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Computation of sensitivities for the invariant measure of a
parameter dependent diffusion

Roland Assaraff Benjamin Jourdain! Tony Lelievre! Raphaél Roux®

September 4, 2015

Abstract

We consider the solution to a stochastic differential equation with a drift function which depends
smoothly on some real parameter A, and admitting a unique invariant measure for any value of A
around A = 0. Our aim is to compute the derivative with respect to A of averages with respect
to the invariant measure, at A = 0. We analyze a numerical method which consists in simulating
the process at A\ = 0 together with its derivative with respect to A on long time horizon. We give
sufficient conditions implying uniform-in-time square integrability of this derivative. This allows
in particular to compute efficiently the derivative with respect to A of the mean of an observable
through Monte Carlo simulations.

Keywords: Stochastic differential equations, invariant measure, variance reduction, Feynman-Kac
formulae.

1 Introduction

We are interested in methods to compute the response of a Brownian dynamics to an infinitesimal
change of a parameter A € R. More precisely, we consider the dynamics in R%:

{ dX) = Fa(X)dt + vV2dWs, @

Xo = Xo,
for A € R close to 0, where (W;);>0 is a standard d-dimensional Brownian motion independent of
X, € R?. Note that neither the initial condition Xy nor the Brownian motion depend on A. The

family of vector fields F : RY — R? is indexed by a real parameter A\. We assume that when A = 0,
the vector field derives from some potential energy V : R? — R, namely

Fo=-VV,
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where V denotes the gradient operator with respect to the space variables. For A close to zero, one
can think of (X;')¢>0 as a physical system undergoing a potential energy V to which one applies
an external force A\ Fy. Here and in all the following, the notation 9% denotes the derivative with
respect to A computed at A = 0.

Concerning the potential V', we assume that the following assumption holds.

Assumption (Pot). The function V satisfies the following assumptions:

(i) V:R? = R is a C* function such that x — V2V (x) is locally Lipschitz.
(i) eV ®dz =1 and/ IVV [ (z)e™ @ dz < co.
R4 Rd

(i4i) Pathwise existence and uniqueness hold for the process (X{)i>o0-

Since VV is assumed to be locally Lipschitz, pathwise uniqueness is automatically ensured.
Pathwise existence is ensured for instance as soon as there exists a finite constant C' such that for
all z € RY, VV () -2 < C(1+ |z]?).

At A = 0, the dynamics (1) is of the following gradient form

dX) = —VV(XD)dt + V2dW,. (2)

Under the above assumptions, it can be checked that e~V (*)dz is the unique invariant probability
measure (see Lemma 18 below) denoted in the following:

dmo = e~V @ dy.

Then, from classical results in ergodic theory, for any f in L' (o), almost surely,

t—oo t

1t 0
lim — Xy )ds = dmo.
im /0 f(Xs)ds /Rdf 0 3)

Let us now introduce the assumptions we need on the drift (Fx)aer.
Assumption (Drift). There exists Ao > 0 such that, for all X € [0, Ao],

(i) The function Fx — Fy is bounded by C\ for some constant C' not depending on x. Moreover,

as A — 0T, EAM converges locally uniformly for x € R? to some limit 83 Fx. Note
that O F is bounded by C'.

(ii) The function x +— F\(x) is locally Lipschitz. The function x +— 95 Fx(z) is differentiable on R?
and V - 3 Fy is in L2 (o).

Under these assumptions, we will show (see Lemma 18 below) that the dynamics (1) is ergodic
with respect to a probability measure 7y: for any f € L'(my), almost surely,

S R PR
lim — ds = .
| reas= [ am @

t— 00 t

The aim of this paper is to study the quantity: for a given observable f,

i BT )
Rd

A—0 A

In particular, we will exhibit sufficient conditions for the existence of this derivative, derive various

explicit formulae for this quantity, and discuss numerical techniques in order to approximate it.
The estimation of derivatives of the form (5) is useful in various applications, in particular in

molecular simulations (see for example the recent work [34]): optimization procedure to fit a force



field to some observations, study of phase transitions, estimate of forces in Variational Monte Carlo
methods (see [2]), or computation of transport coefficients. Transport coefficients are computed as
the ratio of the magnitude of the response of the system submitted to a perturbation in its steady-
state to the magnitude of the perturbation. These coefficients are related to macroscopic properties
of the system through fluctuation dissipation theorems [6, 14]. Examples include the mobility or
the thermal conductivity.

It is well-known that it is possible to approximate 95 ( fRd fde) by considering a simulation at
A = 0. For example, the celebrated Green-Kubo formula [6, 14] writes (see Theorem 37 in Section 4
for a proof in our specific context):

R [ gam = [ By [10X0) (9V - R0 = 9 - R0) (XD s

where the subscript mp indicates that the initial condition Xy is distributed according to mo. The
derivative 0 (fRd fde) can thus be approximated by considering infinite-time integrals of auto-
correlation functions for the stationary process at A = 0. This formula can be used to approximate
09 ( fRd fd71'>\) numerically, which requires at least in some cases to be careful when choosing the
truncation time in the integral, see for example [7]. Let us also mention another technique discussed
in [34], based on the use of Malliavin weights and the Bismut Elworthy Li formula (see [3, 19, 13]).

In this work, we are interested in so-called non-equilibrium molecular dynamics (NEMD) methods
which consists in simulating two trajectories with A = 0 and A = ¢ small, and then considering the
finite difference when ¢ — 0 (see for example [8, 9]):

1t e 1t 0
o (/ fdm> _ Ja FOX)ds — § fy T(XD) ds

5

when € — 0 and ¢ — oo.

Note that the consistency of this estimate is based on the ergodic properties (3) and (4). To reduce
the variance of the computation, it is natural to use the same driving Brownian motion for the
two processes (XE)s>0 and (X9)s>o0 (see [8]) and we therefore end up with the natural following
estimate:

P (/Rd fdm) ~ %/Ot B(F(X2))ds when ¢ — oo, 6)
As will be shown below (see Proposition 19), it is easy to simulate 8%(f(X7')) by using the formula
R(XP) =T V(X))
where the so-called tangent vector T; € R? is defined by
Ty = RX;.

Indeed, the couple (X,? ,T;) is a Markov process which satisfies the following extended version of the
stochastic differential equation (2):

{dxf = —VV(X?)dt + V2dWs o

AT, = (ONFA(XY) — VPV(X))T) dt,

with initial conditions Xg = Xo and Ty = 0 (since, we recall, Xy does not depend on A). The
estimate (6) thus leads to a practical numerical method to evaluate the derivative 09 (fRd fdwk).

The main theoretical result of this paper consists in exhibiting sufficient conditions such that
the following equalities hold true (see Theorem 40):

a5 (/Rd fdm) = lim l/ot A(f(X))ds as. (8)

t—oo ¢



" G ( / ) fdm) = lim E [R(F(x7)] (9)

Therefore, two natural estimators of 995 (f]Rd fdﬂ')\) are

1 1t
+ [ aueas (10)

and
E[aR(£(X2)]. (11)

The second estimator is derived from the expected ergodic property on the time marginals: lim;— o IE(f(X{\)) =
f]Rd fdmx. For both estimators, Theorem 40 can be seen as a rigorous justification of the interversion
of the derivative 32 with the limit lim;—, ., and an average in time for the first estimator and over the

underlying probability space for the second one, since 99 (fRd fd71'>\) =09 (limt_,oo % f(f f(XSA)ds)

and 0% (f a fd71'>\) =09 (limt_,oo E [f(XtA)}) In addition, we also study the variance of the random
variable 95(f(X?)) = Ti - Vf(X?) which influences the statistical errors associated with the two
estimators (10) and (11).

The proof of (8) and (9) is based on two main ideas. First, the long-time limit (in law) of the
couple (X?,T;) is identified using a time-reversal argument (see Lemma 42) in the spirit of the
argument used in [15] to study the long-time behavior of two interacting stochastic vortices. We
are then able to identify the long-time limit of the estimators using the Green-Kubo formula which
we prove in our setting in Section 4. Second, the justification of the interversion of the derivative
with the long-time limit and the integrals requires some integrability results, which are based on
the study of the long-time behaviour of E [ef Jo “"(Ysm)ds] for ¢ = min Spec(V?V), where (Y)s>o0

satisfies (2) with = as an initial condition:

{ AV = —VV(Y{7) dt + V2dW,,

12
YOI =2x. ( )

Let us emphasize that we prove all these results in a rather general setting: the state space is non
compact (namely Rd)7 the coefficients are only assumed to be locally Lipschitz and the potential V'
is not necessarily strictly convex. The study of the long-time behaviour of the couple (X?,T}) is
very much related to the study of the long-time behaviour of the couple (", DY;®), (see Lemma 21)
which may be also useful to analyze other related numerical methods, see [30].

The paper is organized as follows. In Section 2, we give preliminary results on the stochastic dif-
ferential equations (1) and (2), in particular on their ergodic properties and the long-time behaviour
of the associated Kolmogorov equations. In Section 3, we then introduce the tangent vector T} and
study its integrability. In Section 4, we derive and prove finite-time and infinite-time Green-Kubo
formulae. We are then in position to prove the long-time convergence of the estimators (10) and (11)
in Section 5. Finally, the theoretical results are illustrated through various numerical experiments
in Section 6.

In all the following, we assume that Assumptions (Pot) and (Drift) hold, and we do not mention
them explicitly in the statements of the mathematical results.

2 Preliminary results on (1) and (2) and the associated
Kolmogorov equations

In this section, we introduce partial differential equations related to the stochastic differential equa-
tions (1) and (2), and study their long-time behaviors. These preliminary results will be crucial to



analyze the numerical methods aimed at evaluating 99 ( f]Rd fd7r,\) that we study.

Let us introduce a few notations. For any positive Borel measure p on R?, we denote by L?(u)
the space of real valued measurable functions on R? which are square integrable with respect to .
We denote by ]Lg(e_v(”)dx) the space of zero-mean square integrable functions:

L2 (efv(z)dx) = {f c1? (efv(z)dx) , f(x)efv(z)dx = O} , (13)
Rd

and by H'(e™V®dz) the first order Sobolev space associated with the measure e~V (®)dz:

H* (e_v(x)dx) = {f elL? (e_v(x)dx) . Vfel? (e_v(m)dx>}7

where V f is to be understood in the distributional sense.

2.1 About the solution to (1) and the regularity of the law of X}

Let us first start by an existence and uniqueness result for the process (X;')¢>o solution to (1).

Lemma 1. There exists a unique strong solution to (1).

Proof. The proof is rather standard. The existence of a weak solution to (1) is obtained thanks to
the Girsanov theorem and the existence assumption for the process (X{)+>0 (see Assumption (Pot)-
(iii)). Indeed,

dx? = —VV(X)dt + V2 AW,

= F\(X)dt +v2d (/Ot %(F0 — Fy)(XJ)ds + Wt) .

Indeed, under the probability Q such that, for all ¢ > 0, ((F¢):>0 being the natural filtration for
(Wt)eo0),

dQ

dP

= exp (— /Ot %(F0 — FP\)(X)dw, — i /Ot |Fo — FA|2(Xg)ds)

Fi

the process W; = fot %(Fo — F\)(X?)ds + W; is a Brownian motion and therefore the triple

(X?,W:,Q) is a weak solution to (1). Note that thanks to the Assumption (Drift)-(i), the Novikov
conditions are satisfied which justifies the use of the Girsanov theorem [21, Section 3.5-D].
Moreover, it is standard to check that trajectorial uniqueness holds for the stochastic differential
equation (1), since from Assumption (Drift)-(ii), 2 — Fi(x) is locally Lipschitz (see [21, Section
5.2-B, Theorem 2.5]). As a consequence, by the Yamada-Watanabe theorem (see for example [21,
Section 5.3-D]), the stochastic differential equation (1) admits a unique strong solution. |

In the sequel, we will need some results about the Radon-Nikodym density of the distribution of
the process with respect to the equilibrium measure. These properties are given in the two following
Lemmas.

Lemma 2. Whatever the choice of Xo, for each A € [0, \o] and t > 0, X7 admits a positive density
with respect to the Lebesque measure on RY.

Let us now consider A = 0 and (Y )i>o0 solution to (12). For allt > 0, the law of Y* admits a
density y — p(t,z,y) with respect to the Lebesque measure which satisfies the reversibility property:

vt > 0, efv(z)p(t,x,y) = efv(y)p(t,y,:v),dx ® dy-a.e.. (14)



Remark 3. A well-known corollary of (14) is that if Xo is distributed according to mo, then the
process (X7)i>o solution to (2) is reversible: for anyt > 0,

(Xg)se[o’t] has the same law as (Xto,s)se[o’t]‘

Proof. Let 1 : R* — R be a bounded measurable function. By the Girsanov theorem,
BRG] = B [0 + VAo 1 P B s 53V Pas] |

Here, the assumptions of the Girsanov theorem are satisfied. Indeed, according to [29, Theorem 2.1]
these assumptions are satisfied if global-in-time existence and uniqueness in law hold for both Equa-
tion (1) (see Lemma 1) and its driftless counterpart

dy; = V2dW;,

which is a mere Brownian motion. The first assertion of Lemma 2 is thus proved. For A = 0, we
follow [16, page 91] to deduce that

E[w(Xf)] - K [¢(XO + \/EWt)ef%V(Xng/ﬁWt)e%V(Xo)e% fot(2AV—\Vv\2)(XU+\/§WS)ds] . (15)
Now, if one considers the Brownian bridge:
Vs € [0,t], BYY =z + V2W, + % (y—x— \/§Wt)

one obtains by conditioning with respect to W;:

E(@(Y?) = B (v(x + V2W)e 3V VW0V 0 g 0+ VaW))

where g(z,y) = E (e% Is (2AV*WV‘2)(B§'y)dS). This shows that Y;* admits a density with respect to

the Lebesgue measure:

_le—y?
_1 1 T e at
p(t71~7 y) =e 2V(y)ezV( )g(x7y) 7(471_15)(1/2 . (16)

From the formula (16), it is straightforward to check that

e " p(t,e,y) = eV Op(t,y, x) (17)
by using the fact that g(z,y) = g(y,«) which is a direct consequence of the fact that (B5Y)sco,¢
has the same law as (B}"",)sc[0,,. This concludes the proof of Lemma 2. a

Let us now state a few additional results on the dynamics when A = 0 and when (X});>0 starts
from a general random variable instead of a deterministic point.

Lemma 4. Let Xo be distributed according to some probability measure po, and let (X7)i>0 evolve
according to Equation (2). Denote by u the distribution of the random variable X7 .
For all t > 0, pt has a density r(t,-) with respect to dmo = eV dg:

pe(dz) = r(t, z)e” V™ da.
Moreover, for 0 < s < t, for dz-a.e. © € R,

r(t,z) =E(r(s,YiZ,)) (18)



where Y{® satisfies (12). Equation (18) holds for s = 0 if po has a density r(0,-) with respect to
dmg = e V@) qg.
If there exists s > 0 such that ||r(s,-)||Lee < 00, then, for allt > s,

essinf, cpar(s,x) < essinf,cpar(t,z) < esssup,cpar(t,z) < esssup,cpar(s, ). (19)

Finally, for any q € [1,00), if there exists s > 0 such that r(s,-) € ]Lq(efv(””)dx), then for all t > s,
r(t,-) € LYe”V®dz) and

VE > s, [Ir(ts ) llae-verazy SIS )llLae-ve an)- (20)

Proof. Let ¢ : R — R be a bounded measurable function. By conditioning with respect to Xo, and
using the function p(¢,z,y) introduced in Lemma 2

= [ [ewpite)dydu) (21)
_ / By)e VWV W / p(t, 2, y)dpo(z) dy.

This shows that the law j; of X7 is r(ty)efv(y) dy with

r(t,y) = ev(y)/p(t,%y)duo(w)-
Likewise, for any s € [0,¢], by conditioning with respect to X0, it is easy to check that

E((X?) = [¢(y)e VW' ® [p(t — s,x,y)dus(z) dy. Now by taking 0 < s < t and using the
reversibility property (14), we get

E(b(X?)) = / P(y)e’ W / &V Dip(t — 5,2, y)dpus() dy
— /¢(y)67V(y) /eV(Z)p(t o 37y7$)7'(3,$)6iv(z)d$ dy

Since the law of X7 is r(t7y)e_v(y) dy, this shows that,

dy-a.e., r(t,y) = /p(t —s,y,x)r(s,z)dz = E(r(s,Y,2,)). (22)

This integral is well defined since x — p(t — s,y,2) and = — r(s,z) are non negative measurable
functions. This shows formula (18).
The maximum principle (19) is then a direct consequence from this representation formula (22).
Finally, if r(s, ) € LY(e~"®dz), then, for t > s, 7(t,-) € LI(e”"(®dz) since (using the fact that
xz+— p(t—s,y,x) is a probability density function and the reversibility property (14))

q
/l?“ ty)|%e” VW dy—/‘/ s,y,)r(s, ) da| eV dy
// — 5,1, |r(s,x)|qu6_v(y)dy
= [ [#t = szm)e Do) dndy

= /e_v(x)|r(s7x)|qdm < 0.
O

Remark 5. In Appendiz A, we discuss a stronger assumption on V under which we are able to get
more precise bounds on p(t,z,y).



