = D1_/2(I — ’yQ)’lDl_/z, we further get

e(a) = /004 tr(D£/2(I — WQ)_1D£/2g)d7,

and performing the integral yields Eq. (22) for a € (—4,1 + 9).

Finally, to prove (23), it suffices to note that if o does not belong to the closure of J then, for infinitely
many n > 1, a ¢ J;, and by Proposition 2.3 (2), e, () = +o0.

Part (3) The required properties of the rate function I follow from (15) and elementary properties of the
Legendre transform. Thus, we shall only prove (25). In doing so, we shall assume that the interval J is
finite; in the opposite case, the result follows immediately from the Gértner—Ellis theorem; see Section 4.5.3
in [DZ]. Moreover, we shall consider only the non-degenerate situation in which w (o) > 0. The analysis
of the case w (o) = 0 is similar and easier.

Let us extend é(«) to the endpoints of the interval J by the relation

1 N "

é(a) = limsup —e(a), a€ {9,143}
t—4o0 t

Since the extended function é is convex and, hence, continuous at any point where it is finite, the Legendre

transform of e(—«) coincides with I defined by (24). In view of a well-known result on the large deviation

upper bound (e.g., see Theorem 4.5.3 in [DZ]), the following inequality holds for any closed subset F' C R:

1 I -
limsupt—logw ({xe% ‘ t—/ O’S(Q?)dSEF}) < —inf I(s).
n Jo

n—oo UIn sEF

Since I is also continuous, this upper bound easily implies that (23) will be established if we prove the
inequality

1
liminft—logw ({x eX

n—oo n

tn
= [ e o}) > — inf I(s), (68)
0

n s€O0

where O C R is an arbitrary open set. A standard argument shows that it suffices to prove (68) for any
open interval J C R. Let us set

s7 =— lim é'(a), st =— lim &(a).

(xT1+<§ al—0
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In view of the local version of the Girtner—Ellis theorem (see Theorem 4.65 in® [ 1), relation (25) is
true for any interval 7 C (s, s™). Thus, it suffices to consider the case when J = J5 . = (s —¢,s + €),
where +(s — s1) > 0. The proof of (68) is divided into several steps.

Step 1: Reduction. We first show that the required inequality will be established if we prove that, for any
§ € R satisfying the inequality +(§ — s+) > 0 and any € > 0,

1 )
liminf —logw(By(8,¢)) > ~I(3%¢), (69)

n— oo n

where B, (8,¢) = {2 € X||t; 'Ly, |, + 3| < c}. Indeed, we have

I(s) = . (70)
(#) d0s —e™t for s > 5T,

. { —(1+d)s—e fors<s,
where e~ (respectively, et) is the limit of é() as @ T 1 + ) (respectively, « | —5). In particular, the rate
function I is everywhere finite and continuous. It follows from (69) and inequality (68) with 7 C (s™, s™)
that

1 1 [ 1
lim liminft—logw ({x €X ‘ t—/ os(x)ds € jgf}) = lim liminft—logw(Bn(é,s))
n Jo

e—0t n—oo 1, e—=0t n—oo T,

where 5 € R is any point. A well-known (and simple) argument implies the required lower bound (68) for
any interval J C R. Thus, we need to establish (69). To simplify the notation, we shall consider only the
case when 5§ > sy (assuming that s < 00).

Step 2: Shifted measures. Let us fix § > sT and denote é; (o) = e;(—a) and é(cv) = é(—cv). Since €] isa
monotone increasing function mapping the interval —J; = (—1 —d;_,d:, ) onto (—o0, 00) (see (46)), for
any n > 1 there is a unique number o, € —.J;, such that & (o) = t,3. Following a well-known idea in
the theory of large deviations, let us define a sequence of measures v,, on X by their densities

Aun|w = exp(fangwtnw - étn (Oén))
Suppose we have proved that

lim inf v, (B, (8,¢)) > 0. 71

n— oo

In this case, assuming that o, > 0, we can write

w(Ba(s,€)) = / exp(Qnlus,, 1o + E, ()t
B, (8,¢) )
> exp(tnan(—é —e)+é, (an))un (Bn(é7 5)),

whence it follows that

.1 . o . 1.
hnrggf o logw(By(3,¢)) > hnrglolgf (an(—s —e)+ 7t (an)). (72)
If we know that )
lim a, =6, liminf —é&, (o) >et, (73)
n— o0 n—oo t

n

then ,, > 0 for n large enough and inequality (72) and relation (70) immediately imply the required
result (69). Thus, we need to prove (71) and (73).

