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ENTROPY RIGIDITY OF HILBERT AND RIEMANNIAN METRICS

THOMAS BARTHELME, LUDOVIC MARQUIS, AND ANDREW ZIMMER

ABSTRACT. In this paper we provide two new characterizations of real hyperbolic n-space using the Poincaré
exponent of a discrete group and the volume growth entropy. The first characterization is in the space of
Riemannian metrics with Ricci curvature bounded below and generalizes a result of Ledrappier and Wang.
The second is in the space of Hilbert metrics and generalizes a result of Crampon.

1. INTRODUCTION

Suppose (X,d) is a proper metric space and o € X is some point. For any discrete group I' acting by
isometries on (X, d), we define the Poincaré, or critical, exponent of T as

1
or(X,d) :=limsup — log #{y € T' | d(o,7y-0) < r}.
r—+oco T
It is straightforward to show that this quantity does not depend on the choice of 0 € X. If X has a measure
1 one can also define the volume growth entropy as

) 1
hoot (X, d, i) := limsup — log p (B,(0))
r—+4oo T
where B,.(0) is the open ball of radius r about o. This quantity also does not depend on o € X. If the measure
u is Isom(X, d)-invariant, finite on bounded sets, and positive on open sets then a simple computation (see
the proof of Lemma 4.5 in [Qui06]) shows

5F(Xa d) g h'UOI(Xv dv N)

When additional assumptions are made, the Poincaré exponent and the volume growth entropy may coincide.
For instance, if the action of T on (X, d) is cocompact, a simple argument shows that they are equal (again
see the proof of Lemma 4.5 in [Qui06]).

These two invariants have a long and interesting history, as they are intimately related to the geometric
and dynamical properties of the space (X, d) (see for instance [Man79, FM82]). Moreover, they are often
linked to rigidity phenomenons (see for instance [BCG95, BCGI6]).

In this paper we present two new characterizations of real hyperbolic n-space using the Poincaré expo-
nent of a discrete group and the volume growth entropy. The first characterization (Theorem A) is in the
space of Riemannian metrics with Ricci curvature bounded below and generalizes a result of Ledrappier
and Wang [LW10]. The second characterization (Theorem B) is in the space of Hilbert metrics and gener-
alizes a result of Crampon [Cra09]. This second result will follow from Theorem A and a recent result of
Tholozan [Thol5].

1.1. Riemannian metrics.
Suppose (X, g) is a complete, simply connected Riemannian n-manifold with Ric > —(n — 1). Then the
Bishop-Gromov volume comparison theorem implies that

h/vol(ng) g n—1

(in the Riemannian case we always use the Riemannian volume form when considering the volume growth
entropy). In particular, the volume growth entropy is maximized when (X, g) is isometric to real hyperbolic
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2 ENTROPY RIGIDITY OF HILBERT AND RIEMANNIAN METRICS

n-space. There are many other examples which maximize volume growth entropy, but if (X, g) has “enough”
symmetry then it is reasonable to expect that h,o (X, g) = n — 1 if and only if (X, g) is isometric to real
hyperbolic n-space. This was recently proved by Ledrappier and Wang when X covers a compact manifold:

Theorem 1.1. [LW10] Let (X,g) be a complete, simply connected Riemannian n-manifold and T' be a
discrete group acting by isometries on X. Suppose that

(1) Ric= —(n—1);

(2) T acts properly and freely on X and T\X is compact;

(3) hvol(X7 g) =n—1

Then X is isometric to the real hyperbolic space H™.

Our first new characterization of real hyperbolic space replaces compactness with finite volume, but with
the cost of replacing hy,o by Or.

Theorem A. Let (X, g) be a complete, simply connected Riemannian n-manifold and T be a discrete group
acting by isometries on X. Suppose that
(1) Ric= —(n—1);
(2) X has bounded curvature;
(3) T acts properly and freely on X and T\X has finite volume;
(4) the Poincaré exponent satisfies or(X,g) =n — 1.

Then X is isometric to the real hyperbolic space H™.

Remark 1.2. As in [LW10], it is possible to prove versions of Theorem A for Kahler or Quaternionic manifolds,
but we will not pursue such matters here.

Theorem A is a true generalization of Ledrappier and Wang’s result: when I'\ X is assumed to be compact,
X has bounded curvature and the Poincaré exponent and the volume growth entropy coincide. Although
our proof will follow the general outline of their argument, only assuming finite volume introduces a number
of technical complications. Finally, the bounded curvature assumption is important for our argument, but
it may be possible to remove it.

1.2. Hilbert metrics. Given a proper convex open set Q C P(R"*!), we let Hg be the associated Hilbert
metric. The Hilbert metric is a complete length metric on 2 which is invariant under the group of projective
automorphisms of 2

Aut(Q) := {¢ € PGL,+1(R) : 2 = Q}.

Moreover, if §2 is projectively equivalent to the ball B, then (2, Hg) is the Klein—Beltrami model of real
hyperbolic n-space.
Tholozan recently proved the following estimate for the volume growth entropy:

Theorem 1.3. [Thol5] If Q € P(R™) is a proper convex open set then
hoot(2, Ho, pp) <n —1

where up is the Busemann—Hausdorff volume associated with (2, Hq) (or any bi-Lipschitz equivalent mea-
sure).

