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Abstract We consider an individual-based spatially structured population for
Darwinian evolution in an asexual population. The individuals move randomly
on a bounded continuous space according to a reflected brownian motion. The
dynamics involves also a birth rate, a density-dependent logistic death rate and
a probability of mutation at each birth event. We study the convergence of the
microscopic process in a long time scale when the population size grows to +oo
and the mutation probability decreases to 0. We prove the convergence towards
a jump process that jumps in the infinite dimensional space containing the
monomorphic stable spatial distributions. The proof requires specific studies
of the microscopic model. First, we study the extinction time of the branching
diffusion processes that approximate small size populations. Then, we examine
the upper bound of large deviation principle around the deterministic large
population limit of the microscopic process. Finally, we find a lower bound on
the exit time of a neighborhood of a stationary spatial distribution.

Keywords structured population - birth and death diffusion process - large
deviations studies - exit time - branching diffusion processes - nonlinear
reaction diffusion equations - weak topology - Trait Substitution Sequence
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1 Introduction

The spatial aspect is an important issue in ecology [35L12]. The influence of
the heterogeneity of the environment on the phenotypic evolution has been
explored for a long time [13L[I7,23]. For example, the emergence of phenotypic
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clusters under a heterogeneous space has been extensively studied [1113224].
In [ITL24], the authors suggest that clustering and aggregation of individuals
can be a consequence of the spatial competition between individuals and gen-
erate structured populations based on isolated patches. In [32], the authors
draw attention to the influence of the boundary of the spatial environment.
The sensibility to heterogeneously distributed resources is also a key point to
study the spatial dynamics of population [I9]. In this context, the effect of a
spatial structure on the evolution of a population is fundamental.

In this paper, we are concerned with the interplay between spatial struc-
ture and Darwinian evolution under three main biological assumptions : rare
mutations, large population size and the impossibility of coexistence of two
traits for a long time scale. We use an individual-based model first introduced
by [5] which describes a spatially and phenotypically structured asexual pop-
ulation. Our main result describes the convergence of the microscopic model
in the mutation scale to a jump process that jumps in an infinite dimensional
space containing the spatial profiles of the population. This result is correlated
with several works on adaptive dynamics and in particular with the model of
Trait Substitution Sequence (TSS) introduced by Metz and al. [30]. The TSS
model describes the succession of invading advantageous phenotypic traits as
a jump Markov process in the space of phenotypic traits. The derivation of
the TSS model from the microscopic model has been rigorously proved by [3]
and then generalized in different contexts, as aged-structured population [36],
multi-resources chemostat population [4] or prey-predator population [6]. Our
paper generalized it in a spatial context. The spatial structured of the popu-
lation adds new non trivial difficulties. Our processes have values in infinite
dimensional spaces and the trajectories followed by the individuals in those
spaces are random, contrary to [36] where the age structure is deterministic.

The dynamics of the process is driven by a birth and death diffusion pro-
cess, in which the motion, birth, mutation and death of each individual
depend on its location X} and its phenotypic trait U} at time ¢ > 0. X} lays in
an open, bounded and convex subset X' of R? with a C2-boundary. U} belongs
to a compact subset U of R?. The phenotype of an individual does not change
during its life time contrary to its location.

The total population is represented at any time ¢ by the finite measure

1 &
vl = 22 D Ocxiut) 1)
i=1

where J, corresponds to the Dirac measure at y, N; is the number of individ-
uals at time ¢. The parameter K scales the population size and the biological
assumption of large population size is stated into mathematics by the conver-
gence of K to +oo.

Any individual ¢ with phenotypic trait © moves according to a diffusion pro-
cess driven by the following stochastic differential equation normally reflected
at the boundary 0X,

dX} = V2mvld - dB; — n(X})dl, (2)
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where B is a d-dimensional brownian motion, [; is the local time at the bound-
ary 0X, n is the outward normal to dX and m" is a function of the trait.

An individual with location z € & and trait u € U gives birth at rate
b(x,u), also denoted by b*(x) when w is fixed. The offspring appears at the
location of its parents. Furthermore, a mutation may occur with probability
qxp, making the phenotypic trait of the offspring different. The law of the
mutant trait is given by a kernel k(x, u, -). The parameter g scales the muta-
tion probability and the biological assumption of rare mutations is stated by
qr — 0.

The natural death rate is d(z,u). The competition exerted by an individ-
ual (y,v) on an individual (z,u) depends on the location y and on the two
traits through a competition kernel ¢ : U x X x Y — R¥. For the popula-
tion v = % > O(wsu) € Mp(X x U), the competitive pressure exerted on
individual (z,u) is

1 « 1
c-v(z,u) = 7 Zc(u,xi,ui) =% / c(u, y,v)v(dy, dv).
i=1 X xU

Observe that the competition kernel does depend on y. This spatial dependence
yields non-trivial mathematical difficulties. Biologically, it is a way to describe
the spatial heterogeneity of the competition induced, for example, by the de-
fense of a specific location. Finally, the total death rate is d(z,u) + ¢ - v(z,u).
As above, we may use notation d*(z) and ¢**(y) when u and v are fixed.

Let us state the assumptions on the parameters.

Assumption 1 1. m, b, d, k and c are continuous and non-negative on their
domains and b, d and c are Lipschitz functions with respect to x and y.

2. There exist m, b, b, d, ¢, ¢, k € R such that for any (z,u,y,v) € (X xU)?,
0<m*<m,b<blx,u) <b, dz,u) <d, c<clu,y,v) <E k(z,u,v) <k,
and d is not the zero function.

3. The sequence of initial measures (V<) =0, which belongs to Mp(X x U),
converges in law to some deterministic measure denoted by &y and it satis-
fies sup E[(1f€,1)3] < +oc0.

4. gk tends to 0 when K tends to +oo.

Before going further, let us set and recall the notation, which we use in the
entire paper.
Notation
e For all z € 0X, n(z) denotes the outward normal to the boundary of X at
point x.
e For sufficiently smooth f and for all (z,u) € X x U, O, f(x,u) denotes the
scalar product V, f(z,u) - n(z).
o CM(X x U) represents the set of functions f € C*(X x U) such that
Onf(z,u) = 0 for all (x,u) € X xU. We define C51I (X xU x [0, T]) similarly.
e For any f € CELI(X x U x [0,T)), fs is the function on X x U such that
fs(xa u) = f(:c,u, 5)

e For any compact set X, we denote the space of finite measures on X by
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e For all v € Mp(X) and f € C(X), we denote [, fdv by (v, f).
e CLP(X) denotes the set of all positive Lipschitz-continuous functions f on
X bounded by 1 and with a Lipschitz constant smaller than 1.
e We define the Kantorovich-Rubinstein distance on Mg (X) by : for any v, u €
MF (X)a

Wi(v,p) = sup [, f) = (u, f)I-

fecrir(x)

As X is a compact set, this metric is a metrization of the topology of weak
convergence. It is equivalent to the 1%!-Wasserstein distance.
e B(v,~) represents the ball of center v and radius v in Mg (X) for the previous
distance.
o ([0, T], Mp(X)) denotes the space of cadlag functions from [0, T] to Mp(X),
equipped with the Skorokhod topology.
o If £ € Mp(X x {u,v}), we identify the two following ways of writing :
(d, dw) = E4(dw)8, (dw) + € (dw)d,(dw) and € = (€%, €7) € (Mp())2.

2 Main theorem

A macroscopic approximation of the model described in Section [I] has been
proved in [5] as a large population limit.

Theorem 1 (Theorems 4.2 and 4.6 in [5]) Suppose that Assumption (1]
holds. For all T > 0, the sequence (V™) o of processes belonging to D([0, T, Mg (X x

U)) converges in law to a deterministic and continuous function &, i.e. £ €
C([0, T, Mp(X xU)) such that sup,cio 11(&t, 1) < +o0 and Vf € C20%(x xU),

t

Gh=ton+ [ | {[b(w) — d(z,u) — ¢ &0(ww)] (2, )

0 xXxuU

+m A, f(z,u) }§S(dx, du)ds. (3)

Moreover, if U is finite, for any u € U and t > 0, &(.,u) has a density with
respect to Lebesgue measure which is a C?-function.

The limiting equation is a nonlinear nonlocal reaction-diffusion equa-
tion defined on the space of traits and locations. In [10J1], the authors have
studied the existence of the steady states of similar equations in the context of
frequent mutations. Our study involves a rare mutations assumption and mu-
tation terms disappear in the limit. The stability of the steady states and the
long time behavior of the solutions to have been characterized in [25[7] in
the particular cases of a monomorphic population (all individuals have a same
phenotype) and a dimorphic population (two traits are involved). The sta-
tionary states and their stability are described using the following parameters.
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Definition 1 For any u € U, we define H" by,

g = e [ [ ver - [or-ae?]. @

— min
oeHY (X).6%0 [|0]|72 2y

where H!'(X) is the Sobolev space of order 1 on X. H" is the principal eigen-
value of the operator m“A, - +(b* — d*)- with Neumann boundary condition
on X.

Let g* € C1(X) be the eigenfunction of the previous operator associated with
the eigenvalue H" such that [, ¢*“(y)g"(y)dy = H".

