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Introduction and notations

Let Ω = {1, . . . , n} denote the set of non dummy players of a simple constant sum game in characteristic function form. A simple game is a mapping v : P(Ω) → {0, 1} such that v(∅) = 0 and v(Ω) = 1 and a coalition S ∈ P(Ω) is winning if its payoff v(S) = 1 and losing otherwise. A simple game is constant sum if v(S) + v(Ω/S) = 1 for any S. Moreover, S is minimal winning if, for any player i ∈ S, v(S/i) = 0.

A simple weighted majority game is described by the pair (w n ; q) where1 w n = {w 1 , . . . , w n } is the (weakly) ordered vector (w i ≤ w j for i < j) of individual weights and q the winning quota of the game. Thus w(S) = i∈S w i is the weight of S and w(S) ≥ q ⇔ v(S) = 1.

A simple constant sum homogeneous weighted majority game is described by its minimal homogeneous representation, that is the ordered vector h = (w n ; q) ∈ N n+1 with w 1 = 1, q = (1+w(Ω)) 2 and w(S) = q for any minimal winning coalition.

The vector w n of the minimal homogeneous representation induces a decomposition of Ω in equivalence classes K 1 , . . . , K j , . . . , K t . Each class groups all players of the same type, sharing the same individual weight and the corresponding (strongly) ordered type weight vector is w t = {w 1 , . . . , w j , . . . , w t } with w 1 = 1.

Coherently, h = (w t ; q) ∈ N t+1 , but to unequivocally describe a game it is necessary to introduce also the type cardinality vector k t = (k 1 , . . . , k j , . . . , k t ) with k j the number of players of type j in the game. Thus, a constant sum homogeneous weighted majority game is described by (k t ; w t ; q) ∈ N 2t+1 . Finally, we denote by s t = (s 1 , . . . , s j , . . . , s t ) with s j = |S ∧ K j | ≤ k j the "profile" of the coalition S, so that w(S) = t j=1 s j w j is an alternative formalization of the weight of S and w(Ω) = t j=1 k j w j = 2q -1.

Fibonacci games: main results

The Fibonacci sequence is defined by the well known finite difference equation:

f n = f n-1 + f n-2
holding for any n > 2 with initial conditions f 1 = f 2 = 1. Henceforth we exploit the "delayed" Fibonacci sequence g n = f n+1 for any n and denote, for any integer m, by g m ∈ N m the vector (g 1 , g 2 , . . . , g m ).

Definition 2.1. The set of Fibonacci games is the subset of constant sum homogeneous weighted majority games with h = g t+1 , that is (k t ; w; q) = (k t ; g t ; g t+1 ).

Remark 2.1. In any Fibonacci game with t types, t j=1 k j g j = 2g t+1 -1 constant for any k t : the winning quota is the same for all Fibonacci games with the same t.

Theorem 2.1. Both for t = 1 and t = 2 there is a unique Fibonacci game; their k t are respectively k 1 = (3), and k 2 = (3, 1); for any t > 2, a game is a Fibonacci game if and only if its k t = k(t, z) is given, for any value of the counter2 z = 1, . . . , ⌊(t -1)/2⌋ and with j 0 = t + 1 -2z, by:

k(t, z) = (k 1 , k ′ , k j 0 , k ′′ ) (2.1)
with k 1 = 2 + g t-1 -g j 0 , k j 0 = 2 and k ′ = 1 j 0 -2 , k ′′ = 1 2z-1 ,
or, putting z = ⌊(t + 1)/2⌋ in order to have a complete indexation of the games, by:

k(t, z) = k(t, ⌊(t + 1)/2⌋) = (k 1 , 1 t-1 ) (2.2)
with k 1 = 2 + g t-1 .
Corollary 2.1. For any t, there are exactly

Φ(t) = ⌊(t + 1)/2⌋ (2.3)
Fibonacci games with t types.

Let us denote by n(t, z) the total number of non dummy players in a Fibonacci game with t types and index z.

