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On the Deformation Heterogeneities 
Described By Crystal Plasticity

The deformation fields within grains in polycrystalline materials are generally highly 
heterogeneous and can be the precursors to the nucleation of micro-cracks or 

cavities.  Such behavior is conditioned by microstructural features, such as grain struc-
ture, texture, morphology, size, etc. The understanding of such complex phenomena is 
crucial to enable structural integrity assessments of engineering components, since it 
constitutes the physical bases on which to describe the local mechanisms of deforma-
tion and failure to be incorporated into structural integrity codes. This work provides 
a brief overview of the  different continuum mechanics approaches used to describe 
the deformation behavior of either single crystals or individual grains in polycrystalline 
metallic materials. The crucial role played by physics based local and non-local crystal 
plasticity approaches in the prediction of heterogeneous deformation is discussed. 
Representative examples are given regarding the use of dislocation mechanics-based 
crystal plasticity frameworks to describe localized plastic deformation behavior of FCC 
polycrystalline metallic materials.

Introduction

The macroscopic phenomena that control the physical and mechanical 
properties of materials are known to originate from the underlying micro-
structure. As the material characteristic length scales become smaller, 
its resistance to deformation becomes increasingly determined by local 
discontinuities, such as grain boundaries and dislocation cell walls. The 
interplay between grain boundary effects and slip mechanisms within a 
single crystal grain may result in either strength or weakness, depending 
on their relative sizes. Although experimental observations of plastic de-
formation heterogeneities are not new, the significance of these observa-
tions has not been addressed until very recently. Some experimental and 
numerical studies addressing the local interactions between deformation 
and grain boundaries have revealed how highly heterogeneous deforma-
tion states can develop locally, despite the grains being subjected to a 
uniformly applied macroscopic stress  (e.g., [21,27,55,61,62]).

Grain interaction studies are typically concerned with the way in which 
uniform deformation patterns breakdown into highly localized regions 
of plastic deformation. Strain localization effects can differ significantly, 
depending on the initial texture of the material. For instance, the extent of 
in-grain subdivision leading to strain localization can vary significantly de-
pending on texture ([1,44,54]). Furthermore, the initiation and subsequent 
development of localized deformation patterns is strongly influenced by 
the microstructure, particularly so in the case of somehow idealized poly-
crystalline systems. For example, if samples containing a small number 
of grains are derived from a directionally solidified material, the localiza-
tion process is expected to be particularly sensitive to the relative grain 
sizes, arrangement and in-plane lattice misorientation between adjacent 
grains and within grains. The microstructural inhomogeneities resulting 

from these factors can easily lead to potentially ‘soft’ regions, which are 
more susceptible to extensive plastic deformation and promote strain 
localization. As shown in Poullier et al. [53], strain localization can be 
primarily driven by non-uniform lattice rotations leading to a ‘geometric 
softening’ of the crystal. The extent of the lattice rotation depends on the 
relative orientation between adjacent grains and on whether or not lattice 
misorientations are present within the grains. This is further supported by 
an experimental  study on aluminum bicrystals [62], which showed that 
both low- and high-angle grain boundaries led to strain heterogeneities in 
the form of macroscopic shear bands. However, in this work, the extent 
of lattice rotation was found not to depend on the degree of misorienta-
tion between the crystals. Instead, it was found to depend on the initial 
pairing of orientations between adjacent crystals. In the limiting case, it is 
the length scales associated with the deformation patterns (e.g., the size 
of dislocation cells, the ladder spacing in persistent slip bands, or coarse 
shear band spacing) that control the material strength and ductility.

The issues discussed above, in addition to the ever increasingly pow-
erful and sophisticated computer hardware and software available, 
are driving the development of novel material modeling approaches 
to study deformation behavior at the grain level. This work provides a 
brief overview of some of these approaches, based on the continuum 
mechanics modeling of plasticity at the grain / single crystal level.  
Special emphasis is placed on highlighting the crucial role that local 
and non-local crystal plasticity plays in developing an understanding 
of microstructure-related size effects on the local stress and strain 
fields responsible for damage initiation in polycrystalline metallic ma-
terials. Representative examples are also given about the use of such 
types of single crystal theories to predict size effects and localization 
behavior in polycrystalline FCC materials.
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Single crystal plasticity

Constitutive models developed to predict the anisotropic behavior of 
single crystal materials generally follow either a Hill-type or a crys-
tallographic approach. As a common feature, they treat the material 
as a continuum, in order to describe properly plastic or visco-plastic 
effects. Hill-type approaches (e.g., [56]) are based on a generaliza-
tion of the Mises yield criterion proposed by Hill [40] to account for 
the non-smooth yield or flow potential surface required to describe 
the anisotropic flow stress behavior of single crystals. By modeling 
polycrystal structures with an appropriate crystallographic formula-
tion based on microstructural internal state variables (e.g., dislocation 
densities), greater insight into the grain interaction and deformation 
behavior of polycrystals can be achieved. In constitutive formulations 
based on crystallographic slip, the macroscopic stress state is re-
solved onto each slip system following Schmid’s law. Internal state 
variables are generally introduced in both formulations to represent 
the evolution of the microstructural state during the deformation pro-
cess. Although recent developments of these two approaches have 
now reached an advanced stage, the major improvements made have 
been by crystallographic models, due to their ability to incorporate 
complex slip micromechanisms within their flow and evolutionary 
equations. 

The inelastic response of metallic single crystal materials or grains is 
fully anisotropic and depends strongly on the shearing rate relations 
for the potentially active slip systems: 12 for FCC, 24 for BCC and 
24 for HCP lattices. Kinetics and hardening-recovery mechanisms 
can also vary greatly. Typically, in dislocation density-based models, 
the evolution of the dislocation structure is described by processes 
of dislocation multiplication and annihilation, as well as by the trap-
ping of dislocations [52,64]. Further discretization into pure edge and 
screw types enables their individual roles to be more clearly distin-
guished [8,20]. For example, edge and screw dislocations are as-
sociated with different dynamic recovery processes (i.e., climb for 
edges and cross-slip for screws), combining to influence the evolving 
dislocation structure of a deforming material. Comprehensive discus-
sions of these issues can be found in, for instance, [17,18,35,48].