2.2 A Feynman-Kac formula and the Fokker-Planck equation

For two measurable functions f : R — R and ¢ : R? — R, with ¢ locally integrable with respect to
the Lebesgue measure, consider the Kolmogorov equation associated with the infinitesimal generator
of the stochastic differential equation (1):

(23)

{ dwu(t, ©) = Au(t, z) + Fx(x) - Vu(t,z) — p(z)u(t,z), t>0, zcR?
u(0,z) = f(z), =€R%

In all this section, A is a fixed parameter in the interval [0, Ao].
In the following, we will consider solutions to Equation (23) in the following weak sense:

Definition 6. Let u be a function in the space
L® ([07 T]7L2(e_v(””)dm)) nL> ([0,T],]L2(|<p(x)|e_v(x)dx)) % ([07 T]7H1(6_V(’”)dx))

for any T > 0. For f € L?(e”V®dz), we say that u is a weak solution to (23) if u(0,-) = f and
for any function v in H' (e_v(’”)dx) NL? (|<p(x)|e_v(”)dx),

i u(t7$)v(x)6*V(z)dx — Vu(t7x) . Vv(x)efv(””)dm _ / <p(x)u(t7x)v(x)efv(z)dx
e - “ (24)

+ /Rd (Fx(z) — Fo(zx)) - Vaul(t, x)v(x)e—V(x)dx

in distributional sense.

Note that the last term in (24) is well defined since for A € [0, Ao], from Assumption (Drift)-(i),
| Fx — Folpeo ray < CA. Moreover, note that the condition u(0,-) = f makes sense, since a function u
satisfying
we L*([0,T],H e~V ™ dz)) and du € L*([0, T],H ' (e~ ®dz))
actually lies in C([0, T],L2(e~Y*)dz)) (see for example [31, Lemma 1.2 p. 261]).

Proposition 7. Assume f € L2 (efv(“”)dx) and that the function ¢ is locally integrable with respect
to the Lebesgue measure and bounded from below. Then, Equation (23) admits a unique solution in
the sense of Definition 6. Moreover, this solution is in C([0, +00),L?(e~V®dz)).

In addition, if f € H' (eiV(”)dx) Nn1L? (|<p(m)|efv(z)dx), the solution w is more reqular: for
any T >0,

we L™ ([0, TLH eV Pda) NL*(p()le P dz)) nE' ([0,7),12(e™" @ da))

Proof. By Assumption (Drift)-(i), there exists Co > 0 such that [|[Fx — Folljcc gy < Co. Let C be
2

a positive constant such that ¢ + C' — % is nonnegative. From [31, Lemma 1.2 p. 261], one can



take e “tu(t, z) as a test function in (24) and obtain the following estimate

d (e 2 _V(x)
T ( 3 /]Rd lu(t,z)|"e dx)

— 76*“/ |W(t,x)|%*v<z)dxfe*c’f/ lu(t, z)*(¢(z) + C)e™V @ da
R4 R4

+ e_Ct/ (Fx — Fo) - Vu(t, z)u(t, z)e” @ dz
Rd

< fe_Ct/ |Vu(t, z)|’e™" @ dz — e_Ct/ lu(t, 2)|* (p(z) + C)e™ Y da
R4 R4

efct

+ / IVu(t,z)|?e ™V @ de + —— CO/ lu(t, z))%e”V @ dx
2 R R4

2
S 76 / |V’U,(t,x)|267‘/(z)dx 7/ efCt|u(t,x)|2 <<,0(-’E) + C— & €7V(z)d$.
2 Jpa R 2

Therefore, by integrating in time, one obtains the following estimate:

—Ct

t
£ / lu(t, z)*e”"V @ dz 4+ = //e_CS|Vu(s,m)|26_V(x)dmds
0 Jrd

2
/ / z)|? (cp(x) +C - ﬁ) eV dzds = l/ |f(z)|?e”V @ az.
2 2 S

From this estimate, the uniqueness result follows from linearity by taking f = 0 in (25). And
thanks to this a priori estimate, existence can be proved by using a Galerkin method on a countable
family of smooth functions dense in H'(e™V®dz) N L2(|¢(x)le”"®dz), which exists since the
measure |p(z)|e”V @) dz is finite on compact sets (see for example [25, chapter IT, Theorem 3.5]).
As explained above, the fact that u € C([0,T],L*(e”"(®dz)) is then a standard result, see for
example [31, Lemma 1.2 p. 261].

In order to obtain the additional regularity, let us take d;u(t,x) as a test function in (24):

(25)

1d
S 2dt

1d

|Vu(t, 2))?e”V Pde — - = / lu(t, z))*p(z)e”V @ dx
2 dt Rd

/ |0cu(t, z)) eV P da =
Rd
+/ (Fx — Fo) - Vu(t, z)0wmu(t, z)e” V™ da
Rd

1d 2 —V(x)
< —=—
<-5@m |Vu(t x)|%e dz

+C’g/ |Vu(t,x)|26_v(x)dx+l/ |8tu(t,x)|26_v(x)dx.
Rd 4 Jga

1d

-5t L, [t o e@e Vdr

Therefore, for a constant C; > 0 such that ¢ 4+ C; is nonnegative,

1d 2 —V(x) 1d 2 —V(x) §/ 2 —V(x)
55 L, IVuttafe Qo3 4 [ o) o) + eV dat § [ ot o)fe Vo

503/ |Vu(t,x)|2+01/ u(t, z)du(t, z)e” " P d
Rd Rd

1
>~ Cg/ |VU(t7x)|2 —+ 012/ |1,L(t7 x)|267V(z)dx + _/ |3tu(t,x)|267V(z)dx,
Rd Rd 4 Rd



Using Grénwall’s Lemma, one obtains the estimate after integration in time:
e_QCgt/ [Vu(t,z)[>e”" @ da + e_QCgt/ lu(t, z))*(p(z) + C1)e” ¥ @ dx
Rd Rd
¢

+/ / 6_2033|8tu(5,ac)|26_v(x)dm ds < / IV f(x)PeV @da

o Jrd Rd

t 2

+/ |F(2)*(p(z) + C1)e V@ da + 2(7%/ / e 20 (s, z)[2e V@ dz ds.

R4 o JRrd

The last term is bounded from above over finite time intervals by a constant times [, | f(z) [Pe=V@da
thanks to (25). Again, this a priori estimate can be made rigorous through a Galerkin procedure,
and yields the additional regularity stated in the Proposition (see for example [26, Proposition
11.1.1] for a similar reasoning). O

Proposition 8. Let u be a solution to the partial differential equation (23) in the sense of Defi-
nition 6, and assume that the initial condition f is of class C* with locally Lipschitz second order
derivatives. If o is locally Lipschitz, then u, dyu, YVu and V>u are continuous functions and u is a
classical solution to (23).

Proof. We use a bootstrap argument based on LYILZ regularity results for parabolic partial differen-
tial equations. In order to apply standard results which require 0 as an initial condition, we consider
v =u — f, which satisfies (in the weak sense, see Definition 6) the partial differential equation:

{ dwv(t,z) = Av(t,z) + Fa(z) - Vo(t,z) — o(x)v(t,z) + g(x), t>0, zeR?, (26)

v(0,2) =0, zeR%
where
g9(z) = Af(z) + Fa(z) - Vf(z) — () f(z)

is a locally Lipschitz function.
In this proof, we use the following notation

L?Lg = m LP([O7 T]7Lq(Rd))7

T>0

where L?(R%) is the L7 space associated with the Lebesgue measure. We will also use the nota-
tions LYW3? where W stands for the usual Sobolev space. We moreover introduce the notation

L®™ = ﬂ LY.
2<g<oo

Last, we set
WPLE = {u € LPLY, du € LPLL}.

Let x be some function in the space C§° of smooth, compactly supported functions on R¢. The
function yv satisfies, in the weak sense, the equation

{&()@)) — A(xv) = ® on (0, +00) x R?,
(xv)(0,z) =0, zeR%

where
X = (xFx —2Vx) - Vo — (Ax + x¢)v + xg-

10



From parabolic regularity results, see for example [33, Theorem III.1], one has the implication:
(@X € LILE) = (xv € LiW2? N W, °LE). (27)
In addition, from the definition of ®X, one has
(Vx € C5°, xv € LiW2P) = (Vx € C°, ®X € LiWLP) (28)

since ¢ and F) are locally Lipschitz functions (see Assumption (Drift)-(ii)).

Now, by Definition 6, the function v lies in ([0, T], L2 (e~" @ dx)) N L2([0, T], H! (e~ ®dz)),
so that ®X lies in 712, for any function y € C§°. First assume d > 1, and let § be the supremum
of all those p such that ®X lies in L7IL2 for all x. Assume p < co. Since

dp
—— < min(p, d),
- (P, d)
one can find some p € (%,d), such that ®X belongs to L{L2 for any x (note that % > 1,
since % + % < % + % =1). From (27) xv lies in LW?2?, and hence from (28), ®X lies in LFWL?.
However, Sobolev embeddings yield
2q1 2 7 dp
X € LiW, P C LiLJ ™", where > p since p > ——,
d—p d+p

which contradicts the definition of 5. As a conclusion, ®X lies in LZLS°~ for any . In the case d = 1,

one can directly deduce from ®X € LZIL2 that yv is in LZW?2? C LZWL >~ for any y, and thus ®X €
L7 for any x. In any case, xv lies in LW2°°~ for any x.

Now consider the equation satisfied by x0;v, for any coordinate i. One obtains

D:(x0w) — A(xdiw) = ¥¥ on (0, +00) x RY, (29)

(x0)(0,2) =0, = €R?,

where
VX = (xFx —2Vx) - V(9iv) + (x0i Fx — (Ax + xp)ei) - Vo — (xdip)v + x0ig.

Since yv lies in LIW2°°~ for any x € C§°, the function ¥X is in LZLS°~, from the boundedness
of x0:ip, x9:g and x0; F\. Then, parabolic regularity (27) for the heat equation (29) implies

Vi, Vx € C5°, xOw € LiW2®~ nW, L.

In particular, for any x € Cg°, xv is in th’2Wi’°°7. From Sobolev embeddings, we deduce that yv
lies in CE/QCQEE, for any € in (0,1) (C® stand for Holder spaces). From the Holder regularity of the

initial condition, Holder regularity theory for the heat equation now yields the desired regularity
on v (and thus on u), see for example [22, Theorem 10.3.3]. a

Proposition 9. Assume f € L2 (efv(“”)dx) and that ¢ s locally Lipschitz and bounded from below.
Then the solution u(t,z) to the partial differential equation (23) given by Proposition 7 admits the
following probabilistic representation formula: for all t > 0,

da-a.e., u(t, @) = E [f(1;7)e” o 02 %] (30)
where (Y )i>0 is defined by (notice that (Y% )0 = (Y¥)iso is defined by (12))
{ Ay = Fy(Y)") dt 4+ vV2dWy,

(31)
YOA’x =ux.

11



Proof. Step 1: Let us first prove a maximum principle for solutions to Equation (23) in the sense of
Definition 6. Assume that the initial condition f of Equation (23) is bounded from above by some
nonnegative constant M. Let C be a constant such that ¢+ C is nonnegative. From [31, Lemma 1.2
p. 261], and [17, Lemma 7.6], one can take e~ “*(e~“*u(t,z) — M)" as the test function in the weak
formulation (24), and obtain (using the fact that from Assumption (Drift)-(i), || Fx—Fol|pec (za) < Co
for some Cp > 0)

%% /Rd (e~ tu(t, z) — M)*Pe™V @ dz

- 7/ V(e “tu(t,z) — M)t PV @da
Rd

2
+ ﬁ/ l(e=“tu(t,z) — M)*PeV @dg.
2 Jpa

By using Gronwall’'s Lemma, one therefore obtain after integration in time:

e~ O3t
5 [l ulta) = e
,_/ / 7COS|V —Cs (8 l’) )+|267V(z)dxds
Rd
/ / 70“ )+ C)e“u(s, z) (e “u(s,z) — M) e V@ dzds

/ M) Pe V®dz <0
Rd

so that the function wu(t,-) is bounded from above by Me®*, for any positive t. By a similar
argument, if f is bounded from below by —M, with M nonnegative7 then wu(t,-) is bounded from
below by —e~“*M for any positive ¢.

Step 2: Let us now prove the Feynman-Kac formula (30) under the assumption f € C>NL>(RY).
Let z € R ¢ > 0 and M > 0. Let 7asr be the first exit time from B(z, M) (namely the ball centered
at = and of radius M) for the process (Y;%)s>0. Since s — YV is continuous, 7as goes to oo as M
goes to co. Let us consider the solution (¢, ) + u(t, ) to (23), which is C* with respect to t and
C? with respect to = thanks to Proposition 8. Applying Ito’s formula to u(t — s, Y; ") in the time
interval [0, ¢ A Tas], one obtains

l\DI»—A

tAT M

tAT Az _ s Az
u((t — 7'1V1)+7Yt>/\\",9—cM)€_ o Me(YM®)ds u(t,z) + \/5/ Vu(t — S,Y;/\’x)e Jo oY )dudWSA
0

On the interval [0,¢ A Tar], the integrand in the stochastic integral remains bounded, so that this
integral has zero mean. Taking the expectation, one obtains

tAT N

A,z s
u(t,r) =K [u((t — )"t YtAfM) 0 (Y *)d ] .

12



By the above maximum principle the function w is bounded on [0, ¢] X R?. With the lower bound
on ¢, the dominated convergence theorem yields, letting M — oo,

u(t,z) =E [f(Y;A’x)e_ I w(Yﬁ’”)ds] _

Step 3. Let us now assume that f is in L™ (Rd). Let f. be a sequence of C* functions such
that sup,,>; || fnllieo®a)y < [1flliec (ray, and converging to f almost everywhere. In particular, f,
converges to f in L2 (efv(z)dm) by Lebesgue’s theorem. Therefore, the solution u, to Equation (23)
starting from f, is such that w,(t,-) converges to u(t,-) as n — oo in L*(e~V®)dz), from the a
priori estimate (25). Moreover, one has

x — [t Az s x x
Vo € RY, wn(t0) = E [£, (1 )e B 000N S Elf (0T ),

where T' is a bounded function satisfying T'(Y,V") = E [e* Jo (¥ )as Y, |. For the remaining of

the proof, we assume that ¢ > 0 (the formula (30) clearly holds for ¢ = 0). From Lemma 2, the
distribution of Yf"z admits a density p* (t,z,y) with respect to the Lebesgue measure. Therefore, by
the Lebesgue theorem, E[f,(Y;VY)'(Y;™)] converges to E[f(Y;"Y)[(Y;*Y)] as n — oo. This shows
the equality u(t,z) =E [f(YtA’z)ef Jo ‘p(YSA’m)dS] for dz-a.e. x.

Step 4: Let us now assume that f is in ]L2(efv(””)dx) and let us write f = fT — f~ where
fT = max(f,0) and f~ = max(—f,0). For n € N, the functions f,;/ = min(f",n) (resp. f, =
min(f~,n)) are in L=(RY) and converge in L2(e™"®dz) to f* (resp. f~). Let us consider the
solution u;l (resp. w;) to Equation (23) starting from f;f (resp. f.). Since fi — f, converges
as n — oo to f in L2(e”V®dz), for every t > 0, u;l(t,-) — uy (t,-) converges in L2(e”"®dz) to
u(t,-), where u is the solution to Equation (23) starting from f. Moreover, one has

do-ae, ui(t,z) =B [LE)e B 20700 Bl r ),

where I is the bounded function defined above. By the monotone convergence theorem, E[f£ (Y, ) T(Y, )]
converges to E[f*(Y,V)I(Y;"")]. This shows the equality u(t,z) = E [f(YtA’I)ef Jo “"(Ysk'm)ds] for

dz-a.e. x. O

As a corollary of the previous result, we obtain that the law of X} satisfies a partial differential
equation (the Fokker-Planck equation).

Corollary 10. Let Xo be distributed according to some probability measure po, and let (X{)i>o0

evolve according to Equation (2). Let us assume that po has a density ro with respect to dmo =

eV dx such that ro € L2 (efv(””)dx). Denote by p; the distribution of the random variable X},

and by x — r(t,x) the density of py with respect to dmg = e~V ®) dz which ezists by Lemma 4.
Then, r(t,z) is the unique solution to the partial differential equation

{ dr(t,x) = Ar(t,z) —VV(z) - Vr(t,z), t>0,z€R% (32)
r(0,z) =ro(zx), x=€R
in the sense of Definition 6.
Proof. From Lemma 4, we know that
Vit > 0,dz-ae., r(t,z) = E(ro(Yy")).
The conclusion is then a consequence of the Feynman-Kac representation formula (30). |
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2.3 Long-time behavior of the partial differential equation (23) when
A=0

In this section, we are interested in the long-time behavior of the partial differential equation (23)
when X\ = 0, which is related to the stochastic differential equation (2) through the Feynman-Kac
formula (30).

