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Direct sensitivity computation for the Saint-Venant equations
with hydraulic jumps.
Carole DELENNE #, Vincent GUINOT #, Bernard CAPPELAERE®

aHydroSciences UMR 5569 (CNRS, IRD, UM1, UM2), Avenue Jeanbrau 34090 Montpellier

Abstract

This paper presents a new Riemann solver to solve the Saint-Venant equations in conjunction with the sensitivity
problem when the solutions are discontinuous. The solver is based on the a priori assumption of two rarefaction
waves. The presence of shocks is detected a posteriori and an extra sensitivity term in the form of a Dirac
source term is accounted for in the sensitivity balance equations.To cite this article: C. Delenne, V. Guinot, B.
Cappelaere, C. R. Mecanique ?¢ (2008).

Résumé

Calcul direct de sensibilité pour les équations de Saint-Venant avec ressauts hydrauliques. On propose
ici un solveur de Riemann pour résoudre les équations de sensibilité conjointement & la projection sur une dimension
des équations de Saint-Venant dans le cas de solutions discontinues. Le solveur est basé sur la supposition a priori
de deux ondes de raréfaction. La présence de chocs est détectée a posteriori et un terme supplémentaire, sous la
forme d’un terme source de Dirac, est introduit dans 1’équilibre des équations de sensibilité. Pour citer cet article :
C. Delenne, V. Guinot, B. Cappelaere, C. R. Mecanique ? ? (2008).
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Version francgaise abrégée

On cherche & résoudre les équations de sensibilité conjointement & la projection sur une dimension des
équations de Saint Venant dans le cas de solutions discontinues. Dans ce cas, en effet, les équations en
sensibilité ne peuvent pas étre obtenues par une simple dérivation des équations hydrodynamiques de
base et un terme source de Dirac apparait au niveau des chocs. On propose ici une méthode numérique
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de calcul aux volumes finis, dont le principe est le suivant : (i) définir le probléme de Riemann entre
deux cellules i et j (issues d’une discrétisation de ’espace) avec des états gauche et droit définis par
ces deux cellules respectivement ; (ii) déterminer les valeurs de la variable d’écoulement et/ou des flux
dans les régions d’états constants en utilisant les invariants de Riemann, (iii) déterminer les vitesses de
propagation des différentes ondes et la localisation de discontinuité par rapport a ces ondes; (iv) calculer
les flux nécessaires pour équilibrer ’équation entre les cellules i et j grace a la valeur de la variable
d’écoulement au niveau de la discontinuité initiale. La solution est alors calculée pour différents pas de
temps en utilisant un schéma de discrétisation explicite.

The Riemann problem of the Saint-Venant and sensitivity equations is first recalled and then the
application of the proposed solver is detailed.

1. The Riemann problem

The one-dimensional projection of the Saint-Venant equations is a 3 x 3 Hyperbolic System of Conser-
vation Laws (HSCL), which can be written in vector form as :

U  OF(U,¢)

ot * ox B 0 " !
U(z,0) = Ugla,¢) ¢ WithU= | ¢ |, F=| ¢*/h+ gh?/2 (1)
U(ay, t) = Uy(t, o) r qr/h

with U : the conserved variable; F : the flux function; ¢ : a parameter on which the flux depends; g :
the gravitational acceleration; h : the water depth; ¢ (resp. r) : the unit discharge in the z (resp. y)
direction ; uw = g/h (resp. v = r/h) : the flow velocity in the = (resp. y) direction. The superscripts b and
0 indicate the domain boundary abscissa and the initial condition respectively.

Differentiating the governing equation 1 with respect to the parameter ¢ leads to the equation for the

sensitivity s = (1,60, p) of U to ¢ :
Js 0 0 (OF
Z 4 2 (As) = —— | =— 2
o T ar A =5, <a¢) @
with A = 9F/JU.
However, this derivation is correct only under the assumption of a continuous and differentiable solution

U [7]. In the presence of a discontinuity, the so-called Rankin-Hugoniot conditions (or jump relationships)

must be used :
FrL —Fr = (UL — Ur)cs

where ¢, is the discontinuity speed, and where the index L and R denote the left and right states across
the discontinuity. Moreover, since U and s are independent variables, the sensitivities sy, and sg on the
left and right-hand side of the discontinuity are independent from Uy, and Ugr. Consequently, the jump
relationship for the sensitivity is much more complex than that for the flow variable ([1], [6]) and implies
a specific source term R, in a form of a Dirac function, which takes effect only at the discontinuity :

Hy, —-Hr + R = (SL — SR)CS
with s the conserved variable and H = As the flux function for sensitivity. Then,

R= (SL — SR)CS — Hy + Hr = (AR — CSI)SR — (AL — CSI)SL
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which can be written as :
R=A[A—¢I)s] (3)
The source term R is non zero only when there is a shock. Indeed, when the discontinuity is a contact
one, ¢, is an eigenvalue of the matrix A and (Ar, — ¢;I) =0.
Because this Jacobian matrix A depends on the solution U, the Riemann problem of the sensitivity
cannot be considered independently from the one of the flow variable. We thus consider the following

initial-value problem :
ou OF

E—FQ = 0
o or
(U,s)(z,0) ={

which is a 3 x 3 HSCL with the following eigenvalues :
()\(1)’ )\(2)’ )\(3)) — (u —c,u,u+ C) (5)