If g* > 0, we define the associated measure in Mp(X)

&"(dx) := g" (w)da (5)

Finally, for any (u,v) € U, we set

K :=/2(C”"(y)§“(y)dy (/Xg“(y)dy>_1-

As proved in [25], H* > 0 is the condition ensuring that a monomorphic pop-
ulation with trait u is able to survive. In that case, the stationary stable state
is described by the positive spatial profile g".

The dimorphic case implies four distinct stationary states : the trivial state
(0,0), two monomorphic states and a co-existence state. To ensure the impos-
sibility of co-existence of two traits for a long time which is a principle also
known as "Invasion-Implies-Fixation", we set the following assumption

Assumption 2 Let u be in U, for almost all v € U,

1. either, H'k"* — H"k"™ < 0,
Hk"" — H*,"™ >0
0T\ prug e <

According to [25], any solution to converges either to (g*,0), or to (0,g")
under Assumption [2| Furthermore, the authors of [25] prove that condition
ensures the L2-stability of the equilibrium (g“,0). Thus, if a v-population
with a small density function g is emerging in a u-population with density
function g%, it will not be able to survive. On the contrary, under condition
it will invade and replace the w-population since condition [2] ensures that
any deterministic solution to converges to the stable equilibrium (0, g")
whatever the initial condition is. In the light of the previous considerations,
we refer to HVk"" — H"k"" as the invasion fitness of the individuals with type
v in a resident population with type u.

Moreover, we will show that the probability of success of such an invasion
can be described by means of the geographical birth position zy of the first
individual with trait v and the function ¢"* defined for all u,v € U by

1. if HYk" — HYk" <0, ¢¥%(x) =0 for all z € X,
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2. if H'g"™ — H*g"™ > 0, ¢"™ is the unique positive solution to the elliptic
equation on X

m'Ap¢ + (b” —d’ — / c”“(y)g“(y)dy) b —b'p? =0,
x
Ond(x) =0,Vz € OX.

(6)

We are now ready to state the main result of this paper. It describes the
convergence to a spatial structured TSS under the separation of time scales
introduced in [3].

Theorem 2 We suppose that Assumptions[1] and[q hold. We also assume that
the scaling parameters satisfy

Kqg log(K) T 0 and Kqre®" — 4oo, foranyV>0. (7)

— 400 K—+o00

Then for any T > 0, (V(It(/KqK)>te[0,T] converges towards a jump Markov

process (Ay);>j0,r) as K — +oo. At any time t, A, belongs to the subspace
{&"6y,u € U} of Mp(X xU), where for any uw € U, £ € Mp(X) is the spatial
pattern defined in . The process (Ay)e>0 jumps from the state characterized
by the trait w € U to the state characterized by v € U at the infinitesimal rate

/ pb*(2) "™ (x)g" (x)k(z, u, v)dzdv.
x

This convergence holds in the sense of convergence of the finite dimensional
distributions.

The limiting jump process describes an evolutionary phenomenon using a se-
quence of monomorphic equilibria characterized by their spatial patterns and
their phenotypic trait.

Although the structure of Theorem [2s proof is similar to the one of The-
orem 1 in [3], the spatial structure of the process leads us to deal with infinite
dimensional processes. Two key points of the proof have to be approached dif-
ferently. The first point concerns the study of the dynamics of a population
descended from a mutant which has appeared in a well-established monomor-
phic population. As long as the mutant population size is small, the com-
petitive terms between mutants can be neglected and the dynamics of the
mutant population will be compared with the dynamics of a branching dif-
fusion process. Thus, the first ingredient of the proof is to understand finely
the extinction and survival probabilities of a branching diffusion process. We
will describe it by means of the eigenparameters defined in Definition [I] and
Assumption 2] The second point which is approached differently concerns the
study of the process when it is close to a monomorphic deterministic equilib-
rium to taking into account a small mutant population and the possibility
of new mutations. In this way, we avoid the comparisons used in [3], where
the behavior of the resident population process is compared with the behavior
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of a theoretical monomorphic population evolving alone. Those comparisons
are much more involved when the population is spatially structured. We es-
timate the exit time of a neighborhood of a monomorphic equilibrium by the
resident population by studying a large deviation upperbound of the stochas-
tic process (v[);>0 around its deterministic limit when K is large. The
large deviations studies for processes combining diffusion process and jumps
in a non-constant size population are still unresolved, to our knowledge. Those
studies have thus their own interest.

The next section presents some numerical examples that illustrate Theo-
rem[2] In Section[d] we evaluate the survival probability of a branching diffusion
process and we characterize the scale time under which its size is of order K. In
Section [5] we describe an explicit large deviation upper bound in our infinite
dimensional framework by using ideas in [9,29/[36]. Then we study the rate
function associated with the large deviation principle. Section [6] deals with the
exit time of a neighborhood of a stationary state to . Finally, Section [7|is
devoted to the proof of Theorem [2| We detail two key propositions. The first
one deals with the dynamics of the individual-based process in the case where
only one trait is involved. The second one gives the dynamics of the process
after the time of the first mutation but as long as only at most two traits are
involved.

3 Numerics

In this section, we illustrate Theorem 2] with two numerical examples. For both
examples, the location space is X = (0,1) and the trait space is & = [0, 1].
The simulations are computed using an iterative construction which gives an
effective algorithm of the process.

3.1 The evolution of ecological niches

We consider here a set of parameters similar to the one in [II] and [25] in
which, for any trait u, the growth rate is maximal for the location x = u. For
instance, the location space state can represent a variation of resources, as
seed size for some birds, and two populations with two different traits are not
best-adapted to the same resources. For some bird species, a gradual variation
of seed size can determine a gradual variation of beak size [19]. Moreover, the
maximum value of the growth rate function is the same for all traits but when
u decreases, the birth rate function goes faster to 0, as follows :

b(w,u) = max{4 — 160(1 — u)(x — u)*,0}, d(z,u) = 1.

That is, the birds with a large trait value are more generalists than the ones
with a small trait value : they are able to feed themselves on a larger set of seed
size [I7]. All individuals move with the same diffusion coefficient m* = 0.003.
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The competition kernel is a constant ¢ = 10 and the mutation kernel k(z, u, w)
is the probability density of a Gaussian random variable N (u, 0.05) conditioned
on staying in U.

Scaled number of individual
Scaled number of individuals
Scaled number of individuals

Scaled number of individual
Scaled number of individual
Scaled number of individuals

Location x Location x Location x

(d) t= 400 (e) t= 4 500 (f) t= 10 000

Fig. 1 Simulations with K = 100000, g = 10~°. The initial population is composed of
K individuals with trait 0.4 at location 0.5. We observe the evolution of the spatial niche
occupied by the individuals over time.

In Figure[I] we observe the evolution of the trait associated with a change
of spatial niches and spatial patterns over time. After a short time (a), the spa-
tial distribution of the monomorphic population with trait u = 0.4 stabilizes.
Then, in Figures (b), (c) and (d), we observe a phenomenon of invasion and
replacement : some individuals with trait © = 0.499 appear, invade and finally
replace the previous population with trait u = 0.4. Note the change of spatial
niche, see Figure (c). The locations of the population with trait « = 0.499
are slightly larger than the one of trait « = 0.4. Other phenomena of invasion
and replacement with a displacement of the spatial niche are detected until
the time ¢ = 4500 (Figure (e)). In a second phase, the population evolves to
become more and more generalist (Figure (f)) : the length of the spatial niche
is increasing at each event of invasion and replacement. Indeed, it is profitable
to become generalist and feed oneself on a larger range of resources since the
maximal encounter rate of a more generalist individual does not decrease [17].
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3.2 The evolution of the diffusion coefficient

The evolution of dispersal is a classical question in evolutionary biology since
it has profound effects on geographical distributions and effective population
sizes [22].

In this part, we study the influence of a change of the diffusion coefficient m".
Let us assume that the birth and death rates (b, d and c¢) are independent of
the phenotypic traits. Let u,v € U be two traits such that m* > m@. Since g*
is the eigenvector associated to H", the minimum in is reached at g* and
we deduce easily that H* < H". Moreover, for all w € U,

g = /X ¢ (4)g° (y)dy = / e(1)g" (v)dy = K.

X

Hence, the sign of the invasion fitness of the individuals with trait w in a
resident population with trait v can be computed easily

Hulim} _HUH’LL’U — (Hu —HU)K}U S O,

conversely, HYk"* — H"xk"* > 0. As a conclusion, the individuals with the
smallest diffusion coefficient will be selected. Thus, Theorem justified the
fact that dispersal is selected against in a bounded environment variable in
space but constant in time. This evolutionary phenomenon has already been
studied in particular cases [20L21L[3T]. Since there are more individuals in the
good areas, the passive diffusion leads individuals from the good locations
to the bad locations [22]. Finally, spatial variation alone tends to reduce the
diffusion rate.

This phenomenon seems to hold for a more general competition kernel which
depends on the locations of the two competing individuals as observed by
means of numerical simulations presented in Figure 2| It has been computed
using a competition kernel

V(z,y) € X :=(0,1), c(z,y) = Ljz—y<0.15

a birth rate b(x) = max{2 — 20(z — 0.8)2,0}, a death rate d(z) = max{2 —
20(z — 0.2)%,0} and a mutation kernel identical to the previous simulation.
The diffusion coefficient depends on u as follows

m* = 0.003 (14 10(u — 0.3)?).