Result 2.1. For any t, z 1 < z 2 ⇔ n(t, z 1 ) < n(t, z 2 ).

Structures of k(t, z) vectors

According to Definition 2.1, given t there are no degrees of freedom in the choice of the sequence of type weights and of the winning quota. Hence, a Fibonacci game is unequivocally described by its k t vector which follows the rules described in Formulas (2.1) and (2.2). Table 1 We distinguish between two patterns of structures: for z = ⌊(t + 1)/2⌋, (the last structure of each row) all but the bottom3 type components are 1, while the bottom component plays a balancing role; for all the other z there is just one non bottom component equal to 2 in place j 0 = j(t, z) = t + 1 -2z, all the other non bottom components are still 1 and, again, the bottom component plays the balancing role. [START_REF] Rosenmüller | Weighted majority games and a the matrix of Homogeneity[END_REF] The behavior of n(t, z) The following properties hold for any feasible combination of (t, z):

Property 4.1. n(t, 1) = t + 2 (4.1) Property 4.2. n(t, z + 1) -n(t, z) = g t-2z (4.2) Property 4.3. n(t, 2) -n(t -1, ⌊t/2⌋) = 2 (4.3)
Here, we distinguish between two kinds of Fibonacci games: the first kind corresponds to z = 1 and Formula (4.1) implies that there is just one Fibonacci game (of this first kind) for any n > 2. Such games have been described by Isbell ([1], p. 185) while studying the class of coalitionally Parsimonious games (for details see also [START_REF] Pressacco | Bilateral symmetry and modified Pascal triangles in Parsimonious games[END_REF]).

For z > 1 (second kind), there is one Fibonacci game (of this second kind) for sparse values of n.

Summing up, there are values of n corresponding to two Fibonacci games (one of the first and one of the second kind), while for other values of n there is just one Fibonacci game of the first kind.

At first sight the values of n associated to the second kind of games seem to follow a chaotic rule. A regularity emerges once we consider the following table of the differences generated by Property 4.2 (see also Remark 6.1). Each row is a backward alternate sequence of ⌊(t -1)/2⌋) Fibonacci numbers ending with g 1 = 1 or g 2 = 2 for odd or, respectively, even values of t. All the columns are nothing but the whole sequence of g ∞ starting at the row t = 1 + 2z.

Proofs of Theorem 2.1

Proof. For t = 1:

q = g 2 = 2 w(Ω) = k 1 • g 1 = k 1 = 2q -1 = 3
Hence there are three players with weight g 1 = 1, k 1 = (3) and Φ(1) = 1.

For t = 2:

q = g 3 = 3 w(Ω) = 2 j=1 k j g j = 2q -1 = 5 Hence, k 1 • g 1 + k 2 • g 2 = k 1 • 1 + k 2 • 2 = 5.
There are two solutions k 2 = (3, 1) and k 2 = (1, 2) but the second is not feasible because the profile s 2 = (0, 2) identifies a minimal winning coalition S with w(S) = 4 > q, incompatible with the homogeneous character. On the other side, the first solution is feasible with profiles (3, 0) and (1, 1) of the minimal winning coalitions, so that Φ(2) = 1.

For t > 2, we show at first that the conditions (2.1) or (2.2) are necessary for Fibonacci games and then that they are also sufficient.

Proof of necessity

Property 5.1. In any Fibonacci game with t > 1, the coalition S whose profile s t = (0 t-2 , 1 2 ), i.e. made by a top and a last but top player, is minimal winning.

Proof.

w(S) = s t-1 g t-1 + s t g t = g t-1 + g t = g t+1 = q
Property 5.2. In any Fibonacci game with t > 1, k t = 1.

Proof. Otherwise the coalition S : s t = (0 t-1 , 2) would be minimal winning with w(S) = 2g t > g t + g t-1 = q a contradiction with the homogeneous character of the game.

Property 5.3. In any Fibonacci game with t > 2, k t-1 ≤ 2.