In particular the volume growth entropy is maximized when €2 is projectively equivalent to the unit ball.
There are many other examples which maximize volume growth entropy, for instance, Berck, Bernig and
Vernicos [BBV10] proved that, if 9Q is C1! then

hvol(QuHﬂuﬂB) =n-—1

However, once again, assuming that Q has “enough” symmetry then one should expect that b, (2, Ho, up) =
n—1if and only if  is projectively equivalent to the unit ball. For instance, Crampon proved the following;:

Theorem 1.4. [Cra09] Suppose Q C P(R™M) is a proper strictly convex open set and there exists a discrete
group T' < Aut(Q) that acts properly, freely, and cocompactly. Then hy,o (2, Ho, up) < n— 1 with equality if
and only if Q is projectively isomorphic to B (and in particular (Q, Hq) is isometric to H" ).
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Remark 1.5. For the Hilbert metric, strict convexity of {2 is somewhat analogous to negative curvature.
In particular, for a strictly convex set the Hilbert metric is uniquely geodesic, that is every pair of points
are joined by a unique geodesic. Moreover, Benoist [Ben04] proved that when € is strictly convex and has
a compact quotient then the induced geodesic flow is Anosov and is C'*®. In his proof of Theorem 1.4,
Crampon first shows that the topological entropy of this flow coincides with the volume growth entropy
and then he uses techniques from hyperbolic dynamics to prove rigidity. For a general convex open set, the
Hilbert metric may not be uniquely geodesic, but one can consider a natural “geodesic line” flow obtained
by flowing along the geodesics that are lines segments in P(Rd). However this flow is only C° and will have
“parallel” flow lines. Thus Crampon’s approach via smooth hyperbolic dynamics will not extend, at least
directly, to the general case.

Associated to every proper convex open set  C ]P’(R"H) is a Riemannian distance Bg on € called the
Blaschke, or affine, distance (see, for instance, [Lof01, BH13]). This Riemannian distance is Aut({2)-invariant
and by a result of Calabi [Cal72] has Ricci curvature bounded below by —(n — 1). In particular, if d Vol is
the associated Riemannian volume form then the Bishop-Gromov volume comparison theorem implies that

hvol(Q,BQ,dVOI) g n—1.

Benoist and Hulin [BH13] showed that the Hilbert distance and the Blaschke distance are bi-Lipschitz
equivalent. Tholozan recently proved the following new relation:

Theorem 1.6. [Thol5] If Q C P(R") is a proper convex open set, then
Bqg < Hg + 1.

In particular,
hvol (Qa Hﬂu NB) < hvol (Qa BQa dVOl)
and if T' < Aut(Q) s a discrete group then

or(Q, Hq) < 6r(Q, Ba).

Tholozan’s result allows one to transfer from the Hilbert setting to the Riemannian setting where many
more analytic tools are available. For instance, putting together Tholozan’s result, the rigidity result of
Ledrappier and Wang [LW10] stated above, and some folklore properties of the Blaschke metric, one can
remove the strictly convex hypothesis from Crampon’s theorem (see Section 3 for details):

Theorem 1.7. Suppose Q2 C IP’(R"+1) is a proper convexr open set and there exists a discrete group I' <
Aut(Q) which acts properly, freely, and cocompactly. Then hyo(Q, Ho, up) < n— 1 with equality if and only
if Q is projectively isomorphic to B (and in particular (Q, Hq) is isometric to H" ).

Using our generalization of Ledrappier and Wang’s result we get a second new characterization of real
hyperbolic space.

Theorem B. Suppose Q2 C P(R"+l) is a proper convex open set and there exists a discrete group T' < Aut(Q)
which acts properly, freely, and with finite co-volume (with respect to ug). Then or(Q, Hg) < n — 1 with
equality if and only if Q is projectively isomorphic to B (and in particular (0, Hq) is isometric to H").

When T'\Q is non compact but has finite volume, it is unclear whether or not h,. (2, Ho,up) and
or(Q, Hg) coincide (for Riemannian negatively curved metrics, there exists groups acting with finite co-
volume for which the volume entropy and the critical exponent are distinct [DPPS09]). However, when
has C' boundary and is strictly convex then Crampon and Marquis [CM14b, Théoréme 9.2] proved that
these two asymptotic invariants coincide. We will prove that in the finite volume quotient case having C!
boundary and being strictly convex are equivalent and thus establish:

Corollary C. Suppose Q2 C ]P’(R"'H) is a proper conver open set which is either strictly conver or has C!
boundary and such that there exists a discrete group T' < Aut(Q) which acts properly, freely, and with finite
co-volume (with respect to pp). Then hyo (Y, Ha, np) < n— 1 with equality if and only if Q is projectively
isomorphic to B (and in particular (Q, Hq) is isometric to H" ).

Remark 1.8. This result was announced for surfaces by Crampon in [Crall], but his proof was not complete
in the finite volume case since some of the dynamical results used are only fully proved in the compact case.
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2. ENTROPY RIGIDITY FOR RIEMANNIAN METRICS

This section is entirely devoted to the proof of Theorem A. It will follow from Proposition 2.7 and
Proposition 2.15 below.

2.1. The Busemann boundary. In this subsection we describe the Busemann compactification of a non-
compact complete Riemannian manifold (X, g).

Fix a point 0 € X. As in [Led10, LW10], we will normalize our Busemann functions such that £(o) = 0.
Now, for each y € X, define the Busemann function based at y to be

bu(x) = d(,ﬁC, y) - d(yu O)'
As each b, is 1-Lipschitz, the embedding y — b, € C(X) is relatively compact when C(X) is equipped with
the topology of uniform convergence on compact subsets. The Busemann compactification X of X is then

defined to be the closure of X in C(X). The Busemann boundary of X is the set 0X =X \ X. We begin
by recalling some features of this compactification.

Theorem 2.1. Let (X,g) be a non-compact complete simply connected Riemannian manifold. Then

(1) X is open in )A(, hence the Busemann boundary 0X is compact.
(2) The action of Isom(X) on X extends to an action on X by homeomorphisms and for v € Isom(X)
and £ € 0X the action is given by

(v-&)(x) = (v a) —€(v o).
The first result can be found in [LW10, Proposition 1]. The second assertion is straightforward to prove.
2.2. Patterson-Sullivan measures.

Definition 2.2. Let (X, g) be a non-compact complete simply connected Riemannian manifold and T' <

Isom(X, g) a discrete subgroup with r < co. A family of measures {v, : # € X} on 8X is a (normalized)
Patterson-Sullivan measure if

(1) vo(0X) =1,
(2) for any x,y € X the measures v,, v, are in the same measure class and satisfy
dv,
dvy

(&) = e r(E@) =€)

(3) for any g € T, vgy = guly.