2.3.1 The case p =0

To study the long-time behavior of the solution to (23) with A = ¢ = 0, we introduce the following
hypothesis (defined for any n > 0).

Assumption (Poinc(n)). The measure e~V satisfies a Poincaré inequality with constant n > 0:
for any function v in LE(e™V @ dz) NH (e~ ®)dz),

77/ |v|2(x)e_v(x)dx§/ [Vl (z)e”" ™ da. (33)
R4 R4

Recall that L3 (e ™V (®)dz) denotes the functions in L?(e~"(*)dz) with zero mean with respect to
mo (see (13)).

Proposition 11. Let Assumption (Poinc(n)) be satisfied for some positive n, and let u be a
solution to (23) in the sense of Definition 6, in the case A = ¢ = 0, with an nitial condition
feL*eV®dzx). Then u converges exponentially fast to the constant function Jza f(z)e V@ dz
in the following sense:

<e M

vt >0, S
L2 (e~ V(®)dx)

u(t, ") — y fl@)e V™ daz

_ -V(x)
f /Rd flx)e dz

L2(e=V(@)dz)

Proof. Taking the constant function 1 as the test function in (24), one obtains that [o, u(t, z)e V@ dg =
Jza f(z)e”V@dz for any t > 0. In particular, u(t, ) — Jza f(2)e V@ dz € LE(e~V®dz). In ad-
dition, from [31, Lemma 1.2 p. 261], one can take u(t,-) — fRd f(ac)e_v(x)dx as the test function

in (24), which yields, using the Poincaré inequality,

il
dt Jpa

2
e V@ ay = 7/ |Vu(t, z)[*e”V @ dz
Rd

)
Rd

One concludes from Gronwall’s lemma. |

u(t, ) — f(@)e V@ az
Rd

N | =

2
eV ® g,

u(t,x) — f(@)e V@ az
Rd

This Proposition shows that, under the assumption of Corollary 10 (namely duo = 7(0, x)efv(””)dx
with 7(0,-) € ]LQ(e_V(””)dac))7 the density r(t,x) of X7 with respect to 7o converges exponentially
fast to 1 if (Poinc(n)) is satisfied for some positive 7. Actually, the convergence of dy; to e~V @ dx
holds in total variation norm for any initial condition po.

Corollary 12. Let Assumption (Poinc(n)) be satisfied for some positive n, and let (X))o evolve
according to Equation (2). Let us assume that Xo is distributed according to some probability mea-
sure pio. Denote by g the distribution of the random variable X3, and for allt > 0, denote by q(t, x)
the density of pt with respect to the Lebesgue measure (which exists according to Lemma 2). Then

thm ||q(t7 ) - 67V|‘H~1(dx) =0.
—00
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Proof. From Equation (21), for all ¢ > 0, one has
dy-a.e., q(t,y) = /p(t,:v,y)uo(dw)-

Let us fix a positive e. Let us consider to > 0 (to be fixed later on) and ¢°(to,x) a function in
L°°(R?) which is non-negative, with compact support, such that J ¢ (to,z)dz =1 and

/ lq(to, ) — ¢°(to,z)|dz < e.
Rd

To build such a function ¢° (o, ), one could for example consider for n large enough fmnfr(l?ézzozi)ni;f‘”‘f:

which indeed converges to ¢(t,z) in L'(dz) when n — co. Let us define the function
qe(t7y) = /p(t—t07x7y)q6(to,m)dx vt > to,Vy € Rd‘

For t > to, ¢°(t,-) is the density at time ¢ of the process (X{°):i>t, solution to (2), with X?O’E
distributed according to ¢ (to,z)dz. Let us now set r°(t,z) = " ¢°(t,x), the density of X
with respect to e™V®dz. Since 7°(to,z) = V@ (to,x) € L*(e”V®dx), from Corollary 10,
(s,x) — r°(to + s, x) satisfies the following partial differential equation (with unknown )

dur(s,x) = Ar(s,z) — VV(z) - Vr(s,z), s>0,z¢eR?
r(0,z) = r°(to,z), x€R?

in the sense of Definition 6. In particular, from Proposition 11, since [ r° (to,x)efv(”)dx =1,
vt > to, (8 ) = Uz e-vieran < €T (0, ) = Ul veran
which is equivalent to
Ve > to, g () =€V llaqevior am < €7 TN (t0) — €V llLaqevio aoy-
By Cauchy-Schwarz inequality, we deduce that Vt > to
-V -V
(6 = eV = [ [a(t) — e
R

€ -V — — € -V
S Hq (t7 ) —¢€ HILZ(eV(m) dx) S € s tO)”q (t07 ) —€ H]LZ(eV(m) da)*

GV @)/2  ~V(@)/2 g,

Moreover, we also have: Vt > tg

la(t,-) — ¢° (t, )| aa) :/

Rd

S/ / lq(to, x) — ¢" (to, x)| p(t — to, z,y) dzdy
Rd JRA

| (atto.) = t0,2))p(t = to..3) | dy

= /d lq(to, ) — ¢°(to, )| dz < e.
R

We thus obtain: Vt > tg,
-V 5 5 -V
Hq(t7 ) —€ HILl(dac) < ||q(t7 ) —q (t7 ')HILl(dac) + Hq (t7 ) —€ ||]L1(dx)
<ete Mg (b0, ) — e Vo v an

and the right-hand side is smaller than 2e for ¢ sufficiently large. This concludes the proof. O
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2.3.2 The case ¢ #0

In this section, we are going to investigate the long-time behavior of the function u defined by
u(t,z) =E [e_ I W(Ysr)ds] 7 (34)

for a generic function ¢ where, we recall, (Y57 )s>o satisfies (12). When ¢ > « for some positive
constant «, u converges to 0 exponentially fast as ¢ — co. We now look for hypotheses on ¢ under
which this convergence is preserved in the case inf ¢ < 0.

Notice that by ergodicity, almost surely, lim:— o % fot p(YS)ds = fgaefv(z)dx and therefore,
the almost sure exponential decay to zero is ensured if fRd (p(x)efv(””)dx > 0, at any rate in
(0, fra o(x)e”V®dz). The exponential decay to zero in L' is more complicated to establish. In
Proposition 13 below, we prove this exponential decay under a sufficient condition which contains
the assumption [, p(z)e”V®dz > 0.

When ¢ is bounded from below and locally Lipschitz, from Proposition 9, the function u defined
by (34) is solution (in the sense of Definition 6) to the partial differential equation (23) with f =1
and A = 0. As a consequence, the long-time behavior of (34) is related to the spectrum of the
operator A — VV -V — ¢ which is self-adjoint in L?(e~"(®dz).

One way to study this spectrum is to perform the change of variable v(t,z) = ffév(“”)u(tw)7
making Equation (23) become

o = Av+ i (2AV — [VV]? — 4p) v.

As a consequence, the long-time behavior of v is characterized by the spectrum of the Schrodigner
operator A—&—i (QAV —|VV|? - 44,0), which can be controlled by the Cwikel-Lieb-Rozenblum bound
(see for example [10, 24, 28]). Indeed, for d > 3, this bound states that the number N of nonnegative
eigenvalues of A + W satisfies

N <Lq4 max (W (z),0)%?dz,
Rd
where L, is some constant independent of W. In particular, if there exists € > 0 such that

1 1 4z 1
/ max <E + AV (z) — = |VV(2)]? - <p(ac)70) dz < —, (35)
Rd 2 4 Ld

then the spectrum of A + 1 (2AV — |[VV|? — 4p) is included in (—oo, —¢).
There are two main concerns with this approach. First, the constant Ly is unknown, so that the
criterion is not quantitative. Moreover, by Jensen’s inequality, the exponential convergence to 0 of

E [676 fot Lp(Xg)ds:I
for § > 1 implies the exponential convergence of the function u(¢,z) in (34). However, in some cases,

the criterion (35) may apply to d¢ for some ¢ > 1 and not to . We are going to present another
criterion which does not present these flaws.

Proposition 13. Assume that (Poinc(n)) holds for some positive n, and that

— oo < infy <0, / o(z)e” P dz > 0, / o(z)?e™V P dz < oo, (36)
Rd

Rd
fmd @? (x)efv(z)dx
(Jua p(@)eV @) dz)?

and — (inf ¢) <. (37)
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Lt B = [ (@)™ ®dz, V = [, (p(x) —E)? eV @dz and let u be the weak solution to
Equation (23) in the sense of Definition 6 for X\ = 0, with an initial condition f € L*(e”"®dx).
The quantity fRd u?e™V converges exponentially fast to 0 as t — oco:

3C >0, Vt >0, / u2(t, x)efv(z)dx < Ce ™,

Rd

with a rate B given by

, E>+V , E2+V\? gV
57<7]+1nf<p+ oE )\/<n+1nf<p °F >+2E>O. (38)

Note that the positivity of the rate (38) is equivalent to the condition (37). Moreover, note that
the left-hand side in condition (37) is homogeneous of order 1 in ¢, unlike the criterion (35) obtained
using the Cwikel-Lieb-Rozenblum bound. As a consequence, if the criterion (37) applies to d¢ for
some real number § > 1, then it applies to ¢, as expected.

Proof of Proposition 13. In this proof, for notational simplicity, we omit the time and space variables
in the integrals, which are all considered with respect to the Lebesgue measure on R9.
From [31, Lemma 1.2 p. 261], one can take u as the test function in (24), obtaining

1d uQe_V:—/ |Vu|26_v—/ oueV
2dt Rd Rd Rd

< f/ |Vul?e™" finfga/ eV,
Rd Rd

Using (33), one deduces that

2
1d eV < —(n+inf p) / we™V 41 / ue”V ) . (39)
2 dt Rd Rd Rd

On the other hand, taking the constant function 1 as the test function in (24),

1d /uefv 2:7/ uefv/ npue*V
th Rd Rd Rd
= Lo (L) s Lo (Lo [ = o)
= — pe ue + ue pe ue = — pue .
R4 R4 R4 Rd Rd Rd

By Cauchy-Schwarz inequality,
L e e T (O P | o Mg
we ue " — pue w— e u— ue e
R R R R Rrd Rd
1/2
§V1/2</ <uf/ ue™V
Rd Rd

2
) eV> : (40)
Therefore, from the inequality 2ab < a? + b2,

2 2 2
-V E / -V \ / / -V -V
< = — _
/Rdue ) < 2<Rdue +2E » u Rdue e
E>+V v\ Vv s v
=% </Rdue +—2E/Rdue . (41)




By combining (39) and (41), one obtains for 6 > 0,

([ s Lo ()

. oV SV +E?
c1(5):77+1nfnpfﬁarlch(d):fn+5 ']g )

We want to find § > 0 such that (42) ensures exponential convergence to 0 of f]Rd u?e™V ast — +o0.
If § = 0, one has c2(0) = —n < 0, so we need 6 > 0. We look for § > 0 such that both ¢ (§) and c2(6)
are positive.

From (43), ¢1(0) is positive if and only if

with

(43)

0 _n+infe

2E \%
and cz(0) is positive if and only if

S,

2E 7 V+E?

One concludes by checking that condition (37) is necessary and sufficient for the interval (Wﬁﬁv Z’%‘f‘e)

to be nonempty.
For a given § > 0, Equation (42) gives a convergence rate of 2min(c1(4), CQT@). From the

definition of ¢; and ¢z, one can see that ¢;(9) is nonincreasing and, under (37), czé‘s) is nondecreasing

in 0. As a consequence, min(ci(9), Czéé)) is maximized for dc1(d) = c2(d). This last equation is

quadratic, and one can check that its unique positive solution is

2 2\ 2
5- E Hmf@_mﬂ/(nmfwvm) 1Y

\% 2E 2E E |’

giving the rate (38).
O

One can see that Equation (37) is necessary and sufficient for the existence of § > 0 such
that ¢1(8) > 0 and ¢2(d) > 0. One can naturally wonder whether introducing more flexibility in
the inequalities used in the proof of Proposition 13 could lead to a weaker condition. Actually,
keeping track of the positive term [, [Vu[?e™" in (39), using inequality (33) in (40), and using the
inequality 2ab < va® + %62 in (41) leads to the exact same necessary and sufficient condition to
ensure exponential convergence to 0.

Remark 14. One can use the theory of large deviations to prove that the long-time behavior of
quantities of the form (34) is necessarily exponential, with a rate given by a variational formula.

Let (Xi)i>0 evolve according to Equation (2). According to Donsker-Varadhan’s lemma, the
random probability measure p: defined by the formula

1 t
/j,t(A) = —/ IXSeACLQ,
t 0

satisfies a large deviation principle with rate function

I(v) = /Rd

%9 otherwise,

2
VI eV de i3RI R v = f@)eV Pda,
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see for example [11, Chapter IV.}]. As a consequence, in the long-time limit,

,% log (]E [e, I w(xsmsD _ 7% log (]E |:67t<‘9n“t>])

converges to the constant o defined by
2
a:ir}f/ V\/ﬂ (x)eiv(z)dx—i—/ o) f(x)e”V @ dz
Rd

Rd
where the infimum is taken over all probability densities with respect to the measure e~V @) dg, from
Varadhan’s lemma in large deviations theory. By the change of variables g> = f, « is equal to

V9P @) O 4 [ pl@)g* e
9 Jra 9?2 (x)e~ V(@) dx '

which is the bottom of the spectrum of the operator —A+NVV-N+p which is self-adjoint in L> (e_v(””)dm),
already discussed at the beginning of this section.

Let us give two examples where the result from Proposition 13 applies.

Example 15. A first example is given by the double-well potential in dimension 1, defined by
Vy(2) = a* —ya® + Oy,

where v > 0 and Cy = In (fR exp(f:v4 +7x2)dx . We want to apply Proposition 13 to the case
where the function ¢ is a multiple of min SpecV*V,(z) (see Section 3.3 for a justification of this
choice for ). In the present case, this writes o~ s(x) = 6(12z% — 27), where § is the positive
multiplicative factor.

Denote by ny the optimal Poincaré constant associated to the potential V.. As vy goes to 0, the
limit potential x* satisfies a Poincaré inequality with constant no > 0, owing to its convezity. As a
consequence, the Poincaré constants 1 converge to a positive limit. On the other hand, as vy goes
to 0, the quantity
Je <p,2y’5(az)e_v"*(“)dx

(Jz py.s(@)e V@ dx) 2

Ju @3 5(@)e” 7P da
(Jp @y, (x)e™ V7 (@ dz)
a consequence, for any 6 > 0 the inequality (37) is satisfied for v smaller than some critical value
depending on §. Notice that the inequalities (36) are satisfied for any v > 0 since, for any smooth
potential V : R — R, [, V" (x)e™V®dz > 0 holds from a mere integration by parts.

—(inf ¢4,5)

goes to 0, since inf ¢, 5 goes to 0 while = converges to some positive constant. As

Example 16. The second example is given by an identically vanishing potential V(x) = 0, with the
equation considered on the one-dimensional torus, identified with the segment [0,27] with periodic
boundary conditions. The invariant measure is then the uniform measure on the torus. Consider the
function p(x) = sin(x) + « with a > 0. In that cases, the mean value of ¢ is given by «, and p(x)
is not nonnegative for all values of x as soon as o < 1.

In that case, the Poincaré constant is given by n = 1 and inf ¢ is given by a—1. As a consequence,
Equation (37) writes

1+ 2a°
The condition is thus satisfied if o > g where av s the unique real root of the equation
3 1 1
o + 506 - 5 = O,

given by ap ~ 0.590. As a consequence, for a € (ao,1), one has exponential convergence of (34) to
zero while the function ¢ is not uniformly positive.
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2.4 Existence and uniqueness of an invariant measure m, for (1)

In all this section, we assume that Assumption (Poinc(7)) holds for some positive . We would like
to show that the stochastic differential equation (1) admits a unique invariant probability measure
that we denote in the following 7y, and to give an explicit formula for this measure. Of course, for

A =0, we have

dmo = e V@ g

and one result of this section is that it is the unique invariant measure for (2). We will use mo
as a reference measure to build functional spaces, and to construct the invariant measure 7wy by
perturbative arguments, using the crucial assumption on the boundedness of F + VV = F\ — Fy
(see Assumption(Drift)-(¢)): for A € [0, \o],

IFx — Follpos ray < CA.