In what follows, local and non-local crystal plasticity approaches are 
discussed and representative applicative examples given.

Local single crystal approaches

A generic internal variable based crystallographic framework is said 
to be a local one when the evolution of its internal variables can be 
fully determined by the local conditions at the material point. The de-
scription of the kinematics of most crystal plasticity theories follows 
that originally proposed by Mandel [47] and by Asaro and Rice [10], 
which has been widely reported in the computational mechanics lit-
erature (e.g., [2,3,14,15,16,38,39]). The multiplicative decomposi-
tion of the total deformation gradient, F into an inelastic component 

pF , and an elastic component eF  is classical; i.e., under isothermal 
conditions,

e p=F F F 					                   (1)

Although single crystal laws can be formulated in a co-rotational 
frame, i.e., the stress evolution is computed on axes that rotate with 

the crystallographic lattice, the most widely used approach is to as-
sume that the material’s response is hyperelastic, that is, that its be-
havior can be derived from a potential (i.e., free energy) function. 
Such a potential function may be expressed in terms of the elastic 
Green-Lagrange tensorial strain measure,

( )Te e e1 1
2

= −E F F 				                     (2)

and the corresponding objective work conjugate (symmetric) stress, 
or second Piola-Kirchhoff stress, T. Note that the Cauchy stress is 
related to T by

{ } T1e e edet  σ
−

= F F T F                                                               (3)

The hyperelastic response of the single crystal is governed by,
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e

Φ∂
=

∂

E
T

E

 
					                   (4)

where e/Φ∂ ∂E  represents the Helmholtz potential energy of the lattice 
per unit reference volume. If small elastic stretches are assumed, then 

e≅T EL : 					                   (5)

where L is the anisotropic linear elastic moduli. In rate-dependent 
formulations, the time rate of change of the inelastic deformation gra-
dient, pF , is related to the slipping rates on each slip system as

1
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Here, αm  and αn  are unit vectors defining the slip direction and the 
slip plane normal to the slip system. 

In rate-independent formulations, in contrast, flow rules are based on 
the well-known Schmid law and a critical resolved shear stress, c

ατ , 
whereby the rate of slip is related to the time rate of change of the 
resolved shear stress, ( : )α ατ = T P . Then,

1

m

c h
α

α α αβ β

β

τ τ γ
=

= = ∑   if 0βγ >                                                     (7)

In the above equation, h ,αβ , the slip hardening matrix coefficients, 
incorporate latent hardening effects. Due to the severe restrictions 
placed on material properties, such as latent hardening, to ensure 
uniqueness in the slip mode (e.g., [8,17]) and the associated dif-
ficulties in its numerical implementation, the use of rate-independent 
formulations has been somehow restricted and much more limited 
than rate-dependent ones. This has been compounded by the fact 
that, by calibrating their strain rate sensitivity response accordingly, 
rate-dependent models have been successfully used in quasi-rate-
independent regimes. Thus, the focus of the discussions will hence-
forth be on rate-dependent approaches.

The slip rate in eq. 6 can functionally be expressed as,

{ }1
ˆ ,S , ,S ,

sm
α α α α αγ γ τ θ= 

                                                          (8)

where, Si
a (for 1,..., si m= ),denotes a set of internal state variables 

for the slip system α andθ  is the absolute temperature. A useful and 
generic expression for the overall flow stress in the slip system can be 
conveniently found by inverting eq. 8. Let us, for instance, consider a 
case with three slip resistances 3(m =3).  Then,
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{ }3 1 2
ˆ  , ,v dis ssf S c S c Sα α α α α ατ γ θ= ± ± ±                                    (9)

where disc and ssc are scaling parameters, Si
a and 2Sα represent additive 

slip resistances and 3Sα is a multiplicative component. Here the distinc-
tion between the additive ( 1Sα and 2Sα) and the multiplicative ( 3Sα) slip 
resistances is motivated by the additive nature of non-directional scalar 
hardening mechanisms. By expressing the flow stress as in eq. 9, the 
contributions from viscous effects (first term in eq. 9), and dissipative 
(e.g., hardening, recovery) mechanisms arising from, for instance, for-
est dislocation and solid solution strengthening (i.e., second and third 
terms), can be clearly identified. The majority of formulations rely on 
power law functions for eq. 8, where the resolved shear stress is nor-
malized by a slip resistance or hardening function, which corresponds 
to 3 0Sα ≠ and 1 2 0S Sα α= = in eq. 9. This introduces a coupling between 
the viscous term and microstructure that is inconsistent with the afore-
mentioned additive nature of most strengthening mechanisms. Works 
such as those of [14,15,19] have proposed flow stress 1 0Sα ≠ and

2 3 0S Sα α= = which allows a more physically meaningful interpretation 
of strengthening phenomena controlled by the dislocation structure.  
The particular application for FCC polycrystals to be discussed in the 
next section assumes that 1 0Sα ≠ , 2 0Sα ≠ and 3 0Sα = . For a more 
detailed discussion of these issues, see also [17].

The relation between the overall slip resistance associated with sta-
tistically stored dislocation forest-type obstacles and the individual 
dislocation densities is defined by,

{ }
1/2

b   (for  )i i sS    h i=1, …,nα α αβ βλ µ ρ
β

=  ∑ 	 (10)

Here, λ  is a statistical coefficient, which accounts for the devia-
tion from regular spatial arrangements of the dislocations, and bα 
represents the magnitude of the Burgers vector. The corresponding 
total athermal slip resistance due to forest dislocations can then be 
expressed as

( ) ( ) ( )
1/

....dis ns
S  S S Sα α α α

 
 = + + + 
  

	 (11)

where r=1  is used when a linear sum of the slip resistances is de-
sired, and r=2  is used for a mean square value. 

In order to complete the set of constitutive relations, separate evolu-
tionary equations need to be formulated for the individual dislocation 
densities, with dislocation multiplication and annihilation forming the 
bases of their evolutionary behavior [14,15]. 