Following the standard construction of Patterson-Sullivan measures via the Poincaré series (see for instance
Section 2 of [LW10]) we obtain:

Proposition 2.3. Let (X, g) be a non-compact complete simply connected Riemannian manifold and T <
Isom(X, g) a discrete subgroup with or < oco. Then there exists a Patterson-Sullivan measure {v, : © € X}

~

on 0X.

2.3. An integral formula. Now suppose (X, g) is a non-compact complete simply connected Riemannian
manifold and T' < Isom(X, g) is a discrete subgroup with dr < co. Moreover, assume that T acts properly
and freely on X and the quotient manifold M = I'\X has finite volume (with respect to the Riemannian
volume form).

Following [Led10, LW10], we introduce the laminated space

Xy =T\(X x 0X)

where T acts diagonally on the product. The space X/ is laminated by the images of X x {£} under the
projection. The leaves of this lamination inherit a smooth structure from X and using this structure we
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can define a gradient V"V, a divergence div’¥, and a Laplacian A" in the leaf direction. A Patterson-
Sullivan measure {v, : @ € X} yields a measure on the laminated space Xj; as follows: by definition
dve (&) = e or€@)dy,(¢) for all z € X. In particular if dz is the Riemannian volume form on X, then the
measure
dm(z, &) = e T¢@) dadu, (€)
is I'-invariant and descends to a measure v on X,.
The argument at the end of Section 2 of [LW10] can be used to show the following:

Theorem 2.4. With the notation above, if Y is a continuous vector field on Xy which is C1 along the
leaves X x {&} such that ||Y||, and div'’'Y are in LY(Xp, dv) then

/ div?V Ydv = or / (Y,VV¢) dv.
Remark 2.5. If £ € B)A(, then HVW§(9C)H < 1 for almost every x € X. So we see that

/|<Y, VY dv < / 1Y, dv < o0
and thus the right hand side of the equation in Theorem 2.4 is well defined.

Now the function x — 1/35((9)/(> ) is I-invariant so with a slight abuse of notation the measure v has total
mass

v(Xy) = /M Vo (0X)da.

Since © — v, (6)? ) is continuous, if M is compact then the measure v is finite. For general finite volume
quotients I'\ X it is not clear when v will be a finite measure, but we can prove the following:

Proposition 2.6. With the notation above, if (X, g) has Ric > —(n —1) and or =n — 1 then v(X) < oo.

Proof. Since Ric > —(n — 1) the Laplacian comparison theorem implies for any £ € dX we have
Ae—(n—1)¢ >0

in the sense of distribution (see for instance [LW10, Proposition 4]). So in particular, since or = n — 1, the
function
fz) = VI(aX) = /A e~ (nmDE@ gy (€)
ox
is such that Af > 0 in the sense of distributions. However, thanks to the invariance of the Patterson-Sullivan
measure, f is T-invariant and hence descends to a superharmonic function on M =T'\ X. Since M has finite
volume and f is a positive, superharmonic function, f must be constant [Ada92, Proposition 0.2]. Then,

v(Xy) = /M Ve (0X )da = /A ) Vo(0X)dx = /M dz = Vol(M). O

2.4. A special Busemann function. This subsection is devoted to the proof of the following:

Proposition 2.7. Suppose (X, g) is a complete simply connected Riemannian manifold with Ric > —(n—1)
and bounded sectional curvature. Assume I' < Isom(X) is a discrete group that acts properly and freely on
X such that M =T\X has finite volume (with respect to the Riemannian volume form). If op =n —1 then
there exists & € OX such that A&y =n — 1.

For a general Riemannian manifold, the elements of 0X are only Lipschitz. To overcome this lack of
regularity we will consider smooth approximations obtained by convolution with the heat kernel.

Definition 2.8. [Gri09, Theorem 7.13] Suppose (X, g) is a complete Riemannian manifold. The heat kernel
pi(x,y) € C®°(Rsg xX x X) is the unique function satisfying:

(1) %pt = Ampt = Aypta
(2) pi(z,y) = pe(y, ) for all 2,y € X,
(3) limy 0 pt(z,y) = 02(y) in the sense of distributions.

In the argument to follow it will also be helpful to use nicely behaved compactly supported functions:
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Lemma 2.9. Suppose M is a complete Riemannian manifold and zo € M, then there exists C' > 0 such
that for any r > 4 there is a C*° function ¢,: M — R such that

(1) 0 <1on M,

(2) gor = 1 on By(xo),

(3) wr =0 on M\ Ba.(xg),

4) Ve, < C/r on M.
Proof. Pick a smooth function f: [0,00) — R such that 0 < f <1, f =1 o0n [0,1], and f =0 on [2,00). Let
Cy = max{|f’(t)|}. Next, let g: [-1/3,4/3] — [0,1] be a C*° function with ¢ =0 on [—-1/3,1/3] and g =1
on [2/3,4/3]. Let Cy = max{|¢'(¢)|}. We claim that C = 2C,C5 satisfies the conclusion of the lemma.

Fix r > 0 and define the function ¢ : M — R by

¢(x) = fld(x,x0)/7).

Then ¢ is C;/r-Lipschitz. Then, we can approximate ¢ by a C*° function, §: X — R, so that |¢ — 0] < 1/r
and 6 is 2C} /r-Lipschitz (see, for instance, [AFLMRO07]). Finally, define

or(z) := g(0(x)).
Then 0 < ¢, < 1 on N by construction. Moreover, if z € B,(z¢), we have that ¢(x) = 1 and so,
O(x) € [1—-1/r,14+1/r] C [2/3,4/3]. Thus, ¢, (z) = 1. Similarly, if z € M\ Ba,(z¢) then ¢, (z) = 0. Finally,
we see that ¢, is 2C1Cs/r-Lipschitz. O

For the rest of the subsection assume (X, g) and T < Isom(X, g) satisfy the hypothesis of Proposition 2.7.
Let pi(z,y) be the heat kernel on X. By Theorem 4 in [CLY81]: for any ¢ > 0 there exists C, = Cp(t) > 1
such that

d(t y)

pi(z,y) < Cpe” for all z,y € X.
On the space X x 0X define the function

Fy(2,€) = /X P )E()dy.