Let us begin with some notation. We denote by £y = F) - V 4+ A the generator of the pro-
cess (X{)¢>0. In particular, Lo = —VV -V + A. Also denote

Tn=Lx—Lo=(I"+VV) -V (44)

The space LE(e~"V @ dz) NH' (e~ ®)dz) endowed with the symmetric bilinear form
(u,v) Vu(z) - Vo(z)e V@ dz (45)
Rd
is a Hilbert space by Assumption (Poinc(n)). A consequence of the Riesz theorem is that for
any u € L2(e”V®dz), there exists a unique function v in L3(e™" @ dz) N H (e~V®dz) such that
vw € Li(e” V@ dz) nH (e7V @dz), Vo(z) - Vw(z)e "V @dz = / w(@)w(z)e @ dz.
R4 R
This function is denoted v = —L;'u since when v is smooth, [,, Vo(z) - Vw(z)e V' @dr =
— Ja Lov(x)w(z)e™V @ dz. We denote by D(Lo) the domain of Lo, defined by
D(Lo) = {v e Li(e”V®dz) nH (e”V @ dz), Lov € ]Lg(efv(z)dx)} .

For a function v € L? (e_v(””)dac)7 from the Poincaré inequality, one has

WHE(TluHH%Q(ewa)dI) S /d |v(£alu)(1’)|267V(Z)dx — /d(ﬁalu)(m)u($)€7V(1)dx7
R R
-1
<NLo ullpze-v amllulliz (- vz
which implies
-1
Lo ullpz e v@ az) < lullize—v e aq- (46)

In the following, we will use the orthogonal projection operator ITg from L2 (e_v(””)dx) onto L2 (e_v(””)dx)
defined by:

Vel eV ™dr), Iof = f —/ flx)e”V @z, (47)

Rd
Let us now explain formally how we obtain an explicit formula for the invariant measure 7y of (1).
For any test function ¢ and since £31 = 0, [, LaIlo(y) dmx = 0. Thus, by considering f = LoIlo(y),

for any test function f, [, £1Lg 'Tlof dmy = 0 which also writes [,,(I + 7Ly ' Ho)Ilof dma = 0
where I denotes the identity operator. This is equivalent to: for any test function f, f]Rd I+
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TaLy o) f §2dmo = [pa fdmo which yields (I + ALy 'Tlo)*§5 = 1, where  denotes the dual
operator on the Hilbert space L2 (e_V(”)d:v). As a consequence, we are naturally led to study the
operator T Ly 'l defined from L2(e™"(®dz) to L2(e”"(®dz). The aim of the next Lemma is to
show rigorously that we can define an invariant measure 7y of (1) by defining its Radon-Nikodym
derivative with respect to mo as (I 4+ (TaLg 'Tlo)*)~11.

We can now state the result concerning the existence of an invariant measure for (1).

Lemma 17. Let us assume that Assumption (Poinc(n)) holds for some positive . Then there
exists M1 € (0, o] such that for X € [0,\1], the dual operator I 4+ (ThLy'Tlo)* on the Hilbert
space 12 (e=V @ dx) of the operator I + TALy Ty is invertible and has a bounded inverse.
Let us then introduce, for X € [0, \1], the function gx € L2(e”V®dz) and the associated measure
T such that
dmy = grdmo where g = (I + (7}[,0_11_10)*)_11. (48)

The measure Ty is a probability measure which is invariant for the process (X;")i>o0 solution to (1).

Proof. Step 1: Let us first study the operator 7}[,511_[0. From the boundedness assumption on VV +
F\ = F\—Fp (see Assumption(Drift)-(7)), the definition of £5 " and (46), for any u € L&(e~"®dz),

ITZLo  ullFe (o v amy = /Rd [(Fx 4+ VV)(z) - V(Lo u)(z)?e”V @ dz
< C>\2/ IV (£ w) () PeV Pda
Rd

d

= —C’)\Q/R (L5 ) (z)u(z)e™V da

_ \?
2 1 2
<ON|Lg u”]Lz(e*V(I)dz)HU’HHP(E*V(I)dz) < C?H“HLZ(e*V(m)dx)'

As a consequence, the operator Tx£Lg* is bounded from L3 (efv(“”)dx) to LQ(efv(z)dx), with:

— /C
ITxLo 1||£(J1%(e*v(m)dz),Jl?(e*v(m)dz)) < E)“ (49)

By composition, 7}[,511_10 is thus a bounded operator from L? (e_v(””)dx) to itself, with a norm
of order O(\), and so is (TaLy'Tlo)*. As a consequence, for A small enough, the operator I 4+
(TaLg )" is invertible from L2(e™" () dz) to itself.

Step 2: Let us now introduce the function gy € L2 (e_v(””)dx) defined by

g = (I +(TaLg o)) ™1
and let us prove that dmyx = gadmo is invariant for the stochastic differential equation (1). Let

(Y")i> be the solution to (1) with initial condition Y;"* = z (see (31)). Using the Markov
property, the aim is to prove that, for any C* bounded test function f : R? — R,

[ EG0 Na@e Pae = [ @@ Ve (50)

From Proposition 9, we know that u(t,z) = E(f(Y;"")) is the solution to (23) (with ¢ = 0), and
from Proposition 7, we have for any 7' > 0,

ue L™ ([07 T]7H1(6_V(“)dx)) nH ([07 T]7L2(6_V(’”)dx)) ,
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Moreover, from Proposition 8, u is a classical solution to (23). Therefore,

. E(f(Y))gr(z)e”" P dz = 4 u(t, )gr(z)e”V @ dzx
di Jp i |,
= [ dwult,z)gr(z)e”" Pdx
Rd
= | Lowu(t,z)gx(x)e”" P da,
Rd

and Lyu = dyu € L*(e”V®dz). Now, notice that for any function ¢ which is the sum of a C*°
function with compact support and a constant,

Ty = Ta Lo "Ml Lot

holds true since T, sends constant functions to 0. Therefore, for any such function 1, one has
[ exvondmo= [ [a+ Twlgrdmo = [ (14 Ti5 o) ov] grdme
R R R
= [ 120w (1 + (T35 T10) Ygacmy
Rd

= Lo dmo.

Rd

Since o is invariant for the dynamics (2) with infinitesimal generator Lo, the right-hand side is zero.

By density, the equality [., £xtpgadmo = 0 holds for any function ¢ such that L1 € L2(e”V®dyx).

Therefore, £ [a E(f(Y)ga(x)e™" @ da = 0 which yields (50) after integration in time over [0, ¢].
Step 3: Let us finally check that 7y is a probability measure. First, one has

/gAdm):/ (I+(ﬂﬁglﬂo)*)’11(1+(ﬂﬁglﬂo))ldm:/ dmo = 1.
Rd Rd Rd

Second, one can prove that gx > 0. Indeed, from (50) and the fact that Y;>'" admits a density
p>(t, z,y) with respect to the Lebesgue measure (see Lemma 2), we have

/ F)p*(t.2.y) dyga(z)e” " dz :/ f@)ga(z)e VP da.
Rd JRd Rd

This equality holds for any smooth test function f and, by a density argument, one can apply it
to the bounded function f(z) = sgn(ga(x)), where sgn(y) = 1y>0 — 1y<o denotes the sign function.
One thus obtains

/Rd /Rd (sgn(gx())sgn(ga(z)) — 1)p (¢, z, y) dylga|(x)e” @ dz = 0.

Thus, (sgn(gx(y))sen(ga(z)) — 1)p (¢, 2,y)gx|(z) = 0 dz @ dy-a.e.. Since p*(t,z,y) > 0 dz ® dy-
a.e. (see Lemma 2) and [, [ga|(x)dz > 0, this implies that dy-a.e., sgn(ga(y)) = 1 or dy-a.e
sgn(ga(y)) = —1. The conclusion then follows from the fact that [, grdmo = 1. O

Notice that in the case A = 0, we indeed have go = 1. The next result states the uniqueness of
the invariant measure for (1).
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Lemma 18. Let us assume that Assumption (Poinc(n)) holds for some positive . For X € [0, \1]
(A1 being the constant introduced in Lemma 17), the unique invariant measure of the stochastic
differential equation (1) is the probability measure wx defined by (48). This probability measure is
equivalent to the Lebesgue measure on R? and for any initial condition X,

Vf e L' (ma <hm—/f ds—/Rdfdm):l. (51)

Proof. Let A € [0, \1]. Lemma 17 ensures that 7 defined by (48) is an invariant probability measure
for dX} = Fy (X?)dt +1/2dW;. For Xy distributed according to any invariant probability measure,
Lemma 2 ensures that this measure is equivalent to the Lebesgue measure. As a consequence, all
the invariant probability measures are equivalent and the dynamics admits exactly one invariant
probability measure 7. Since my is the only invariant probability measure, it is ergodic (see for
example [27, Theorem 3.8 and Equation (52)]) and denoting by (Y;*);>0 the solution to (1) started
from Yy = z € RY,

Vf e L'(m), dz ae., P <hm / FY) ds—/ fdm> =1.

For any initial condition Xo, since the law of X7 is absolutely continuous with respect to the
Lebesgue measure (see Lemma 2), (51) follows by the Markov property. a

3 Tangent vector of the diffusion

In all this Section, (X);>0 denotes the process solution to (1), with an initial condition Xo which,
we recall, does not depend on A\. We establish various results on the tangent vector 7 defined
by (52), which naturally appears in the estimators (10) and (11) to evaluate % ([q fdma).

3.1 Definition and interpretations of the tangent vector
If the function f is differentiable, one can write 95 (f(XtA)) = T;-Vf(X?), where the process (T:)¢>0
is the so-called tangent vector, defined as

= RX7, (52)

and the existence of which is ensured by the following proposition.

Proposition 19. For any t > 0, the function X — X, is almost surely differentiable, and the
definition of the tangent vector (52) makes sense. Moreover, (Ti)i>0 almost surely satisfies the
following ordinary differential equation whose coefficients depend on (X{)i>o:

dT; 0 0 2 0

S F(XD) — VAV (X)),

b= BR(X) - VRV (X, -
To = 0.

Proof. By (Drift)-(i) and the continuity of VV and (X?)i>o, t + [OSFA(X?)| 4+ |[V2V(X?)| is
locally bounded. Hence (53) admits a unique solution (7));>¢ by the Cauchy-Lipschitz theorem.
Let us prove that for £ > 0, A — X} is differentiable at A = 0 with derivative equal to T. For
X € [0, Xo], we set 7y = inf{t > 0: |X} > SUPye/o,7) |X?| + 1} with convention inf{) = 4oc0. Let
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0
LY = SUP,eRd: || <supye o, X041 |V2V (z)|. For t € [0,1], one has

A 0 AT A A
sup |Xs/\7')\ 7Xs/\7')\| < F)\(Xs)+VV(Xs)
0

s€[0,t]

+ ‘VV(XS) V(x| ds

t
S CAt + Lg(o / |X;\/\T)\ - XSO/\‘r)\ |d5
0

0
LX

N o c(e h —1) x° _
so that sup ¢ [Xonry, — Xoary | < TA. For XA < —ﬁ v, ), one deduces that 7 > ¢
t et —1

0
X
(eLf ¢ 1)

x0
Ly

c
and sup¢(o ¢ |XSA - X7 <
Now, for ¢t > 0,

A. In particular, X;* converges to X{ uniformly for t € [0, 7].

X} - X)) = /t(FA(XQ) — Fo(X2))ds + / VAV(E) (X2 — X2)ds,
0 0

where, by a slight abuse of notations, V2V (£2) stands for the matrix (8;;V (£2'"))1<i.j<4 and Vi €

. X .
{1,...,d}, &> € [X2,X2]. For s € [0,f] and X € (O7 Ao A ﬁ(ﬁ} €M < SUPye/o,7) [X7] + 1.
Hence for t € [0, ],
X2 — X0 LIRNVXD) = Fo(Xx2
sup | X5 o) < [ IED g 0 9y (x8) - V() 7las
s€[0,4] A 0 A
t]yA_ O
+L§‘°/ Xe = Xs  polgs,
o hy

By (Drift)-(i)-(ii) and the uniform convergence of X;* to X{ for t € [0, 1],

t

F\(X2) — Fo(X2)

lim — RFA(XD)| + [VV(X)) = VPV (E)|IT]]ds = 0.
A—=0 /o A
With Gronwall’s lemma, one concludes that sup,¢o XSA;XE — TP converges to 0 as A — 0. [

We have the following expression of (7}):>0 as an integral:

Proposition 20. Define the resolvent (Rxo(s,t))s,t>0 associated with Equation (53) as the solution,
with values in R, to the following ordinary differential equation:

{ diRxo(s,t) = —=V2V(X{)Rxo(s,t), s,t >0, (54)
Rxo(s,s)=1Iaq, s >0,
where 14 is the d x d identity matriz. The resolvent satisfies the following semigroup property
Vr,s,t € [0,00), Rxo(s,t)Rxo(r,s) = Rxo(r,t). (55)
One can recover the tangent vector from the resolvent through the following formula:
Yt >0, Ty = /t Ryo(s, )03 F\(X2)ds. (56)
0
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Proof. The semigroup property (55) is a consequence of uniqueness for Equation (54), satisfied by
the two processes (Rxo(s,t))i>0 and (Ryo(r,t)Rxo(r,s) ™ )i>o0.

In view of the differential equations satisfied by (7%):>0 and (Rxo(s,t)):>0, one has, from the
equality Rxo(t,0) = Ryo(0,8)7",

di(Rxo(t,0)T;) = —Rxo(t,0)9:(Rx0(0,t)) Rxo (t,0)T: + Rxo (t,0)8: T}
= Ryo(t,0)V?V(X?{)Rx0(0,t)Rxo(t,0)T;
+ Rio (t,0)03 FA(X!) — Rxo(t,0)V*V (X{)T,
= Ro(t,0)08Fa (X7).

Integrating over [0, t], one obtains
t
Rxo(t,0)T; = / Rxo(s,0)0% Fx(X?)ds,
0

and the result follows by using the semigroup property (55). O

Notice that the resolvent is also the differential of the trajectory with respect to its initial
condition.
Lemma 21. Let (Y{")i>o solve (12). Then for anyt > 0, z + Y is C* on R* with Jacobian matriz
(DY{")ij = 0.,Y;"" given by DY;" = Ry=(0,t).

Proof. By standard results on ordinary differential equations, z — Y;* is C! with Jacobian matrix
DY solving the equation

t
Yt >0, DY, =1I4 7/ VAV (YF)DY/ ds,
0
obtained by spatial derivation of Y;* =z — fot VV(YZ)ds 4+ v2W;. By uniqueness for (54), one has
DY," = Ry=(0,t). |

In the following, we will need the following result about the link between the forward resolvent
and its backward counterpart.

Lemma 22. Let (Yi)o<s<t satisfy Equation (2) with Yo distributed according to mo. From the
reversibility of the dynamics (2), the process (Zs)o<s<t defined by Zs = Yi—s has the same law as
(Ys)o<s<t, and one has the relation

RY(07 3) = Rg(t - S,t),
where RY is the transposed matriz of the resolvent associated with Z.

Proof. Uniqueness holds for the ordinary differential equation satisfied by s +— Ry (0, s):

dR 2
R(0) = 1a.

One can check that s — RZ(t — s,t) also solves (57). Indeed, since, by the semigroup property,
Rz(t —s,t) = Rz(t,t — s)™ ', one has, for s € [0, 1],

OsRz(t — s,t) = —Rz(t — s,t) (OsRz(t,t — s)) Rz (t — s,1)

= —Rz(t — 5,t)V°V(Zi—s)Rz(t,t — s)Rz(t — s,t)
—Rz(t — s, )V2V(Zi_s)
= —Rz(t — s, t)VV(Ys)



This concludes the proof. |

3.2 Almost sure boundedness of Rxo(0,¢) and T;

The tangent vector can take large values, since the second term in the right-hand side of (53) will
provide exponential growth for (7%):>0, typically when the trajectory (X{);>o0 is close to a local
maximum of V| or when it crosses a saddle point of V. In the sequel, we need some assumptions
on V to control this behavior.

3.2.1 Local-in-time boundedness of Rxo(s,t) and T}

Let us first introduce an assumption which will be sufficient to get the local-in-time boundedness
of Rxo(s,t) and T;.

Assumption (min Spec). The matriz-valued function V2V : R — R 4s bounded from below,
in the sense that there exists a € R such that, for all z,h € RY,

h-V?V(z)h > alh|*.
Equivalently, the spectrum of V2V (x) is bounded from below by o, uniformly in x.

Under Assumption (min Spec), the random variables T and Rxo(s,t) are bounded:

Lemma 23. One has
VO < s <t, [Ryo(s, )| < effst minspec(VZV(xg))du7 (58)

R2*4 peing endowed with the matricial norm associated with the Euclidean norm on Re. In addition,
if the Assumption (min Spec) is satisfied, for any T > 0, the random variables supg< <;<7 |Rxo(s,1)]
and supg<<p [T lie in L°(9).