An application of local crystal plasticity to the study of deformation 
heterogeneities in FCC polycrystals

In this section, the classical local single crystal framework described 
in the previous section will be applied to the study of intergranular 
cracking in an FCC Al-0.5%Mg alloy. The work to be described here 
is based on that by Cheong and Busso [21], who studied the effects 
of lattice misorientations on the development of strain heterogeneities 
in FCC polycrystals in a thin Al–0.5% Mg polycrystalline specimen 
under uniaxial tension. The geometry and test conditions of the tensile 
specimen were based on the experimental work of Zhang and Tong 
[63], using a flat specimen gauge section containing 10 mm-size 

grains, with one very large grain spanning almost the entire specimen 
width (i.e., Grain 10 in figure 1(a)).

 
Figure 1 - (a) Initial microstructure of the Al–0.5% Mg tensile specimen 
(center gauge section). The inversed pole figures (IPFs) with respect 
to the ND direction, (b) highlights the strong ½(001) texture of the g                                                                                                                                
rains with respect to the RD direction and (c) identifies the corresponding 
‘hard’ and ‘soft’ orientations of the specimen’s grains
 
Single crystal formulation 

The single crystal model used for the individual grains of the FCC Al 
alloy was based on the original formulation proposed by [20] for Cu. 
The generic form of the slip rate, αγ , given in eq. 8, is assumed to be 
dominated by the thermally activated glide of dislocations over obsta-
cles. The slip rate is related to the resolved shear stress, ατ , through 
the exponential function proposed by Busso [14] (see also [15,16]),

/
1 ( )

ˆ
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SF
exp sign
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α α
α α

τ µ µ
γ γ τ

θ τ

  −  = − −  
    

             (12)

which accounts for the absolute temperature ( ), Kθ and the stress 
dependence of the activation energy. In eq. 12, 0F  represents the 
Helmholtz free energy of activation at 0 K, k is the Boltzmann con-
stant, o

αγ  is a reference slip rate and   is the maximum glide resistance 
at which dislocations can be mobilized without thermal activation. 
Furthermore, µ  and 0µ  are the shear moduli at θ  and 0 K , respec-
tively. The exponents p and q describe the shape of the energy barrier 
vs. the stress profile associated with interactions between disloca-
tions and obstacles. 

The athermal slip resistance, Sα , is expressed as   

1
S

N

Tb hα α αβ β

β
λµ ρ

=

 
=   

 
∑                                                         (13)

where the overall dislocation density for a given slip system , s
ββ ρ

is obtained from a discretization of the dislocation structure into pure 
edge and pure screw types, of densities e

βρ  and s
βρ , respectively. 

Thus,

e sT
β β βρ ρ ρ= + 					                  (14)
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The evolutionary equations of the individual dislocation densities ac-
count for the competing dislocation storage-dynamic recovery pro-
cesses and are expressed as [19,21],

e

1

C K 2d
b

N

e e T e e
α β α α

α
β

γρ ρ ρ
=

 
 = −
  

∑                                      (15)

and
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1 1
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ρ ρ ρ π ρ γ
= =

  
  = − +

    
∑ ∑      (16)

Here, the parameters eC  and sC  describe the relative contributions 
to the overall slip from edge and screw dislocations, while eK  and 

SK  are mobility constants associated with their respective mean 
free paths. Recovery processes are associated with the parameters 

ed and sd , which represent critical annihilation distances between 
dislocations of opposite Burgers vectors for both edge and screw 
types.

The calibration of the model’s parameters was inspired by those re-
ported for pure aluminum by [21]. In order to account for the increase 
in yield strength from solid-solution strengthening, the initial value 
of the slip resistance, Sα , was adjusted to provide a suitable yield 
strength value associated with the Al–0.5% Mg alloy. For details about 
the implicit numerical implementation of the above constitutive theory 
into the finite element method, refer to ref. [16].

Predicted deformation patterns and plastic strain distribution

Two cases with slightly different microstructural textures were consid-
ered. In Case 1, the lattice orientation of each grain was assumed to 
be uniform. In contrast, Case 2 assumed that within each grain, there 
exists a random distribution of misorientations ranging from 0° to 
6°, which is typical of those found in polycrystalline aggregates. The 
measured and predicted deformed shape of the tensile specimens 
after 12% true strain is shown in figure 2. In figure 2(a), the middle 
section shows the distinct formation of a macroscopic shear band 
spanning the entire specimen width for Case 1. This is less apparent 
in figure 2(b) for Case 2, where deformation appears more homo-
geneous. Figure 2(c) presents the experimentally measured contour 
plots of the accumulated plastic axial strain, which reveal that the pre-
dicted local strain measurements are in agreement with those in the 
actual deformed specimen. In both cases, the central region of the 
shear bands is tilted approximately 25° from the transverse direction. 
However, the predicted magnitude and distribution of the accumulated 
plastic axial for Case 2 are closer to those in the actual specimen than 
Case 1. Figure 3 shows the corresponding plastic strain distributions 
across the specimens for Case 2 after 5 and 1% true strain.  Here, 
the plotted strain quantity is simply defined as ( )11 11 1p pFε = − , where 
the subscript ‘11’ represents the axial component of the plastic de-
formation gradient, which coincides with the rolling direction (RD). 
Qualitatively, both Cases 1 and 2 predict the distinct formation of an 
inclined macroscopic shear band, which extends across the width 
of the specimen, in agreement with the local strain measurements 
in the actual deformed specimen. In both cases, the central region 
of the shear bands are tilted approximately 25° anti-clockwise from 

the transverse direction, similar to the measurements on the actual 
deformed specimen. However, they differ from each other as well as 
from the actual specimen in terms of the magnitude and distribution 
of the accumulated plastic axial strain. In Case 1, a rather sharp and 
highly localized shear band is predicted in the middle of the gauge 
section, with local strains more than seven times greater than the 
macroscopically applied uniaxial strain. In the surrounding regions, 
the plastic strain distribution is uniform and significantly lower, indi-
cating that the bulk of the plastic deformation in the specimen is now 
accommodated within the band. In contrast, the Case 2 assumption 
leads to the development of a less intense shear band in the same 
region, which agrees more closely with the experimental evidence.

Figure 2 - Comparison between the predicted and experimentally measured 
distributions of accumulated plastic axial strain 11

pε  in the polycrystal 
for (a) Case 1 (uniform lattice orientations within each grain), (b) Case 2 
(intragranular lattice misorientations) and (c) the actual tensile specimen 
after 12% true strain [63].

