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Abstract 

The localization of deformation into planar bands is often considered as the ultimate stage of 

strain prior to ductile fracture. In this study, ductility limits of metallic materials are predicted 

using the Gurson–Tvergaard–Needleman (GTN) damage model combined with the 

bifurcation approach. Both the GTN constitutive equations and the Rice bifurcation criterion 

are implemented into the finite element (FE) code ABAQUS/Standard within the framework 

of large plastic strains and a fully three-dimensional formulation. The current contribution 

focuses on the effect of strain hardening on ductility limit predictions. It is shown that the 

choice of void nucleation mechanism has an important influence on the sensitivity of the 

predicted ductility limits to strain hardening. When strain-controlled nucleation is considered, 

varying the hardening parameters of the fully dense matrix material has no effect on the 

porosity evolution and, consequently, very small impact on the predicted ductility limits. For 

stress-controlled nucleation, the porosity evolution is directly affected by the strain hardening 

characteristics, which induce a significant effect on the predicted ductility limits. This paper 

also discusses the use of a micromechanics-based calibration for the GTN q -parameters in 

the case of strain-controlled nucleation, which is also shown to allow accounting for the 

hardening effects on plastic strain localization. 
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1 Introduction 

In sheet metal forming processes, strain localization occurrence is one of the main defects 

that limit the formability of stretched sheet metals. A practical approach to characterize the 

formability of sheet metals is the use of the so-called forming limit diagram (FLD), which 

consists of a plot of the in-plane critical strains at the onset of localized necking (see, e.g., 

Keeler and Backofen, 1963; Goodwin,1968). Many literature works have been devoted to the 

development of theoretical strain localization criteria for the FLD prediction. Two types of 

necking are usually encountered in stretched metal sheets: diffuse necking and localized 

necking. In his pioneering work, Considère (1885) proposed a diffuse necking criterion based 

on the maximum force principle in the particular case of uniaxial tension, while Swift (1952) 

extended Considère’s criterion to the case of in-plane biaxial loading. Alternatively to these 

two earlier diffuse necking criteria, Hill (1952) developed a different approach for localized 

necking prediction based on bifurcation theory. This latter criterion indicates that the 

localized band emerges along a direction of zero extension. However, no bifurcation is 

predicted with this criterion in the expansion domain of the FLD. To overcome this limitation, 

Hill’s localized necking criterion may be combined with Swift’s diffuse necking criterion to 

determine a complete FLD of a sheet metal. Another approach for localized necking 

prediction, which is referred to as the M–K criterion, assumes the existence of an initial 

geometric imperfection (Marciniak and Kuczynski, 1967) or an initial material imperfection 

(see, e.g., Yamamoto, 1978) in the sheet metal. This M–K approach is one of the most 

commonly used criteria for the determination of FLDs, due to its simple use and its 

applicability to a wide range of constitutive models. Note also that Hora et al. (1996) 

proposed a modification to Considère’s maximum force criterion to take the strain-path 

dependency into account in the prediction of localized necking. Other theoretical criteria 

based on bifurcation theory have been developed in the literature during the last few decades 
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(see, e.g., Abed-Meraim et al. (2014) for a detailed discussion and comparison). In this 

regard, Hill (1958) developed a general bifurcation (GB) criterion based on the loss of 

uniqueness for the solution of the associated boundary value problem. This GB criterion, 

written in a local framework, allows predicting the onset of diffuse necking in sheet metals. A 

condition less conservative than the BG criterion has been proposed by Valanis (1989), and 

corresponds to the stationarity of the stress state. Analogous approaches based on bifurcation 

theory have been established in Rudnicki and Rice (1975), Stören and Rice (1975) and Rice 

(1976) to predict localized necking or shear band instabilities in solid materials. In these 

criteria, the occurrence of localization bifurcation is related to the loss of ellipticity of the 

associated boundary value problem. 

The above criteria are generally coupled with constitutive models for the prediction of 

critical strains. In Rudnicki and Rice (1975) and Rice (1976), it has been shown that, in the 

framework of phenomenological constitutive models with associated plasticity and smooth 

yield surface, localization bifurcation cannot be predicted in the positive hardening regime. In 

such a situation, damage-induced softening is required in the constitutive model. In the 

literature, damage models may be classified into two main theories. The first is the continuum 

damage mechanics approach (see, e.g., Lemaitre, 1985; Kachanov, 1986; Lemaitre, 1992), 

where damage is described by a phenomenological variable, which may be isotropic scalar or 

anisotropic tensor-valued, representing a surface density of defects. The second theory is 

based on micromechanical analysis of void growth, which describes the complex ductile 

damage mechanisms in porous materials. In this regard, Gurson (1977) proposed a void 

growth model that takes into consideration the effect of hydrostatic stress on porous materials. 

Later, several modifications of the Gurson model have been made to account for void 

nucleation, coalescence, hardening of the dense matrix, and plastic anisotropy (see, e.g., Chu 

and Needleman, 1980; Tvergaard, 1981, 1982a, 1982b, Tvergaard and Needleman, 1984; 

Benzerga and Besson, 2001). In the so-called Gurson–Tvergaard–Needleman (GTN) model, 
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the void volume fraction acts as a damage internal variable responsible for the progressive 

loss of load carrying capacity. In the present work, the GTN model with isotropic hardening, 

for the fully dense matrix material, and a von Mises yield criterion is considered to describe 

ductile damage in porous materials. 