Because of the above estimate on p;(x,y), F; is well defined. In Appendix A we will use standard facts about
the heat kernel to prove the following:

Proposition 2.10. With the notation above,
(1) For anyt > 0 and & € 0X, the function z — F,(z,£) is C*°.
(2) For any t > 0, the functions (x,£) — Vi Fi(x, &) and (z,€) — Az Fi(x,€) are continuous.
(3) For anyt >0 and § € 0X,

[VaFul, )] < 0.
(4) For anyt >0 and ¢ € 0X,
A, Fi(z,8) <n—1.

Now, let f’t(x,f) = V. Fi(z,£). Then Yt descends to a continuous vector field Y; on X, which is C°
along the leaves X x {¢}.

Next, let ¢,.: M — R be as in Lemma 2.9 for some xg € M. Then, define fr X x8X - R by

fr(z,€) = pp('(x)), where 7’ : X — M is the universal cover map. Since f, is D-invariant, it descends to a
continuous funct1on fr: Xar — R which is C* along the leaves X x {{}.

Let Zp € X be a preimage of zyp € M. For r > 0, let K,, C X be the image of B,.(Zg) x 0X under the
map

X x 0X — Xum-
Lemma 2.11. K, is compact, f, =1 on K., and f. =0 on Xy \ Kay.

Proof. Clearly, K, is compact by definition. Notice that (z,€) € 7= (K,) if and only if z € UyerB,(7Z0).
Thus, if (z,¢) € 771(K,) then f,.(z,&) =1, and, if (x,€) ¢ 7~ 1(Ka,) then f. = 0. a



ENTROPY RIGIDITY OF HILBERT AND RIEMANNIAN METRICS 7

Lemma 2.12. For anyr >0 andt > 0,
I£:Yell € L' (X, dv)
and
div™ (f,Y:) € LY (X, dv).
Proof. Since ||f.Y;|| < e =D, the first assertion is obvious. Now

divV(f,Y2) = fr divV Y + (VY LY,

SO
(n—1)t
/ div™ fTYt‘ dv </ f divWY}‘du—i— e U(Xwm).
X]\/[ XZ\/I r

However, the support of f, is compact in X s and the map (z, &) — A, F(z,€) is continuous. Thus, div?V Yt‘
is bounded on the support of f,.. Hence,

/ fr |divV Y| dv < 400. O

Xnm

Lemma 2.13. For anyt > 0,

/XM\K2T

Proof. For a real number ¢, let t* = max{0,¢} and ¢t~ = min{0,¢}. Then,

/ dv :/ diVW(}/t)erV—/ div?(v;) " dv
XM X X

and, by Proposition 2.10,

divV'Y; € LY (X, dv),
and

div'Vy,

dv < (2n -2+ g) e V(X \ K.
r

divY (vy)

/ div?Y (V) Fdr < (n — D)v(Xa).
Xm

So, it is enough to bound the integral of div"¥ (V;)~.
By Theorem 2.4,
/ div™V (f,Y)dv = (n — 1)/ (£Ye, VVE) dv.
Xm XM
So, by Proposition 2.10 (3) and the fact that vaﬁ(x)u < 1 for almost every z € X,

‘/ div™V (f,Y)dv| < (n — 1) V(X )y,).
Xm
Now,
W W w w Celn— Dt
div?” £,V = frdiv?V Y, + (VYY) and [(VV Y] < —
SO
C
’ fr div?Y (V) dy| < (— +n— 1) eV (X ).
Xm r
Then
- fr divV(¥V;)"dv = — fr div?™Y (Vy)dv + fr div?V(Vy) T dv
Xm XM Xm
< - fr div?Y(Yo)dv + (n — V(X ).
XM

Which implies that

— frdiv? (V) "dv < (9 +2n — 2) e V(X ).
Xn r
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Finally lim,_,, f» = 1 and so, by Fatou’s Lemma,

—/ div?Y (V)" dv < lim inf — fr div?Y (V) "dv < (2n — 2) e V(X ).
XM

r—00 XM

By the remarks at the start of the proof we then have that div"¥ V; € L*(Xyr, dv).
To prove the second assertion, first observe that, for any ¢t € R, |t| = —t + 2tT. So,

/XM\KQT du</XM(1—fr)

= —/ (1— f)div?V Ytdu+2/ (1 — f)(divV v;) Fav.
Xm Xnm

div'Vy, div'VY;| dv

Now,
/ (1= £)(dv Yy Hdv < / (1= £)(n — Ddv < (n — Dw(Xar \ Ko,
Xm Xm
and, by Theorem 2.4,

—/ (1— f)divV YVidv = —/ div™ (1 = f)Y2) dv + (VV(1 = f,),Y,)dv
XM XM XM

C (n—1)¢
+ %V(XM \ K,)

<(n-1) ] [ = pm e
Xm
c (n—1)t
<{n—-14—]e v( X\ Kp).
r
Combining the above inequalities establishes the second assertion of the lemma. O

We finally have all the ingredients to prove Proposition 2.7.
Using Lemma 2.13 we can apply Theorem 2.4 to Y;(z, ) and obtain:

0= / (@ v = (n = 1) (v, 97¢) ) av.
Xm

Moreover, Lemma 2.13 implies that

/XNI\K2T

So for any ¢ > 0, there exists » > 0 such that

/XM\K2T
forall 0 <t < 1.

We now choose a countable and locally finite open cover {U;} of M such that each U; is small enough
so that 7=1(U;) is a disjoint union of open sets all diffeomorphic to U;. Let {x;} be a partition of unity
subordinated to {U;}. For each U;, we choose one connected component of its lift that we denote by U; and

div"VY; — (n — 1) (V;, VW§>’ dv < <2n -2+ %) V(X \ K,) + (n— 1)v(Xar \ Kap).

div" Y, = (n = 1) (Y, VVe) dv < ¢

we write x; for the lift of x; to Uj.

Observation 2.14. If f € L' (X, dv) and f is the lift of f to X x X, then

=Y [ [ S e g

X i€N
Next let
J :={j € N:U; N By (x0) # 0}.