 
Figure 3 - Comparison between the accumulated plastic axial strain profiles 
along the specimen center line at 5% and 12% true strains. The open sym-
bols are experimentally measured values [63], and the solid lines are the 
Case 2 predictions.

These results are consistent with a recent study on a Cu tensile spec-
imen [19], which showed that the presence of intragranular misorien-
tations serves to redistribute plastic strain and reduces the extent of 
the strain localization region, resulting in a higher average deforma-
tion within each grain.
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Effect of lattice misorientations on macroscopic stress-strain behavior

The difference in the macroscopic behavior of the polycrystal speci-
men for the case with and without intragranular lattice misorientations 
is shown in figure 4. The figure reveals that a higher work-hardening 
rate is predicted when lattice misorientations within the grains are ac-
counted for, in agreement with the measured stress–strain response.  
The sensitivity of the macroscopic response to the inclusion of intra-
granular misorientations stems from the small number of grains in 
the microstructure. When high-angle boundaries are few and far be-
tween, deformation behavior is primarily dictated by the significantly 
larger number of low angle grain boundaries. This suggests that the 
mechanical behavior of such quasi two-dimensional polycrystals is 
more sensitive to grain substructural changes than bulk polycrystal-
line specimens. To confirm this, a simple study was carried out on 
bulk polycrystalline Al represented by an 8-grain representative vol-
ume element (RVE) with imposed periodic boundary conditions. The 
predicted macroscopic responses of the polycrystalline RVE up to 
10% tensile strain are given in figure 4(b). It can be seen that, when 
compared with the thin polycrystal response of figure 4(a), the influ-
ence of intragranular misorientations in the polycrystal aggregate is 
negligible.

Additional results reported by [21] showed that a change of one most 
dominant grain in the polycrystal from a ‘soft’ to ‘hard’ initial orienta-
tion in relation to the direction of applied loading, resulted in a signifi-
cant change in deformation behavior of the specimen, leading in turn 
to a stronger macroscopic polycrystalline response and a change in 
location of the localized deformation region. It could then be implied 
that shear bands can be expected to typically initiate in, and propa-
gate through, grains with ‘soft’ orientations, thus avoiding grains with 
‘hard’ orientations. Thus, in such thin polycrystalline specimens, a 
shear band need not necessarily follow a continuous straight line path 
but would take a path dependent upon the crystallographic orientation 
of the grains. 

In summary, the results reported in this section have shown that a dis-
location density based crystal plasticity model is capable of capturing 
the development of a macroscopic shear band identified experimen-
tally. It has also been found that intragranular misorientations exert a 
strong influence on the deformation behavior of such polycrystals, 
where the total number of grains is small. However, their influence 

diminishes when the number of grains increases and is effectively 
negligible when bulk polycrystals are considered. At the local level, 
the prediction of the accumulated plastic axial strain distribution was 
found to be consistent with the experimental trend.  

Non-local single crystal approaches

Most continuum approaches and formulations dealing with 
experimentally observed size effects in metallic materials are based 
on strain-gradient concepts and are known as non-local theories 
since the material behavior at a given material point depends not 
only on the local state but also on the deformation of neighboring 
regions. Gradient-dependent behavior becomes important once the 
length scale associated with the local deformation gradients becomes 
sufficiently large when compared with the controlling microstructural 
feature (e.g., average grain size in polycrys-tal materials). In such 
cases, the conventional crystallographic framework discussed in the 
previous sections will be unable to predict properly the evolution of 
the local material flow stress. Examples of such phenomena include 
particle size effects on composite behavior (e.g., [50]), precipitate 
size in two-phase single crystal materials [16,49], increase in 
measured micro-hardness with decreasing indentor size (e.g., [60]), 
and decreasing film thickness (e.g., [41]), amongst others. 

The modeling of size effects in crystalline solids has been addressed 
by adding strain gradient variables into the constitutive framework, 
either in an explicit way in the flow rule (e.g., [6]); or in the evolution-
ary equations of the internal slip system variables (e.g., [4,12,16]), 
or by means of additional degrees of freedom associated with higher 
order boundary and interface conditions (e.g., [57]). The resulting 
strain gradient components are related to the dislocation density ten-
sor introduced by Nye [51]. For the later, the dislocation density ten-
sor is computed from the rotational part of the gradient of plastic 
deformation, so the resulting partial differential equations to be solved 
are generally of higher order than those used in classical mechanics.  
In what follows, examples of the last two types of formulations will 
be discussed.

Non-local models based on internal strain gradient variables

The more physically intuitive continuum approaches to describe strain 
gradient effects are constitutive theories (e.g., [4,9,12,16,20,29]) 

Figure 4 - The effect of intragranular misorientations on (a) thin and (b) bulk polycrystals. In (a), the experimental true stress–strain data from [63] is included 
to highlight the higher work hardening rate associated with the presence of intragranular lattice misorientations.
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which rely on internal state variables to describe the evolution of 
the obstacle or dislocation network within the material and generally 
introduce the strain gradient effects directly in the evolutionary laws 
of the slip system internal variables without the need for higher order 
stresses. This requires that the overall slip resistance arising from 
the dislocation network, 

disSα  (see eq. 11), incorporates contributions 
from both statistically stored (SS) and geometrically necessary (GN) 
forest dislocations. 