Here again, diffusion is selected against. We observe several events of invasion
and replacement, the individuals evolve to get a smaller and smaller diffusion
coefficient until u ~ 0.303 associated with the coefficient of diffusion m%303 ~
0.003.
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104 0.012-
0011

0,010

|

0,009

0.008

0.007

=
0.006- S

9 9
Diffusion coefficient

Phenotypic traits

0.005- =

01 0,004+ PEEITRIN

T T T T T y T J 0.003 T T T T . =
o 50000 100000 150000 200000 250000 300000 350000 400000 o 50000 100000 150000 200000 250000 300000 350000 400000

time time

Fig. 2 Simulations with K = 100000, g = 10~°; K individuals start at location 0.2 with
trait 0.8; on the figures, a black dot represents a population of more than 1000 individuals
and a gray dot represents a population of less than 1000 individuals. We observe the evolution
dynamics of the trait (left) and of the diffusion coefficient (right).

4 Survival probability for a branching diffusion process

As explained at the end of Section [2] the dynamics of the offspring of any
mutant individual will be compared with the dynamics of a branching diffusion
process. As a consequence, this section is devoted to the study of the survival
probability of such a process.

Any individual is characterized by its location X; € X, solution to with
the diffusion coefficient m > 0. Moreover, each individual with location z € X
gives birth to a new individual at rate b(x) and dies at rate d(x). Those rates
are assumed to have the following properties :

Assumption 3 b,d are two Lipschitz functions, b is a positive function and

there exists b,b,d such that for all x € X, b < b(z) < b and 0 < d(x) < d.
Moreover, d is a mon-zero function.

Let M; denote the number of individuals at time t. We describe the dynamics
of the diffusion process at each time by the finite measure

My

Nt = Z 5Xf'
i=1

We denote the probability measure under which 17y = 6, by Ps,. The next
theorem concerns the survival probability of the population assuming that,
initially, there is only one individual at location x. This probability is described
by means of the solution to an elliptic differential equation on X and the
location x. The location x plays a key role since, if the first individual appears
in a place where the growth rate is low or negative, it has a high probability
to die with no descendants. Let

Yy = inf{t > 0, M; = 0}.
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Theorem 3 Let H be the principal eigenvalue of the elliptic operator mA, .+
(b — d). with Neumann boundary conditions on X, see . If H > 0, there
erists a unique positive C%-solution ¢* to the elliptic equation

{ 0 = mAL¢*(z) + (b(z) — d(x))¢* (z) — b(z)¢*(x)?, Vz € X,

Ond*(x) =0, Yz € 0X, (8)

and ¢*(x) = limy_,oo Ps [Yo > t] for all z € X.
If H < 0, has no mnon mnegative solution, we set ¢* = 0, and
limy 0o Ps, [Y0 > t] =0 for all x € X.

The second result of this part estimates the probability that the population
size is of order K after a logarithmic time log K. For all ¢ > 0 and K € N*,
we set

Yo =inf{t >0, (n;, 1) > eK}.

Theorem 4 Let ¢ > 0 and (tx)kx>o be a sequence of times such that
limg 4o ti/10g(K) = +00. Then for all x € X,

lim Pgw [TeK < tK] = (b*(x)

K—+o00

The end of this part is devoted to the proofs.

Proof (Proof of Theorem@

We first study the probability Ps_[7y < t]. We denote the time of the first
event (birth or death) of the population by F;. The law of F; is given by
Ps, [E1 < t] = Es, [fot(d(Xs) + b(Xs))e™ f(f(b(Xv-)er(Xr))drds]. We set I(s) :=
Jo (b(X;) + d(X,))dr. Using the Markov property of 7, we obtain

Ps,[Yo < t] = Es, [ﬂElgtﬂ{MElzm + 1 <l nrp, =21 Basy [11Mt,E1:o]]
t
—E, { / (A(X0) + b(X)Psy, [Ty <t 512)6“5%15},
0

where X under P, is solution to (2) with initial condition z and diffusion
coefficient m. Thus g(z,t) = Py, [Yo < t] satisfies for all z € X, and all ¢t > 0,

g(z,t) = E, Uot (d(Xs) (X g(Xs, t — 3)2)6“8)(4 ,
g(z,0) =0, Vz € X.

(9)

Using Gronwall’s Lemma for bounded functions, we deduce immediately that
(©) has a unique bounded solution.
We now show that there exists a unique C2-solution to

O f (x,t) = mA, f(x,t) = (b(x) + d(@)) f(,t) + d(x) + b(x) f (x,)*,
Onf(z,t) =0, Y(z,t) € OX x RT (10)
F(2,0)=0, Vz € X,
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such that f belongs to C*(X x RT), is positive and smaller than 1 by using
super- and sub-solutions arguments. Indeed, let F(x, f) = —(b(z) + d(z)) f +
d(z) + b(z) f2. We easily see that f =0 and f =1 satisfy:

That is, f (resp. f) is a sub-solution (resp. super-solution) to . Moreover,
F and 0;F belong to C(X x R) and F is a Lipschitz function with respect to
2 by means of Assumptions 3| We apply Theorem 4 of Chapter III in [34] to
deduce that admits a solution f € C*'(X x RY) satisfying 0 < f < 1.
The uniqueness of the solution is a consequence of the maximum principle.

The next step is the use of a Feynman-Kac formula to deduce that f is also
a solution to (9). Let X be a solution to and for all ¢ > 0, and s € [0,¢],
we set

H(s, X,) = f(Xq,t —s)e 1),

Applying Itd’s formula to H (s, X;), using , and the fact that 9, f (z,t) =
0 for all z € X, we find for all s € [0,1],

105,X) = 10,X0) ~ [ (d0X0) + 406 (X1~ 0)?)e Do

e (11)

+/ V2m (9, f(Xy,t —o))e ' @dB,.
0

The expectation of the last term is equal to 0 as (for O f(Xo, tfa)e’l(")dBa)Tem’S]
is a martingale. In addition, E,[H (0, Xo)] = f(z,t). Let us make s tend
to t using the dominated convergence Theorem. As lims_;E,[H(s, X5)] =
E.[H (t,X;)] = 0, we deduce that f is a solution to (9). Since (9) admits a
unique bounded solution, both solutions are equal, i.e. Ps [Yo < t] = f(x,t).

Finally, we deduce the survival probability lim;_, (1 — f(z,t)) using re-
sults on Equation obtained in [2] and in Theorems 9 and 11 of Chapter III
in [34]. Indeed, it is proved that if H > 0, there exists a unique positive solu-
tion ¢* to the elliptic equation (§), and that ¢(t,z) = 1— f(x,t) = Py(Yp > t)
tends to ¢*(x) in C%(X) as t — +oo. Moreover, if H < 0, the unique solution
to (§) is the zero function and ¢(t,2) — 0 uniformly in X' as ¢t — +oc.

Proof (Proof of Theorem |4)) First, we split the studied probability into three
parts :

Pgm (TEK < tK) = Pgm (TEK < tK,IOgIOg(K) <1y < +OO)
+P6w(TsK < tK,IOgIOg(K) > To) —+ Péz(TeK < tK,TO = +OO) (].2)



Convergence to a spatially structured TSS 13

Let us start with the first term of :

Ps, (Yex < tx,loglog(K) < Ty < +00)
< Ps, (loglog(K) <Yy < +o0) — 0.
K—+oc
The second term of will be treated using a comparison with a pure birth
process. Let us consider a birth process with constant birth rate b and started
with only one individual. Tk denotes the first time when the population size
N of the process is greater than eK.

Ps, (Yex < ti,loglog(K) > Yy) < Ps, (Yex < loglog(K))

< Pi(Tex < loglog(K))
< IP)l(An/vloglogK > EK)

bloglog K
e /(eK) Pt 0.
It remains to deal with the third term in . Note that if H < 0, Theorem
implies that the third term is equal to zero, and the proof is done.
From this point forward, we assume that H > 0. Let h be a positive eigenvector
of the operator mA,. + (b — d). with Neumann boundary conditions on 90X
associated with the eigenvalue H. Thanks to It6’s formula, we find

IN

t
(e, e FtRY = (no, h) +/ (s, e BsmAh 4+ (b — d)he 75 — Hhe %) ds
0
t M
+ / > VeV, h(Xi)e " dBL,
0 =1

As mAzh + (b — d)h = Hh and V,h is bounded on X, (e~ Ht(n;, h))i>o is
a martingale. Moreover it is positive, so, it converges a.s. to a non-negative
random variable that will be denoted by W. Obviously, {7y < 400} C {W =
0}. Our aim is to prove that this is an a.s. equality. As done in the previous
proof, we denote the time of the first event of the population by F; and we set
I(s) = [;(b(X;)+d(X,))dr. Using the Markov property and the independence
between individuals, we find an equation satisfied by Ps [W = 0]:

Ps, [W = 0] = E, [ / T 1 (d(Xs) +0(X,) Py [W = 0]2>d5] . (13)
0
Finally, g(x) :=Ps, [W > 0] = 1 — Py, [W = 0] is solution to
+oo _
o) =5, | [ ORI - XS] e X )

Let us show that there exists at most one non-zero solution with value in [0, 1]
to Equation . Let g1 and g5 be two such solutions. We define

v =sup{§ > 0,1 (z) — Fga(z) > 0,Vx € X}.
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Assume first that v < 1.