Because the cover M = (JU; is locally finite, we see that J is a finite subset of N.
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Notice that {x; o 7} is a partition of unity on X, and so

/XM S xjor (divwxft—(n—l)(n,ng})du:—/ Soxior | (A (n - 1) (Y, V) dv

jeT Xur \jgg

2 _/
Xm\Kar

Moreover, by Observation 2.14

/XM Zonw (diVWYt—(n—l)<Yt,VW§>)dy

JjeET

= Z / . /A X;(x) (diVW}N/t —(n—-1) <}Z7VW§>) e~ (n=DE®) gy, dor
jeJ zeU; JOX

= Z/ / div"V (267("71)5@))@) — (Y3, VX, e~ @) dy, .
. 1:65; ox
Now because each X; is compactly supported in ﬁj, Stokes Theorem implies that

/ _ leW (iei(nil)g(x)%j) de =0
xzeU;

divV ¥; — (n — 1) (¥, VW§>’ dv > —e.

and so by Fubini

a}—/X ZXjOﬂ' (diVWYt—(n—l)<Yt,VW§>)dV

JjET

= - Z /A (/ ~diVW (}N/te—(n—l)f(w)%j) _ <}~/t,vij>8_(n_l)£(m)dx> v,
0X xzeU;

So,

€T
= Z/ / ~<§~/t, V)?ﬁe_("_l)g(w)dx dv,.
jeg aX zeUj
Z/ / (VE, VX e~ D@ g | dy, < e.
jeg £€8)? Ieﬁj
Z/ / e DE@AY A | dy, = — Z/ / (Ve (V@) g3 da | du,
jeq ¢eoX \Jzel; jer ¢eoX \Jzel;
Z/ / - 6_("_1)5(1)A;jd$ dv, < € .
jeT 566)? xzeU; n—1
Hence, for all j € 7,
/ / e_("_l)g(w)A)?jdx > 0.
tedX JaeU;
So, we conclude that for all j € 7,

Since the sum is finite, one can send ¢ — 0 to obtain
By integration by parts, we have
=n-1)) / / (VE,VX)e” D@ dy ) d,,.
jeg 566)? xzeU;
By [LW10, Proposition 4] (that is still true in our context), Ae~ (=D& > 0 in the sense of distribution.
/ / e_("_l)g(w)A)?jd:v < S
¢coX Juel, n—1
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Since € is arbitrarily small, we then deduce that for all j € N,

/ A/ ~ e_("_l)g(I)A)?jdx:O.
£€€0X JxeUy

Then, exploiting the fact that Ae™("~1¢ > 0 again, we see that for vy-almost-every & € 0X
/.~e*”4W”Aiﬂx:O
xzeU;

for every j € N. N N
In the argument above, one can replace U; by g-U; and X; by g-X; for any g € I'. So for vgp-almost-every
e oX

[ e gy)de =0
reg-Uj;

for every j € N and every g € I'. One can now conclude that, for vg-almost-every & € 6)?, Ae~(n=DE@) =
in the sense of distribution in the same way as in [LW10, p.472], which concludes the proof of Proposition 2.7.

2.5. Final steps.

Proposition 2.15. Suppose (X, g) is a complete simply connected Riemannian manifold with Ric > —(n—1)
and T’ < Isom(X) is a discrete group that acts properly and freely on X such that M = T\ X has finite volume
(with Tespect to the Riemannian volume form).

If there exists &y € 0X such that A&y =n — 1 then X is isometric to real hyperbolic n-space.

Proof. By the proof of Theorem 3.3 in [Wan08] (also see the remark after Theorem 6 in [LW10]) if there

exists some & € 0X such that A& =n—1and & # & then X is isometric to real hyperbolic n-space. So,
suppose for a contradiction, that we have

{&y ={¢€cdX : A =n—1}.
Since
Ay-€)(x) = (A& (Y )

we see that 7 - & also has constant Laplacian equal to n — 1. Thus - & = &y for all v € T
Now if v € I" we see that

diff(), 1, VEo(r"2) = V(&(7710)) = V(&(372) — €(170)) = V(3 - €0) (@) = VEo(@).

Thus, Vo (z) is a I-invariant vector field, and therefore descends to a vector field V on M.
Now, divV = n—1 since div V§y = Ay = n— 1, and moreover ||V < 1. But, since M has finite volume,
there cannot exists a vector field V with ||V ,divV € L1(M) and divV > 0 (see for instance [Karg1]). O

Putting together Proposition 2.7 and Proposition 2.15 finishes the proof of Theorem A.

Remark 2.16. Proposition 2.15 is actually not necessary for the proof of Theorem A. Indeed, since we assume
that X has bounded curvature, we can replace Proposition 2.15 by [LW10, Theorem 6]. However we included
this result since it removes the need for the bounded curvature assumption from this step. In particular,
we want to emphasize that the bounded curvature assumption is only used in order to get the heat kernel
estimates needed for Proposition 2.7.

3. ENTROPY RIGIDITY FOR HILBERT METRICS

We begin by observing that the Blaschke metric has bounded sectional curvature. For the definition and
some properties of the Blaschke metric, we refer to [Lof01, BH13].

Lemma 3.1. Let Q2 be a proper convex open set in IP’(R"H). There exists a universal constant C,,, depending
only on the dimension such that the sectional curvature of the Blaschke metric on ) is bounded above by C,
and below by —C,,.
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Proof. Benzécri [Ben60] proved that the action of PGL,11(R) on the set of pointed proper convex open sets
E:={(x,9): Q CP(R"™) is a proper convex open set and z € 2}

is cocompact, so all we have to show is that the functions that, to an element (2,2) € £ associates the
maximum and minimum of the sectional curvature of the Blaschke metric at z, is PGLj,1 (R)-invariant and
continuous. The invariance is clear from the definition of the Blaschke metric, and the continuity follows
from Corollary 3.3 in [BH13]. O

We next prove Theorem B from the introduction:

Theorem 3.2. Suppose 2 C ]P’(R"'H) is a proper convexr open set and there exists a discrete group I' <
Aut(Q) which acts properly, freely, and with finite co-volume (with respect to pg). Then or(Q, Hg) < n—1
with equality if and only if Q is projectively isomorphic to B (and in particular (Q, Hg) is isometric to H" ).