More specifically, in the current contribution, an approach that combines the GTN model 

with the Rice bifurcation criterion is proposed to predict ductility limits of porous materials. 

To this end, the resulting coupling is implemented into the finite element (FE) code 

ABAQUS/Standard in the framework of large plastic strains and a fully three-dimensional 

formulation. In a recent work, a similar approach has been followed (see Mansouri et al., 

2014) to investigate the effects of hardening and damage parameters on the prediction of 

ductility limits of porous materials. In this latter study, it has been shown that the damage 

parameters have a significant effect on the ductility limits for all of the strain paths 

considered, while the effect of strain hardening was only perceptible for the plane strain 

tension loading path. These results, which have been found in the case of strain-controlled 

nucleation, are explained by the fact that, in such nucleation modeling, the porosity evolution 

is totally governed by the damage parameters. To reproduce the effect of strain hardening of 

the dense matrix on the ductility limits, as classically observed in the literature (see, e.g., 

Yamamoto, 1978; Hora et al., 1996; Zhao et al., 1996), a micromechanics-based calibration 

for the GTN q -parameters is adopted in the current study, as suggested by Faleskog et al. 

(1998), in order to account for the strain hardening effect on the porosity evolution. 

Alternatively, for the same purpose, stress-controlled nucleation is also considered in this 

study within the GTN model (see, e.g., Needleman and Rice, 1978; Chu and Needleman, 

1980; Saje et al., 1982), which allows the strain hardening effect on the porosity evolution to 

be accounted for. In this latter case, the normality of the plastic flow rule does not hold, which 

induces a destabilizing effect that promotes strain localization. 
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2 Porous elastic–plastic constitutive equations 

The so-called GTN damage model, which is an extension of the original Gurson model 

(1977), is briefly described in this section. Only the main constitutive equations are recalled; 

the full details can be found in Tvergaard (1982c) and Tvergaard and Needleman (1984). 

2.1 Large strain kinematics 

Within the large strain framework, the material behavior is commonly described by rate 

constitutive equations and, to achieve material objectivity, objective rates must be used. To 

this end, the constitutive models are often written in a convenient frame in order to simplify 

their formulation and further their FE implementation. The large deformation theory used 

here, which is also consistent with that adopted in the FE code ABAQUS, is recalled hereafter. 

The kinematics of large elastic–plastic deformation are based on the multiplicative 

decomposition of the deformation gradient F  into a plastic part pF  and an elastic part eF  

 ( ),             e p e e= ⋅ ≅ + ⋅F F F F 1 ε R . (1) 

In Eq. (1), the elastic strains are considered to be small with respect to unity, which is a 

reasonable assumption for sheet metals; nevertheless, large rotations are rigorously 

considered. Here, 1  is the second-order identity tensor, e
ε  is the symmetric tensor of small 

elastic strains ( 1e <<ε ), and R  is the rotation tensor. The velocity gradient L , the strain rate 

tensor D  and the material spin W  are given by 

 ( )
1

1   T e p p T
−

−= ⋅ = ⋅ + + ⋅ ⋅ ⋅L F F R R D R F F R� � � , (2) 

 1 1
2 2

( ) ,             ( )T e p T= + = + = −D L L D D W L L , (3) 

where eD  and pD  are the objective time derivative of the elastic strain tensor and the plastic 

strain rate, respectively, given by the following expressions: 

 ( )
1

,                 
sym

e e e T T e e p p p T
− = + ⋅ ⋅ − ⋅ ⋅ = = ⋅ ⋅ ⋅

  
D ε ε R R R R ε ε D R F F R

�

� � �� , (4) 

where [ ]
sym

 designates the symmetric part. 
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Formulating the constitutive equations within the large strain framework requires the use 

of such objective rates. A very convenient approach consists in reformulating these equations 

in terms of rotation-compensated variables. More precisely, if A  and B  denote second and 

fourth-order tensors, respectively, the associated rotation-compensated tensors are defined as 

 ˆ ˆ,       
ij ki lj kl ijkl pi qj rk sl pqrs

A A B B= ℜ ℜ = ℜ ℜ ℜ ℜ , (5) 

where ℜℜℜℜ  is an orthogonal rotation matrix that is generated by a skew-symmetric spin tensor 

Ω  using the rate equation T⋅ =Ω�ℜ ℜℜ ℜℜ ℜℜ ℜ . 

The main advantage of this approach is that objective derivatives defined like in Eq. (4) by 

= + ⋅ − ⋅
�

�A A A AΩ ΩΩ ΩΩ ΩΩ Ω , are simply related to the material time derivatives of their rotation-

compensated counterparts via equations similar to Eq. (5), i.e. 

 ˆ ˆ,       kl pqrsij ki lj ijkl pi qj rk slA A B B= ℜ ℜ = ℜ ℜ ℜ ℜ
� �� �

. (6) 

For example, the Jaumann derivative is obtained by setting WΩ = , while using = Rℜℜℜℜ  

leads to the Green–Naghdi derivative. Jaumann rates are considered throughout the present 

work. In what follows, all variables are written in the associated co-rotational frame, that is to 

say, with the rotation-compensated variables. Consequently, simple time derivatives are 

involved in the constitutive equations developed in section 2.2, making them identical in form 

to a small-strain formulation. For simplicity, the superposed hat (^) will be omitted hereafter. 