+oo
g1(x) —vg2(x) = Ew|:/0 e_I(S)b(Xs)|:2(gl_’792)(Xs)_<g%_’yg§)(Xs)}d8:|'
(15)
Asy <1, g7 — 793 < (91 —792)(91 +792) and we find

+oo
91(z) —vg2(z) > E, [/O e TO(X ) [(g1 —792)(2 — 91 — ’792)(Xs)]d8:|'

Moreover, by the definition of 7, there exists g € X such that g;(x) —
792(20) = 0, so

+oo
0=E,, [/O e TOb(X,) [g1(Xs) — 792(X0)] [2 — g1(Xs) — vgz(Xs)]dS} :

Thus for a.e. s € RT, P, -a.s., b(Xs)[91(Xs) =792(Xs)l[2—91(Xs) —792(Xs)] =
0. Let us note that for all z € X, for i = 1,2, implies that

+oo
1—gi(z) > E, [ / e_I(s)d(Xs)ds] =Ps, [Mg, =0] >0,
0

that is, for all z € X, 2 — g1 (x) — yg2(x) > 0. As b is positive, for a.e. s € RT,
P,,-a.s. g1(Xs) — 792(X,) = 0. In addition with the fact that vg3 — g% =
793(1 =) — (91 —792) (91 + 792), (15) implies that,

0 = g1(z0) — v92(z0)

e " (X, e (X200~ s,

Using the same argument as before and that 1 — v > 0, we deduce that for
a.e. s € RT, P, -as., g2(Xs) = 0. Moreover, under P, the random variable
X, has a density with respect to Lebesgue measure, that is, for Lebesgue-a.a.
x € X, go(2) = 0. This is a contradiction with the fact that g, is a non-zero
solution.
Finally if v > 1, we define instead 7' = sup{y > 0, g2(z) — Yg1(x) > 0,Vx €
X} < 1 and we use symmetric arguments to reach a contradiction. Thus, there
is at most one solution to with values in [0, 1].

The next step is to show that ¢*, solution to , is also a solution to (14).
Let us write f* =1 — ¢*, it satisfies

{O:mAxf*—(b+d)f*+d+b(f*)2, on X,

(16)
Onf* =0, on 0X.

We apply Ito’s formula to f*(X,)e™ Jo ®(X)+d(X:)dr Then taking the expec-
tation and using Equation (16]), we deduce

[ (z) =Eq [ /0 t e T [d(X,) + b(Xs)f*(Xsf]ds} +E, [f*(Xt)e—fm} .
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Our aim is now to let ¢ tend to infinity. Note that I(¢) > bt for all t € RT and
that f* is bounded by 1. Hence, we use the dominated convergence Theorem
to find those two convergences:

E, [/(X)e ') < B, [e7O] = 0

t——+oo

t——+oo

400 _ _
<E, [/ e 1 b+ d)ds} — 0.
t

E, U;w e 1 + b(f*)Q](Xs)ds}

Thus, making ¢ tend to infinity, we find for all z € X,

Fro = [ el b0 (s

Since ¢* =1 — f*, ¢* is a solution to ([14). There exists at most one non-zero
solution to (14), thus we have either Ps, [W > 0] = ¢*(z) for all z € X, or
Ps, [W > 0] = 0 for all z € X. Using It&’s formula, it is easy to check that
in the case H > 0, ({(n;, e *h));>¢ is bounded in L?. So this martingale is
uniformly bounded and it converges in L' to W, hence Es [W] = h(z) > 0.
Finally,

]P’(;I [W > 0] = (;5*(3:) = ]P’5z [T() = —I-OO] = {W > 0} = {To = +OO} a.s. (17)
On {7, = o0},

log(eK) _ log({nr.ye, he ™) ||| le™e)
T — Tex K—o0 o

as (Nr..,h) < eK||hlleo, Yex — +00 when K tends to infinity and W > 0.
Hence,
Tex tK

li d i =
K- oo log(eK) < fooand lm log(eK) +oo,

and so, the third term in satisfies

Tex 2% )
< ,To = o0
log(eK)  log(eK) 0 (18)
W Ps, (Yo = +00).

Ps, (Yex < tx,Xo = +o0) = Ps, (

Finally, we have shown that the two first terms in tend to 0 and using
additionally (18), we get

lim Ps,(Yex <tx)="Ps, (To=—+00) = ¢ ().

K—+o00

That ends the proof in the case H > 0.



16 Heéléne Leman

5 Exponential deviations results

In this section, we are concerned by the upperbound of the large deviations
from the large population limit for the process (v/)icpo,7] when K tends
to 400 and gx tends to 0. Let us first describe the rate function. It requires
specific notation which will be only used in this subsection : let us fix T' > 0,

- &= xUx{1,2}.

— 1 is the mapping such that for any function f € C*%1(X x U x [0, T)), for
any (z,u,m,t) € € x [0,T],

flz,u,t) if m=1,

V()@ ut,m) = { — f(z,u,t) fmw=2.

— For all v = (v4)sep0,m) € D([0,T], Mp(X x U)), we define the positive finite
measure
p (dz, du, dm) = [b(x, u)d1 (dr)
+ (d(z,u) + ¢ vp—(z,u))d2(dm) |V (dz, du).

— Finally, we introduce the log-Laplace transform p of a centered Poisson
distribution with parameter 1, p(z) = e*—xz—1, and its Legendre transform

P,
pr(y) = ((y+1Dlog(y +1) —y)lyys 1y + Lgy——1y + 00 Ly 1y,

We now define the rate function : for all §o € Mp (X' xU) and v € D(]0,T], Mp (X x
u)),

sup ), if vy =&
15 (v) = FeCOt (X xUx[0,T]) (19)
+ oo, otherwise,
where
£T g 2, Ofs
I’ (V) ::<VT7fT> - <V07f0> - <mAacfs +m|vwfs| + Os ,Z/S>d8
0

T
— / /‘g (w(f)(x,u, s,m) + p((f)(z,u, s,w)))du’s’ds.
0
When there is no ambiguity, we will write I” (v) instead of Il (). The next

theorem describe the large deviations upperbound result.

Theorem 5 Suppose that Assumption holds. For all o > 0, § € Mp(X x
U), for all compact set C C B(&y, «), for all measurable subset A of D([0, T, Mp (X x
U)) such that there exists M >0 with A C {v|sup,cpo 11 (e, 1) < M},

1
limsup — sup  logP, «(v® € A) < — inf IfT(y), (20)
K—+oo & yieenmk 0 gec,vel

where MK = {% Zf\il O(wsui), With N € N, (w4, u;) € X x U}.
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Proof We show the following upper bound

1
li —logP(v® € A) < —inf IE (v). 21
limsup 7 log (v )< —inf Tg,(v) (21)
Equation can be directly deduced from this bound by a similar reasoning
as in the proof of Corollary 5.6.15 in Dembo and Zeitouni [9]. To prove ,
we need the exponential tightness of the process (VtK)te[(LT] which is described
by the following lemma whose proof can be easily adapted from [8|[18,36].

Lemma 1 Suppose that Assumption[1] holds, and that there exists Ciniy > 0
such that suppen(vd, 1) < Cinit a.s.. Then for all L > 0, there exists a
compact subset Cr, of the Skorohod space D([0,T], Mp(X x U)) such that

1
limsup— log P(v® ¢ C) < —L.
K~>+OOK

Set 78 = inf{t > 0,(vf,1) > M}. Note that Lemma [l| is also true for
(v i )e=0. Using a proof similar to Theorem 4.4.2 of [9], we deduce the in-
K )t>

equality
lim supi logP(v® € A) = lim supi logP(v% i« € A)
K—too K K—too IS M
<—mf (s (Tw) - HIETY),

feczO (xxuxo,T))

where H(I7'7) = limsupg_, , o, = log IE[exp(KIﬁT(VfFXTﬁ )] It remains to show
that H(I/'T) = 0. Let

Nr = exp (KIf’T(VfTﬁ) — g K%

/OTAT{& <V5»Pbu($)(/u¢(fs)(x7w)k(x,u,w)dw - ¢(fs)(x7u))>ds)7

where ¢(z) = x + p(z) = e* — 1. 1td’s formula implies that (N7, T > 0) is a
local martingale. The definition of Tﬁ implies that A7 is bounded. So it is a
martingale of mean 1 and there exists a constant C(]| f]|o, M) > 0 such that

xp(—qx KC(|flloe M) < E [exp (KI5 10))] < explax KC(flloe, M)).

We conclude easily, since gk tends to 0 when K — +-oc0.