Proof. Otherwise the coalition S : s t = (0 t-2 , 3, 0) would be minimal winning as 2g t-1 < g t-1 + g t = q with w(S) = 3g t-1 > 2g t-1 + g t-2 = g t-1 + g t = q.

Property 5.4. In any Fibonacci game with t > 3, k t-2 = 1.

Proof. Suppose on the contrary, k t-2 > 1 and consider the coalition S : s t = (0 t-3 , 2, 0, 1). S would be minimal winning too as g t +g t-2 < g t +g t-1 = q with w(S) = g t +2g t-2 > g t +g t-2 +g t-3 = g t +g t-1 = q. A contradiction.

Properties 5.3 and 5.4 may be generalized to types (th) with h odd and respectively h even.

Property 5.5. In any Fibonacci game it is k t-h ≤ 2 for h odd < t -1.

Proof. Proof of Property 5.5 is based on the following lemma:

Lemma 5.1. In a Fibonacci game consider any player of type j 0 = (th) with h odd < (t -1); there exists a minimal winning coalition S in which this player is the weakest. The profile of S is given by: s t = (s 1 , . . . , s j , . . . , s t ) with s j = 0 for j < j 0 ; s j 0 = 1; s j = 1 for j > j 0 and j = (j 0 + 1) mod 2 and s j = 0 for j > j 0 and j = j 0 mod 2.

Proof. w(S) = g j 0 + j>j 0 and j=(j 0 +1) mod 2

g j = g t-1 + g t = g t+1 = q
and moreover 4 :

g t+2 - t j=1 g j = 2 (5.2)
Furthermore, Properties 5.6 and 5.7 imply that, for any j = 2, . . . , t, k t satisfies conditions (2.1) or (2.2). In the first case and putting j 0 = t + 1 -2z, we obtain:

k 1 = k 1 (t, z) = 2g t+1 -1 -( t j=2 g j + g j 0 ) = = g t+1 + (g t + g t-1 ) - t j=1 g j -g j 0 = = g t+2 + g t-1 - t j=1 g j -g j 0 = = 2 + g t-1 -g j 0 (5.3)
In particular, for z = 1, k 1 = 2. In the second case, we get immediately:

k 1 = k 1 (t, ⌊(t + 1)/2⌋) = 2 + g t-1 (5.4) 
To resume, by Properties 5.6 and 5.7, and by Formulas (5.3) and (5.4), necessary conditions to be satisfied by the k t vector of a Fibonacci game with t > 2 are those described in Formulas (2.1) and (2.2).

Proof of sufficiency

The proof is based on an adaptation to our problem of the test for homogeneity of a weighted majority games developed as Basic Lemma in [START_REF] Rosenmüller | Weighted majority games and a the matrix of Homogeneity[END_REF] (Theorem 1.4) and [START_REF] Rosenmüller | Homogeneous games: recursive structure and Mathematics of Operations Research[END_REF] (pp. 312).

Henceforth we use the following definitions and notations:

• G 0 = (k 0 t ; g 0 t ; λ 0 = g t+1 ), "seed" game with k 0 t given by Formulas (2.1) or (2.2). In particular, G 0,z , seed game as a function of z = 1, . . . , ⌊(t + 1)/2⌋.

• G r = (k r t ; g r t ; λ r ), any game of a r generation 5 derived by the seed G 0 . Note that the dimension t of G r depends on r. Whenever useful, we utilize t(r). In particular, G r,z , game of a r generation derived by the seed G 0,z .

• Feasible (not feasible) game: a G r for which t j=2 k r j • g r j ≥ λ r (< λ r ).

• For any given type index j 0 > 1, an "intermediate" player in the game G r is a player of type j 0 , a "large" player is a player of any type j > j 0 , a "small" player is any player of type 1 < j < j 0 .

• No bottom coalition of a feasible game G r : a coalition S r whose profile s r has s r 1 = 0.