2.2 GTN yield function and evolution equations of internal variables 
 

The isotropic GTN yield condition based on spherical voids has the following form: 

 ( )
2

* *2

1 2 3

M M

3
F 2 cosh 1 0

2

eq mq f q q f
   

= + − + ≤   
   

σ σ

σ σ
, (7) 

where 3 : 2eq = S Sσ  is the macroscopic von Mises equivalent stress, 
1

:
3

m
= 1σ σσσσ  is the 

hydrostatic stress, and m=S 1σσ −σ −σ −σ −  denotes the deviatoric part of the macroscopic Cauchy 

stress tensor σσσσ . The tensile flow stress ( )pl

M M
σ ε  of the fully dense material is a function of 
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the equivalent plastic strain pl

Mε  of the matrix surrounding the voids. In Eq. (7), 
1q , 

2q  and 
3q  

are material parameters, while ( )*f f  is the modified void volume fraction, which accounts 

for the void coalescence mechanism as follows: 

 
( )

*
                             for    ,

( )
  for    ,

cr

cr GTN cr cr R

f f f
f f

f f f f f f

≤
= 

+ − < ≤ δ
   with   

*

,u cr
GTN

R cr

f f

f f

−
=

−
δ  (8) 

where f  represents the actual void volume fraction. The critical void volume fraction crf  

marks the onset of the void coalescence stage. The final fracture of the material, 

corresponding to the complete loss of material stress carrying capacity, is reached for a void 

volume fraction Rf , which corresponds to a modified void volume fraction *

uf . 

The matrix material is assumed to obey isotropic hardening defined as follows: 

 pl

M Mhσ ε= �� , (9) 

where ( )pl

M
h ε  is the plastic hardening modulus of the fully dense matrix material. 

The plastic flow is described by the classical relationship, involving the derivative of the 

yield function with respect to the stress (i.e., normal to the yield surface in the stress space) 

 p F∂
=

∂
D �λ

σσσσ
, (10) 

where �λ  is the plastic multiplier to be determined by the consistency condition F 0=� . 

The incremental change in void volume fraction originates from two contributions: the 

growth of existing voids and nucleation of new ones (Chu and Needleman, 1980), which writes 

 growth nucleationf f f= +� � � , (11) 

where 

                     ( )growth 1 :pf f= − D 1�           ;         
nucleation M

N
N N m

A
f B B

h

 
= + + 
 

� � �σ σ . (12) 

Taking 0NA >  and 0NB = , the void nucleation is strain-controlled, while it is stress-

controlled for 0NA =  and 0NB > , with NA  and NB  defined by normal distribution laws 
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2
pl

M1
exp

22

N N
N

NN

f
A

ss

  −
 = −  
   

ε ε

π
,         

2

M

00

1
exp

22

N m N
N

NN

f
B

ss

  + −
 = −     

σ σ σ

σσ π
, (13) 

where Nf  is the volume fraction of the inclusions that are likely to nucleate, Nε  and Nσ  are, 

respectively, the mean strain and the mean stress for nucleation, 
Ns  is the standard deviation 

on Nε  and 0σ  is the initial yield stress of the dense matrix. 

In the co-rotational frame defined in section 2.1, which corresponds to adopting a 

Jaumann-type objective rate, the stress–strain relationship is given by the hypoelastic law 

 
F

: :
e ep∂ 

= − = 
∂ 

C D C D�� λσσσσ
σσσσ

, (14) 

where eC  is the elasticity tensor, while epC  is the elastic–plastic tangent modulus obtained as 

 ep e

Hλ

⊗
= −

P Q
C C , (15) 

where 

 
F

:e ∂
=

∂
P C

σσσσ
    ;    :

e=Q M C      with     
*

*

F F

3

NB f

f f

∂ ∂ ∂
= +

∂ ∂ ∂
M 1

σσσσ
, (16) 

and 

   
( )

( )
* *

* *

M M

F
:

F F F F F
: : 1 :

1

e N
N

Ah f f
H B f

f h f f f f
λ

σ σ

∂
 ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂= − + + − −  

∂ − ∂ ∂ ∂ ∂ ∂ ∂  
M C 1

σσσσ
σσσσ

σ σσ σσ σσ σ
. (17) 

For strain-controlled nucleation (i.e., 0NA >  and 0NB = ), =P Q  and the normality of the 

plastic flow rule holds. In such a case, the elastic–plastic tangent modulus given by Eq. (15) 

becomes symmetric. For stress-controlled nucleation (i.e., 0NA =  and 0NB > ), the normality 

of the plastic flow rule does not hold and the tangent modulus in Eq. (15) is non-symmetric. 

This apparent non-normality property comes from the dependence of the void nucleation rate 

on the hydrostatic stress (see Eq. (12)) via the non-zero parameter NB . Such non-normality in 

the plastic flow rule, which leads to a non-symmetric elastic–plastic tangent modulus, has 

important consequences and will play an important role in strain localization analysis. 
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2.3 Implementation of the constitutive equations and its validation 

2.3.1 Time integration scheme 

In this section, the explicit scheme used for the time integration of the GTN constitutive 

equations is briefly described. The resulting algorithm is implemented into the commercial 

finite element code ABAQUS/Standard via a user-defined material subroutine (UMAT), 

using a co-rotational frame, which corresponds to adopting a Jaumann-type objective rate. For 

each integration point of the finite elements, ABAQUS provides to the UMAT the stress state 

and other internal variables at the beginning of loading increment. Then, the UMAT has to 

return to ABAQUS the updated stress state and internal variables at the end of the loading 

increment. For the static implicit solver ABAQUS/Standard, the computation of the consistent 

tangent modulus is also required in order to solve the global finite element equilibrium 

equations at the end of loading increment. 