The general form for the functional dependency of the slip system 
internal variable evolutionary laws, extended to include the additional 
dependency on the GNDs and the gradient of the slip rates, αγ∇  , is
   

{ }

{ }
{ }

{ }

1 1 1

1

1 1 1

1

ˆ , ,..., ,

ˆ , ,..., ,

ˆ , , , , ,

ˆ , , , , ,

s G

s s s G

s s s s G

s G s G s s G

n n

n n n n

n n n n n

n n n n n n n

α α α α α

α α α α α

α α α α α α

α α α α α α

ρ ρ γ ρ ρ θ

ρ ρ γ ρ ρ θ

ρ ρ γ ρ ρ γ θ

ρ ρ γ ρ ρ γ θ

+

+

+ + + +

+ + + +

=

=

= ∇

= ∇

  



  

   




   


  

  

  

  

                       (17)

where sn   and  Gn  denote the number of SSD and GND types, re-
spectively.  Consider the particular case where sn 2=  and  3Gn = . 
Then, the total dislocation density on an arbitrary slip system becomes,

( ) ( )T e s Gs Get Gen
α α α α α αρ ρ ρ ρ ρ ρ= + + + +                                      (18)

where ( ),e s
α αρ ρ are the SS densities and ( ), ,Gs Get Gen

α α αρ ρ ρ  the GND 
densities, which have in addi-tion, been discretized into pure edge 
and screw components. Note that the inclusion of the out-of-plane 
edge dislocation density component accounts for dislocation seg-
ments, which may either have a non-planar orientation or an out-of-
plane kink component with respect to the slip plane.

The evolution of the GNDs can be expressed in terms of a mathemati-
cally equivalent GND density vector, G

α
ρ , defined so that its projec-

tion into the local ( , , )α α αm n t orthogonal reference system is as 
follows [16,19],

G Gs Get Gen
α α α α α α αρ ρ ρ= + +m t n   ρ                                    (19)

Subsequently, the evolutionary law for each set of GNDs is deter-
mined from Nye’s dislocation density tensor, Γ  [51], in terms of the 
spatial gradient of the slip rate,

( ) ( )curl p
Gs Get Genbα α α α α α α α αγ ρ ρ ρ= = + +n F m t n

   Γ               (20)

Under small strains and rotations, eq. 20 simplifies to 
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                                                                 (21)

The slip resistance contributions from the SSDs and GNDs can then 
be determined from eq. 13, using the definition of the overall disloca-
tion density given by eq. 18.  This class of theories has been shown 
to be capable of providing a good physical insight into the effects 
of microstructure on the observed macroscopic phenomena, includ-
ing rate-independent plastic deformation and visco-plasticity in both 
single crystal and polycrystalline materials. An additional attractive 
feature of these theories is that they are relatively easy to implement 
numerically and do not require higher order stresses and additional 
boundary conditions or independent degrees of freedom. However, 
some of their limitations are that (i) they are unable to describe prob-
lems that may require non-standard boundary conditions, such as 
the boundary layer problem modeled in [57] and that (ii) they may 
exhibit a mesh sensitivity in cases where there is a predominance 
of geometrically necessary dislocations relative to statistically stored 
dislocations [20].

An application to the prediction of deformation in a channel die 
compression test

In this section, a study by Abrivard [1]  about the deformation het-
erogeneities and grain fragmentation induced by the deformation of 
pure Al in a channel using the non-local single crystal formulation 
described in the previous section [19] is summarized. Such type 
of test is generally used to simulate cold rolling of aluminum, see 
figure 5. Here, the die imposes a nominally plane strain deforma-
tion gradient on the metal similar to that experienced by the alumi-
num passing through a rolling mill. Furthermore, the channel walls 
suppress the lateral material flow and induce heterogeneous lateral 
stresses in the deforming material. Details about the experiment can 
be found in [1].

  
Figure 5 - Channel die compression test layout   

The investigation of in-grain subdivision and inter-grain misorienta-
tions in a polycrystalline aggregate requires that the local density of 
geometrically necessary boundaries (GNB) be accounted for. The 
polycrystal material used in the channel die test model was assumed 
to be composed of a random distribution of grain orientations, with 
the initial texture as shown in figure 5(a). Here, polycrystalline aggre-
gates containing either 20 or 40 grains with an average 100 μm size 
were considered in this study. Boundary conditions were applied such 
that a sample height reduction by compression along the 2x axis (ND) 
of up to 60% was achieved. The numerical results of the deformed 
aggregate under plane strain compression are discussed next.
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Figure 6 - (a) {111} pole and {001} inverse pole figures showing the 
polycrystalline aggregate initial grain orientations and (b) {111} pole figure 
after 60% height reduction

During deformation, grains rotate and break into subgrains with differ-
ent slip system activity. As GNDs build-ups are associated with gra-
dients of slip-rate, the number of GNDs increases signifi-cantly inside 
the grains. Contrary to the second gradient and Cosserat theories, no 
term in the free energy penalizes their development. Therefore, the 
determination of slip-rate gradients with the non-local theory used 
here could be sensitive to the mesh size. In order to attenuate this 
problem when solving the evolutionary laws for the GNDs densities, a 
quantity defined as pA n Fα αγ=  is calculated at the Gauss point of 
interest, as well as at neighboring ones found within a critical distance 
linked to the GNDs spread from the grain boundary [45]. Here, that 
distance was assumed to be given by the mean grain size.  The field 
of the quantity A is then used to compute curl(A) at that point through 

0            0.2286	 0.4571	 0.6857         0.9143           1.143           1.371

0                6.53	    13.1            19.6             26.1                32.7             39.2
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{011}{001}
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a linear interpolation and the latter subsequently used to evaluate the 
evolution of the individual GND densities as per eq. 19 and 21.  

Figure 7 shows the predicted (a) accumulative inelastic strain con-
tours and (b) the corresponding accumulated lattice rotations up to 
30% compression. It can be seen that the predictions reveal deforma-
tion heterogeneities: grains break up into macroscopic deformation 
bands aligned along the 40° shear directions (towards the rolling di-
rection, x3-axis in figure 5). This deformation process leads finally to 
the formation of a micro-band structure as straight dense dislocation 
walls run parallel to each other along preferred directions, leading 
to the multiplication of GNDs inside the grains. Since GNDs accom-
modate lattice incompatibilities in regions where the deformation is 
inhomogeneous, their local density can be related to the local lattice 
curvature described by the predicted accumulated lattice rotations in 
figure 7(b). It can also be seen that rotation bands are found in the 
same grains as those that have developed deformation bands.