4 By induction: indeed it is immediate to check that (5.2) is true for t = 1 and, if true for t, is true also for t + 1.

5 Note that the winning quota λ r of G r may well be greater than t j=1 k r j g j r+1 2

, i.e. for r > 0, G r may not be constant sum.

• Dominant coalition6 of a feasible game G r a coalition S r such that:

1. S r is no bottom 2. there is an index j 0 (G r ) > 1 (or shortly j r 0 > 1) and a positive integer c r , such that s r = (s r j = 0 for j < j r 0 ; s r j = c r (1 ≤ c r ≤ k r j 0 ); s r j = k r j for j > j r 0 )

i.e. S r is made by all large players and by some (may be all) intermediate players, so that j r 0 is the type index corresponding to the weakest player in the dominant coalition S r . 3. w(S r ) = t(r) j=1 s r j g r j = λ r .

• Generation rules. Let G r a feasible game, S r its dominant coalition and j r 0 the corresponding type index. To any j r 0 ≤ j ≤ t(r), associate the game G r+1 (j) = (k r+1 , g r+1 , λ r+1 ) in which k r+1 = k r+1 (j):

for j > j r 0 and k r j 0c r > 0:

k r+1 j 0 = (k r 1 , k r 2 , . . . , k r j 0 -1 , k r j 0 -c r )
, the dimension of g r+1 is j 0 and λ r+1 = g j for j = j r 0 or j > j r 0 and k r j 0c r = 0:

k r+1 j 0 -1 = (k r 1 , k r 2 , . . . , k r j 0 -1
), the dimension of g r+1 is j 0 -1 and λ r+1 = g j Verbally the dominant coalition S r generates as many "satellite" games G r+1 (j) as the number of types j included in the coalition. The players of the satellite game associated to a type j are all players of type i < j not belonging to S r ; the winning quota is g j . The idea is that any satellite game looks for the dominant coalition of the satellite able to replace one player of type j in the generating game while preserving the homogeneous character of the "seed" game. In turn, the dominant coalition gives rise to other satellite games of next generation and so on. Now, our adapted version of Basic Lemma is:

Lemma 5.6. A seed weighted majority game G 0 is homogeneous if, in the set of all G r games obtained by the generation rules, do not exist feasible games lacking the dominant coalition.

To prove the Lemma 5.6 we show that any game of the set G r , (r = 0, 1, . . .) generated by a seed G 0 coherent with formulae (2.1) and (2.2) either is not feasible or admits a dominant coalition.

In the proof we will exploit the following relation7 concerning Fibonacci numbers:

g t-2 + 2g t-1 + h j=0 g t+j = g t+h+2 (5.5) 
Proof. Let us distinguish three cases: Case α): z = ⌊(t + 1)/2⌋

Let us denote G 0,⌊(t+1)/2⌋ = G 0 = (k 0 t ; g 0 t ; g t+1 ) any seed game with k 0 t = (k 0 1 , 1 t-1 ). The profile of the dominant coalition S 0 is s 0 t = (0 t-2 , 1 2 ) with k 0 t-1c = 0. Hence the satellite games associated to type t -1 and t are G 1,a = G 1 (t -1) = (k 1 , 1 t-3 ; g t-2 ; g t-1 ) and G 1,b = G 1 (t) = (k 1 , 1 t-3 ; g t-2 ; g t ). By Formula (5.2), G 1,b is not feasible, while G 1,a is feasible for any t = t(0) > 4. Let shortly write G 1,a = G 1 ; it is immediate to check that G 1 mimics the structure of G 0 : only the dimension is different: it is t = t(0) for G 0 and t = t(1) = t(0) -2 for G 1 . The profile of the dominant coalition S 1 of G 1 is s 1 = (0 t(1)-2 , 1 2 ) = (0 t-4 , 1 2 ) and the procedure may be recursively repeated until the integer r for which also G 1,r is no more feasible. This is resumed by the following Property 5.8. Let G 0 be a seed game of type α with t = t(0) > 2. For any generation r = 0, 1, . . . , ⌊(t -3)/2⌋ there is a unique feasible G r = (k r t ; g r t ; λ r ). The k r t of such game is k 0 t truncated at dimension t(r) = t(0) -2r, which is coherently the dimension of g r t , while λ r = g t(r)+1 . Feasible G r games have dominant coalition S r whose s r t(0)-2r = (0 t(0)-2(r+1) , 1 2 ). Case β): z = 1 Let G 0,z = G 0,1 = (k 0 t ; g 0 t+1 ; g t+1 ) any seed game with k 0 t = (k 0 1 , 1 t-3 , 2, 1). The profile of the dominant coalition S 0 is still s 0 t = (0 t-2 , 1 2 ) with k 0 t-1 -c = 1. Hence, the satellite games associated to type t -1 and t are G 1,a = G 1 (t -1) = (k 1 , 1 t-3 ; g t-2 ; g t-1 ) and G 1,b = G 1 (t) = (k 1 , 1 t-2 ; g t-1 ; g t ). Both games share the properties of G 0 of case α), that is behave as seed games and generate for r = 2, . . . sequences G r,a and G r,b according to Property 5.8. Of course the dimension of G 1,a = t(1, a) = t(0)-2, and of