SIn the formulation of Theorem 4.65 in [ ], it is required that the limit of t;letn (av) as m — oo should exist for any « in the
closure of .J. However, the same proof works also in the case when the limits exist only for o € J.
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Step 3: Proof of (73). Since o, € —J, and §;, — 5, the first relation in (73) will be established if we
show that R
liminf o, = 4. (74)

n—oo

Suppose this is not the case. Then there is € > 0 and a sequence nj — +oo such that -1 < ap,, < 5— g,
where the first inequality follows from the fact that €} () > 0 and é; (—1) < 0. To simplify notation,
we assume that the entire sequence {cv, } satisfies this inequality. It follows that

n n

1 1., -
sT<s= t—é;n (an) < 7é;n (6 —¢) foranyn > 1. (75)

Since 7-ey,, () are convex functions converging to the smooth function () for o € —.J, by Theorem 25.7
in [ ], we have

Jim Eégn(a) =é&(a) forany a € —J,

and the limit is uniform on any compact subset of —J. Comparing this with (75), we see that sT < & (5 —£).
It follows that &’ is constant on the interval [0 — €, §] and, hence, by analyticity and the first relation in (15),
the function e(«) vanishes. This contradicts the assumption that w (¢) > 0 and proves (74).

We now establish the second relation in (73). For any v € (0, 5 ), we have

[e29)

o) =)+ [ € (@)da > 61, () + (an — 1), 0),

where we used the facts that €’ is nondecreasing and that a,, > ~y for sufficiently large n > 1, in view of
the first relation in (73). It follows that

liminf —é, (an) > é(7) + (6 — 7)&(0).

n—oo n

Passing to the limit as v — 5, we obtain the required inequality.

Step 4: Proof of (71). Let us introduce trace class operators
Qn=D'*T;, D2, M, =t;(I = ,Qn) ' Qn, n > 1.

Since o, € —J;, , the operator I — v, @, is strictly positive and, hence, invertible, so that M,, is well
defined. Suppose we have shown that

Vn(f(Xn)>: M(f(Yn))7 Xn = —t;lewtnw, Y, = %(-7;7 Mnx); n>1, (76)

where f : R — R is an arbitrary bounded measurable function and p is the centered Gaussian measure
on X with the covariance operator /. In this case, taking f to be the indicator function of the interval J; .,
we can write

Un(Bn(8,€)) = p({z € X| Yy, (z) — §| <e}) =t pn(e) foranyn > 1.
Thus, the required assertion will be established if we prove that

H;fl pn(e) >0 foranye > 0. 7)

To this end, let us assume that we have proved that

M :=sup | My, |1 < o0, tr(M,)=23. (78)
n>1

We now use the following lemma, whose proof is given in the end of this subsection (cf. Lemma 2 in [BD,
Section 3].)
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Lemma 4.2 Let 1 be the centered Gaussian measure on X with the covariance operator 1. Then for any
positive numbers k and ¢ there is p(k,e) > 0 such that

n({z € X[|(z, Mz) — tr(M)] < e}) = p(x, ) (79)
for any selfadjoint operator M € T satisfying the inequality | M||; < k.

In view of (78), we have
Yo(z)—§= (x7 %Mnx) — tr(%Mn).

Applying Lemma 4.2 with x = 290, we see that (77) holds. Thus, to complete the proof of the theorem, it
remains to establish (76) and (78).