A(A —cI)s] (4)
(UL, SL) forz <0
(Ur,sr) forz >0

The general solution of the Riemann problem is made of three waves separating two internal regions of
constant state. In the exact solution of the Riemann problem, the second wave (with celerity A(?) = u) is
a contact discontinuity, while the first and third waves may be of any type, depending on Uy, and Ug.
Although not strictly valid across a shock, the Riemann invariants may be used to approximate the jump
relationships (e.g. [8], [10], [4], [3], [9])- Then, the nature of the waves in the Riemann problem may be
guessed a priori without a posteriori verification and the resulting system of algebraic equations may
be solved to determine directly the solution in the intermediate regions of constant state. The proposed
approximate-state Riemann solver uses the assumption that the eigenvalues (5) are the celerities of three
rarefaction waves. In what follows, we assess the sensitivity of the solution to the initial value of the left
or right state of U.

2. The Approximate-state Riemann solver
2.1. Duscretization

The solution will be advanced in time using the following discretization of (4) :

At 1 1
n+l _ 11 n+1/2 n+1/2
Ui - Ui + AJH (Fifl/g - Fi+1/2 ) (6)
n+1 n At n+1/2 n+1/2 n+1/2 n+1/2
s, =s8; t+ Az, (Hi—l/z -H_,, R, + Ri+1/2,i) (7)
where U7 and s} are the average values of U and s over the cell ¢ at the time n; F:L_Jrll/; and H?jll/;

are the average values of the fluxes F and H at the interface ¢ — 1/2 between the cells ¢« — 1 and i over

the time interval [t”, t”“] ; R?jll/;l and R:l:ll/;l represent the contributions of the source terms possibly
generated by shocks propagating respectively from the interfaces ¢ + /2 and i — 1/2 into the cell i ; At is
the computational time step and Ax; is the width of the cell 7.

For each interface between two cells ¢ and j (issued from a spatial discretization), a Riemann problem
is defined with left and right states taken from these cells. Then, the proposed solver uses the classical

HLL approach to compute the solution in the continuous case and a specific treatment of the shocks.
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2.2. Continuous case

The Riemann invariants for (4) are defined as [5] :

d
d(u—2¢)=0 for—j:u—c
dv=20 for—f:u
d(u+2¢) =0 ford—j:u—i—c

and therefore, noting x, v, w the sensitivities of ¢, u, v with respect to the parameter ¢ :

dlv—2x)=0 for%zu—c
dw =0 forgll—a;:u
d(v+2x) =0 ford—zf:u—i—c

In the regions of constant state (see figure 1), using the approximate expressions (8) and (9) yields :

1 1
Ce1 =Cro=—(cL +cRr)+ Z(UL — UR)
U1 = Up = §(UL +ug)+cr —cr
Vx,1 = UL
Vx,2 = UR

1 1
Xl = Xx2 = ?(XL + Xr) + Z(VL — VR)
Vi1 ZV*2=§(VL+VR)+XL_XR
Wx,1 = WL
Wx2 = WR

(11)

where the subscript *,1 and *,2 denote the values of the variables in the intermediate regions of constant
state on the left and right-hand sides of the contact discontinuity, respectively. The flux H in the regions

of constant state is then determined uniquely from (11) :

0.
H.p= (02 uip) Nxp + 2 pbie p p=12

D

—Us pVi,pNs,p + Vi pbs,p + Us pPsp

Using the fact that h = ¢®/g, ¢ = hu and r = hv, yields the sensitivity s. , :

U 2cx/9g
0 = | nu+ hv
P nv + hw
*,p *,p



Fia. 1. Scheme of the different regions for the Saint-Venant equations solution

2.3. Shock treatment

A shock appears on the first or third wave (and consequently a source term R) when either uy — ¢, >
uR — cgr or ur, + c¢r > ugr + cg. The shock speed is estimated using one of the following relationships
(with the superscript L and 1 or R and 2 if the shock is on the first or third wave respectively) :

_ HL.Ry — @ {12}
hir,ry — hs 1,2}

S

(4*/h+9h*/2) 1 gy = (@D +9D%)2), 115
q{L,R} — 9x,{1,2}

Cs =

or (u{LJ%} + u*7{172}) /2 if the previous two denominators are null.
If the shock speed in negative, the corresponding wave travels from the interface i — 1/2 into the cell
i— 1 and does not yield any source term in the cell ¢. In contrast, if the speed is positive, the wave travels

"2 by a quantity given by equation (3).

into the cell ¢ and contributes to the source term R, ", Jsi

2.4. Fluzes at the interface

At the end of the process, the fluxes can be computed at the interface using :

Fn+1/2 —F (Un+1/2>

i—1/2 T i—1/2
An+1/2 —A Un+1/2
i—1/2 T ( 1;1/2)

Hn+1/2_An+1/2 n+1/2

i—1/2 T TThi—1/2 D4—1/2

The whole process is then repeated in time using 6 and 7.

2.5. Ezample

The figure 2 shows the calculation of the water height and the sensitivity to the initial left water height
value hp, in the case of the dam-break problem.
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Fic. 2. Water height h and sensitivity n to the initial left water height value A,

Conclusion

The proposed approximate state Riemann solver has been applied here to solve the shallow water and
sensitivity equations when shocks are present in the solution. It will be generalized to other HSCL and
other case study in forthcoming publications.
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