G 1,b = t(1, b) = t(0) -1. Case γ): 1 < z < ⌊(t -1)/2⌋
Let us write G 0,z = (k 0 1 , 1 t-1-2z , 2, 1 2z-1 ). The profile of the dominant coalition S 0,z is s 0,z t = (0 t-2 , 1 2 ) with k 0 t-1c = 0. Let us denote the two satellite games by G 1z,a = G 1z (t -1) = (k 1z,a t ; g 1z,a t ; λ 1z,a ) and

G 1z,b = G 1z (t) = (k 1z,b t ; g 1z,b t ; λ 1z,b ). It is k 1z,a t-2 = k 1z,b t-2 = (k 0 1 , 1 t-1-2z , 2, 1 2z-3
), λ 1z,a = g t-1 , λ 1z,b = g t . Note that G 1z,a mimics G 0,(z-1) ; hence recursively we go back to G 0,1 , i.e. the seed game of case β).

In turn, as by Formula (5.5), j s 1z,b j g j = g t , G 1z,b has dominant coalition with profile s 1z,b t-2 = (0 t-2z-1 , 1, 2, 1 2z-3 ).

Hence G 1z,b gives rise to 2z -1 satellite games G 2z,b (j) for j = t(0) -2z, . . . , t(0) -2. It is G 2z,b (j) = (k 0 1 , 1 t-2z-2 ; g t-2z-1 ; g j ). By Formula (5.2), for all j, except j * = t(0) -2z, the G 2z,b (j) are not feasible; the survival feasible G 2z,b (j * ) mimics the behavior of the G 0 seed of the case α).

Summing up, in all three cases all G r games either are not feasible, or if feasible admit a dominant coalition and the conditions of the Basic Lemma are verified.

Proofs of Properties of Section 4

By definition:

n(t, z) = k 1 (t, z) + t j=2 k j (t, z) (6.1)
Proof. Proof of Property 4.1

For z = ⌊(t + 1)/2⌋ it is t j=2 k j (t, z) = t -1, by Formula (2.2) and k 1 = 2 + g t-1 by Formula (5.4) so that: n(t, z) = t + 1 + g t-1 (6.2)

For z < ⌊(t + 1)/2⌋ it is t j=2 k j (t, z) = t, by Formula (2.1) and k 1 = 2 + g t-1g t+1-2z by Formula (5.3) so that: n(t, z) = t + 2 + g t-1g t+1-2z (6.3) and in particular n(t, 1) = t + 2

Proof. Proof of Property 4.2.