Substructure description

During the deformation of high stacking fault energy of pure metals 
such as Al and its alloys, grains generally develop substructures, 
which may be classified into two different types: incidental dislocation 
boundaries (IDB) and geometrically necessary boundaries (GNB), see 
figure 9. These two types of boundary form differently: IDBs do so 
by the random trappings of glide dislocations, while GNBs form to 
accommodate the increasing subdivision of grains during confined 
deformation into smaller regions with rather different lattice orienta-
tions. IDBs are made up mostly of statistically stored dislocations, 
which do not contribute significantly to a net lattice rotation, whereas 
GNBs are composed of excess dislocations, which are geometrically 
necessary and contribute to the net lattice rotation. The size of either 
such regions or dislocation cells depends on the deformation level, 
the grain orientation and the loading path. At small strains, GNBs form 
elongated cell blocks surrounding regions that are almost disloca-
tion free. At larger levels of strain, the average GNB misorientation 
increases and their spacing decreases. 

Figure 9 - Schematic representation of a grain subdivided into regions delim-
ited by geometrically necessary boundaries (GNBs) and intense dislocation 
boundaries (IDBs) [46]

Under large deformations, IDs can be further sub-divided into dislo-
cation cells whose sizes are generally reported to be less than 3 μm 
for pure aluminum. Thus, since the smallest finite ele-ment size used 
in the simulations is of the order of 4 μm, the model resolution is 
insufficient to describe the formation of dislocation cells explicitly.  
Nevertheless, it will be shown here that it is possible to predict the 
fragmentation of the grain in a realistic way.  An example is shown in 
the inverse pole figure of figure 10 of the polycrystal aggregate after a 

Figure 7 - (a) Accumulated inelastic strain contours 
(b) Corresponding lattice rotations distribution after 30% height reduction
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40% height reduction.   The grain fragmentation is underlined through 
the relative misorientation between neighboring points, which have 
been superimposed onto the inverse pole figure of the aggregate. 
Here, black points or lines represent material points with neighbor-
ing sites having a relative lattice misorientation of at least 15°, blue 
points those with misorientations of between 5° and 15°, and gray 
points with those between 1° and 5°. From such type of information, 
as well as the local dislocation densities, it is possible to estimate the 
cell size statistically. It should be noted that TEM observations have 
shown that cell shape can vary with the grain orientation, here such 
dependency was not considered for simplicity. 

In order to determine the cell size from the spacing between intense 
dislocation bands (IDBs) formed by the random trappings of glide 
dislocations, a relation was used by [1] which relies on statistically 
stored dislocation densities such that, 

IDB
IDB

SSD

Kd
ρ

= 					                  (22)

where IBDK  is a parameter to be calibrated from experimental 
data.  From the IDB measurements on pure Al reported by [42], 

IBDK  = 8.5 . The resulting predicted IDB spacings calculated at each 
integration point of the FE model are plotted in figure 11(a) as a cloud 
of gray points, with their average predictions given by the red line. It can 
be seen that a broad range of IDBs spacing is found for the same level 
of equivalent strain and that the associated average predicted curve 
exhibits the same trend as the experimental data reported by [42]. 

Since geometrically necessary boundaries (GNBs) are also generated 
between regions to accommodate the lattice rotation differentials, 
only geometrically necessary dislocations are taken into account in a 
relation of the same type as that of eq. (22), 

GNB
GNB

GND

K
d

ρ
=                                                                          (23)

where IBDK  = 8.5. In figure 11(b), the predicted GNB spacing vs. 
the equivalent strain is in good agreement for strains greater than 
25 %.  Experimental data from [42] showed that GNB spacing ranges 
from 3 μm for strains of approximately 12% to 0.3 μm for 100% 
strain, just in the limits of the FE model resolution. Thus these results 
should be perceived as a statistical average. 
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Figure 11 - Comparison between the predicted and experimental (a) IDB and (b) GNB spacing
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IPF [001] 

Figure 10 - [001] inverse pole figure of the polycrystalline aggregate after 
40% height reduction

The above numerical predictions of the confined deformation behav-
ior of an aluminum aggregate using a non-local dislocation density 
based crystal plasticity framework have shown to capture the main 
characteristics of the deformation heterogeneities seen experimental-
ly, such as grain fragmentations and the development of deformation 
bands. Such realistic simulations are obtained despite the inherent 
spatial resolution limitations of the finite element model in the channel 
die compression test.

Non-local models based on the mechanics of generalized continua

Approaches based on the so-called mechanics of generalized continua 
incorporate, as a common feature, extra-hardening effects associated 
with the dislocation density tensor. Generalized crystal plasticity mod-
els developed in the past forty years can be classified into two main 
groups. In the first one, strain gradient plasticity models involve either 
the rotational part of the plastic distortion (i.e., the plastic rotation), its 
full gradient, or just the gradient of its symmetric part [32,36,37,58]. 
The second group involves generalized continuum theories with ad-
ditional degrees of freedom accounting for either the rotation or the 
full deformation of a triad of crystal directors and the effect of their 
gradients on hardening, such as Cosserat-type models [22,33], and 
those based on the micromorphic theory [11,23,24,25,31].

Most of these theories have been shown to capture size effects, at 
least in a qualitative way. However, a clear demonstration that they can 
reproduce the scaling laws expected in precipitate hardening or grain 

a) b)
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size effect has not been fully provided yet. The additional hardening ef-
fects inherent in generalized continuum crystal plasticity models can 
be summarized by the main fea-tures identified in figure 12. Here, the 
effect of the dominant microstructural length scale, l, such as grain 
or precipitate size, on the material flow stress, is shown schematically 
in a log–log diagram. The curve can be characterized by three main 
features: the stress range, ∆Σ , the characteristic length, lc, and the 
slope of the intermediate region, defined by a scaling law of the form, 

nlΣ ∝  at  l=lc. Here, ∆Σ corresponds to the maximum increase 
in strength due to size effects relative to the size-independent level. 
Figure 12 shows that when the characteristic size of the microstruc-
ture decreases, the material strengthens. For large values of l, the 
asymptotic behavior corresponds to the size-independent response 
of conventional crystal plasticity models reviewed in a previous sec-
tion. In contrast, for small values of l, a bounded or unbounded as-
ymptotic behavior can be obtained, depending on the type of model 
considered. Cosserat-type crystal plasticity models (e.g., [33]), for 
instance, predict an asymptotically saturated over-stress ∆Σ  as in 
figure 12. In the intermediate region, when l is close to the char-
acteristic length, lc, the size-dependent response is characterized by 
the scaling law, nlΣ ∝ . The parameters ∆Σ, lc and n can be derived 
explicitly for the different classes of generalized material models de-
scribed above. However, an analytic description of the size-dependent 
behavior of materials is possible only for some specially simplified 
geometrical situations. Examples are the shearing of a single crystal 
layer under single (or double) slip for strain gradient plasticity models 
considered in [13,23,24,25,43,57], and the single slip in a two-phase 
laminate microstructure by [34].