Considering the GTN model presented in the previous section, it is easily shown that the 

evolution of the various internal variables can be written in the form of the following global 

differential equation: 

 ( )= xx h x� , (18) 

where vector x  contains all of the GTN model variables to be updated at the end of increment 

(see Eqs. (10)–(12) and (14)). This compact rate form can encompass various evolution laws 

for the material behavior (hardening descriptions, porosity evolutions, advanced yield 

surfaces), and its time integration can be easily achieved using an explicit scheme. 

In this work, a simple explicit time integration scheme is adopted to update the stresses and 

state variables of the GTN model. In such a scheme, the stresses and the state variables at the 

end of loading increment are calculated as functions of all variables at the beginning of 

loading increment. This straightforward integration algorithm is a reasonable compromise in 

terms of computational efficiency, accuracy and convergence. Indeed, explicit time 
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integration does not involve matrix inversion or iterative procedures for convergence, unlike 

implicit time integration. However, for explicit schemes, the time increment must be kept 

small enough to ensure accuracy and stability (see, e.g., Li and Nemat-Nasser, 1993; Kojic, 

2002; Oliver et al., 2005). 

More specifically, the forward fourth-order Runge–Kutta method is employed here for the 

integration of the rate equations using the compact form of Eq. (18) expressed in the material 

co-rotational frame. The full details for all steps as well as sub-increment calculations can be 

found in Mansouri et al. (2014) and will not be repeated here for conciseness. 

2.3.2 Validation of the numerical implementation 

 The first validation test is taken from Aravas (1987), who provided an exact solution for 

the hydrostatic tension of a porous medium described by the original Gurson model, in which 

nucleation is strain-controlled, while coalescence is not considered. The material parameters 

for the simulation are as follows: 0 / 1/ 300E =σ , where 0σ  is the initial tensile yield stress, 

0.3ν = , 
0 0.04f =  for the initial porosity, 0.1Ns = , 0.3N =ε , 0.04Nf = , 

1 1.5q = , 
2 1q = , 

and 
3 2.25q = . The isotropic hardening of the fully dense matrix material is governed by the 

following law: 

 plM M
M

0 0 0

3
n

G 
= + 
 

σ σ
ε

σ σ σ
, (19) 

where 0.1n =  and 2(1 )G E= +ν  is the elastic shear modulus. The predictions of the GTN 

model implemented in the UMAT subroutine are compared in Fig. 1 to both the reference 

results of Aravas (1987) and the results given by the built-in GTN model available in 

ABAQUS/Standard. It can be observed from Fig. 1 that the three simulation results coincide, 

provided that the loading increments are taken sufficiently small. 
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Fig. 1.   Confrontation of the predictions from the UMAT subroutine, the built-in GTN model 

available in ABAQUS/Standard, and the exact solution of Aravas (1987) for a purely 

hydrostatic loading: normalized hydrostatic stress (a) and porosity (b) as functions of 

volumetric strain. 

 
The second simulation allows us to estimate the size of strain increments required to obtain 

a sufficiently accurate solution. Hence, the accuracy of the time integration scheme used to 

implement the GTN model is investigated here. The results obtained by the implemented 

GTN model with different strain increment sizes are compared to those yielded by the built-in 

GTN model available in ABAQUS/Explicit. In the same way as in the previous test, 

nucleation is taken strain-controlled; however, the current simulation accounts for the 

coalescence stage. The hardening and damage parameters used for this simulation, which 

correspond to a typical aluminum alloy, are summarized in Tables 1 and 2, respectively. For 

this material, the Ludwig isotropic hardening model is considered, which is defined by 

 ( )pl

M 0 M

n

k= +σ σ ε . (20) 

(a) (b) 
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Table 1  

Elastic properties and Ludwig hardening parameters. 

Material E  (MPa) ν  0σ  (MPa) k  (MPa) n  

Aluminum 70,000  0.33 140 200 0.1 

 

 

Table 2  

Damage parameters of the GTN model. 

Material 0f  Ns
 Nε

 Nf  crf
 GTNδ

 1q
 2q

 3q
 

Aluminum 0.001 0.1 0.30 0.04 0.01 20 1.5 1.0 2.25 

 

In Fig. 2, the numerical results for a uniaxial tensile test obtained with the implemented 

GTN model are compared to the reference results given by the built-in ABAQUS GTN 

model, the latter being obtained by an implicit time integration scheme. It is shown that the 

size of strain increments should be taken smaller than 510−  in order to ensure sufficient 

accuracy for both the stress−strain response (Fig. 2(a)), and the porosity evolution (Fig. 2(b)). 

These results also demonstrate the ability of the implemented model to reproduce the sudden 

drop in the stress−strain response after the onset of the coalescence stage.  
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Fig. 2.    Numerical simulations for a uniaxial tensile test obtained from the built-in ABAQUS 

model and the implemented UMAT subroutine: (a) stress−strain curves and (b) evolution of 

void volume fraction. 