Proof. Let Bq be the Blaschke metric on €2. Then

(1) T acts by isometries on (€2, Bg) and the action is proper and free,

2) Bqg has bounded sectional curvature by Lemma 3.1,

3) Bq has Ricci curvature bounded below by —(n — 1) by a result of Calabi [Cal72],

4) by Theorem 1.6, 6r(2, Bg) =n — 1,

5) by [BH13, Proposition 2.6], T'\Q2 has finite volume with respect to the Riemannian volume form
induced by Bgq.

Thus, the Blaschke metric satisfies all of the assumptions of Theorem A, so (€, Bg) is isometric to the

real hyperbolic space. Hence, by definition of the Blaschke metric, (2, Hp) is the Klein—Beltrami model of

hyperbolic space (see [Lof01, Theorem 1]). O

(
(
(
(

Since 0r (2, Hq) = hyot (Q, Hq, pup) when T' acts co-compactly on 2 we immediately deduce Theorem 1.7
from the introduction:

Corollary 3.3. Suppose 2 C IP’(R"H) is a proper convex open set and there exists a discrete group I' <
Aut(Q) which acts properly, freely, and cocompactly. Then hyo1(Q, Ho, up) < n— 1 with equality if and only
if Q is projectively isomorphic to B (and in particular (Q, Hq) is isometric to H" ).

In order to prove Corollary C from the introduction, we will need the following:

Proposition 3.4. Suppose 2 C P(R”+1) is a proper conver open set and there exists a discrete group
I < Aut(Q) which acts properly, freely, and with finite co-volume (with respect to up). Then § is strictly
convez if and only if ) is C1.

Before proving the proposition, we first deduce the corollary.

Corollary 3.5. Suppose Q2 C IP’(R"H) is a proper convex open set which is either strictly convex or has C*
boundary and there exists a discrete group I' < Aut(§2) which acts properly, freely, and with finite co-volume
(with respect to pp). Then hyoi(Q, Ho, up) < n— 1 with equality if and only if Q is projectively isomorphic
to B (and in particular (2, Hq) is isometric to H" ).
Proof, assuming Proposition 3./. By Proposition 3.4, 9Q is C! and Q is strictly convex. Thus by [CM14b,
Théoreme 9.2]

hoot (2, Ha, up) = dr(2, Ha).

So the corollary follows from Theorem B. O
3.1. Proof of Proposition 3.4. We begin by recalling some constructions and results.
Duality. The dual of a proper convex open set of P(R"*1) is the set

O = {p e P(R"™)*) : kero N Q # 0}.

It is straightforward to verify that Q* is a proper convex open subset of P((R""1)*).
Associated with a point p € P(R™*!) is the hyperplane p** in P((R"™!)*) consisting of all ¢ € P((R"*1)*)
with ¢(p) = 0. For convex sets, we have the following connection between the boundaries of {2 and Q*:

Observation 3.6. Suppose Q C P(R"*!) is a proper convex open set. Then p € 9Q if and only if p** is a
supporting hyperplane of Q*. Likewise, ¢ € 9Q* if and only if ker ¢ is a supporting hyperplane of €.
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Now, if Q C IP’(R"H) is a proper convex open set and p € 9Q, then p is a C! point of 9Q if and only if
there is a unique supporting hyperplane through p. So we have the following:

Observation 3.7. Suppose Q2 C P(R™"!) is a proper convex open set. Then € is strictly convex if and only
if 90 is C1. Likewise, Q* is strictly convex if and only if 92 is C*.

Finally, any element v € Aut(€2) acts on Q* via the action on the dual of , that is v*(¢) = poy~1,

where ¢ € (R"*1)*. We will denote by I'* < Aut(Q2*) the dual group of any subgroup I' of Aut(f).

R’ﬂ-‘rl

Margulis constant. By [CM13, Théoreéme 1] or [CLT15, Theorem 0.1], in any dimension n, there exists a
positive constant (called a Margulis constant) €, > 0, such that, for every proper convex open subset Q of
P(R™1), for every = € Q, and for every T' discrete subgroup of Aut(€), if ., (z) is the group generated by
the elements of ' that move x at a distance less than e, then I'c, (z) is virtually nilpotent.

The thick part of 2 is the closed subset of points = € 2 such that I'. () = {1}. The thick part of I'\Q
is the quotient of the thick part of 2 by I'. The thin part is the complement of the thick part.

If z is inside the thick part then, by definition, the restriction to the ball of radius %+ of the projection
0 — I'\Q is injective. The theorem of Benzécri [Ben60] mentioned during the proof of Lemma 3.1 implies that
the pup-volume of the Hg-ball of center  and radius %" is bounded from below by a constant independent of
x or . So, if the quotient I'\2 has finite volume then the thick part of T'\{2 is compact, since it can contain
only finitely many disjoint balls of radius &-.

About the automorphisms of Q. Let T be a torsion-free finite type discrete subgroup of Aut(€2). Suppose
that € is strictly convex or with C''-boundary, then each non-trivial element v € I is either hyperbolic, that
is, v fixes exactly two points of  which are on the boundary, or is parabolic, that is, it fixes exactly one
point of Q which is on the boundary (see [CM14a, Théoreme 3.3], or [CLT15, Proposition 2.8]).

Suppose G < T is a subgroup generated by two elements -y, d. Then,

(1) either G is virtually nilpotent and
(a) either every element of G is hyperbolic and has the same fixed points,
(b) or every element of G is parabolic and has the same fixed point;
(2) or G contains a free group and no point in Q is fixed by every element of G
(see [CM14a, section 3.5], or [CLT15, Proposition 4.13 and 4.14]).
Let € > 0 be a Margulis constant. Let A be a maximal parabolic subgroup of T', that is, a non-trivial
stabilizer of a point p € 9 which contains one parabolic element (and hence, according to the above remarks,
contains only parabolic elements). We define

Q.(A) = {z € Q| 3y € A, Ho(z,vz) < e}

This region is p-star-shaped, that is, for every € Q.(A) the line segment joining x to p is contained in
0 (A). Moreover, if A, A’ are two distinct maximal parabolic subgroups of T" then Q.(A) N (A') = & (see
[CM14a, Lemme 6.2]).