Proof. For any vector x, one has
e Rxo (s, t)z|* = —2(Rxo (s, 8)2) " V*V(X])(Rxo (s, t)z)
< —2min Spec (V*V(X?)) |Rxo(s,t)z|*.
As a consequence, one has the estimation
|RX0(8,t):E|2 < |l’|2€72f‘: min Spec( V2V (XJ))du

so that (58) holds. If the Assumption (min Spec) is satisfied, this inequality proves that R(s,t) is
in L°°(Q) locally uniformly in time. From the expression (56) of T; and the boundedness of 93 Fy,
one also concludes that T; € L*°(Q), locally uniformly in time. O

3.2.2 Global-in-time boundedness of Rxo(0,t)

We need some additional assumption on the convexity of the potential for (Rxo(0,t)):>0 to be
bounded globally in time.

Assumption (Conv). The potential V is such that

/ max (0, — min Spec (V*V (z))) e V™ dz < 0o and min Spec (V*V (z)) e V@ dz > 0. (59)
Rd

Rd
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In this assumption, the first inequality, always satisfied under (min Spec), ensures that the
integral [,, minSpec (V?V(z)) V@ dz is well defined in (—o0,oc]. We refer to Appendix B for a
discussion of this Assumption.

Lemma 24. Under Assumptions (min Spec) and (Conv), the resolvent matriz Rxo(0,t) almost
surely converges to 0 as t goes to infinity, with exponential rate. Namely, for any 5 with

0<pB< min Spec (VQV(x)) e V@ g,

Rd

there exists an almost surely finite random variable C' > 0 such that
Yt >0, |Ryxo(0,t)] < Ce " (60)

Proof. From Lemma 18, by ergodicity (see (51)), one has

¢
lim 1 / min Spec (VQV(X;))) ds = min Spec (VQV(x)) e V@dz  as.
t—o0 t 0 Rd

We conclude by combining this limit with Equation (58). a

Remark 25 (On the Assumption (Conv)). While Assumption (Conv) is automatically satisfied
in dimension 1 from a mere integration by parts, this is not the case in higher dimension. Indeed,
if one applies the integration by parts formula in this case, one only obtains that

V2V (z)e V@ dx = VV(z)® VV(x)e " “da
Rd R
is a positive definite matriz (because of the integrability of e~V , for any y in RY, the function x —
VV(x) -y cannot be the zero function), so that the minimum of its spectrum is positive. A coun-
terezample to Assumption (Conv) is given by a tensor potential V(z) = U(z1) + ...+ U(zq) with
a well chosen function U. Indeed, in this case the left hand side of equation (59) rewrites

/ min (U//(xi))e_ZiU(”“)dxl...dxd:IE[ min U”(Xi)}’
Rrd 1€{1,...,d} i€{1,...,d}

where X; are i.1.d random variables with distribution e U@y, If U is chosen so that U" is bounded

min  U” (XZ)) converges almost
ie{1,...,d} d>1

surely as d goes to infinity to the negative constant min U"”. Then, from the dominated convergence

and has a strictly negative minimum, then the sequence (

theorem, the quantity E {min , U"(X3)| converges to minU”, and is thus negative when d is large
ie{l,...,
enough.
Remark 26 (On the assumptions of Lemma 24). Assumption (Conv) is not necessary for (60) to
hold. Indeed, if the matrices V2V (x) commute, the matriz Ryo is given by
2 0
Ryo(0,t) = e~ Jo VI V(XDds,

and the convergence of % fot V2V (X)ds to the positive definite matriz fRd VQV(x)e_V(x)dx implies
that (60) holds for 8 < min Spec (fmad VQV(:v)efv(z)dx), even in the cases when V does not satisfy

Assumption (Conv). An evample where the matrices VV?(x) commute is the case of a tensor
potential V(x) = U(z1) + ...+ U(xaq). As seen before, U and d can be chosen such that V' does not
satisfy Assumption (Conv).
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However, it is likely that Lemma 24 does not hold under the sole ergodicity property:
¢

lim + (VV(XD)ds= [ VV(z)@VV(x)e ' da  as.

t—oo t 0 Rd

Indeed, there exists some family of symmetric matrices (A¢)e>o0 converging in the Cesaro sense to a
positive-definite matriz, for which the solution to %Rt = —AtR:, Ro = I4 does not converge to 0
as t goes to infinity. An example of this phenomenon is given by

- -1 0 T _ [cost —sint
Ar = ( 0 3) {2t , where (; = (sint cost ) ’

Indeed, the family (A¢)i>0 converges in the Cesaro sense to 14 ast goes to infinity, but the associated
matrix (Rt)tZO diverges. To show this last point, consider the matrix M; = QtTRt. Since 0i§ =

0 -1

Q4 (1 0 ), then
1 1

(%Mt = (71 73> Mt

1

holds. As a consequence, Ri = S exp <t <71 713>) The eigenvalues of the matriz <711 713)

are —1 — /3 and —1 + /3, the latter being positive, so that Ry diverges ast goes to infinity.

3.3 Boundedness of moments of Rxo(s,t) and T

In the sequel, we will need to control the moments of T;. From Equation (56) and the boundedness
of O3 Fy (see Assumption (Drift)-(i)), this boils down to estimating the moments of Ryo(s,t). For
this purpose, from (58), it is enough control expectations of the form E [eiﬁfot min Spec(VZV)(Ysm)ds],

where 3 is a positive constant.

3.3.1 Preliminary result when X, ~ mg

One can deduce from Proposition 13 a criterion for exponential convergence of the moments of
Rx0(0,t) to 0 as t — oo. To state the result, we need to strengthen the assumptions (min Spec)
and (Conv) which is the point of the following assumption. For any p > 0, let us consider:

Assumption (Spec(p)). Assume that

— 00 < inf minSpec(V?V(x)) <0,
r€R4

min Spec(V2V (z))e™V “dz > 0 and / (min Spec(VQV(gt?)))2 eV Pdz < oo,
Rd
2

Joa (min Spec(V2V (2)))* e~V @ da
(fa min Spec(V2V (@))e=" () da)”

Rd

— (inf min Spec(V2V (z)))

< p.

Notice that for n > 0 and S > 0 under assumptions (Poinc(n)) and (Spec(n/8)) then the
assumptions (36) and (37) of Proposition 13 are satisfied with () = 8 min Spec(V2V (x)).
We are now in position to state a simple consequence of Proposition 13:
Proposition 27. Let (X{)i>o solve (2) starting from Xo distributed according to my. Assume
that (Poinc(n)) and (Spec(n/B)) hold for some n > 0 and B > 0. Then there is a constant
C € (0,400) such that
Vit >0, By [|Rxo(0,8)]°] < Ce /€.
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Here and in the following, the notation Er, means that the initial condition X of the processes
(XM)i>0 solution to (1) is distributed according to .

Proof of Proposition 27. To apply Proposition 9 to the function o(z) = Bmin Spec(V3V (z)), we
need this function to be locally Lipschitz. Since V2V is locally Lipschitz (see Assumption (Pot)-
(2)), this is a consequence of the Lemma 28 given below. By Proposition 9, the function u(t,z) =

E [67 Jo B min SPEC(VQV(YSE))dS] is the solution to Equation (23) in the sense of Definition 6 for ¢(z) =

BminSpec(V2V (x)) and f(z) = 1.
Since conditions (36) and (37) hold for this choice of ¢, Equation (58) and Proposition 13 give

B [IRxo 0,0F] < [

Rd

1/2
u(t,z)e”V @ dz < </ u%t,x)eiv(z)dx) < Ce ¢
Rd

for some positive constant C'. O

Lemma 28. The function A — min Spec(A) is a Lipschitz function on the space of symmetric dx d
matrices.

Proof. Let A be a symmetric matrix, and let = be a vector in R? such that |z| = 1 and min Spec(A) =
x - Az. Then, for any symmetric matrix B, one has

minSpec(B) <z -Bx =z (B— A)z+ - Az < |A — B| + min Spec(A),

R?*? being endowed with the matricial norm associated with the Euclidean norm on R%. By
exchanging A and B in the previous inequality, one obtains

| min Spec(A) — min Spec(B)| < |A — B|.

3.3.2 Uniform-in-time boundedness of moments of 7T}

Numerically, the computation of (5) through the long-time limit of a Monte Carlo approximation
of the expression E[T; - V f(X?)] is only possible if T; has a bounded variance uniformly in time.

A case where this fact is easily proved is when the function V' is n-convex, where 7 is a positive
constant. We recall that this means that the spectrum of V?V(z) is bounded from below by 7,
independently of x. More precisely, one has the following proposition.

Proposition 29. Assume that the V is n-convex, for a positive constant n. Then, for any o > 1,

sup E|T;|* < oo.
>0

In particular, T; has a bounded variance uniformly in time.

Proof. By (58) and the boundedness of 8 F), one has

« + «
] <E {(C’/ e_a(t_s)ds) ] < 00,
0

so that T} has a finite moment of order a. O

E[|T:|*] = E H/Ot Ro(s, )03 F\(X?)ds

The convexity assumption on the potential can be loosened, as shown in the next Proposition.
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Proposition 30. Let a € [1,+00). Assume that (Poinc(n)) holds for some positive n, that the
initial condition Xo is distributed according to a measure po having a density with respect to the
measure e~V @ dx which is in LP(e”V @ dz) for some p € (1,00], and Assumption (Spec(n(p —
1)/(ap))) holds (with the convention n(co — 1)/(acc) =n/a). Then,

sup E|T;|* < oo.
>0

and, when o > 2, Ty has a bounded variance uniformly in time.

Proof. By (56) and (Drift)-(i),
t t
EY(1T,°] < / EV[|Rgo (s, )05 (X°)[*]ds < C / EY(|Ro (s, £)|]ds
0 0

Let us denote the law of X? for s > 0 and (Y;);>0 be a solution to (2) with Yy distributed
according to mp. We notice that the Markov property gives: for 0 < s <,

BlFxo (5, 01°] = B ||y ()" s (1)

Using Holder inequality with ¢ = p/(p — 1) (¢ = 1 if p = 00), Lemma 4 and Proposition 27, one
deduces that for ¢t > s > 0,

dus
e~ V@ dx

E[|Rxo(s, £)|"] <E[|Ry(s,0)|°%

LP (e=V(®)dx) N

This concludes the proof.
O

We are now in position to give sufficient conditions for the finiteness of the variance of the two
estimators (10) and (11).

Corollary 31. Let f : R — R be a C' function such that Vf is bounded. Let us assume that
either V is n-convex (for a positive constant n), or that there exists n > 0 and p € (1,00] such
that (Poinc(n)) holds, Xo is distributed according to a measure po having a density in 1LP(e~" @ dz)
with respect to e~V @ dx and Assumption (Spec(n(p —1)/(2p))) holds. Then,

t
sup Var(T; - Vf(X?)) < co and sup Var (%/ T, - vf(XQ)ds> < oo.
0

t>0 t>0

Proof. These results are simple consequences of the boundedness of Vf and Proposition 30 for
a=2. O

From the Central Limit Theorem for trajectorial averages (see for example [12, Section 2.1.3,
Theorem 6.3.20]), it is expected that the variance of %fg Ts - V(X?)ds actually scales like 1/t
in the limit ¢ — oco. This requires for example to prove the existence of a solution to the Poisson
problem associated with the Markov process (Xg, Ts)s>0, which does not seem to be ensured under
our set of assumptions. We leave the study of this issue to a future work.

Remark 32. Under the additional assumption (V) given in Appendiz A, it is possible to extend the
previous results to more general initial conditions. Assume that the initial condition X is distributed
according to a measure uo such that the measure e%Vduo can be written as

eév(m)duo = f(z)dz + dv, (61)
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where f is some function in ILF (dz) with p € [1,2] and v is some finite measure on R®. From (82), for
any t > 0, pue is absolutely continuous with respect to e~V ®da with 873(% e L2 (eiV(”)dx). Now,

by the semi-group property satisfied by Rxo, (58) and the fact that — min Spec(V3V (z)) < C < oo,
one has for e > 0,

|Rxo(s,t)| < |Rxo(s Ve, t)Ryo(s,5Ve) < e |Ryo(sVe,t).
For a > 0, using a similar change of measure as in the previous proof, the fact that 673(% €
L?(e=V®dzx) and Proposition 27, one deduces that under Assumptions (Poinc(n)) and (Spec(n/(2))),
fort>sVe,

«@ E—S + «@ 1 d € s
E[|Rxo (s, 6)]°] < ¢“ E[[Ry (s V&, 1) ] 2E [(ﬁm) }

_t—sVe t—s

_gyt _t—sve _
<PV e < e T .

This estimation remains valid for 0 < s < t < ¢ up to increasing C, since then, by (58) and
the fact that —min Spec(V2V (x)) < C < 00, |Rxo(s,t)] < %%, In conclusion, for a > 1, under
Assumptions (V), (Poinc(n)) and (Spec(n/(2c))), sup,sq E[|T:|*] < oo if po satisfies (61).

4 The Green-Kubo formulae

A first way to compute the derivative (5) is to use the Green-Kubo formula (see for example [18]
for a mathematical approach and [6, 14] for physical motivations). This formula gives an expression
of (5) in terms of the time autocorrelations of (X¢)¢>0, where (X7):>o satisfies (2) with an initial
condition Xy being distributed according to the equilibrium measure mg.

4.1 Finite time Green-Kubo formula

We start with the Green-Kubo formula in finite time, which will not be used in the sequel of the
paper, but motivates the infinite horizon Green-Kubo formula.

Theorem 33. Let f € ]Ll(e_v(")dx) be a Lipschitz function and let Vf be its gradient in the
sense of distributions which can be identified with its almost everywhere gradient. Suppose that the
initial condition Xo is distributed according to the equilibrium measure 7o and that Assumption (min
Spec) is satisfied. Then, for anyt > 0, for any X € [0, \o], f(X7") is integrable and X — Exy [f(X7)]
is differentiable at 0 with derivative

OB [F(X)] = [ Bey [T4(X0) - R (0,00 (X0)] . (62)

Proof. Since X? is distributed according to e~"®)dz, Proposition 19 and the chain rule ensure that
A= f(X7) is a.s. differentiable at A = 0 with derivative V f(X?).T;.

To justify the interchange between the derivation and the expectation, we need some integrability
property. For X € (0, A\o] and ¢ > 0, one has, using (min Spec) and (Drift)-(¢) for the inequality:

X — XPP =2 /t(FA(X;\) + VV(X2).(X2 = X0)ds + 2 /t(VV(XS) — VV(X2).(X2 — X2)ds

t
<ONt+(1— 2a)/ |X2 — X2%ds.
0
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As a consequence,

X)\ o XO 2 (1—2a)t 1

| t t | S Ce (63)
A2 1- 2«

with the convention that the last ratio is equal to ¢ if 1 — 2a = 0. With the Lipschitz continuity

FXD)—F(XP)
X

Ve (0, )\0],

of f, one deduces that the random variable is bounded by a deterministic constant not
depending on A. The integrability of f(X7) then follows from the integrability of f(X¢) where X¢
is distributed according to e™¥®)dz and f € L! (e_v(””)dx).

Moreover, by Lebesgue’s theorem, A — Ex, [f(X?)] is differentiable at 0 with derivative

REro[f (X)) = B [VF(XY) - Th] = /0 Ery [VF(X?) - Rxo(s, t)0NFA(XJ)] ds, (64)

where we used (56) for the second equality. All terms in Equation (64) are well defined thanks to
Lemma 23. Let us now rewrite the right-hand side of (64). By introducing the process (Ys)o<s<t =
(X?_.)o<s<: (which has the same law as (X)o<s<:), using a change of variable s — t — s and
Lemma 22, we get

/0 t Ery [VA(XY) - Rxo(s, )08 Fa(X])] ds = /0 t Ery [VA(XY) - Rxo(t — s,t)0NFx(X;—,)] ds
- / "Ex, [V5(%0) - RY (0, 5)08FA(Y2)] s
. /Ot Erg [VF(X0) - R5o(0, 5)08FA(XD)] ds.

This completes the proof of (62). a

Remark 34. The conclusion of Theorem 33 still holds if f € ]Ll(efv(z)dx) is a C' function such
that V f is uniformly continuous on R* and Vf € L* (eiV(z)dx).

It is possible to give another expression of the right-hand side in (62).