The main point is now to write the rate function under a non-variational
integral formulation which is more workable than . This integral formula-
tion is required to prove the results on the exit time in Section [6] It will be
used to bound from above the distance between a solution to and any v,
as proved below in Proposition
Before writing the non-variational formulation, let us define two functional
spaces.
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— The Orlicz space associated with p* is L, 7 the set of all bounded and
measurable functions & on £ x [0, 7] such that

= inf a>0,/ (' |)du§ds<1 < +00. (22)
SX[O,T] «

The Orlicz space associated with p is defined on the same way.
— L2 is the set of functions h € L?(X x U x [0,T],R?%) such that

r 1/2
|l 2,1 == (/ 2(ys,m|h3|2>ds> < 00. (23)
0

Theorem 6 Suppose that Assumption holds. Let T > 0 and v € D([0,T], Mp (X x
U)), such that I (v) < 400, then there exist two measurable functions (hY,hY) €
Ly« 7 x L3 such that for all f € C201(X x U x [0,T)),

(ve, fr) = (v, fo) / / 1+ Y (z,u, 8, 7))(f) (2, u, s, 7)dulds+

g Ofs
/ / vs, m* Ay fs(z,u) + 2m"hs(x,u, s) - Vi fo(z,u) + (z, u)>d8,
xxu 0s

and the rate function can be written as follows

/ / (Y) dusds—l—/ m{ve, |h5|2)ds < +oo.  (25)

The proof of Theorem [6] uses convex analysis arguments which can be adapted
from Leonard [28,26L27]. We do not detail its proof but we give the main ideas.
For all v € D([0,T), Mp(X x U)), IT(v) is equal to the Legendre transform
I of I': (¢, V) (C2O1(X x U x [0,T])) — R:

T T
I (g1, g2) / / plgr)dpitds + / vy mlga[?)ds
0 E 0

at a well chosen point I,,. If [, belongs to the interior of the set domI™ of linear
maps [ with I'*(I) < 400, we can exhibit [, by means of the derivative of I,
the Legendre biconjugate of I'. Studying directly I is difficult. The key point
is thus to work on the product space L, r x £3.. In this way, we can study the
Legendre biconjugate of an extension of I" on that space, in order to deal with
the diffusive part and the jumps part separately. The diffusive part is treated
using ideas of Dawson and Gartner [8] and Fontbona [14] whereas the jumps
part is treated using ideas of Leonard [26127]. The next step is to deduce the
Legendre biconjugate of I" by restricting the definition domain by means of
Proposition 3.3 in [26]. Finally, to deal with points v for which I, does not
belong to the interior of domI™, we use a continuity argument similar to that
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of Theorem 7.1’s proof in [29].

The last result of this part gives an upper bound on the distance between
a solution to (3) and any v, this bound is used in Subsection

Proposition 1 Let T > 0 and M > 0. There exists C(T, M) such that, for
any v satisfying sup,<(ve, 1) < M and for all (&)i>0 solution to (3) with the
initial condition &y = vy,

sup Wi (v, &) < C(T, M) (IT(V) + 1/IT(1/)> .

te(0,T)

Proof Let v be such that (14,1) < M for all t € [0,T]. If IT(v) = 0, i.e.
vy = &, or if IT(v) = +oo, the result is obvious, so let us assume that 0 <
IT(v) < 4o0. Let (&)i>0 be the solution to with initial condition vyg.
The aim is to evaluate Wy (v, &;). Let (Pj*);>0 denote the semigroup of the
reflected diffusion process which is the solution to with initial condition
2z and diffusion coefficient m*. Theorem |§| implies the existence of (hy,hs) €
L7 x L3 satisfying (24). Then, we find the following mild formulation for
(v)>0 in a similar way to Lemma 4.5 in [5] : for all f € CEP(X x U),

(ve, f / /w (Pi_ F)( 1—|—h1)dusds+/ (Vs, 2mV P, f - ha)ds. (26)

In addition with a mild equation for (& ):>0, we deduce that for all f €
CLP(X xU) and for all t < T,

(e — &, f |‘/ /@/} P_.f) (du”ds—duﬁds)

/ /1/1 P_.f)h du”der/ (Vs,2mV 3 P;_, f - ha)ds

prt Ve P fllezellhallc2 e

(27)
The second line is a consequence of Holder’s inequality (see for example The-
orem 6 of Chapter 1 in [33] about Hélder’s inequalities in Orlicz spaces).
The next step is to find an upperbound on the two last terms. Theorem [f]

implies that
T T
:/ /p*(hl)dugdH/ m(vs, |ha|?)ds. (28)
0 £ 0

We easily deduce that for any ¢t < T,

<q / sup Wi (v &, )ds + [[0(Pr_f)

rel0,s]

hallZe p < lIh2llZ2 o < 217 (v). (29)
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Let us also find an upper bound on ||y

{ifa> 1, p*(lzl/a) < p*(jz])/a < p*(z) /v,
if0<a<1, p(lzl/a)<p*(jz])/o® < p*(x)/0®.

(30)

Moreover, the non-variational formulation (28) implies that I7(v) >
fo fgp (h1)dptds. Thus, using
in ([2), we obtain that if I”(v) > 1, [ [op* (|ha|/T7(v)) dptds < 1, ie.
||h1||p*,T < IT(w), and if IT(v) < 1, [ [, p* (\hﬂ/W) dprds < 1, ie.
1l -7 < /TT (v). Thus, for any t < T,

< (IT(V) + IT(V)) : (31)

|1

Pt < ||h1

Let us now find an upper bound on |[1)(P;_ f)| .+ Since X is a convex set in R?
and f € CLP(X xU), it has been proved in Part 2 of [37] that P*f € CLP(X).
In addition with sup,cpo 77(ve, 1) < M, forall a >0,¢t <T

(BB gl < | [T (1) e

so, for all t < T,

16 )l < [(mww (TM[b jdHM])i o

Furthermore, since P f € CtP(X), we get that for any ¢t < T,

< TM[b+d+ecM]p <1> ,
o

t
IVaPi_ fliZ2, = / 2ve, m|V o Pi_ f|?)ds < 2mMt < 2mMT := Cs.
0

Using the last two inequalities with , and , we find

T
sup Wiy, &) < C / sup Wi (v, & )ds+C: IT +(Ca++/2C3) )
1 ( ) 1 | 1 2 2 3)\/ 1

rel0,T] r€[0,s]

We use Gronwall’s Lemma, to conclude.

6 Lower bound on the exit time of a neighborhood of the
stationary state

In this section, we assume that initially, two traits u and v are involved. The
stochastic process starts in a state pl* = 1/0 Yty 5 such that Vg{’“ is close
to £ and there exist only a few individuals with trait v. Since the considered
initial state is close to the equilibrium (£%,0) and according to Theorem [1} the
dynamics of the stochastic process v is close to the equilibrium (£%,0) on a
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finite interval time when K is large. Our aim is to control the exit time of the
stochastic process I/tK " from a neighborhood of the stationary solution £“ in
Mp(X) when K is large and gx is small. We define the exit time by :

for all v > 0, Rf = inf{t > 0, W, (1J"", &%) > 4)}. (32)

Theorem |[7| gives a lower bound on Rff . The lower bound involves the first
time when a new mutation occurs and the first time when the v-population
size is larger than a threshold:

ST =inf{t > 0,3w & {u, v}, 1" (X x {w}) # 0}, (33)
for all e > 0,75 = inf{t > 0, (/" 1) > €}. (34)

Theorem 7 Suppose that Assumption [1] holds and that H* > 0. Let v > 0
such that v < H*(k"*)"", and if H'k"" — H k™ > 0, v satisfies also the
assumption v < | Hon —H ok . Then, there exist ¥ >0, € > 0, and

V > 0 such that, if vl = g " 4087 with Wi (vg ", €4) < ' and (150 1) < e,

PP T e Ty
then

P (RE > "V ATH A S =1
Thus, a well-established monomorphic population « is minimally affected dur-
ing the emerging of a mutant population v.

The assumptions on the radius v of the neighborhood ensure that there
exists only one steady state in the neighborhood.

The result is proved using ideas similar to the ones of Freidlin and Wentzell
[15]. In our framework, the difficulties come from the continuous space mo-
tion. Firstly, our processes have values in an infinite dimensional space, thus,
the required deterministic results are much more involved, see Subsection [6.1]
Secondly, we deal with two kind of randomness : jump process and spatial
diffusion process. The end of the section is devoted to the proof of Theorem [7]

6.1 Stability for the weak topology

This subsection deals with the deterministic solution to . We denote by
(&)¢>0 the solution to equation (3)) with initial condition & € Mp(X x {u,v}).
In this case, & € Mp(X x {u,v}) for all t > 0. We prove that, as long as the
size of the v-population density is small, the u-population density stays in a
Wi-neighborhood of its equilibrium g*.

Proposition 2 Suppose that Assumption holds. Let v > 0. There exist y' >
0 and € > 0 such that for any § = £\ + 50, with Wy (&), &%) <+,

for all t <t =inf{t >0,(&, 1) >}, Wi(&",EY) < v/2.
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The proof of Proposition [2|implies two main difficulties. First, using ideas
similar to Part 3.3 of [25], we can prove that the solution & to (3] stays close
to & if the initial condition admits a density which is close to the density g“
of £* for the L?-distance. However, this is not sufficient since we will deal with
discrete measures later. Thus, we need to enlarge the result for W;-distance.
Secondly, we are concerned with the trajectories of the u-population process.
Even though the v-population size is small, it does have an impact on the
death rate of individuals « which we cannot ignore.

The proof is divided into three steps. Firstly, we study how fast a solution
with initial condition close to £* moves away from &* in W;-distance during
a small time interval [0,%o]. Then, as to > 0, §}! admits a density and so, we
can compare the W,-distance and the L*-distance of the densities between £}
and £*. We finally prove a L2-stability result adapted from Part 3.3 in [25].