 

3 Strain localization modeling 

To predict the ductility limits of materials, the strain localization criterion proposed by 

Rice and co-workers (see Rudnicki and Rice, 1975; Rice, 1976) is adopted in this study. This 

material instability criterion is based on bifurcation theory, where the critical condition is 

viewed as the loss of uniqueness for the solution of the rate equilibrium equations, with a 

bifurcation mode in the form of an infinite localization band (see Fig. 3).This bifurcation 

approach assumes that the incipience of the localization band, which is defined by its unit 

normal n  (see Fig. 3), is sought within a homogeneous strain field of the solid, where all 

geometric instabilities are excluded. 

(a) (b) 
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Fig. 3. Schematic illustration of the occurrence of a localization band in an infinite block of 

material. 

 

In the framework of large strains, the nominal stress rate N�  is related to the velocity 

gradient G  by the following relationship: 

 :=N G� L , (21) 

where L  is a fourth-order tangent modulus, which needs to be determined in terms of the 

analytical elastic−plastic tangent modulus (see Eq. (15)), and some tensors involving Cauchy 

stress components. The localization condition can be derived from the equilibrium and 

compatibility conditions along the localization band, by expressing the normal continuity of 

the nominal stress rate vector through the discontinuity surfaces 

 ⋅ =n N 0� ��
� �� � , (22) 

where + −= −N N N� �� � �
� �� �  represents the jump in the nominal stress rate across the discontinuity 

surfaces of the localization band. Furthermore, Maxwell’s compatibility condition states that 

the jump in the velocity gradient can be expressed in the following form:  

 	 
= ⊗G c n� , (23) 
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where vector 	 
= ⋅c G n�  defines the localization mode (e.g., shear mode when ⊥c n� ), which 

must be non-zero for effective bifurcation. Combining Eqs. (21)–(23), the following linear 

system can be derived:  

 ( )⋅ ⋅ ⋅ =n n c 0�L . (24) 

Finally, the critical condition, which corresponds to the loss of ellipticity of the associated 

boundary value problem, is given by the following criterion (Rice, 1976): 

 ( )det det 0= ⋅ ⋅ =H n nL , (25) 

where ⋅ ⋅H = n nL  is the so-called acoustic tensor. The expression of the tangent modulus L  

involved in Eqs. (21) and (25) is given by 

 1 2 3

ep= + − −C T T TL , (26) 

where 1T , 2T  and 3T  are fourth-order tensors that originate from the large strain framework. 

Their expressions only depend on Cauchy stress components, as can be seen through the 

following expressions (see, e.g., Mansouri et al., 2014; Haddag et al., 2009): 

 ( )

( )

1

2

3

1

2

1

2

ijkl ij kl

ijkl ik jl il jk

ijkl ik jl il jk

T

T

T

δ

δ δ

δ δ


= σ




= σ + σ



= σ − σ

. (27) 

It is worth noting that in the case of the small strain framework, only the analytical tangent 

modulus epC  is involved in the expression of the tangent modulus L . 
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4 Ductility limit predictions 

In this study, the present GTN model is combined with the above-described Rice 

bifurcation criterion to predict the ductility limits of steel and aluminum materials. The 

isotropic hardening law considered in the GTN model for the fully dense matrix material is of 

power type. The effect of strain hardening on the prediction of strain localization is 

investigated in this section, by varying the hardening exponent of the power-type law. First, 

the classical GTN model with strain-controlled nucleation is combined with the Rice 

criterion. For this GTN model, it has been shown by several authors (see, e.g., Leblond et al., 

1995; Faleskog et al., 1998; Gao et al., 1998) that the porosity evolution does not depend on 

strain hardening. Second, following the work of Faleskog and co-workers (see Faleskog et al., 

1998), the GTN model is used in conjunction with micromechanics calibration of porosity 

growth, via the q  parameters, in order to take the strain hardening effect into account. 

Finally, stress-controlled nucleation is considered in the GTN model, leading to non-

normality in the plastic flow rule, which in turn provides a destabilizing effect that promotes 

earlier strain localization. 

4.1 Case of strain-controlled nucleation  

Strain-controlled nucleation is considered in this section, by taking the Gaussian 

amplitudes 0NA >  and 0NB =  in the GTN model (see Eq. (13)). Therefore, normality of the 

plastic flow rule holds, and the analytical elastic–plastic tangent modulus epC  (see Eq. (15)) is 

symmetric. However, the tangent modulus L  involved in the acoustic tensor H  (see Eqs. 

(25) and (26)) is not symmetric due to the convective stress components (see Eqs. (26) and 

(27)). The resulting constitutive model is coupled with the bifurcation criterion to analyze the 

effect of strain hardening on the ductility limits of aluminum alloy and steel materials. The 

isotropic hardening model used in this study follows the Ludwig power law (see Eq. (20)). 
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For these materials, the hardening parameters are summarized in Table 3, while the damage 

parameters are taken from Brunet et al. (1998), as reported in Table 4. 

Table 3  

Elastic properties and Ludwig hardening parameters. 

Material E  (MPa) ν  0σ  (MPa) k  (MPa) n  

Aluminum 70,000  0.33 140 370 0.1-0.2-0.3 

Steel 198,000  0.3 150 550 0.1-0.2-0.3 

 

 

Table 4  

Damage parameters for the GTN model with strain-controlled nucleation. 