Proposition 35. Let f € L2(e~V @) dx) be a Lipschitz function. Assume (min Spec)and consider
the process (X9)i>o0 satisfying (2) with an initial condition Xo being distributed according to the
equilibrium measure mo. For almost every s > 0

Eny [V/(X0) - R0 (0, )03FA(X?)| = By [f(X0) (VV - ]Fy = V- 08F2) (X)) (65)
Proof. Since f € LQ(efv(z)de by Proposition 7, the partial differential equation

owu(t,z) = Au(t,z) — VV(x) - Vu(t,z), t >0, z € R,
u(0,2) = f(z), z € R.

admits a unique solution u in the sense of Definition 6. Moreover, according to Proposition 9,

Vs >0, dz a.e. , u(s,x) = E[f(YJ)],

where (Y;"):>0 solves (12). When s > 0, from Lemmas 2, 21 and 23 and Assumption (min Spec),
one can apply the dominated convergence theorem to differentiate E[f(Y,7)] with respect to z,

obtaining V.E[f(Y;")] = E [Ry+ (0, s)V f(Y{)]. Since u € My L® ([O,T],H1 (e_V(””)dac))7 ds a.e.,
u(s,.) admits a distributional gradient denoted by Vu(s,.) and

ds a.e., dz a.e., Vu(s,z) =E [R;Tm (0, s)Vf(Yf)] .
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When X is distributed according to o, from reversibility of the dynamics (2) and Lemma 22, the
random vectors (Xo, X, R%0(0,5)) and (X2, Xo, Rx0(0, s)) have the same law. Hence

ds ace., as., Ex, [f(X0)|X?] = u(s, X7) and Er, [Rxo(0,s)Vf(Xo0)|X?] = Vu(s, X7).  (66)
For s such that Equation (66) holds, one deduces that
Erg [Rxo(0,5)Vf(X0)| X{] - ORFA(XJ)]
Vu(s, XJ) - ONFA(XI)]

En, [Vf(Xo) REo(0, )09 Fx (X2) ]

ﬁﬁ

mo |
=Ex, [

Vu(s, z) - 8 Fs(z)e”V ™ da

d

u(s,x) (VV(z) - Fx\(z) -V - (92FA(:£)) e V@ ag

Rd

mo [F(X0) (VV(XJ) - REA(XT) = V- REA(XT))]

I
T

Il
=

where we used Lemma 36 below with v(.) = u(s,.) which is in H!(e~V®)dz) for the last but one
equality. O

Lemma 36. Let v be a function in H(e™V®dz). Then
Vou(x) .agFA(x)er(z)dx = / v(z) (vv(gg) . 8?\F)\($) _Vv. 8?\F)\($)) e V@ qy
R4 Rd

Proof. Let xn(x) = x(x/n) where x is a smooth, [0, 1]-valued, cutoff function such that x(z) =1
for |z| < 1 and x(z) =0 for |z| > 2. By integration by parts, one gets
/ Xn (2)Vo(z) - B F\(z)e”V @ dx = / Xn(z)v(z) (VV(2) - ORF () — V - OXFa(z)) eV Pdg
Rd Rd
7/ 0(2)Vxn(z) - B Fx(z)e @ dz.
Rd

The result then follows from Lebesgue’s theorem by taking the limit n — oo, using the fact that
VV € L2(e”V@dz), dYF\ € L>® and V - 9YF\ € L*(e”V(®dz) from Assumptions (Pot)-(ii)
and (Drift)-(4)-(i). O

By combining (62) and (65), one gets: for any ¢ > 0,

OB [F(X)] = /Ot Er, [f(X0) (VV - ORFx — V- 03Fy) (X?)] ds,

where, we recall, the process (X7):>o0 satisfies (2) with an initial condition X, being distributed
according to the equilibrium measure mo. Taking formally the limit ¢ — oo, one obtains the classical
Green-Kubo formula discussed in the next section.

4.2 Infinite time Green-Kubo formula

Theorem 37. Consider the process (X{)i>o satisfying (2) with an initial condition Xo being dis-
tributed according to the equilibrium measure mo. Assume that Assumption (Poinc(n)) holds for
some positive . Then, for any f € LQ(efv(z)dx), A= fmd fdmx is differentiable at N = 0 with
derivative

S [ fdmy = /OO Ery [f(X0) (VV - 03F\ — V- 88Fy) (X?)] ds. (67)
R4 0
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Let us recall some results and notation from Section 2.4. The generator of the process (X{):>0
is Lo = —=VV -V 4+ A. The generator of the process (X?)tzo is Lx =F\-V+ A = Lo+ Tx where
Tx = (Fx + VV) - V. The domain of the operator Lo is

D(Lo) = {v e Li(e” V™ dz) nH (e”V @ dz), Lov € ]Lg(efv(z)dx)} .

For any f € L?(e~V(®)dz), there exists a unique function g = —£5 ' f in L2 (e ™V ® dz)nH' (e =V (®) dz)
such that

vo e Li(e” " Wda)nH (7 Wda), [ Vg(@)- Vo(@)e " Pde = | f@)o(z)e”" P da.
R4 R4

Let us start with a lemma which is a consequence of the results of Section 2.3 on the long-time
behaviour of E(f(Y,")).

Lemma 38. Let us assume that Assumption (Poinc(n)) holds for some positive n. Let us introduce
the semigroup P: associated to the Markovian evolution (2): for any f € L(Q)(e_v(””)daz),

Pif(x) =E(f(YY))

where (Yi%)e>o0 satisfies (12). We then have the following Laplace inversion formula for the opera-
tor Ly : for any f in Li(e™V ®dz),

—Lo'f = / P,fdt. (68)
0
Proof. From Proposition 9, we know that u(t, z) = P;f(z) = E[f(Y;*)] is well defined in LZ(e~" () dz)
and satisfies the partial differential equation (23) in the sense of Definition 6. From Proposition 11,
(since [, f(z)e™V @ dz = 0)
Yt >0, [|Peflli2e-vras <€ " Iz e-v an - (69)

This shows that fooo P, f dt is well defined in ]L(Q)(e_v(“)dx) Moreover, an adaptation with A = ¢ = 0
(and thus Cy = C' = 0) of the first energy estimate in the proof of Proposition 7 shows that

/ / VP, f(z)]?e”V @ dzdt < co. (70)
0 R4

Therefore, fooo P, fdt e H! (6_V(x)dm).
From Definition 6, for any test function v € L*(e~"®dz) N H' (e~V®dx),

flz)v(z)e™ V@ dz = P f(z)v(z)e”V P dz + /t VP, f(z) - Vo(z)e V@ dzds.
R4 0 JRrd

Rd

From Equation (69), lim;—eo [pa P.f(z)v(z)e”V®dz = 0 and thus, from (70), for any test function
velL2(e”V@dz) NH (e”V @ dz),

. f@)o(x)e™V ™ dz = /Rd \vJ </0°° Ptf(m)dt) Vo(z)e” VP da.

This concludes the proof. O
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We recall that ITo the orthogonal projection from L*(e™V®dz) onto L3(e™"®dx) (see (47)).
We can now give a different expression for the right-hand side of (67). From Lemma 36 applied
to the constant 1, one has fRd (VV - 98F\ — V - agFA)(x)e_V(“)dx = 0. Then, using successively
this equality, the self-adjointness of P; in L?(e”"(®)dz) (which is a direct consequence of (14)),
Equation (68) and Lemma 36, one has,

(oo}

Ery [f(Xo0)(VV - BRF\ — V- 8F\) (X)) dt

S—

E[f(z)(VV - 8F\ -V -BF)YS)] eV P dadt

E [Iof(x)(VV - 3Fx — V- RF) (V)] eV P dz dt

o f(z)P(VV - B F\ — V- 8 F)(z)e” @ dz dt

:\:\sgc\o\s
P~ —

(Pello f(x))(VV - RF\—V - agFA)(x)efv(z)dx dt
= _/ (Lo o f)(2)(VV - 8F — V- 05Fy ) (z)e” VW dx

Rd
= [ AT @ .

Rd

where 937, stands for the operator 9 F) - V (consistently with the definition (44) of 73). As a
consequence, proving Equation (67) boils down to proving: for any f € L.? (e_v(’”)dac)7

A /Rd o f(z)dma(x) = — /Rd 3g7—A[(ﬁalnof)](x)e_v(”)dx, 1)

We are now in position to complete the proof of Theorem 37.

Proof of Theorem 37. Recall that for A small enough, the operator T 4 (ThLy 'Tlo)* is invertible
from L2(e~"(®)dz) to itself with bounded inverse (see Lemma 17). For such a small ), one has the
equality

(I +(TaLg ' Mo)*) " =1 — (TaLy 'To)" + Ra, (72)

where (by (49)) the remainder Ry = (I+(TaLg 'Tlo)*) ™' ((TaLy 'o)*)? has a norm from L? (efv(“”)dx)
to itself of order O(A\?). Thus, by the analytical formula for 7 obtained in Lemma 17,

[ t@ame) - [ fedn@ = - [ (G 1) @ e Do+ [ Rl f@)dn

Rd

- /d[(ﬂcglno)f](x)e”(z)dx + O(\?). (73)

Since, according to (Drift)-(i), E@ is bounded by C for XA € (0, Ao], one has, by Lebesgue’s
theorem,

A—0

lim% ﬂﬁglnof(x)e*V@)dx:/ (T Lo o f(z)e™V ™ da.
R4 R4

Dividing (73) by A and taking the limit A — 0, one concludes that A — [, fdmy is differentiable at
A =0 and (71) holds. |

Combining the previous result with (65), we obtain the following corollary.
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Corollary 39. Let f € LQ(efv(z)dx) be a Lipschitz function. Also assume that the Assump-
tions (Poinc(n)) (for some positive n) and (min Spec) are satisfied. Then, one has

o [ fdm :/ Erg [Vf(Xo)~R)T(o(0,s)8§FA(X2)] ds.
R 0

5 Long-time convergence of the estimators (10) and (11)

5.1 Statement of the main result

Let us study the long-time behavior of the two estimators (10) and (11).
Theorem 40. Let f: R? - R be a C' function such that Vf is bounded.
o Assume the existence of n > 0 such that either V is n-convex or Assumptions (Poinc(n))
and (Spec(n)) hold. Then \ — %fot F(X2)ds is differentiable at A = 0 with derivative
3 [ VF(XD).Tds and

Jim a8 (% /t f(XQ)ds> = (/R fdm) a.s.. (74)
0 d

o Assume either that V is nm-convex for a positive constant n > 0 and E|Xo| < 400, or that
there exist n > 0 and p € (1,00] such that (Poinc(n)) holds, Xo is distributed according to
a measure having a density in 1P (e~ @ dz) with respect to e~V @ dx and (Spec(p)) holds
for some p < n(p —1)/p (with the convention n(co — 1)/oc =n). Then VX € [0, \o], Vt > 0,
E|f(X})| < 400, A = E[f(X})] is differentiable at X\ = 0 with derivative ONE [f(X)] =
E[Vf(X?).T:] and

ggwﬂﬂmﬂzw(éjmg. (75)

Remark 41. When mo is assumed to satisfy a logarithmic Sobolev inequality with constant 1, which
is stronger than the Poincaré inequality (Poinc(n)), then the second statement still holds as soon as
Xo is distributed according to a measure having a density in ]Lp(efv(z)dx) with respect to e~V ®dx
for some p > 1 and (Spec(p)) holds for some p < n, because of the hypercontractivity property of
the semi-group associated with (2) ensured by the Gross theorem.

5.2 Long-time behaviour of (X}, T}):0

To prove Theorem 40, one first needs to know the long-time limit of the trajectory and its tangent
vector. We more generally consider (X¢,T});>0 solving

{dxf = —VV(X?D)dt + V2dW; (76)

ATy = (RFA(XY) — VPV(X))TY) dt
with (X&Tg) any initial condition independent from the Brownian motion (W:)¢>o. To write

conveniently the long-time limit of (X2, 7)), we will run time backward and use Lemma 22 about
the link between the forward resolvent and its backward counterpart.

Lemma 42. Under Assumptions (Poinc(n)) (for some positive n), (min Spec) and (Conv), the
process (X,?,Tto)tzo converges in law as t goes to infinity to the couple

(m]iﬂmﬁwﬂmmﬁ,
0
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where (Y:)i>o follows the dynamics (2) with with Yo distributed according to e~ dz. Moreover,
the law V of this couple is invariant by the dynamics (76) and ergodic for this dynamics: for any
test function ¢ : R x RY = R in L*(V), for V-a.e. deterministic initial condition (X§,T¢),

t

lim 1 o(X2, 1) ds = / o(z,7)dV(z,T) a.s..

t=oo b J Ra xR

Proof. The integral [ RE(0,1)08 Fx(Y:)dt is almost surely well defined, from Lemma 24 and the
boundedness of Y F\. To prove Lemma 42, we are going to use a time reversal argument.

For to > 0, we construct a coupling of the trajectory (X)¢>s, with another process (x{°)i>¢,
following the dynamics (2), but being at equilibrium. Denote by ¢, the density of the dis-

e~V
tribution of Xf, (which exists by Lemma 2), and define p;, = 27° et U and Gty be

arg
mutually independent random variables which are independent of Xy and of the Brownian mo-

tion (Wi)s>o driving (X{)s>0, such that U is uniformly distributed over [0, 1] and, when g, # e~ ",

Cto is distributed according to C(e™"® — ¢, (z))Tdx, C being a normalization constant (i, does
not need to be defined when g;, = e™"). We define the position of the process (xi°)i>¢, at
time to by Xig = X?olUSpto(X,?o) + Ct01U>pt0(X?0), which is distributed according to m. One

has P(Xig # X)) = Slla, (z) — e_V(“)H]Ll(dz). For t > to, let (x°)¢>¢, evolve according to the dy-
namics (2) with Brownian motion (W;);>0. Notice that (Xiito)tZO has the same law as the process
at equilibrium (Y;)¢>0 introduced in the statement of Lemma 42. Moreover, (xi°)¢>¢, is such that

1 V(2
POV 2 to, X" = X0) = 1= 5 laio () = €™ s any.

From an easy adaptation of Proposition 20, one has on the one hand
¢
(X7, 1) = (X,?, Rixo(0,1)T5 + / Rxo(s,t)aiFA(X;’)ds) :
0

On the other hand, for 0 < ty < ¢, we have the equalities, by using successively the time transla-
tion s — s—to, the change of variable u = t —to — s, Lemma 22 (using the notation, for v € [0, ¢ —to],
Zy = Yi—ty—u) and the time reversibility of the dynamics (2):

t t—to
(e, [ R ngtmas) 2 (Vi [ Ry(out = b mvigas )
t 0
’ t—to
= <Yt—to7/ Ry (t —to —u,t — to)agF)\(K&—to—u)dU>
0
t—to
= (ZO, / RE(OW)@?FA(Zu)du)
0
D t—tg T o
2 (o, [ REO.8R (s ).
0

where 2 stands for the equality in distribution. As a consequence, for any bounded Lipschitz
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function ¢ : R x RY — R (with Lipschitz constant Lip(y)), for t > to > 0

‘IE |:g0 (YO,/OOO RY¥(0, s)aQFA(Ys)ds) - w(X?,TtO)] ‘

< ‘]E [w (Yo,/w Ri(o,s)agm(m)ds) — (Ym/OHO Rg(O,s)agFA(Ys)ds>”
+ E{ (Xt / R o (5, )00 F5 (x )d)

t
—w(xiO,Rxom,t)Tm / Ro (s, 00RF (X)ds + [ th()(s,t)aiFA(sz)ds)H
to

t
(xt , Rxo(0,8)T5 + / Ryo(s, )08 Fa(X{)ds + / Rt (s,t)aiFA(in)ds) —sa(X&TP)H
to

2|
< ‘E[ <YO,/ RT(0, )00 Fy (Y2)ds ) — <Y0,/Ot7t° R@(o,s)agm(ys)ds)H
(

+E | 2lielhm) A (L1p< ) xottnst) (Rxo 00078 + [ Rxots gt irx2yas ) )|

+ 2] lleeP(Xy, # X20)- (77)

Notice that we used the semi-group property of Rxo to obtain the last but one inequality. The first
term in the right-hand side converges to 0 as ¢ — oo by Lebesgue’s theorem. A direct adaptation of
Lemma 24 shows that Ryo(to,t) goes to 0 as ¢ goes to infinity, yielding from Lebesgue’s theorem that
the second term in the right-hand side of (77) goes to 0 as t goes to infinity. The third term in the
right-hand side of (77) can be rewritten as 2|/l P(X7, # Xﬁg) = el @ylle™" " — py, (@) [lL1 (dz)
and thus goes to 0 as to goes to inﬁnity, by Corollary 12. Letting ¢ — oo and then ¢y — oo in (77),
we conclude that the couple (X{,7}) converges in law to (Yo, I Ry (0, 8)03F(Ys)ds) with law V.

