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This paper proposes an active fault-tolerant control method for discrete-time linear systems with actuator faults. The main contribution of this paper lies in the capability of dealing with the actuator saturation and accepting the performance degradation. In this paper, a fault estimation observer is first designed by constructing an equivalent descriptor system model of the original plant. To accept performance degradation of the post-fault system, a degradation factor is introduced into the reference model. In the fault-tolerant control design, both the actuator saturation and performance degradation are considered, and the fault-tolerant control input and the degradation factor are simultaneously designed by solving a constrained optimization problem. Finally, an aircraft example is simulated to demonstrate the effectiveness and performance of the proposed method.

INTRODUCTION

In the past decades, fault diagnosis and fault-tolerant control techniques have been widely investigated due to their capabilities in improving safety and availability of a system. Fruitful results have been proposed in the literature, see e.g. [START_REF] Chen | Robust Model-Based Fault Diagnosis for Dynamic Systems[END_REF], [START_REF] Blanke | Diagnosis and Fault-Tolerant Control[END_REF], [START_REF] Noura | Fault-tolerant Control Systems: Design and Practical Applications[END_REF], [START_REF] Rodrigues | Observer-based fault tolerant control design for a class of LPV descriptor systems[END_REF], [START_REF] Rodrigues | Fault tolerant control design for polytopic LPV system[END_REF], [START_REF] Ye | Adaptive fault-tolerant tracking control against actuator faults with application to flight control[END_REF] and the references therein.

In [START_REF] Lunze | Control reconfiguration demonstrated at a two-degrees-of-freedom helicopter model[END_REF] and [START_REF] Steffen | Control reconfiguration of dynamical systems[END_REF], a new methodology called fault hiding approach has been proposed to achieve fault-tolerance. The fault hiding goal is to make the reconfigured system exhibit similar behaviour to that of the nominal plant. In this paradigm, the nominal controller is kept in the loop and a reconfiguration block is inserted between faulty plant and nominal controller to generate useful control signals so as to hide the impact of faults. As pointed out in Khosrowjerdi & Soheila Barzegary (2014), this approach provides a way for minimallyinvasive alternations of the loop, which is the main advantage of the fault hiding approach. In recent years, the fault hiding methodology has been applied to piecewise affine, linear parameter-varying, and Lipschitz nonlinear systems, ⋆ This work was partially supported by National Natural Science Foundation of China (Grant No. 61273162) and the Fundamental Research Funds for the Central Universities (Grant No. HIT.NSRIF.2015034). see in [START_REF] Steffen | Control reconfiguration of dynamical systems[END_REF], [START_REF] Richter | Reconfigurable control of nonlinear dynamical systems[END_REF], [START_REF] Rotondo | A virtual actuator and sensor approach for fault tolerant control of LPV systems[END_REF], [START_REF] Tabatabaeipour | Faulttolerant control of discrete-time LPV systems using virtual actuators and sensors[END_REF] and Khosrowjerdi & Soheila Barzegary (2014). In spite of wide investigation, there are still some problems to be addressed in the fault-tolerant control design based on fault hiding approach. First, many existing results do not consider the fault diagnosis problem but assume that fault has already been accurately estimated, which is obviously an impractical assumption. Second, in most of the existing fault hiding approaches, the actuator saturation is not considered. This may lead to severe problem when these approaches are applied to practical systems. Moreover, little attention has been devoted to the performance degradation in the fault-tolerant design. In practice, however, the control margin of a faulty system will degrade due to the presence of faults and actuator saturation. Therefore, the fault-tolerant control scheme should be able to accept performance degradation in order to keep the operation safety. To the best of our knowledge, only few papers [START_REF] Zhang | Fault tolerant control system design with explicit consideration of performance degradation[END_REF]; [START_REF] Jiang | Accepting performance degradation in fault-tolerant control system design[END_REF]; [START_REF] Theilliol | Actuator fault tolerant control design based on a reconfigurable reference input[END_REF]Qi et al. (2014)) investigated the performance degradation in fault-tolerant control design.