For (z + 1) < ⌊(t + 1)/2⌋ by Formula (6.3): n(t, z + 1)n(t, z) = (t + 2 + g t-1g t+1-2(z+1) ) -(t + 2 + g t-1g t+1-2z ) = g t-2z+1g t-2z-1 = g t-2z

(6.4)

For (z + 1) = ⌊(t + 1)/2⌋ by Formulas (6.2) and (6. n(t, z + 1)n(t, z) = (t + 1 + g t-1 ) -(t + 2 + g t-1g t+1-2z ) = g t+1-2z -1 (6.5) but z = ⌊(t -1)/2⌋ = (t/2) -1 for t even and (t -1)/2 for t odd so that:

t + 1 -2z = 3 for t even and t + 1 -2z = 2 for t odd which means also on one side t -2z = 2 for t even and t -2z = 1 for t odd and on the other side g t+1-2z = 3 for t even and g t+1-2z = 2 for t odd and finally g t+1-2z -1 = 2 for t even and g t+1-2z -1 = 1 for t odd so that in both cases still n(t, z + 1)n(t, z) = g t-2z (6.6) which completes the proof of Property 4.2. Note that this property implies the strict monotony of n(t, z) for any t and then, as a by product, gives a proof of Result 2.1.

Proof. Proof of Property 4.3.

Preliminarily note that putting t ′ = t -1 it is ⌊(t ′ + 1)/2⌋ = ⌊(t/2)⌋ so that by Formula (6.2): n(t ′ , ⌊(t ′ + 1)/2⌋) = t ′ + 1 + g t ′ -1 (6.7) equivalent to n(t -1, ⌊(t/2)⌋) = t + g t-2

Moreover, it is by Formula (6.3) for t > 4, or by Formula (6.2) for t = 3 and 48 . n(t, 2) = t + 2 + g t-1g t-3 = t + 2 + g t-2

and immediately: n(t, 2)n(t -1, ⌊t/2⌋) = 2 (6.8) Remark 6.1. Jointly Prop. 4.2 and 4.3 imply that, putting in lexicographic order the set Ξ of values of n(t, z), z > 1, a strictly monotone sequence is obtained. By Formulas (6.4), (6.6) and (6.8), all members of the sequence of first differences ∆ of the Ξ sequence are Fibonacci numbers (see Table 3).

  3):

Table 1 :

 1 helps to understand the structure of Fibonacci games for a set of small values of t. Structure of k(t, z) vectors for a set of small values of t.

	t	Φ(t)	k(t, 1)	n(t, 1)	k(t, 2)	n(t, 2)	k(t, 3)	n(t, 3)	k(t, 4)	n(t, 4)
	1	1	(3)	3						
	2	1	(3, 1)	4						
	3	2	(2, 2, 1)	5	(4, 1, 1)	6				
	4	2	(2, 1, 2, 1)	6	(5, 1, 1, 1)	8				
	5	3	(2, 1, 1, 2, 1)	7	(5, 2, 1, 1, 1)	10	(7, 1, 1, 1, 1)	11		
	6	3	(2, 1, 1, 1, 2, 1)	8	(7, 1, 2, 1, 1, 1)	13	(10, 1, 1, 1, 1, 1)	15		
	7	4	(2, 1, 1, 1, 1, 2, 1)	9	(10, 1, 1, 2, 1, 1, 1)	17	(13, 2, 1, 1, 1, 1, 1)	20	(15, 1, 1, 1, 1, 1, 1)	21
	8	4	(2, 1, 1, 1, 1, 1, 2, 1)	10	(15, 1, 1, 1, 2, 1, 1, 1)	23	(20, 1, 2, 1, 1, 1, 1, 1)	28	(23, 1, 1, 1, 1, 1, 1, 1)	30
	...	...	...	...	...	...	...	...	...	...

Table 2

 2 shows the behavior of the function n(t, z).

				z		
	t	1	2	3	4	5
	1	3				
	2	4				
	3	5	6			
	4	6	8			
	5	7	10	11		
	6	8	13	15		
	7	9	17	20	21	
	8	10	23	28	30	
	9	11	32	40	43	44
	10	12	46	59	64	66
	...	...	...	...	...	...