Material 
0f  

Ns  
Nε  

Nf  
crf  

GTNδ  
1q  

2q  
3q  

Aluminum 0.001 0.1 0.27 0.035 0.00213 10 1.5 1.0 2.15 

Steel 0.001 0.1 0.50 0.040 0.040 5 1.5 1.0 2.15 

 

Figures 4(a) and 4(b) illustrate the effect of the hardening exponent n  on the predicted 

ellipticity loss diagrams (ELDs) for the steel and aluminum alloy, respectively. For both 

materials, it can be seen that varying the hardening exponent n  has a small effect on strain 

localization predictions except for loading paths near the plane strain tension, where a slightly 

more noticeable effect is observed. These trends have already been found in Mansouri et al. 

(2014) for similar materials using the same GTN model, with strain-controlled nucleation, 

coupled with the Rice bifurcation criterion. In that earlier contribution, the Swift hardening 

law was used and a sensitivity analysis was carried out for the whole set of hardening 

parameters (i.e., yield stress 0σ , k  parameter, and hardening exponent n ). Various reasons 

were discussed in Mansouri et al. (2014) to explain this apparent insensitivity of strain 

localization to hardening parameters. It has been shown through parametric studies that 
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damage is the dominant mechanism in the approach combining the GTN model, with strain-

controlled nucleation, and the Rice bifurcation criterion. In particular, damage has been 

shown to have a significant influence on strain localization, which occurs at strongly negative 

hardening modulus for most of the loading paths. An example of this is illustrated in Fig. 5, 

where the evolution of the Cauchy stress and void volume fraction, up to localization, is given 

for the aluminum alloy under balanced biaxial tension (BBT) loading path. The stress–strain 

curves in Fig. 5(a) reveal that strain localization requires a strongly negative hardening 

modulus for this loading path. Moreover, Fig. 5(b) shows that the porosity evolution, based on 

strain-controlled nucleation, does not depend on the strain hardening of the fully dense 

matrix. This limitation is attributed to the original Gurson model, which was developed on the 

assumption of an ideal-plastic matrix material surrounding the voids, as has already been 

pointed out in Leblond et al. (1995). 
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Fig. 4. Effect of the hardening exponent n  of the Ludwig hardening law on the prediction of 

the ELDs for aluminum alloy and steel materials. 
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Fig. 5. Stress–strain response and void volume fraction evolution, up to localization, for the 

aluminum alloy under BBT strain path. 

Note that for the plane strain tension (PST) loading path, the effect of the hardening 

exponent n  on the ductility limits is more pronounced than for the other loading paths (see 

Fig. 4). Indeed, according to earlier investigations (see, e.g., Yamamoto, 1978), localization is 

expected to occur at a critical hardening modulus close to zero under plane strain tension. 

This observation is confirmed by the results reported in Fig. 6(a), where the localization 

points are predicted around the peak of the Cauchy stress–strain curves for the aluminum 

alloy under PST strain path. Moreover, Fig. 6(b) shows that the porosity levels are much 

lower for the PST loading path. This suggests that, unlike the other strain paths, damage is not 

the only dominant destabilizing mechanism along the PST strain path, for which strain 

hardening still has some non-negligible contribution. Similar results are obtained for steel 

materials and are not reported here for conciseness. In order to emphasize more this hardening 

effect, Fig. 7 shows the evolution of the critical localization strain as a function of initial 

porosity for different values of the hardening exponent n . This figure clearly highlights the 

dependence of critical strain on the strain hardening exponent n  for the PST loading path. 

The results of this study, given by the GTN model, are consistent with those reported in 

(a) (b) 
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Yamamoto (1978), where the original Gurson model restricted to the only void growth 

mechanism has been used. 
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Fig. 6. Stress–strain response and void volume fraction evolution, up to localization, for the 

aluminum alloy under PST strain path. 
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Fig. 7. Effect of the hardening exponent n  on the critical localization strain (along the PST 

loading path) for different initial porosities: (a) steel and (b) aluminum alloy. 
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4.2 Case of q -parameter calibration  

The results obtained in the previous section have shown that the hardening parameters of 

the fully dense matrix material have little effect on the ductility limit predictions in the case of 

the approach that considers the GTN model, with strain-controlled nucleation, coupled with 

the Rice bifurcation criterion. More specifically, the porosity evolution was found to be 

independent of strain hardening, leading to strain localization essentially controlled by the 

damage parameters. This limitation of the original Gurson model has been pointed out by 

Leblond et al. (1995), who proposed an improvement to the Gurson model in order to account 

for strain hardening effects on porosity evolution. On the other hand, following the earlier 

work of Tracey (1971), Faleskog et al. (1998) proposed a micromechanics-based calibration 

for the q -parameters (see Eq. (7)), in order to take into consideration the effects of strain 

hardening and material strength on void growth. Table 5 summarizes the calibrated q -

parameters for different hardening exponents and yield strength ( 0 Eσ ), as taken from 

Faleskog et al. (1998). 

Table 5 

Calibrated 1q  and 2q  parameters for the GTN model (from Faleskog et al. (1998)). 

Hardening 

exponent 

n  

0 0.001Eσ =  0 0.002Eσ =  

1q  2q  1q
 2q  

0.025 1.880 0.956 1.840 0.977 

0.05 1.630 0.950 1.570 0.974 

0.10 1.580 0.902 1.460 0.931 

 

The GTN model with strain-controlled nucleation is considered again in this section. The 

damage parameters used in the simulations are listed in Table 6. In Faleskog et al. (1998), the 
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calibration of the q -parameters has been achieved based on the following hardening power 

law: 

 M M
M

0 0 0

n

plEσ σ
ε

σ σ σ

 
= + 
 

. (28) 

Table 6 

Damage parameters for the GTN model with strain-controlled nucleation. 