Proof of Proposition 3./. By [CLT15, Corollary 6.7], the quotient T'\Q2 has finite volume if and only if the
dual quotient T*\Q* also has finite volume. Hence, we only have to show that if  is strictly convex and
'\ has finite volume then 952 is of class C*.

Suppose that Q is strictly convex. We want to use [CLT15, Theorem 0.15] to conclude that 92 is of class
C'. In order to apply that theorem, we need to prove that I'\§2 is topologically tame and that the holonomy
of each boundary component is parabolic.

Fix ¢ > 0 a Margulis constant. Since T'\Q2 has finite volume, the thick part of T'\Q is compact (by the
above remarks). Since () is strictly convex, a connected component H of the thin part is of one of two types.
Either it is a lift of a Margulis tube, that is, a lift of a tubular neighborhood of a closed geodesic of length
less than e. Or it is preserved by a maximal parabolic subgroup A of I' and H = Q.(A) (see [CLT15, Lemma
8.2]).

Since there are only a finite number of geodesics of length less than e, the thick part of T'\{2 together with
all the Margulis tubes is still compact. Hence, if H is a connected component of the thin part and not a
lift of a Margulis tube, the action of A on OH is cocompact. Since, H is p-star shaped, the quotient '\ is
topologically tame and the holonomy of each boundary component is parabolic. We can thus apply [CLT15,
Theorem 0.15] to conclude that 99 is of class C*. O
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APPENDIX A. PROOF OF PROPOSITION 2.10

For the rest of the section suppose that (X, g) is a complete non-compact simply connected Riemannian
manifold with Ric > —(n — 1) and bounded sectional curvature.
For a function f: X — R define the function P;(f): X — R by

B(f)(x) = / P, y) () dy.

X

We will need some estimates on the heat kernel:

Lemma A.1. [CLY81, Theorem 4 and Theorem 6] With the notation above, for any T > 0, there exists
C > 0 such that

—n —d((E,y)2
<Ot 2 - 7
pi(z,y) <C eXp( ol
and
i —d(z,y)?
V.ol < € exp (122 )

for allt € (0,T] and z,y € X.
Proof of Proposition 2.10. Recall that Fy(z,£) = P:(¢)(x). We claim that for any & € 0X
(O — Ag) Fy(2,6) =0

in the sense of distributions. Once this is established part (1) and part (2) follow from standard regularity
results (see for instance [Gri09, Theorem 7.4]).

Let ¢ € C°(X x Ry). By Lemma A.1, A, (o(x,t))pe(x,y)E(y) and 0y (d(w,t))pe(x, y)E(y) are in L1(X x
X X Ry, dzdydt). Then, using Fubini and the fact that dip:(z,y) = A.p:(x,y), we obtain

/XXHh Ay p(x, ) Py(§)(z)dzdt = /

X

- / ( / qs(w,t)Ampt(w,y)d:cdt) £(y)dy = / ( / ¢<w,t>atpt<w,y>d:cdt> £(y)dy
x \JXxR, X \JXxR,

= _/ </ 3t¢(ar,t)pt(:r,y)dxdt> E(y)dy = _/ 8i6(x, ) Py (€) (x)dxdt.
x \Jxxr, X xRy

( /X Al e, y)dwdt> £(y)dy

Thus
(0r — Ag)Fi(x,£) =0

in the sense of distributions. So part (1) and (2) are established.
Now, by [BE&4], since Ric > —(n — 1), if f € C2°(X) then

IVP(f)]loo < e V|V S| -

Moreover, for any £ € 0X , there exists a sequence f,, € C2°(X) such that f,, converges to ¢ locally
uniformly and ||V fu,|., — 1 (see, for instance, [AFLMRO7]). Hence, each Py(fm) is e™ V||V fonll .-
Lipschitz. Moreover, by Lemma A.1 and the dominated convergence theorem, P:(f,,)(z) — P:(§)(x) for all
x € X. Thus, P,(¢) is e D Lipschitz and

Vo Fe(, &) < etV

Now fix some non-negative ¢ € C2°(X). Then we have
[ s = [ ([ swamie.oi) i
- /X ( /X qs(:c)Aypt(:c,y)dw) Ey)dy = /X Ay P (y)E(w)dy.
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For r > 0, let ¢, : X — R be as in Lemma 2.9. Then

/X Ay P (6)(y)é(y)dy = /X Ay(cpr(y)Pt(ﬂﬁ)(y))ﬁ(y)der /X Ay((l—sor)(y)Pt(¢)(y))€(y)dy

<=1 [ cwP@wir+ [ 8,(0- )0 P66

Using the dominated convergence theorem once again, we have

lim [ orw)P@)o)dy = /X P(6)(y)dy = /X b(x)d.

T—00

Moreover, since integration by parts holds for Lipschitz functions,

[ a(a-enmnem)em| = | [ (9,(0- e re). 960 i

Now,

C
< [rowas [ 9R©wIL

VE(6)(y) = /X Y pu(z,y)d(2)d,

and so, by Lemma A.1,

Thus,

IVP(8)()ll € L' (X, dy).

lim IVE(¢) ()] dy = 0.
"% JX\B: (o)

Which implies that

and thus

lim [ A,((1L=¢)WP))¢w)dy =0,

T—00 X

[ Aco@P©)dn < (n-1) [ ola)da.
X X

Since ¢ € X was arbitrary and ¢ € C2°(X) is an arbitrary non-negative function, we see that

[Ada92]
[AFLMRO7]

[BBV10]
[BCG95]
[BCG96]
[BE&4]
[Ben60]
[Ben04]
[BH13]
[Cal72]
[CLT15]

[CLY81]