Considering the aforementioned problems, this paper proposes a fault-tolerant control method with consideration of the actuator saturation and performance degradation. The main contribution of this paper lies the following aspects. First, an augmented state observer by constructing a descriptor system representation is proposed to estimate the fault. Second, the actuator saturation is considered in the proposed fault-tolerant control. Moreover, a novel degradation factor is introduced in the fault-tolerant control design so that the proposed fault-tolerant controller has the capability of accepting performance degradation.

PROBLEM FORMULATION

Consider the following discrete-time linear system

x(k + 1) = Ax(k) + Bu(k) y(k) = Cx(k) (1) 
where

x(k) ∈ R n is the state, u(k) ∈ R p is the control input, and y(k) ∈ R m is the output. A ∈ R n×n , B ∈ R n×p ,
and C ∈ R m×n are known constant matrices.

In this paper, only actuator faults are considered. The actuator faults are modeled as a multiplicative representation, i.e. the actuator faults change the input matrix B to B f , which is given as

B f = BΛ
(2) Herein, Λ ∈ R p×p is a diagonal matrix which implies the impact of the actuator faults, i.e.

Λ =    λ 1 • • • 0 . . . . . . . . . 0 • • • λ p    (3) 
In fact, γ i represents the effectiveness factors of the ith actuator. γ i = 0 means that the ith actuator is presented to be total failure, such as a stuck fault; 0 < γ i < 1 denotes the fault of the ith actuator may be a partial loss of control effectiveness; and γ i = 1 implies the ith actuator is faultfree. For the convenience of fault estimation, the scalars λ i , i = 1, 2, . . . , p are assumed to be constant or slowvarying.

Considering the actuator faults, the model of the faulty plant is given by

x(k + 1) = Ax(k) + B f u(k) y(k) = Cx(k) (4) 
Moreover, the actuator saturation is considered in this paper. That is, the control input u(t) is subject to the following saturation constraint u(k) ∈ U := {u ∈ R p |u i ≤ u i ≤ ūi } (5) where u i and ūi denote the minimum and the maximum actions of the ith actuator, respectively. The aim of this paper is to design a fault-tolerant scheme such that the reconfigured state of the faulty plant (4) exhibits similar output to that of the following nominal model

x r (k + 1) = Ax r (k) + Bu r (k) y r (k) = Cx r (k) (6)
where x r (k) ∈ R n , u r (k) ∈ R p and y r (k) ∈ R m are the state, the control input and the output of the nominal system, respectively. Without loss of generality, it is assumed that u r (k) is designed such that the nominal output y r (k) tracks a given reference r(k), i.e. y r (k) → r(k).

Due to the presence of the actuator faults and saturation, it is reasonable to allow the faulty plant (4) to have certain performance degradation compared to the nominal model (6).

FAULT ESTIMATION OBSERVER DESIGN

Recently, descriptor system approach has been used to deal with fault diagnosis [START_REF] Gao | Descriptor observer approaches for multivariable systems with measurement nosies and application in fault detection and diagnosis[END_REF], [START_REF] Gao | Sensor fault reconstruction and sensor compensation for a class of nonlinear state-space systems via a descriptor system approach[END_REF]). However, these works focus on sensor fault diagnosis. On the other hand, the descriptor system approach has not fully investigated in the actuator fault diagnosis. In view of this, this paper proposes an actuator fault estimation observer based on the descriptor system approach.

First, the actuator faults is converted into an additive representation by letting

f (k) = (I p -Λ)u(k) (7) where f (k) ∈ R n is an virtual equivalent fault, I p is used to denote a p × p identity matrix.
By using (7), the model (4) becomes

x(k + 1) = Ax(k) + Bu(k) -Bf (k) = Ax(k) + B f u(k) y(k) = Cx(k) (8) Let x(k) = x(k) f (k -1) (9) 
the faulty system ( 8) is equivalent to

E x(k + 1) = Āx(k) + Bu(k) y(k) = C x(k) (10) 
where

E = I n B 0 0 , Ā = A 0 0 0 , B = B 0 , C = [ C 0 ] (11) 
Using the relation in ( 7), the estimate of Λ can be easily obtained the additive fault term is estimated (this will be shown later). Moreover, according to the definition of x(k) in ( 9), the actuator fault f (k -1) can be estimated if the estimation of the augmented state x(k) is obtained. Therefore, it can be concluded that fault estimation for system (4) is converted as an observer design problem for the descriptor system (10).