Material 
0f  Ns  Nε  Nf  crf  GTNδ  

Steel 0.001 0.1 0.50 0.040 0.040 5 
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Fig. 8. Effect of the hardening exponent n  on the prediction of the ELDs for the steel 

material with: (a) 0 0.001Eσ =  and (b) 0 0.002Eσ = . 

Figure 8 shows the influence of the hardening exponent n  of the power law (see Eq. (28)) 

on the predicted ELDs for the studied steel material. In contrast to the previous analysis with 

constant q -parameters (see section 4.1), the use of micromechanics-based calibrated q -

parameters, as suggested by Faleskog et al. (1998), allows the effect of strain hardening on 

(a) (b) 
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strain localization predictions to be reproduced. As shown in Fig. 8, increasing the hardening 

exponent n  leads to an increase in the ductility limits. This effect is more perceptible in the 

left and right-hand sides of the ELDs, namely for strain paths located in the neighborhood of 

the UT and BBT domains. This trend is consistent with the literature results, where it has been 

shown that strain hardening has a non-negligible effect on material ductility (see, e.g., Stören, 

and Rice, 1975; Doghri and Billardon, 1995; Hora et al., 1996; Zhao et al., 1996). 

Furthermore, the effect of strain hardening on the stress–strain response and on the evolution 

of void volume fraction for three representative loading paths, namely the UT, PST and BBT 

strain paths, is illustrated in Figs. (9)–(11) with 
0 0.001Eσ = . These figures reveal clearly 

that, when the GTN q -parameters are adjusted according to the calibration scheme proposed 

by Faleskog et al. (1998), the hardening characteristics show a significant influence on the 

porosity evolution and therefore on strain localization predictions, in contrast to the case of 

constant q -parameters. Similar results have been obtained with 0 0.002Eσ =  and are not 

reported here for conciseness. As a consequence, the present results suggest that when the 

GTN model, with strain-controlled nucleation, is combined with bifurcation analysis to 

predict material ductility, the q -parameters should be physically calibrated (e.g., according to 

the works of Faleskog et al. (1998)), in order to account for the effect of strain hardening on 

void growth, and hence on material ductility. 
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Fig. 9.   Effect of the hardening exponent n  on the evolution of the Cauchy stress and void 

volume fraction, along the UT loading path up to localization, for the steel material with 

0 0.001Eσ = . 
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Fig. 10.  Effect of the hardening exponent n  on the evolution of the Cauchy stress and void 

volume fraction, along the PST loading path up to localization, for the steel material with 

0 0.001Eσ = . 
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Fig. 11. Effect of the hardening exponent n  on the evolution of the Cauchy stress and void 

volume fraction, along the BBT loading path up to localization, for the steel material with 

0 0.001Eσ = . 

4.3 Case of stress-controlled nucleation 

In this section, the effect of strain hardening on strain localization is investigated using the 

GTN model with stress-controlled nucleation. More specifically, the non-normality in the 

plastic flow rule, resulting from this choice of nucleation criterion, is considered here. The 

motivation behind this constitutive framework that involves non-associated plasticity is an 

attempt to incorporate some strain hardening effects on void growth and, consequently, on 

strain localization. 

The GTN parameters 1q  and 2q  used in the simulations do not depend on the matrix 

hardening characteristics and are taken equal to those used in section 4.1 (see Tvergaard, 

1981). Also, the strain hardening of the fully dense matrix material is modeled with the 

Ludwig isotropic hardening law, as described in Eq. (20). A fictitious aluminum alloy is 

considered in this study, mainly for qualitative results and illustrative purposes. The 

(a) (b) 
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corresponding elastic–plastic and damage parameters, for the GTN model with stress-

controlled nucleation, are summarized in Tables 7 and 8, respectively. 

Table 7 

Elastic properties and Ludwig hardening parameters for the studied material. 

Material E  (MPa) ν  0σ  (MPa) k  (MPa) n  

Aluminum 70,000  0.33 150 500 0.1-0.2-0.3 

 

Table 8 

Damage parameters for the GTN model with stress-controlled nucleation. 

Material 
0f  

Ns  
Nσ  (MPa) 

Nf  
crf  

GTNδ  
1q  

2q  
3q  

Aluminum 0.001 0.1 0.27 0.035 0.00213 10 1.5 1.0 2.15 

 

The effect of the strain hardening exponent n  on the predicted ELDs for the studied 

material is illustrated in Fig. 12. It can be observed that the consideration of non-normality, 

due to stress-controlled nucleation (see Eq. (12)), allows the non-negligible sensitivity of 

material ductility to strain hardening to be reproduced. Indeed, for the studied aluminum alloy 

(Fig. 12), the predicted ductility limits are found directly proportional to the hardening 

exponent n  for all strain paths. This result is consistent with the well-known effect of strain 

hardening on material formability, which has been reported in a number of literature works 

that adopted different constitutive equations in conjunction with various plastic instability 

criteria (see, e.g., Stören and Rice, 1975; Needleman and Rice, 1978; Doghri and Billardon, 

1995; Hora et al., 1996; Zhao et al., 1996). 