Proof (Proof of Proposition[4) First, we may assume that ¢’ < 1 and 7/ < 7.
Hence, there exists M > 0 such that any considered initial state satisfies

<£Oa ]l> <M
We fix ¢ty > 0 and we start with the first step. On the one hand, we can

find an upper bound to sup,¢(y (&, 1). Indeed

(€0, 1) < (€0, 1) + / (€ 1yds, (35)

and using Gronwall’s Lemma, we deduce that sup,cg (&, 1) < Mel_’t, for all
t > 0. On the other hand, using with & = {u,v} and a mild formulation
similar to Lemma 4.5 in [5], we find that ¢ satisfies: for any f € CLP(X),

t
(€8 — &0 f) =(€8 — & Pif) + / (€0 — £ (b" — " — ™ - E)PY f)ds
t t
+ / G (@ €U (Er P f)ds — / (c™ - €2)(E%, P, f)ds.

For any ¢ Lipschitz-continuous, we denote by ||g||Lip the smallest constant
such that g/||g|lLip € CHP(X). Since supyc(o,, (&, 1) < €, P f € CHP(X)
and using the definition of distance W, we obtain that, for all ¢t < t.,

(8 — & F)] V(8 E%) + (b+d + (€™, 1 /m €0, E)ds
(36)
+|lellip sup (&, 1) (/ Wi (€4, €Y) ds—|—e>

rel0,t]

Finally, (35), and Gronwall’s Lemma imply that there exist Cy,C5 inde-
pendent of ¢ and «’ such that

sup  W1(§,€") < V(€5 €") + €/ Ca)e 0N < (7 + € Cy)e o, (37)

r€[0,toAt /]
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According to (37)), we have to choose 7 and €’ such that (y'+€'Ca)e“rfo < /2.
Note that if for all £ € M (X), ter < to, the proof of Propositionis complete.
In what follows, let us assume that ¢, > ¢y for the initial state £ under
consideration.

The next step is to compare the L2-distance and the W;-distance between
&, and &*. According to Theorem (1 for any t, > 0, &, has a Lipschitz-
continuous density with respect to Lebesgue measure on X that we denote by
gi . In addition with the fact that g* € C*(X), we obtain

gk, —3"1I7- = /X(g&(x)—é"(w))%laf < W85 € lgig llip+ 115" [l Lin)- (38)

Let us bound ||g ||zip from above. For any ¢ > 0, we define hy(z) =
gt () exp(fot0 (. g% + ¢ - ) ds). The exponent of the exponential term is
positive and independent of x, thus [|g¢ [|Lip < ||h{, ||Lip- Furthermore, accord-
ing to Part 4 of Chapter 5 in [16], by (z) = [, I}, (z,y)éo(dy) where I' is the
fundamental solution to the system

oI = m" AT + (b*(x) — d“(z))I" on X x RY,

O, =0 on OX x RT,

I'(0,dz) = &(dx).
As tg > 0, ||}, ]| oo (xy and ||V 1%, | po(x) are bounded from above and there
exists C3 such that

1926 1 ip < It [l zip < C3(&5, 1) < C3M, (39)

where M has been defined in the beginning of the proof. Combining , ,
and the fact that Wi (&4, &%) < v/, we find Cy(€’,~") > 0 such that

u —u U U 1 —Uu 1/2
gt = 31122 < (Wi (&, €%) + Cac' )™ (Cs M + [|5"| ip))

1/2
< (7 + Ca)e 0 (CaM + g 13p)) ' 1= Cal€', 7).

We now deal with the last step of the proof. Let HY < H" be the second
eigenvalue of the operator m*A,. + (b* — d*). with Neumann boundary condi-
tion. Following ideas of Part 3.3 in [25] but including the v-population process
with size lower than €', we prove that if ¢ and +' satisfy €/¢+3||c**|| L2 C4 (€', ') <
(H" — HY)/2, then for all ty < t < te,

u —u ||gu||L2 — uu
lgi = g"llze < P €+ 3Ch(E A e 1)

Finally, if ¢ and ~' satisfy

9"l _ wu .
ax{l, ”H“} (€ + 3|2 Cul€ 7)) < mln{

then, for all ¢ < te,
Wi(g:'g") < llgi' — "l r=1][z2 <

That ends the proof of Proposition [2}

H*-Hy o }
2 21 S

7
5
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6.2 Exit time

This subsection is devoted to the proof of Theorem [7} We split the proof into
three lemmas similar to the ones in Dembo and Zeitouni [9)].

Let v > 0 satisfying the assumptions of Theorem [7] We consider ¢’ and +' as
in Proposition 2/ and set ¢ = & and p = %’ <. RE, S and TX have been

defined by , and and let us define
7= inf{t > 0, Wi("",€") €lp. 71}
Lemma 2 Under Assumption [, we have

1
lim limsup — log sup P, (7T A TeK A Sf( >t) = —00.
=40 Ktoo K7 yre(B(En 4 )xBO)NME

That is, the probability that the process v stays a long time in the ring

B(€",y) \ B(£*,p) is exponentially small. The proof requires a comparison
with the deterministic paths of Equation , the difficulty is to prove that
there exists a finite time after which all deterministic paths starting in the
ring are out of the ring. The fact that the probability is exponentially small is
a consequence of Theorem

Lemma 3 Under Assumption[d], there exists V > 0 such that

1 _
limsup — log sup P« W (% €4) > v, 7 <TK ASE) <~V
K—+o0 vikeenmk °

where C = B(£%,7') x B(0,¢).

Once again, the proof is based on a comparison with the deterministic paths
and application of Proposition [2] and Theorem

Lemma 4 Under Assumption for all C > 0, there exists T(C, p) > 0 such
that,

1
limsup — log sup ]P’,g( sup Wl(VtK’",Vé(’“) > p) < —C.
K—too K 7 rucpiau ynnk te[0,T(C,p)]

(40)

This lemma means that there exists a small time interval during which any
process stays close from its starting point with an exponentially high probabil-
ity. Since the stochastic process includes a jump part and a diffusive part, we
study not only the size of the population process during a small time interval,
but also a sum of reflected diffusion processes.

Theorem [7)is proved using the two last lemmas [3|and ] and we do not give
details as it can be adapted from [9]. The main change is that the proof has to
be done on {t < TX A SE} to ensure that the v-process size (V5% 1) is small
and that no other mutation appears, but Lemma [3| allows to circumvent this
difficulty.

There remains to prove the three lemmas.



Convergence to a spatially structured TSS 25

Proof (Proof of Lemma @ Note that if Wl(ué(’“,gu) < p for all K > 1, the
result is obvious. Otherwise, let us define the following set:

A(T) = adh{v € D([0,T], Mp(X x {u,v})),
vt € [0, T), Wy (v}, ) €]p, [ and (v, 1) <€}, (41)

where adh.S is the closure of the set S. Observe that {v € A(T)} = {TATEA
SE > T} a.s. and that the set C = adh(B(£%,v) x B(0,¢)) is a compact set of
Mp(X x {u,v}) as X is bounded. By applying Theorem [5| with the closed set
A(T) and the initial compact set C, we find

1
limsup —log sup P rx(ve A(T)) <— inf IT (v).

K—+o00 vifecnME vEA(T)

Thus, the proof is complete if we show that inf,e o) I7 (v)— + 0o as T tends
to 4+o00. To this aim, we will first show that any solution to cannot belong to
A(Ty) if Tp is large enough. Precisely, we set § €]0, p/2[, and prove that there
exists Ty > 0, such that any (£;);>0 solution to with an initial condition
satisfying Wi (€4, &%) €]p, [ and (€8, 1) < e satisfies

inf  sup Wi(&, ) > 0. 42
VGA(To)te[O,IZ)“O] (& 1) (42)

Assume that holds. Since sup, ¢ a(r,) SUPsefo,1,] (> 1) is bounded, we can
use Proposition [I| to deduce that there exists C' > 0 such that for any v €
A(Ty), § < C(I*(v) + \/T%0(v)). As z +— x + /7 is a bijective function from
R* to R, we find a constant C(§) > 0 which is a lower bound on I70(v).
Finally, for T > Tp and v € A(T), we decompose v as a sum of n := [T/Tp]
terms : using the non-variational formulation of IT > 0, we find a sequence
(Z/i)izl_,n S A(To) such that

I"(v) > iITO(I/) >C(0)n — +oo.

i=1

There remains to prove that holds. Let Wi (€4, %) €]p,v[ and (£8,1) <
€, and let (§)i>0 be the solution to with initial condition & = &40, +
§0,. Using Theorems 1.2 and 1.4 in [25], we know that & € Mp(X x {u,v})
converges to a stationary state which is either £“§, or £Vd, or a state with

coexistence. The assumptions on v insure that none of those stationary states
belong to (B(&,7) \ B(£", p)) x B(0,€). Therefore, there exists T, such that

Wik, &) & [p— 26,7+ 26] or (€4, 1) > e+ 2. (43)

However T¢, depends on &y. Thus, we will use a compactness argument to find
a uniform time and conclude. First, using Gronwall’s Lemma, we obtain : for
M > (€,1) + 27 + 26,

sup (&, 1) < (&, 1)eeo < MePTeo. (44)
t€[0,Te, ]
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Then two solutions (& )¢>0 and ({;)¢>0 to which are initially close stay close
during a short time. Indeed, using a mild equation, for any f € CL? (X x{u,v})

<£t_<taf>:<§O_C0,Ptf>+/0 (§s = (s, (b—d —c-&)Pi_sf)ds

t
0

- / <§Sa c- (59 - C‘Q)Pt—sf>ds.