To check that V is invariant by the dynamics (76), we denote by (Ps)szo the Markov semi-group
associated with this dynamics. One has E[Ps@(X?,TP)] = E[p(X4s, Ths)] where the right-hand
side converges to [q., ga (2, 7)dV(2,7) as t — oo and Psp(z,7) = Elp(YS, T57)] with

t
Y =a— / VV(YE)ds + V2Ws ,
0
t
ST =1 +/ (RFA(YS) = VPV(YI)TET) ds.
0

The continuity of  — (Y;*)¢>o for the topology of local uniform convergence on C(R, R?) together
with the continuity of V2V implies the continuity of x + (Ry=(s,t))st>0 for the topology of
local uniform convergence on C(Ri X R+,RdXd). With the continuity of 89 Fy, one deduces the
continuity of (z,7) = T&" = Ry=(0,5)7+ [, Ry« (r, s)03 FA(Y,*)dr. Hence, by Lebesgue’s theorem,
Psp(x, ) is continuous and bounded and E[Psp(X?, T¢)] converges to fRded Psp(x, 7)dV(x,T) as
t — oo. Therefore fRded Psp(x, 7)dV(x,T) = fRded o(z, 7)dV(z,7) and the probability measure
V is invariant.

Since V is the unique invariant probability measure for the SDE (76), this measure is ergodic
(see for example [27, Theorem 3.8 and Equation (52)]). O

Let us deduce from the previous results the limit of %fot ©(X?) - T2ds where ¢ : R? — R? is
measurable and bounded.
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Lemma 43. Assume the existence of n > 0 such that either V is n-conver or Assumptions
(Poinc(n)) and (Spec(n)) hold. Then [Lq gal|T|dV(x,7) < oo (where the probability distribu-
tion V has been introduced in Lemma 42) and for any function ¢ : RY — R? measurable and
bounded, %fot ©(X?) - TOds converges a.s. to Jrayga p(@) - 7dV(x,7) as t — oo whatever the choice
of the initial condition (X0, TY) independent of the Brownian motion (Wy)i>o-

Proof. Notice that if V is n-convex, Assumptions (min Spec), (Conv) and (Poinc(n)) hold.
In addition, Assumption (Spec(n)) implies Assumptions (min Spec) and (Conv). Therefore,
the conclusion of Lemma 42 holds under the two classes of hypotheses considered. Since 95 Fy is
bounded, one has

[, rwven < [T R oosam]asc [T B 0.0)

where the right-hand side is finite by (58) when V' is n-convex and by Proposition 27 otherwise.

In case the law of (Xg7 Tg) is absolutely continuous with respect to V, the result of Lemma 43 is
then a direct consequence of the ergodic property of the process (X?, Tto)tzo stated in Lemma 42.

To extend this result to more general initial conditions, we proceed as follows. By Lemma 4,
the law of X? is absolutely continuous with respect to mo which is the marginal law of the d first
coordinates for the ergodic measure V. Let dVpx—.(7) denote a regular conditional probability
distribution of the d last coordinates given the d first ones under V and 77 be a random vector
independent of (W — W1)>1 with conditional law given X{ equal to dVr x=x9 (7). Let for t > 1,

T2 = Ryo(1, )T + [! Ryo(s, t)03F\(X0)ds. Then dTP = (GQFA(X,?) - VQV(X,?)T,P) dt so that
(X?,T?)¢>1 solves (76) starting from (XY, T{) the law of which is absolutely continuous with respect
to the measure V ergodic for this stochastic differential equation (see Lemma 42). As a consequence
%flt o(X?0) - T2ds converges a.s. to fRdx]Rd p(z) - 7dV(z,7) as t — oo. Now, by an adaptation of
Proposition 20, one can check that for t > 1, TP =T = Ryo(1,)(TY—T7) = Rx0(0,t)Rxo(1,0)(T{—
T7) so that

1

t t 1
2 [ e mhas— 4 [ exd) Tlas= ¢ [ pxd) - Thas
t 0 t 1 t 0

L[ .
+ ;/ @(XJ) - Rxo(0,s)dsRxo(1,0)(TY —T7).
1

The proof is completed by noticing that this quantity converges a.s. to 0 (for the second term in the

right-hand side, this is a consequence of the boundedness of ¢ and of the almost sure estimate (60)).
|

5.3 Proof of Theorem 40

We are now in position to prove Theorem 40.

Proof of Theorem 40. Let us start by a preliminary result concerning the integrability of the random
variable [ |V f(Xo)| |R%0(0,t)03FA(X?)| dt. By the boundedness of V f and 93 Fx

oo —+ o0
ey | [ 195000 [Rho0.008 A (D) ae] < 0 [ By [xo 0.0,
0 0

where, we recall, the subscript mg in Er, indicates that Xg is distributed according to mo. If V is
n-convex, using (58), almost surely,
|Rxo(0,8)] <e™™.
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If Assumptions (Poinc(n)) and (Spec(n)) hold for some positive 1 (notice that (Spec(p)) for

n(p—1)
p< L

with p € (1, +o00] implies (Spec(n))), then, by Proposition 27 ,
Eﬂo “RXO(Ovt)” < Ceit/c

for some positive constant C'. Hence, in all cases,

E., [/ IV £(Xo)| ’R)T(O(O,t)agFA(X,?) dt] < +o0. (78)
0
Let us now prove the first statement of Theorem 40. By (63), the boundedness of Vf and
Proposition 19, Lebesgue’s theorem implies that A — % fot f(XSA)ds is differentiable at A = 0 with
derivative 1 fot Vf(X?)-T.ds. By Lemma 43, 1 fot Vf(X?) - Tuds converges a.s. to [ua, pa V()
TdV(z,7) = By [Vf(X0) - [ R%0(0,5)03Fx(XJ)ds]. The proof of (74) is then completed by the
following computations:

En, {Vf(xo)-/ooo R)T(O(O,S)GQFA(Xg)ds} :/Ooo En, [Vf(xo).R;Co(Q s)agFA(Xg)] ds
= Rdf(x)dﬂx(l’) (79)

where we used Fubini’s theorem and (78) for the first equality and Corollary 39 for the second one.
Let us finally deal with the second statement of Theorem 40. By (63), the boundedness of V f and
Proposition 19, it is enough to check that E|f(X{)| < +oo to deduce that VA € [0, Xo], E|f(X})| <
400 and A — E[f(X})] is differentiable at A = 0 with derivative OVE [f(X})] = E[Vf(X?) - T3]
When e~V *)dz satisfies a Poincaré inequality, then according to [4] and the references therein, since
f is a Lipschitz function, there exists a positive € such that fRd @ e=V®) g < 400. Therefore,
when the law 10 of X, has a density with respect to e~V (*)dz in IU’((fV(g”)dac)7 by Lemma 4,

dMO

Veds < +o00.

sup B[ f(X))| < |If]| -
t>0

LP—T (e~ V(2)dz)

H‘P(E*V(m)dz)
When V is n-convex, then computing |Y;*|? by Ito’s formula, remarking that

ATV Y = —ATV(Y) = TV(0) - ¥ =29V (0)- ¥ < -l + S

applying a localization procedure to get rid of the expectation of the stochastic integral, one obtains
— 2

vt >0, B[] < e Mz]? + # (w + 2d). Hence, when the initial random variable X

with law o is integrable,

BIX!| < [ BV ldno(e) < [ VETVEPlduo(a)
R R

_ p—nt 2
<E[\/e_m|xo|2+1 e <|VV<0>| +2d)
n n

and E|f(X?)| < +oo by the Lipschitz continuity of f.

Notice that if V' is n-convex, Assumptions (min Spec), (Conv) and (Poinc(n)) hold. Moreover,
Assumption (Spec(p)) implies Assumptions (min Spec) and (Conv). Therefore, the conclusion
of Lemma 42 holds under the two classes of hypotheses considered. The function (z,7) — Vf(z) -7

< +o00,
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is continuous and the family (V£(X?)-T:)s>o is uniformly integrable by Proposition 29 when V is 7-
n(p—1)
convex and since sup,»q E ’Vf(Xf) . Tt‘ op ) < o0, by Proposition 30, in the second framework.

Therefore the convergence in distribution in Lemma 42 yields

t—o0

lim B (Vf(X0)-Ti) = En, [Vf(Xo) : /oo R%0(0,5)03Fx(X{)ds|
0

where the right-hand side is equal to 0 Jza f(z)dma(z) according to (79). O

6 Numerical illustrations

In this section, we illustrate through various numerical experiments the theoretical results obtained
above. In Section 6.1, we study numerically on a one-dimensional toy model the integrability of the
tangent vector 73 and the sharpness of the integrability exponent obtained in Proposition 30. In
Section 6.2, we illustrate the interest of the estimator (11) on a more realistic test case proposed
in [34]. Finally, we investigate in Section 6.3 on the one-dimensional toy model a variance reduction
method for the estimator (11).

6.1 A one-dimensional toy model

In this section, we would like to study on a simple test case the integrability of the tangent vector T},
and to compare the theoretical bounds obtained in Proposition 30, with a numerical estimation of
the integrability exponent. Let us consider the potential

vz € R, Va(z) = z* — ng + Az,

where c is some fixed constant, and A € R is the parameter. For A = 0, Vs has curvature —c at the
origin, and for ¢ > 0, Vp is a double-well potential, with wells located at ++/c¢/2 and separated by
a barrier with height ¢/16. In particular, as ¢ gets larger, the dynamics (2) of (X{):>0 becomes
more and more metastable.

Let us start with some explicit computation on 7;. When A\ > 0, the perturbative force pushes
the system to the left. Therefore, one expects the tangent vector T; to be negative in the mean. In
fact, one can prove that 7T} is in that case almost surely negative for ¢ > 0. Indeed, (T});>0 satisfies
the equation

Ty = =1+ (¢ — 12(X))H) Ty,
To =0,
which can be solved explicitly, since in dimension 1, the resolvent Rxo(s,t) is given by the expo-
nential Ryo(s,t) = exp (c(t —s)—12 f;(XS)Qdu). Equation (56) then becomes

t t
T = f/ exp (c(t —s)— 12/ (X2)2du> ds < 0.
0 s

Concerning the upper bound on the integrability exponent obtained in Proposition 30, if the
initial condition X has a bounded density, then the tangent vector is bounded in L* uniformly in
time for all « strictly smaller than 7/p. Here, 7 is the Poincaré constant of the potential Vy and p
is the quantity

p = —(inf min Spec(V?V (z))) Jia (min SpeC(VQV(x)))2 er(z)d;p =c Jp(122% — C)2€7V(z)dx2
(Ja min Spec(V2V (z))e~V (@) dx) (Jo(1222 — c)e~ V(=) dx)
(80)
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appearing in Assumption (Spec(n/a)). The real number p can easily be approximated by one-
dimensional numerical integration. Concerning the Poincaré constant n of Vy, let us first notice
that the potential Vp can be written as the sum of a convex potential and a bounded perturbation
and thus satisfies a Poincaré inequality thanks to the Holley-Stroock perturbation lemma (see [1,
Theorem 3.4.1]). The corresponding Poincaré constant can be computed numerically, since it is the
second eigenvalue of the operator I = 92 — V{(z)0, = €"°9,(e~"°8,), whose first eigenvalue and
eigenvector are 0 and the constant function 1. The numerical method we use to approximate 7
is the following. First, notice that the spectrum of the operator L is identical to the one of L =
e V0/2LeV0/2 = ¢V0/29, (e=V0 9, (eY0/2 x .)) which is self-adjoint in the space L?(dz). The operator L
is then discretized using a regular mesh with constant space step dz by the infinite tridiagonal
matrix (M; ;)i jez defined by

M, = _% (eV(iéx)—V((i+l/2)6x) n 6V(i6x)—V((i—l/2)6x))
ox
and 1
lv(isz)+1 2 x)— 7 T
M1 =M1, = &EQeZV( 82)+3 V(Do) -V ((i+1/2)d2)
(with M; ; = 0 whenever |i—j| > 1). We consider the restriction to a finite set of indices (M; ;) - n<i j<n,
which is equivalent to imposing homogeneous Dirichlet boundary conditions at z = —Ndz and

2 = Néxz. These artificial boundary conditions are justified (in the limit N — oo) by the fact that
the eigenvectors of L go to 0 at infinity. Since the matrix (M, ;)—n<q,j<n is a nonpositive symmetric
matrix, one can successively compute its first eigenvalues by the inverse power method, using at
each step a projection on the orthogonal of the eigenvector which have already been computed. We
checked that the numerical approximation obtained for the second eigenvalue is converged when
0r — 0 and N — oco. The graphs of numerical approximations of both p and the Poincaré constant
are plotted on Figure 1. In particular, for a curvature constant c located left to the intersection of the
two curves (approximately ¢ < 0.86), Proposition 30 ensures that 73 is bounded in L', uniformly in
time. Also, for curvature constants such that p is less than half the Poincaré constant (correspond-
ing approximately to ¢ < 0.50), T; is bounded in L?, and thus has a bounded variance uniformly in
time. On Figure 2, we plot the critical exponent 1/p such that, according to Proposition 30, 7% is
in LY for a < n/p.

Let us now explain how we estimate numerically the integrability exponent a such that 7} actually
is in L”. This is done by computing the tail of the empirical cumulative distribution function of T}.
We simulate 10° independent realizations of the process (T;, X;), starting from +/c/2 (that is, at the
bottom of the right well), up to the time ¢ = 40, at which the systems seems to be at equilibrium.
On Figure 3, we plot in logarithmic scale the tail of the empirical cumulative distribution function
of those N = 10° independent realizations (T});1,....n, namely

1 & 1 &
S ST S
=1

=1

with curvature c¢ being respectively 2, 3, 4 and 5, from bottom to top. Linear regression in those
four cases gives the following slopes:

c 2 3 4 5
slope | —=3.09 | —1.95 | —1.29 | —1.12

We have checked that the results are the same for ¢ = 40 and for ¢ = 80. Note that an integrable
random variable corresponds roughly to a slope less than —1, and a square integrable variable cor-
responds to a slope less than —2. We also plot on Figure 2 the empirical integrability exponent for
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Figure 1: Poincaré constant
a function of the curvature c.

Curvature at the origin

of the measure e~*° (dashed line),

and parameter p defined in (80) (solid line), as

1.5
Curvature at the origin

Figure 2: Blue: theoretical lower bound of integrability for 7%, according to Proposition 30 as a function of the
curvature ¢ (In fact, Proposition 30 yields boundedness in L” only for a > 1, corresponding to ¢ < 0.86) ; Red :
Numerical estimation of the integrability exponent « (for ¢ = 40).
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log P(T_t<-x)

log(x)

Figure 3: Logarithmic plot of the empirical cumulative distribution function of 10° independent realizations
of Tt (for ¢t = 40), with parameter (from bottom to top) ¢ =2, ¢ =3, ¢ =4, ¢ = 5.

different curvatures between 0 and 3. We observe that the results are in accordance with Proposi-
tion 30: the theoretical lower bound is indeed smaller than the effective integrability exponent.

For a curvature larger than 3, the tangent vector 7T; at time ¢ = 40 does not seem to be of finite
variance. This raises the question of appropriate variance reduction technique to be used in order to
use the estimators (10) or (11). We will investigate in Section 6.3 a first idea that could be used in
this one-dimensional situation. Further studies related to this problem will be the subject of future
works.

6.2 A many particle system

In this section, we consider a more complex problem introduced in [34], and motivated by exper-
imental studies of colloidal particles in optical traps. Let us consider X = (Yi', -, V") where
(Y{)iz1...n € (R?)Y are the positions of N two-dimensional particles evolving according to

N
dYy = —kY/dt + Y VUV = Y7)dt + Aerdt +dW), 1<i < N (81)

j=1

with x > 0, A € R, e; the normed vector directed along the first coordinate, and U(z) = Te™*! /|z].
The particles undergo a quadratic confining potential near the origin with strength x, a repulsive
interaction given by U, a shear in the z-direction with strength A and a thermal noise.

We study the case of N = 10 particles with repulsion range I' = 25 and attraction intensity x = 10
corresponding to the parameters studied in [34]. For those parameters, at equilibrium, particles are
gathered around the origin. At A = 0, no particular direction appears in the dynamics, and the
equilibrium measure is invariant with respect to rotations around the origin.

One wants to study the effect of shearing on the symmetry of the invariant measure. This
symmetry can be measured by the empirical covariance ® of the particle system, defined by

N
1 i % i ¥,
B(X)) = 5 D (V=YY -V,
i=1
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Figure 4: Sensitivity of the covariance with respect to the shear.

where Yy = (V"' Y;*?) and for k € {1,2}, Y}* = + Zi\;l Y;"*. One is interested in computing the
derivative 89 f(RZ)N ddmry.

On Figure 4, we plot the confidence interval obtained for the expectation E[0S®(X})], with N =
10° independent simulations, as a function of the time ¢. The dynamics (81) has been simulated
using an explicit Euler-Maruyama scheme with time step 6t = 107°, and the expectation has been
calculated through the Monte Carlo approximation

B[R (X)) = BT - V(X0)] = + > T7 - V(X))

where the (X{', T} )1<i<n are independent simulations of the Euler-Maruyama discretization of the
dynamics (7) ruling the evolution of (X{,7:). As in [34], we observe that the correlation function
E[0®(X})] increases as a function of time, before reaching a plateau. We have checked that similar
results are obtained using a finite differenciation instead of the simulation of the couple (X7, T).