In order to provide further explanation to the above results, Figs. 13–15 depict the 

evolution of the Cauchy stress and void volume fraction, up to localization, for the studied 

aluminum alloy along the particular strain paths of UT, PST and BBT. For these three strain 

paths, one can clearly observe that the porosity evolution is significantly affected by the strain 

hardening characteristics in the present case of stress-controlled nucleation (see Figs. 13–15), 
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in contrast to the case of strain-controlled nucleation (see Fig. 5(b)). This dependence of void 

growth on material hardening allows, in turn, the effect of strain hardening on strain 

localization to be accounted for. Moreover, this non-normality in the plastic flow rule plays a 

destabilizing role in the localization bifurcation analysis. This destabilizing effect can be 

observed for all of the strain paths, and especially for the PST strain path, where bifurcation is 

predicted for positive hardening moduli (see Fig. 14(a)). These results are in agreement with 

those reported in Needleman and Rice (1978), where the original Gurson model with stress-

controlled nucleation was considered. For the UT and BBT strain paths, the Cauchy stress–

strain curves reported in Figs. 13(a) and 15(a) reveal that the critical hardening moduli are not 

strongly negative, as compared to those obtained in the case of strain-controlled nucleation 

(see section 4.1). This feature helps in reproducing the important effect of strain hardening on 

material ductility. 
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Fig. 12 .  Effect of the hardening exponent n  on the prediction of ELDs for the studied 

aluminum alloy. 
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Fig. 13. Stress–strain responses and void volume fraction evolution, up to localization, along 

the UT strain path for the aluminum alloy. 
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Fig. 14. Stress–strain responses and void volume fraction evolution, up to localization, along 

the PST strain path for the aluminum alloy. 
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Fig. 15. Stress–strain responses and void volume fraction evolution, up to localization, along 

the BBT strain path for the aluminum alloy 

5 Conclusions 

In the present study, the sensitivity of the ductility limits of porous materials to the dense 

matrix strain hardening has been investigated. For this purpose, the so-called GTN ductile 

damage model with isotropic hardening has been implemented into the finite element 

software ABAQUS/standard in the framework of large plastic strains and a fully three-

dimensional formulation. The resulting model has been coupled with the Rice bifurcation 

criterion to predict the ductility limits set by plastic strain localization. For completeness and 

comparison purposes, two different void nucleation mechanisms have been explored in the 

GTN model. First, strain-controlled nucleation has been considered, as initially suggested by 

Gurson (1977), which represents the most commonly adopted modeling for the nucleation of 

new voids in Gurson-type models. Then, stress-controlled nucleation is introduced, which 

relies on the maximum stress in the particle–matrix interface. It is worth noting that when 

nucleation is stress-controlled, the normality of the plastic flow rule does not hold, which 

brings a destabilizing effect that promotes the initiation of localization bifurcation. A third 
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alternative modeling for the analysis of hardening effects on strain localization has also been 

explored, which consists in adopting a micromechanics-based calibration for the GTN q -

parameters (see, e.g., Faleskog et al., 1998). One of the main interests in this physically-based 

calibration is to allow the impact of strain hardening on void growth to be accounted for, 

which allows in turn reproducing the effect of hardening on strain localization predictions 

through the proposed coupling between the GTN model and the Rice bifurcation criterion. 

In the case of strain-controlled nucleation, varying the hardening exponent in the Ludwig 

isotropic hardening law was found to produce negligibly small effects on the ductility limit 

predictions for both aluminum alloys and steel materials. More specifically, for most of the 

strain paths considered, the ductility limits predicted by the present approach were found 

almost insensitive to the material hardening, while a slightly more noticeable effect was 

observed for the particular plane strain loading path. These findings are mainly attributable to 

the porosity evolution in the Gurson model, which is strain hardening-independent in the case 

of strain-controlled nucleation. 

In order to account for the effect of hardening on strain localization, the GTN q -

parameters, associated with strain-controlled nucleation, were taken to follow the 

micromechanics-based calibration suggested by Faleskog et al. (1998). Two materials with 

different yield strengths were considered. For both materials, the corresponding new 

predictions revealed clear sensitivity of the porosity evolution to the hardening characteristics, 

in contrast to the previously studied case of constant q -parameters. In the same way, the 

effect of hardening on the ductility limit predictions, set by plastic flow localization, was 

clearly reproduced for all strain paths. 

Finally, when stress-controlled nucleation is considered in the GTN model, the porosity 

evolution was shown to be significantly affected by the strain hardening characteristics, which 
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in turn is likely to influence the strain localization predictions. Indeed, the predicted ductility 

limits were found to be proportional to the hardening exponent of the fully dense matrix 

material for all of the strain paths considered. This important effect of strain hardening on 

material ductility was reproduced within this constitutive framework thanks to the 

destabilizing role of the non-normality in the plastic flow rule, which precipitates earlier 

initiation of strain localization. 
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Research highlights 

 

 

• The GTN model is combined with bifurcation theory to predict ductility limits of porous 

materials. 

• The sensitivity of ductility limit predictions to the strain hardening characteristics is 

investigated. 

• Strain hardening effects on strain localization depend on the selected void nucleation 

mechanism. 

• Non-normality induced by stress-controlled nucleation allows reproducing strain 

hardening effects. 

• Micromechanics-based q -parameter calibration allows strain hardening effects to be 

accounted for. 

 