Step 5: Proof of the auxiliary assertions. Simple approximation and analyticity arguments show that, to
prove (76), is suffices to consider the case in which f(z) = ¢?*, where v € R is sufficiently small. Thus,
we need to check that

Vp (exp(f'ytglﬁwtn ‘w)) = ,u(e“’y"). (80)

Recalling the construction of a;, and using the relation &,(at) = —1 log det(I — aQy) (see (46)), we write

Un (exp(ffyt;lgwtnlw)) = /xexp(f(’ytrzl + an)éwtn jw ™ étn (an))w(d:c)
= exp(étn (v, +an) — &, (ozn)) = det (I - ’yMn)_l/Q.

This expression coincides with the right-hand side of (80).

Finally, to prove (78), we first note that the equality follows immediately from the choice of «,, and the

relation €; () = tr((1 — aQy)"'Q;). To establish the inequality, we start by using (39) and (63) to get

the bound
tn M2
1Quls < / IDY26_ D2 ads < ] (81)
0

Writing the spectral decomposition of the compact self-adjoint operator M,,, we easily show that
My =t (T +anQ,) ' Qs

where A1 and A~ stand the positive and negative parts of a selfadjoint operator A, and we used that fact
that a,, > 0 for sufficiently large n (see (74)). Combining this relation with (81), we derive

M2
(M) =t e (1 + on Q) '@ ) < ——[lslls-

Recalling the second relation in (78), we conclude that
M2
1M, = (104, = 0+ 2017) <2 (54 2 el ).

The proof of Theorem 2.5 is complete. O

Proof of Lemma 4.2. We set Y (x) = (z, M z) and note that (Y") = tr(M). Let us denote by { P;, I C R}
the family of spectral projections for M and, given a number § > 0, write M = M=% + M>% where
M= =M P_p,9). Accordingly, we represent Y in the form

Y(2) = V=(2) + Y>(2), Y(2) = (z, M=) — tr(M=?).

Now note that the random variables Y =¢ and Y= are independent under the law . It follows that the
probability P(M, €) given by the left-hand side of (79) satisfies the inequality

P(M.&) > p({[Y>] < £/2. V<" < £/2}) = n({IY>*] < e/2)n({Y<| < £/2}).  (82)
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We claim that both factors on the right-hand side of this inequality are separated from zero. Indeed, to
estimate the first factor, we note that

k> || Ml > 9rank(M>9), (83)

where rank(M>%) =: Nj stands for the rank of //>?. Denoting by ); the eigenvalues of M indexed in
the non-increasing order of their absolute values, we see that

No Ng
Y @) = | 3 A —1>’ <k3 |2 1],
Jj=1 j=1

where {x; } are the coordinates of x in the orthonormal basis formed of the eigenvectors of M. Combining
this with (83), we derive

No No
>l <2} 2 uf Yolad =11 < = TLalle? - 1< Ny e} 206
Jj=1 j=1

where § = £6/(2x?%), and p(§) > 0 is the probability of the event [#2 — 1| < § under the one-dimensional
standard normal law. To estimate the second factor in (82), we use the Chebyshev inequality:

p{|Y=0(z)] <e/2} =1 — p{Y=0(2) > e/2} — u{-Y=(z) > ¢/2}
> 1~ p(exp(vY=" —72/2)) + p(exp(—Y =’ —7e/2)), (84)
where v > 0 is sufficiently small and will be chosen later. We have
,u(exp(yYﬁe)) = exp{—*ytr(MSe) — Zlogdet (I — VMSG)}
= exp{—2tr(2yM = +log(I — 2yM=7))}. (85)
Now note that if 4||6 < 1, then

2 (—2y M=)
2y M=’ 4 log(I - 2yM=<") = 3" (=2M=)"
n=2
Recalling that | M=?|| < 6 and ||[M=?||; < & and using the inequality [tr(AB)| < ||A|1||B|. it follows
that

n

‘tr(QWMSO +log(I — QWMSG))’ < Z 1276 12]y|k < 8K720.
n=2
Substituting this into (85), we see that, if || < (46) 7!, then p(exp(7Y=?)) < exp(4r+26). A similar
estimate holds for s (exp(—yY'=?)). Combining these inequalities with (84) and choosing v = we
derive