Since P¢f € CL?(X) and according to Assumption (1}, we find a constant C
such that (b—d —c-&)P,_sf/Cy and ¢/Cy belong to CLP(X x {u,v}). We
deduce that for all ¢ < T,

t
& = G o) gw1<so,<0>+01/0 sup Wi (6, G )ds

r€(0,s]

t
L0 s (61 / sup Wi(6,G)ds.  (45)
0

re[0,Te, ] relo,s]

Using Gronwall’s Lemma and , we conclude that there exists a constant
C(Tg,) such that

sup. Wi (&, Gr) < C(Tg)Wi (o, Co)-
TE[O,Tgo]
Choosing ag, = 0/C(T¢,), we find for all (o with Wi(&o, (o) < ag,
SUPeo,1,] Wi(&r: Gr) < 0. In addition with and (1)), we obtain for all ¢,
with Wl (CO»&O) < Qg

inf  sup Wi(G, ) > 6.
VEA(Tso)tG[O,TgO] 1(t t)

Note that adh((B(£*,v)\B(£%, p))x B(0, €)) is a compact set of Mp (X x {u,v})
as X' is bounded. It is covered by Ug c(pau 1)\ B(Ex,p)xB(0,e) B(€0s g, ). We
extract a finite cover U, B(&), agi ). Finally, defining Ty = max;—1.., T¢;, we
conclude : for any & with Wy (&, £") €]p, [ and (£§,1) < ¢, we have

inf  sup Wi(&, 1) > 0.
VEA(Ty) e (0.1 16 0)

Proof of Lemma [2] is now complete.

Proof (Proof of Lemma @ Lemma [2| gives T3 such that

1
limsup — log sup P (T A TEASE >T)) < —1. (46)
K—too K7 K e(B(@En )% B(0,0)nME

Thus we limit our study to the time interval [0,71]. Since the initial states
under study satisfy (v, 1) < ((€%,1) + 27y + 2¢) and using Lemma we find
N > 0 such that
1
lim sup — log sup P« ( sup (VX 1) >N)<—1. (47)

v,

K—+o0 VEEe(B(E7)xB(0,e))nME ° te[0,T1]
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Let M > ((€“,1) + 2y + 2¢) V N and

A= {v e D(0,T1], Mp(X x {u,v})) | 3t € [0, Ti], Wi (14", €%) = 7,

sup (1}, 1) <eand sup (v, 1) <M} (48)
t€[0,T4] te[0,Ty]

For all K and vy € ME,

Py, (Wi (v, €% >y, 7 < TK A SF)

<P, (7’ <Tj, sup (utK,]l> > M) + P (T < T, v e A)
te[0,71]

+PV5<(T>T1,T§T€K/\S{()

<P, ( sup (v 1) > M) + P, (V" € A)+Pc(r AT ANSE > T,
tc[0,T1]

Then, we use Theorem [5] the definition of A , , and to find

1 _
limsup — log sup P« (vX € B9(E%,5), 7 < TK A SK)
K—+o0 vifecnM¥ ’

veA,vpeC

< —min{l, inf ITl(u)}7

where C = adh(B(£",3p) x B(0,¢)). It remains to prove that the r.h.s. is
strictly negative. Proposition [2| implies that any solution (&;)i>0 to with
&o € C satisfies the property :

if sup (&V,1) <€ =2, then sup W (&', &%) < /2.
t€[0,T1] t€[0,T1]

We deduce immediately that for any v € A, with vy € C, if £ is the solution
to with & := 1y,

sup Wi(vi &) = sup max{Wi(u, &) Wi(v),€))} = 5 Ae.
t€[0,T1] t€[0,Ty]

Finally Proposition [T ensures that there exists C' > 0 such that for any v € A,
TTi(v) > C.That ends the proof of Lemma

Proof (Proof of Lemma |4)) Let us fix f € CLP(X) and study the following
difference, using the construction of the process v/

[ ) = (0 )

S D SRCOEN RS SRS SE I B

;c Nnotdead ;e Ndead ;e Nborn
1EN] 1€ Ny 1€ Ny
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where Npotdead jg the set of indices of the individuals with trait u alive at
time 0 and not dead during [0,]; N4 represents the set of indices of the
individuals with trait u alive at time 0 and dead during [0,?]; and NP°™
is the set of indices of the individuals with trait w born during ]0,t]. Since

fectr(x),

dead born
N{ + N,

- (49)

1 , ,
K, I(V7 1 1
(v S ) = (v ™ N < Z | X¢ — Xl | +

: ~ Aynotdead
1€ Ny

is true for any f € CLP(X) so we find the same upper bound for
Wi (", vE5"). We use now the stopping time

% =iinf{t > 0,|(/°", 1)| > N}.

On {7 > t}, Wi (v, uf*") is stochastically bounded by + Zf{N | X —X§|+
$7 where {(Xg)tzo}ie{l..KN} are KN independent reflected diffusion pro-
cesses driven by Equation (2) with the diffusion coefficient m* and (P(t)):>0

is a Poisson process with intensity (b+ d + N¢)K N. Finally,

]P’( sup Wi (v, vty > p)
+€[0,T)

<P(rE <T) —HP’(T]{,( >T, sup W1(V,5K’”,Vé(’u) > /7)7

t€[0,T
KN
1 il P Pt) _p
<P(rE <T +]P’(— sup |X; — X} 27)+]P’( sup—27>7
(N ) K ;te[o,T]| ‘ o 2 tefo,r] K 2
(50)
Using Lemma(T] we can fix N € N such that

. 1 K

limsup—logP(ry <T) < —-C. (51)

K—>+OOK

Let us now consider the second term of (50). For z = (2!, ..,25N) ¢ XXV P,
denote the probability of (X1!,.., XX¥) under which (X}, .., X&) is equal to
_ . . . KN i i .

z. Let T be the stopping time 7" = inf{s > 0,3 ".") | X — X§| > pK/2}. Using
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the Markov property, we find

KN i
]P’j( sup Z|XZ XO\>p ):IP’E(TST)
te[0,T] 5,2,

KN K KN e

_Pw(TgT,iz_;XzT—X&zZl) (T<TZZ;|XT Xi| > )
KN T KN

i i pK i i PK

< ]P)Jc(;p(T - X5l > T) +Efc[/0 PXS(; | X7_s — X0 = T)ﬂreds}

<2 sup P; (Z|X’ X > pK)
geX KN sc[0,T] i—0
(52)
The aim is thus to find an upper bound on the last term for any z € A&V
and any s € [0, T]. Using Markov’s inequality,

(Z\X’ Xi| > 7) < e i HEx[ ‘XH”}. (53)

If we denote the kernel of the semigroup P of the reflected diffusion process
by p¥(z,y), Part 3 in [37] and the fact that X is compact imply that there
exist two positive constants C,Cy such that for any z,y € X,

Cp _le=yl?

Py (z,y) < Sa2¢ Czo . (54)

Thus, using and a change of variables, we find that there exists C5 > 0
independent from s such that

Ix ot Cp _lz—y® ly—al ENETA
E,: [e Vs } < —=e C2s e V5 dy < Cie %2 e%ldz = O3 < +00.
R

d Sd/2 Rd
(55)
We deduce with the last line in (52)), and that
KN
pK —£__In
Ps( sup D |X; - Xi) > 20} <o M (mATEN) 5
t€[0,T] ;=55
and there exists T} such that for all T' < T7, ﬁ —In(Cy)N > C.
Finally, concerning the third term of (50)), let r = log (m),

P(wa@ZB)SP@wng%)
te[0,T) 2

<e” ‘"‘QK E[erP(T)]

< e(fK(%7(5+J+EN)NT(6T71)))

)

< e(#{(% [log(m)fl] +(E+J+5N)NT)) 7
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and there exists Tp < Ty such that forall T < T, § [log (m) — 1} +

(b+d+eN)NT > C. In addition with (12), and (56), we deduce
with T(C, p) = Tx.

7 Proof of Theorem [2]

We are now ready to prove the main theorem of this paper. The structure of
Theorem [2fs proof is similar to the one of [3]. Thus, we do not repeat all the
details but only focus on the points that are different.

The first proposition concerns the behavior of the first mutation occurence
SE . when the initial state is monomorphic.

Proposition 3 Suppose that Assumptions |1 and hold. Let w € U and C*
a compact subset of Mp(X x {u}) such that 0 ¢ C*. If v € C* U ME(X),
then

— for any v > 0,

lim P« | SE > log K, sup Wi (vE €46,) > | =0,
K—doo 70 te(log K,SK)

— and, Kl—ig—loop”é( (SlK > %W) = exp ( —tf, pb“(x){t“(dm))

Proposition [3| is proved using similar arguments as those of the proof of
Lemma 2 in [3]. It is a consequence of the following lemma.

Lemma 5 For any a > 0, there exists T, > 0 such that for any § € C", for
any t > Ty, W1(&,€") < o, where (§;)1>0 is the solution to Equation with
initial state &g.