Table 2 :

 2 List of the values n(t, z).

Table 3 :

 3 At row t and column z the entries correspond to g t-2z .

			z		
	t	1	2	3	4
	3	1			
	4	2			
	5	3	1		
	6	5	2		
	7	8	3	1	
	8	13	5	2	
	9	21	8	3	1
	10	34	13	5	2
	...	...	... ... ...

Henceforth the subscript of the vector is its dimension, not to be confused with the subscript of a scalar which denotes a component of the vector.

As usual ⌊x⌋ denotes the floor(x). In particular, for t integer even (odd), ⌊(t + 1)/2⌋ = t/2 (or (t + 1)/2).

The first component of the sequence corresponds to the bottom type, i.e. to the weakest non dummy players.

It is the counterpart of the "largest min win" coalition (in backward lexicographic order) of a weighted majority game defined in[START_REF] Rosenmüller | Homogeneous games: recursive structure and Mathematics of Operations Research[END_REF], pp. 312.

By induction: it is true for j = 0, and if true for j it is true for j + 1.

Note that for t = 3 or 4 it is 1 + gt-2 = gt-1. Hence for such t: t + 2 + gt-2 = t + 1 + gt-1 so that both (6.2) and (6.3) describe n(t, ⌊(t + 1)/2⌋).

Now to prove Property 5.5 suppose on the contrary k j 0 > 2 and consider the coalition S ′ obtained from S by replacement of the player type j 0 + 1 with two additional players of type j 0 . S ′ would be minimal winning with w(S ′ ) > q, a contradiction.

Property 5.6. In any Fibonacci game it is k t-h = 1 for h even < t -1.

Proof. Proof of Property 5.6 is based on the previous Lemma 5.1 and on the following one:

Lemma 5.2. Suppose in a Fibonacci game there is a minimal winning coalition S and a j 0 = (t-h) > 2 such that s j = 0 for j = 1, . . . , j 0 -1, s j 0 > 0 (so that a player of type j 0 > 2 is the weakest in S), then k j 0 -1 = 1.

Proof. Suppose on the contrary k j 0 -1 > 1 and consider the coalition S ′ obtained from S by replacement of a player of type j 0 with two players of type j 0 -1. S

′ would be minimal winning with w(S ′ ) > q, a contradiction. This Lemma holds independently from the parity of h. Lemma 5.3. If a player of type j = th > 2 is the weakest in a minimal winning coalition S, then there exists a minimal winning coalition S ′ such that a player of type j -2 is the weakest in S ′ .

Proof. In S replace the player of type j with the unique (by Lemma 5.2) player of type j -1 and one player of type j -2. Also this Lemma holds independently from the parity of h.

Lemma 5.4. Suppose in a Fibonacci game k j 0 = 2 for j 0 = th with h odd < (t -1), then: a) k j 0 -1 = 1 (by Property 5.6) and b) there is a minimal winning coalition S ′ such that the player of type (j 0 -1) is its weakest player.

Proof. (of part b)) S

′ is obtained from the coalition S in Lemma 5.1 by replacement of the player of type t -(h -1) with one additional player of type th and the player of type t -(h + 1). Clearly S ′ is minimal winning with w(S ′ ) = q.

Lemma 5.5. If in a Fibonacci game k j 0 = 2 for j 0 = th with h odd < (t -1), then k j = 1 for any 1 < j < j 0 .

Proof. Lemma 5.4 and Lemma 5.3 imply that there exists a set of minimal winning coalitions such that each player of type j, 1 < j ≤ j 0 , is the weakest in a minimal winning coalition of the set. After that Lemma 5.5 comes as an immediate corollary of Lemma 5.2. Now, it is possible to give a more precise statement of Property 5.5 concerning the behaviour of k t-h for h odd < t -1. Indeed, Property 5.5 and Lemma 5.5 give immediately: Property 5.7. In a Fibonacci game there is at most one odd h < t -1 such that k j 0 = k t-h = 2 and k j = 1 for all j > 1 and j = j 0 . Now by Remark 2.1 it is:

k j g j (5.1)