T6r0°
n{IY="(2)| < /2} 21— 2exp(4r770 — 7e/2) = 1 - 2exp(—g55)-

The right-hand side of this inequality can be made greater than zero by choosing a sufficiently small 8 > 0
which will depend only on « and €. O

4.7 Proof of Theorem 2.6

The proof of this result is verty similar to that of Theorems 2.4 and 2.5, and we shall only outline the proof.
Part (1) Follows from Holder’s inequality as in the proof of Proposition 2.3 (2).

Part (2) Since 0 € J;', the fact that J;" is an interval follows immediately from the following property: if
a € J;7, then o € J; for 6 € (0, 1). To prove the analyticity, note that, by Eq. (45), one has

det(I + DT;)) "
—alyylw = ( ¢ _
¢ d \/ det(I — aD, T;) dwpyi—ary-+-

[e%
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This relation implies that the function

1
ey () = f% logdet(I + D4 Ty) — 3 log det(I — aD;1T}) (86)

1
= f% log det(I + D'/?T,D/?) — 5 logdet(I — aD*T,DY/?)

is real analytic in « on the open interval defined by the condition I — aD}r/ 2TtDi/ ? > 0 and takes the

value +o0 on its complement (where the intersection of the spectrum of 1 faDi_/ 2TtD_1~_/ ? with the negative
half-line is nonempty). The above inequality coincides with the one defining J;'.

Part (3) The fact that J* is an interval follows immediately from its definition. To prove that JtJr D (—4,0),
note that, in view of Hypothesis (G2), for any ¢, « € R we have

5—
I—aDY?T,DY? = DY*(D;' — a(D; ' = D7Y)DY? > ﬁf".
This expression is positive for |a| < 4.

To prove the existence of limit (27) and its analyticity on .J ", we repeat the argument used in the proof of
Theorem 2.5 (2). Namely, let us introduce the family of operators D (a) = (D' — aT;)~*, which are
well defined for o € (—4, §). Then the following analogue of relation (65) is valid:

et f)

w(e™wlw) for f € L}(%, def(a))'

WDj(a)(f) =

The argument used in the derivation of (66) gives that

1 a 1
—epq(a) = 7/ / Wity (0—ts) dsdy,
t t+ 0 0 D (v) t

while Hypothesis (G2) and the relation e D e"*" = D, valid for 7 € R imply that

—1
—ts —tsL” - - - -1 |’Y|
et LD:('Y)G BT = (D+1 - V(Dt(i_s) - D—tls)) <M (1 - 5) .

Following again the argument in the proof of Theorem 2.5 (2), for « € (—4, J) we derive

1 “
er(a) = tlggo ;eH(a) = —/0 wﬁlﬂ(a) dy. (87)
Now note that D1, = 9D, ), whence it follows w, (o) = wp_(009) = —wp_(0). Substituting this
into (87) and recalling (67), we see that
er(a) = / wp, (0)dy =e(a) fora e (=6,9). (88)
0

We have thus established the existence of limit (27) on the interval (—4,6) C J T The fact that it exists for
any o € J ' and defines a real-analytic function can be proved with the help of Vitali’s theorem (cf. proof
of Part (2) of Theorem 2.5). Finally, relation (28) is established by the same argument as (23).

Parts (4-6) The proofs of the large deviation principle, central limit theorem, and strong law of large
numbers for the time average of the entropy production functional under the limiting law w, are exactly
the same as for w (see Parts (3—5) of Theorem 2.4), and therefore we will omit them.

Parts (7) The fact that the functions e, («) and e(c) coincides on the intersection J ™ N.J follows from (88)
and their analyticity. The equality of the corresponding rate functions on a small interval around w (o) is
a straightforward consequence of (88) and the definition of the Legendre transform. U
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