In the literature, there has been some results on observer design for discrete-time descriptor systems, see e.g. [START_REF] Dai | Observers for discrete singular systems[END_REF], [START_REF] Darouach | H ∞ observers design for a class of discrete time nonlinear singular systems[END_REF], [START_REF] Wang | Observer design for discrete-time descriptor systems: an LMI approach[END_REF]. Among these results, [START_REF] Wang | Observer design for discrete-time descriptor systems: an LMI approach[END_REF] proposes a new observer structure and presents a systemic design approach based on LMI technique. In this paper, the method in Wang et al. ( 2012) is used to address fault estimation problem. The proposed observer has the following form

ζ(k + 1) = T Āx (k) + T Bu(k) + L y(k) -C x(k) x(k) = ζ(k) + N y(k) (12) 
where x(k) ∈ R (n+p) is the estimate of the augmented state x(k) and L ∈ R (n+p)×m the gain matrix to be synthesized. Moreover, the matrices T ∈ R (n+p)×(n+p) and N ∈ R (n+p)×m are designed such that T E + N C = I n+p (13) Remark 1. A necessary condition to use the observer ( 12) is the matrices E and C satisfy rank

E C = n + p (14)
With this assumption, T and N can be solved by using the Lemma 1 in [START_REF] Wang | Actuator fault estimation observer design for discrete-time linear parameter-varying descriptor systems[END_REF], i.e.

T = Ψ † α 1 + S(I n+p+m -ΨΨ † )α 1 (15) N = Ψ † α 2 + S(I n+p+m -ΨΨ † )α 2 (16) where S ∈ R (n+p)×(n+p+m) is an arbitrary matrix, Ψ ∈ R (n+p+m)×(n+p) , α 1 ∈ R (n+p+m)×(n+p) , α 2 ∈ R (n+p+m)×m are given by Ψ = E C , α 1 = I n+p 0 , α 2 = 0 I m (17)
and Ψ † denotes the pseudo-inverse of Ψ.

The following Theorem is presented to design matrix L. Theorem 1. For the descriptor system (10) and a given symmetric positive definite matrix Q ∈ R (n+p)×(n+p) , there is an asymptotic observer in the form of ( 12) if there exist a symmetric positive definite matrix P ∈ R (n+p)×(n+p) and a matrix W ∈ R (n+p)×m satisfying the following linear matrix inequality

-P -Q (T Ā) T P -CT W T P T Ā -W C -P < 0 (18)
Moreover, the matrix L can be determined by

L = P -1 W (19)
Proof. By using ( 13), the dynamic equation in ( 10) can be rewritten as

x(k + 1) = T Āx(k) + T Bu(k) + N y(k + 1) (20 
) On the other hand, the observer equation ( 12) can be written as

x(k + 1) = T Āx (k) + T Bu(k) + N y(k + 1) +L y(k) -C x(k) (21) 
Define e(k) = x(k) -x(k) (22) and subtract ( 21) from (20), the estimation error dynamics is obtained as

e(k + 1) = (T Ā -L C)e(k) (23) 
Take the following Lyapunov function

V e (k) = e T (k)P e(k) (24) Then the difference of V (k) is ∆V e (k) = e T (k) (T Ā -L C) T P (T Ā -L C) -P e(k) (25) It is obvious that ∆V e (k) < 0 if the following matrix inequality holds (T Ā -L C) T P (T Ā -L C) -P < -Q (26) 
Using Schur complement Lemma, ( 26) is equivalent to

-P -Q (T Ā -L C) T P P (T Ā -L C) -P < 0 ( 27 
)
By letting W = P L, the inequality ( 27) becomes ( 18). This completes the proof.