Proof On the one hand, Theorem 1.4 in [25] implies that the density of £* is
a stable monomorphic equilibrium for the L2-distance. Using a proof in three
steps as that of Proposition [2 we prove a Wi-stability : there exists o’ such
that for any & € B(£%, ) and for any t > 0, W (&, £%) < a.

On the other hand, for any &, € C¥, & converges towards £*. There exists T,
such that Wi (ér, ,£") < /2. Using that Pf € C*?(X) and inequalities
similar to and , we show that for any ¢ > 0 and (o € Mp(X),

sup Wi (i, &) < C(t)W1(Co, o),

r€l0,t]

where ((t):t>0 is the solution to with initial state (o € Mp(X x {u}).
Consequently, there exists d¢, > 0 such that for any (o € B(&o,0¢,),
Wi(Cry,,€te,) < @ /2. Thus, for any (o such that Wi (o, &) < dg,, for any

t 2> T, Wl(Ctagu) <a.
Finally, as C* is a compact set, there exists a finite number of balls such that
Cv cur,B(&, d¢i ). Defining T,, = maxi=1.., T¢i, we deduce the lemma.
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Proof (Proof of Proposition@ First, note that the first probability of Propo-
sition [3is non-increasing with ~. Thus, it is sufficient to prove the property for
any small v > 0. Let us assume that v satisfies the assumptions of Theorem [7]
Therefore, there exist v/ > 0, V' > 0, such that

sup P(RE <SfEnefY) — 0, (57)
V[‘;(GB(E“,W’)OM? K—o0

Rf, SK are defined by and respectively. We set 2a = 7/, then
Lemma [§] and Theorem [f] imply that

sup P (Wl(uﬁ,ﬁ_") >2a) — 0. (58)

ué< eCcu K—+oo

Using the Markov property, we deduce if K is sufficiently large such that
log(K) > T,

PI/K (SIK > IOgK7 sup Wl(”tKagu) > 7) - ]P)VK(W1<VII§;;E“) > 204)
0 te(log K,SK] 0

<E, x

Lisx >10g(5) W1 (vE &)<y} sup  Wh(pf,£") ZV]
te[Ta,SE+Ta]

IA

K K
Eug {H{SfZIOg(K),Wl(Vﬁ!,E’”)<7’}PVTKQ (R'y < Sl )]

< sup IF’Z,O(Rf <SEAEYY - sup P, (efV < Rf < S§K).
vo€B(E¥,7') vo€B(E¥,7')

The second term of the Lh.s tends to 0 when K tends to +oo according to
and the first term of the r.h.s tends to 0 according to . It remains
to deal with the second term of the r.h.s. On {t < RF < Sf*}, the number
of mutations M; is stochastically bounded from below by a Poisson process
with parameter Kq ((b%p,&") — 7||b%p||Lip) which is positive if v is small
enough. We conclude the proof of the first point with the fact that, under
Assumption (7)),
P(e"Y < RE < 5f%) <P(M xv = 0) 0

The second point of Proposition [3]is easily deduced from this first point and
Lemma 2 in [3].

The second proposition studies the process with a dimorphic initial state.
Let us define :

— 0 is the first time when the population becomes monomorphic,
— Vj is the phenotypic trait of the population at time 6.

Proposition 4 Suppose Assumptions @ and hold, and that the initial
state vl € Mp(X x {u,v}) is such that v " converges weakly to £* in Mp(X)

Ko _ 0z
and vy = £, Then,

Klim P(Vo =v)=1— lim P(Vh = u) = ¢"“(z0).

K—oo
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Moreover, for all n > 0 and all v > 0,

; K n : K FVi
I(IEHOOP (00 S Sl A K_q[{) = 1, and [(IEHQOP (Wl(l/907£ 0) < ’}/) =1.
Proof We set v > 0 small enough to use Theorem [7] : there exist v/, ¢, V such
that

~ sup P, x (R,If > TEASE A elY) - 1,  (59)
vy “EB(EM). vy " E€B(0s) >

where R,If, TX have been defined by and .
Let assume that ¢ < v and that K is large enough such that gx < . Then on
{t < RE ATK A S[}, the process (f"),50 is stochastically bounded:

1 _. 1
Zznf < K,v =< Z8up
K° =Y —“EkK?

ZmF | Z5UP are two branching diffusion processes starting with one individual
at location x¢, their birth rates are respectively b”(z)(1 — ) and b*(z), and

their death rates are d¥(z) 4 ¢ - € 4 2¢y and d¥(z) + "% - £ — &v.
Let us set

Tid =inf{t > 0,(Z;"",1) > Ke},
15" = inf{t > 0,(Z;"?, 1) = 0},

and respectively T}?Ef, Té"f associated with Z/.
Using same kind of computations as in Lemma 3 in [3], we deduce that for all
n >0,

K n _ K ¢fu sup n sup
PVCJ)K (90 < ST A %7,‘/0 = U,Wl(’/eo,f ) < ’Y) 2 Pémo (To < %7 ANTgee >

n K n K K K
implies that the last term tends to 0 under Assumption (7). Since the
number of individuals is stochastically bounded from above by a birth and
death process with birth rate b and competition rate ¢, Lemma 2 in [3] implies
that for any a > 0, there exists > 0 such that limsupy_, , o P(Sf¥ < ZL-) <

a/3. The main difficulty is to evaluate the first term. Theorem |3|implies that

SU n SU SU vu
o, (157 < o ATRP) o P, (1 < o0) = 1= 67 (), (61

where ¢7'*" is the solution to the following elliptic equation on X with Neu-
mann boundary condition

m? A" (2) + [0 (2) — d¥(w) — " €+ ey]¢T " (2) = b7 (2)¢7 " () = 0.
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Let us show that this solution is close to ¢¥*. Theorem [3|implies that ¢7*" is
positive if and only if

U VU

HY — ¢ & oy = HY — +ey > 0. (62)

K:’IJ,’U.

First case: H'k"" — H"x"" < 0 (Point 1 in Assumption
We can find + small enough such that is not satisfied, thus ¢7"** = ¢" =
0. In addition with and , we deduce that for all a > 0,

. K n K ¢fu
Kl_l)I-I‘rlOOIPVS( (90 SS]_ AH,%:U,Wl(VQO,g )<’Y> > 1—a.

Proposition [ is proved in this case.

Second case: H'sx"" — H"£"" > 0 (Point 2 in Assumption
Hence is satisfied for all v > 0. Let C be m and set L7(f) =

mU A, f + (b (x) — d¥(z) — ™ - €% +&y) f — b¥(z) f2. We have

L7(¢"") = eyo™ =0,
L1+ C)o™) = (1+C)¢*"[ey — Cb"¢"] < 0.

As ¢7¥" is the unique solution to £L7(f) = 0, we deduce the following inequal-
ities from a comparison theorem (see for example Theorem IIL.5 in [34]) : for
any r € X,

(1+C) o™ (x) = ¢7"(x) = 6" (). (63)
We split the end of the proof into three steps regarding as the proof of Lemma
3 in [3].
Let us fix a > 0. (60), and imply that if K is large enough,

n vu
]P)Vé< <T0[<<M/\S{(/\R5/\T€K>>l—¢ (CE())—CV.

On the other hand, if K is large enough :

Ui K K inf Ui inf
P TK < ~ _ANSKARK)>P T < L AT
uf(e —qKK 1 7)— 51~0<K6 —qKK 0 )

n K n K K K

We use Theorem [l to bound from below the first term of the r.h.s and we deal
with the two other terms as in (60]). Thus,

P TK < n K K\ S gvu _a
ng(e —qKK/\Sl /\Rfy 7(1) (.’to) «@

Thus, the v-process vV reaches a non-negligible size Ke, before —L- A SK A
ax K

R, with a probability that tends to ¢"“(zo).
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Once the mutant population has reached a non-negligible size, we can com-
pare the stochastic process and the deterministic limiting process. Under point
2 in Assumption [2] there exist T > 0 and 7o > 0 such that for any &, €
adh(B(£%,7) x (B(0,2¢) \ B(0,¢)), for any t > T,

gt € B(0772) X B(gv’72)7

where £ is the solution to with a dimorphic initial state &, € Mp(X x
{u,v}). This can be proved using similar arguments than those of the proof of
Lemma [Bl

Moreover, using Theorem [5] and Proposition [T}

sup P sup Wi (vE, < — 0,
ué(p v (te[O%] 1( t ft,uf) 72> K too
with §; ,x the solution to with initial state v¢. The two previous results
and the Markov property imply that, if K is large enough,

n K K oK n
Pr(TK< " ASKEARE SK>_T1 4T
o (T < Gl ASEARE St 2 J o

Vﬁ;}quT € B(0,272), V;?JJFT € B(¢", 2’72)) > ¢ (o) — 2a.

Finally, we use the Markov property at time 7X + T and we conclude as in
Lemma 3 in [3]. If v, is sufficiently small, we prove that, with a probability
that tends to 1, after time TX + T, the u-population process v** will become
extinct before its size reaches the threshold /72 and before the v-process pIov
moves away from a neighborhood of the equilibrium £".

That concludes the proof of Proposition [ in the second case.

Theorem [2)is deduced from Propositions [3]and [d]in a similar way to Theo-
rem 1 in [3] by using the transition probabilities of the jump process (A¢)¢>o.
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