6.3 Particle merging

As mentioned in Section 6.1, in some situations, the variance of the tangent vector may become very
large (or even infinite) which means that the estimators (10) and (11) become ineffective. Therefore,
it is desirable to introduce variance reduction mechanisms. We explore in this section a first idea
in the simple one-dimensional test case of Section 6.1. Extensions and further variance reduction
techniques will be the subject of forthcoming works.

A first simple idea to reduce the variance is to replace the tangent vector Ts in the estimator of
E[V f(X?) - Ts] by its conditional expectation given X7. This corresponds in practice to replacing
the tangent vector of particles which are at the same position at a given time s by the average of
their tangent vectors. Then, the particles evolve again following the dynamics (7). We refer to this
procedure as “particle merging”. In practice, with this naive procedure the probability to observe
two particles at the same position is zero, in dimension larger than one. A first simple practical
way to implement this technique is to introduce small subsets of the configuration space, and to
merge particles which are in the same subset, which of course reduces the variance but introduce
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some bias. The merging can be performed in a much efficient way and in larger dimensions, by
correlating the particles, see e.g. [20]. This will be the scope of future work. Before studying the
interest of particle merging on the simple case of Section 6.1, let us first state the theoretical result
which justifies the use of this approach.

Lemma 44. Assume (min Spec). For s > 0, let (T}):i>s be the solution to

% = RAAN(XY) = VHX)T: , for all t> s,
T, = E[T:|X°].

Then ¥t > s, Tr = E[T;| X2, (Wr — W) ye[s,s)]. Assume moreover that f : R* — R? is a Lipschitz
function belonging to P (e~ @ dx) for some p € [1,00] and that the initial condition Xo to (1)
admits a density with respect to mo belonging to ]Lp_gl(e_v(“)d:v) (where, by convention, ﬁ = 00
if p=1). Then, for each t >0, f(X}) is integrable for X\ € [0, Xo], X = E[f(X{)] is differentiable
at A =0 and

BN (E[f(x,?)]) = E[VA(X?)-T)] = E[VF(X?) - T.], for each t > s.

This Lemma shows that if, at a given time s, the particles at position X? replace their current
tangent vectors by an average of these tangent vectors, and then follow the dynamics (7) for ¢ > s,
the estimator (11) is still consistent.

Proof. By Lemma 23, Assumption (min Spec) ensures that 7% is integrable for each ¢ > 0. In view
of the equality (56) and using the semigroup property (55) of Rxo, one gets that for ¢ > s > 0,

t
T: = Ryo (s, )T, +/ Ryo(r, t)0SF(X2)dr.

Since (X7),e[s,s) and therefore (Rxo(r,t)) (s, are measurable with respect to the sigma-field gen-
erated by X2 and (W, — Ws)rels,y» one deduces that

t
E[T3| X2, (Wr — W) reis.n] = Rxo (8, )E[Te| X0, (W — We)refs,q] +/ Ro(r, t)0SF(X2)dr.

The independence of (X?,T) and (W, — Wi),c(s, implies that E[TL| X, (Wr — We)repsy] =
E[Ts|X?]. Since, by an adaptation of Proposition 20,

t
T = Ryo(s, t)E[Ts| X7 +/ Ryo(r, t)0NFx (X0)dr,

one concludes that T; = E[T}| X2, (W, — W) c(s.1]-

If the initial condition Xo to (1) admits a density with respect to 7o belonging to L#°T (e_V(x)de
then so does X} for each t > 0 by Lemma 4. When f : R? — R is a Lipschitz function belonging
to LP(e~V®dz), the integrability of E[f(X}')], the differentiability of A — E[f(X")] at A = 0 and
the equality 93 (E[f(X?)]) = E[Vf(X?) - Ti] are deduced from an adaptation of the beginning of
the proof of Theorem 33. Now, for t > s,

E[Vf(X?) - Ti] = EE[VF(X?) - Te| XS, (Wr — We)rels.q]]
= E[V(X?) BT X, (W) — Wo)reon]] = BEIVA(XY) - Thl.
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Figure 5: Empirical average and 95%-confidence interval for the Monte Carlo estimator of dyE[f(X})] as a
function of time, f being a smooth approximation of the the indicator function of Ry: f(z) = 3+ 1 arctan(10z).
The estimator is built with 10° realizations. Green: with merging (10° independent relizations of 10 interacting

particles); Red: without merging (10° independent relizations).

To test the interest of this approach, we consider again the setting of Section 6.1 with ¢ =
2.9 (which corresponds to case where the variance of tangent vector T3, at ¢t = 40, is very large,
see Figure 2). The merging procedure is done as follows: a uniform mesh with step size 0.04 is
introduced, and, every ten timesteps, the tangent vectors of particles which are in the same bin
are replaced by an average of these tangent vectors. On Figure 5, we observe that this procedure
divides approximately the variance by 4, while introducing a bias which is sufficiently small so
that the confidence interval of the simulation with merging is included in the confidence interval of
the simulation without merging. Figure 6 then gives more quantitative estimates of the variances
of these two simulations (with and without merging), as a function of time. We have observed
numerically that large values of T; become very unlikely with the merging procedure: using 10°
independant realizations of 10® interacting particles over the time interval (0,10), we did not observe
any realization of T} with absolute value larger than 3 (compare with what is reported on Figure 3).

A Alternative bounds on the density of X}

In this section, we would like to present a few results which can be obtained under the assumption

Assumption (V). The function V is of class C* and satisfies

Cv = sup (2AV (z) — |[VV (z)]?) < +oc.

z€RI

Note that simple assumptions on the quantity av(z) = 2AV(x) — |[VV(x)|* can give strong
results on the equilibrium measure e~V ®dz. For instance, if av(x) goes to —oo at infinity, then
the equilibrium measures satisfies a Poincaré inequality (see for example the appendix in [32]).
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Figure 6: Empirical variance for the Monte Carlo estimator of dyE[f(X}')] as a function of time, f being the
indicator function of Ry. Green: with merging ; Red: without merging.

A.1 Bounds on the density of X}
Proposition 45. Consider the setting and the notation of Lemma 4 and let Assumption (V) hold.
Assume that the measure eévduo can be written as

eév(z)d,uo = f(z)dz + dv,

where [ is some function in LP(dz) with p € [1,2] and v is some finile measure on R?. Then, for
any t > 0, py is absolutely continuous with respect to e 2V dy with

< Ce (t( S ”(Rd)> A (82)

ey 1/p—1/2)d/2 +d/4

dut
e~ 2V dy

Proof. Let 1 : R — R be a bounded measurable function and recall the formula
ERS(XD)] = B [16(Xo + VEW;)e™ bV (X0t V00 ] (207 9V 1) ot oW e |

obtained by the Girsanov theorem, see Equation (15).

If C is an upper bound for i(2AV — |VV?), and if one assumes 1 > 0, one obtains

/ Pdpe < e“'E [1/)()(0 =+ ﬁWt)e—%V(XoJr\/iwt)e%V(xo)]
Rd

e v O
= we? V@ T G0 ) dy.
d/2 Rd Rd

(4mt)
so that p < e 3V@) 4z with a Radon-Nikodym derivative % satisfying
e 27 ag
d 1
% < et (eZVuo) wyp = et (fxye+vsy),
e~ 2V dy
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. l=2
where * stands for the convolution product, and ~:(z) 7t denotes the centered Gaus-

— 1 -
= Gmnarz©
sian density with covariance matrix 2¢I4. One concludes that (82) holds by:

e the Young inequality |[f*7e[l 2 (az) < I flle (ax)l17vellLe ) where 1/p+1/g =3/2 (p, g € [1,00))
_(1-1)4d
and the heat kernel estimate ||v¢||La(das) < Cqt (1 q) 2,

. v dy\2
e the estimate ||v * 7t||52(dx) < |lv = ’Yt||1L1(dx)HV * ')/tH]Loc(dx) < %A

A.2 An additional result

Assumption (V) can also be useful to prove the second point in Assumption (Pot)-(i7) on the
potential V.

Lemma 46. Under Assumption (V), the function VV is in L?(e”Y®)dz):
/ IVV [ (z)e™V @ dz < Cy.
Rd

Proof. Let xn(z) = x(x/n) where x is a smooth, [0, 1]-valued, cutoff function such that x(z) =1
for |z| < 1 and x(x) =0 for |z| > 2.

/Rd VV P (@)xn(x)e™" " da = - /R @)WV (@) - Ve Dda

Vxn(x) - VV(z)e™V @ da + / xn (@) AV (z)e™V P dz

R4 R4

1 _ 1
< Axn(z)e™V®dz + —/ xn (@) |VV [ (2)e™V @ dz 4+ =Cy.
Rd 2 Rd 2

As a consequence,

/ IVV 2 (@) xn(z)e”" @ da < 2 Axn(z)e™V@dz + Cy

Rd R4

and the result follows from taking n — oo by Fatou’s lemma for the left-hand side and Lebesgue’s
theorem for the right-hand side. O

B About the Assumption (Conv)

In this section, we show that Assumption (Conv) is a natural one, since it appears as a sufficient
condition in another related problem.
We recall that (Y;")¢>0 is defined in (12) as the solution to

t
VE>0, Y =a— / VV(YE)ds + V2Ws. (83)
0

Since (Ry=(0,t)):>0 is the differential of the trajectory (Y;*);>0 with respect to z, we expect that
a condition yielding long-time decay for Ry« will imply that trajectories with same noise and close
initial conditions will eventually converge toward each other. More precisely, we are interested in
the joint long-time behavior of the so-called duplicated dynamics (Y;*,Y;”):>0, where = and y are
two different initial conditions. Note here that the two processes (Y{*)i>0 and (Y,Y):>0 are driven
by the same Brownian motion.
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In [23], the same problem is considered for a diffusion whose diffusion matrix may not be constant.
In that case, an example is provided, where the process Y;" — Y;Y does not converge to 0.

A similar problem is considered in [5]: the process is a Brownian motion reflected on the boundary
of a domain €2. Such a dynamics can be formally seen as a singular case of the problem we consider,
with V' = 0o x 1ge. Equation (83) then has to be written with a local time on the boundary in
place of VV. In that case, the difference Y* — Y;Y will converge to 0 if the domain Q is smooth
enough and has at most one hole. However, it is conjectured that the same result holds for much
more general domains.

We will use the fact that V' is such that the dynamics (83) is ergodic with respect to the invariant
measure e~ (®dz.

B.1 The one-dimensional case

In the one-dimensional case, this question is especially simple, because of the order structure on the
state space. In particular (see [23]), it can be checked that if for any = € R, Y;” converge weakly to mo
as t — oo, then the only invariant distribution of the duplicated dynamics is the image of e~V dz
by z + (z,z). Actually, under additional assumption, one can show that Y;* — Y,Y converges in
mean to 0 in the long-time limit.

Proposition 47. Assume that the dimension is d = 1. If for any © € R the time marginals of the
process (Y{¥)t>0 converge weakly to mo as t — oo and the random variables (Y"):>0 are uniformly
integrable, then, for any x,y € R, the process (Yi* — Y!)i>0 converges to 0 in L' (Q).

According to Corollary 12, the long-time convergence of the marginals holds for instance if the
potential V' satisfies a Poincaré inequality (see Assumption (Poinc(n))).

Proof. First, from the uniform integrability of (X{):>o and the weak convergence of the time
marginals, both E[Y;*] and E[Y}] converge to [ ze”V@dz as t — oo.

Now assume, without loss of generality that © < y. Then, from a comparison theorem, Y;" < Y}
holds for all positive times, and one obtains

E[lYy" =Y/ = E[Yy" - V)] = E[Yy"] - E[Y;] — 0.

|
B.2 A general criterion
Proposition 48. The following facts hold true:
1. Assume that
Va.y € B (2 - y)- (VW) - VV () > D00,y (84)

2

with v : R = R such that [, max(0, —v(z))e”V®dz < 0o and Jpa v(z)e”V®dz > 0. Then
for all z,y € RY, V¥ — Y| converges a.s. to 0, exponentially fast at any rate between 0
and [qv(z)e” @ dz as t — oo.

2. The exponential convergence to 0 still holds if V is convex and there exist xo € R? and ¢ > 0
such that the inequality inf, ¢ p s,y min Spec(V?V (x)) > 0 holds.

3. If V is convex, then the only invariant measure of the duplicated dynamics is the image
of e V@dz by x> (x, ).

Let us start with a few remarks:
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Remark 49. e The first point can be applied to the so-called Mezican hat potential V(x) =
B(|z|* = v|=|?), with B > 0 and v > 0, in dimension d > 2. For this potential, one has
(@—y)- (VV(2) = VV () = 28le — y|*(|2|* + [y|* — ) + 28(|=* - |y*])?

o v(@) +o(y)

2
> 3 |z —y|7,

for v(z) = B(4|z|* — 2y). In addition, one has [,, v(z)e”V®dz > 0 since

Jra |z[2e? 1z =12 g f0+°°rgeﬂ("“"”2)dr
fRd 6/8("/‘5”‘2_‘5”‘4)(11- o f0+oo7’%7166(wr77‘2)d7‘
v O+°° r%fl(r — %)emw*rz)dr
= 5 + f+oo 41 _B(yr—r2)
0 T2 el dr

+ L{a=2} +1 (d—2) [, r8=2ef0r=r" gy
28 f0+00 eByr=r2)qp (=2} 483 f0+oo1"%7165(wr7r2)d7‘

>

o2 o2

o Letting y — x in (84), one obtains that Vx € R%, v(x) < minSpec(V?V(z)). When z
min Spec(V2V (x)) is concave,

(z—y)- (VV(z) - VV(y)) = /0 (& —y) - V2V (6 + (1 — O)y)(z — y)do

1
>z —yl? / min Spec(V>V (fz + (1 — 0)y))dé
0

\%

1
> |z —y| / 0 min Spec(V>V (x)) 4 (1 — ) min Spec(V>V (y))do
0

% (min Spec(V*V (z)) + min Spec(V?V (y))) |z — y|?

Y

and one may choose v(x) = min Spec(V2V (z)) in (84).

o WhenV = V 4V with V such that x — minSpec(V2V (z)) is concave and V such that x —
VV (x) is Lipschitz with constant § and constant outside some Borel subset A of R, then one
may choose v(x) = min Spec(V?V (x)) — 2014 (x) in (84).

Proof. 1. One has
dlyy = YY) = =2(Y = YY) - (VV(Y{) = VV(Y{¥))dt (85)
< —((YF) + o (Y)Y - Y|P,

under (84). Hence

Y — Yty|2 <o — y|26— Jo Y +o(YE))ds.
Since, by (51), %fot(v(Ys’”) + v(YY))ds converges a.s. to 2 [, v(z)e”V®dz > 0, one easily
deduces the first assertion.

2. When V is convex, then t — [Y¥ — Y}¥| is nonincreasing by (85). Now, for z € B(zo, 5)
and w € R, one has

(z=w)(VV(2)=VV (w) > |z=w|_inf_minSpec(V2V () (51n0upee(w) + |2 = 0]l 5.0 (w))

B(xzq,e) 2

o1



As a consequence,

T T T . . E .
(VPR TV (V) =TV 2 Litag ) (37) i minSpee(V2V () (5 A1) ey

One concludes by arguments similar to the ones used for the first assertion.

3. Let V be convex and differentiable and let « # y be such that (z —y) - (VV(z) — VV (y)) = 0.
Then V is affine on the segment [z,y] and V(%5¥) = w For z € R\ {0} and ¢ € R,

V(z+ez)+V(y—ez)

2
= V@AV | 2 (9y(a) - vV ) + o)
as |e| = 0. As a consequence z - (VV(z) — VV(y)) =0 and VV(z) = VV (y).
Let (X¢)t>0 and (Yi):>0 be two solutions to the stochastic differential equation (2), such
that (Xo, Yp) is distributed according to some invariant probability measure of the dupli-
cated dynamics. Since |X; — Y,g|2 is a.s. non-increasing with ¢ and constant in distribution,
a.s. t — | X, — Yi|? is constant and therefore dt-a.e. (X; —Y;) - (VV(X:) — VV (Y1) = 0 which
implies VV (X:) = VV(Y:). One deduces that a.s., t — X; — Y% is constant.
Now, since z — e~V (®) is integrable, then V cannot be affine in some direction and for any z €
RN\ {0}, z — z-(VV(z) = VV(z — 2)) is not constant equal to zero. By continuity of VV, one
deduces the existence of y € R% and & > 0 such that Vo € B(y,¢), z-(VV(2) = VV(z—2)) > 0.
With the ergodicity of (X¢):>0 and the fact that dt-a.e. (Xo —Y0) - (VV(Xy) = VV (X — Xo +
Yp)) = 0, one concludes that a.s. Xo = Yo.

IN

Viz) ; V) _ v (x;y)

O
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