After the estimation of the augmented state xf (k) is obtained, the fault estimation and state estimation can be obtained as follows

f (k -1) = C f x(k), x(k) = C x x(k) (28) where C f = [ 0 I p ] , C x = [ I n 0 ] (29) 
According to equation (7), we have

f i (k) = (1 -λ i )u i (k) (30) Therefore, if f (k -1) is obtained, then λ i , i = 1, 2, . . . , p can be estimated by λi = 1 -u i (k -1) -1 fi (k -1), i = 1, 2, . . . , p (31) 
It should be noted that a constant Λ assumption is used here. Using (31), the estimate of B f is obtained as

Bf = B Λ ( 32 
)
where Λ is given by

Λ =    λ1 • • • 0 . . . . . . . . . 0 • • • λp    ( 33 
)
Remark 2. This paper introduces a user-defined matrix Q to provide more design degrees of freedom. Remark 3. It is noted that the equation ( 31) involves the inversion of u i (k-1). When u i (k-1) is zero or nearly zero, in order to avoid singularity, the estimation λi can be set to λi = 1 since it is no need to implement fault-tolerant control when u i (k -1) is closed to zero. Remark 4. It is noted that the fault detection can be easily implemented using the fault estimation results. In fact, a residual signal can be obtained as

γ(k) =      1 -λ1 1 -λ2 . . . 1 -λp      (34) 
Then the fault detection scheme can be set as follows γ(k) ≤ ǫ fault-free γ(k) > ǫ faulty (35) where ǫ > 0 is a prescribed detection threshold. If a fault is detected, the fault-tolerant controller will be triggered to suppress the impact of the fault.

FAULT-TOLERANT CONTROL SCHEME

Based on the estimation results provided by the fault estimation observer, a fault-tolerant control scheme is proposed in this section.

In the fault-tolerant control design, the control input u(k) is designed such that the output of the faulty system (4) is as close as possible to that of the nominal model (6).

To achieve this goal, the following cost function should be minimized

J 0 = [y r (k + 1)-y(k + 1)] T [y r (k + 1)-y(k + 1)] (36) where y r (k + 1) = Cx r (k + 1) = CAx r (k) + CBu r (k) (37)
is the desired output provided by the nominal model (6), and

y(k + 1) = Cx(k + 1) = CAx(k) + CB f u(k)
(38) is the real output of the faulty plant (4).

Since the x(k) is not available, (36) cannot be used to design u(k). Herein, the estimated output ŷ(k + 1) is used to substitute y(k+1). Based on x(k) and Bf , the estimated output ŷ(k + 1) is obtained as follows

ŷ(k + 1) = Cx(k + 1) = CAx(k) + C Bf u(k) (39)
For the purpose of fault-tolerance, the estimated output ŷ(k +1) is expected to be as close as possible to the desired output y r (k +1). Consequently, the following cost function should be minimized

J 1 (u) = [y r (k + 1)-ŷ(k + 1)] T [y r (k + 1)-ŷ(k + 1)]
(40) Theoretically, the fault-tolerant control input u(k) can be obtained by solving the following problem

u * (k) = arg min u J 1 (u) (41)
Nevertheless, in certain situations, it is impossible to perfectly reach the desirable performance due to the presence of faults and actuator saturation. In view of this, it is necessary to adjust the reference to keep the system safety.

To this end, this paper proposes a reference adjustment method by modifying the nominal model ( 6) as

x r (k + 1) = Ax r (k) + Bu r (k) ỹr (k) = Cx r (k) -ρr(k) ( 42 
)
where 0 ≤ ρ ≤ 1 ( 43) is a scalar to be designed.

As mentioned before, the control aim is to make the output y r (k) track a reference r(k). Unfortunately, it is necessary to accept performance degradation in some fault cases. To this end, the scalar ρ is introduced to modify the reference signal from r(k) to (1ρ)r(k) so that the output is able to track it. In fact, the scalar ρ can be considered as a degradation factor. That is, if ρ = 0, the faulty plant with the fault-tolerant controller can achieve perfect performance recovery. The fault-tolerant controller can partially recover the desired performance if 0 < ρ < 1. Finally, ρ = 1 implies that the post-fault system lose tracking capability and only can keep a safety operation by setting ŷ(k + 1) = 0. Now, the task of the fault-tolerant control design is to find the optimal values of u(k) and ρ such that the estimated output ŷf (k + 1) is as close as possible to the adjusted output ỹc (k + 1). To this end, the following cost function is presented