A, Fi(z,8) <n—1. O

REFERENCES

Scott R. Adams. Superharmonic functions on foliations. Trans. Amer. Math. Soc., 330(2):625-635, 1992. 5
Daniel Azagra, Juan Ferrera, Fernando Ldépez-Mesas, and Yenny Rangel. Smooth approximation of Lipschitz
functions on Riemannian manifolds. J. Math. Anal. Appl., 326(2):1370-1378, 2007. 6, 13

Gautier Berck, Andreas Bernig, and Constantin Vernicos. Volume entropy of Hilbert geometries. Pacific J. Math.,
245(2):201-225, 2010. 2

Gérard Besson, Gilles Courtois, and Sylvestre Gallot. Entropies et rigidités des espaces localement symétriques de
courbure strictement négative. Geom. Funct. Anal., 5(5):731-799, 1995. 1

Gérard Besson, Gilles Courtois, and Sylvestre Gallot. Minimal entropy and Mostow’s rigidity theorems. Ergodic
Theory Dynam. Systems, 16(4):623-649, 1996. 1

Dominique Bakry and Michel Emery. Hypercontractivité de semi-groupes de diffusion. C. R. Acad. Sci. Paris Sér.
I Math., 299(15):775-778, 1984. 13

Jean-Paul Benzécri. Sur les variétés localement affines et localement projectives. Bull. Soc. Math. France, 88:229—
332, 1960. 11, 12

Yves Benoist. Convexes divisibles. I. In Algebraic groups and arithmetic, pages 339-374. Tata Inst. Fund. Res.,
Mumbai, 2004. 3

Yves Benoist and Dominique Hulin. Cubic differentials and finite volume convex projective surfaces. Geom. Topol.,
17(1):595-620, 2013. 3, 10, 11

Eugenio Calabi. Complete affine hyperspheres. I. In Symposia Mathematica, Vol. X (Convegno di Geometria
Differenziale, INDAM, Rome, 1971), pages 19-38. Academic Press, London, 1972. 3, 11

Daryl Cooper, Darren D. Long, and Stephan Tillmann. On convex projective manifolds and cusps. Adv. Math.,
277:181-251, 2015. 12

Siu Yuen Cheng, Peter Li, and Shing Tung Yau. On the upper estimate of the heat kernel of a complete Riemannian
manifold. Amer. J. Math., 103(5):1021-1063, 1981. 6, 13



ENTROPY RIGIDITY OF HILBERT AND RIEMANNIAN METRICS 15

[CM13] Mickaél Crampon and Ludovic Marquis. Un lemme de Kazhdan-Margulis-Zassenhaus pour les géométries de
Hilbert. Ann. Math. Blaise Pascal, 20(2):363-376, 2013. 12

[CM14a] Mickaél Crampon and Ludovic Marquis. Finitude géométrique en géométrie de Hilbert. Ann. Inst. Fourier (Greno-
ble), 64(6):2299-2377, 2014. 12

[CM14b)] Mickaél Crampon and Ludovic Marquis. Le flot géodésique des quotients géométriquement finis des géométries de
Hilbert. Pacific J. Math., 268(2):313-369, 2014. 3, 11

[Cra09] Mickaél Crampon. Entropies of strictly convex projective manifolds. J. Mod. Dyn., 3(4):511-547, 2009. 1, 2

[Crall] Mickaél Crampon. Dynamics and entropies of Hilbert metrics. Institut de Recherche Mathématique Avancée,

Université de Strasbourg, Strasbourg, 2011. These, Université de Strasbourg, Strasbourg, 2011. 3
[DPPS09]  Frangoise Dal’Bo, Marc Peigné, Jean-Claude Picaud, and Andrea Sambusetti. On the growth of nonuniform lattices
in pinched negatively curved manifolds. J. Reine Angew. Math., 627:31-52, 2009. 3

[FM82] Alexandre Freire and Ricardo Mané. On the entropy of the geodesic flow in manifolds without conjugate points.
Invent. Math., 69(3):375-392, 1982. 1

[Gri09] Alexander Grigor’yan. Heat kernel and analysis on manifolds, volume 47 of AMS/IP Studies in Advanced Math-
ematics. American Mathematical Society, Providence, RI; International Press, Boston, MA, 2009. 5, 13

[Kar81] Leon Karp. On Stokes’ theorem for noncompact manifolds. Proc. Amer. Math. Soc., 82(3):487-490, 1981. 10

[Led10] Francois Ledrappier. Linear drift and entropy for regular covers. Geom. Funct. Anal., 20(3):710-725, 2010. 4

[Lof01] John C. Loftin. Affine spheres and convex RP"-manifolds. Amer. J. Math., 123(2):255-274, 2001. 3, 10, 11

[LW10] Francois Ledrappier and Xiaodong Wang. An integral formula for the volume entropy with applications to rigidity.

J. Differential Geom., 85(3):461-477, 2010. 1, 2, 3, 4, 5, 9, 10
[ManT9] Anthony Manning. Topological entropy for geodesic flows. Ann. of Math. (2), 110(3):567-573, 1979. 1

[Quio6] Jean-Frangois Quint. An overview of patterson-sullivan theory. https://www.math.u-bordeaux.fr/~ jquint/publications/courszuric
2006. Accessed: 2016-07-18. 1

[Thol5] Nicolas Tholozan. Entropy of Hilbert metrics and length spectrum of Hitchin representations in PSL(3,R). ArXiv
e-prints, June 2015. 1, 2, 3

[Wan08] Xijaodong Wang. Harmonic functions, entropy, and a characterization of the hyperbolic space. J. Geom. Anal.,

18(1):272-284, 2008. 10


https://www.math.u-bordeaux.fr/~jquint/publications/courszurich.pdf

	1. Introduction
	1.1. Riemannian metrics
	1.2. Hilbert metrics
	Acknowledgments

	2. Entropy rigidity for Riemannian metrics
	2.1. The Busemann boundary
	2.2. Patterson-Sullivan measures
	2.3. An integral formula
	2.4. A special Busemann function
	2.5. Final steps

	3. Entropy rigidity for Hilbert metrics
	3.1. Proof of Proposition 3.4

	Appendix A. Proof of Proposition 2.10
	References