When crystal plasticity is considered under small strain assumptions, 
the gradient of the velocity field can be decomposed into the elastic 
and plastic distortion rates:

pe= ⊗ ∇ = +H u H H  

                                                              (24)

where

p αα

α
γ= ∑H P

                                                                           (25)

Figure 12 - Effect of the dominant microstructural length scale, l, on the ma-
terial flow stress, ∑ , predicted by various types of models, such as  those 
exhibiting two asymptotic regimes (solid line) and others that exhibited an 
unbounded flow stress for small length scales (dotted line). Also included is 
the scaling law in the transition domain (dot-dashed line) [43]

with, u, the displacement field, α the number of slip systems, αγ  the 
slip rate for the slip system α , and αP  as defined in eq. 6. The elastic 
distortion tensor, eH , which represents the stretch and rotation of the 
lattice, links the compatible total deformation, H, with the incompat-
ible plastic deformation, pH , which describes the local lattice defor-
mation due to the flow of dislocations. On account of eq. 24 and since 
applying the curl operator to the compatible field represented by H is 
equal to zero, it follows that 

e pcurl 0 curl curl= = +H H H                                                      (26)

The incompatibility of the plastic distortion is characterized by its curl 
part, also known as the dislocation density tensor or Nye’s tensor 
[4,51,58], defined as

p ecurl curl = − =H H   Γ                                                           (27)

The tensors H, eH , and pH , are generally non-symmetric, thus they 
can be decomposed into their symmetric and skew-symmetric parts:

, ,e e e p p p= + = + = +H E W H E W H E W                              (28)

Combining eqs. 26 and 28 leaves

0 curl curl curle e p= + +E W H                                                  (29)

Neglecting the curl part of the elastic strain, eE , leads to the following 
approximation of the dislocation density tensor derived by Nye:

curl curl curl curl e e e e = = + ≈H E W W     Γ                              (30)

Thus, Nye’s formula sets a linear relationship between the dislocation 
density tensor and the lattice curvature defined by eW . The Cosserat 
crystal plasticity theory accounts for the effect of lattice curvature on 
the crystal hardening behavior by incorporating the three additional in-
dependent degrees of freedom associated with the components of the 
lattice rotation, eW . In contrast, theories such as those proposed by 
[36] and [59], for example, include the full curl of the plastic distor-
tion, pH , as an independent internal variable of the constitutive model. 
This requires, in general, nine additional degrees of freedom associ-
ated with the generally non-symmetric plastic distortion tensor, pH . 
This sub-class of models is sometimes referred to as ‘curl pH ’- type 
[23]. A consequence of neglecting the curl of the elastic strain tensor 
in Cosserat-type models is that Cosserat effects can arise, even in the 
elastic regime, as soon as a gradient of ‘‘elastic’’ rotation exists (i.e.,
curl 0e ≠W  ). This implies that as soon as the curl 0e ≠E  , the 
curl 0e ≠W  . In contrast, in the curl -type theories, strain gradient 
effects can only arise when plastic deformation has developed. As 
has been shown in [23], this can lead to discontinuities in the gener-
alized tractions at the interface between elastic and plastic regions. 
For the curl pH -type models, it is necessary to identify numerically 
higher order boundary conditions at the elasto-plastic boundaries, 
which poses difficulties in the numerical implementation of this type 
of formulations, as discussed in [23].    

To overcome the limitations of both the Cosserat and curl pH -type 
theories, a new regularization method has recently been proposed by 
Cordero et al. [23] (see also [24,25]). Their model, which they have 
called microcurl, falls into the class of generalized continua with ad-
ditional degrees of freedom.  Here, the effect of the dislocation density 
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tensor is introduced into the classical crystal plasticity framework by 
means of the micromorphic theory of single crystals. It relies on the 
introduction of an additional plastic micro-deformation variable,

pχ , 
a second-rank generally non-symmetric tensor. It is distinct from the 
plastic distortion tensor pH , which is still treated as an internal vari-
able of the problem, in the same way as in curl pH -type theories. For 
the general three dimension case, the nine components of 

pχ are 
introduced as independent degrees of freedom. For full details about 
the microcurl theory, the reader is referred to [18,23,24,25].

An application of the microcurl model to study the deformation be-
havior of a polycrystalline aggregate

The microcurl model was applied to study the global and local re-
sponses of two-dimensional polycrystalline aggregates with grain 
sizes ranging from 1 to 200 microns (For full details about this work, 
refer to [25]). A typical result from this work about the effect of grain 
size on the way plastic deformations in polycrystals evolve is shown 
in figure 13 for a 52-grain aggregate. These contour plots show the 
field of equivalent plastic deformation, pε , defined as the time-inte-
grated value of

2 :
3

p p pε = H H
 

                                                                            (31)

From figures 13(a) and (b), it can be seen that, at the onset of plas-
tic deformation, plasticity starts in the same grains and at the same 
locations in 100-μm grains as in 1-μm grains. This is due to the 
fact that the same critical resolved shear stress is adopted for both 
grain sizes, that is, the same initial dislocation densities are assumed 
in both cases. In contrast, at higher mean plastic strain levels, the 
strongly different values of the plastic micro-deformation gradients 
lead to significantly different plastic strain fields. Two main features 
are evidenced in figure 13(c) to (f). Firstly, a tendency to strain local-
ization in bands is observed for small grain sizes. The strain local-
ization bands cross several grains, whereas plastic strain becomes 
more diffuse at larger grain sizes, which is something that had already 
been seen in the simulations presented in [24]. Secondly, a conse-
quence of this localization is that some small grains are significantly 
less deformed than the larger ones. These features are also visible on 
the plastic deformation maps of figure 13 for the same aggregate but 
different grain sizes. This figure also shows the field of the dislocation 
density tensor norm:

: :χ χ χ=Γ Γ Γ                                                                        (32)

This scalar quantity indicates the presence of GNDs and has the phys-
ical dimension of lattice curvature (mm−1). In large grains, GNDs are 
mainly located close to grain boundaries. At smaller grain sizes, the 
GND densities become significantly greater and spread over larger 
zones within the grains. Note also that pile-up like structures close to 
grain boundaries are clearly visible in the 10-μm grain aggregate. It 
should be noted that strain gradient plasticity models may be prone 
to strain localization when plasticity is confined to small regions. 
The reason for such behavior is that intense slip bands that exhibit a 
strong gradient of plastic slip perpendicular to the slip plane are not 
associated with GND formation. In contrast, regions of high lattice 
curvature or kink bands lead to an energy increase. This explains why, 
at small scales, intense slip bands are preferred to strongly curved 
regions and pile-ups. 

 

Figure 13 - (a)–(f) Contour plots of the accumulated plastic strain pε  for 
two grain sizes, d = 100 and 4 μm, and different mean values of the plastic 
strain:  12

psχ ≈ 0.0, 0.01 and 0.02, obtained with a 2D 55-grain aggregate 
under simple shear, (g) macroscopic stress–strain response of the corre-
sponding aggregate, with the letters indicating the different loading steps cor-
responding to the (a)–(f) contour plots [23]

 
Figure 14 - Grain size effect on the accumulated plastic strain,   (top fig-
ures), and on the norm of the dislocation density tensor,   (bottom figures). 
These contour plots are obtained with the 2D 55-grain aggregate for the 
same mean value of  12

psχ = 0.01. The color scale for the plastic strain field 
of the top figures is the same as that of figure 12 on the right. The color 
scale at the bottom is that for the dislocation density tensor fields  [23]

0	 1.2	 2.3  	 3.5	 4.7	 5.8	 7.0	 8.1	 9.3	 10.5	 11.6	

d=2 µm d=10 µm d=100 µm

(mm-1)

d=
4 

µm
d=

10
0 

µm

< 12
psχ >=4.10-7 < 12

psχ >=1.10-2 < 12
psχ >=2.10-2

0

0.004

0.008

0.013

0.015

0.019

0.023

0.027

0.031

0.036

0.039

0

9e-08

1.8e-07

2.7e-07

3.6e-07

4.5e-07

5.4e-07

6.3e-07

7.2e-07

8.1e-07

9e-07

0	 0.005	 0.01	 0.015	 0.02	 0.025

(c)

(a)

(b) (c) (f)

d=40 µm

d=100 µm

E12

12
(

).
M

Pa
∑

(a)

(b)

(c) (d)

(e) (f)

(d)
160
140
120
100

80
60
40
20

0
-20



Issue 9 - June 2015 - On the Deformation Heterogeneities Described By Crystal Plasticity
	 AL09-03	 11

Figure 15 - Comparison between experimental data, in the form of precipi-
tate size vs. size effect strengthening from a two-phase material (elasto-
viscoplastic γ phase matrix with an embedded 68% quasi-elastic 'γ  
precipitates) from Duhl (1987), the prediction of [16] and that obtained 
using the microcurl model [25] 

In summary, the microcurl model was found to naturally predict a 
size-dependent kinematic hardening behavior, which is responsible 
for the observed strong size effects. Furthermore, the study showed 
that the flow stress attained at a given averaged plastic strain follows 
a power law scaling relation with the grain size, for grain sizes larger 
than a critical value. Likewise, the predicted plastic deformation fields 
were found to be strongly affected by grain size, with micron-size 
grain regions exhibiting the formation of intense slip bands crossing 
several grains.  Finally, the dislocation density tensor, χΓ , was found 
to impact not only the overall polycrystal behavior, but also to control 
the way in which plastic deformation develops within the grains.

In Cordero et al. [23], it was shown that the microcurl approach could 
also be successfully used to predict experimentally observed precipi-
tate size effects in two-phase single crystal nickel based superalloys. 
This is shown in figure 15, where a comparison between experimental 
data, in the form of precipitate size vs. size effect strengthening from 
a two-phase superalloy material ( γ phase matrix with an embedded 
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68% 'γ precipitates), the predictions of Busso et al. [16] and that 
obtained using the microcurl model [25] are shown. It can be seen 
that the microcurl model is able to simulate a precipitate size effect 
naturally. Moreover, the identified characteristic length, lc=200 nm, is 
approximately the matrix channels width in Ni-base superalloys.

Concluding remarks

The various constitutive modeling approaches that address a broad 
range of phenomena at either the single crystal or the polycrystalline 
levels have been discussed. This overview has also highlighted the 
rich variety of physical, computational and technological issues with-
in the broad area of micromechanics, which have been successfully 
addressed, and has identified some theoretical and computational dif-
ficulties and challenges for future developments. Recent advances in 
measuring and observation techniques, such as 2D and 3D image 
correlation, tomography, high resolution EBSD, in-situ TEM and SEM 
testing, combined spectroscopy and SEM, computational power and 
parallel processing are opening great new opportunities for the valida-
tion and implementation of predictive crystal plasticity based models.  
In this overview, it has been shown that size effects can be captured 
realistically by the curl of the plastic strain, or dislocation density ten-
sor; however a better accounting of physical properties via cross-
graining (multi-scale links) is needed. In future research, statistical 
effects will also need to be considered more thoroughly. The effects 
of grain dislocation substructures are also still too phenomenologi-
cal.  Crystal plasticity is also increasingly relied upon to study grain 
boundary - dislocation interaction (e.g., pile-ups) phenomena. More-
over, the coupling of crystal plasticity with phase field approaches to 
study grain complex phenomena, such as grain boundary / inter-face 
migration or phase transformation has now became a reality. How-
ever, even though it is still computationally too expensive, its potential 
is huge. Finally, the coupling of multi-physics approaches with crystal 
plasticity to account for time-dependent processes (e.g., dislocation 
climb, point-defect diffusion, irradiation damage) has recently been 
shown to be a logical and promising evolution and to open up exciting 
new opportunities to study complex coupled phenomena 
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