J 2 (u, ρ) = [ỹ r (k + 1)-ŷ(k + 1)] T [ỹ r (k + 1)-ŷ(k + 1)] ( 44 
)
Considering the actuator saturation ( 5) and the constraint (43), the fault-tolerant control input u(k) and the degradation factor ρ should be obtained by solving the following constrained optimization problem

[u * (k), ρ * ] = arg min u, ρ J 2 (u, ρ) s. t. u i ≤ u i ≤ ūi , i = 1, 2, • • • , p 0 ≤ ρ ≤ 1 (45)
Remark 5. The proposed fault-tolerant control u(k) can be seen as a model predictive control law. However, u(k) does not have an explicit form since it is obtained by solving the constrained optimization problem (45). Only numerical algorithms are available for solving the constrained optimization problem. In this paper, the con-strained optimization problem ( 45) is solved by the Matlab function fmincon.

SIMULATIONS

In this section, a simulation example is used to show the effectiveness of the proposed method. The considered example is a VTOL aircraft model taken from [START_REF] Tan | Sliding mode observers for robust detection and reconstruction of actuator and sensor faults[END_REF]. The continuous-time model has the following form

ẋ(t) = A c x(t) + B c u(t) y(t) = Cx(t) (46) 
where 

A c =    -9.
   C c = 1 0 0 0 0 1 0 0 0 0 0 1
Using the Euler approximation method with a sampling period t s = 0.02s, the continuous system ( 46) can be discretized into the form of (4) with the following parameters Now, the proposed method can be easily applied to the considered system. By simply choosing the matrix S in ( 15) and ( 16) as a null matrix, the matrices T and N are obtained as

A = I 4 + A c t s =    0 
T =       
0 0 0 0 0 0 0 0 0 0 0 0 6.5287 0.7428 1 0 0 0 0 0 0 0.5 0 0 95.3441 2.2115 0 0 0 0 44.5137 -5.5532 0 0 0 0 In the following, two simulations are given to demonstrate the performance of the proposed method. First, the second actuator is assumed to lose its 70% effectiveness from the instant k = 200. In this situation, the fault estimation result is depicted in Fig. 1. Herein, λ 1 and λ 2 are depicted in real line while the estimates are shown in dashed one. Fig. 1 shows that the proposed fault estimation observer provides accurate fault estimate.

       N =        1 0 0 0 1 0 -6.
In this situation, the fault tolerant control result is depicted in Fig. 2, and the control inputs and the degradation factor are illustrated in Fig. 3. From Fig. 2, it can be seen that the proposed fault-tolerant control approach achieves perfect performance recovery. This result can also be verified by the degradation factor in Fig. 3 (note that ρ(k) = 0 implies that there is no performance degradation). In some cases, it is impossible to achieve fault-tolerance without performance degradation. To illustrate this, a total loss of effectiveness fault is simulated here. It is assumed that the first actuator loses its total effectiveness from the instant k = 300. In this situation, the fault estimation result is depicted in Fig. 4. the fault tolerant control result is depicted in Fig. 5, and the control inputs and the degradation factor are illustrated in Fig. 6. From the degradation factor in Fig. 6, it can be concluded that the available control margin is not able to track the desirable reference. In this situation, the fault-tolerant controller drive the output of the faulty system to zero in order to guarantee the system safety. The novelty of the proposed fault-tolerant control method lies in its capability of dealing with actuator saturation and accepting performance degradation, which is of significant importance for practical systems.
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  In addition, u(k) will be determined on-line based on the estimation result.In the simulation, the initial conditions are set as x(0) = [ 0 0 0 0 ] T and x f (k) = [ 0.018 -0.024 0.011 -0.02 ] T In addition, the nominal control input u c (k) is given by u r (k) = K y y r (k) + K r r(k) and r(k) = [ 1 1 0 ] T is a given signal. Moreover, the minimum and the maximum of the control input are chosen as u i = -40 and ūi = 40, respectively.
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